AUTOMATA IN ENVIRONMENTS
by
Jerren Gould

Department of Statistics
University of North Carolina at Chapel Hill

Institute of Statistics iiimeo Series #947
June 1874



JERREN GOULD. Automata in Environments (Under the direction of
EDWARD J. WEGMAN).

Automata theory is the study of mathematical models of finite-
state systems which admit certain inputs and emit certain outputs. The
state transition behavior of previously considered models, such as
Turing machines, finite automata, and probabilistic automata, has been
assumed to be related only to the present input. In this dissertation
we take the viewpoint that every system is situated within an environ-
ment which affects the initial state distribution and the state transi-
tion function. The Rabin-Paz model of a probabilistic.automaton is
generalized so that the initial state distribution is related to the
initial configuration of the environment and that the state transition
function is not only related to the present input but also to the present
configuration of the environment.

Chapter 2 considers the case in which there is a deterministic
rule to specify the configuration of the environment at any time. We
show that such a model is properly more general and more powerful than
the probabilistic automaton model. Sufficient conditions are given for
an automaton with a deterministic environment rule to be '"simulated"
by a probabilistic automaton. We also consider the behavior of automata
with environment sets that have certain metric or semi-group structure.

In Chapter 3 we consider the effects of small perturbations of
the environments on the system. Conditions are given for automata in
environments to have stable state distribution functions. We also give
conditions for the set of tapes defined by an automaton to remain un-

changed for sufficiently small perturbations of the environments.



Finally, we consider the case of automata operating in random
environments; we assume that the realization of any environment is
governed by some probabilistic structure. The behavior of systems with
various environment processes is investigated. We encounter the dual
nature of the randommness involved in automata in random environments.

We have that the environments are random and that for each value the
environment assumes, the probabilistic state transitions are defined.
However, we find that there is a mean equivalent canonical representation
for automata in random environments which eliminates the randomness due
to probabilistic state transitions; for any automaton in random environ-
ments we can find another automaton in random environments with finite
environment set, deterministic assignment of the initial state, and
deterministic transitions which has a state distribution equivalent in

the mean.



ACKNOWLEDGMENTS

I wish to express my sincere appreciation to Professor Edward
J. Wegman for proposing this problem and for the illuminating sug-
gestions he made during the course of the investigation. I am
greatly indebted to him for his guidance and encouragement through-
out my graduate career. It has been a very valuable experience to
work under his direction.

I would also like to thank Professor W.L. Smith, the chairman
of my dissertation committee, for his helpful suggestions and for
his encouragement during my graduate study. Thanks are also due to
Professors N.L. Johnson, G.D. Simons, S. Cambanis, G.A. Magé, and
W.R. Wogen for participating as members of my dissertation committee.

The financial support provided by the Department of Statistics
during my period of study in Chapel Hill is greatly appreciated.

The contributions of June Maxwell, who ably typed the manuscript,
are earnestly appreciated.

Finally, I wish to express my heartfelt gratitude to my wife,

Marsha, for being My Small Joy.

ii



TABLE OF CONTENTS

Chapter I: Development of Automata Theory

1.1 The Automaton Concept ------s-smmcecmcmmc e e 1
1.2 Finite Automata~---ecemmmmrc e mmc e ce e nmecem e oo 3
1.3 Probabilistic Automata----==-----=o-roccwmrcmeine e 8

Chapter II: Environments

2.1 The Concept of Environments for Automata---------~=--=--- 17
2.2 Automata in Deterministic Environments--------ceeceecean- 18
2.3 Mathematical Generality of the ADE Model--------=vece--- 20
2.4 Finite Environment Set------e-emommmom e 21
2.5 Reducing the Environment Set and the Induced Metric----- 29
2.6 The Environment Set as a Semi-group-----=-=-=--=ececw---- 32

Chapter III: Stability Results

3.1 The Stability Problem-----c-e-ccrcom i m e 37
3.2 Stability with Tapes of Bounded Length-------womc-cucaea-- 41
3.3 Ergodic Conditions for s-Stability-----=-==---e-eoeooous 47
3.4 Response Intervals and a-Stability-----=----------cu---- 64
3.5 Round Off Considerations--------cev-—cromccmooommmaaaeoo 69

Chapter IV: Automata in Random Environments

4.1 Basic NotionsS-e-eee oot e - 71
4,2 Random Environment Sequences of Independent

Random Variables----cecemccmmc e e e e e 75
4.3 Limit Results for Sequences of Environment Processes----77

4.4 A Canonical Representation for Automata in Random
Environmentse=--memcemccccncc e e 81

iii



Chapter V: Implications

5.1 Limit Results for Markov Systems------eceo-mcmaacuuan 91
5.2 Applications------ccmmcmmmm oo 95
5.3 Conclusions and Summary-------~-=---ccccrcmccmcmmcnconan 97
Bibliograpiy-=---cemoom oo e e 100
Index- - S — 102
Notation-—— e - - — 104

iv



CHAPTER 1

Development of Automata Theory

1.1 The Automaton Concept.

Automata theory is the study of the characteristics of automatic
devices. For some time there has been research into the nature of alg-
orithms and the functions computable by following an algorithm.
Researchers in automata theory have made an effort to apply and extend
these results to more realistic models of physical systems. The auto-
mata models have been motivated particularly by the behavior of digital
computers, but also by organic nerve networks, information transmission
systems, synthesis of man's languages, learning behavior, games between
automata, etc. These models are constructed to investigate their math-
ematical properties as well as to discover the characteristies and
capabilities of similar phenomena in the real world.

In considering the theoretical limitation of the type of comput-
ation that could be carried out by an automatic calculating device,
A.M. Turing [18] constructed an abstract machine capable of following
a finite, consistent list of instructions. The Turing machine is a
finite-state machine with an associated external memory. The memory
has the form of a sequence of squares marked off on a linear tape. The
tape is assumed to be infinite in both directions. A Turing machine
has a finite alphabet of symbols and a finite internal state set. The

machine is capable of five operations. It can read a square of the



tape, erase a square of the tape and write a new symbol on that square,
change internal state, move to an adjacent square, and halt. The
instructions to the machine zre contained in a finite list of quint-
uples of the form: (present state, symbol read, new state, symbol
written, direction of motion). The third, fourth, and fifth components
of the quintuple are determined uniquely as functions of the first and
second components. Thus, for any symbol read and internal machine state,

the next act of the machine is unambiguously specified. Although

the tape is regarded as infinite in both directious, when the

nachine is starced, the tape nust pe blank except for a finite

nunber of squares. The Turing machine is started by placing the
machine on a square of the tape and designating an initial state. The
output is considered to be the expression on the tape when the machine
halts.

Indeed, any computation that can be performed by a deterministic
automatic calculating device can also be performed by a Turing machine.
This fact led to "Church's thesis," : the assumption that every algorithm
has a Turing machine which can execute 1t. Thus, consideration of
Turing machines gave rise to results concerning the theory of comput-
able functions and other equivalent logic systems based on algorithms.
The Turing machine model in many ways patterns the operation of a digital
computer. The finite state set and finite set of quintuples form a
"program." Both systems are capable of accepting any finite amount of
input. The major drawback to the Turing machine model for the digital
computer is its unbounded memory capacity via its infinite tape. This
enables the Turing machine model to consider the entire class of comput-

able functions.



In order to simulate more closely the characteristics of digital
computers, the Turing machine model was amended by restricting
the external memory tape to be of bounded length, This model,
called a linear bounded automaton, operates in the same manner as a
Turing machine except that the tape contains only a finite number of
squares equal to the length of the input. The machine is not allowed
to move beyond the bounds of the tape. The new model is not as general
as the Turing machine. Linear bounded automata, however, are capable
of computing recursive functions that can be handled by a finite,

bounded memory, as in the case of digital computers.

1.2 Finite Automata

So far the discussion has centered on the transducer model of
machines. That is, a machine acts as a transducer if its main purpose
is to generate an output sequence that is a function of the input and
the initial state of the machine. However, for the purposes of this
paper we shall henceforth consider machines that act as acceptors.
Instead of producing an output sequence, acceptors simply answer 'yes"
or "no" to questions asked of them. The transducer model and the
acceptor model are equivalent in their computing capabilities.

We now formulate an acceptor model with a bounded memory
capacity. This class of machines is called finite automata. For finite
automata the questions take the form of finite sequences from a finite
alphabet; such a sequence of symbols is called a tape. The machine it-
self shall be considered as a black box, capable of reading one symbol
at a time from the tape and then advancing to the next symbol on the

tape. In order to maintain the generality of the structure of the model,
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the concept of a finite internal state set is employed. As with Turing
machines and linear bounded automata, this machine is capable of chang-
ing states based on the present state and latest input symbol. With
finite automata the memory is characterized by the finite internal state
set and, hence, is finite and bounded. To obtain the output, or answer,
from the machine its state set is partitioned into two classes, the
states for which the output is "yes" and the states for which the output
is "no." The output is observed when the machine has read all of the
symbols on the tape.

Let us now define these notions of finite automata in a more precise
mathematical form. Let I be the finite input set, the alphabet, and
let Z*, the set of tapes, be the class of all finite sequences of
symbols from I. Let us also include A , the empty tape, in X*. Note
that S* together with the operation of concatenation forms a free semi-
group generated by i. We are now prepared to formalize the definition

of finite automata.

Definition 1.2.1. A finite automaton (FA) over the alphabet I

is a system A = (S,M,SO,F), where S 1is a finite nonempty set (the
internal states of A), M is a mapping M:S x I - S (the transition
function of A), sOeS (the initial state of A), and FcS (the set of
final, or "yes," states of A).

For a finite automaton A the domain of definition of the transi-
tion function can be extended from S X I to § x ﬁ* by the recursion

as follows:
M(s,\) = s ¥se$S

M(s,x0)= M(M(s,x),0) V¥seS, Vxez*, Yoer .



The interpretation of M(s,x) is elementary: it is that state of the
machine obtained by beginning in state s and reading through tape
X symbol by symbol, changing states according to the transition

function.

*
Definition 1.2.2. The collection of all tapes xel such that

M(so,x)eF is called T(A), the set of tapes accepted, or defined, by

the automaton A = (S,M,sO,F).

Definition 1.2.3, The class of all definable sets of tapes, T,

is the collection of all sets of the form T(A), for some finite auto-
maton A. If Uel, then U 1is called a regular event.
In order to characterize the definable sets of tapes, we must make

the following definitions.

*
Definition 1.2.4. An equivalence relation £ over the set I

*
of tapes ig right invariant if whenever xEy, then xzEyz, Yzer .

Definition 1.2.5. An equivalence relation £ over the set of tapes

is of finite index if there are only finitely many equivalence classes

under the relation.

Hence, we now state a fundamental theorem due to A. Nerode.

%
Theorem 1.2.1. Let Ucl . The following are equivalent:

1. UeT.

2. U is the union of some equivalence classes of a right invariant
equivalence relation of finite index.

3. The explicit right invariant equivalence relation Z defined by



* *
the condition that Yx,yer , xBy iff ¥zer  whenever xzel,
then yzeU, and conversely, is an equivalence relation of finite

index,

If UeT, then the number of equivalence classes under the relation
E 1is the least number of internal states of any finite automaton de-~
fining U. Theorem 1.2.1 also leads to some simple facts about the

class T.

Theorem 1.2.2. The class T is a Boolean algebra.

Theorem 1.2.3. The class T contains all finite sets of tapes.

We are also interested in characterizing the set T(A) when we
are not told how the black box A operates. All that is allowed is
to supply input, or "question," the black box and observe the "answers."
Rabin and Scott [17] exhibit an effective procedurel based only on a
knowledge of a bound on the number of states of A whereby in a finite
number of steps it can be decided whether T(A) 1is empty, finite, or
infinite. It is also possible to determine an upper bound on the number
of tapes in T(A) when T(A) 1is finite. Rabin and Scott further dis-

cuss this type of result in comparing finite automata.

Definition 1.2.6. Two finite automata A and B are equivalent iff

T(A) = 7(B).

*
Definition 1.2.7. The length of any tape xeg is the number of

*
symbols in the sequence x. We denote the length of xeJ by L(x).

1 An effective procedure is a set of rules which dictate, from moment
to moment, precisely how to behave. Effective procedure is a synonym
for algorithm.
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Theorem 1.2.4. Let Al and A2 be FA with n, and n, intern-
al states, respectively. Al and A2 are not equivalent iff there

*
exists Xe@ such that L(x) < n.n, and x 1is accepted by one machine

172

and not the other.

Rabin and Scott also introduced the model of a nondeterministic
finite automaton. In ocontrast to a finite automaton which has only one
way to change state in any particular situation, the nondeterministic

machine allows a choice from a set of states.

Definition 1.2.8. A nondeterministic finite automaton over the

alphabet I 1is a system A = (S,M,SO,F), where S 1is a finite non-
empty set, M 1is a function from SxZ taking values in the set of all

subsets of §, SOCS, and FcS.

Definition 1.2.9. Let A be a nondeterministic finite automaton.

The set of tapes T(A) accepted, or defined, by A 1is the collection
of all tapes x = Oy 01 *** g1 for which there exists a sequence

S0287s 25 of internal states of A such that

1. soeSO, sieM (si_l,oi_l) for i =1,2,...,k ,

2. skeF.

This appears to be a generalization of finite automata; however, Rabin
and Scott demonstrated an effective procedure to construct a finite
automaton defining exactly the same set of tapes as any given nondeter-

ministic finite automaton.

Definition 1.2.10. Let A = (S,M,SO,F) be a nondeterministic

finite automaton. ¥U(A) is the system D(A) = (P,Q,pO,R), where P



is the set of all subsets of S, Q is a function Q: PxI - P such

that Q(p,0) = sUp M(s,0), Py = 8o and R 1is the set of all subsets
€

of S containing at least one element of F. Clearly, D(A) 1is a

inite automaton and is equivalent to A.

Theorem 1.2.5. If A 1s a nondeterministic finite automaton, then

T(A) = TE(A))eT.

1.3 Probabilistic Automata

So far we have assumed that our black box machine operates in an
error-free deterministic manner or in a manner equivalent to such a
machine. In physical machines, however, malfunctions may occur as a
result of mechanical or electrical breakdown. PRabin [16] proposed the
model of probabilistic automata to simulate the behavior of machines and
systems with certain types of random errors and to investigate the more
general class of machines. Here we combine the mathematical definitions

of Rabin and Paz [13] to take on the most general form.

Definition 1.3.1. Let Mn denote the set of all nxn stochastic

matrices and Vn denote the set of all n-dimensional stochastic vectors.

Definition 1.3.2. A probabilistic automaton (PA) over the alphabet

% is a system A = (S,M,WO,F), where S = {sl,...,sn} is a finite set
(the set of internal states of A), M is a function M: I -+ Mn (the
matrix transition function) such that mij(c) is the probability of
changing to state sj under input ¢ given that the machine is in state
;> ﬂoevn (the initial state distribution) and FcS (the set of final states).
Probabilistic automata are models for systems capable of a finite

number of internal states and able to receive inputs oel. When in



state Sy and if the input is o, then the system may go into any
one of the states s,e€S, and the probability of going into state sj
is mij(o). These transition probabilities are assumed to remain
fixed and be independent of time and other inputs. Thus, the chance
of an "error" on any transition depends only on the present state of
the machine and the input symbol read. We now extend the definition
of M to the set of all tapes of finite length, 2*, by the rule:
if x=g¢

Ty vvr Ops then M(x) = M(cl)M(oz)...M(ok).

172

Definition 1.3.3. Let D(Mn) denote the subset of Mn such

that if MeD(Mn), then m,, = 0 or 1. Also let D(Vn) be the subset

ij

of V_ such that if veD(V ), then v, =0 or 1.

By restricting the transition function M to take values in
D(Mn) and the initial distribution function T to take values in
D(Vn) we can now see that the class of probabilistic automata includes

the class of finite automata.

Definition 1.3.4. Let A = (S,M,ﬂo,F) be a PA. We define the

*
state distribution of A after input tape xe¢f as 7(x) = nOM(x).

Let nF be an n-dimensional column vector such that n? = {l SiEF .

0 siéF
We define the probability that tape x is accepted by A as

p(x) = 1r(x)nF = nOM(x)nF.

As with finite automata, probabilistic automata may be used to de-
fine sets of tapes. Because of the more general nature of probabilis-
wic automata, these sets of tapes will depend not only on A, but also on

an additional parameter, A, called the cut-point.
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Definition 1.3.5. Let A be a PA and XA be a real number,

Ae[0,1). The set of tapes T(A,)) 1is defined by T(A,)) =
*
{xler ,» A< p(x)}. If xeT(A,)), we say that x 1s accepted with

cut-point A. T(A,)) is called the set defined by A with cut-point A.

*
Definition 1.3.6. Let Ucy . U 1is a probabilistic cut-point

event (PCE) if U = T(A,)) for some PA A and some Ae[0,1).

For the case of any finite automaton A, p(x) = 1 if and only if
xeT(A). 1f =x¢T(A), then p(x) = 0. Hence, T(A) = T(A,)) for any
Ae[0,1). Thus, every regular event is a PCE. Rabin constructed a
particular probabilistic automaton A to demonstrate that the converse
is not true. For this A, {T(A,A)IAE[O,I)} forms an uncountable pair-
wise different collection of sets. There are, however, only a count-
able number of regular events. Hence, this probabilistic automaton A
defines a set which is not defined by any finite automaton. Thus,
the class of PCE's is a proper superset of 7T; that is, the class of
probabilistic automata is more general than the class of finite auto-
mata. The class of PCE's is uncountable, but Paz showed that not every
subset of Z* is a PCE.

For any probabilistic automaton A, the state distribution function
m leads to a right invariant equivalence relation. We say, for any
x,yez* xFy 1iff 7(x) = w(y). Clearly, =(xz) = m(yz) VzeZ*; thus FZ
is right invariant. F, in the case of probabilistic automata, may have up
to  a countable number of equivalence classes. However, in a manner
similar to Theorem 1.2.1, any set of the form T(A,A) can be repre-
sented as the union of the equivalence classes of FE satisfying the

condition that ﬂ(x)nF > .
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Under certain conditions we can guarantee that there exists a
finite automaton with the same acceptance set as a probabilistic auto-

maton with a specific cut-point.

Definition 1.3.7. A cut-point X 1is called isolated with respect

*
to A 1if there exists a & > 0 such that |p(x) - A| 2§ ¥xer .

Theorem 1.3.1. Let A be a PA and A an isolated cut-point

for A. Then there exists an FA B such that T(A,x) = T(B). If A

v

has n states, then 8 can be chosen to have n states, where

1, n~-1
26) 3

n' < 1+
It seems that in passing from a probabilistic automaton to an equiv-

alent finite automaton we may have to increase the number of states. In

many cases a probabilistic automaton equivalent to a finite automaton

can be constructed which is more economical in the state saving sense.
Paz found other conditions for the equivalence of probabilistic

and finite automata. His analysis in this area also introduced other

interesting mathematical results.

Definition 1.3.8. Two PA A and B are strongly equivalent 1ff

T(A,\) = T(B,\) Yae[0,1).

