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ABSTRACT

Stochastic approximation methodology is applied to the problem of estimating an
optimal block replacement policy. Several improvements to minimize the asymptotic
mean square error of the estimator are considered. A stopping time is then defined with

the objective of a fixed-width confidence interval for the optimal policy.

A nonparametric estimator is used for sequential estimation of the renewal
function at a single point and over a bounded interval of real numbers. Several strongly
consistent estimates of the asymptotic variance are given. Sequential fixed-width
confidence interval methods are shown to be effective for estimating the renewal function
at a point. A stopping time is defined for minimum (integrated) risk estimation over an
interval. It is shown that bootstrap methods can be used to construct asymptotically

correct confidence bands for the renewal function over an interval.

Let R be a statistical function which depends on a distribution F and is defined on
an interval of real numbers. Suppose R may be estimated using a random sample from F.
Motivated by the problem of a fixed-width confidence band for R, a stopping time is
defined that is analogous to those available for fixed-width confidence interval estimation
of a real-valued parameter. The proposed stopping time can be used in conjunction with
a bootstrap confidence band procedure. Sufficient conditions are given for the sequential
confidence band to have the correct asymptotic coverage probability as the desired band
width goes to zero. Several properties of the stopping time, such as asymptotic efficiency,
are addressed with reference to bootstrap procedures. Stopping times for variable width

confidence bands are also considered.
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CHAPTER 1

INTRODUCTION

1.1 Introduction

This thesis addresses three separate problems which are introduced and motivated
in Section 1.2. A unifying theme is that all three problems are approached from a
sequential point of view. An additional link between two of these problems is that both
involve the renewal function. Some background and literature review are given in
Section 1.3. The final section of this chapter contains a summary of the remaining

chapters.

1.2 Three Separate Problems

1.2.1 An optimization problem in reliability theory

An important topic in reliability theory is maintenance policies for systems
(mechanical, electrical, etc.) whose components are subject to stochastic failure. Often a
primary consideration in maintaining such a system is the cost associated with failure of
the system, above and beyond the actual cost of subsequent repair. For instance, if the
system is some manufacturing process, then there is the productivity lost between the
time of system breakdown and the restoration of production. A partial remedy for this
may be to carry out a preventive maintenance plan where aging parts are repaired or
replaced according to some schedule. While such a program may diminish the number

of system failures or system downtime, it will increase routine maintenance costs siuce



some parts will be replaced or attended to before failure. Ideally, one would like to

minimize costs by balancing these two factors.

More specifically, consider a system consisting of a single component or part.
Assume that this part can be replaced by a like part at any time and is replaced
following failure. Suppose all parts used have independent and identically distributed
lifetimes with distribution F.  Further assume that the cost C; of having to
unexpectedly replace a failed part is greater than the cost C2 of making a replacement
at a planned time. If F has increasing failure rate, then it may be less expensive to
substitute new parts for aging parts near failure than to just make replacements
following failure. Two maintenance plans motivated by this consideration are the block
replacement policy (BRP) and the age replacement policy (ARP). Both of these policies
are treated in detail by Barlow and Proschan (1965, 1975), where some historical
development is also given. We consider the most basic BRP here. The ARP is

described in Section 1.3.2.

Suppose a new part is installed at time 0. In the simplest BRP, planned
replacements are made at times T, 2T, 3T,... where T is a positive constant:
replacements are also made following any failures. It is assumed all replacements are
made instantaneously. For this BRP, the expected long-run cost per unit time as a

function of T is

B(T) = CIH(TT) +Cy

where H is the renewal function associated with the lifetime distribution F. (See Section
1.2.2.) Thus H(T) is the expected number of failures for each of the intervals (0, T],

(T, 2T, etc.




Suppose there exists a finite positive value ¢* which minimizes B(T) in T; ¢* is
referred to as the optimal BRP since T =¢* results in the minimum possible expected
cost per unit time. If the lifetime distribution F or associated renewal function H were
known, then finding ¢* would be a deterministic problem. Here both F and H are taken
to be unknown and nonparametric estimation of ¢* is undertaken. Frees(1983) applied
stochastic approximation methodology to the problem of sequential estimation of an
optimal ARP. (See Section 1.3.2.) In Chapters 2 and 3 we consider using similar

techniques for sequential estimation of the optimal BRP é*.

1.2.2 Problem: sequential estimation of the renewal function

Let X;,X,,... be independent and identically distributed (i.i.d.) nonnegative
random variables with distribution function F and positive mean p. Let
Spn=X4 +-X2+...+Xn, the time of the n-th renewal. Denote by N(t) the largest n
such that Sp <t. If X;>t, then by convention N(t)=0. The renewal function is then
H(t)=EN(t), the expected number of renewals up to and including time t. Noting that

N(t)= TP2; x(S, <t), it follows that

(0,9}
(1.1) H(t) =k§: F(k)(t),
=1

where F(k) is the k-th convolution of F.

The renewal function is important in a number of areas of application. In Section
1.2.1 it was seen that the cost of a BRP depends on the renewal function associated
with F. More generally, the renewal function is useful in reliability for characterizing the
expected number of parts necessary to keep a system in repair. (See Barlow and

Proschan (1965).) Business applications include warranty analysis and inventory

policies.



For large values of t the behaviour of the renewal function is well understood.

@

. . . . . . 2
For instance, assuming F is nonarithmetic and has finite second moment Ho =EXT,

Smith (1954) showed that

)
(1.2) H(t)— £ » =2 -1 ast - oo.

This result provides a means for estimating H(t) for large values of t from the i.i.d.

sample X, Xo,..., Xp by first estimating #q and pg. (See Section 1.3.3.)

Motivated by (1.1), Frees (1986i, ii) suggested a nonparametric estimator of the
renewal function useful for applications such as those previously mentioned where it may
be useful to have knowledge of H(t) for small and moderate values of t. This estimator
is also applicable when estimating H(t) for large values of t when F does not have a
finite second moment. Chapter 4 addresses sequential estimation of H(t) at a single

point t using Frees’ estimator. A sequential approach to estimating the function H on

the interval [0, T], 0< T < o0, is taken in Chapter 5.

1.2.3 The question of sample size for fixed-width confidence bands

In many applications one would like to estimate a statistical function Rp, where

Rp depends on a distribution function F. For instance, there might be interest in

Other examples in reliability theory include estimation of the mean and median residual
life functions for a lifetime distribution F. The function Rp could be the distribution F
or the quantile function associated with F. When estimating such functions, one might
want to construct a confidence band of a prescribed width which contains the function

of interest with high probability.




Assume that given a random sample X;, X5, ..., Xp from the distribution F
there exists a natural estimator Rp(-)=Rp(‘; Xy X9, ..., Xp) of Rp.  Suppose the

stochastic process
() =n""2(Ra(") = Rp()}

is such that rp V-Y QF, where gF is a Gaussian process. A number of authors have
exploited weak convergence of rp to construct confidence bands for a variety of choices
of RF, typically by bootstrapping or simulating the process ry. Usually it is not clear a
priori what sample size n is sufficient to achieve approximately the desired level of
precision and confidence. This suggests approaching the problem from a sequential

point of view, which is done in Chapter 6.

1.3 Literature Review
1.3.1 Stochastic approximation

Let M(x) be a regression function on the real line. Suppose that for any x we may
observe the random variable Y(x), an unbiased estimate of M(x). Robbins and Monro
(1951) introduced stochastic approximation (SA) as a technique for finding the
(assumed) unique root # of the equation M(x)=a. (Without loss of generality we take
a=0.) Let {ay} be a decreasing sequence of positive constants such thatnli'rgoan = 0.
Given Xl, X2,..., Xp, successive estimates of 6, let Y, be conditionally unbiased for
M(Xp). Robbins and Monro (R-M) proposed the algorithm Xn+1 = Xp —2anYn, where
Xn+1 is the next estimate of 8. Assuming that the ap are of type 1/n and the random
variable Y(x) is a.s. bounded for any x, they provided several sets of sufficient conditions

on M for weak convergence of Xy to 6.



Kiefer and Wolfowitz (1952) suggested a similar procedure for finding the
(assumed) unique 6§ such that the regression function M(x) is maximized at x=6. Let
{ap } be as before and let {c, } be a second sequence of positive constants decreasing to
zero.  Suppose Y, and Yo,_1 are conditionally unbiased for M(X+cy) and

M(Xp—cp), respectively. The Kiefer-Wolfowitz (K-W) algorithm is then of the form

(Yon—Yon_y)
2cp )

(1.3) Xn+1 = Xn - an

Assuming that M(x) is strictly increasing for x <@ and strictly decreasing for x>0, it
was shown under additional conditions that X, is a weakly consistent estimator of 4.
We mention some of the important developments in SA since the introduction of the R-
M and K-W procedures. Blum (1954i) was the first to use martingale theory to prove
a.s. convergence in both settings. In a later paper, Blum (1954ii) proposed several
multivariate SA procedures. A useful theorem (Robbins and Siegmund (1971)) for

showing a.s. convergence of SA-type procedures is stated and employed in Section 2.2,

Chung (1954) used a “convergence of moments” proof to show asymptotic
normality of a},/2( Xp—0) for the R-M algorithm. The same technique was used by
Derman (1956) to establish a limiting normal distribution in the K-W case. Central
limit theorems for dependent random variables were the method of Sacks (1958) in
weakening the conditions of Chung and Derman. In the same paper is a result on
asymptotic normality for multivariate procedures. Fabian (1968) provides a theorem
which generalizes the earlier work on asymptotic normality discussed here. This

theorem is stated in a univariate form in Section 2.2.

Kersting (1977) demonstrated that the R-M process could be approximated by a
weighted sum of i.i.d. random variables. A law of the iterated logarithm and invariance
principle followed from this approximation. Ruppert (1982) derived similar properties

-6 -




for a multivariate algorithm which includes both the R-M and K-W cases. A random
central limit theorem for a similar process is developed by Frees (1983). A short
summary of other works on approximation of SA processes is contained in Ruppert

(1982).

Most applications of SA require stopping the algorithm at some point. For the R-
M and K-W procedures, a practitioner might want a fixed-width confidence interval of
length 2d, for some d >0, that covers § with some prespecified probability. Sielkin
(1973) provides stopping times Nd,-y and Td,7 for the R-M case such that for any

v€(0, .5)

lim P X —60|<d}=1-29
Y {1 T’+l |<d}
and

Jm P {IMXy, ) = M®)<d}=1-2y

McLeish (1976) arrives at a similar stopping time for the R-M procedure using a
functional central limit theorem for an appropriately defined process. Frees (1983)
considers a stopping rule for a more general process, a rule which is described and then

used in Section 3.5 of this work.

1.3.2 Estimating an optimal age replacement policy

Consider the maintenance problem described in Section 1.2.1 with the same
assumptions regarding the costs of planned and failure replacements, supposing all
replacemenfs are made instantaneously. Under an ARP, if a part has not failed and
been replaced prior to reaching some fixed agé T, it is preventively replaced at age T.

The expected long-run cost per unit time can be shown to be



C;F(T) + CoS(T)

A(T) =
I§S(t)dt

b

where F is the lifetime distribution of the parts and S(t) = 1 — F(t).

Frees (1983) applies SA to the problem of estimating the optimal age replacement
policy when the distribution F is unknown. We summarize some of his results. It is

easily checked that

M(t)

{ J;S(u)du }2

d -
LA =

where

M(t) = (C;— C2)f(t)J:)S(u)du — S(t)[CyF(t) + CoS(t)].

Suppose that ¢ uniquely minimizes A(t) in t, M(#)=0, and M(t)(t—¢)>0 for t # ¢.
(These are typical assumptions on M for identifiability of ¢.) It then seems natural to

try SA as a method for estimating ¢.

Let {Xin }go=1’ i = 1,2, be sequences of i.i.d. random variables with distribution
F such that {X; } and {X, } are independent. Like the K-W method, Frees’
procedure requires two sequences of nonnegative real constants, {ap} and {c,}.

Letting Z, = min(Xin, én+cn)s Fin(t) = x( Z, <t),and Sin(t) = 1—F, (t), define an

estimate of M(t) by

Mp(t) = (C; - C2)fn(t)J(t)52n(u)du — $14()[CFo (1) + CoSq (1)].

Here f;(t) is an estimate of f(t). Then given ¢1, the formula




$n+1 = %n — anMn(¢n)

defines a sequence {¢p } of estimates of ¢. (Frees actually considers an algorithm for
finding the zero of M(g(t)), where gt R — (0, oo) is a known strictly increasing
continuous function.  This ensures that all estimates of ¢ are positive. Our

simplification suffices for this discussion.)

Frees first establishes that if

x(t—cn £ Zy, <t+cp)
2cp

fn(t) =

then under suitable conditions ¢, — ¢ a.s. and ¢p, properly standardized, has a limiting
normal distribution. It is then shown that by using a more refined kernel density
estimator, the rate of convergence of the estimate ¢, can be improved. The asymptotic
mean square error can be minimized by proper choice of the sequences {ap } and {cp }.
An “adaptive” procedure is defined which estimates the optimal sequences as the
algorithm proceeds. With this procedure the minimal asymptotic mean square error is
attained. A sequential fixed-width confidence interval scheme is then defined which
provides the correct coverage probability asymptotically as the desired confidence

interval width goes to zero.

1.3.3 Estimation of the renewal function

Frees (1986i) considers several estimators of H(t) with reference to an application
in warranty analysis. Let Xl,...,Xn be i.i.d. random variables with distribution F
which has positive mean B and finite variance o2. In practice, observations could be

extracted from a realization of the renewal process with underlying distribution F.

The first estimator assumes F is non-arithmetic and depends heavily on the

-9.



limiting form of the renewal function as described by (1.2):

2
H, (t)=4+ + 20 _
In Hn 2”%

D=

Here pp and op are estimates of y and o, respectively. In general, this estimator is not

consistent for finite t; however, Frees concludes it may perform well for large t.

Another approach is based on the expression (1.1). Assume F(x)=
F(x; Qpyenny ap) is known up to a finite number of parameters @p,..., ap. Suppose

Q1ps+--» @ppn are consistent estimates of ap,--+5 ap. A natural estimate of H(t) is then
&2 k)
Hy () =k21 Fn 7(t),

k
where f‘g ) is the k-fold convolution of f‘n(x) = F(x; @p,0-+-» apn). Frees proves that
if F is absolutely continuous (discrete) and the density (probability mass function) f is

continuous in @1,-.., ap, then Hqy (t) » H(t) with probability one.

A third estimator is also suggested by (1.1). Let xil""’ Xik represent any
subset of k observations and EC denote the summation over all (2) subsets of k

observations. An unbiased estimate of the k-fold convolution of F is the U-statistic

fy = 1

)= A3 x Xjp+--+Xy <t)
(k) C

An estimate of the renewal function is then

Hy ()= 3 PO,
k=1

where m=m(n)<n and m—=oco as n—+co. This estimator is strongly consistent assuming

- 10 -




some mild conditions on F and m (Frees (1986ii)).

Frees draws some conclusions about these estimators from their theoretical
properties and their performance on some data and in a Monte Carlo study. By
definition, Hln(t) is appropriate only for t large relative to e If F is known up to a
finite number of parameters, H2n(t) should perform well for both small and large t.
However, problems of robustness may arise if F does not fully meet the assumptions
made. Finally, H3n(t) would be the preferred estimator for small t when no parametric

assumptions can be made.

The statistical properties of Hg (t) are further investigated in Frees(1986ii),

reviewed here in Section 4.1. In this paper Frees discusses yet another estimator of

=(1) (1)

H(t). i Fy ’(t) = Fp "(t) is the ordinary sample distribution function, let

~(k =(k—1 ~(1
Mo = [ FVe-w afDw)
be its k-fold convolution. (Each of these is a V-statistic.) Then define ﬁn(t) by
~ 1411 ~ k
Ha(t) = ) FS, )(t).
k=1

Frees asserts that under fairly weak conditions this estimate is consistent and

asymptotically normal.
1.4 Summary

1.4.1 Chapters 2 and 3

Chapter 2 introduces a stochastic approximation algorithm for estimating an

.optimal block replacement policy. Sufficient conditions are given for the procedure to

- 11 -



yield a strongly consistent sequence of estimates. A result on the asymptotic normality
of the estimator provides information about its rate of convergence. We discuss how the
procedure can be carried out concurrently with an actual maintenance program to
achieve real savings in cost while estimating the optimal policy. The final section
describes a major drawback of the procedure, namely that it is typically impossible to

verify a critical assumption.

In Chapter 3 we undertake various improvements of the algorithm defined in
Chapter 2. It is indicated how under certain circumstances one can significantly
improve the rate of convergence of the estimator. Adaptive stochastic approximation
techniques are applied to develop a procedure which minimizes the asymptotic mean
square error. Finally, the procedure is made fully sequential by defining a stopping time

for fixed-width confidence interval estimation of an optimal BRP.

1.4.2 Chapters 4 and 5

In Chapter 4 concern lies with sequential estimation of the renewal function at a
point using the estimator considered by Frees (1986ii). (This is the estimator Hi,
defined in Section 1.3.3.) We first note how this estimator is applicable under slightly
more general conditions than given in Frees (1986ii). A jackknife estimator of the
asymptotic variance as well as an estimator considered by Frees for the same quantity
are shown to be strongly consistent. These variance estimators are used in defining the
usual type of stopping time for a fixed-width confidence interval; with the help of an
appropriate invariance principle, developed in Section 4.3, the corresponding fixed-width
confidence interval can be shown to have the correct asymptotic coverage probability as

the interval width goes to zero.

.12 -




In Chapter 5 we move on to consider estimating the renewal function
simultaneously at all points t in the interval [0, T}, again with the estimator considered
by Frees. First, a stopping time for minimum risk estimation is considered, where the
risk function is composed of an integrated mean square error term and a term which
accounts for the cost of the sample. It is seen that such a stopping time can provide
guidance in balancing the cost of error with the cost of the sample. Next, the
behaviour of the function estimator is more carefully characterized in an invariance
principle. Motivated by this result, bootstrap methods are advocated for the
construction of both fixed and variable width confidence bands for the renewal function
on [0, T). Stopping times for the construction of these two types of confidence bands

are then introduced, directly motivating Chapter 6.