Definition 1.3.9. A probabilistic table (PT) is a system

6 = (S,M), where S and M are as in definition 1.3.2. A discrimin-
ative probabilistic table (DPT). is a system T = (S,M,F), where S,

M, and F are as in definition 1.3.2.

Definition 1.3.10. Let T be a DPT and ﬂo and p0 any initial

distributions for T. A tape x distinguishes between LA and Py if
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noM(x)nF # pOM(x)nF. Two initial distributions are k-equivalent if

%
they are not distinguishable by any tape =€l  such that L(x) < k.

These definitions lead immediately to results of equivalence of

probabilistic automata.

Theorem 1.3.3. Let T be a DPT. If two initial distributions

*
are distinguishable, then there exists =xel such that L(x) < n-2
which distinguishes between them, where n 1is the cardinality of the

state set S.

Theorem 1.3.4. Given two PA Al and A2 over I, if pl(x) =

*
pz(x) ¥xeX  such that L(x) < n; + n, - 2, then Al and A2 are

strongly equivalent.

Paz extended the concept of definiteness for finite automata to
construct a body of results for automata equivalence and approximation.
The k-suffix of any tape =x of length at least k is the tape of the

last k symbols of x.

%
Definition 1.3.11, TLet k 20 and Ucf ., U 1is a weakly k-

*
definite set if for any xe¢I  such that L(x) 2 k, then =xeU iff the
k-suffix of x is in U. U 1s k-definite if it is weakly k-definite
but not weakly (k-1)-definite. A set U is definite if it is k-

definite for some k.

Clearly, every definite set is definable by some finite automaton.
Such finite automata are called definite automata. Paz sought to gen-

eralize this concept to form a class of definite probabilistic automata.
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Definition 1.3.12. A PT 6 = (S,M) is weakly k-~definite iff, for

*
any xe¢I such that L(x) 2 k and for any initial distributions LA

and Py the following holds: (w_ - pO)M(x) = 0.

0

This, indeed, does generalize the notion of weak k-definiteness.

Given any final set F and initial distribution LA for a weakly k-
%

definite probabilistic table, then for all xeI such that L(x) 2 k,

p(x) = p(k-suffix of x).

Definition 1.3.13. A PT is k-definite if it is weakly k-definite

but not weakly (k-1) definite. A PT is definite if it is k-definite

for some k.

Paz extended the result of Perles, Rabin, and Shamir [15] to include

his probabilistic notion of definiteness.

Theorem 1.3.5. Let 6 = (S,M) be a PT. If © is definite, then

it is (n-1)-definite, where n is the cardinality of S.

Note that any probabilistic automaton with a definite probabilistic
table defines a definite event and, hence, must have an equivalent def-
inite automaton. Paz introduced an even weaker notion of definiteness,
i.e., quasidefiniteness, to define a larger class of automata. Members
of this class do not, in general, have equivalent finite automata;

however, this class possesses some interesting approximation properties .

Definition 1.3.14. Given any arbitrary n-dimensional vector ¢,

we define IEI = maxl&i] . Also, for any arbitrary n x n
i
matrix Q we define |[Q] = ???Iqijl .
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Definition 1.3.15. A PT 6 = (S,M) is quasidefinite iff, for

*
every € > 0 there is a number N(e) such that for any xeI  such
that L(x) 2 N(e) and for any possible initial distributions LA and

CPY then ](no - pO)M(x)I < g/n.

Hence, for any probabilistic automaton A with quasidefinite table
%
let us fix e; if xel  is any tape such that L(x) 2 N(e), then
|p(x) ~ p(N(e)-suffix of x)] < €. Thus we have a looser, approximation

notion of definiteness.

Definition 1.3.16. Let MeMn. M 1is called scrambling if for

every pair of states i, and {,, there is a state j such that m >0
1 2 1,3

) i LI ) "\
and mizj > 0. A finite subset {Ml, ’Mk} of 4n satisfies the H,

condition of order r if there is an r such that any product of the
*
M’s of length at least r 1is scrambling. For a PA,any tape Xe¢Y  such

that M(x) is scrambling is called a scrambling tape.

Theorem 1.3.6. Let 6 = (5,M) be a PT. 6 is quasidefinite

iff the set of matrices {M(o)|oeZ} satisfies the H, condition.

Theorem 1.3.7. Let 6 = (S,M) be any PT. There is an effective

procedure which decides in a finite number of steps whether 6 is

quasidefinite.

* *
Definition 1.3.17. Let Ucf  and U = I - U. The set of tapes

U e~-approximates the set of tapes defined by a PA with cut-point A

if
(TA,N) - U) v (TAMN - 0% < {x]|px) - A] < ¢}
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Theorem 1.3.8. Let A be a PA with quasidefinite table. Then

for every € > 0 there exists a definite automaton Aa such that

T(As) e-approximates T(A,A) for any given A.

Theorem 1.3.9. If A is a PA with quasidefinite table and 1f A

is an isolated cut-point, then T(A,A) 1is a definite set.

Rabin defined the more specific concept of an actual automaton to
derive a converse for Theorem 1.3.9. Note that every actual automaton

has a quasidefinite table.

Definition 1.3.18. A PA A is an actual automaton iff

mij(c) >0 ¥Yoer Vi,j=1,...,n.

The use of actual automata is natural in simulating certain systems

for which all of the transition probabilities are positive, no matter

how small they are.

Theorem 1.3.10. Every definite set is definable by some actual

automaton with isolated cut-point.

Paz also extended the theorem of Rabin concerning the effects of
small perturbations of the transition probabilities of an automaton.
Results in this realm are useful in considering the stability of proper-

ties of systems subject to perturbation and approximation.

Theorem 1.3.11. Let A = (S,M,nO,F) be a PA with quasidefinite
table. Given any 6 > 0, there exists an ¢ = €(§,A) > 0 such that for
every PA A_ = (5,M',m;,F) with |M(0) - M'(0)] < & ¥oer and

fn. - nél < e, then |p(x) - pe(x)| < $§ Ver*.

0
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Corollary 1.3.12., Let A and A€ be PA’s as in Theorem 1.3.11

and let X be an isolated cut-point for A. For any sufficiently

small e > 0, A is an isolated cut-point for Ae and T(A,)) = T(AE,A).



CHAPTER 11

Environments

2.1 The Concept of Environments for Automata

In discussing machines subject to error or probabilistic transi-
tion, we have considered those systems whose transition probabilities
are only related to the present state and latest input symbol and are
independent of any external factors. WNow, however, we shall construct
automata models to be more general and more realistic. The viewpoint
taken is that every machine is located within an environment and the
transition function of that machine is not only related to the input but
also to the configuration of the environment.

We denote the set of possible values that the environment may
assume by E. Presently, we do not make any stipulations as to the ori-
gin, form, structure, or cardinality of E. As each new input symbol
is read by the machine, the configuration of the environment 1is observed
and the transition ensues as a function of the input syrbol and the
condition of the environment. We also view the initial distribution as
a function of the environment. Thus, we shall consider the total envir-
onment for a machine. The total environment is the sequence of environ-
ments that consists of the initial and the subsequent environments as

each symbol is read.

17
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Definition 2.1.1. Let E_ denote the cartesian product of a

countable number of copies of the environment set E. A total environ-
ment, or environment sequence, is a mapping e(k) = ekeE for k=0,1,2,... .

We may also denote e by the sequence (eo,el,ez,...).

2.2 Automata in Deterministic Environments

Here we shall consider the case in which the environment is com-
pletely specified. That is, for the initial distribution and subsequent
transitions we are given the precise condition of the environment. In
such a case we say that the environments for the initial distribution and
subsequent transitions are obtained by a deterministic rule, the total

environment.

Definition 2.2.1. An automaton in a deterministic environment

(ADE) is a system A = (Z,S,G,HO,F,E), where I is a finite input
alphabet, S = {sl,...,sn} is the finite state set, G 1s a mapping
G: IxE > Mn (the basic matrix transition function), L E -~ Vn (the
initial distribution function), FcS (the set of final states), and E

is the set of environments.

*
The matrix transition function M is defined on I xE by the
inductive recursion rule:

let xeI* such that L(x) = k and eef ,

then M(xo,e) = M(x,g)G(q,ek+l) .
o k
Hence, for all =xef* and et , M(x,e) = 1 G(oi,ei), where
i=1

X=0,...0 and e = (eo,el,...}. In considering the function ™

k

we shall use the notation wo(eo) and wo(g) interchangeably, where

e = (eo,el,...).
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As with probabilistic automata we are able to compute the state

distribution of A after input x. Now, however, this will depend on
the total.environment e. We denote the state distribution of A
after input x in total environment e by T(x,e) = ﬂo(eO)M(x,g).
Similarly, we let p(x,e) = n(xfg)nF,where nF is as in definition
1.3.4, denote the probability that A 1is in a state in F after input

X 1in total environment e.

Definition 2.2,2. Let A be an ADE and A a real number,

Ae[0,1). The set of tapes T(A,e,)) defined by
T(A’_e_’A) = {XIXGZ*, }‘<P(xa§_)}

is called the set of tapes accepted, or defined, by A 1in total environ-

ment e with cut-point A,

Definition 2.2.3. Let Q(eo,...,ek) = {ggfmlgji) = ey for 1=0,1,...k}

and Q'(el,...,ek) = {ggfmlg(i) = e, for 1=1,2,...k}.

Lemma 2.2.1. Let A be an ADE. For any k 2 0 and any fixed
eo,el,...,ekeE, the following functions are constant in Q(eo,...,ek):

*
M(x,°), ©w(x,°), and p(x,*) for each xeI such that L{x) < k.

Proof: Let k 2 0; fix eO,el,...,ekeE and fix x = 0.,...,0

1 r
such that L(x) = r < k. Let gfeQ(eo,...,ek). Then e' =
? ] L} 1]
(eo,el,...,ek,ek+l,e k+2,...)’ where ek+l’ek+2""€E . So
r
M(x,e') = I G(oi,ei). Thus, M(x,°) is constant in Q(eo,...,ek). Simi-

r r F
LA - 1y =
larly, w(x,e') no(eo)iglc(ci,ei) and p(x,e') wo(eo)(iElG(oi,ei))n
are also constant in Q(eo,...,ek). Note that M(x,°) is also constan®

in Q'(el,...,ek). 0
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2.3 iiathematical Generality of the ADE ilodel

Let A' = (S',M’,né,F') be any probabilistic automaton over the
alphabet I'. Let E be any nonempty set; let us fix eeE. We can
now construct an ADE A = (Z,S,G,HO,F,E) such that T(A",)) =

T(A,(ese,...),A) for all Ae[0,1). We simply let ZI=i', S=S', F=F',

wo(e)=n6, and G(o,e) = M'(0) ¥ oeZ. Thus, p(x,e) = ﬂo(e)M(x,(e,e,...))nF

k F k F
= 7' 1 G(o,,e))n =n'( I M())n =p'(x). Therefore, for any Ac[0,1)
O i.-:l i 0 i=1

xeT(A',1) iff xeT(A,(e,e,...),)) and, hence, every PCE can be defined

-+ -]
by an ADE with some total environment ect .

Let I = {o}. Paz [14] demonstrated that there exists Uet®*  such

that U 1is not a PCE. Let us now consider a two state ADE A over =¥
1-e e

where [ = {0,1}, no(e) = (l-e,e), G(o,e) = o ¥eeE , and

l-e

nF = [2] . Let us denote a tape of k repetitions of the symbol o

by ok = g 0...0. Note that 00 = A, the empty tape. Thus, for our

*
particular situation all of the elements of I are of the form
ok for some k 2 Q0. Let U be any subset of Z*; then
1 k=ki for some i20

1 2 . =
U={c ",0 °,...}. We construct e(k) = {0 elsewhere

Such an e 1s an element of Ew. Now, for k=1 we have

.

} i1f k = ki for some i

OO

M(c¥,e) =

=

} elsewhere .

[eNe]

L]

{ 1 if k=k, for some 1

k - N F
Therefore, p(o ,e) = 1r0(eo,M€:r e 0 elsewhire.

{ 1 if k4=0 for some i

0 ~ F
When k =0, p(o-,e) = ph,e) = 1TO(eO)n 0 elsewhere .

Let X = 0, then U = T(A,e,)). Since U 1is arbitrary, every subset of

our particular 7* is definable by A under some environment. But
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there exists Uci® which is not definable by a probabilistic auto-

maton. Thus, the class of automata in deterministic environments
rroperly contains the clase of probabilistic automata.

Let A be an ADE and let ecE . For any x, yeZ* such that
m(x,e) = n(y,e), then w(xz,e) = n(yz,e) for all zeg®. Hence, for any
EﬁEw, the state distribution function w(-,e) is a right invariant
equivalence relation on Z*. As with probabilistic automata, for any
fixed gﬁEm there may be up to a countable number of equivalence classes
of the relation w(°,e). For any Ae[0,1), T(A,e,A) is the union of
the equivalence classes satisfying the condition that w(x,g)nF > X .

The greater generality of the ADE model manifests itself in the fact

that the equivalence relation and, hence, the equivalence classes may
depend on e. Depending on A, there may be an uncountable number of
unique equivalence relations. The above two state ADE has an uncountable

number of unique equivalence relations.

2.4 Finite Environment Set
Let A be an ADE with a finite environment set. We shall con-
struct an effective procedure to find a probabilistic automaton which

simulates the operation of A.

Definition 2.4.1. A PA A' over alphabet &' simulates the

ADE A = (Z;S,G,no,F,E) if there is a relation R between I'* and

. 0
L*xE such that

1) for any (x,g_)eZ*XE°° there exists x'eZ'® such that

[x",(x,e)]eR;
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2) if ([x'",(x,e)]eR, then for each Ae{0,1), x'eT(A’,))
iff xeT(A,e,));
3) if for some 2Ae€[0,1) x'eT(A',\), then there exists

(x,g__)eZ*XEOD such that [x',(x,e)]eR .

If a PA A' simulates an AIE A, given any input x for A under
total environment e, we have a rule PR to find an input tape x' for
A' such that x' has the same acceptance properties as x for A under
total environment e. A tape x'eX'* is admissible if and only if there
is an input tape x for A under some total environment e from which
the rule P will yield x'. By condition 3 of definition 2.4.1 we see
that tapes which are not admissible are not accepted by A' for any
Ae[0,1); that is, if x' is not admissible, then the probability of
acceptance of x' by A' 1is zero. By lemma 2.2,1 we see that the prob-
ability of acceptance of any tape xeZ® depends only on the environ-
ments 835815 98 where k = L(x). Hence, the relation P need
only depend on x and €185 05, where k = L(x). Thus, all pairs
of the form (x,e), where gﬁQ(eo,...,ek) and k = L(x), can be consid-

ered equivalent.

Theorem 2.4.1. Let A = (Z,S,G,ﬁoﬁ',E) be an ADE such that

#(E) < wl. There exists a PA A" over some finite alphabet =I'

which simulates A.

Proof : Let m=*#(Z) and E ==#(E). Without loss of generality
we shall let ¢ = {1,2,...,m} and & = {0,1,...,E-1}. Let us consider
' = {0,1,...,E(m1)~-1}. Let ¢ be any symbol such that 4¢Z. We now

define a mapping g: (Zu{¢})xE » L' as fcllows:

#(E) denotes the cardinality of the set E.
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e + gE ¥ gel and Yect

g(o,e)
g(p.e) = e ¥ eet .
This mapping is a one-to-one correspondence. We extend g to
((Zu{¢})XE)*, the set of all finite sequences of symbols of (Zu{¢})xE ,
by component-wise application of the mapping and concatenation of the
results. That is, al,az,...,ake(ZU{é})XE , then
ay a, +.Rp e ((Cu{¢})xE)* and g(alaz..,ak) = g(al)gfaz)...g(ak).
g remains a one-to-one correspondence between ((ZU{¢})XE)* and £'*
Let b be any nonempty element of ((Eu{¢})XE)*, then b is isomorphic
to the form (y,(eo,...,ek)), where for some k 2 0 ye(Zu{¢})*, L(y) =
eo,...,ekeE. We define the relation P between I'* and
$*xE” to be the set of all elements of the form: [g(¢x,(eo,...,ek)),(x,g)],

k+1l, and

where xez*, L(x) = k, and e = (eo,...,ek,...). Note that when x = AeI®»
then L(A) = 0 and ¢A = ¢.
We shall now construct a PA A' to simulate A. Let

A' = (8',M",n'F') be a PA over I'. Let S' = Su{s }, where
0

n+1 “n+2

S ={s ,...,sn} is the state set of A. For any o'eEci', then

1

0 < o' S E-1. So for any o' such that O < ¢' < E-1, we define

¢ . 0 1
0 ST
M (o) = e 1
nél)(c') .. nén)(o') : 0

| o cee 0 .0 1 |

where ﬂéi)(c') is the i-th component of no(c'). Note that 0 < o' < E-1
implies o'e¢E. These values of o' are used to incorporate the initial

distribution function of A into the PA model A'. The values
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o'¢X’ such that E < g € E(mtl)~1 are used in order that A' can
imitate the basic matrix transition function of A. The set
{o'|E < ¢' < E(m+l)-1} is in one-to-one correspondence with the set

ixE under the mapping g. So for E < o' s E(mtl)-1,define

N

f L) O 0
TCRICR))
M'(c") = . 0 0
L0 C. 0 . 0 1 |

where G is the basic matrix transition function of A. Also, let

(5]

' ne
wa = (0,...,0,1,0) andF' =F. Therefore n = [ 0 ]

It is clear from the definition of R that for any (x,gz_)eZXE°°

L(x), such that

there exists a unique x' = g(¢x,(e0,...,ek)), where k
[x', (x,e)]ek.

Suppose [x',(A,e)]eR. Therefore, x'

= g(¢,e0) =e,. Let
p'(x') be the probability that A' accepts x' and p(x,e) be the prob-

ability that A accepts x under total environment e. Hence,

\]

p'(x') = p'(eo) ﬂ(')M'(eo)nF
0,...,0,1,0) 0 . .
cee oo e .01
wél)(eo)...nén)(eo) .00

]
. O
.
—N
© O Iy
| ——

L 0 e 0 .01}

= molein’ = mo(e MM, = p(h,e)

Thus, for each Ae[0,1) p'(x') = p‘(eo) > iff p(A,e) > A That is,

if [x',(A,e)leR, then for each Ae[0,1), x'eT(A',x) iff AeT(A,e,r).
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pose

[x',(x,e)]er , where x # A. FEence, L(x) > 0. By

the definition of R

X =0,...

= e 0of

o°1°°

But

I
i=1

Hence, we

20

?

LAR

1’ [ ¥
M (oi)

have

has len

Thus, p'(x') = p'(eoc

if1

i=1

we have that x'

gth k. So x'

_l'l
G(g (oi))
Cee e
0..'0
0 . 0

|
0. 0!
0...0|
)
n G(g.,e,)
= 11'
0...0/!
L0 .0 |
M(x,e) |
!
0...0]!
L 0. . .0

= 8(¢x,(eo,-..,ek)), where
= g(¢,e0)g(cl,el),-..,g(ok.ek)

L b = L ¥ L L}
l,...,ok) wOM (eoc1 ve ck)n

o
b et Qe e D

(= M ]

o0 o-
R OO0 O

o
= g

OO OereD

25

FI



26

L
00) nf
M(x,e) ' I
p'(x') = w'M'(e,) =
0 "0 Lo o
0 ..0101
L 0. . .0]01
r KERY: 00 nt
= (0,...,0,1,0) 0 [ 2 M(x,e) ol [o]
l o1 loojt?®
. e s w . 'a-- *® e & o '
1) (n)
m (eo). C ey (eo) | 0 0. . 0| 1
~ 0 0 loo’‘o.. .01 01/

= wo(eO)M(x,g)nF = p(x,e).

So, if [x',(x,e)]eR and x # A, then for each Xe[0,1) »p'(x') > A iff
p(x,e) > A. Thus, x'eT(A',\) iff xel(A,e,N).

We have verified that ¥ xef*® and ¥ gﬁEm if [x',(x,e)]eR, then
for each Ae[0,1), x'eT(A',r) 4iff xeT(A,e,A).

Let x'eI'® such that there does not exist xeI® and ecE”  so
that [x',(x,e)]eR . Hence, there does not exist xeI* and gﬁEm
such that x' = g(¢x,(e0,...,ek)), where k = L(x). Therefore, such
an x' 1is not admissible. However, x' = g(b) for some be((ZU{¢})XE)*
since g 1is a one~to-one correspondence between ((ZU{¢})XE)* and 1'%,
A', the empty tape for A', is the image of AO, the empty tape in
((ZU{¢})XE)*, under g.ﬁFClearly, A' is not admissible. p'(A') =

3 ¢

"6” = (0,...,0,1,0) |0 | = 0. Hence A'¢T(A',\) for any e[0,1).
0
Let x'eL'®* be any tape which is not admissible and x' # A'.

*
x' = 06~... oé 1s the image under g of some element be((Tu{¢p})xE) ,
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where % has the form (y,(eo,...,ek)) and L(x') = L(y) = kt+l.
*
Note that ye(Zu{¢}). Let y =

T where rietu{¢} for

To Ty vor Ty
i=0,1,...,k. %' 1is not admissible iff T, # ¢ or Tiiz for some

i=1,2,...,k. If T # ¢, then TOeZ. o g(TO,eO) and, hence

' -—
3

E < 08 < E(m*+1)-1. By our definition of M' we see that A' under

1 v v

001... k

is an absorbing state and S 42 ¢F=F'. Hence, p'&') = 0.

input ¢ o enters state s at the first transition. But

n+2

Sn+2
So x'¢T(A',)) for any Ae[0,1). If Tiéz for some i=1,2,...,k; say
T,4Z. Then Tj = ¢. of = g(rj,ej) and, hence, 0 < o! < E-1. By our

h) j k|

definition of M' we see that A' under input o ... 0] enters

] T
0 %1 k

state s at the (j+1)th transition. Again, s is an absorbing

o2 2

state and sn+2¢EhF'. Hence, p'(x') = 0 and x'eT(A',X) for any
ref0,1).

Thus, if for some ie[0,1) x'e€T(A',A), then x' is admissible;
that is, there exists (x,g_)eZ*XE°° such that [x',(x,e)]eR .

Consequently, A', as constructed, simulates A. 0

The results of section 2.3 and theorem 2.4.1 seem to present a
paradox, We have found for a particular E* that there exists UCZ*
which is not a PCE; that is, for any A€{0,1) there is no probabilistic
automaton Ap such that U=T(Ap,x). However, we showed that there
exists an ADE with finite envircnment set over I such that U=T(A,g,l)
for some gng and 2€[0,1). By theorem 2.4.1 there exists a probab-
ilistic automaton A' over an expanded alphabet ' such that A’
simslates A. Let U’ = {g(¢x,e)|xelU}, where e is the total enviren-
ment whereby U = T(A,e,A). U' = T(A',)) and, hence, is a PCE. The

paradox is resolved by noting that we not only have expanded £ to I'
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but also enriched the alphabet with a structure that had been included

%
i{n the environment. The problem for UcL remains because U' has a

different structure within $'* . In fact, we can find a subset of DAY

which is not a PCE.

Example 2.4.1. As an example of the application of theorem 2.4.1,

let us consider the ADE discussed in sectiom 2.3. A 1is a two-state

l-e e

ADE over : = {o} with E = {0,1}. ﬂo(e) = (l-e,e), G(o,e) =(1_e o

and nF = (2). By theorem 2.4.1 A' has alphabet ' = {0,1,2,3}

and ¥' 1is defined on ' as follows

0001 0001
M'() = | 60001 M'(1) = | 0001
1000 0100
(0001 | 0001 |
(1000 ) (0100
M'(2) = | 1000 M'(3) ={0100
0001 0001
(0001 | [90011

The mapping g is described by:

g(¢,e) = e and g(o,e) = 2te .
3
With né = (0,0,1,0) and nF = {1}, it is easily verified by the same
9
O o -]
procedure as the proof that for any re[9,1) T(A',)) = {g(¢x,g)|g§5

and xeT(A,e,A\)} and that A' simulates A .

Corollary 2.4.2. Let A = (I,S,G,m,,F,E) be an ADE. TFor any

0,
fixed eef  such that E = {ei|i=0,l,...} is a finite set, then there

*
exists a PA A' over some alphabet I' such that for any =xel
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and Ae[0,1), xeT(A,e,A) iff gE(x,g)eT(A',A), where g is defined

for the ADE AE = (Z,S,6,m,,F,E) as the function g in theorem 2.4.1.

0

2.5 Reducing the Environment Set and the Induced ietric

Let A = (2,S8,G6,7,,F,E) be an ADE and let e and e' be two

09
distinct configurations of the environment. If no(e) = ﬂo(e') and

G(o,e) = G(o,e’) for all oeZ, then e and e' have identical effects
on the transition functions. That is, the configurations e and e’
are equivalent in the sense that for any xeZ® and ggEm n(x,e) re-

mains constant 1f we substitute e for e' whenever e' occurs in e.

Thus, we do not need to include e' in the enviromnment set since it does

not augment the structure of A. Moreoever, we can reduce E so that

no two distinct environments are equivalent in the above sense.

Definition 2.5.1. Let A = (Z,S,G,ﬂO,F,E) be an ADE, then we

]

say E d1s irreducible if for all e, e'cE e = e' iff ﬂo(e) = no(e')

and G{(ov.,e) = G(o,e') for all ogel.

Let us assume now that E 1is an irreducible environment set for
the ADE A = (Z,S,G,ﬂO,F,E). Recalling definition 1.3.14, we construct
a metric on E. Consider the function d{(e,e') = max(}wg(e)-wo(e')l,
maxIG(o,e) - G(o,e')|), where e, e'eE. Clearly, d(e,e') = d(e',e)

oel
and d(e,e') 2 0 for all e,e'eE. For any e,e’, e''eE, then

d(e,e'")

max(|n0(e)-n0(e')|, male(o,e)—G(c,e')[)
gel
max(lwo(e)—no(e")l +|w0(e")—ﬂ0(e')‘,

A

max(|G(o,e)-G(o,e") | + |G(v,e™)~G(0,e)])
g€l
max(lno(e)—no(e")l, max|C(o,e)-G(o,e™)|)
g€l

A
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+ max(|n,(e")-n,(e") |, max|G(c,e")~G(,e™|)
0 0 gel

= d(e,e") + d(e”,e’).
So d satisfies the triangle property. Also, if e = e', then
wo(e) = no(e‘) and G(o,e) = G(c,e') for all oerX . So d(e,e') =0
when e = e'. Since E is irreducible, if e # e', then by definition

d(e,e') > 0. So the function d as defined above is a metric on E.

Theorem 2.5.1. If € is an irreducible environment for an ADE

A, then the function d(e,e‘) = max(lno(e)~n0(e')|, male(c,e)—G(o,e')I)
gel

is defined for all e,e'ef and is a metric on E.

Since irreducibility is needed only to show that if e # e', then
d(e,e') # 0, the function d is a pseudo-metric on any arbitrary environ-
ment set.

Let us now consider an arbitrary ADE A = (Z,S,G,WO,F,E) for which
the environment set is reducible to a finite set ET. That is, we can
define an onto mapping h: E » E+c E, where if h(e) = e+, then
d(e,e*) = 0. The mapping h is unique only when E~r is irreducible.

h can be extended to h: E - (E-Ir)e° by component-wise application of
h. That is, h(e) = (h(eo),h(el),...). So for all eeE, d(e,h(e)) =0
and, hence, we know that no(e) = wo(h(e)) and G(o,e) = G(o,h(e))
for all oef. So by extension, for all gﬁEm, M(x,e) = M(x,h(e)),

m(x,e) = w(x,h(e)), and p(x,e) = p(x,h(e)) for all xez*.

Theorem 2.5.2. Let A = (E,S,G,nO,F,E) be any ADE, then

T(A,e,2) = T(A,h(e),r) for all gﬁEw and Ae[0,1). Furthermore, if

#(h(E)) < o, then A can be simulated by a PA.
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Proof: Let gﬁEw. We have seen that p(x,e) = p(x,h(e)) fpr all
er*. So for any Ae[0,1) p(x,e) > 1 iff p(x,h(e)) > A. |Hence,
xeT'(A,e,A) 41ff =xel(A,h(e),r); that is, T(A,e,A) = T(A,h(e){N).

Let ET = h(E). So if #(ET) < © , then by theorem 2.f.1 there
exists a PA A' over alphabet ' which simulates the ADE At -
(E,S,G,no,F,E+). Thus, there exists a relation RT betweeh Z'* and
((Xu{¢})XE+)* satisfying the conditions of definition 2.4. |We now

* *
define a relation R between I and ((Xu{é})xE), by thg rule:

W

X X _o

[x',(x,e)]eR iff [x',(x,h(g))]eRT. Clearly, for all (x,e)gf xE , there

*
exists x'el' , sueh that [x',(x,e)]eR. If [x’,(x,e)]eR, |then
[x',(x,h(g))]eR+. Hence, for any Xe[0,1) x'eT(A',r) Iiff xeT(AT,h(g),A).
But T(A,e,)) = T(A+,h(g),A) for all Ae[0,1). Therefore, if
[x",(x,e)]eR, then for each Xe[0,1) x"eT(A',)) iff xeT(fp,e,r). If

& X oo
for any x'el' there does not exist (x,e)el xE such thft
[x',(x,e)]eR, then since h 1is an onto mapping, there does|not exist

by ok Tk e Pyt

(x,e')eX x(E') such that [x',(x,e )]eR , and conversely.| That is,

x'

is not admissjble under the relation R iff x' 1is not|admissible
under the relation R*. Hence, A' simulates A wvia the r¢lation R

as defined. ]

Corollary 2.5.3. Let A = (E,S,G,nO,F,E) be an ADE. | For any

fixed g;Em such that E = {ei|i=0,1,...} is reducible to a finite

set, then there exists a PA A' over some alphabet I' such that for
*

any xeI and Xe[0,1), xeT(A,e,)) iff g(x,h(e))eT(A',)), Yhere g

is defined in theorem 2.4.1 and h is defined in theorem 2.5%.2.
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2.6 The Environment Set as a Semi-group

Definition 2.6.1. The pair (W,°), where W is any set and o 1is

any binary operation, is a semi-group if W is closed under the opera-

o

tion ° and is asscciative.

The set Mn of all nxn stochastic matrices and the multiplication
operation forms a semi-group. In Section 1.2 we observed that any Z*
with the operation of concatenation forms a semi-group. Let A be any
PA and x,yeZ*, then M(xy) = M(x)M(y). Since Mn is asgociative under
the operation of multiplication, A defines a subsemi-group

*
{M(x) |%eZ"}. We shall now generalize this result.

Lemma 2.6.1. Let (W,°) be any semi-group. {M(w)eMnlweW} is

a semi-group iff the mapping h: w » M(w) is a homomorphism.

Proof: Obvious from the definition of homomorphism and the fact that

Mn is a semi-group.

Suppose we have an ADE A = (X,S,G,nO,F,E), where [E and some
binary operation o form a semi-group. For each oel let the mapping
G(o,°) : E~» Mn be a homomorphism. By lemma 2.6.1 for each oe¢I the
set G(o) = {G(o,e)|ecE} 1is a semi-group under the operation of multi-
plication. That is, for any el,ezeE, then eloezeE and G(o,e1°e2) =
G(o,el)G(G,ez). Also, since G(o) < Mn, multiplication of elements of
G(a) is associative. Under certain conditions an ADE on an environ-
ment set which is a semi-group may be simulated by a probabilitic auto-

maton.
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Theorem 2.6.1. Let A = (Z,S,G,ﬂO,F,E) be an ADE such that:

1. E= S(E+), where e i any finite set and S(E+) denotes

the semi-group generated by E+ and the binary operation

°3
2. for any o€l the mapping GO: E~ Mn’ defined as
Gc(e) = G(o,e), is a homomorphism;

3. ﬂo(°) is any fixed constant vector in Vn for all eetk.

Then there exists a PA A' which simulates A.

Proof: E= S(E+) implies E%* c E. Also, any eef ean be expressed

as a finite product of elements of E+. That is, e = eIo...°e: , where

e;eE+ i=1,...,k and k is finite. Since for any oe¢l Gc is a homo-
k '
morphism, then G(o,e) = 1 G(o,eI). Clearly, if e = ei'o...°e:g ,
i=1 .
where eI'eE+ i=1,...,k' and k' is finite, is any other decompo-
k + k' +
sition of e, then I G(c,ei) = I G(o,ei').
i=1 i=1

*
Let xeI and gng. Suppose L(x) = r. For each eieE
+ +

i=1,...,r ey has a finite decomposition e, = eil°"'°eiki . where
+ r

e..ecE for j=1,...,k,. Thus, lM(x,e) = 1 G(o,,e,) =

15 % 1 K K, 4=l 1

r 1 r 4+ +

i + + .
il I G(o.,e,,). Let x = 01 .. O € , and e be any element
( i°71j T -
i=1 j=1
+ + + +
)
of Q (ell,...,e1k ,e21,..,,erk ).
1 r
r k +

(1 Hi G(
TTO i=1 j=1 Oi’eij

Then p(x,e) = ﬂoﬂ(x,g)nF =

Nt = pGx*,eh). Hence, for all Ae[0,1), xeT(A,e,)

+ + + o+

+ + +
iff x el(A,e ,)) for all 9-€Q'(°11f""elki""e213'°"“rkr)° Let e,

oe! be some other decomposition of e i=1,...,r. Let

1
eilo.'. i

K! i
S
*
x' = 011,...,orrez and let gfeQ'(eil,...,eik.,eél,...,e'k,). But
1 r



34
again, for all Xe[0,1), xeT(A,e,)) 1iff x'eT(A,e',)) for all

g'eQ'(eil,...,eiki,eél,...,e;k,). Thus, for all Xe[0,1), xeT(A,e,))
r
. + + 4+ +
iff x eT(A,gf,A) for all gfeQ'(eIl,...,elkl,eZI,...,erkr) and for any
decomposition of e, i=l,...,r. Note that xt depends on x and the decomp-

osition of ey i=1,...,r.

Let us now consider an ADE A' = (£,5,G,n F,E+). For any xezh,

0
+ ., + + o+
where L(x) = r, we now restrict the choice of a €Q (ell,...,e1k ,e21,
+ +, ® * ® + L
R ) n (E') . For any xef and eecEt , such an e must exist
T
since e+.eE+ for i =1,...,r, j=1,...,k By the above we see

ij i’
that for any Ae[0,1) xeT(A,e,A) iff x+5T(A,gf,A), where e+ is any

appropriate decomposed total environment and k+ is the derived input
tape. But #(E+)< ., Hence, there is a PA A' which simulates A+. So
we have a relation R' between I'' and Z*X(E+)°° satisfying the pro-
perties of definition 2.4.1.

We now define a relation R between I'° and Z*XEw as follows:
[x',(x,e)]eR iff for any appropriate decomposed total environment gf
and derived input tape x+, [x',(x+,gf)]eR+. For any (x,g)ez*wa
we can find an associated decomposed total environment and derived input
tape <. Hence, for any (x,_«_a__)eZ*XEOo there exists x'eZ'’ such that
[x',(x,e)]eR.. Also, we have for all Ae[0,1) that =xeT(A,e,)) 1iff
xeT(A+,gf,A). Hence, if [x',(x,e)]eR, then for any Ae[0,1)
x'eT(A',)) 1iff =xeT(A,e,)). And, clearly, x' is not admissible by

+

R iff x' is not admissible by R. Thus, we have the desired result

that A' simulates A . : O

Example 2.6.1. As an example of theorem 2.6.1 let us consider

the ADE Ah = (Z,S,G,WO,F,Eh), where T is a constant and
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Eh = {h,Zh,...} for some constant h > §. Clearly, Eh and the oper-
ation of addition form a semi-group. Let G be such that for any
oeZ and eeE, G(o,e) = (G(o,h))e/h. Thus for any o€l and

h el/h e2/h (el+e2)/h
el’ezeEh’ G(c,el)G(o,ez) = (G(o,h)) (G(o,h)) = (G(o,h))

= G(o,e1+e2). Hence, G is a homomorphism for each oeZ. Clearly,
Eh = S({h}). For any esEh, e = ht+...+h; there are e/h occurrences of

*
h in the decomposition of e. Let xeI such that L(x) = r and

- ellh er/h +
ggEh. Consequently, x = 9y ee0 and e = (h,h,...). Thus,
T r ei/h r ei/h + +
M(x,e) = .ElG(oi,ei) = T (G(o,,h)) = I 1 G(ci,h) =M(x ,e ).
1= ‘ i=1 1 i=1 j=1
Now define a PA A' = (S',i",7w),F') over I' as in theorem 2.4.1
to simulate A; = (Z,S,G,WO,F,{h}). Hence, p(x,e) = wOM(x,g)nF =
r e5/h /h /1 e;/h e_/h
i e e /h '
F = oyt 1 r F o ot 1 r
"0(121 jgl G(cih))n noM (¢Tl ver T n P (¢Tl el T )

where Tl,...,rreZ' and g(ci,h) =T Consequently, =xeT(A,e,)) iff

e,/h e./
Tk

i
x' = ¢ heT(A',A) for all Aiel0,1).

By our definition we may regard probabilistic automata as only
being able to change state within a discrete time scale t = 1,2,... .
The concept of the continuous time probabilistic automata as introduced
by Knast [8] is similar to the Markov chain with a continuous parameter.
The next state function of such an automaton is defined for te[0,x)

as well as o€l . A continuous time probabilistic automaton may change

state at any time.

Definition 2.6.2. A continuous time probabilistic automaton

(CTPA) 1is a system A = (Z,S,G,ﬂo,F,T), where Z,S,no, and F are

as in definition 1.3.2, 7 = [0,»), and G(o,t) is a matrix transition
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function satisfying:
1. G(o,t)eMn for all oeI and teT.