1.4.3 Chapter 6

We consider stopping times for the construction of fixed-width confidence bands
to partially answer the problem posed in Section 1.1.3; the objective is to provide some
guidance in deciding when an adequate sample size has been attained for the desired
levels of confidence and precision. The theoretical development is similar to that
available for fixed-width confidence interval estimation of a real-valued parameter.
Properties of the stopping time such as asymptotic efficiency and normality (as the band
width goes to zero) are explored. We then consider some consequences of using the
stopping time in conjunction with a bootstrap procedure for constructing confidence
bands. That these same sequential methods can be applied in constructing a confidence
region for a statistical function Rp defined on Rp, p>2, is shown by means of an
example. Stopping times for variable width confidence bands, where the width of the

band varies with the argument t, are also considered.
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CHAPTER 2

ESTIMATING AN OPTIMAL BLOCK REPLACEMENT POLICY

2.1 Introduction

In this chapter stochastic approximation methodology is applied to the problem of

estimating an optimal block replacement policy.

Section 2.2 introduces a basic stochastic approximation algorithm which yields a
sequence of estimates of the optimal replacement interval. Sufficient conditions are
given for consistency of the procedure; a theorem on the asymptotic normality of the
estimate provides information about the rate of convergence. Section 2.3 contains proofs

of these results.

Section 2.4 describes how the theoretical procedure of Section 2.2 relates to what
might be done in practice. Successive estimates of the optimal time interval could be
used to carry out a random BRP, where at the time of each planned replacement the
current estimate is used to determine the time of the next planned replacement. We
verify that if a consistent estimate of the optimal policy is available, then a random
BRP can be implemented such that the incurred cost per unit time converges to the

optimum.

Section 2.5 reveals an important drawback of the procedure, namely its
dependence on an assumption that may not hold in practice or may be impossible to

verify.




2.2 The Basic Algorithm

Recall that with notation previously defined in Section 1.2.1 the cost function for

the BRP is

By = CARO+Cy

where H is the renewal function associated with F and C;>C,. The objective is to

minimize B in t. Assume that F is absolutely continuous so that the renewal density h

= H(l) exists. Define

tCyh(t) — C{H(t) — Cq

D(t) = t2 ’

(1)

*

so that D(t)=B" ’(t). Suppose that B(t) has a unique minimum at t=¢" with
D(¢*)=0. Let {ap} be a sequence of positive constants decreasing to zero. Given an
initial estimate ¢’{ of ¢*, the Kiefer-Wolfowitz algorithm (1.3) suggests defining

successive estimates of ¢* by the formula

¢I*1+1= ¢n — anDn(4n)

“where Dy(#5) is an estimate of D(é5). This procedure would have the disadvantage of
possibly generating negative estimates when necessarily ¢* is greater than zero. If it is

given that ¢* is greater than some known § >0, then one might use the algorithm
¢;+1 = max (5, ¢r*|—anDn(¢;))-
Rather than constraining the estimates in this way, the following approach is taken.

Assume there exists a known 8§, 0 < é < ¢*. Let g: R—(§, c©) be a known,

continuous, strictly increasing function having s+1 bounded derivatives. Suppose ¢
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minimizes Bog(t) in t, so that ¢*= g(¢). Define

Wy = Dy cyBogt) + €y )

[ g(t) ]2

1
Since Dg(t):Bog( )(t) and Dg(¢)=0, we now consider using a stochastic
approximation procedure to estimate the zero of Dg. Given an initial estimate éq

define successive estimates of ¢ by

(2.1) $n4+1= %n — anDgn(¢n),

where Dgy(¢n) is an estimate of Dg(éy). Given ¢y, take g(¢n) as an estimate of ¢*.

o0

ij=1 "¢

The next step is to define an estimator Dgp(t) of Dg(t). Let {Xij}
independent and identically distributed random variables with distribution function F

defined on a probability space (Q, ¥, P). Take Np = {Np(t), t>0} to be the renewal

00
process associated with the sequence {an}j=1 with renewals occurring at X ;,

xn1+xn2, Xn1+xn2+xn3’ ...forn=1,2,.... Let {cy} be a sequence of positive

constants decreasing to zero. Define for t €R

Nn(g(t+cn)) — Nn(g(t—cn))’

hgn(t) = 2cn

(1)

an estimate of Hog" “(t). Finally, let

M) ¢, Nale(®) + Cy )
[ g(t) )2

g(t)Cihgn(t) — g

(22) Dgn(t) =

hd

with estimates of ¢ defined recursively by (2.1).

The following assumptions will be employed.

Al: The distribution funtion F has increasing failure rate. F is absolutely continuous .
.16 -



00
with bounded continuous density f, F(0)=0, and p2=I0 t2dF(t) < oo .

A2: There exists known 6§ such that 0 < § < ¢*. For te€ (4, 00), D(t)(t—¢*) > 0 for

t £ ¢*.

A3: g: R—(§, oo) is a known, continuous, strictly increasing function with s+1 bounded

(2)

derivatives such that g° ’ is continuous.
A4: {ap} and {cp } are sequences of positive constants such thatnll’rgoan = nllgocn =

oo 00 )
0, Z _jan =00, E _;apch <, and L _, a%/cn < oo.

Ab: Assume Hog(l) is continuous on R.

(a) Hog(2)(t) exists for each t €R and is bounded.

(2)

(b) A5 (a) holds and Hog" ’ is continuous in a neighborhood of ¢.

(c) Hog(2)(t) exists for each t €R and for some constant K; >0

2) (2)

2
| Hog' "(x;) — Hog' "(x9) | £ Ky| x; — x9 | forall x4, x9€R.

(2)

A5': Assume Hog *’ is continuous on R.

(a) Hog(s)(t) exists for each t € R and is bounded.

(3)

(b) A5’ (a) holds and Hog "’ is continuous at ¢.

A6: For constants A, C>0, let T = Aad-th(t)|t=¢, an=An—1, and cy =Cn_7, where

¥ €(0,1) is such that 1—y <2T.
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Theorems 2.1 and 2.2 give sufficient conditions for a.s. convergence and

asymptotic normality of the estimates generated by the procedure.

Theorem 2.1: Assume Al-A4 hold. Further suppose that any one of the assumptions

A5(a), A5(c), or A5/(a) holds. Then ¢, = ¢ a. s.

G2 Hog'9)

5 With T defined
2(g(4)]

Theorem 2.2: Assume Al-A3, and A6 hold. Let £ =

by A6, if either

a) A5(b) holds with 1 <y<lor
3

(b) A5(c) or A5'(a) holds with £ < v < 1, then

- 2~-1
n(l ‘7)/2(¢n_¢) D, N(O, 2_%:%__%)

(c) If A5'(b) holds with v =% , then

ac2c Hog®(g) L20-15 )

2/5,, D f_
S G N( ce@Ir-3] & 2r—}

2.3 Proofs

This section is devoted to proofs of Theorems 2.1 and 2.2. The following theorem

due to Robbins and Siegmund(1971) is the main tool used in establishing Theorem 2.1.

Theorem(Robbins-Siegmund):

Let ¥, be a nondecreasing sequence of sub o-fields of ¥. Suppose that X,,, 3y,

7n, and vy are nonnegative ¥,-measurable random variables such that
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Egnxn+1$Xn(1+ﬁn)+nn—7n forn=1,2,....

© © ©
Then, lim_ Xp exists and ¥_~p < oo on the set such that ¥ B <oo and ¥ 75p < oco.
n=00 n=1 n=1 n=1

Before proceeding with the proofs, some simple consequences of the assumptions

are noted.

For any sequence of real numbers {xp }, let Y = Np(g(xn+cn)) — Nn(g(xn—cn))-
Assuming any part of A5 or A5' holds, by an appropriate Taylor expansion, Al, and
Ad,

EYp= H(g(xn+cn)) — H(g(xn—cn))
= Hog(l)(xn)2cn + o{cp) .

By Al, for k>2,

(2.3) P{Ynp =k}

@) k-1

< 32 1P (glnten)) = FD(g(xa—cn)) 1 [ Flgxn+en) — g(xa—cn))
=

= [ H(g(xn+cn)) — H(g(xn—cn)) ] [ F(g(xn+cn) — g(xn—cn)) 1¥71

< K, cn[F(g(xn+cn) — 8(xn—cn))] ¥~

Since ¢y | 0, ultimately F(g(xp+cn) — g(Xxn—cn)) < 1, and thus for any integer p>0,

(24) E{YhxYn22]}= K4 cnkz kP [ F(g(xn+cn) — g(xn—cn)) 1¥71
=2
= ofcp).

The above implies that

.19 -



P{Yp,=1}= Hog(l)(xn)2cn + o(cp)

and that for any real number p >0
1
(2.5) EYg = Hog( )(xn)2cn + o(cp).

We will also need some properties of renewal processes for which the underlying
distribution has increasing failure rate. A lifetime distribution F is increasing
(decreasing) failure rate (IFR and DFR, respectively) if log{1 — F(x)] is concave

(convex) in x. If F has density f, F being IFR (DFR) is equivalent to the hazard rate

_ _f(x)
") = 2R

being non-decreasing (non-increasing) in x. IFR distributions are of particular

importance in the study of maintenance policies, since increased probability of failure

upon aging is the motivation for preventive replacement of parts.

Barlow, Marshall, and Proschan (1963) and later Barlow and Proschan (1964)
explore properties of renewal processes with underlying IFR and DFR distributions.
(See also Barlow and Proschan (1965) for some of this work.) Several of these
properties will be used here. Suppose F is an IFR (DFR) distribution with mean nq and

associated renewal function H. Then

(2.6) Var N(t) < (2) H(t) < (>) ,‘il for all t > 0;
J
(2.7) E[N(t)]* < e t/“z i (‘/“) ,
t - = =l,..., n—1, j= y Lyeos ).
Define the o-fields ¥ O'(X It i= n—1, j=1, 2,...). Use chn to denote ‘
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expectation with respect to the o-field ¥,. Since N _, is F,-measurable, by (2.1) and

(2.2) the estimate ¢y is Fp-measurable. Define

An = Eg_ [ Dgn(¢n) — Dg(¢n) ],

and

(2.8) Va = co/?[ Dgn(én) - Dg(én) - An ] .

In Lemmas 2.1 and 2.2 bounds are derived for A and Egn[Dgn(an)]z, respectively, to
be used in the application of the Robbins-Siegmund result. V, plays an important role

in the proof of Theorem 2.2. The asymptotic variance of Vi, will be

3 = 3 Hogie)/20a(s1)?

Lemma 2.1: Assume Al, A2, A3, and A4 hold.
(a) If A5(a) holds, then |Ap| < Kjcp .

(b) If A5(c) or A5(a) holds, then |Ap| < Ko c2.

Proof: By definition, since Ny, is independent of ¥, while ¢, is F,-measurable,

Ap = Cl[ Hog(¢n+cn) - Hog(¢n—cn) _ HOg(l)(¢n):|/g(¢n) .

2¢qy
If A5(a) holds, then

(1) (2) (2)

Hog(¢n+cn) — Hog(én—cn) = 2cpHog "(¢n) + Sch[Hog' (n)) — Hog (1)),

with |n. —¢pn|<cp, i= 1, 2. Thus, since g(ép)> 46,
1
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(2)

2
lanl < Ky[Hog P (np) — HogPngllen < Koen.

If A5(c) holds, then

lanl < KglHogD(n,) — HogP(ny)len

< K4c% .

by the Taylor expansion for g. If A5'(a) holds, then

(1) (3) (3)

Hog(¢n+en) — Hog(dn—cn) = 2cnHog" *(¢n) + Lch[Hog '(n)) + Hog (ny)],

where again |7, —¢n|<cp, i= 1, 2. In this case

3 3
lanl < 5C; 1HogDny) + Hog®iny) | 2 / &(%n)
< Ksc?l

completing the proof of part (b) of the lemma. a

Lemma 2.2: Assume Al-A4 hold. Further suppose that A5(a), A5(c), or A5'(a) holds.

Then Egn[DSn(¢n)]2 <K /en .

Proof: Using the definition of Dg, and the fact that (a+b)2 < 4(a2+b2), one has that

2
De2(4n) < Kl[Nn(g(¢n+cn>)2:nwn(g(¢n—cn))] /[ £(60) 12

+ Kol (4n)12C, Nn(g(én)) + Co2 / [ e(én) 14

-929.




By (2.5), Al, and A3,

e[ Malaltnten)) —No(Elon=co) ]2[g(¢n)] ~2

2cp

1
< K3l Hog)(¢n)2en + ofcn) ]
K
< =

Since F has increasing failure rate, it follows from (2.6) and A3 that

ey sV

(¢n)12(C{ Nn(8(¢n)) + Col? / [ &(¢n) 12
< {K5 + KGEqn[Nn(8(¢n))]2 } / [ &(¢n) 1*

< {K5 + Kyle(¢n)] + Kgla(en)® } / [g(¢n) 1

IA

Kg.

Noting that cp =o(1), the lemma follows from the inequality for Dg,21 at the beginning of

the proof. a

Proof of Theorem 2.1: Letting Uy = é—¢, we have by (2.1) that

U2, | = U3 + aiDgh(¢n) — 2anUnDen(én)-

Since ¢p is F-measurable,

EG},.U3+1 = Ug + a%Eganr%(ff’n) - 2anUnE‘In[Dg“(¢")]'

Noting that Egann(d"n) = Dg(én) + Ap, it follows that
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EgnU§+1 <ud+ a%EgnDS%Wn) + 2ap|Uql|&n| — 2an(¢n—¢)Dg(én)-

If A5(a) holds, then by Lemma 2.1
[UnAn| £ Ky|Uplen < [ K2+K3U% len-
Similarly, under A5(c) or A5'(a),
[UnAn| < K4lUnlcd < [Kg+KgUB Jen,

since cp =o(1). Thus by Lemmas 2.1 and 2.2,

Eg UZ,) < UR +af K)/cn + 2an[ Ky + K3UR | cn = 2an(én—9)De(4n)

UI21[ 1+ 2Kgapep ] + | Kla.%/cn + 2Kqgancn | — 2an(én—¢)Dg(dn).

By A2 and A4 the assumptions of the Robbins-Siegmund result are met. Thus for some
©

finite random variable £ one has that ¢, = £ a.s. and Elan(¢n—¢)Dg(¢n) < oco. Since
n=

(¢n — ¢)Dg(dn) >0 for ¢p # ¢ by A2 and n°§°1an = o by Ad, ¢y = das. O

Before beginning a sequence of lemmas that leads to the proof of Theorem 2.2, we
quote a theorem of Fabian(1968) on asymptotic normality of stochastic approximation
procedures.  The univariate version of this theorem given here is taken {rom

Frees(1983).

Theorem (Fabian):

Suppose ¥, is a nondecreasing sequence of sub o-fields of ¥. Suppose U,, V,
Tn, T'n, and @, are random variables such that T, ¢ _q1>and V _, are Fy-

measurable. Let a, 8, T, X, I, and ® be real constants with ' > 0 such that
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I‘n—or, @n—’Q, Tn"T or ElTn—TI—’O, EgVnzo,
n
and there exists a constant C such that C > |Eanr21 —Z|-0.

Suppose, with dj2r =E x| Vj2 > %] Vj2’ that

lim o2 = 0forallr
J—0oo J,r

or

=0 for allr.

13~ 2
a=1andlimn 221 aj,r
J=

Letﬂ+=ﬁx[a=1]where0<a$1, 0< 8, ,B+< 2T, and

Upp1=Unl1l- n” Ty ]+ n_(a+ﬂ)/2<1>nvn + n-a_ﬁ/QTn )
Then,
A2y, DB, T £o?
" Fup = N( =) (2I‘—ﬂ+‘))'

Lemma 2.3: Assume A1-A3 and A6 hold.
(a) If A5(b) holds, then Ay = o(cp)-

(b) If A5(c) or A5'(a) holds, then Ap = O(c2).

(¢)
6 g(¢) ’

(c) If A5/(b) holds, then  lim_ Ap/c2 =

Proof: If A5(b) holds, then from the proof of Lemma 2.1 and since g(¢y) > 6,

IA

ianl < Logineg®ny) - HogPiny)len / [ &(én) ]

(2) (2)

IA

K1‘H°g (ﬂl)—H°g (U2)|Cn
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with Iﬂi—d’nlﬁcn, i= 1, 2. Since |¢p—é| = 0 a.s. by Theorem 2.1 and Hog(2) S

continuous in a neighborhood of ¢, part (a) holds.
Part (b) is identical to Lemma 2.1 (b).

Also from the proof of Lemma 2.1, when A5'(b) holds,

Ap = Tl§cl[ H°G(3)('71) + H°S(3)(772) ] C%/G(d’n)

(3)

with |17i — ¢nl<cpn, i= 1, 2. Since ¢, = ¢ a.s., (c) follows when Hog" "’ is continuous in

a neighborhood of ¢. o

Lemma 2.4: Assume A1-A3. If A5(b), A5(c), A5'(a), or A5'(b) holds, then for t >1,

t/2

Eg,Vnl® < e [ Ky + KyEq [hen(én)l* + K3l Eg_beg(dn) I ]

where V, is defined by (2.8).

Proof: By definition

v = 12 [1hEn(n) — Eq ben(en) ] iy Nu(e(en)) - Hle(sn)) ]
e 8(¢n) [ &(4n))2 |

Since for any real numbers a, b, ¢, and d, |a.+b-+-c-+-d|t < 4t{ |a|t+|blt+{c|t+ |d[t},

Valt < &/ Ky { bgn(9n) I* [8(6n)] ™" + | Eg,_ben(én)I* [g(6n)] "

+ INn(g(4n))[* {(6n)) 2" + | H(g(¢n)) I* [g(en)) ~2* }.

Since F has increasing failure rate, by (2.7)
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(t+1]

Eg,| Nn(g(6n) I18(6n) 172 < Eg | Nn(g(6n)) I 1 8(¢n) 172

IA

t+1] J
—2t —[&(¢n)/n] 33 it g(4n)

[ &(¢n) ] E_ﬁ =
where [ t+1 ] is the greatest integer less than or equal to t +1. Thus

| Nn(e(4n)) |*<
Fn [ g(¢n) ]2t

it A

[g(6n)/n] gj Y (o) P2

[t+1] .[t+1] j—2t
"[ g(én)/p ] ) [ g(%n) ]
<e 2 —

=1 AL
o oty & T e P
j=[tF1]+1 it

< Ko
since [t+1] <2t for t > 1. By (2.6) and A2,
[ H(g(én)) ¢ [&(6n) 172° < [8(6n)/n 1% &(4n) 172" < K.
Hence, again using the fact that g(¢n)> 6,
t/2

Eg [Val* < o [ KyEq |hen(én)l' + Kyl Eg [hg(en)] I + K5 + Kg ]

which establishes the result. 0

Lemma 2.5: Assume A1-A3 and A6 hold. Further suppose that one of the assumptions

A5(b), A5(c), A5'(a), or A5'(b) holds. Then
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(a.) Egnv" =0 a-nd

c? Hog'(9)

®) i B,V = 2= L oP

Proof: For part (a) we note that Egnvn = 0 by definition.