2. G(c,t1+t2) = G(o,tl)G(c,tz) for any o0el and tl,tzeT.

3. Every 8 5 is a measurable function in (0,«) and

lim gii(o,t) =1 for all o0e¢l and i =1,...,n and
t-+0

The element g,.(o,t) is the probability of being in state s, at time
1j |

to + t when the input is o given that the system is in state

51
at time t0 for any toeT. Clearly, the transition properties depend

on the time interval for input o.

Definition 2.6.3. An infinitesimal matrix of the semi-group

({G(O,t)lteT}, multiplication) is the limit A(o) lim(G(c,t)nln)/t, where

t+0
I denotes thes nxn identity matrix. The elements aij(o) of A(s) are
n :
called the rates of transition from state 8y to state Sj via input

symbol o.

Knast proved that the tramnsition function for every CTPA has

o i
the canonical form G(o,t) = eA(U)t = 2 iEéé%ll— .
i=0 ’

It is readily seen from the definition of the CTPA that it is a
special case of the ADE model with a semi-group environment set whose
structure 1is preserved by the homomorphisms G0 for all oeZ. Since
there does not exist a finite set E+ such that T=S(E+), theorem 2.5.1
may not be used to show the existence of a PA A" to simulate a CTPA.
Knast showed, however, that under certain conditions a CTPA can be
approximated by an ADE of the form Ah as above. For further results

concerning this special case of the ADE mcdel see Knast [8].



CHAPTER 11!
Stability Results

3.1 The Stability Problem

The stability problem is a natural consequence of the inevitable
impreciseness of the measurement of the environment configuration. We
shall consider the effects of small perturbations of the environmental
condition on the acceptance sets and transition functions.

Implicit in the notion of perturbation of the environment is
consideration of a natural metric on the environment set by which the
size of the perturbation is measured. We shall denote the natural
metric on the environment set by dN. For example, let us consider a
system whose transitions are related to temperature. That is, suppose
E=1[0,100]; dN(e,e') = |e-e'|, where e,e'¢E, may be a useful natural
metric to consider perturbations of the environment. The salient
point concerning dN is that it is computed directly from the environ-
ments without necessarily considering the transition functionms.

In Section 2.5 we considered the function

d(e,e’) = max(lno(e)—no(e’)l, male(o,e) - G(o,e')|)
gel
based on the ADE A = (Z,S,G,HO,F,E), where e,e'e¢E . The function d
was, in general, found to be a pseudo-metric on the environment set E.
We shall now establish the notion of continuity of the transition

functions with respect to the natural metric.

37
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Definition 3.1.1. Let A = (Z,S,G,WO,F,E) be an ADE and a"

be a natural metric on the environment set E£. The basic matrix
transition function G 1is continuous at e with respect to dN
if for every € > 0 there exists &(e,e) > 0 such that

maxIG(o,e) - G(o,e')I < ¢ whenever dN(e,e') < §(e,e). G 1is uniform-
C€L
ly continuous with respect to dN if G 1is continuous at each eek

and 6 can be chosen independent of e. Similarly, T is continuous

at e with respect to dl‘I if for every ¢ > 0 there exists §(e,e) > 0

such that lﬂo(e) - ﬂo(e')| < g whenever dN(e,e') < §(e,e). LN is

uniformly continuous with respect to dN if LA is continuous at each

eeE and & can be chosen independent of e.

Continuity conditions will allow us to bound the perturbations of
the transition probabilities given the perturbation of the environment

with respect to the natural metric.

Lemma 3.1.1. Let A = (£,8,G,m,,F,E) be an ADE with natural

0’

metric dN. If G and ™ are continuous at e, given any € > 0,

0

we can find 6(e,e) > O such that for any e'eE, d(e,e') < € when-

ever dN(e,e') < 4.

Proof: Clear from the definition of continuity and d.

Thus, 1if G and T, are continuous at e, for small perturb-
ations of e with respect to dN we can bound the perturbation of

G and = Furthermore, by making the perturbation of e sufficiently

0
small we can . make the perturbation of G and Ty as small as desired.

Also, if G and = are uniformly continuous, then the choice of 3§

0

can be made independently of e.
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For notational convenience, let J = {0,1,2,...} and

J,=1{1,2,...} .

Definition 3.1.2. An ADE A = (£,S,G,n,,F,E) with natural

o’
metric dN on E and cut-point ) 1is tape-acceptance stable (a-

stable) at e = (eo,el,...) iff there exists &6 > 0 such that

sup dN(ei,ei) < § implies T(A,e,)) = T(A,e',}A).
1eJ

In other words, an ADE with natural metric dN and with cut-point
A 1is a-stable if the set of tapes defined by A under total environ-

ment e with cut-point A 1is not changed by sufficiently small per-

turbations of the environments.

Definition 3.1.3. An ADE A = (Z,S,G,nO,F,E) with natural metric

J
dh on E is strictly stable (s-stable) at e = (eo,el,...) iff given

any € > 0 there exists § > 0 such that sup dN(ei,ei) < § implies
ied
*
In(x,g) - w(x,gf)l < & ¥xel , where m is the state distribution function.

Theorem 3.1.1. Let A = (£,S,G,m,,F,E) be an ADE with natural

0’
metric dN on E. If A 1s s-stable at e, then given any Yy > 0

there exists & > 0 such that sup dN(e1
: ied
Ip(x,g) - p(x,gf)l <y Yxer , where p 1is the acceptance probability

,ei) < § dimplies

function.

Proof: p(x,e) = ﬂ(x,g)nF, where nF is as in definition 1.3.4.
*
For any xeI , |p(x,e) - p(x,e")| = [(n(x,e) - Tz, |
Iw(x,g) - w(x,gf)l#(F). Given any y > 0 let € = v/#(F). Since A

is s-stable at e, there exists § > 0 such that sup dN(ei,ei) < §
ieJ
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implies |m(x,e) - m(x,e’)| < € = y/#(F). Thus, Tp(x,e) - p(x,e")|

< e#(F) =y Ver*. O

Thus, s-stability at e guarantees a bound on the perturbation

of the acceptance probability function.

Definition 3.1.4. A cut-point X 1is called isolated with respect

to an ADE A at e 1if there exists y > 0 such that lp(x,g)-xl >y

%
¥xer .

Theorem 3.1.2. Let A = (Z,S,G,nogF,E) be an ADE with natural
metric dN on E. If A is an isolated cut-point for A at e and

if A is s-stable at e, then A with cut-point XA is a-stable at e.

Proof: A 1is an isolated cut-point for A at e. So there exists
Y > 0 such that |p(x,e)-A| 2 ¥y ¥xeT . Since A is s-stable at e,
choose € such that 0 < e <y ., Then by theorem 3.1.1 there exists
§ > 0 such that sup dN(ei,ei) < § dimplies |p(x,e) - p(x,e')| <e <y
ieJ
¥xeZ.
If =xeT(A,e,A), then p(x,e) > A. But A 1is isolated, so
p(x,e) 2 A +y. Thus, p(x,e') 22+ y -¢ > A. Hence xeT(A,e',)).
If x ¢ T(A,e,A), then p(x,e) < A. Again, X 1is isolated,
so p(x,e) £ A - y. Thus, p(x,e') < \-y+e<A. And, hence, x ¢ T(A,e,)).
Consequently, there exists ¢ > 0 such that sup dN(ei,ei) <8
implies T(A,e,A) = (A,e',)). That is, A with cuiigoint A is

a-stable. 0

The concept of a-stability differs from s-stability in that
a-stability allows a large perturbation of the acceptance probability

function as long as the cut-point is not crossed.



3.2 Stability wi

th Tapes of Bounded Length

Definition 3.2.1. If ¢ = (Ei) is an arbitrary vector and
P dis an arbitrary matrix, then ||E|| = Z |£i| and ||P|I =
max Z Ip
i3 J

Lemma 3.2.1.

a) Let B,B',C,C'eM , then ||Bc-B'Cc?||

A

[IB-B"|| + |lc-c"]|. b) Let v,v'eVn, then ||vB-v'B'|| < ||v-v']]
+ ||B-B'|].
Proof: We must first show that |’ satisfies the triangle
property on the set of all nxn matrices.
|a-8"[| = max ] |n
TS Pis
= 7" " v
m:x § Ih hij hi h 1]
< mzx § {Ihij-h;jl + |h;j-hij|}
< max ) Ih —h” | + max ) lh —hi.|
ij i3 ]
= ||u-0"]| + ||H"-H'|| for any nxn matrices
H,H', and H". Let us now consider [|3C~B'C'j| = ||BC-B'C + B'C -

B'C’|| < ||®-B")

|| -8")cl|

IA

cl] + [Is'c-c")|] . But

max ) | J(b,, -b' Ve, .|
i3 % ik ik’ "kj

max § g ijlbik_b;k

i
max ) ) Cp |
ik 1k
max E LFRCHN

|15-3']].

41



Similarly,

]

||B'(c~c")|| = max Elg bik(ckj«cekj)l

i

IA

max z z b Ic

i jk kJ kJ
= b? - l.
e E ik §lckj s

IA

max ) b! ||c-C?]]
i ® ik

(]

le-c'|1 -

Thus, ||BC-B'C'|| < |[B~B'|| + |]c-C']].

9

For b)

similarly satisfies the triangle property on the

set of all n-dimensional vectors. Thus,

| |lvB~v'B*|| = ||vB-v'B+v'B-v'B"||

A

[l (v=v")B|] + ||v'(B-B")]|] .

We see that

|| (v=v")B|| = ngg(vi-vi)bijl

[}
T
<

Also,

42
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=1 zIbij byl
1
SRALE
= |Is-']]
Hence, ||vB-v'B'|| < ||v-v'|| + ||B-B'|] . O

Lemma 3.2.2. For any integer k > 0, let Bl""’B and

c .,C, all belong to Mn and let v,weVn, then

1°77° 7k

k k k
v T8, -w T e ll s [lv-wl] + ] |IBy-c, .
1=1 +  q=1 1 =1 + 1
Proof: By induction on the results of lemma 3.2.1.

Lemma 3.2.3. Let B,Cth and v,weVn, then |B-C| < ||B-C|| =

nIB—Cl and |v—w| < ||v—w|] < nlv~w|.

* %
Proof: |B-C| = max|bij ijl Let i and j be the indices
: i,
where the maximum is obtained. Thus, |B—C| = |b1* *—ci*.*l. But

Ibi*j*_ci*j*l < Zlbi*j—ci*jl < m?x § Ibij ijl = |]B- CII And also,

mix §|b13 iJ| < m?x Z|bi j - Ci*j*l = n|B—Q|. And similarly for the
result concerning vectors 0

Keeping in mind the above results, let us now consider an ADE
A= (Z,S,G,ﬂo,F,E) with natural metric dN on E. For any fixed K,
let %I be an arbitrary input tape such that L(x) = k < K. 1If
x 1is input under some environment e = (eo,el,...), we evaluate
p(x,e) = ﬂo(eo)(iilG(c&,ei))nF. Let us now consider the acceptance

probability when eo,...,eK are perturbed with respect to dN by less

than 6. That is, max dN(ei,ei) < §., If we assume that L is
i=0,...,K
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continuous at e and G 1is continuous at each e;s i=l,...,K, then

0
— 1] - )
Ino(eo) ﬂo(e0)| < el(eo) and ?2§ |G(c,ei) G(c,ei)l < €2(ei)’
i=1,...,k. Thus, if we let e* = max(el(eo), max ez(ei)), then

i=l,...,K

N v . . - t *
i=0max « d (ei,ei) < § dimplies |w0(e0) “o(eg)l < g and
yeess

* .
maxIG(o,ei) - G(o,ei)l <eg,1i1=1,...,k. Using lemma 3.2.3 we see
o€l

*
that max dN(e ,e!) < & implies ||m,(e,) —1fde’)|| < ne and
= v i’71 00 0
i=0,...,K
*
max lIG(c,ei) - G(c,ei)|| <ne , i=1,...,%.
gel

By lemma 3.2.2 we have
|3 k
IIW(X’E) - (xaE')ll = II"O(eo) JIE(Oi’ei) - ﬂO(eé)i[]f(oi’ei)||

k
< |Iﬂ0(eo) - no(eé)ll +i§l||G(oi,ei) - G(oi,ei)||

* *
£ ne + kne

* *
< (K+1l)ne ¥xeZ  such that L(x) <K

and Ye'¢E  such that max dH(e ,e') < §.
- i’71
i=0,...,K

Now, consider

| (n(x,e) - 7(x,e))n’ |

[]

|p(x,_e_) - P(X,S_v) |

IA

Z |1T(i)(x,§_) - Tru)(x,_e_')l
1

[m(x,e) - n(x,e")]] .

Thus, max dN(ei,e;) < § implies |n(x,g) - ﬂ(x,g')|'s
i=0,...,k

. . % ) %

|[n(x,e) = aw(x,e’) || € (RB+1)ne” and  [p(x,2) - p(x,e")| < (R+l)ne
%

for any xeI  such that L(x) < k.
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Since X and n are fixed finite numbers, given any € > O,

*
we let 0 < e < e/(K+l)n. By the continuity of Ty 3t e and G

at each e, i=1,...,% there exists § > 9 such that

n . *
i max . d (ei,ei) < § implies Ino(eo) - no(eaﬂ < e and
—,.'l,

%
max[G(c,ei) - G(o,ei)l <e fori=1,...,K. In turn, this implies
gelk

% %
that Ip(xtg) - p(xxg')l < (#l)ne < & ¥xel such that L(x) < K.

Theorem 3.2.1. Let A= (%,$,G,n.,F,E) be an ADE with natural

09

. N P
metric d° on E. For any fixed e = (eo,el,...)eE and finite non-

negative integer K, if

»

1. L is continuous with respect to dlI at eo;

.
2, G 1is continuous with respect to a® at each e, 1i=1,...,K

i
then given any € > 0 there exists 6§ > 0 such that max dN(ei,ei)
< § dimplies Ip(x,g) - p(x,g})l < e for all er* si:g,éﬁééK
L(x) < K.

When the continuity conditions are satisfied, we can apply theorenm
3.2.1 to say that for any K and any xez* such that L(x) <K,
p(x,e') + p(x,e) as 0 max o dN(ei,e;) + 0. Thus, p(x,e’) can be

=0,...,K

used to approximate p(xtg) and we have a bound on the maximum error of

the approximation as a function of the largest perturbation of

e R &

Example 3.2.1. Consider the ADE A with I = {0,1,...,m-1} ,

S = {81,32983} , and E = [0,1]. The basic matrix transition function

is
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n-ge-1 ge

G(o,e) = H/m m m
0 1 0

0 0 1

and the initial distribution function is wo(e) = (e,l-e,0). Let

0
F = {33}; hence, nF = 10| . Also let e = (1,1,...).
1
Suppose Euclidean distance is the natural metric on E. Thus,
we have Ino(e') - ﬂo(l)l = ll—e'l = dN(l,e') and male(o,e') - G(o,l)l
o2

< |1—e'| = dN(l,e'). So then 7, and g are continuous at e = 1,

0

Let K be any nonnegative integer and xeZ* such that L(x) £ K

Given any € > 0, we can find & > 0 such that for every _g'efm that

satisfies max d" (e, ) = . max [1—e£| < & we have
i=0,...,K i=0,...,K
'p(x,gf) - p(x,(l,l,...))l < g. In fact, we can see that for
l
L(x) = k <K, p(x,e') = my(e] )( T G(oge] )) e'
k o,
And similarly, p(x,(1,1,...)) z . So we choose ¢ < e/(K+1)
i=1 m
o] e k o
and we have |p(x,e") - p(x,(1,1,...))] = Z -1l 1=
= €0 i
i=1 m i=l m
X Ie - l| This last inequality follows from lemma 3.2.2. And

clearly, Z |e! —1| §(K+1) < €.

If we consider A operating under the environment (1,1,...), we
see that such a system is a probabilistic automaton A1 = (S,M,nO,F)
over ., where S,F, and I are in A and Ty = no(l) and
M(0) = G(o,1). So for any Ae[0,1), T(AL,A) = T(A,(1,1,...),)) since
Pl(x) = p(x,(1,1,...)) ¥xer*.

Hence, we can use the probabilistic automaton Al to approximate
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the acceptance probability of any input for A. Moreover, for any
*

nonnegative integer K , any 2e{0,1), and any xel , p(x,e(8,K))
< iy < 1 N ¢ =
< p(x,e') £ p (x), where max d (ei,l) < § and e(§,K) =

i=0,...,X

K+l times . 1

a-s,...,1-8,0,0,...). Hence, T(A,e(8,K),}) < T(A,e',2) ¢ T(A7,}).
But T(A,e(§,K),)) is strictly increasing as 6 - 0 and bounded above
by T(Al,A). So the limit exists.

lin T(A,e(5,K),A) = {xeI |xeT(A',)) and L(x) <K} .
550

Also, 1lim T(A,e(8,K),A) is strictly increasing as K > and bounded

60 1
above by T(A",A); hence, this limit exists.

lim 1lim T(A,e(5,K),A)
Koo §-0

*
lim {xel IxeT(Al,A) and L(x) < X}
Ko

AL,

Similarly, 1im lim T(A,e(8,K),)) = T(AT,A).
§>+0 Koo

Now we can say that

1im lim T(Ae', M) = T(A,0)
K+~ max d (eisl)+0
120, .. .,K

for all xel0,1).

3.3 Ergodic Conditions for s-Stability
In the previous section we produced sufficient conditions for a
stability result on sets of input tapes of bounded length. We shall

now consider the asymptotic properties of long products of stochastic
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matrices to generate sufficient conditions for s-stability. That is,
under such conditions for some fixed eeEm, given any € > 0, we can
find 6 > 0 such that if the largest perturbation of the environment
is less than &, then the largest perturbation of the state distribution

function is less than € for any input tape.

Definition 3.3.1. For any real number a, let a+ = max(a,0)

and a = min(a,0). For any PeMn, we define
+
a(P) = max Z(Pi j—pi j)
il,iz i 1 2
n + n _
Lemma 3.3.1. For any p,qeV . iZl(pi-qi) = —izl(pi-qi)

11’1
= igzllpi-qil :
Proof: Let X' = {ilpi—qi 2 0} and N" = {ilpi—-qi < 0}.
N'uN" = {1,2,...,n} and N'nN" = ¢
n n n

0= Jp, - Lag= L (ra)= I (a)+ I (p-q,)
P NP R = R S v L S U

et Foca
(p;~q,) + (r.,-q,) .
i=1 i i i=1 i i
)+

n n
Hence, z (p,~q = Z (p,~q ) . Also,
g=1 + 1 =1+ 1

1 E 15 + 1% -
= P.~q - _.z (p -q.) -~ _.Z (P.-q )
21=1l 179 2,4, P10 2,L,%P17 %
n n
1 z + 1 +
= =7 (py,~q,) + 57 (p,~q,)
2L P 2.t PN
Izl rzl -
= (P ~q ) = - (p."q.) . D
1=y 1 =1 *
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Lemma 3.3.2. For any A,BeMn,

1. 0 <3 =1

2. 3(AB) =< 3(A)3(B) .

Proof: Let us consider any fixed indices i1 and i, , then
0 < Z(ai 573 j)+ <) a4 = 1. Hence 0 £ 3(A) = max z(a 173 j)+S 1.
j 1 J 1 11,12 i ]
Again, let us consider any fixed indices il and iz. Let
L ] 0n ot
N {Jlg(ailk'?;zk)bkj > 0}. Now we have
! ( (a LN = ] I, )b,
;K ilk 2k Jen' K 1 k24 k kj
=] (a )L b
% ilk k jerr ki
< ) (a, ,~a ) max ) b
k i1k 1 k k jeu' k3
+ z (a ) min ) b, .
1k T T
By lemma 3.3.1
+
JC Y, ,-a, )b ) < ])(a, ,-a ) (max L b, - min ) b, )
5 ok Lk 1Kk 4k ik K jear' < g jew ©
lote that the elements of N’ depend on i, and i,, but

1 2°

max ) b, -min) b . =max } (b, .-b .)
kojen' g Mk Lk, e ki3 Tkyd
+
< max Z (b, .,-b, .)
¢ ko3 k.3
ok, JEN 'L K2
< max +
ok Z(bk 5P ) = 3®)

1272 1 2
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which is independent of i1 and i2. Therefore,
+ +
5 (7 (@, ,~a, b, ) <] (a, ,~a, ) 3(B) .
ER™ ilk izk kj x ilk i2k
Now, +
3 (AB) =1 mix % ( Z(ailk_aizk)bkj)
1’72
<+
< max ) (ai K% k) 3(8)
1,k -2
1’72

= 3(A)3(B) .

Lemma 3.3.3. For any BeMn

and any n-dimensional vector £

such that } &, = 0, then les]| < |]e}]a(®).

i
Proof:

and the result is true.

Let £ be any nonzero vector such that 2 Ei

vectors ;1 and C2

as
+
2¢
;i = i and
el
Since Z Ei = {, we have that z EZ = - Z
i i 1
Cl,Czevn and Cl _ CZ - 2
el

Let HeManuSuCh‘thatits first row is cl

rous are gz. So 23(HB) = 2 Z(Z(c; - Ci)
jk

If £ is the zero vector, then 0 = |leBl] = lg]]3(B)

0. Define the

i

2 "2y

e

E; =1/2 Zl&il . Hence

and all of its other

+.
bkj) . By lemma 3.3.1,



£ b
12 Kk ki 2
20(HB) = }|}(z, - ¢ )b, .| =2 F|} | = [l &b, .1l
Jr kKK ik el Hell & <% el

i
Thus, %{5?T1-= 3(HB) < 3(H)3(B) < 3(B) by lemma 3.3.2. And therefore,
g

the result ||gB|]| < ||&]]3(®). 0

Lemma 3.3.4. For any BeMn and any nxn matrix A such that
all of its rows satisfy the condition for £ in lemma 3.3.3, then

|1aB]| < [|a]a(B).

Proof: Let ai denote the i-th row of A.

|1aB}| = max §|T a,.b,, | = max J]oib, | = max||a’B|]
1 kg I Ty
< 3(B) max'lai[‘ = 3(B) max ZIa%l
i i 3 4
= 3(B) max Jla,.| = ||Al]a(®) . 0
i 3 H

Lemma 3.3.5. Let A,BeMn, then '!AB—B[[ < 23(B) .

Proof: ||AB-B|| = II(A-;n)BII. Each row of A-I_ sums to 0

and ||A—In|| < 2. Hence, by lemma 3.3.4 ||AB-B|] < 23(B). [J

Definition 3.3.2. An ADE A = (Z,S,G,nO,F,E) is weakly ergodic
(w-ergodic) iff for any € > 0 there exists N(eg) such that

00 *
d(M(x,e)) < e YeeEt and ¥xeX  such that L(x) 2 N(e).

The weakly ergodic condition is a generalization of quasidefinite-

ness for probabilistic automata. That is, for any two stochastic vectors



52

m and p, we have I(ﬂ-p)M(x,g)I < l|(n—p)M(x,ng| < 20 (M(x,e))
%
< 2e ¥xel such that L(x) 2 N(e). If we have an ADE that is

weakly ergodic, then 3 (M(x,e)) = 0 as L(x)-»= uniformly with respect to e.

Definition 3.3.3. Let e = (eo,e ..)eEm. The total environment

1°°
*
.)eE” is called the k-tail of e. E (e) = {gklkéJ}

& = (Cpolpyye
is called the set of all tails of e.

Theorem 3.3.1. An ADE A 1is w-ergodic iff there exists keJ

o %
and 0 < 6 < 1 such that 3(f(x,e)) < & VYeeE and ¥xel  such that

L(x) = k.

Proof: If A is w-ergodic, then for any ¢ > 0, there exists
*
N(e) such that 23(i(x,e)) < ¢ VggEm and ¥xeI such that L(x) 2 N(e).

Choose any 0 < ¢ < 1, then let 6§ = ¢ and k = N(e).

For the converse, suppose there exist keJ and 0 < 8 <1 such

-3 *
that d(i(x,e)) < 8 VeeE and Y¥xeZ such that L(x) = k. For any
n

€ >0 we can find n, such that § 0« € . Let x be any tape such

that L(x) = kno. Then x has the form x = Yyseee¥, Vs where
0

L(yi) =k and L(y) 2 0. Thus, for any fixed, but arbitrary ggEm s

n
M(x,e) = (131,M(yi’gk(i-l)))n(y’gngk)' And by lemma 3.3.2,
n

0
d(M(x,e)) < (_H
i=1

n
LCATPNLICTICNRIIEE Oa(M(y,gnok)) :
n

Also by lemma 3.3.2, 0 < 3(i(y,e_,)) <1, so 3((x,e)) < § ¢,
0

Thus, given any ¢ > 0, choose MN(e) = kn,. O
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Suppose we have an ATE A such that for each g;Ew,
*
given any € >0, we can find N(e,e) such that a(M(x,e)) < & ¥xel
such that L(x) = N(e,e). We present the following example to demon-

strate that such an ADE need not be w-ergodic.

Example 3.3.1. Let A with I = {¢}, E= (0,1), and

l-e e
G(o,e) =[ ] . The matrix function G(o,e) can be written as
e l-e
1/2 1/2 1/2 -1/2] .
G(o,e) = U1 + (l—2e)U2, where Ul = and U2 = .
1/2 172 -1/2 1/2
But U2= U U2 = U .U, =00, =0 So by inducti have that
u 1= Yo Uy s Uil Uy . y uction we hav
I (TTa - 2ep)
G(o,e,) = U, + U (1 - 2e,)).
i=1 i 1 2 1=1 i
Thus

k k k
3(]T 6(o,e) = (u; + U2( TTa - Zei))) =TT |1 - 2e,| .
i=1 i=1 i=1

o *
Now, for any e = (eO,el,...)eE and any Xl such that

k k
L(x) = k, M(x,e) = 1 G(o,e,). Hence, 3(M(x,e)) = 1 |1 - 2e.| ’
- i=1 i - i=1 1

where L(x) = k. But [|1-2e| <1 ¥eeE. So given any g;Em and any

N(g)
€ > 0, we can find N(e) such that ,Hlll—Zeil < ¢, Thus, for this
1=

k V(e *
g;Em, I(M(x,e)) = I |l—2e,| < I ]1»2e ! < g ¥xer such that

i=1 1 4=1 1
L(x) = k = W(e). However, this choice of N(e) depends on e . And

co I(E)
for any N(g¢), we can find e'eE  such that inl ll—2ei| is arbitrarily
close to 1. So for some 0 < e <1 and any H(e), there is gfeEm
*

and =xeI  such that L(x) 2 N(e) whereby 3(i(x,e')) > €. Hence, A

is not w—-ergodic.
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Dafinition 3.3.4. An ADE A = (Z,S,G,wOF,E) is ever-ergodic
at _ggEm iff for any ¢ > 0 there exists N(e) such that

*
B(M(x,gk)) < e ngeE*(E) and Yxel such that L(x) 2 N(g).

Theorem 3.3.2. If A 1is an ADE that is w-ergodic, then for

each ecE, A 1s ever-ergodic at e.

Proof: If A is w-ergodic, then given any ¢ > 0, there exists
H(e) such that 3((x,e)) < € YeeE  and YxeZ” such that L(x) 2 N(e).
But for any .geEm, we have E*(g) c E. Then, clearly, given any
g > 0, choose N(e) as above; and hence, B(M(x,gk)) < g ngeE*(g) and
¥xeI” such that L(x) 2 N(g). u

The w-ergodic property is global in E” while the ever—-ergodic
property 1s a pointwise property. If the choice of N(¢) is not de-~
pendent on e and if A is ever-ergodic at each point of Em, then

A is w-ergodic.

Lemma 3.3.6. If A 4is an ADE that is ever-ergodic at e, then

*
A 1is ever—ergodic at & ﬁgkeE (e). Further, if there exists keJ

such that A is ever-ergodic at e then A 1is ever-ergodic at e.

* %
Proof: Let A be ever-ergodic at e. For all keJ, E (gk) cE (o).

Clearly, this implies A is ever-ergodic at & YkeJ. Also, given any

N~

£ > 0, the choice 1(e) need not depend on k.
Suppose there exists keJ such that A is ever-ergodic at &
Therefore, given any ¢ > 0, there exists Nk(e) such that

%
(e, ,.)) < e ¥jeJ and ¥xeI  such that L(x) 2 N, (e). For this ¢
—ik+] k
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to prove ever-ergodicity at e we simply choose u(e) = NP<€) + k.
%
Let xe%  such that L(x) 2 N(e) = Nk(e) + k. So x = XY where
L(xk)= k and L(y) =z Nk(e). Thus, M(x,e) = M(xk,g)ﬂ(y,gk). Now

by lemma 3.3.2

A

3(M(x,e)) 8(I'i(xk,g))8(ff(y,gk))

A

8(M(y,gk)) <e. 0

Lemma 3.3.7. An ADE A is ever-ergodic at e 1iff there exists
0 < 8§ <1 and an increasing sequence of nonnegative integers (ko,kl,...),

where ko = § and ki+1

. *
inez such that L(xi) = ki+l- ki'

- ki S K for some K, such that B(M(xi,gki)) <8

Proof: If A is ever-ergodic at e, then given any 0 < ¢ < 1,

* %
there exists N(e) such that 3(t(x,e,)) < e VYe,eE (e) and ¥xel

= &

such that L(x) 2 N(e). Choose & =¢, K = N(g), and ki = iK.

Suppose now we have 0 < § < 1 and a sequence (ko,kl,...) as

above. Therefore given any ¢ > 0, there exists n, such that

n
§ 0 €. We wish to examine the behavior of I at an arbitrary tail of

e, gj, where j is any fixed, but arbitrary positive integer, We can find
% %
j €J such that kj*Zj and kj*4lsj' Let x¢I .such that L{x)z(nﬁ+l)K. Thus,

x has the form x = MAESEREE SN S where L(xi) = kj*+i-kj*+i—ls K,

0
L(Yl) = kj*-j < K, and L(y,) 2 0. Hence,
T e
M(x,e.) = My ,g_.)[ M(x, % ,se )]M(y e )
.l 1°—j i=i* i-j"+1 ki 2 _kj*+n0+l

So by lemma 3.3.2 we deduce
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4,
N 1 Sl e . s 9 (i1 s .
a(u(x,_e_j) < a(;x(yl,gj)){ ig'* B (M (xg 341 gki))} ¢1(y,,e 3*4'no+1))
n
<46 0. €

Since j 1is an arbitrary positive integer, given any ¢ > 0, we can

find N(e) = (no+1)K and ng, such that 8(ﬁ(x,gj)) < e ng, i=1,2,...
and Vxez* such that L(x) 2 N(e). That is, A 1s ever-ergodic at
e,. Hence, by lemma 3.3.6 A is ever-ergodic at e. O

Definition 3.3.5. For some § > 0, a matrix AeMn is &-scrambling

iff for any pair of rows il and iz, there is a column j such that

a >8 and a, , > 6.
ilj iZJ

Definition 3.3.6. An ADE A = (I,S,G,n.,F,E) is said to satisfy

0’
the ever-H4(6) condition at e iff there exists il(§) such that

* *
YxeX , where L(x) = N(8), BHM(x is &-scrambling ngEE (e).

,g_k)

These definitions are extensions of the concepts concerning prob-
abilistic automata. Note that if AeMn is §=-scrambling, then

9(A) < 1-8. Ve now extend theorem 1.3.6.

Theorem 3.3.3. A 1is ever-ergodic at e iff for some § > O,

A satisfies the ever-HA(G) condition at e.

Proof: If A 1is ever-ergodic at e, then given any ¢ > 0,

% *

there exists N(e) such that B(M(x,gk)) < € ngeE (e) and ¥xe:
such that L(x) = N(e). For some keJ, let il be the index of an

arbitrary row M(x,gk). Since M(x,gk)eMn, then there exists
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sjeS such that milj(x,gk) > 1/n. But E(M(x,gk)) < g, so for any
iz#il, Imilj(x,gk)-mizj(x,gk)| < €. Hence, if we choose ¢ = 1/2n,
then mij(x,gk) >1/2n for any i. So, choose & = 1/2 n and
N(/2n) = N(1/2n ). The choice of k is arbitrary. Consequently,
M(x,gk) is 1/2n-scrambling ngeE*(g) and ¥xe2* such that
L(x) 2 N(1/2n}

Suppose now that we have & > 0 such that A satisfies the
ever-H4(6) condition at e. Thue, there exists N(68) such that ¥xer
such that L(x) 2 N(8) implies M(x,e,) is S-scrambling ﬁgkeE*(g).
Hence, B(H(xsgk)) £1-8¢<1 ngeE*(g) and Vxez* such that
L) 2 H(8). Let k, = 4M(8) and 0 <6 =1-8 <1. By lemma 3.3.7

A is ever-ergodic at e. o

We shall now see that under a certain continuity condition, if

A 1s ever-ergodic at e, then A is ever-ergodic at each e’ 1in

sone neighborhood of e with respect to the pseudo-metric sup dN(ei,ei)
ieJ
o -+
on E .

Theorem 3.3.4. If A is ever-ergodic at g;Em, then there exists

e > 0 such that for any gfeEw, A is ever-ergodic at e' if

maxIIG(c,ei) - G(o,ei)|| < e for all ieJ .
o€l
i

Proof: Let keJ be fixed, but arbitrary. Let M 0(x, ) de-

e
%
note the matrix in Mn all of whose rows are equal to the io—th row

i
of M(x,e,). Then by lemma 3.3.1 M{x,e,) - M O(x,e ) =
Sk 2k Sx

+
ij_mi j) , where M(x,gk) = (mij)'

max ) Imij—m. = 2 max ) (m 0

l
143 13
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Hence,

i
|G, )4 Cxoe) || < 2 max [, 7 )T = 2301(x,e,))

1,1, 1 1 23

Since A 1is ever—-ergodic at e, for any 0 < § < 1 there exists ng,

% *
independent of k such that B(H(x,gk)) < &§/6, ﬂgkeE (e) and ¥xel
satisfying L(x) 2 nge Thus, by the above proved inequality, we have

i
*
||M(x,gk) - M O(x,gk)ll < 6/3 VsioeS and ¥xeX such that L(x) 2 n,.

Let x be a fixed, but arbitrary tape such that L(i) = ng.

i
Hence, ||M(i,gk) - o(i,gk)ll < §/3 ¥s, eS.

1o
Now let 0 < g < 6/3n0. Hence, for any s, €S
*o
Ly . i, . . .
Hr W (x,e) - M (x,gi)|| s | Mix,e) - M(x,g%)ll
| ?% ?% [
= G(o,,e, ,.) ~ G(o,,e. )
1=1 i°7k+1 i=1 i’ Tkti
R
® .2 H6(ogeyy) = Blogaey )]
i=1
%o
by lemma 3.2.2 < ) 8/3ny = 8/3 .
i=1
For any sy €S ,
0
. +
S(M(x,gé)) = m?x Z<m;lj_m£2j) = 1/2.ma§ Zlmilj—mi2j|
oo d i Ry I
< 1/2 max J[|m! -n! .| + |m! .-m} []]
i,y ] i,d 1] 1,3 iyl
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A

v '
1/2 max }|m 4 mioj] +1/2 max Zlmi

! |
13 1 2 23 o]

li

i, i,
/2] |m(x,e)) - u 0(x,g&)l| + 1/2] [u(x,e0) - M o(x,gk)ll

i
| Geel) - 1 OGed ||

Thus, for any s, €S

i
u G, |

a(Mci,gk)) < | frtx,e))

s |ucx,e)) - Mex,e) ||

i, .
+’|M(xygk) - M 0(x,gk)|!

i i
s O y / 0 :
U (x,e) - M (x,eD)] ]

-+

< 8/3+68/3+68/3=6.

But x and k are arbitrary. Therefore, S(M(x,gi)) < §<1

* *
ngeE (e) and VxeX such that L(x) = n Let ki = in.. Hence,

0° 0

by lemma 3.3.7, A 1is ever-ergodic at e’. 0

Definition 3.3.7. Let A = (Z,S,G,WO,F,E) be an ADE with natural

metric d" and E(e) = {ej[jej+}, G 1is uniformly continuous on E(e)
iff given any € > 0, there exists & > 0 such that

male(o,e) - G(o,e?)[ < € whenever dN(e,e’) < & for any ecE(e).
gel

The choice of & is independent of ecE(e).

Corcllary 3.3.5. If A 1is ever-ergodic at g;Em and G is

uniformly continuous on E(e), then there exists & > 0 such that for



60
J
any gﬁeEm, where sup dh(ei,e;) <8, A 1is ever-ergodic at e'.
i€J+

*
Proof: By theorem 3.3.4 there exists € > 0 such that if

*
maxl!G(c,ei) - G(o,e;)ll < g ﬁieJ+ and A 1is ever-ergodic at e,
gel
then A 1is ever-ergodic at e’'.
Uniform continuity of G on E(e) implies that given any ¢ > O,

there exists § > 0 such that when sup dN(ei,ei) < §, we have
ied
+

max[G(o,ei) - G(o,ei)l < e/n VieJ+ . Hence, by lemma 3.2.3
gel

max||C(o,e,) - G(o,e!)|] < n max|G(v,e.) - G(o,e!)| < n(e/n) = ¢ ¥ieJ,.
gel * i cel 1 - +

*
Thus, if we choose 0 < € < ¢ , we can find 6 > 0 such that

. *
sup dN(ei,e;) < § implies max,|G(o,ei) - G(o,ei)l[ < g VieJ+.
ieJ+ o€l

By theorem 3.3.4 A 1is ever-ergodic at e'.

Theorem 3.3.6. Let A = (Z,S,ngo,F,E) be an ADE that is ever-

, %
ergodic at e. For any € > 0, there exists € > 0 such that

| [11(x,e) - M(x,e") || < e Vxez* whenever maxIIG(O,ei) - G(c,e;)ll < e*
o€l
VieJ+.