Next, let

Xp = [ g(¢n) ]} Nn(g(¢n+cn))2:nNn(g(¢n"Cn)) :] ’

Yp = [S(d’n) ]—1 Hog(¢n+cn)2;nH°g(¢n—cn):| , and

Zn = &) (6n) [ &(9n) 1~2[ Nu(g(dn)) — Hog(dn) ] ,

so that v% = ch%[ Xn — Yy — 2, ]2. To show (b), we consider separately the

expectations Egnxg, EannYn, etc. ‘

-

(i) By (2.5), Theorem 2.1, and the continuity of Hog(l),

(1)

anan% = ¢p [S(¢n)]_2 ‘j% [ Hog  "(én)2cpn + o(cy) |

Hog(1)(¢) as n
2 [g()]

-— - O0.

(i) Using (2.5) and the fact that g(¢q)> 6,
- - 1
CnEa_;nann =cn l[g(d’n)] 2[H°E(¢n+cn) —'H°S(¢n-cn)][H°g( )(¢n)2Cn +0(cy)]/4
— 0

as n — oo by the continuity of H.
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(iii) By the conditional version of the Cauchy-Schwarz inequality,
CnEgn|XnZn|
-3 (1 |
= [g(¢n)] 35( )(¢n) % Ec_pn[ Nn(g(én+cn)) — Nn(g(én—cn)) ] |Nn(g(¢n)) — Hog(¢n)|

< K, { Eg [ Na(g(n+en)) = Nalgldn—ca)) 12 /2

Eg [ Nn(g(4n)) — Hog(en) 1* |1/
. g(¢n) } ‘

Thus by (2.5) and (2.6),

1/2
cnEq |XnZn| < Ki{ 2Hog(1)(¢n)cn+ o(cn) }I/Q[g(ﬁn) ' g(}i;n)}

< Kgo(1) as n = co.
Thus CnEqn|XnZn| —+0asn—r00.
(iv)  Again by (2.5),
CnégnY% = [S(¢n)]—2 3%; [ Hog(én+cn) — Hog(én—cn) ]2

() gn)en+ o(en) 12 0 as n — oo .

< K& [2Heg
(v) Foralln, EgnYnZn = 0.

(vi) It follows from (2.6) that
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m
A
a
N
St
il

[g(6n) 1™ [ (¢n) 12 Eg [ Nula(9n)) — Hog(én) 12

< K, [&(¢n) 4 [g—(zﬂ)]
< K.
Thusnli’n&oangnZ% =0.
The lemma follows immediately from (i)-(vi) since by definition
EG}"V?1 = ¢pC3 Eqg [ Xn — Yn = Zn 2. 0

Lemma 2.6: Assume A1-A3 and A6 hold. Further suppose that one of the assumptions

A5(b), A5(c), A5'(a), or A5'(b) holds. Then

(a) there exists K> 0 such that EgnV% < K for all n, and

(b) for any t>1, nl—lvrgo Egn (c:l/2vn)t =0.

Proof: Since the conditions of Lemma 2.4 hold,

EgnV% <en[Kp+ K253n|h8n(¢n)|2 + K3| Egn[hg(¢n)] |2 I
By Al and (2.5)

(1)

CnE':[nthn(¢n)|2 = 4lTn [ 2Hog' '(¢n)en+ o(en) ] < Ky -

Again by Al and (2.5),

(1)

cnl Eq_(hgn(én)] 17 = gh- [2Hog '(dn)en+ ofen) ° < Ky .

This establishes (a).
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By the definition of hg, and (2.5) one has that

C};l Eﬁnlhgn(¢n)|t < Qit Egn[ Nn(g(én+cn)) — Nn(g(én—cn)) ][H_l]

1
L (2Hog gn)en + ofen) ]
Thus lim_ t Eq| hgn(on)lt = 0.

Also by (2.5),

(1)

ch| Eq [hg(dn)] I* = L [2Hog" '(¢n)en+ o(cp)]® = 0.
n

=5
This establishes (b) using Lemma 2.4. a

Lemma 2.7: Let 0',2,,1- = E{ v% x{ V%Zrn] }forr=1,2,...and n = 1, 2,.... Assume
Lemma 2.6 and A6 hold. Then for each r, lim 0',2, r=0.

n—co
Proof: For the v €(0, 1) of assumption A6, take q>1 such that y < (l] . Then take p
such that 2 + 1 = 1. The proof is then identical to that of Lemma 2.7 of Frees(1983),

P’ q
. 1/2 p
using the fact that by Lemma 2.6, E(cpy’ "Vp) = o(1). o

Proof of Theorem 2.2: We apply the result due to Fabian(1968) in the form quoted

earlier.

By the definition of V

—-1/2
e Y2y, = Dgn(én) — De(dn) — An.

Expanding Dg(éy) about Dg(¢) =0 one has that
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Dg(¢n) = (¢n—9) LDe(®)l;—, ,

where |y —¢| < |¢n—¢|. As before let Uy = ¢ —¢. Then

1/2

Up+1= Un — ag| cn ' Vn + Dg(én) + Ap ]

n—1lc—1/2 7/2

= Un[1-ap $De(t)lyey 1 - A Vn — anAp.

- 1—-7)/2
Set 'y = A %Dg(t)lt=7)n’ ¢, =% =~ AC 1/2, Th = — An( "/ Ap, a=1,

and 8=1—+. Then

— (3-1) 1 —(1=—~)/2
Un+1=Un[1-n 1Fn]+n2 QnVn'*'n ln ( 7)/ Tn

—~(a+)/2 —a—(8/2)

=Un[1—n—arn]+n QnVn‘*‘n

Let T = A d—‘i-th(t)|t=¢. Since (%Dg(t) is continuous at ¢ and ¢ = ¢ a.s. by Theorem

c2 HogM(4)

2.1, it follows that 'y - I'as n = c0. With T = )
2 [g(¢)]

, by Lemmas 2.5 and

2.6 there exists a constant K such that |EgnV,2, — Z| <K for all n and Eg V% -+ ¥ as
n

n -+ oo. Using Lemma 2.7, lim ol = lim E{ v2 x{ V-22rja] } = 0 for all r. By A6,
o0 Jor Jj—oo J J

1—4<2I.

It remains to establish the asymptotic behaviour of Ty,. If A5(b) holds and 721,

then by Lemma 2.3
1- - - 2

Tl < K " 20077 = kw3025 Lo,

Under A5(c) or A5/(a), with v >

1
5’
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iTal < KynO ™ 20072 2 k17872 0,

If A5'(b) holds and v = 1 , then

5
_ 3
T - _A 2o =112, __AC%Ay AC201H°g( )(8)
" 2 2 6 g(¢)

by Lemma 2.3. The limiting normal distributions indicated in Theorem 2.2 then follow

from the Fabian result. a

2.4 Random Block Replacement Policies

For the estimation procedure of Section 2.2 it is of course not necessary to observe
in entirety the renewal processes N = {Np(t), t>0}, n>1; one needs only the
randomly truncated processes { Nj(t), t €[0,g(én+cn)]}, n>1. Thus in practice one
could make planned replacements at time intervals of random length g(dn+cn) and also

make replacements at any intervening failures, possibly reducing costs.

Consider those procedures for estimating ¢* which, like the SA algorithm just
introduced, can be carried out concurrently with a random BRP. This means that given
a planned replacement at time t, the next planned replacement will be made at time t +
Tp, where Tp, is a random variable observable at time t. Tj may be an estimate of oF.
For such a procedure let Np(t) and Np(t) denote the number of failure and planned
replacements through time t. Define R(t) = C{Np(t) + CoNp(t). Then R(t)/t is the
incurred cost per unit time of using the procedure through time t. One desirable
property that such a procedure might possess is thattirgo R(t)/t = B(¢™), the minimum
possible expected long-run cost per unit time. The following theorem shows that this is

indeed the case when Tp, = ¢* a.s., F has increasing failure rate, and H is continuous at
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¢*. The result and proof are similar to Theorem 1.1 of Frees(1983), which dealt with

random age replacement policies.

For the remainder of this chapter let {X 32 be independent and identically

i,j=1
distributed random variables with distribution function F defined on a probability space
(Q, ¥, P). Take N = { Np(t), t>0 } to be the renewal process associated with the
sequence {X }J =1 with renewals occurring at an, Xn1+Xn2, Xn1+Xn2+Xn3,... for

n =1, 2,.... Define the o-fields ¥, = o( Xij ,i=1,2,..., 01, j=1,2,...).

Theorem 2.3: Assume F has increasing failure rate and finite mean B1- Suppose {Th}
is a sequence of random variables such that T, is %¥,-measurable and T, - ¢* a.s
Further assume H is continuous at ¢*. Define R, = Cljél Nj(Tj) + Con , the incurred
cost through the time of the n-th planned replacement. With N(t) the number of

planned replacements through time t,

R
. N(t *
tl-lorgo t()zB(d’)'

n
Proof; Let Up = ¥ ([N«(T,) — H(T.)], so that { U, & 1 } is a martingale. By the
j=1" ") J n+

increasing failure rate assumption and (2.6),

< oo a.s.

& 2, 2 1 X
I RUAER R PO
n—= =

wl:

This implies that Up/n - 0 a.s. (See Theorem 5 of Chow (1965)). By the continuity of

H at ¢* and since T, = ¢* a.s.,

n
n1y° H(T;) » H(¢") as.
=1
Hence it follows that
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n
n—1j¥1 Ni(T;) + H(¢*) a.s.
and

Rn/n - C].H(¢*) + C2 a.s.

n
Define Ly =.21 Tj , the time of the n-th planned replacement. Necessarily,

J:
N = ¢S Iner
Thus the inequality
Ne) BN/ B Bae/N
NOFL Iy /INOF] = 78 = Lyy/NO

holds. (This is identical in form to (1.8) of Frees(1983).) Thus with probability one

Ty, = ¢* and Lp/n =+ ¢*. The theorem follows by letting t —» oo. o

2.5 A Critical Assumption

This section concerns the interrelationship between the existence of an optimal
BRP and assumption A2. At this time we have not located in the literature any general
characterization of when an optimal BRP exists. Thus we emphasize by means of
examples the dependence of a unique optimal policy on the relative magnitudes of the
costs C; and Co. Throughout the remainder of this section we assume that the

derivative function D(t) is continuous in t.

Assume A2 holds, so that ¢* minimizes B(t) among all finite values of t. A2 also

implies that B(t) attains no local maximum and thustlim B(t) > B(¢*). Thus ¢* is the
—00

optimal BRP and is to be preferred to only making part replacements at failure. Of

course A2 is not necessary for the existence of an optimal BRP, as can be seen in an
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example that will be presented shortly. However, it does play an important role in the

proof of the strong convergence of the algorithm.

The important part of A2 can be written as the requirement that
(2.9) th(t) — H(t) < C2/Cl fort < ¢* and th(t) — H(t) > C2/Cl for t > ¢%,

which expresses how the existence of an optimal BRP partially depends on the ratio of
the costs C; and Cy. To see this more explicitly, we will examine when (2.9) holds for
three lifetime distributions of the gamma type. The probability density function for

these distributions is given by

xv—1 e X/T(v), x>0,
f(x) = {

0, x<0,

with ¥v=2, 4, and 6.

Figures 2.1(a), 2.1(b), and 2.1(c) show the function th(t) — H(t) for the gamma
distributions with shape parameters 2, 4, and 6, respectively. It is immediately apparent
that in all three cases the ratio Cq/C; must be sufficiently small for (2.9) and A2 to be
satisfied. Also, if CQ/CI is too large, then D(t) is negative for all finite values of t and
no finite optimal BRP exists. It can be seen from the figures that for certain
intermediate values of C2/C1, the function D(t) may have at least two zeros. One of
these could represent an optimal BRP, but since A2 fails to hold, the proposed

stochastic approximation algorithm may also fail.

The examples suggest the following general observations. If the line y=Cqs/Cy
intersects the function th(t) — H(t) exactly once, there exists a finite optimal BRP

and the critical expression (2.9) holds. Otherwise, an optimal policy may or may not
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exist, and if it does the stochastic approximation procedure defined in Section 2.2 may
well fail to be consistent. Thus we can imagine that for many lifetime distributions
failure replacements must be significantly more expensive than planned replacements for

the procedure to be useful.
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CHAPTER 3

REFINEMENTS AND A FULLY SEQUENTIAL ESTIMATION PROCEDURE

3.1 Introduction

In this chapter we consider several refinements to the procedure introduced in

Section 2.2.

In Section 3.2 the simple renewal density estimator used in (2.2) is replaced by a
more general kernel estimator. Under certain conditions this modification reduces the
bias at each step of the procedure and consequently results in a faster rate of

convergence.

As seen in Theorem 2.2, the asymptotic mean square error of the estimate
depends on the tuning constants A and C, which can be chosen by the user. Sections
3.3 and 3.4 address the problem of an adaptive stochastic approximation procedure that
estimates the optimal choices of A and C so as to achieve the minimum possible

asymptotic mean square error.

Finally, in Section 3.5 construction of a fixed-width confidence interval for the
optimal block replacement policy is considered. This leads to the introduction of a
stopping time which can provide guidance in deciding when the algorithm has been

iterated a sufficient number of times for a desired level of confidence.



3.2 Improving The Rate Of Convergence

This section is principally concerned with achieving a faster rate of convergence

(1),

for the procedure (2.1) by using a kernel estimator for Hog Kernel estimation of

Hog(p+l) for integer p greater than zero is also considered here for applications in
Sections 3.4 and 3.5. The basic approach is that taken by Singh (1977) for kernel
estimation of derivatives of a distribution function. Frees (1983) employed estimators
like those suggested by Singh to speed the rate of convergence of a stochastic

approximation procedure. The development undertaken here is like that of Frees except

that interest now lies in estimating derivatives of Hog.

Let 0<p<r where p and r are integers. We will consider the problem of

(p+1)(x) assuming that Hog(r+1)

(1)

estimating Hog (x) exists and is bounded. Let hgj

(p)

For p >0, hgy * will denote an estimator

(p)

It is desirable to have estimators hgp and hgp “(x) which satisfy the

continue to represent an estimator of Hog

of Hog(p+1).

following conditions:

AT: (a) sup| EhgPlx) — HogPTV(x) | = o(n~ TPV (1))

t+1 _ 0(n+t/(2r+1)

(b) Fort > —1, sup E| hgnp(x) | ).

A8: For any integer t >0 and sequence {xp} such that rlli—lonoox“ = Xgp, there exist con-

stants <I>1 and Q?,t such that

(r—p)/(2r+1) (p)

[ EngtP(xn) — HogPT)

(a) rlli_r'n00 n (xn) } = ¢ and

—t/(2r+1)

. t+1
(b) Jim, n €[ hgn(xn) |7 = @y ;.
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It will be seen that if an estimator hgp(x) of Hog(l)(x) such that A7 and A8 hold is
used in the SA algorithm considered in Section 2.2 and r>2, then ¢, will converge to ¢

at a faster rate than implied by Theorem 2.2. As a first step a kernel estimator of

Hog(p+1)(x) is defined which satisfies A7 and AS8.

Denote by B the class of all Borel-measurable bounded functions K that vanish

outside the interval ( —1, 1). Take

1, if j=p,
+1 . 11 )=p
Kp ={ K € B such that Jl,J' v K(u)du = }
-1
0,if j#p,j=0,1,...,r—1
As in Section 2.2, let N,, n=1, 2,... be independent renewal processes, each

having underlying distribution F with renewals at times Sni=xn1+xn2+‘”+xni’

i=1,2,.... ForK € Kp define

-1 _
(3.1) helPx) = 1 I:’ K(%ﬁ) dNp(u)
¢n
-1
S g (S,) —x
= p1+1 Z K( Cr:ll )
Cn i=1

where {cp } is a sequence of positive constants.

The next several results are analogous to those of Singh(1977) and Frees(1983)
concerning estimation of the derivatives of a distribution function. The lemmas will
provide sufficient conditions for A7 and A8 to hold for the estimator hgglp)(x). Part (a)

of Lemma 3.1 corresponds to Theorem 3.1 of Singh, while part (b) is similar in spirit to

Lemma 3.1 (b) of Frees.
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(r+1) |

Lemma 3.1: Let K€Kp and hggp)(x) be defined by (3.1). Suppose Hog s

bounded. Assume ¢y =o0(1). Then
1 _—
(2) supl EngtP(x) — Hog" (x| = (7P .

(b) Also suppose that {xp} is a sequence such that rlni-ronooxn = Xgo, where
(r+1) .. . . .
Hog (x) is continuous in a neighborhood of xo. Then

+
r+1) o) 3 J uf K(u)du .

-1

tim cn TP EnglPxn) — HogP D ixg) | = Hog

g l(w) - x

Proof: By the substitution t = <

and an application of bounded convergence

one has that
(p) o (gl -
Ehgp (x) = cgh_l E{ JO K(g__%h_x) dNp(u) }

-1
= 1 LT K(g—(—‘;)r‘—") h(u) du

(1)

J+11 K(t) hog(x+cpt) g “(x+cpt) dt

|
Sl

.[ill K(t) Hog(l)(x+cnt) dt.

!
Sl

(1)

Expanding Hog " ’(x+cpt) in a Taylor series about x,

~1 o Ut :
H°S(1)(X+Cnt) =rz H_mgj!__(x_) (‘3nt)'l + Rn(t)
j=0
(r+1)

D ()" with In(6)=x] < lentl. Thus

where Ry(t) = Hog
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-1 (G+1) . .
EngP) = 4 ; ’{"g_j,(i) | I+11 K(t) £ dt
3P . _
( +1)
1 (+1 (77( )
+ cﬁI—IK(t) (cnt)'dt
og P x) + 0(h7P)

since K € Kp and Hog(r+1) is bounded. This establishes (a).

By part (a) it follows that

Jim en ") [ Eng{Pixn) — Hog®FDian) |

(r+1)

= lim L’H K(t) o ((t)) tTdt

= Hog(r+1)(xo) l% J+11 K(t) t'dt as n - oo,

by the bounded convergence theorem and the continuity of Hog(r+1) at xo. Thus (b)

holds. a
Note that under the assumptions of Lemma 3.1, if ¢, = Cn-7, where 7:,)1‘%*_1,
then A7 (a) holds. Then by Lemma 3.1 (b) one also has that
] r— 2r+1 p +1
lim L(r=P)/( )( Ehgg )(x“) _ Hog(10 )(x“) )
. r— —-(r— +1
= Jlim_ cr—=p) Cn( P) ( Ehg( )(xn) (p )(XH) )
= TP o Pty L J K(t)t"dt
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so that A8 (a) holds with &, = C\"P) Hog™1)(x,) L I+i K(t) t"dt.

(p)

The following lemma establishes results for hgnp (x) similar to those contained in

Lemma 3.2 of Frees(1983).

1
Lemma 3.2: Let K€K and hgy(x) be defined by (3.1) with p = 0. Assume Hog( ) is
a bounded function that is continuous at xo; {xp } is a sequence such thatnli’ngo Xn = Xo.

Further assume that ¢y = o(1).
(a) ft>—1, then sup E| hgy(x) |t+1 = O(cn_t).
X
(b) H t>0is an integer, then

i, b ECben(an) 17! = Hog o) [ 1 () 111 4.

Proof: By the definition of hgy, (2.5), and the boundedness of K and Hog(l)

t+1 oo —1(u) - t+1
 Elben(x) ! = dg| [ K(g—(—c“,,)—")dNnm;*

IN

t+1
| K lloo & E[ Nn(g(x+cn)) — Nn(g(x—cn)) J'+]

t+1
< K g E[ Na(g(x+en)) — Na(g(x-cn)) 1T
<K,
This establishes (a).

To show part (b), we condition on the number of renewals occurring in the

interval [g(xn—cn), g(xn+cn)]. Let Yn = Np(g(xn+cn)) — Np(g(xn—cn)). By (2.3)

and the boundedness of K,
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3 E{ch [hgnGen) 17 [ Yo =)} P(Ya =i}

=2

o0 00 =1y — t+1

= e &I K(%Z,"")dlwn(un*|Yn=j}P{Yn=j}
o0

<& Y ki e{va=j) —0asn- .

The following result will be used to find the conditional expectation when Y, = 1.
Let Xl, X2,... be i.i.d. random variables with distribution function F which define a
renewal process with renewals occurring at Sn=X1+...+ Xp, n=1, 2,.... Define the

excess random variable at time t to be

so that ¥(t) is the remaining life of the part in use at time t. This random variable has

distribution function
P{~(t) £ x} = [{ [F(t=utx) = Ft—u) JdH() + [F(t+x) - F(O)L.

(See Barlow and Proschan(1965), Theorem 2.8.) Thus the distribution function and the

density of the first renewal to occur after time g(x, —cp) are given by

P{SN(g(xn—cn))+1 SV}

= [Bn=Cn) Bty —u) ~ F(g(xn—ca) = u)] dH() + [F(v) = Flg(xn=cn))]

and

a(v) = h(v) — Iv f(v—u)dH(u),

g(xn—cn)
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respectively, for v > g(xp—c¢p). Thus

g(xn+cn)
P(Ya=1}= [ a()[1 - F(a(xnten)=v)lav -

g(xn—cn)
and given that Y, =1, the conditional density of the lone renewal in the interval
(&(xn —cn), &(xn+cp)] is

_ a(v)[1 -~ F(g(xn+cn)—v) ]
b= F{Yo=1] '

Hence, by a change of variables,

E{ C;‘I [ hgn(xn) ]t+1| Yn=1}P{Yp=1}

g(xn+cn) -1 t+1
=E{31H J [K(g—ié‘nl‘-l‘ﬂ)} dNn(u)lYnzl}P{Ynzl} ]
g(xn—cp) ‘
g(xp+cp) -1 t+1
= & j [K(g—(c“nﬁl‘ﬂﬂ b(u)du P{Yp =1}
g(xp—cp)
g(xn+cp) -1 t+1
= & [K(m)} a(u) [ 1 — F(g(xn+en)—u) |du
g(xpn—cp)
+1 .
= J[K(V)]t+la(g(xn+cn"))[1"F(S(xn+cn)‘g(xn+cnv))]g( )(xn‘l'cn")d"
~1
where
g(xn+cnv)
a(g(ntenv)) = hog(xnteny) = | fg(xn+env)—u )dH(w) .
S(xn‘cn)
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Since K and f are bounded,

+1 g(xn+cpv) )
[ e+t | f(g(xn+env)—u)dH(u) [1 = F(g(xn+en)—g(xn+env))]gl (xn+env)dv
-1 S(xn“cn)
g(xp+cn)
lloo j dH(u) — 0

g(xp—cn)

t+1 1
<21 Kllea llflloo Nl gV

by the continuity of F and g. By similar bounds

+1
Jim [ (KON hogtxateny) Flgtxnten)—g(xntenv)) g (xateny) dv = 0
-1

since lim F(e¢) = 0. Thus,
-0

. t+1
dim  E{ ck [hgn(xn) T Ya =1} P{Ya =1}

+1
= dm, [ TR hogxnteny) e Doxnteny) av
-1

+
= Hogxo) [ [k av,
-1

which completes the proof of the lemma. a

Suppose ¢y = Cn~ 7 where 7=L. Then Lemma 3.2 (a) implies that A7 (b
2r+1

holds for the kernel estimator hg,. Similarly, hg, satisfies A8(b) by Lemma 3.2 (b).

Let the sequence {¢p } of estimates of ¢ be defined recursively by (2.1), where in
1
the definition (2.2) the estimator hgy(x) is redefined to be any estimator of Hog( )(x).

The following theorem establishes some convergence properties for ¢, assuming that
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hgn(x) satisfies A7 and A8. The subsequent corollary addresses the special case when .
hgn(x) is of the form (3.1) with p=0.
-7

Theorem 3.1: Let v = gl ca=Cn™7, and I = A(%Dg(t)lt___d, for the positive

constants A and C of A6.
(a) Assume A1—A4 and A7 hold. Then ¢, = ¢ a.s.

(b) Assume A1—A3, A6, A7, and A8 hold. Then n"~7/%4 _4) R

N( po, ag) where

AC,9,
bBo = —
g@) [T — (1-v)/2]
and 5 o
Op = 2 .
[g(#)]°[2l - (1-7)]
Proof of Theorem 3.1 (a): Again take Uy, = ¢p—¢. By A7 (a) with p=0, .

sup | E[hgn(x)] — H°8(1)(x)| = O( n_r/(2r+1)).
This implies that
|An| = | Eg _[Dgn(¢n) — Dg(én)] |

= Cl | Eg"hGan) - H°g(1)(¢n) l/g(d’n)

<K, n—r/(2r+1) _

K1 n_7r
By A7 (b) with t=1

+1/(2r41)

Eg, | hEn(¢n) |2 = O(n )= 0™,

so that by the proof of Lemma 2.2,
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Eg,|hgn(¢n) [ , K2 +Kq Eg [Nn(g(¢n))” ]
[ &(¢n) 1° [ g(on) I*

Eg:n[ Dgn(¢n)]2

IA

K;
< K4 n+7 + K5
< K6 n+7.
Thus from the proof of Theorem 2.1

2
E":l‘,.Un+1

< U3 + afEg _Dgd(4n) + 220|UnllAn] — 2an(¢n — ¢)Dg(¢n)

IA

U2 + Kg a2 07 + 2a5[Ky + Kglén— 812 10~ ""= 2an(én — ¢)De(n)
<UZ{1+2Kgann~ 7"} + {Kgaan" " +2Kzann "'} — 2an(én — ¢)De(¢n)-

Since the required summations are finite by A4 with cn=Cn_7, én = ¢ a.s. by an

application of the Robbins-Siegmund result. ]

The proof of Theorem 3.1 (b) will require the following lemma, similar to Lemma

2.5 (b). As in Section 2, let V = c,1,/2[Dgn(¢n) — Dg(én) — An}-
Lemma 3.3: Assume Al—A3, A6(with y=1/(2r+1)), A7 and A8 hold. Then

nl—lorgo EgnV% = C% C (1’2,1/[ g(e) ]2 .
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Proof: By definition Vr21 =cp C% [Xp — Yy — Zp ]2 where

Xn= [ 8(¢n) ]_1 [ bgn(4n) |,
Yn =[8(4n) ] 7" Eq_[bgn(¢n) ], and

Zn = [ 806n) 12 £ (6n) [ Nn(e(dn)) — Hog(dn) 1.

As in Lemma 2.5, we consider separately the conditional expectations Eg X?‘;,
n

EannYn, etc. Since the conditions of Theorem 3.1 (a) hold, ¢y = ¢ a.s.

(i) Since ¢p - ¢ a. s., by A8 (b) with t=1

~1/(2r+1)

cn Eq X3 =Clg(¢n)] > n Eg, [ hen(¢n) I

—Cay, / [e(#)? .

(ii) By A3 and A7 (b) with t=0
Eq XnYn = ~2cn [Eg h 2
nEg, Anfn = [g(én)]™ “cn [ Fn gn(én) |
< K{cn O(1) —0.

(iii) By (2.6), A3, A7 (b) with t=1, and the conditional version of the Cauchy-Schwarz

inequality,

-3 g(1)

A

CnEgnlann| < cn [8(4n)] (¢n) Egn[ hgn(¢n) ] INn(g(én)) — Hog(én)|

IA

Eq [ Nn(g(én)) — Hog(¢n) )2 ) 1/2
cn K { E‘.Fn[ hgn(#n) 12 }1/2 { - g(¢n) : }

+1/(2r+1)) }1/2 .o

IA

¢n Ko { O(n
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(iv) Also by A3 and A7 (b) (with t=0),

CnEgnerl =¢n [G(¢n)]_2 | Egnhgn(d’n) ]2

< c¢p Kl - 0.

(v) For all n, EgnYnZn =0.
(vi) By part (vi) of the proof of Lemma 2.5, nl_i’ngocn EgnZ% = 0.

The result follows from (i)—(vi). o

Proof of Theorem 3.1 (b): Again we employ the theorem on asymptotic normality due

to Fabian. From the proof of Theorem 2.2

_ (3-1) L (1—v)/2
Un+1 = Un [ 1 —n lrn ] + n 2 ¢nVn + n ln ( 7)/ Tn
where as before T'p = A SDg(t)| - T = A dDg(t)| o, == —ac /2
n a_t g t:nn - dt g t=¢’ n — - ’

_An(l—'r)/?An.

and Tp= The asymptotic behaviour of T, now depends on how

many derivatives of Hog exist. Since ¢ — ¢ a.s., using A8 (a) with p=0 gives

T = lim Tp
n=+00

1,0-/2 (1)

= — AC; lim [&(dn)]” Eg [hen(én)] — Hog' (4n))

g(4)

By definition Egnvn =0. By Lemma 2.4

Ean?l <en{K; + K2E'5n[ hgn(én) 12 + Kq[ Egnhgn(d’n) 123,
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which is bounded by A7 (b). By Lemma 3.3,

2
. g C1C%,
i, Eg, VA= ———"
[2(é)]

We need to show that 0121,1-= E{ V,2, x[ V%Zrn] }20asn—-ocoforr=1,2,....
1/2

To accomplish this using Lemma 2.7 it is first shown that for any p>2 , Eg len” Vil P
n
—+ 0. By Lemma 2.4,

2
Cg/ Egnlvnlp < ch { K; + KQEgnlhgn(¢n)|p + Kj| Egnhgn(¢n) P }

By A7 (b),

+(p—1)/(2r+1)

<h Eg,_|hgn(¢n)|P=ch O(n )

n—l/(2r+1)

if p>2. Now taking t=0in A7 (b)
<n |Eq hg(¢n)|® = cf |O(1)] = 0 as n = .

= 1. Thus, taking p>2, Lemma 2.7

D=

For Lemma 2.7, p, q>0 were such that % +

holds.

Taking a=1 and ﬂ=ﬂ+=l—7, part (b) of Theorem 3.1 now follows from

Fabian’s theorem. a

Now let KEKO and define hgy by (3.1) with p=0. Lemmas 3.1 and 3.2 apply to

hgy if the following assumption is met.
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(1) (r+1)

A9: For some integer r>1, Hog" ’ and Hog exist and are bounded on the entire

real line, and both functions are continuous in a neighborhood of ¢.

Corollary 3.1: Assume A1—A3, A6, and A9 hold. Let vy = 21_3_1 in A6 (for the r of

A9) and T = AL Dg(t)],_ 4 Then

(a) ép =+ ¢ a.s. and

) 072 (60 -6) B N(uy, 03) where

_ ¢y acreg e
=7 Tg@IT - 1-772]

and
1
c?a2c! Hog (9) By

02 =
17 (g 212r - (1-7m)]

+1
with g, = ;1-, J uf K(u)du and By = J+11 [ K(u) ]2du .
-1

Proof: By the discussions following Lemmas 3.1 and 3.2, A9 implies A7 and A8 hold for

hgn(x). The corollary is then an immediate consequence of Theorem 3.1 with

¢, = lim ot/ (2r 1) [ Eg hen(én) — Hog'(6n) ]
+1
= crHog " () L J uf K(u)du
and !
<I>2,1 = rlll-ronoo n—l/(2r+l) Egn[ hgn(én) ]2
= =L aogW(e) I“l [ K(u) ]2 du. o
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3.3 The Optimal Tuning Constants

In this section we consider the problem of choosing the constants A and C so as to
minimize the asymptotic mean square error of ¢,. From this section onwards it is
assumed that in the algorithm defined by (2.1) and (2.2) hgy is the kernel estimator
introduced in Section 3.2. From Corollary 3.1 it appears that the limiting distribution
of ¢y, depends on the function g as well as on the renewal function H. This dependence
will be explored further to assess how important the choice of g is to the behaviour of

the procedure.

Let £ be a normal random variable with mean By and variance a% , where Hq and
a% have been defined in Corollary 3.1. Then under the conditions assumed in Corollary

3.1,

n(1—7)/2 D

(én—9)- &

Suppose the quadratic risk function E(£—¢)2 is used as the criterion in estimating ¢.
Then once the rate of convergence has been determined by the kernel estimator hgy, a
measure of performance for the procedure is E£2, the asymptotic mean square error of
#n. One would naturally like to minimize this quantity, which depends in part on A and
C. By taking partial derivatives of EE2 = p% + a% with respect to A and C, the

optimal choices of these constants are found to be

Aopt = &80 o]

and

(1) 1/(2r+1)
c | Heg (¢) By (0t7)

t r
| s neg"(g) 12 82
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Thus the minimum possible mean square error (for the particular kernel K used in hgy)
is

ee? = 2 A2, O [g(@)] 72 Hog (9) B, [124r(r41) 171

Unfortunately, the unknown constants Hog(l)(¢), Hog(2)(¢), and Hog(r+1)

(¢)
partly determine Aopt and Copt‘ In Section 3.4 an adaptive algorithm is introduced
where A pt and C, pt are estimated at each stage of the procedure so as to minimize the
limiting mean square error. As in Section 2.2, let ¢* = g(¢) be the optimal block
replacement policy. Redefine ¢ so that ¢f, = g(¢n), an estimate of #*. Since the real

interest is in estimating ¢*, the remainder of this section examines to what extent the

limiting distribution of ¢5; depends on g.

(1-7)/2

Under the conditions of Corollary 3.1, n (én—19) R N(pq, 0% ). Since g

is an appropriate differentiable function, by the delta-method

n1=1/2 (x4 B N( g(l)(d’)ul, [g(l)(¢)]2"% )

when the same conditions hold. Let K1=C1ﬁ1/¢* and K, = C% ﬂ2/[¢*]2. Then

(D K, ACTe D (4)Hog " (9)
and
K.A2c-1 (1 )d: (1) P
Doyt = e (o Tee (0

Note that T' = AdgEDg(t)lt=¢ = AD(l)(d)"‘)[g(l)(<zS)]2 (where D was defined in

Section 2.2) since D(¢*) = 0. Thus the denominators of the above expressions may be
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freed from dependence on g by taking A = Ao[g(l)

Ao. This results in

O K; Ao [ ()71 ¢F Hog" ) (4)

(¢)l‘1 = - 6)
AoD (8% — (1-7)/2
and
[g(l)(¢)]26% _ Do flo (158 (#)] ¢
2A0oD (6" - (1-7)
(1)

Letting C = Co[ g "(¢) ] ~1 for some positive constant Cg,

o Ky Aolg o) " cf Hog™ ()

(¢)#1 = -
AoDWM(g") — (172

and

K, A3 Col h(4%)

1661202 =

2 AoD Ve — 1=7)

Thus the asymptotic bias of ¢5; depends on g while the variance does not.

(1)

Since the asymptotic mean square error of ¢3, is [g

choices of A and C for estimating ¢* are the same constants Aopt and Copt‘ By setting
A = Aolg(#)) =2 and C = ColeP(#)] =1 it can b that hould let’
opt = Aolg and C,4 = Colg ) it can be seen that one should le

A= [D(l)(qS*)] =1 and Co = g(l)(¢) Copt‘ Therefore, for estimation of ¢* the optimal

choice of C depends on g while the best choice of A does not.
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3.4 An Adaptive Stochastic Approximation Algorithm

It was seen in Section 3.3 that by taking

A=Agy = $De®) li_y] -

and

1/(2r+1)
(4) By (14+7)
(+1) 4y 12 52

Hog(l)

8r[ Hog

(1-7)/2

(én — ¢) is minimized. The constants

(1)

the asymptotic mean square error of n

A, and Copt of course depend on the unknown quantities d%Dg(t) |t=¢’ Hog  '(4),

op
(r+1)

and Hog (#). In this section consistent estimates of these quantities are defined

which in turn yield consistent estimators Ay and Cp of Aopt and Copt’ respectively.

1 and cn=Cnn—7 then results in the minimum asymptotic mean

Taking a.n=Ann—
1
square error possible given the kernel K used to estimate Hog( )(45) (The choice of K

determines the constants ﬁl and [32 which appear in the limiting mean square error.)

The problem of choosing K is not considered here.

Let {Af} and {Cp} be sequences of estimates of Aopt and Copt’ as yet to be

defined. Given positive constants Zl’ Z2, Z3, Z4, a, b, c, and 7, let

(3.2) An = (Z,(log n) "1 v A% ) A Zyn®
and
(3.3) Cn = (Z3n ™ PV CE) A Zyn".

These definitions ensure that A, and Cp fall within known bounds. For large enough n,
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(3.4) Z,(log n) ! < Ay < Zon?

and

(3.5) Z3n 7P < Cp< Z 0"

1
r+1°

As in Section 3.2, let v = Assume the following restrictions on a, b, ¢, and v are
2

met.

Al0: a4+ rc<ry,2a+b+ 7v<1,3(b+y) <1,and b < ry/(r+1).

With cp=Cpn~ ", define hgy(x) by (3.1) with p=0 and K=K, €K,. Using this

modified version of hgy in Dgp, let successive estimates of ¢ be defined by

(3.6) ¢n+1 = ¢n — Ann_lDSn(¢n)-

Before introducing the estimators A}, and C}, and thus completing the definitions of Ap
and Cp, the modified SA procedure is shown to be consistent for ¢. The following
lemma provides a bound for the bias (Ap) of Dgp(én). The ensuing theorem provides
sufficient conditions for ¢ to converge to ¢ with probability one.