Proof: By theorem 3.3.4 there exists €, > 0 such that A is

] g » — 3
vhenever Ei;!IG(o,ei) G(o,ei)ll <€y V16J+.

Hence, A 1is ever-ergodic at both e and e'. So, given any € > 0,

ever-ergodic at e

we can find n, such that B(M(x,gk)) < /6 and B(M(x,gé)) < g/6

YkeJ and ¥xeX® such that L(x) = ng.
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Choose 0 < g, < e/3n0. By lemma 3.2.2 we see that for any

%
keJ IIM(X,Ek) - M(x,g£)|l < €/3 ¥xel  such that L(x) < n,
. ~ — 4 5 .
whenever maxllb(cgei) G(o,ei)ll < g, #ieJ+ .
oel
*
Now let e = min(sl,ez). The above results remain true when
max[|G(o,ei) - G(o,e;)ll < ¥ VieJ+.
gel
Since e, = e and g& = e’ , we have ||M(x,e) - M(x,e")|] < e/3 < ¢
%
Yzer® such that L(x) < ny whenever mainG(o,ei) - G(o,ei)ll < g
celX

*
vieJ+. Thus, we have the desired result ¥xel  such that L{x) < n, -

* .
Now let =xeI such that L(x) 2 n We can represent X = Xy,

o
and L(x) =k 2 0 for some keJ. Hence

where L(y) = n,

| M(x,e) - G, || = | |MG,eily.e) - Mx,euly,e" )]

In

| [1(x,e)¥(y.e,) - u(y,e) ]
+ 210x,e)1Gy 0e)) = M(y.e) ||
+| 11(y,e,) = uly.e ]
< 2001(y,e,)) + 23(M(y.ep))
+ [1(y.e) - M(y,e))|| by lemma 3.3.5.
Since L(y) = ngys then B(H(y,gk)) < e¢/6 and a(M(y,gi)) < g/6. Also
| litCy.e,) - M(y,e) || < e/3. Thus
| M(x,e) = M(x,e") || < 2(e/6) + 2(e/6) + €/3 = ¢

*
¥xerX  such that L(x) 2 n, whenever maxl]G(o,ei) - G(c,e£)|| < ¢
gel
VieJ+.

*
Hence, the result is true ¥xel . O



62

Theorem 3.3.6 is a useful stability result. Horeover, under

certain continuity conditions we have g-stability.

Corollary 3.3.7. Let A = (Z,S,G,ﬂO,F,E) be an ADE with natural
. N w
metric d on E. If for some eckt ,
1. A 1is ever-ergodic at e
2. G is uniformly continuous on E(e) = {eilieJ+}
3. =

0
then A is g-stable at e.

is continucus at e0 s

*
Proof: By theorem 3.3.6, given any € > 0, there exists e > 0

%
such that |[li(x,e) - M(x,e')|]| < €/2 ¥xeX  whenever
*
maxIIG(c,ei) - G(o,e£)|l < € VieJ+. Since G is uniformly continu-

o€l
ous on E(e), then there exists &, > 0 such that

1
maxl]G(o,e.) - G(o,e )|| < ¢ whenever sup dN(e ,e') < 8.,
i i i’ 1
cel i€J+
The initial distribution function ﬂo is contiauous at eys
so there exists §, > 0 such that Iﬂo(eo) - no(e6)| < ¢/2n when

N

d (eo,eé) < 52, Hence by lemma 3.2.3 ||n0(e0) - wo(eé)ll < ¢ /2 when
N '

d (eo,eo) < 62.

Choose & = min(8,,8,). Hence, whenever sup dN(e,,ef) < §,
1°72 ied i’ i

Im(x,e) - n(x,e") < ||n(x,e) - n(x,eN]]

by lemma 3.2.3 |]w0(e0)M(x,§) - wo(eé)H(x,g)[|

by lemma 3.2.1

N

Hﬂo(eo) - wo(e('))H + | |M(x,e) - H(x,e)]]
< e/2+€/2=c¢ Vxez* .

Hence, A is s-stable at e. g
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Example 3.3.1. Let A = (%,5,G,n.,F,E) be an ADE with

0’
ZL=1{c}, S= {81’52’33} and E = [~-1/2,1/2]. Let Euclidean distance
be the natural metric on &; that is, for any e, e'eE, dN(e,e') = |e-e'|.
The function G is defined

1/3+e> 0 2/3-e
clone) e4)2 e4/2 1-e4

(3+e) /5 (2-e°) /5 0O

We define no(e) = (l/6+e4, 1/3+e4, 1/2-2e4).

Let g;Em such that }im infleil z vy for some vy > 0. Hence,
there exists N such that T::I 2 v/2 >0 YizN. But G(o,e)
is Y4/32—scrambling ¥YeeE such that |e| = y/2. Hence, for
N(y4/32) = 1, A satisfies the ever—Ha(ya/BZ) condition at ey
By theorem 3.3.3 A is ever-ergodic at e.

The components of G are continuous at each eeE. But E is
a compact set with respect to the natural metric topology. Hence, G
is uniformly continuous. Clearly, G is uniformly continuous on

E(e) for any gﬁEm. The function =, 1is also continuous at any eeE.

0

Hence, given any ¢ > 0, we can find § > 0 such that

1 * N ' .
|m(x,e) = m(x,e")| < € ¥xeI whenever sup d (e, ,e!) = suple,-e!| < &.
- - . i’ i1

ieJ ieJ
Let A = (Z,S,G,nO,F,E) be an ADE with natural metric " on E.

Let E Dbe a compact set with respect to the natural metric topology.

If the components of G(o,e) are continuous at each ecE, then G is
. N . . .

uniformly continuous with respect to ar. Moreover, if there exists

6§ > 0 such that all of the components of G(o,e) are bounded below by
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v, then A is w-ergodic and, hence, ever-ergodic at each g;Em.
An ADE satisfying the above conditions is s-stable at every gﬁEm.

Furthermore, the choice of § need not depend on e.

3.4 Response Intervals and a-Stability

Now we shall establish sufficient conditions for an ADE to be
tape-acceptance stable under environment sequence e = (eo,el,...).
We shall consider the problem when we have that A 1is an isolated
cut-point for A wunder total environment e. Recall that a cut-point
A for A under total environment e is isolated if there exists
Yy > 0 such that |p(x,g) - A] 2y Vxez*. In view of theorem 3.1.2
and corollary 3.3.7, we shall not require the automaton to be s-stable
or ever-ergodic at e. We shall tolerate perturbations of the trans-
ition functions as long as the acceptance probability function does
not cross the cut-point.

Let us consider an ADE A = (Z,S,G,nO,F,E) and some total en-
vironmeint gﬁEw. Define the response intervals Ri’ i=1,2,..., as

R, = [0,1] n [vi] aG,1,9), I V(o,1i,11},
oel jeF jeF

where A(o,i,j) = min{gkj(c,ei)} and V(0,1i,j) = m§X{gkj(°’ei)} .
The values g (a,ei) are the components of G(d,ei). We alsc define

Ry = {p(h,)} = {ry(e)n’}

Theorem 3.4.1. Let A = (Z,S,G,ﬂO,F,E) be an ADE. For any

gﬁEm and Ae[0,1), T(A,e,A) = T(A,e',)) whenever
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iedJ
| x=x_ |

i

2, inf FE > |G(o,ei) - G(o,ei)l ¥Yoel and VieJ+ .

r el

i1

3. |a-p(h,e)| > |p(h,e) - plh,eD]

where R,, i=0,1,..., are defined for A under total environment e

i’

as above.

Proof: Consider A, the empty tape. 2, = {ph,e)} .

A ¢ u R
ieJ

If AeT(A,e,A), then p(A,e) > 2 2 0. Tow p(h,e") = p(A,e) +

1 implies X # p(A,e).

p(A,e') - p(h,e) 2 p(h,e) - |p(A,g) - p(A,gﬁ)l . Hence, by condition
3, p(A,e’) > p(h,e) ~ |A-p(A,g)| 2 A. Thus, p(A,e') > A; consequently
AeT(A,e',)).

If A& T(A,e,)), then O s p(h,e) < A. Now

p(h,e') = p(h,e) + p(r,e') - p(h,e)
< p(h,e) + |p(h,e) - p(h,e")|
< p(A,e) + |A~p(r,e)| by condition 3
<AL

Thus p(A,e’) s A; consequently AT (A,e',2)

How consider any other. element of Z*. We can write it in
the form xoez*, where er* and o0el . Since o0el , then it is
impossible for xo=A .

Let v and w be arbitrary vectors in Vn. The functions A

and V are defined so that for any veVn and 1 = L(x) 41, we have
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I 8(0,1,3) < vG(o,e)n’ < J 9(3,1,3) .
j€F jeF

Condition 2 implies that for any weVn that

I 8,11 - 8. f® s we(o.eDn’ s v, +6, ® ,
jeF jeF
I)“ril
where §, = inf 7 >0 VieJ+ .
r,eR, ' (F)

Now let v = w(x,e) and w = n(x,e'). So vG(o,ei)nF =
p(xo,e) and wG(o,ei)nF = p(xo,e').
Since X ¢ Ri’ then p(xo,e) # A\. If =xoel(A,e, 1), then

p(xo,e) > A. But by condition 2, X < z A(o,i,3) ~ 61#(F) < p(xo,e').
jeF

Hence, p(xo,e') > A; therefore =xoel(A,e’,)).
If x0¢T(A,e,A), then p(xo,e) < A. Again by condition 2,

p(xo,e) < Z V(o,1i,j) + Gi#(F) <A . So p(xo,e') < i; hence,
jeF

xo4T'(A,e';)).
Therefore, xceT(A,e,\) iff xoeT(A,e',\). But xo 1is any
arbitrary, nonempty tape. Together with the considerations of the

empty tape, we have T(A,e,\) = T(A,e',}). 0

Corollary 3.4.2. Let A = (£,5,G,m,,F,E) be an ADE with natural

0’

metric dN on E. If for some gﬁEm and Aef0,1),

1. A ¢ _U&EZ' ( — denotes closure),
ieJ

2. G 1is uniformly continuous on E(e),

3. WO is continuous at eO,

then A with cut-point A 1is a-stable at e.



67
Proof: We are interested in finding & > 0 such that

sup dN(ei,ei) < § implies the conditions of theorem 3.4.1 hold.
ied

Clearly X ¢ Uu R implies A & U R, . Also, A ¢ uUR

ied 1 ied 1 ieJ 1
implies there exists Yy > 0 such that inf inf Ix-ril =¥y - Now
ieJ, r.eR
+ i74
let g, = Yl/#(F). By the uniform continuity of G on E(e), there
exist 61 > 0 such that
|
max |G(o,e,) - G(o,e)| < e = Yl/#(F) < inf ———
o€l r.,eR F)

i—1

¥ieJ whenever sup dN(e ,e') < &, .
+ 1°71 1
ieJ+

Again, A ¢ U Ri implies AéRO. Hence X # p(A,e). So let
ied

Yy = ]A-p(A,gQI > 0. Let €, = Yz/#(F)° By the continuity of L at

—— ! o
e there exists ¢, > 0 such that Iuo(eo) nO(eo)l < €, whenever

2

Therefore

0,

d"(eq,e) < 8,

ph,e) - pe| < [myley) - noe F® <&@ =,
= |>"'p(A9_§)|

N ,
whenever d (eo,eo) < 62.
Now choose & = min(61,62). The conditions of theorem 3.4.1
are verified. Hence, there exists § > 0 such that vgfefw, where
sup dN(ei,e;) < 8, then T(A,e,A) = T(A,e',)). That is, A with cut-

ied
point A 1is a~stable at e. a

Corollary 3.4.3. Let A = (Z,S,G,wO,F,E) be an ADE. For any

00
eet , X is an isolated cut-point for A under total environment e



if 2 ¢ v Ri
ieJ

% —— —

Proof: Clearly, {p(x,e)|xe2 } ¢ UR,. But 2 ¢ UR

———— — . i i
ied ieJ

U Ri is a closed set. Hence, there exists v > 0 such that
ieJ

*
lp(x,e)-A| 2 v ¥xex . U

Example 3.4.1. Let A = (Z,S,G,m,,F,E) be an ADE with

0’

and

I = {01,02}, g = {sl,sz,s3,s4},F = {52,33} , and E = [-1/2,1/2].

Let Euclidean distance be the natural metric on E. We define G

for o as

1
11/12-e% 17124 0
Gloy,e) = 1 0 0
0 0 0
0 0  1/6+e"  5/6-e"
and for 02 as
4 4
1/12 1/12~e  5/6+e 0
Glo,,e) = 0 1/4+e*  3/4-e% 0
0 0 1 0
A
2¢" 0 3/4-2e" 1/4 .

Define no(e) = (ea, 1/4—3e4, eé, 3/4+e4).

68

E is a compact set with respect to the natural metric topology.

Since for each o€l the components of G(o,e) are continuous at each

eecE, then G is uniformly continuous with respect to dN. For any

ect, T is also continuous at e with respect to dN.
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Let e = (eo,el,...)eEw. Thus RO = {1/4 - 2eg} and

R, = [0,1/6 + 2¢°1 u [3/4 - 2¢,1]. Clearly, U R, < [0,3/8] u
i i i i
ieJ

[5/8,1]. Hence, for any A e (3/8,5/8), A with cut-point X is
a~stable at any ggEm. Note that any X € (3/8,5/8) is an isolated
cut-point.

For any 6 > 0 and any gng, there does not exist an integer

c k

k > 0 such that M(ci,g} = iHlG(cl,ei) is 6&-scrambling. Hence, A

does not satisfy the ever—HA(G) condition at any ggEm for any 6§ > 0.

o]
Thus, A 1s not ever-ergodic at any eckE .

3.5 Round Off Considerations
Suppose we have an ADE A = (Z,S,G,HO,F,E) with natural metric

dN

on E. We, however, are not able to measure the environment con-
figuration exactly; the environment can only be measured correctly up
to a certain approximation and the remainder is subject to round off.
That is, if eecE 1is the true condition of the environment, we can only
observe a unique round off estimate fY(e) such that dN(e,fy(e)) <y
for some ¥y > 0. Thus, we shall assume that we have a subset
FY = {fy(e)leeE} that is <y-dense in E. That is, for any eck,
there exists a unique feFY such that dN(e,f) <vy.

For notational convenience, we shall let fY(g) denote the
component-wise rounded value of e. Thusv fY(g) = (fy(eo)’fy(el)"")'

Fm= o & F . ] DFm= ” °
Let y {(£ )|fie Y} Clearly Y {fy(g)[geE } For any

O’fls.
] N 00 o
ecE , sup d (e,,f (e,)) < y. Hence, F_ is y-dense in £ with
ied i i i

respect to the metric sup dN.
ied
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Now we can use the stability results of the previous sections
to find round off schemes which maintain stability of an acceptance
set or stability of the acceptance probability function.
Suppose we have an ADE A vwhich is a-stable at some cut-point
A for some environment sequence _geF: . There exists ¢ > 0 such
that T(A,gﬁk) = T(A,f,\) whenever sup dN(ei,fi) < §. Clearly, if
Yy < &, then VggEm such that fy(g) :eg, we have sup dN(fi,ei) =
iug dN(f (ei),ei) £y < 8. Thus for sufficiently s;;il vy >0,
€

T(A,£,0) = T(A,e,)) ﬂgeEm such that fY(g) = £f. So if we have a-
stability for some cut-point XA at the rounded value of the environ-
ment sequence and 1f the round off error is sufficiently small, then
the set defined by the ADE with cut-point X remains unchanged by the
round off procedure. We also obtain this result under the conditions of
corollary 3.4.2 when vy is sufficiently small.

Now suppose that A 1is s-stable at some ﬁgF:. Hence, given
any € > 0, there exists &8(cg) such that Iw(x,g) - n(x,g)[ <€
Vxez* whenever sup dN(fi,ei) < §{e). Clearly, if y < 8(g), then

ied

VgeEm such that fY(_g_) = f, we have Iw(x,fY(_g)) - ﬁ(x,g)l < e ‘J‘er*.
For y sufficiently small, the conditions of corollary 3.3.7 also
imply this result,

The round off procedure is also applicable to approximation of
the acceptance probability function for sets of tapes of bounded length.
In this case we need only consider fO’fl""’fk’ for some keJ. For
any € > 0, by theorem 3.2.1 if vy 1is sufficiently small, then

Ip(x,g)—p(x,f)l < e Y¥xer™ such that L(x)<k, whenever fy(ei) = fi for



CHAPTER IV

Automata in Random Environments

4.1. Basic Notians.-

We shall now consider the case of automata operating within random
environments. In contrast to the case of the ADE, where we suppose we
can control the environment, we shall assume that the realization of
the environment is governed by some probabilistic structure. This
formulation is useful when we are only able to make certain probabilistic
assumptions about the occurrence of any environment configuration or
when the environment configuration can only be measured by statistical

techniques.

Let A (z,s,6,7,,F,E) be an automaton in a deterministic

0’
environment. Let (Q,B,P) be a probability space. For each
je{0,1,...} = J, let zj be a measurable function from (R,B) to (E,B’),
where B' is a o-field of subsets of &. Ve shall use zq to denote
the random variable for the initial configuration of the environment

and zj, j=1,2,..., to denote the random variable fox the configuration
of the environment for the j-th input symbol. The family of random
variables Z = {%j!jeJ} is an environmmental stochastic process (ESP).

When we wish to emphasize the probability structure, we shall use

(2,8,P,2) to denote the process.

71
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Definition 4.1.1. An automaton in a random environment (ARE) is

a system (A,Z), where A is an ADE and Z is an ESP.

Let A= (%,$,G6,n,,F,E) be an ADE and (Q,B,P,Z) be an ESP. Note

0’
that G: ZXE+Mn and zj: Q+E for all jeJ+= {1,2,...}. Now for all ocel, we

define Gc(e) = G(o,e) and assume Go(e) is measurable. Thus, Gc°zj: Q»Mn

such that G0°zj(w) = G(0,z,(w)) is measurable. For convenience we shall

j
call Gc"zj by the name G(c,zj). Similarly, zO:Q+E and we assume that
w.: E+V 1is also measurable. Hence, m,°z,:0*/_  such that
0 n 070 n

noazo(w) = no(zo(w)) is measurable. We shall call LASE by the name

wo(zo). Note that G6(o,z,) for all jeJ+ and all cel is a random stochastic

3

matrix and 7 ) is a random stochastic vector. We shall, however, en-

0%
counter no ambiguity in using the notation G and T in both the ADE and

ARE contexts.

Let (Q,B,P,Z) be an ESP with environment set E. Define
2: Q> E by z2(w) = (zo(w),zl(w),...). The mapping 2 1is measurable
map from (2,B) to (Em,B’m), where gt~ ic the smallest o-field
generated by the measurable cylinders. We can use this to define the
random matrix transition function. Let er* such that L{x) = k.
Now, M(x,z(w)) = iElc(ci,zi(w)). Similarly, we have w(x,3(w)) =
no(zo(m))M(x,z(w)) and p(x,z(w)) = n(x,z(w))nF. Furthermore,
T(A,z,)) for any Ae[0,1) is a set function of wel taking values
in the set of all subsets of Z*.