(r+1)

Lemma 3.4: Suppose Hog is bounded. Assume Al and A3 hold. Then there exist

positive constants K1 and K2 such that

|An| = |Eg, [ Den(4n) — Da(én) 1| < Kyn" 77,

Proof: By Lemma 3.1 and (3.3) ,

supl Eg hen(x) — Hog' (x)] = O(ch) < Kyn' 7).
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Thus

lAn| = C4 |Egnh8n(¢n) - H°g(1)(¢n)| /g(¢n)

IA

K, S Cautl O
Theorem 3.2: Assume A1-A3, A9, and A10 hold. Then ¢, = ¢ a.s.

Proof: Since Lemma 3.2 (a) holds, as in the proof of Theorem 3.1

Egn|h8n(¢n)l2 + [ Ko + Kq Egn[ Nn(g(¢n)) 1? ]
[ 8(6n) 12 [ g(¢n) I*

Egn[ Dgn(#én) ]25 K,

< Kyen !+ Ky

b+

IA

K6n

for large enough n. From the proof of Theorem 3.1 and by Lemma 3.4, using

a-n=Ann—l,

€5 U2,) < UR + afEq [De(¢n)] + 2an|Unll An| = 22n(én — $)De(én)

< U2 + a2 Kgn"" + 2200”77 K, + Kg 160 — 612 ] = 2an(én — ¢)De(én)

2 bty r(

< UZ{ 14 2Kgann™ "7} + { KgaZ 0" +2K;200" )} — 2a1( 4 — ¢)Da(6n).

By (3.2), ap = Ann_1 < Z2na‘_1 for large n. Thus by A10,

00
Z a% nb+7 < o
n=1

and
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Z =7 < Z, Z a—ltr(c—7y) _

©
Since for large enough n, ap> Z,(log n)—ln—l, it is the case that Zlan =oo. Thus

n=

the conditions of the Robbins-Siegmund result are met and ¢, — ¢ a.s. 0

An estimator of

Ce()Hog 2 (4) — g P(8)[CyH(g(8)) + C)
[ &(¢) 1?

$iDE®) ly—g =

will be required to define the sequence of random variables { A} }. Thus for K, €K let

hgg )(x) be defined by (3.1) with ¢, = Cnn_7 and p=1. Next, take

_ Cig(nhel (sn) — £(8n) (0, Nn(8(6n)) + Cy]
o
[ &(¢n) 12
and
(3.7) Abyg=I[n" 12 1L

Lemma 3.5 gives sufficient conditions for Ay defined by (3.2) to be a consistent

estimator of Aopt with A}, defined by (3.7).

f)
Lemma 3.5: Assume Al-A3, A9, and A10 hold. Further suppose Hog(“) is continuous

in a neighborhood of ¢. Then A, — Aopt a.s.

Proof: By Lemma 3.1,

)40 + 05~ Y) ] = P(4n) [ CyH(g(én)) + Co ]

[ g(¢n) 12

C.g(¢ Hog
Ec_ynan i | n) [
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_ Cy()os (6) — ' 7)9) [ C1H(x(#)) + Cy ]
[&(e) )2

as n — 0o, since ¢y = o(1) and Theorem 3.2 holds. Thus n_l.ﬁ Eg o, = A;’lt a.s. as
j=1 j J P

n = o0.

n . .
Let My =j-§-1 [aj - E‘.‘fjaj]' Then { My, gn+1}x°1°=1 is a zero-mean martingale.

Furthermore, by Al, A3 and (2.6),

2 2
Eg“[an -_ Eqnan] S Egnan

K‘ Eqn [ hggl)(d’n) ]2 K, Eg:n[ Nn(g(4n)) ]2 + Kg
Tl L) PP [ &(¢n) 1

< Ky Ec_]:n[ hggl)(dm) ]2 + K;.

To bound Egn[ hgsll)(d)n) ]2 we may write
(1) g(én+cn) _1( )~ 6 2
u) —
Esjn[ hgn “(én) ]2 = é Ea_;n{ Kl(g——en———q> dNj(u) }
g(én—cn)

2 4 2

< 1K lleo ;E Eqn[ Nn( g(¢n+cn)) — Nn(g(¢n—cn)) ]

< Kg c;3

by (2.5). Thus, since c,Tl < K7nb+7 for large enough n, where 3(b+v) < 1 by Al0,

Q0 o _ 3(b
n—2 Eqna% < Kg Z n~2n (b+7) <
n=1 n=1

- 63 -



n opt

It follows by Chow(1965) that [A"‘+1]_1 -+ A=l a5 and thus Ap - Aopt a.s. by ‘

(3.2). u|

(1)

As a first step in defining C}; an estimator of Hog"' ’(¢) is introduced. With the

modified version of hg;, defined earlier in this section take
-1 &
¥p=n Z hgn(¢n)-
=1

1
In Lemma 3.6 ¥y is shown to be a consistent estimator of Hog( )

(¢)-

Lemma 3.6: Assume Al-A3, A9, and A10 hold. Then ¥, - Hog(l)(dJ) a.s.

Proof: By Lemma 3.1, (3.3), and Theorem 3.2 ,

Eg hen(#n) = Hog gn) + O((Can™ ")) » Hog™M()

as n - 00. Thus

(1)

n
n~! 2. Eqhen(¢n) ~ Hog (4).
J:

. _ n _ (. o s . Io’e)
Letting My, = Ej:l [ hgj(¢j) E?thgj(¢3) ], it is again the case that { My, For1!t

n=1

is a zero-mean martingale. By Lemma 3.2 (a),

Eq [ hgn(¢n) — Eq hen(én) 1 Eq [ hgn(én) 12

—~ . —1
<K [Cmn 7] .

This implies that
Q0

2 =2
nz=:1 Egn{ hgn(én) — Egnhgn(d’n)] n < oo
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—y.—1
since [Cyn 7] < K2n1/3 for some constant K, by Al0 and (3.3). Thus, again

using Theorem 5 of Chow(1965), ¥y = Hog(l)(¢) a.s. a

(r+1)

An estimator of Hog will be needed to define Cj; . Let

1, if j=r,
+1
K ={ K € B such that l'] o’ K(u)du = }
3!
-1
0,if j=0,1,...,r—1.
Next, for a K; € K; define
(1) ST (7w
r u) — x
hgn '(x) = c—,&;—l j Kr i—cn——)dNn(u)
" g(x—cn)
; — -7 _ .—1lsn (r) _ . ..
with cg=Cpn '. Let Ap=n 2j=1 hgj (#n)- The next lemma, similar in spirit
. (r+1)
to Lemmas 3.5 and 3.6, establishes that A, = Hog (¢) a.s.

Lemma 3.7: Assume Al-A3, A9, and A10 hold. Further suppose that for some d>0
1 1
and all real x, Hog TPy = Hog"™ Y#) + O( |x=6]|9 ). Then A, —

Hog(r+1)(¢) a.s.

Proof: First, by the usual change of variables and a Taylor expansion,

o0 -1 _
Egnhggr)(x) = Ti—l J Kr(g—(%ln)—-—)—()h(u)du

Cn 0

=1 I+11 Kp(t) Hog Y (x+cnt)dt

cn

(00 teg) , Hog ™

3!

1 =l n
=1 I+1Kr(t) v Heg

1 ((8) Gen)” |,
Cn — _)=0 r.
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where |n(t)—x| < cp for all te[—1, 1] . Thus by the definition of K and the

assumptions of the lemma,

(r+1)

(r) ((t))tr

Eg ben (x) = J“:i Kp(t) o

= 3 [T ke ¢ 1Hog!™ D) + 010 =191t

= Hog"™ D (x) 4 o( )

(r) (r+1)

which implies that Eq hgn '(¢n) = Hog (¢) as n =+ co. Thus

I 1
lim 0" 2 Vo) = mog " g).
By the definition of hg( ) , (2.5), and A3

Eg [ hes (4n) I <

o ! Krll oo Eg, [ Nu(@($n+en)) = Nn(g(én—cn)) I
n

= K165y { e(én+en) — g(én—ca)l + o(&(¢n+cn) — 8(¢n—cn)) }

<K2 1—- t(r+1)

Following Lemma 3.5 of Frees(1983) it can be shown that there exists t € (1, 2) such

that

(3.8) S Eg (b em Tt < Ky 3 e Tt e o

n=1 n=1

which is sufficient for
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00
3 Egt hei (en) - Eg hg V() 1107t < oo,
qn g- ) J
n=1 J

when t € (1, 2). This will establish the lemma using Chow(1965). Since there exists a
constant Kq such that cﬁ'l < Kj nb+7, for (3.8) to hold we need t €(1, 2) such that
—t 4+ (b47)[ t(r+1) — 1 ] < —1. That such a value of t exists when A10 holds is
shown in the proof of Lemma 3.5, Frees(1983). It follows that (3.8) holds and thus
n—lﬁ-lf_l [hggr)(dJ-)—Eg hggr)(d’-)] -+ 0 a.s., from which the lemma follows by

J= J J H J J

Chow(1965). O

To finish the definition of Cp given by (3.3), let

¥y By (1+7)
c*+1=[ 22

1/(2r+1)
" 8r A2 A2 } '

Lemma 3.8; Assume A1-A3, A9, and A10 hold. Then C, —» Copt a.s.

Proof: The proof is immediate from (3.3), Lemma 3.6, and Lemma 3.7. 8]

Condition A9 is strengthened before stating Theorem 3.3.

(1) (r+1)

A9': For some integer r>1, Hog ’ and Hog exist and are bounded on the entire

real line, and both functions are continuous in a neighborhood of ¢. Further suppose
(2

Hog( ) is continuous in a neighborhood of ¢ and that for some d>0 and all real x,

Hog™ T V(x) = Hog" (4) + O(1x—419).

1=/ D

Theorem 3.3;: Assume A1l-A3, A9', and A10 hold. Then (én—9)

N( pg, a%) where
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r (r+1)

() B,
Ho =~ g(6) [1+7]

and

2,2 “ -1 (1)
Ci Acpt Copt Hog" 7(¢) B

[&(¢) 12 [1+47]

2 _
0y =

+1
with g, = 1 | uf K(u)du and 8, = +1 [ K(u) ]2 du .
1 r! 2 -1
-1

Proof: Once again the proof is an application of the Fabian result. By definition
—-7,—1/2
(Can~") ™2 Vi = Dgn(4n) — De(én) — An.

For the algorithm (3.6), as in the proof of Theorem 2.2 with U, = ¢,—4,

- — —-1/2 2 —_
Un+1 = Up[1~ Apn 1 %Dg(t)ltznn] —Apn 1 Cn / n7/ Vn — Apn lAn

I-1

( ) —(1=~)/2
=Un[1-—n_1I‘n]+n2 <I>nVn+n_1n (1=7/ Th

-1/2

Op = —AnCp’'" = &= -Aomc_l/2

opt

and Tn= —Ap 07128

The indicated limits hold by Lemmas 3.5 and 3.8. Take a=1 and #=1—%. Then
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—(a+8)/2

- —a—(p/2
Un+1 =Up[1=n"%ph]—-n dnVp +n (/)Tn.
Let
. . - 1—v)/2 1
T= Jim Tn = - C; Jim An (2(¢n)]™ 0" 77/% [ €g ben(on) — HogVign) ]
- r+1
= = CyAope L&) 172, Hog" D4 5,
by Lemma 3.5 and the proof of Corollary 3.1.
By definition EgnVn = 0. Lemmas 3.1 and 3.2 hold with ¢ = Cnn—7 and
thus by slight modifications to the proof of Lemma 3.3,
Y =lim €5 V2 = G2 (&(¢) 172 Hog')(s) 8
Thn=oo Fp B T 118 g 2°
To see that Ean% is bounded, note that by Lemma 2.4 and Lemma 3.2 (a),
Eg Vi < cn{ K| + KoEg_|bgn(én)1? + K3l Eg [hgn(¢n))l? }
Fo'R = Cn 1 2%g, | "8nl{®n 3! Eq ,lN€n{%n )
< en { Ky + KoO(cn'!) + K30(1) ).
Thus there exists a constant K such that K > | Egnv?, - X|=0.
It remains to be shown that for each r = 1, 2, 3,... nl—lorgo E{V% x[ V%Zrn] }=0.

By Lemmas 2.4 and 3.2 (a), for t > 1

1/2
(39) Eg len/ Val' < b [K) + KyEq [hen(én)l + Kl Elhgn(dn)] I']

IA

ch [ Ky + K20(cn_(t—1)) +K30(1)]
= o(1l).

Take 1<q<3 and p >3 such that 2/p + 1/q = 1. Using (3.9), it can be shown (see the
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proof of Lemma 2.7, Frees(1983)) that

E{ VZ x( VEam)g —21) _
n n [nl/qcﬂ]p/2

< o(1)

=o(1)

since b+ v < 1/3. This completes the proof of the theorem. g

3.5 A Fixed-Width Confidence Interval For The Optimal BRP

This section concerns itself with opimal stopping for the stochastic approximation
algorithm of Section 3.2. The specific objective is a stopping time for fixed-width
confidence interval estimation of ¢. The principal results given here are an application
of the work of Frees (1985) on fixed-width confidence intervals for stochastic
approximation procedures. (See also Frees (1983).) As in Sections 3.3 and 3.4, it is
assumed throughout that the kernel estimator hgp defined by (3.1) with p=0 is used to

(1)

estimate Hog" ” in the procedure given by (2.2) and (2.3). The constants A and C will

once again be taken as fixed.

Frees (1985) studied the following general stochastic approximation procedure.
Let f: R+R be a measurable function such that § is the unique root of f(x)=0. Suppose

Bn and €y are random variables. Define successive estimates of § recursively by

—- -1/2
(3.10) Xpp1=Xn — 0 L 1Xn) + 0" 25, 407y )
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where the constant 7 is such that 0<r<1/2. As noted by Frees, the random variables
Bn and ep may be interpreted as the (standardized) bias and error that arise from

estimating f(Xp).

Using the sequence of estimates {Xp} derived from the algorithm (3.10),
Frees(1985) defines a stochastic process Wy on D[0, co), the space of all functions
defined on [0, co) having left-hand limits and continuous from the right. Weak
convergence properties of this stochastic process are explored to more fully characterize
weak convergence of the sequence { Xy }. For appropriate sequences of positive random
variables { N; } the same weak convergence is shown to hold for the randomized version
WNn. This in turn is used to show that for certain sequences of stopping times { N}
the randomly stopped estimator an is asymptotically normal. Frees then gives a

stopping time and confidence interval for 6.

Let 1 —a, a€(0, %), be the desired asymptotic coverage probability. We will

need to refer to Frees’ assumptions and some results, quoted here for convenience.

Fl: Let >0 and G>1/2— 7. Assume that f(x) = G(x—0) + O( |x—0|1+n).

F2: Let p>0 and B €R. Assume that 8y = 8 + o n_p).

F3: lim X, =60 a.s.
n—0o

F4: There exists a standard Brownian motion B on [0, c0) and constants o, ¢ > 0 such
that

1/2—¢

S e =¢B(t) + O(t ).

k<t

F5: Let Ny/mp = N + op(l), where N is a positive random variable, {mp} are

integers going to infinity, and { Ny } is a sequence of random variables.
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F6: Let {BL}, {on}, and { Gy} be sequences of random variables such that 8}, = g +

o(1), oy = ¢ + o(1), and G = G + o(1).

Theorem(Frees):
Consider the algorithm defined by (3.10) and assume F1-F4. Let

1/2—1

(3.11)  Wp(t) = [nt] (X -0) + 1,2,...

8 -
[nt)+1 G=124n) "~

where in this expression [:] denotes the greatest integer function. Then there exists a

standard Brownian motion B on [0, o) such that

Wa(t) = 2(t)

where

/2 ,—(G=1/2+7) . 2AG—1/2+7)

Z(t) = { 2(G-1/2+7) } B(t ).

Further assume that F5 holds. Then
Wy (t) = Z(t) O
Nn .

Denote the (1—a)-th quantile of the standard normal distribution by z,. Define

the stopping time N4 for each d >0 by

inf{ n21: d 2 24,00 a2 g 1jagey "2 )
(3.12) Nd= {

oo if no such n exists,
where the random variables o, and Gy, are described in F6. Let

—(1/2—1')( Bn

Ly 1=1/2
Gn=1/247) 2q290[ 2(Gn—1/2+7) ] ) ,

(3.13) In=[ Xp+n
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Xp + " (/277 (G

-1/2
(Gn—1/247) ) )

+ za/zdn[ 2(Gp-1/2+1) ]

be a confidence interval for 4.

Corollary (Frees): For the algorithm defined by (3.10) assume F1-F4 and F6. Then
él_r.no P(0 € INd) =1l-—a. 0

Define the following quantities:

(3.14) f(x) = A Dg(x),

G = AZDe(x)l g

(

Bn = CrACI[ g(én) ]—lc;r Eg:n[ hgn(én) — Hog 1)(¢n) 1,

+1
(r+1)(¢) ;1_! I ur K(u) du,
-1

en = n~ "A[ Dgp(¢n) — Eg Dgn(¢n)] = A c
n

B =CFAC,[g(¢) ] Hog

1/2Vn,

r=v/2,and xk =1/2—7.

Lemma 3.9 gives sufficient conditions for F4 to hold. The proof relies on the

following theorem due to Strassen(1967), given here as it appears in Sen(1981).

Theorem(Strassen); Let {Xp,%y }g°=1 be a martingale and X; = EX;. Define Xh =

Xn—X, 1 for n > 1 so that {X;,,‘.fn }:°=1 is a martingale difference sequence. Let

n
= 1,2
Yn—ZEgk_l(xk) y n2>1,

where it is assumed that Eg"( X4 )2 exists a.s. for every n> 1. Define the stochastic

process S = { S(t); t >0 } by S(0) = X3 =0, S(Yn) = X forn 2 1, and
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t — Yp

S(t)=S(Yn)+[m]X:‘+l fOtYnStSYn_'_l,nZl.

Let f = {f(t); t>0} be a nonnegative, nondecreasing function such that f(t) is

increasing and t—lf(t) is decreasing in t >0. Assume Y, — 0o a.s. as n—oo and

£ 1 2 2
(3.15) E;[fm)]‘ Eg [(XR)? Xl (Xh)? > f(Va) ]] < o0 as.
n= =

Then there exists a Brownian motion process W = { W(t); t >0 } such that

S(t) = W(t) + o( (log t) [tf(t)]1/4) a.s. as t-»c0. 0

Lemma 3.9: Assume Al-A3, A6 and A9 hold with 7=2rh_1 in A6 (for the r of A9).

Then F4 holds with

o= {o2[2r - (1-7)]}%,

2

where o1 appears in Corollary 3.1.

Proof; By definition, {cn,‘Jn+1}:i1 is a martingale difference sequence. Under the

conditions of Corollary 3.1, by the limit indicated there for Eg V,2,,
n

. - - 1) +1
dimy, €5 % = a2071c2 [g(¢) )72 Hog! (o) [ (k) 12 du = oF for - (1)

Thus, as required by the Strassen result,

. o 2 _
nl_l_.ngan = nl-lorgo Eﬁkck = oo.
k<n

Let f be a nonnegative, nondecreasing function. To show that condition (3.15)

holds, we first note that for p> 2,
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(1(Yn)] g (A1 > 1Ym)]} = [1va)) ™ P Veg { B 1) PR > 1vm)]}
<ty PV eg |l

From the proof of Theorem 3.1 (b), also using Lemma 3.2 (a),

(p-1)

2 Y
B/ Eq,| VnlP< R { K; + Kqn +Kq }.

It follows that

p/2—1)7
Effn' en]ps K4n( / ) .

Thus, taking ¢ > 0 and (t) = t1 ¢,

z—:l [f(Yn)]—IEgn{ 6121 X[€%>f(Yn)] } < 2_:1 K4[f(Yn)]—(p_1)n(p/2—1)7

= f: Kyl (Yn/n)l"‘nl—f]'(l’-l)n(p/2-—1)y

n=1

< f: K5n—(1—<)(p—1)n(p/2—1)7'

n=1

This last summation is convergent for sufficiently small ¢ and large p. The remainder of
the proof is identical to the latter portion of the proof of Lemma 5.4 of Frees(1983),
applying the Strassen result to show that there exists a Brownian motion such that F4

holds. 8]

In Lemma 3.10 the assumptions F1 and F3 are shown to hold under conditions

similar to those of Corollary 3.1. Assumption A9’ is first strengthened:

D Hoe® Hoe®. and Hog"™V

(1) (2)

exist and are

(r+1)are

A9'". For some integer r>2, Hog ' ’, Hog °, Hog

bounded on the entire real line. Furthermore, Hog ’, Hog °, and Hog

continuous in a neighborhood of ¢. Also assume that for some d>0 and all real x,
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Hog " (x) = Hog" 1 (g) + O([x—419).

Lemma 3.10: Assume A1-A3, A6, and A9’/ hold. Then F1 and F3 also hold with G =

d =

Proof; B3 holds by Corollary 3.1 (a).

Expanding the function f(x) = A Dg(x) about ¢ yields
2
) = G(x — ¢) + 4 Dg®(") (x - 4)2

for some ¢, [¢' — 6| < |x — 4. 8]

Lemma 3.11 verifies condition F2.
Lemma 3.11: If A1-A3, A6, and A9’/ hold, then F2 holds.

Proof: By definition and the proof of Lemma 3.1 (b),

ﬂn_ﬂ—_-

(

Acrcl{[8(¢n)]—lcll_r Egn{ hgn(én) — Hog 1)(¢n)]

- [g(cb)]’lHog(rH)

+1
OFIES0 du}
-1
+1
= K; [g6n)] ™1 § [ 07 K(w) [ Hog
-1

(r+1) g(r--l-l)

(n(u)) — Ho (6)]du

where | n(u) — ép | < cpu. Thus by A3, A9"/, and the asymptotic normality of ¢y,
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+1
fu= 8 =K [g@n)] ™! 4 [ K [ Hog
-1

(r+1) (r+1)

(n(u)) — Hog (¢)]du

+1
+ Ko{ leon)1 ™1 (8(8)] 1} Hog " Vi9) 4 [ wF (w)
=1
=0(|nw)—¢19)+0(|¢n-41)
=0([0(n T+ en) 1)+ 0(I¢n—41)

=o(n Y y+0(a)

which establishes the lemma. 0

Theorem 3.4: Assume Al-A3, A6, and A9" hold. For t >0 let the stochastic process
W, be defined by (3.11), with 3, G, and « defined by (3.12). Then there exists a

standard Brownian motion B such that

1/2—-71 D
Wi(t) = [nt] / (x[nt]+l —0)—py = Z(t) asn-oo
where
2(t) = { 2G—=r) } " 264G R g 2C )y
The constant o has been defined in Lemma 3.9.
Proof: By (3.14), G—_@—E— = py- The theorem follows immmediately from the theorem

due to Frees(1985) since the assumptions have been shown to hold in Lemmas 3.9, 3.10,

and 3.11. 0

Define T, = n—l_)%l [g(d’>n)]—1. Let ap, Ap, and ¥, be as defined in Section
J.-_'

3.4. Also, define as estimates of G, §, and o the random quantities
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-1 1
Gn:An j;aj,

ﬂﬁ = CrACIﬂITn An,

and

on = C;AT, [CT14, w,,]l/2,

respectively.
Corollary 3.2: Assume Al-A3, A6, and A9 hold. For d >0, define Nd by (3.12) and I,

by (3.13). Then él_x.no P(o € INd) =1l—-a.

Proof: By small changes to the proof of Lemma 3.5 it can be seen that G, -G a.s.
Since Corollary 3.1 holds, Tn-O[g(d))]—l a.s. Thus fh—g a.s. by Lemma 3.7. Simi-
larly, by Lemma 3.6, o =0 a.s. Thus assumption F6 of Frees is satisfied. Since F1-F4

hold by Lemmas 3.9, 3.10, and 3.11, the result holds by the Frees corollary. 0
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CHAPTER 4

RENEWAL FUNCTION ESTIMATION AT A POINT

4.1 Introduction

Let X, Xl’ X2,... be independent and identically distributed random variables
having distribution function F. Put Sk = X1+...+Xk and denote by F(k)(t) =

P(5, < t) the k-fold convolution of F. The renewal function H can then be defined by

(4.1) Ht) = Y F), Lo <t < o
k>1

In Section 2 we discuss moment conditions on F sufficient for the finiteness of H(t),
—co<t<oo. If Fis a lifetime distribution (i.e., F(0—) =0), then H(t) is the expectation
of the renewal random variable N(t) = max{k: Sy <t}. In general, H(t) is the

expected number of partial sums Sk such that Sk <t.

Motivated by (4.1), Frees (1986ii) considered estimating H(t) for t >0 by first esti-
mating a finite number of convolutions of F. For 1< k<n, let Xcl’“”xck be a subset
of k observations from the random sample Xl,...,Xn. Denote by )(::3 the summation over
all (E) such distinct subsets of k observations. A natural estimate of F(k)(t) is the U-

statistic:

k
Ffl )(t) = (ﬁ)"lg X(Xoq+-t Xy < b)

Let m =m(n) be a monotone increasing sequence of positive integers such that m<n

and m(n) — oo as n — 0o. Define the renewal function estimator Hy(t) by



m  (k
(4.2) Hp(t) = kZ1F$‘ )(t).

Let X— = min(0, X). Assuming F has positive mean u and finite variance o2,

Frees showed that Hy(t) — H(t) a.s. if either

(4.3) for some r>3, E|X-|' < co and n=O(mr_2),
or

4.4 for some 8, >0 and all |§] <8,, Eexp(-6X~-) < oo and log n = o(m).
1 1

The assumptions about the growth of the parameter m are such that the bias goes to
zero at a fast enough rate for a.s. convergence. Frees also establishes that when
m(n) =n, this convergence is uniform over bounded subsets of nonnegative real
numbers: for fixed T >0
sup |Hp(t) - Ht)] — 0 a.s.
t€[0,T)

Under conditions similar to (4.3) and (4.4), it is proven that nl/z[Hn(t)— H(t)] is asymp-
totically normal with the limiting variance af dependent on t and F. Frees provides a
weakly consistent estimator of 03, allowing the formulation of large sample confidence
intervals for H(t). In Section 2 of this chapter weaker sufficient conditions for the consis-

tency and asymptotic normality of Hy(t) are given.

Large sample behavior of Hp(t) for a single value of t is further characterized in

Section 3 by an invariance principle useful for studying sequential versions of Hy(t). In

2

Section 4 two consistent estimators of the asymptotic variance o, are given. One of

2

these, considered by Frees, relies on an explicit expression for oy the other is a

jackknife estimator. A stopping time for a fixed-width confidence interval for H(t) is
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defined in Section 5. Asymptotic properties of the stopping time (as the desired interval
width goes to zero) are then explored.
4.2 A Correction And Some Generalizations

A small error occurring in Frees (1986ii) is corrected before proceeding to note

how some of Frees’ results hold under more general conditions than given in that paper.
Theorem 2.1 of Frees (1986ii) gives sufficient conditions for

o0 m k o0
(4.5) Jim J ga(u)d(kz k® Ffl )(u)) = J.ga(u)d<z k* F(k)(u)) a.s.,
0 =1 0

k>1

where a €R and ga: R+ — R is such that

T k
J|Sa(“)|d(zkaF( )(u)) < oo.

0 kzl

Setting a =10 and gz (u) = x(u <t)for some t € R+, if (4.5) holds, then Hy(t)-Hp(0-) —
H(t)-H(0-) as. This does not imply the consistency of Hp(t) when H(0-)>0.

Instead, let g5:R — R be a function such that

| |ga(u>|d(zkaF(k)(u)) < o
—o0 k>1

The trivial remedy is then to replace integration over the half-line [0,00) by integration

over the whole real line in Frees’ Theorems 2.1 and 2.2.

The two results quoted here due to Heyde (1964) bear directly on the question of
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when H(t) is finite. They will be used to indicate how Frees’ estimator is more generally .

applicable.

Lemma (Hevde): Let E|X|<oo and EX >0, or else E|X| =00 and, in either case,

E|X-|' < oo for some integer r > 1. Then

Ekr°2P(Sk5x) < 00, -0 < X < 00.
k>1
Theorem (Heyde): Suppose E|X| < oo, EX>0, and let r be a nonnegative integer. A

necessary and sufficient condition for the convergence of the series

ZkrP(Sk <x), -0 < x < 00,
k>1

is that EIX"|r+2 < 0.

Thus if E|X-| < E|X+| < oo, then by the lemma a sufficient condition for H(t) to
be finite is that EIX‘|2<oo. By the theorem we see that when 0 < EX < oo, the

condition that EIX‘I2 < oo is also necessary.

The remainder of this section describes how the sufficient conditions for
consistency and asymptotic normality of Hy(t) given by Frees can be weakened. Frees
assumed throughout his paper that F has positive mean yu and finite variance o2. Note
that (4.3) and (4.4) both imply that E]X‘l2 < oo and thus that H(t) <oo for all t e R. If
(4.3) holds, then Frees’ proof of the consistency of Hp(t) requires only that
0 <EX-| < E|X+| < oo, the proof not relying on a finite mean p or finite variance o2,

Assuming (4.4), Frees uses the condition 0 < p < oo to show that

(k)

(4.6) there exists a 02>0 and 0 < p < 1 such that F' '(t) < exp(0;,t)pk for all k>1,
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for all t €R.

The remainder of the consistency proof assuming (4.4) relies solely on the inequality

(4.6). Thus, in this case, the assumption of a finite variance can be dropped.

If F(0-) = 0 and F(0) < 1, then it is easily shown that (4.6) holds with 6, = 1,
even when EX =oo. Taking log n =o(m), the consistency of Hy(t) follows by the same

arguments used by Frees when (4.4) holds and u < 0.

Theorem 2.2 of Frees is now restated with the weaker conditions suggested by the
preceding arguments. With the previously mentioned corrections to Section 2 of Frees’

paper, it is not necessary that t > 0.

Theorem A (Frees): Assume

(4.7) 0 < EX-| < E)XT| < 0o and (4.3) holds,
or

(4.8) F has finite mean u >0 and (4.4) holds,
or

(4.9) F(0-)=0, F(0)<1, and log n =o(m).

Then for each t €R, Hp(t) — H(t) a.s. as n = oo.

If F is continuous, it is not essential that m(n)=n for there to be uniform

convergence on finite intervals.

Theorem: Assume F is continuous. Further suppose that (4.7) or (4.8) or (4.9) holds.

Then for fixed T >0
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sup |Hp(t) - H(t)] — 0 a.s.
t€[0,T]

Proof: If F is continuous, then H is also continuous. Thus {Hp} is a sequence of
monotone increasing functions converging pointwise to a continuous monotone increasing
function on the interval [0, T] by Theorem A. It follows that the convergence is

uniform on the interval. 0

Frees’ result on the asymptotic normality of nl/z[Hn(t) - H(t)] also holds under
somewhat weaker conditions. These less stringent assumptions are identified separately

here, since they will be used throughout Chapter 5 and 6.
Bl: 0<E|X-| < E|X+| < co. Forsomer>5, E|X-|"<ocoand n = O(m2r—4).

B2: F has finite mean g4 >0. For some 6, >0 and all 6] <6, E exp(-6X~) < oo and
log n =o(m).

B3: F(0-)=0, F(0) <1, and log n =o(m).
Assumptions B2 and B3 are identical to (4.8) and (4.9).

A modified version of Theorem 3.1 of Frees is now given. Again, the result can be

extended to include the case when t is negative.

Let X have distribution function F and
r-c s—c
€pst(c) = Cov{F( )(t—X), F( )(t—X)}

T
for integer r,s > 1 and 1<c<rAs. Define 2= 3 rsé . (1).
t o rs=1 TSt

- 84-




Theorem B (Frees): Assume Bl or B2 or B3 holds. Then for each t €R,
172 D 2
n ‘“[Hp(t)-H(t)] = N(O, oy ).

A careful reading of the proof of Frees’ Theorem 3.1 shows that the weaker
moment conditions of B1 and B2 still allow the indicated result. That B3 is a sufficient
condition follows from Frees’ proof by using the fact that B3 implies (4.6). (See also
Section 5.3, Theorem 5.3 for a proof of this result.)

4.3 An Invariance Principle
For a fixed value of t, define the stochastic process Y, = {Yp(s), s€[0,1]} by
Yp(s) =0, 0<s < m(n)/n,

Yn(s) = Yp(k/n), k/n <s < (k+1)/n, k = m(n),...,n-1,

k[Hk(lt/)z—H(t)], and Yo(l) = nl/z[Hn‘(ft)—H(t)].
n dt t

where Yn(k/n) =

Let D[0,1] be the space of all functions on [0, 1] that are right continuous and have left-
hand limits. Then Y, € D[0,1] for all n. It will be shown that Y, converges weakly to a

standard Brownian motion in the J;-topology on D{0,1].

For the results of this section we will need a slightly stronger condition than B1.

Thus let B1/ be as follows.

B1’: F is such that 0 < E|X-| < E|X+| < 0. For some r>7, E[X-|' <oco and

n = O(m2r"%).
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We first consider a process closely related to Y. Let Y;l = {Y;l(s), s€e(0,1]}

be defined by
Y;](s) =90, 0<s < m(n)/n,

Y!(s) = Y/ (k/n), k/n <s < (k+1)/n, k = m(n),...,n-1,

m(k) (;
k[Hk(t)—2j=(1)F(‘])(t)]

where Y;l(k/n) = 73 , k =m(n),...,n-1,
n 0’t
2 ()5 FO (o)
and Y1) = i .

t

Lemma 4.1 states the asymptotic equivalence of Y and Y;l.

Lemma 4.1: Assume Bl or B2 or B3 holds. Then

sup |Y;l(s)—-Yn(s)| -0 as n — oo.
s€[0,1]
Proof: Note that
()
sup [YL(s)-Yn(s)] = max —k— 3 FV)
s€[0,1] m(n)<k<n n o, j>m(k)

L max k'/? Z F(J)(t)

at m(n)gkgn j>m(k)

IA

— 0 asn — o

by Lemma 3.1 of Frees (1986ii). o
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In defining several other stochastic processes, use is made of a standard

decomposition for U-statistics due to Hoeffding. For integer £>1 let
ge(xl,.u,xZ) = X(x1+..-+xE S t)
a.nd ge’d(xl,...,xd) = Ege(xl,...,xd, Xd+1,...,Xe)
e-d
Also, define the kernel

d
g2 (xprenxg) = 3 (-DPS, 40,
z,d h=0 ”h

where Se,d,h = §5e,(d-h)("j1’"""j(d—h))’ the summation being over all (d‘jh) subsets

of d -h elements drawn from {xl,...,xd}. Then Ff(e)(t) may be written as

[/
Fm = F O+ 3 Gr
=1 ’

(&) _ (ky-15~,0
where Fk,d = (d) Xc:gl,d (le,...,de),
%J in this instance denoting summation over all subsets of d observations from X,,..., X, .

Let Ce,d =Var{ge’d(X1,...,Xd)}. A standard property of the CZ,d is that

0< Cl,d < Ce’e for 0 < d < . Another fact is that

o o =
E[ged (xil""’xid)ge’d (les---vxjd)] =0

*

unless {iy,...,ig} = {igssdgq}- Thus
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IA

(5)—1 (2d)20'2€;‘d E[Se,(d_h)(xp “eey Xd—h)]2

& 1adp Oy,

IA

Another property of the decomposition given for Ff(e)(t) is that for 1 < d < d' < ¢,

E[Ff(e()i f(e()i'] = 0. Hence, for future reference

IN

¢
(4.10) E[Z ) F(e) dzz (H2(5 1l 1)

(212 (k-d)! L(0)
2 b (- 2k ®

IA

where the constant Kl is independent of k, ¢, and d.

We now define a projection of Y; in terms of i.i.d. random variables. Let Ygl) =

{Yfll)(s), s€[0, 1]} with

Ygl)(s) =0, 0<s<1/n,

YD) = Y(Dk/m),  k/m <'s < (kt1)/n, 1<k < n-1,

k) G i- '

(1) k zi(l)ng,)l T, m(l) 0 D-x,) - D)

where Y, (k/n) = J_x/z = = /3 )
n’’o, "%

=
Il
—

N
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@ . @ b
Next,let Y =~ = { Y (s),s€[0, 1}} be defined by
(2)(gy =
Y, (s)=0, 0<s<1/n,

YD) = YB(k/n), k/n <5 < (kt1)/n, 1<k < n-1,

( (n) j- j
o sUrey sk me sr9 Deexy - r O
where Y, (k/n) = J-l-/2 = — I 172 ’
n dt n O't
k=1,..,n.

We first show that under appropriate conditions Yg2) w B, where B is a standard
Brownian motion in D[0,1]. Usin Y(l) it is th h h (2)(5)-y! P
,1]. g Y, ’, it is then shown that sup ]|Yn (s)-Y,(s)| —

s€[0,1

0, implying by Lemma 3.1 that Yy W B.