The functions no(zo) and m(x,z) for any er* take values in
Un. It is not difficult to see that Vﬁ is 4 &Bnvex det; thus,
E 'rro(zo)eVn and E 'rr(x,z)eVn for any xei*. Similarly, Mn is a

convex set; hence E G(o,zj)eMn for all o0eZ and for all jeJ+ and
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*
EM(x,z)eMn for all =xel . Note also that [0,1] is a convex set;

*
so Ep(x,3)e[0,1] for all xeIf .

Definition 4.1.2. Let (A,Z) be an ARE and X a real number,

Ae[0,1). The set of tapes ET(A,z,\) defined by ET(A,z,\) =
*
{x|xez ,A<Ep(x,2)} 1is called the expected set of tapes accepted, or

defined, by (A,Z) with cut-point A.

(1) (2)

Suppose 2 23 »+++ are independent identically distributed
(IID) sequences of randonm environments. Thus, for any fixed, but
arbitrary er*,{p(x,z(i))}:zl is a sequence of IID random variables
since |p(x,z(i5] <1 a.s. for all i=1,2,..., we may apply the strong

1 ¥ (1) 1)
law of large numbers to obtain 1lim 5 Z p(x,2°7") = Ep(x,2"7") a.s.

Ny & i=1
We can obtain similar almost sure convergence for the components of

T and .

Let A = (&,S,G,m.,F,E) be an ADE. Let us consider the

0’
probability space ([0,1}, B([0,1]),u), where B([0,1]) is the rela-
tive Borel field and u is Lebesgue measure. We define the random
variable ¢(6) = 8, 6€[0,1], on this probability space. For any fixed,

*
but arbitrary xeX and _geEw, we define the random variables

1 4if y(@) < p(x,e)
I(X,?_,W(e)) =

0 otherwise .,
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Clearly, for any er* and ggEm, I(x,e,y) is measurable and
u(e|I(x,e,¥(8)) = 1) = p(x,e). Also, E I(x,e,¥) =

f I(x,e,9(0))du(8) = p(x,e). The random variable I(x,e,y) has the
ig;i]relevant probability structure as an indicator which is 1 when A
is in a state in F after input x under total environment e and

0 otherwise.

Let (2,B,P,Z) be an ESP with environment set £. We have de-
fined z: Q + E . Hence, we can consider the composition
I(x,2(<),¥(°)) as a function defined on the product space [0,1] x Q,
where

1 if 9(8) < p(x,3(w))

I(x,2(w),¥(6)) =
0 otherwise .

*
So for any fixed, but arbitrary xeI , I(x,2,¥) is a random variable
defined on the product probability space. We now obtain E I(x,z,¥)

with respect to the product measure.

J I(x,2(w),p(6))d(uxp) .
[0,11x0

E I(x,3,¥)

By Fubini's theorem,

H

E I(x,2,9) j f I(x,2(w),¥(68))du(8)dp(w)

Q [0,1]

J p(x,3(w))dp(w) = E p(x,2) ,
Q

where the last expectation is taken with respect to (,3,P).
0
. i=1

i) D) .
{I(x,z S )}i=l is a sequence of random variables which are IID

Suppose {(z(i),w(l))} are independent copies of (z,9). Hence

acccrding to the -product measure upxP. By the strong law of large numbers,
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i
11m ﬁ-izll(x, a ),w( )) = E p(x,28) a.s. uxP. Thus, if we repeatedly

input tape x wunder IID random environment sequences, the relative

frequency of acceptance of x is a strongly consistent, unbiased

estimator of E p(x,3).

4.2 Random Environment Sequences of Independent Random Variables

Let (A,2) be an ARE such that 2z = (zo,zl,...) is a sequence

*
of independent random variables. Thus, for any xec& such that

4
L(x) = k, Ep(x,2) = E{ﬂO(zO)( TT'G(cizi))nF}
i=1

= (Eno(zo))( I]‘ G(c ]nF

And, similarly, the expectations of the other automata functions are

products of the expectations of their factors.

Let Z(z) = {zj]jeJ} be the set of all mappings in the sequence z.
For our purposes here, we shall consider two environmental random variables
to be equal if their discribution functions are equal. Let E' be a
set which is in one-to-one correspondence with Z(2). That is, we have a
functional g: Z(z) » E', which is a one-to-one correspondence. For
any zeZ(z) and oel, define wé(g(z)) = Eﬂo(z) and G'(o,g(z)) =

*
EG(c,z). Thus, A' = (E,S,G',ﬂO,F,E') is an ADE. Also, for any xe¢I ,

]

K
P’ (x,8(2)) wg)(g(zﬂ))(iTLc(oi,gui)))nF

k
(hro(2g)) ( TTEG(oy2,)) n

Ep(x,3).
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Therefore, for any Ae[0,1), T(A’,g2(3),)) = ET(A,z,)). Furthermore,
if Z(z) contains only a finite number of random variables with distinct
distributions, then E' 1is a finite set. Hence, A' can be simulated
by a PA. In the particular case when 2z 1s a sequence of IID random
variables, then #(E') = 1 and we can find a PA AY over I such that
T(AY,\) = ET(A,z,)\) for all Ae{0,1).

Suppose we have an ARE (A,Z) where I = {¢} and ZysZgsees is
a sequence of IID random variables. The following results hold for state
sets of A of any finite cardinality, but for the sake of simplicity of
exposition we shall restrict consideration to S = {81’82}’ Let oNeZ*
denote the tape of N successive inputs of o. We wish to find the
asymptotic moments of M(GN,z). Let (aN’BN) be the first row of
M(UN,z). Clearly, for every wefl, (aN,BN)eV2 for all N =1,2,...
Clearly, (aN+1’BN+l) = (aN’BN)G(C’ZN+1)' By the IID property,
(Ea ) = (Eal,Esl)(EG(c,zl))N. We say a

EB .. .) = (EaN,EBN)EG(o,z

N+177TN+L N+1

matrix AeMﬁ is ergodic if it can be considered as a transition matrix
of an irreducible ergodic iarkov chain as defined in Feller [6].
Thus, if EG(o,zl) is an ergodic matrix, then (EG(o,zl))N converges

to a linit matrix Ll. The rows of L1 are identical; thus (EaN,EBN)

converges to (Eal,EBl)L1 = 21, where Zl is any row of Ll.

Let k be any fixed positive integer. For every well and

ey k-1
Doy By

weQ and N =1,2,.... From the above, we know that

_ k _ k k
N=1,2,..., (aN+BN) = 1. Thus (aN,( .,BN)eV for every

k+1

Cur1 = 9817 (OsZggg) ¥ ByBaq (052 ,)

Bl = OyB812(0s2ygyy) + BBrr(0hzy,)
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where gij(c,z ) 1is the (i,j) component of G(o,z,, .). By taking

N+l N+1
the appropriate products we can derive an expression for each component

k, k- l k

of (aN+l’( Yo Ol N+1’ "BN+1) in terms of the components of
k k l .
(a N,( 1) N,...,BN) and G(o, ZF+1)' This reduces to the relation
k k-1 k | _ .k k k 1
GRS ) 1B e e oByag) T (o (Do "By By Pe, 221’ [k
where G(o,zn+1)[k] is the k—-th Xronecker power of G(c,zH+l) as
defined in Bellman [3]. Observe that G(G’ZN+1)[k]€Mk+1’ Again, by the
IID property
k c—l k
(Ea N+1’E( Yoy Bar e EByy)
- k k., k-1 k
= (EaN :E(l)aN BN) L ’EBN) (EG(G’ZN+1) [k])

k., k-1
(Eal,E( Yoy ByseeesEB )(EG(o z )[k])

If EG(o,zl)[k] is an ergodic matrix, (EG(G,zl)[k]) converges to a
limit Lk with identical rows. Thus as before,
(Eag,E(i)as—lsN,...,EBE) converges to Zk, a row of L . So Zk

is a vector of asymptotic moments of the first row of M(UN,z).

4.3 Limit Results for Sequences of Environment Processes
Let A = (E,S,G,nO,F,E) be an ADE and (Q,B,P) be a probability
space. Let Zd(Q,B,P;E) be the space of all environment valued sequences

defined on 9 such that for any

2 = (zo,zl,...)ela(Q,B,P;E), ZEIz (w)l
jed

for almost every we. For the sake of generality, we do not give an

explicit expression for the norm of the environment configuration.
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2 ger 2W gy =

For z( ) ( )eﬂa(Q,B,P;E), if we consider z(l) = z(
z( )(w) a.s., then Ka(Q,B,P;E) is a metric space.
The metric for this space When ae(0,1] is
da(z(l),z(z)) = ) Elz§l)-z§2)la
jed J

where 2 sess) and =z

® W ,w N A C I T

arbitrary elements of Zd(Q,B,P;E).
Let G be the basic transition function of A. We say G satis-
fies the Lipschitz condition of order o if there exists a positive

constant K such that max||G(o,e) - G(o,e") ]| = Kle—e'la for all
o€l

e,e'eE. We shall only consider ae(0,1] since other values imply that
G(o,°) 1is not continuous or that G(o,°) is a constant for each oe€=X.
(1) _(2) 3
Let 2 Y s++. be a sequence of environment sequences in #
KQ(Q,B,P;E) that converges to 2z in EQ(Q,B,P;E). That is,
da(z(i),z) +~ 0 as 1 - o, Let us now suppose that G satisfies the

%
Lipschitz condition of order a. For any xel and any wefl, by lemma

3.2.2. we have

v k :
4G,z 0 )) - uc,z@|] < T llG(oj,zgl)(w)) EAOMIE
5= :

However, by the Lipschitz condition

K
y ||G(0j,z(i)(w)~G(o 2 )| s x Z Iz(l)(w) AT
i=1 j=1

Thus

E] |M(x,z V) 11(x,2) || JIIM(X 2 (w))-1(x,5(w) | |dP (w)
Q

1

jK
g 71

1)(m) -z (w) | *dP (w)

IA

ll [t bl
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lz§l)(w)~z (w)| dP(w)

lz )(w)—z (w)] 4P (w)

X da(z(i),z) .

;z(x,z(i))-m(x,z)ll >0 as

But du(z(i),z) >0 as i > o, Thus, EI
i+ for all er*. Hence, M(x,z(i)) + 1i(x,2) in probability uni-

*
formly for all =xef . Since z(i) + % in Ka(Q,B,P;E), we have that

zél)+ ZO in probability. If Ty is continuous, then
1rO(zéi)) -+ ﬂo(zo) in probability. Thus, by the fact that the transition

(i)) -

functions are bounded, we have for all xez* that w(x,z2
O(Z( ))4(x,z(i))f+-n0(zo)M(x,z) = w(x,3) in probability and

p(x,z( D w(x,z(i))nF > n(x,z)nF = p(x,2) in probability as i - o ,
Consequently, we have a stability and approximation result under the
above conditions.

It is also possible to obtain an ever-ergodic type of stability for

automata in random environments.

Definition 4.3.1. An ARE (A,Z) is ever-ergodic a.s. iff for any

e > 0, there exists WeQ, where P(W) = 9, and there exists N{e) such

that B(M(x,zk(w))) < e Vzk(m)eE*(z(w)) whenever w¢W and L(x)2N(e).

Note that zk(w) is the k-tail of z(w). Hence, for every wéW,
A is ever-ergodic at 2z(w) and the choice of N(e) 1is independent of
w.

Suppose there exists 0 < €1 < 1 such that there exists We <,
1
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where P(W€ ) = 0, and there exists N(el) whereby B(M(x,zk(w))) < €

1
%
Vzk(w))eE (z(w)) whenever wéwe and L(x)ZN(el). For any € such
1 n
that 0 < g < €4+ We can find n, such that elo < € . By lemma

0

n %
3.3.2 we have that B(M(X,Zk(m))) < €y < € Vzk(w)eE (z(w)) when-

ever wéwel and L(x)ZnON(el). Thus, we can choose W to be inde-
pendent of €.

Let (A,Z) be an ARE. If there exists & > 0 such that each
component of G(o,zi) ¥oerl and VieJ+ is greater than §&/2 for
almost every wef, then 3(G(o,zi)) < 1-8 a.s. ¥oeI and VieJ+ .

By application of lemma 3.3.1 we see that B(M(x,zk)) < (1—6)no a.8.

% *
VzkeE (2) and V¥Yxel  such that L(x)ZnO. Thus, we have generated a

sufficient condition for (A,Z) to be ever-ergodic a.s.

Theorem 4.3.1. Let (A,Z) be an ARE with natural metric dN on

E. If (A,2) is ever-ergodic a.s., G is uniformly continuous and

i1 is uniformly continuous, then given any € > 0, there exists

0
8§ >0 such that for any ARE (A,Z'), where 2' is defined on (?,B,P),
satisfying sup dN(zi(w),zi(w)) < § for almost every we, we have
ied

*
]w(x,z(m))—n(x,Z'(w))l < g V¥xeZ and for almost every wef.

The proof of theorem 4.3.1 follows in a similar way as corollary

3.3.7 and its antecedents except that the results apply uniformly for

1) (@)

almost every wefl. Furthermore, if we have a sequence of =z »B sese

(1)

of random environment sequences such that =z + 2 a.,s., then under

the continuity conditions of theorem 4.3.1 we obtain that
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ﬂ(x,z(i)) + m(x,2) a.s. ¥xer®. And, consequently, p(x,z(i)) + p(x,2)

a.s. Vxer®.

4.4 A Canonical Representation for Automata in Random Environments

In section 4.1 we encountered the dual nature of the randommess
involved in automata in random environments. We have that the environ-
ment sequence is random and that for each value the environment sequence
assumes, the probabilistic state transitions are defined. Hence, the
state of the machine after an input tape under a random environment
sequence is a function defined on a product probability space. We
shall show that for any ARE (A,Z) there exists an ARE (AD,Y) over
the same alphabet whose transition probabilities are equivalent in the
mean to those of (A,Z), but the state of (AD,Y) obtained after an in-
put under a random sequence is only related to the value the random
environment sequence obtains. To accomplish this we need that the
initial distribution function and the basic matrix transition functions
of AD take on values which, in addition to being stochastic vectors
and stochastic matrices, respectively, must also have components that
are either 0 or 1. Thus; the only randomness in the system (AD,Y)
is the randomness of the environment sequence. We shall also con-

struct (AD,Y) to have a finite environment set.

Theorem 4.4.1. Let (A,Z) be an ARE, where A = (E,S,G,WO,F,E)

is an ADE and Z = {zjljeJ} is an ESP defined on (Q,B,P) taking values

in € . There exists an ARE (AD,Y), where AD = (Z,S,H,pO,F;E') is an
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ADE and Y = {yj]jeJ} is an ESP defined on some (R',B',P') taking

values in &', such that (AD,Y) satisfies the following properties:
1. H: zx@' > DM))

pO:Q' > D)

3, #(E') < ®

4. Em(x,3) = Ep(x,y) VxeI, where y = (yO,yl,...)

ET(AD,y,X) ¥Yiel0,1) .

5. ET(A,z,))

Here we are using 7 and p to denote the state distribution functions
of (A,Z) and (AD,Y), respectively. Recall from definition 1.3.3 that
D(Mn) is the set of all nxn stochastic matrices with components 0

or 1 and that D(Vn) is the set of all n-dimensional stochastic vectors
with components O or 1. Note that n is the cardinality of the state
set S. This property implies that knowledge of the input and environ-

ment sequence determines the state of(AD,Y) obtained.

Proof: TFor any oel and eef we may decompose G(u,e) into a
finite convex linear combination of elements of D(Mn) by the following
algorithm:

1. Set G(o,e) = G1 and set i = 1.

2. Let g;k be the smallest nonzero component of Gi’ where

j and k are its coordinates. If there is a tie, choose
any one of the contenders.

3 Set a, (e) = i

. io Bik *
4. Construct Bic(e)eD(ﬁh) by the rule:

a. (Bio(e))jk =1,
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b. For r#j, find the largest component of the r-th

row of Gi’ say g..» then set (Bic(e))rt =1,
If there is a tie within any row, choose any one
of the contenders.
c. Set all of the remaining components of Big(e)
equal to zero.
5. Set Gi+1= Gi - aig(e)BiG(e).
6. If Gi+1 is a matrix of all 0 components, stop. If
not, increase the value of 1 by 1 and go to step 2.
This algorithm must terminate in at most p=n2-n+l iterations regard-

less of e and o0 because at each iteration at least one component

of Gi is zeroed and the rows contain nonnegative components summing

i
to 1 - Z o, (e). Clearly for each i, B, (e)eD(M.). If for some o
j=1 jo io n
and e this process terminates before i = p, we define aio(e) =0
for the remaining values of 1 and assign the corresponding Bio(e)

any arbitrary value in D(Mp).
So we now have 1§1a10(e) =1 and iglaio(e)Bic(e) = G(o,e) for each
oel and each ecE. Hence for each ecE, we have generated the follow-

ing arrays of numbers and matrices:

( 16, () ¢+ g (@) Bo, ()
! . . [

al; (e¢) . . . ap; (e) Bl; (e) . .
» m m v m

where m is the cardinality of Z. For any il,...,im=l,...,p, let
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ae(i ,i) = rT'ai o (2). We now consider A(e) = {a (11""’iﬁ)

ERRREE™ .
=1 7373

Iil,...,im=l,...,p}L as a list of numbers. A list differs from a set

L

in that redundancy is preserved. That is, the lists {0} and {0,0}
are not equal because 0 occurs once in the first list and twice in

the second list. Clearly for any e¢t and any il,...,im=l,...,p,

ae(il,...,im) 2 0. Now for any eck,

| m
Lo TaGpsesi) =] ...iz Me, ,
m

11 1 j=1 3%
-1
=iZ TR JT;aij°J(e)1Z * o (e)
1 To-1

=) e ) }T-aijo (e) = =1.
1 m~l

For each ckeZ, we may partition A(e) into p sublists
A o (e),...,A o (e), where

POy

Alok(e) = {ae(il""’lkwl’i’lk+1""’1m)

L
lil,...,ik_lgik+l,,.v,im =1,...,p} .
We obtain the sum of the elements of the list A10 (e)
k
Z cen X X Z a (1 ’ik—l’i’lk+l""’lm)

1 Y ik+1 im

Ll Jede @1,
il k

he-1 T im *3° 3

= ain(e) IEER) Z e ey @ =a, (o).

Lty fer I3tk 3% k



There are .pm elements in the list A(e). We now construct the

m
list A'(e) = {a'(e)|i=l,...,pm}L. For i =1+ ) (i
1 s

ai(e) = ae(il""’im)' This uniquely defines each element of A'(e)

--1)pJ—l , set

and A'(e) = A(e). For each ckeZ , we partition A'(e) into p sub-

t ' . ? ? .
lists Alok(e)""’Apck(e)’ where ai(e)eAjok(e) iff

, , . s . S 1y k-1 _
ae(ll"'"lk-1’3’1k+1’°°"1m)€Ajo (e) and i=1+ (3-L)p +Z(ir Dp

k r#k
Actually, A;U (e) = A'c (e). Thus, we have reordered the set
k

3%
A(e) and maintained the properties of the partitioning.