Lemma 4.2: Assume Bl or B2 or B3 holds. Then Ygz) w B as n — oo in the J;-

topology on D[0,1], where B is a standard Brownian motion.

Proof: Define the random variables Zni by

m(n)  (j-1 j
£ iF Dexp - P
Zy = 77 , 1 =1,...,n,
t

and

ZnO =0

k

Let S nk = El =0 nl a.nd GJ k— gk - O'(Xl, ceny Xk) N k = 0,1,...,". We note that

E Z .
Fagi-1) M
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and
m(n)

72 = 12 Z rsé (1), i=1,..,n.

E
G‘Fn(l 1) ni no’ rs=1

Thus, for any fixed s€[0, 1] and associated sequence of integers {kp } ) such that
n=
kn/n € s < (kp+1)/n for all n, we have that
kn ) m(n)
E = rsé (1) — s asn—oco.
2 T ni T p o2 2,

Also, by Lemma 3.2 of Frees (1986ii) or Lemma 5.3 of this work, the Lindeberg

condition

Z:l G'Fn( 1) m x(1Z;1 > €)] L) as n — 0o
=
(2)

is satisfied. By a theorem of McLeish (1974) (see Sen(1981), Theorem 2.4.2), Y

converges weakly (in the J;-topology on D[0,1]) to a standard Brownian motion in
1 gy

clo,1]. 0

Lemma 4.3: Assume B1’ or B2 or B3 holds. Then for every e>0

max ]Y(Q)(k/n) Y(l)(k/n)| > c} - 0 as n — oo.

P
m(n)<k<n
Proof: Let
m(n) . e(-1) @)
L& Emgrd X)) - FU)
nk ]=1 n1/20t

and ¥} = o(Xy,...,X} ). Define m_l(é) = inf{k: m(k)>¢€}. Then for ¢ = 1,...,m(n),

1 —
(e+1)-1 is a zero mean martingale. Thus

{nnk’ k} —l(e)
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p{ max YO/m)-YDk/n) > ¢}

m(n)<k<n

P ax
{m(n)sksnrln'l(m(n))—lln"kl >}

m(n)-1

)

P{ -1 max |
¢=m(m(n)) M (&)gkem™(E+1)

IA

"nkl > f}

m(n)-1
= P

ma nil? > €
¢=m(m(n)) m()ckem (e+1) "¢ °}

m(n)-1 m(n)

-1
= z m——(:i}) E rs|£rst(1)l'
t=m(m(n)) "% ¢ rs=l+1

by the Kolmogorov inequality for submartingales.

Note that

(rvs)

(4.11) |€pst(DI < F (t),

where rVs is the maximum of r and s. Also,

(4.12) B2 and B3 both imply by (4.6) that for any fixed a€R

i raF(r)(t) < 0o
r=1

for each t €R.

Thus, since m_l(m(n)) < n,
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m(n)

w E rs|€ g (1)]

2 .2
t=m(m(n)) "% ¢ rs=0+1

[0, @] o0
L, > o sFV()
¢ ¢=m(m(n)) rs=0+

IA

< K, f: AF0 = o
r=m(m(n))

as n — oo by (4.12) if B2 or B3 holds and by the Heyde lemma if B1’ holds. This

completes the proof. o
Lemma 4.4: Assume B1l’ or B2 or B3 holds. If [m(n)]2 log n=o0(n), then for every
e>0

P m(gl)?l((gnlygl)(k/n)—Y;l(k/n)l > e} - 0 as n — oo.

Proof: Using the previously defined decomposition of Ff{e)(t), we have that

P{ max |Y( )(k/n) Y'(k/n)l > c}

m(n)< <n

m(k) ¢ e
= P{ max k|z E(g F dI>n co’t}
=2 d=2

m(n)<k<n

m(n) Y2 g

¢
¢ ()
s P{ lTea;);kSn k|dz=:2 (@) d|> m(n)

Let xk:l’xk:2""’xk:k be the order statistics of the random sample of Xl""’Xk'

Define Ck = a{xk:l’xk:Q’""Xk:k; Xk+1,...), k=1,2,..., the usual symmetric o-fields
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associated with X4,X,,.... Since the Fgf;()i are U-statistics for k > d, {Fﬁ()i, Cy }kgd is

a reverse martingale. Letting

SSPA() -1
N = dgz (3) Fk,d’ m(8) sk <oco, E=2.3,.,

it follows that {N ., ck}io is a reverse martingale for each ¢ = 2,3,... .

m~*(¢)

An upper bound for E.N'%k is now derived. By (4.10)

¢ 2
2 3 [et]5(k-d)! ()
ENu s K1 o [(e-d)PK! Fm

£ [(e-2)!P(k-d)!
5 (a1 Pk-2)t

< K ﬁ—; &)

Because [m(n)]2 log n = o(n), ultimately [m(n)]2 < n. Thus for large enough ¢,

2 < mm L) < m o <k

and

2 ¢ (0, & [(-2)13(2-d)!
gt Koz B0 & (@anmay

(0, & [(E-2)4(e-3)!... (-d+ 1))
S Koo F “)d; (02-2)(€2-3)...(€2-d+1)

Hence there exists a constant K3 such that
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and k > m~1(o).

2 5 (e) _
ENy < K3k (t) for € =2,3,..

Using the Kolmogorov inequality for reverse submartingales,

n'/?

(&) €0y
P )F _—
{ 1(¢)<k<n d=2 (d dl m(n)
m(n) 9 0 2 2
= P ax k| N --——i
ezz:g {m Tl)gksn | Ckl g [m(n)]

n
Yo (2k-1) E|Nek|2}

(n)
< Z [m(n)]2 {[ —l(e)]z EIN _1 p '2 +
® k=m~1(8)+1
(n) n
< K, Z [m(n)] ¢ ()(t){1+2 > k1)
k=m~1(¢)+1

< {Ks ei (5 F(l")(t)} [m(n)]? log n

— 0 asn—-o0
. X ,5.(8) . ! .
since ¥ ¢°F ’(t) < oo by either Bl' and the Heyde lemma or (4.12). This
establishes the lemma. a

Lemma 4.5: Assume B1' or B2 or B3 holds. If m(n)=o(n), then for every ¢ >0

(2)
P{ ngng:::(n)lyn (k/n)| > ¢ } —- 0 as n — oo.

Proof: By definition, for fixed n, {YSIQ)(k/n); ¥\ }:l(n) is a martingale. Thus, using
=1

the Kolmogorov inequality for submartingales,
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P{ max |Yg2)(k/n)| > ¢ } < P{ max IY(2)(k/n)|2 > 62}

O<k<m(n) - O<k<m(n)
m(n)
< o) rs€ (1) — 0
ne af r,g__—:l . st
asn — oo. a

Theorem 4.1. Assume B1/ or B2 or B3 holds. If [m(n)]2 log n=o0(n), then Yy WBi

the J;-topology on D{[0,1], where B is a standard Brownian motion.

Proof: For any ¢>0

P{ sup |Yn(s) Y(2)(s)| >c}
s€(0,1

< P{O max [Y( Ye/m)l > ¢} + P{ e alk/n)- Y&/ > o

<<l’l

< P{o max IY( Yk/n)l > ¢} + P{ B Yal/m)- Y/ (k/n)l > ¢/3}
' (1)
+P m(g\)aé)lc( Y, (k/n)-Y (k/n)| > 6/3}

+p{ mex YD e/n) - YP(xe/m)) > ¢/3}

m(n)<

— 0 asn—o0

by Lemma 4.1, 4.3, 4.4, and 4.5. Thus Y, and YEIQ) have the same limiting distribu-

tion, which is the distribution of a standard Brownian motion by Lemma 4.2. O
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4.4 Estimating The Variance

By Theorem B of Section 4.2, for a large class of distribution functions F,

1/2
n/ t

[Hp(t)-H(t)] has asymptotic variance o2 = r:Eilrs §pgt(1), where £ (1) =
S=

Cov{ F(r_l)(t—X), F(S—l)(t—X)}. Frees (1986ii) defined an estimate of Ut2 motivated

explicitly by this definition; this estimator was shown to be weakly consistent with the

goal of constructing a large sample confidence interval for H(t). In Section 4.4.1

sufficient conditions are given for Frees’ estimator to be strongly consistent. A jackknife

estimator considered in Section 4.4.2 also converges with probability one. Strong

consistency is of importance here because subsequently these estimators will be used in

defining stopping times for estimation of H(t).

Chapter 5 is concerned with estimating H(t) by Hp(t) simultaneously for all
t€[0,T], where 0 < T < co. With this problem in mind, let W be a monotone
increasing function of bounded variation on' the interval [0,T] and define I, =
Igag dW(u). I, is then a (weighted) measue of expected error in estimating H on the
interval [0, T]). For an application in Chapter 5 an estimate of I, will be necessary.

Thus this section treats the slightly more general problem of estimating I,.

4.4.1 Frees’ variance estimator

For r,s>1 let £,y = E{FC (t-x),FC )

o0
(X)), a(t) = T rséry. and

$S=

o0 (r)
b(t)= X 1rF (t), so that
r,s=

o2 = a(t) — [b(t)]%.

Define the kernel
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grs(t; xl,...,xr+s_1) = x(x;+..+xr< t) x(x1+xl,_*_1+...+xl__'_s_1 <t)

and let X ey 1) represent any permutation of r+s— 1 observations drawn

1(r+s

from the random sample Xl,...,Xn. Let % denote the summation over all

such permutations. Then

n!
[n—(r+s—1)]!

[n— (r+s—1)]
barst = ——ar 2 8rs(t X Xir o)
is an unbiased estimate of { ;.. Let m, =m,(n) be a monotone increasing sequence of
m
positive integers such that m,(n) — oo as n — oo. Define ap(t) = L lrsfm‘st and
r,s=

m, (r) )
bn(t) = r-_):::lr F, (t). Frees considered

(4.13) o2 = an(t) — [ba(t)]%.

2

as an estimator of oy and gave sufficient conditions for agt to be weakly consistent.

Now let
T o
0
be an estimator of I,. In Theorem 4.2 sufficient conditions are given for J, to converge
to I, with probability one.
The following assumptions will be used.
-5
(p- ))

B4: For some p> 6, E|X- |p< oo and n =O(m_

B5: F has finite positive mean p. For some 6; >0 and all 16| <6, E exp(-6X~) < o0,

and log n = o(m,).

B6: F(0-) = 0, F(0) < 1, and log n = o(m,).
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Theorem 4.2: Suppose B4 or B5 or B6 holds. Then J, — I, a.s.

Proof: Again let C = a(xml,...,xmn; Xn+1,Xn+2,...), where X ., ..., Xp:n are the

order statistics. It is first shown that ay(t) = a(t) a.s. for fixed t €[0, T]. Define

00
an(t) = Z rs Ec“{ grs(t; xl,...,xr+s_1) }
r,s=1
My
= Z rs{nrst + rs Ecn{ grs(t; Xl,...,xr+s_1) }.
r,s=1 IvS>Iny
For all n>1, ap(t) is €, measurable. f r+s—1<n, then

Ecn{grs(t; xl""’xr+s—1)}=fnrst' Since {Cp} is a decreasing sequence of sigma-
fields, Ec“an_l =ap. Hence {ap, Cq }:o__l is a reverse martingale and converges to its

expectation a(t) a.s.

Let

an1 = Z l'SECn{ grs(t; Xl""’xr-i-s-—l) }
rvs>m,

It remains to be shown that a ; = 0 a.s. Let m;l(k) = inf{n: m,(n)>k}. Using the

fact that for any t € [0, T],

IA

E'Enrstl E|8rs(t3 Xl’""xl‘-‘}-s—l)l

FV)),

IA

it follows by the Markov inequality that for any ¢ > 0,

S P{la, (>} < 1Y Y sl

n>1 n>1 TIvs>Smn,
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-1 Z s F(er)(t)

IA

€
n>1 TvéSm,

SFFVe) g

IA

Ky D,
n>1 s=m,(n)+1

K, f: m (k)3 ).

IA

If B4 holds, then

< K,[my(n)]P°.

m,(my(n)) < n
In this case

E P{Ianl(t)l >e} < K3 ki% kp—5k3 F(k)(t) < oo
=1

n>1

by the Heyde lemma.

With m~1(k) = inf{n: m(n)=k}, Frees (1986ii) noted that if B2 or B3 holds,

then m—l(n) < exp(é ), where é; — 0 as n — oo. Similarly, B5 and B6 imply

m~ )"
the existence of a sequence §p; — 0 such that m;l(n) < exp(é -1 )ﬂ)- Since both B5
n

m
: k
and B6 ensure there exists K>0 and p, 0 <p <1, such that F( Y(t) < ka for all k>1,

we have that

[o.9]

S Pllag (W1 >e} < Kg Y exp(s ) k) koK
as1 k=1 m_ "~ (k)
X .3
= K, kz; k exp(k[ém;_l(k)+log p])
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Thus by the Borel-Cantelli lemma a_;(t) —0 a.s. and ap(t) -+ a(t) a.s. when B4 or B5

or B6 holds.

- k
By Theorem 2.1 of Frees(1986ii), by(t) = b(t) a.s. if £, ; [my 1(k) — kPt
< oo. This follows from the first part of the proof. Hence, ”%t - a? a.s. for each

te0, T].

Next, since ap(t) is positive and monotone increasing,

T T
j an(t) dW(t) Sanmj AW (t)
0 0

T
- a(T) Io dW(t) a.s.

Thus _
T T
J an(t)dW(t) - J a(t)dW(t) a.s.
0 0
Similarly, since by (t) is also positive and monotone increasing,
T 2 T 2
J [bn(t)]2dW(t) - J [b(t)]2dW(t) as.
0 0
Hence,
T 2
In = | {an(®) = baaweo

T 2
- J oy dW(t) a.s.,
0

completing the proof. a

For future reference, note that if F is continuous, then the functions a and b are
both continuous on the interval [0, T]. Since both ap and b, are monotone increasing

on [0, T] for all n > 1, it follows that
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sup |ap(t) — a(t)| -0 a.s.

t€[0, T]
and
sup |bp(t) — b(t)| =0 a.s.
telo, T)
Thus

sup I"%t - a't2| -0 a.s.
tef0, T]

4.4.2 A jackknife estimator of variance

A jackknife estimator of ”t2 is now defined. For i=1,...,n, k = 1,...,m(n),

compute the statistics

(k) _ (n-1\"1
Fn(i)(t) = (nk ) %1: xX(Xjpseenr Xpy S 1),

where ECi denotes summation over all (“l"l) distinct subsets of k observations which

do not include X,. (We will assume throughout that m(n)<n-1 for all n.) Let

Hn(i)(t)=2km_____1Fglzi))(t). Take

* n
(4.14) Va®) = (-1 {H, (1) = Ha(®)}?
i=1

to be a jackknife estimator of 6?. As an estimate of I, define

T *
In* = I Vn(u)dW(u).
0

In Theorem 4.3 sufficient conditions are given for I, to converge to I, with probability

one.
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Theorem 4.3: Assume B2 or B3 holds. Further suppose that m(n)<n-1 for all n and

there exists a positive integer ng such that [m(n)]2 <n-m(n) for all n>ng. Then [y,

— 1, a.s.
Some preliminary definitions and lemmas precede the proof of Theorem 4.3.

Define H:_l(u) = E{(n lF( )(u) Then

Vi) = n(n-1)E¢_ [Hy_y(u) - Hn(w)}?

= n(n-1) Varcn{ H:_l(u) - Hp(u)}

since EC,.{ H:_l(u) - Hp(u)} =0. Using the decomposition of Hp(u) considered in

Section 4.3, define

7n1(“) = g ( n- 11(“) ()1(11))

and ) .
r ( ) »
H )( ne 1d<u> N0

d=2

‘7n2(“) =

i

Taking T 9
1. = JO n(n-1) Ec"'ynl(u) dW(u)

and

T 2
02 = Jon(n—l)Ecn'ynz(u)dW(u)

we have that
T
(4.15) Ine = Inl* + In2* + 2n(n—1)J0 Ecn{'ynl(u)7n2(u)}dW(u).

In Lemmas 4.6 and 4.7 it is shown that Inl*_’ Iy as. while [ 5, — 0 a.s. The

-



proof of Theorem 4.3 follows.

Lemma 4.6: Assume m(n)<n-1 for all n. Suppose B2 or B3 holds. ThenI ; — L
a.s.
Proof:  Define ¥; (w) = [F" Du-x,) - FOw1(r® Viu-xp) - Fwy, i =

1,..,n, r,s = 1,2,3,... . Noting that

PO - R = (o) HEw - P wxa) + F )
we can write
T o (& ® ()
L1 = (n'_‘l)Io l.,sz-:—_.lrs{n 1 igl Yirs(u) - Fn,l(u)Fn,l(u)}dW(u).

Next, define

T n
anl = 4[ { Z n-l 2 [Yirs(u) - frsu(l)]}dW(u)
0 Um<(rvs)<n i=1
and
T
a9 = I { z ”[Yirs(“) - frsu(l)]}dW(u).
0 rvs)>n
Then

a & T n
ap = 1 Z I { Z "S[Yirs(“) - frsu(l)]}dw(u) + a9
r

,s8=1

is a zero-mean reverse martingale and hence converges to zero a.s.

It is first shown that o ; — 0 a.s. Since a; is an average of zero-mean i.i.d.
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random variables,

0 Umc(rvs)<n

K T 4
Eaﬁl < —21 E[:J { Z rs[Yq,4(u) - frsu(l)]}dw(“):i

o T 4 k. [ o (T 4
> rsj Iers(u)IdW(u):I + =3 [ Y rs j |£rsu(1)|dW(u)}
0 n r 1 0

1A
=
b
m
-~
E)
il
et

fo.9 00 4 T (T g4
> .. Y .o risiJ J E I |Y; (u)dW(uy)...dW(u,)
!‘1,81=1 l'4,S4=1 l=1 0 0 l=1

IA
S

T 4
+ —QLZINJO |§rsu(1)|dw(“):|

K & . <] 4 989900097448 T 4
< n—é? YooY [ risi]F(max(rl "1t 4))(T)U dW(u)J ‘
11,81=1 r4,84=1 0
K 41T 4
" —%[ > rsF('Vs)(T)] [j dW(u)}
D=l pg=1 0
K
3
< ;7,

by (4.12). Thus for any ¢ >0, by the Markov inequality, E;.ozlP{|an1| > ¢} < oo and

ap — 0 a.s. by the Borel-Cantelli Lemma.