We now construct a list B'(e) = {Bio(e)|i=l,oez,...,pm}L by the
rule:

l, Set i=1and k=1,

2. ai(e) must belong to at least one of the sublists Aiok(e),...,
A;Uk(e), say A;Ok(e). Set Bio(e) = Bjck'

3. Delete one occurrence of ai(e) from the list A;Uk(e),
but let the amended list retain the name A}ok(e).

4. Increase the value of i by 1.

5. If 1 < pm, go to step 2. If not, go to step 6.

6. If k <m, then set i=1, increase the value of k by 1,

and go to step 2. If k = m, stop.

85

r-1

This algorithm must terminate because for each oel, Aio(e),...,Aéo(e)

is a partition of the pm elements of A'(e). Furthermore for each

oeZ each of these sublists will be emptied by the deletion process.

As a result of the construction of A'(e) and B'(e) we obtain

for each ect
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Py

1. &;(e) z 0 Vi=l,...,pm, Z a:;_(e) = 1.
i=1

2. For each o0e¢X, A'(e) can be partitioned into p sublists

Al (e),...,A’ (e) such that Z a (e) (e) .
lo po a; (e)eA' (e) J

' - m ' =
3. Big(e)eD(Mn) Yi=1,...,p and Voel and Big(e) Bjo(e)
when 1 1is an index of an element in Agc(e).

Also, for any o0eZ and eck,

Pn

Za (e)B] _(e) Byy
i=1 j=1 a (e)eA' (e)

P

(e)a (e)

E B, (e) ) aj(e)
j=1 39 aj(e)eA] (e) 1

EIBJG(e)a (e) = G(o,e)

Hence, for each eefE we have the following arrangement

ai(e) Big (e) . . . Bicm(e)
a’m(e) B'm (e). . . B'm (e) .
P p oy PO

Consider now the finite set D'1 oo D(Mn)X...XD(Mn), the Cartesian

product of D(Mn) with itself m times. Since D(Mn) is a finite

set with nn distinct elements, then D m is a finite set with nnm

I,

distinct elements. Since Dn m is a finite set, we can order it in a

systematic way. For each k = l,,..,nnm, take the k~th element of
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Dn o by our ordering and call it Dk. Also, for each eeE and
3

k = 1,,.,,nnm, define Ik(e) = {i](BiGl(e),...,B;Gm(e)) = Dk} Note

n m
that Ik (e) n Ik (e) = @ for kl¢k2 and " Ik(e) = {1,..05p }.

1 2
Thus,we set
I aj(e) if L (e) #0
ieIk(e)

Bk(e)
0 if Ik(e) =

Hence, Bk(e) 20 for k = 1,...,nnm and for all eeE. Also for each

ek, nm nm m
n n
I B (e =1] I aj(e) = E aj(e) =1
k=1 k=1 ieIk(e) i=1
and
nnm nnm
] 8.(e)p, =7} I al(e)(B! (e),...,B! (e))
k=1 &k oyl LeI, (e) 1 iy iog
m
=i§l a:;_(e) (Bio,l (e),... ’B.';.O'm(e))

= (G(ol,e),.s.,G(om,e))

We are now ready to define (AD,Y). We retain I,S, and F from

nm} .

(A,2). Let E'={1,...,n Define H(ci,k) to be the i~-th matrix

in Dk. For k=1,...,n, let po(k) be an n-dimensional row vector
of all zeroes except for a 1 in the k-th component. For n+1$k£nnm,

let p,.(k) be the n-dimensional vector (1,0,...,0). Hence, H is
0

defined for all oel and all e'ef' and Py is defined for all e'cE.
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nék)(e) k=1,...,n

Define vy, (e) =
k 0 k = n+l,...,nnm

k
where né )(e) is the k~th component of no(e). By Kolmogorov's

Existence Theorem we define the process Y = {yj‘jeJ} by the finite dim-

ensional distributions

POy, =k.,...,¥, =k ) = [ B (2, )...B, (z, )dP ,
34 1 i, T a k k'3

where jl,...,jreJ are all distinct. If some ji = 0, replace Bk ( )
i

z
i
by Yy (zo) . Note that the integral is taken with respect to the

i
probability space defining Z.

Thus, for any reJ,
P(y,=Kn >,k 5eee,y. =k ) = [y (208, (z.)...B, (z )dP .
¢ 0’1 1 T T 0 ko 0 kl 1 kr r’

*
Let xel be an input tape of arbitrary length, say

X = 0, O, aes O Hence
172 r

Ep (x,y) = kZ...kZ po (kg E (o sk, ) oo JH(T sk P (yy=kysy =k see,y =k )
0 T

nm
where each sum is taken from 1 ton . By our construction of Y,

Ep(X,y) = Jeou ) po(ko)H(cl,kl)...H(crkr)é yko(zo)Bk (z))...

kj kr 1

B, (z_)dp
r
= J E v kz po(kO)H(ol,kl)...H(Ur,kr) YkO(ZO)Bk (zl),,.
Q0 T 1

Bk (zr)dP
r

(L o) v, (2))( Yi(o,,%)8, (z))...
J K, 07707 Tk, K] 1717k, )
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( 1Z(rl%l(cr,kr) Bkr(zr))dl’

no(zo)G(ol,zl),..G(orizr)dP by construction

m(x,28)dP = Emw(x,z) .

Dy D

Moreover, if we denote the probability of acceptance of x by

(AD,Y) under random environment sequence Y by p'(x,y¥), we have

F ¥
Ep(x,y)n = (Ep(x,y))n

Ep'(x,¥)

(En(x,z))nF = En(x,z)nF = Ep(x,2) .

Thus, since the expected probability of acceptance remains unchanged,

ET(AD,y,A) = ET(A,2,)) ¥ie[0,1). O

Example 4.4.1. Let A = (Z,S,G,WO,F,E), where I = {01,02},

8 = {31’52} , and E = [0,1]. Let G be defined as

G(ol,e) = e l-e G(cz,e) = e2 l—-e2
l—e2 e2 sin e l-sin e
_ 2,,10 01 2,10
Clearly, G(Gl,e) = (e-e )(l O) + (1 e)(l 0) + e (0 1) YecE
{201 .10 2 )
and G(cz,e) = | (l-e )(O l} + sin e(1 O) + (e“~sin e)(O 1) Peck
such that e =z e
] 0
(l1-sin e)(g i) + ez(i 8) + (sin e—ez)(éug) Yack

{ such that e < ey »



where

of e is .88.

2
eOeE such that eo#O and sin ey ey = 0.
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The approximate value

We now define ai(e) for i=1,...,6 to be the functions

a, (e)
a,(e)
as(e)
a; (e)
ag(e)

ag(e)

Hence for all eck, ai(e) 20 and

Bic(e) for i = 1,...
\ A
Blol(e) - (O
: !
B20,(®) = 1
q = (1
B3al(e) (1
\ (0
B&cl(e) B (0
: _
850, () = o
: (0
Bsol(e) =4

»6

0<e<e

2
e

0

sin e—e2

e - sin e

and o€l

ai(e) = 1. Ve now define

%o, = G o
B, = (5 1
25, @ = (g )
B, © = (5 1
3., = (g

Béoz(e) = (O 1

6
Clearly, Z ai(e)Bio(e) = G(o,e) for all oef and eck.
i=1



CHAPTER Y

Imnlications

5.1 Limit Results for Markov Systems.

Automata theory is generally concerned with input tapes of finite
length. Because of its application to Markov systems in environments,
we shall now allow input tapes that are countable sequences of elements
of 5. We shall let E denote the set of all countable .sequences of

elements of I. If x = 0102...s2, then let X = 6102...0k be the

tape of the first k symbols of X.

Definition 5.1.1 Let Cn denote the class of all nxn stochastic
matrices for which there is an eigenvector corresponding to the eigen-

value 1 that is a stochastic vector.

Thus, if AeCn, there exists veVn such that vA = v. If A

is an ergodic matrix as defined in section 4.2, then AeCn.
Suppose we have a countable input sequence xel and an environ-
ment sequence eek. The following theorems give conditions for

M(%k,g) to have a limit as k + o .

. Theorem 5.1.1. Let A = (Z,S,G,ng,F,E) be an ADE. Let

X = 0102...e2 and e = (eo,el,...)eE . If

1. A is ever-ergodic at e
2. G(oi,ei)ecn for all 1 = 1,2,...

3. 1§ ||vi+l—vi|l < «» , vhere vieVn such that v, G(oi,ei) =V,

91
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then there exists M(Q,g) such that B(M(ﬁ,g)) = 9 and

lin| [M(%, ,e) - H(x,e) = 0.
k+mll X8 e ||

n
Proof. The space of n-dimensional vectors with rorm llvll = z |vi|
i=1
is complete. So by condition 3, there exists an n-dimensional vector v
such that ||vi—vl| +0 as 1+ ». Since Vn is a closed subset of
the space of n-dimensional vectors and since each VieUn, then veVn.
Let VieMn be the matrix each of whose rows is vy Similarly, let

H(é,g) be the matrix each of whose rows is v. Clearly, a(u(ﬁ,g)) = 0.

Note that for any AeMn with identical rows, ]IAII = ||a||, vhere a
is any row of A. i
2 i2
For notational convenience, we shall denote TT.G(oi,ei) by Gi
i=i 1
Thus, 1
|G -G || = |lo-ue.el|
AR AR
k k k ., o ergl
< [IGl~VjGj | + ||ij,—Vk|| + l!qk-ﬂ(x,g)ll .
N ; k _ k
Note that VjGj = VjGj+1

k-1
k
= S T
ViCloyrey) 'izi(”i Vit G -

But VkG(Gk’ek) =V Therefore,

k.
k-1

1 K
Ilizj(vi"vi+1)ci+1|‘

[}

k
| lijj-ﬂlkl l

by lerma 3.3.3

A
t~1
<

[y
<
+
’_l
)
~~
e
+
H
S’

IA

P vy 1< 0 dlvggv, 11
gog AT S e T T
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It follows from condition 3 that for j 2 N(e) this last expression
can be made less than ¢€/3. .

Also, Hcll‘—vjclj‘ll - H(Gi"l-vj)c}j‘[l < ||G{'1—Vj||a(.T=T co,e,))
by lemma 3.3.3. Since A is ever-ergodic at e, for fix:d jj there
exists Nl(e) such that the above expression can be made less than €/3
for k 2 Nl(e).

And finally Ilvk—M(ﬁ,g)II = Ilvk—vll. By condition 3, this expres-
sion can be made less than €/3 for k 2 Nz(s).

Hence, IIM(;k,g) ~ YM(x,e)|| can be made less than € for suffi-

ciently large k. a

Hote that theorem 5.1.1 remains true if we replace the ever-ergodic
condition by the weaker condition: for X = 0102...e§ and g;Em ’

given any €>0, there exists N(e) such that

JHN ()
8( Tf- G(oi,ei)) < e Y,J,. We may also weaken condition 2 to require
i=] U
that G(oi,ei) ¢ Cn for only a finite number of times.

Theorem 5.1.2. Let A = (Z,S,G,WO,F,E) be an ADE. Let

X = oloz...ez and e = (eo,el,...)eEw. If

1. G(ci,ei)eCn for ali 1i=1,2,...
2. there exists veVn such that Ilvi—vll + 0 as 1 - «, yhere

v eVn and viG(oi,ei) = v

i i

k

3. there exists a constant <y such that Z B(Gg) <y for all
j=1

k=1,2,...,
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then there exists M(itg) such that 30M(§,g)) =0 and

lim| |it(x, ,e) - M(x,e) || = O.

k-

Proof. Construct V., and H(%,g) as in theorem 5.1.1. Since

i
k
z B(Gg) <y , we can make 8(G§_1) less than € for sufficiently
Jj=1
k k-1 k k
large k. But by lemma 3.3.2, B(Gj) < B(Gj )B(Gk_l) Sa(Gk_l). Hence,
B(Gﬁ) + 0 as k=~ for all jeJ .
Now,
~ ~ k ~
MG ,e)-u&,e) | = |-G, ||
k A
< HG]_" k” + ”Vk"M(x’E)”'
But,

k K, X Kk

k
< |6 .6V, 126y +122||vi_1—viHa(Gl;) :

But ||G(ol,el)—Vl|| <2 and 3(G§) -+ 0 as k » o. Hence, we can make
k
[IG(ol,el)-Vllla(Gz) less than e/4 for k2N, ().

By condition 2, IIVi_l—Vill +0 as 1+ ® ., So given € > 0,

there exists k(e) > 1 such that HVi_l—Vi
k
For all k2k(e) +1, ] ||V -V.'IB(GF) <e/8. Also, we have seen
1=kt LA
earlier that B(Gi) +0 as k -+« for all i. Hence, given ¢ > 0,
K
there exists N,(e) such that | 55y < e/16. But ||V, ,-V,|| = 2;
2 1=2 i i-1 i

k
so we have ) ||Vi 1V |l8(Gk) < ¢/8. Hence, for k2l,{(c) we have
RN M 1 2

|| s e/8y for i2k(e).

X k
_g v,V l13(e)) s e/a.
i=2
Hence, I'G?-Vkll < g/2 for k 2 max(Nl(e),Nz(s)). By condition
2, ||Vk-M(§t§)|| s €/2 for k 2 Ny(e). So given any € > 0,

|lM(§k,g)-M(§,g)|| < e for k=2 max(Nl(e),Nz(e),N3(e)). 0
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We may again weaken condition 1 to require that G(ci,ei)&Cn
for only a finite number of times.
By these theorems under the appropriate conditions, we have
demonstrated a consistent way to define the transition function of

xeZ under the environment sequence eck.

5.2 Applications.

Consideration of automata in environments has allowed us to gener-
alize the finite-state system model to incorporate the various external
factors which may influence the behavior of the system. A probabilis-
tic automaton may be constructed to account for the effects of the
environments only when the system can be simulated by a probabilistic
automaton. Thus, the interesting case for application of the new auto-~
maton in environments model is the case that the system cannot be
simulated by a probabilistic automaton. In such a case the environment
cannot be reduced to a finite set by the induced pseudo-metrié or
does not have the appropriate semi-group properties. Moreover, we may
incorporate a random structure to the occurrence of the environments.
This formulation is particularly useful where there is no control over
the occurrence of the environments and we can only make probabilistic
assumptions about the occurrences of the environments.

A traditional motive for automata models has been the behavior
of digital computers. These systems are indeed situated in environ-
ments which affect their mechanical and electrical properties and,

hence, their output. Lightning storms, power fluctuatioms, earth
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tremors, and late evening personnel are often blamed as the source of
errors. We admit that our sophisticated technology has produced
digital computer systems which rarely have transitions other than the
ones anticipated.

However, ther:s are many less reliable systems which have probab-
ilistic transitions affected to a greater extent by the configuration
of the environment. Information transmission systems may be modeled
by automata in environments. The inclusion of the environments
will allow us to consider the various types of noise which may occur
nonhomogeneously during a transmission.

Another application for automata in environments is modeling
learning and pattern recognition. The input represents a stimulus which
will encourage some desired behavior. The environment may be taken to
be some external circumstances. An alternative interesting possibility
for the environments would be their use as records of penalties for
previous behavior. The transition functions may then incorporate this
history to modify the transition probabilities due to reinforcement of
desired behavior.

Decision procedures may be modeléd by automata with the input
symbols representing the data collected and with the environments
added to account for the cost of various actions of the system or to
account for certain external phenomena which may be controlled or
subject to random variation.

See Ash [1], Chandrasekaran and Shen [5], Krylov and Tsetlin [9],
Tsetlin [19], Varshavskii and Vorontsova [21], and Yakowitz [22] for

references appropriate to this discussion.
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5.3 Conclusions and Summary.

We have taken the viewpoint that every system is situated within
environments which affect its behavicr. Accordingly, we have general-
ized the Rabin-Paz model of a probabilistic automaton to account for
the effects of the environments. The initial state distribution is no
longer considered as a constant, but rather as a function of the initial
configuration of the environments. Similarly, the subsequent probab-
ilistic transitions become functions not only of the present input, but
also the present configuration of the environment.

We first discussed the case of automata with deterministic environ-
ment rules ‘ggEm. That is, e = (eo,el,..,) specifies the configuration
of the environment for the initial distribution and the subsequent trans-
itions. Such a system is called an automaton in deterministic environ-
ments (ADE). We might have considered the environments as a nuisance,
but actually they enable us to construct a model with greater capacity
and flexibility.

It is not always necessary to consider the ADE model for systems
with environments. Theorem 2.4.1 demonstrates that a system may be
simulated by a probabilistic automaton when the environment set is
finite. This involves construction of a probabilistic automaton over
a larger input alphabet which incorporates the role of the environments.
Theorem 2.4.1 led to further simulation results when the environment
set can be reduced to a finite set or when the environment has the
appropriate semi-group structure preserved by the system. In section

2.3 we find that there are sets of tapes which can be defined by some
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ADE but which cannot be defined by any probabilistic automaton. However,
it is possible that such ADE's may be simulated by probabilistic auto-
mata.

In Chapter III we tackled the stability problem. It is important
because of possible perturbations of the environments or some imprecise-
ness of the measurements of the environments. In section 3.3 we discussed
sufficient conditions for an ADE to be s-stable for general perturbations
of the environments or when the perturbations are measured with respect
to a natural metric. We needed to extend the notion of quasidefiniteness
to derive the ever-ergodic condition for the proofs. Theorem 3.4.1 and
corollary 3.4.2 give sufficient conditions for a-stability without requir-
ing s-stability or the ever-ergodic condition. In section 3.5 we explored
the application of the stability results when round off procedures were
used in measuring the configuration of the environment.

Finally, we considered the case of automata operating in random
environments (ARE). 1In section 4.1 we defined the new model and dis-
cussed procedures to estimate the expected properties of the system. In
section 4.2 we discovered that when the random environments are independ-
ent then the properties in the mean can be found by consideration of a
derived ADE. When I = {c} and 2z = (zD,zl,...) is a sequence of IID
random variables, this derived ADE is actually a probabilistic auto~-
maton; moreover, we found sufficient conditions to compute the asymptotic
moments of the components of M(UN,Z).

We observed the dual nature of the randomness of automata in random
environments. However, theorem 4.4.1 demonstrates that there i1s a mean

equivalent canonical representation which eliminates the randomness due
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to probabilistic transition; for any ARE, we can find another ARE with
finite environment set, deterministic assignment of the initial state,
and deterministic transitions which has a state distribution equivalent
in the mean. Since the ADE is a special case of the ARE, we find that
every ADE has a canonical representation as an ARE with the above
properties.

There are some interesting and still open problems which merit further
investigation. At various points we have assumed that we could determine
whether or not a certain cut-point was isolated. Beyond corollary 3.4.3
we have not given any conditions to locate isolated cut-points. 1In
certain regions of the environment set it may be that the transition
functions G(o,°) have certain components which remain O for the entire
region. In such cases there may be weaker conditions needed for stability.
There are also many opportunities for application of the new models to

various systems as suggested in section 5.2.
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