To see that aLo — 0 a.s., note that
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T
ol < [[ 3 n{EViml +lammitawe)
rvsj>n

IA

T
U dW(u)] T 2 FV(T),
0

(rvs)>n

by (4.11). Again using the Markov inequality, for fixed ¢ >0,

A
NN
gt
™
@
u’/\
la)
:
'
~
3

io:l P{lan2| > e} <

n= n=1 (rvs)>n

IA
A
[
™
a
'TJ/-\
C

by (4.12). Thus a 9 — 0 a.s., again using the Borel-Cantelli Lemma. Since ap, o

and a , all converge to zero with probability one, it follows that

1 & T m
n_ ZJ Z Yirs(“)dw(“) — I, a.s.

0 rs=1

The lemma will follow if it is shown that

T & () (s)
tp = Io l.’sz=:lran,1(u)Fn’l(u)dW(u) — 0 a.s.

Since Fflr)l(u) = n! Xn: [F(r_l)(u—xi) - F(r)(u)],
’ i=1
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T (T m (rp)  (s9)  (rg)  (s9)
EL% =E I I E 1817989 Fn,i (u)Fn,i (u) Fnj (v) Fn,? (v)dW(u)dW(v)
0°-0 r1551:F9:89=1

K T ,T m max(rq,81,ln,8
< —glj j 3 £181To80 pmax(rysyr) 2))(T) dW(u)dW(v)
n= 7070 r,,8¢,f9,89=1
1°°1°°2°2
K
< 2.
n

By again applying the Markov inequality and the Borel-Cantelli Lemma, ¢, — 0 a.s.,

which completes the proof. a

Lemma 4.7: Assume B2 or B3 holds. If m(n) =0 n'/? ,thenI_,—0 a.s.
n2

Proof: Using the notation defined in Section 4.3,

(r) (r) (r) 11
Fpl1a(®) - Fpg(w) = & Fo_1,4( - (§71) CE g a(us Xil""’xi(d—l)’x“):]
| d—1

n-1

where the summation is over all (d—l

) subsets of d-1 observations from Xl""’xn—l'
Since

(o] . o . -
Egr,d(u, xil’ c-n,xid)gr’d(u, le, ...,de) — 0

unless {i,....,ig} = {ip»--nig }, for large enough n and all u € {0, T},

4
4|0 4 K
] = et

2
K,rd 2(d-1) g2
1 r 49| .(r)
s (n-1)2 l:(n—Q)(n—3)...(n—d)] [dg] F(T).
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Thus, since d < r < m(n) and [m(n)]2 < n-m(n) (for large n) by assumption,

4
4 K
(3) E[anr_)l,d(“)] < (—1-1_—37 rt F(r)(T)-

Similarly, it can be shown that

4
4_[(n-1)7" O (1 Xiqyeens X, Kg g.(r)
(%) E[(d_l) Cglgr,d(u’ X1 ’X.(d-1)’xn)] < (n—_f—)Qr FT)

for all u € [0, T]. Since B2 or B3 implies (4.6), for some p, 0 < p < 1,

5732(‘1)
4 1/4
m ST R R S A AN Y (r)
< Z E Z Z: Z i___r!l d. E Fn—l,di(u)_Fn,d.(u)
rl,r2,r3,l‘4=1 d1=2 d2=2 d3=2 d4=2 1 1
r r r r 174
m 1 2 3 4 4 |d4F K (r:)
2 8 i
<KX > 2 2 Zigl["ﬁ 2P @
rlolgry=1 d;=2 dp=2 d3=2 d =2 n* (n-1)
m n 2 I3 I 4
. /4
skg By 3 3y g hld )]
rl,r2,l‘3,r4=1 d1=2 d2=2 d3=2 d4=2
K
< —=.
(n-1)

By definition,
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EIn2*= n2(n—1)2J:JOTE [Ecn'y%Q(u) . Ecn'yﬁQ(v):ldW(u)dW(v)

IA

T 172 2
n2(n—1)2[j0 {ElEe 125w 12} dW(u)J

IA

T 1/2 2
n2(n—1)2[10 { E 7g2(u)} dW(u):l

IA
bwlﬂ?:

K7

Il2€2'

[>e} <

By the Markov inequality, for every ¢>0, P{]|I Thus In2*_’ 0 by

n2x*

the Borel-Cantelli lemma. a

Proof of Theorem 4.3: By Hélder’s inequality and the conditional version of the

Cauchy-Schwarz inequality,

T
2n(n—1)j0 B, { Tn1(1) 7pa(w) } AW(w)|

IA

T 172 T 1/2
2n(n-1) Ecn{ [ Io 72, (u)dW(u) } { Jo 725 (u) dW(u) jl }

T 12 T
< 2n(n—1){scn{ Jo 2, (u)dW(u) H [Ecn{ Jo 72, (u) dW(u) }J

1/2
]

1/2

= 2[I ]1/2[1 — 0 as.

nlx n2x

The theorem follows by (4.15) and Lemmas 4.1 and 4.2. O
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4.5 A Fixed-Width Confidence Interval For The Optimal Block Replacement Policy

The objective of this section is a sequential scheme for fixed-width confidence
interval estimation of H(t). Let 1 —a be the desired coverage probability. For fixed
d >0, define the random interval I, = [Hp(t) —d, Hp(t)+d]. Ideally, one would like

to be able to select the minimum sample size n:i such that
P{ H(t) € ln:} > 1l—a.

Since this appears impossible in the present nonparametric setting, the approach taken is

to define a stopping time N and show that under certain conditions
limP{ H(t) € I = l-a.
limP{H() € Iy}

Let T2 be the (1-a/2)-th quantile of the standard normal distribution. Take

ny to be the non-random integer such that
o 2 . 42
ng = min{k: k2o and t(r, 0)% <d }

where ng > 1 is an initial sample size. Denote by s?‘ a strongly consistent estimator of

6?. Define the stopping time N j by

2
8
Ny = min{k:ano and T(E(Ta/2)2 < d2},

As is typically done, we will exploit the relationship between Nd and ny to establish

asymptotic properties of H Nd(t).

For stopping times defined like Nd one always has that
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2
) (Ng=Dd®  (Ng=1) ,

s

Ng—1 (Ta/2)2 Ng "Ng
and thus

2 2
» SNg—1 _ (Ny—1)  nyd? s (Ng=1) Ny
(4.16) 2 - T hg 3 2 = N 22

t 7 (Ta/2) d t
2 2
oi(r_ o) N

Since by definition Nd — oo and ng ~ M,;/?—— as d |0, we have that ﬁ((-ji — 1 a.s. as

d|o.

Theorem B of Section 4.2 gave sufficient conditions for the asymptotic normality
of Hp(t). Lemma 4.8 asserts that the randomly stopped estimator has the same limiting

distribution as d | 0.

Lemma 4.8: Assume B1’ or B2 or B3 holds. If [m(n)]:2 log n=0(n), then
NY2H H D N 2
FECNOR (O I ()

Proof; Let Z, = nllz[Hn(t)—H(t)]. The invariance principle of Theorem 4.1 can be
used to show that the sequence {Z;} is uniformly continuous in probability.
Anscombe’s theorem then implies that ZNd and an have the same limiting distribution
as d {0, establishing the lemma. (See Woodroofe (1982), Section 1.3 for the definition of

a uniformly continuous in probability sequence and Anscombe’s theorem.) a
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For the remainder of this section let ”gt and V:(t) be defined by (4.13) and

(4.14), respectively. If 5121 = agt and the conditions of Theorem 4.2 hold, or 5121 =V:(t)
and the conditions of Theorem 4.3 hold, then Sr21 - a’f a.s. This follows from Theorems

4.2 and 4.3 by taking W(u) = x(u < t).

Theorem 4.4: Assume B1' or B2 or B3 holds and that [m(n)]Qlog n = o(n). If either

5121 = 612“,’ and the conditions of Theorem 4.2 hold, or 5121 = V;(t) and the conditions of

Theorem 4.3 hold, then

l{lﬁl)P{ H(t) € INd} =1-aq.

2

Proof: By Lemma 4.8 and the strong consistency of s,

1/2

N, [Hy (t)- H(t

d ( N;’,E) ()] D N(01) asd | 0.
d

1/2

By (4.16), _Sf—lN—d_ = Ta2 which implies that

1/2 172 1/2

ol u . p Nd/d < Ny [HNd‘H(t)] < Nd/d

{ (t) € Nd}_ TNy < SNg = TSy
— 1-a as d|0. ]
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CHAPTER 5

RENEWAL FUNCTION ESTIMATION ON AN INTERVAL

5.1 Introduction

This chapter considers simultaneously estimating the renewal function at all

points t in the interval [0, T], 0 < T < oo, using the estimator of Chapter 4.

In Section 5.2 the objective is minimum risk estimation, where the risk is a
function of the sample size n. The risk function considered here is comprised of two
summands. One term, essentially the asymptotic mean integrated square error,
decreases as the sample size increases. The other term is intended to reflect the cost of
the sample and consequently increases with the sample size. The stopping time
proposed here is of the usual type for minimizing a risk function of this kind. We show
that in a large sample situation this stopping time can give some indication of whether

enough observations have been taken.

To help characterize the behaviour of the estimator when used over an interval,
the process {n1/2[Hn(t) —H(t)], t€[0, T]} is shown to converge weakly to a Gaussian
process under certain conditions. This result establishes the rate of convergence of the
function estimate and is used to construct confidence bands for the renewal function.
We outline bootstrap methodology for constructing fixed and variable width confidence
bands in Sections 5.4 and 5.5, respectively. In both settings stopping times are
introduced to guide the user in determining if the sample size is adequate. The
confidence bands associated with these random sample sizes are shown to achieve their

targeted confidence level in an asymptotic sense.




5.2 Minimum Risk Estimation

Let ¢>0 be the cost of observing each of the random variables )(1,)(2,...,Xn to
be used in estimating H(t). As in Section 4.4, let W be a monotone increasing function
of bounded variation on the interval [0, T] for some fixed T > 0. For estimation of H(t)

over the interval [0, T] consider the loss function

T
L(n;a,c) = aJ [Hn(u)—H(u)]QdW(u) + cn.
0
Here a>0 is the “cost” associated with a unit of the weighted integrated squared error

while cn is the cost of a random sample of n observations. The expected loss, or risk, is

then
T
R*(nja,c) = aj E[Hn(u)—H(u)]2dW(u) + cn.
0
Ideally one would like to select the sample size n which minimizes R*(n;a,c). However,
for any fixed t the form of the mean square error E[Hn(t)-H(t;)]2 is complicated by
terms which are asymptotically negligible. Since concern lies in large sample estimation

of the renewal function, R*(n;a,c) is simplified before considering the problem of optimal

stopping.

Letting Bp(t) denote the bias of Hp(t), it follows by definition that

Bn(t) = Y. F(k)(t).

k>m

R*(n;a,c) can be rewritten as
T

R*(nja,c) = aJ [Var{Hp(u)} + Bz(u)]dW(u) + cn.
0
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Frees (1986ii) noted that

vartiin(®) = 35 (8) 3 (2) (2) et

r,s=1

where as previously defined

£ror(® = Cov{FT 0 (x4 xe) P - (x4t X)) )

(rvs)

for any r,s, and ¢, 1 < ¢ < rAs. Since §__.(c) < F (t), if Bl or B2 or B3 holds

3

rst

then by Lemma 3.3 of Frees(1986ii),

o[ { £ 0§00 oo

< (wen - woim » 3 (2 5 ¢ )(2:8) F"Vemy

r,s=1 c=2
= 0.
Also, when B1 or B2 or B3 holds,
T 2
. . 1/2
Jim 0] BYWdW() < (WD) - W) lim(n*Ba(T)]1?
0

by the following lemma.

Lemma (Frees): Assume Bl or B2 or B3 holds. Then

(5.1) Jim a2y F(k)(T) =

k>m
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Proof: If Bl or B2 holds, the result is identical to Lemma 3.1 of Frees (1986ii). As pre-
viously mentioned, B3 implies (4.6), from which (5.1) follows. (See the proof of Lemma

3.1 of Frees (1986ii).) o

Thus

*r o, — -1 M & -1
R*(n;a,c) = an E 18 €., (1) pdW(u) + o(n ) + cn.
0 \rs=1

As in Section 4.4, let

T [o.«]
I, = J {Z rs{rsu(l)}dW(u).
g \rs=1

Then the asymptotic risk may be written as
R(n;a,c) = an—ll* + cn.

R(n;a,c) is a convex function of n in the sense that
A2R(n;a.,c) = R(n+2; a,c) - 2R(n+1; a,c) + R(n; a,c) > 0 forall n.

Thus there exists a finite n¢ such that

ng = min{n': R(n';a,c) < R(n; a,c) for all n}.

By definition, n¢ — oo as the cost per observation c}0. As one would hope, the
stopping time N¢ which is now introduced also depends on ¢ in such a way that N —
oo as ¢|0. Additionally, it will be shown that N¢ enjoys a type of risk efficiency, namely

that

. R(nc;a,c)
Lllr?) ER(N¢;ac) 1.
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A
Suppose there exists known y>0 such that I,>+. Let I, be a strongly consis-

tent estimator of I,. Define

N¢e = min{ n>ng:n> (%)1/2 [:I\:]/zv » }

where ng is an initial sample size. By definition N¢ — oo a.s. as ¢|0 and the relation

(210)"* < Ne < (%)"’[?;/2V7]+1

ol

holds. Thus, since n¢ ~ (% I*)l/2 as c}0, I:—: — 1 a.s. as ¢c]0. Lemma 5.1 gives suf-

ficient conditions for EI:—::: — lasc]O.

A A
Lemma 5.1: Assume I, — I, a.s. and there exists a positive constant K such that El,

< K for all n. Then EI-:?C — lasclO.

Proof: For x > 1 and some constant Kl’
NC Al/2
P{n_c > x} < P{x < Kl[lNc_lvﬂ}
1/2
since (%) = O(n¢). Thus, by the Markov inequality,
N¢ ' K2

P{ Tic > X} < ? ,

since E?n <K for all n. This implies that independently of c, for 5 > 1,

Ne (N ® K,
e{mex(re>n)} < | S
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since for a nonnegative random variable X with distribution function F,

EX = J [1 - F(u)]d(u).
0

Hence
Jimg 2up E{E x(ng > )} = 0

implying that the family {I:—g, c>0} of random variables is uniformly integrable and
EI;(‘:—: — 1lasclO. ]

Theorem $.1: Assume either ,I\n = J, and the conditions of Theorem 4.2 hold, or /I\n =

In« and the conditions of Theorem 4.3 hold. If there exists a known y>0 such that

I,> 7, then
: R(nc; a.,c) )
lim —=—= = L.
cl0 ER(NC; a"c)
1/2 1/2
Proof: Since N¢2> 7(%) and n¢;= O((%) ), for some constant K,;>0,

nc/Nc<Ky/v. Thus E{nc/Nc x(nc/Nc > 17)} = 0 for all n>K;/7, for all ¢ > 0.
Thus {nc/Nc, c> 0} is a uniformly integrable class of random variables and Enc/N¢

— lasclO.

For the estimator Jy,
T 2
Edn < | {a(t) + [b(®)]? }aW() < o0
0

for all n. (This is when B4 or B5 or B6 holds.) If B5 or B6 holds, then it can be shown

that for some K>0, El,, < K for all n. Using Lemma 5.2, the theorem follows. 0
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5.3 An Invariance Principle For Interval Estimation

Let Yp(t) = nl/z[Hn(t)—H(t)] and define the stochastic process Y, =
{Yn(t), t€[0,T]} for some fixed T>0. Take D[0,T] to be the space of all functions on
[0, T] that are right-continuous and have left-hand limits. Y, is an element of D[0,T]
for all n>1. Let V—Y denote weak convergence in the Jl-topo]ogy on D[0,T]. Theorem
5.2, stated immediately after the following definition and assumptions, provides a set of

conditions under which Y, w Y, where Y is a zero-mean Gaussian process on [0, T].
For ty, to€ [0, T], define
(r-1) (s-1)
(5.2) Erst1t2(1) = Cov{F (t1-X4), F (ty-X;) }

Let Y = {Y(t),t€[0,T]} be a zero-mean Gaussian process defined on [0,T]

with covariance function

R(tyty) = Cov{Y(tl), Y(t2)} = io: rsfrstth(l).

r,s=1

Assume F is absolutely continuous with density f and let f(l) denote the i-fold

convolution of f.
B7: There exist positive constants K and p, 0 < p < 1, such that for i = 1,2,...

D4 < Kyl forallt € R.

B8: F(0) = 0 and there exist positive constants K and p, 0 < p < 1, such that for | =

1,2,...
(i) i
f(t) < Kp' forallt<T.
W
Theorem 5.2: Assume Bl or B2 or B3 holds. If B7 or B8 holds, then Yo = Y. .
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The theorem holds, for example, when the following simple and widely applicable
condition is met: F is absolutely continuous with density f, F(0)=0, and f is bounded
on the interval [0,T). Clearly this implies that the assumption B3 is met.
Furthermore, it can be shown that B8 also holds. (See, for example, Wold(1981),

Theorem 2.3.3.) Thus an-bv Y.

By definition,

Yn(t) = n‘/’f: [Fflk)(t)—F( ®1 -2y pk
k=1

k>m

Let

m (k
Yh(t) = n"’kzl[lrfl )(t)—F(k)(t)]
and -

Yn = { Yn(t), t[0, T]}.
The lemma due to Frees (Section 5.2) asserts that

Y. )-Y () = 25 Fry — o
t;[lax:T]I n(t) - Y, (8)] n kgm (T)

as n—oo. Thus Yy and Y;l have the same limiting distribution, a fact which is

exploited here.

In Section 5.3.1 calculations verify that the finite dimensional distributions of Yi}
converge weakly to those of Y. Lemma 5.5 of Section 5.3.2 gives sufficient conditions
for “tightness” of the sequence {Y:‘ }. The proof of Theorem 5.2 appears at the end of

Section 5.3.2.

5.3.1 Asymptotic normality of finite-dimensional distributions

For arbitrary positive integer €, let t = (tl,...,te)', where t;,...,t, are fixed
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nonnegative real numbers. The Cramer-Wold device is used to show that

[Hn(tl),...,Hn(te)], suitably standardized, has asymptotically a multivariate normal dis-

tribution. Thus, let a = (a.l,...,a.e )! be any ¢-vector of real numbers. Define

[/
Dn(t) = ZaiHn(ti)
i=1 ’

and
* [ m
D) = Y ad F(k)(ti).
i=1 k=1

By a straightforward extension of the proofs found in Section 3 of Frees (1986ii), it is
shown that nl/z[DnQ)—D;Q)] = Ee lalY' (t;) is asymptotically normal. The method
is to first project Dp(t) onto the individual observations X{s-+»Xp, yielding a statistic

A
Dp(t) which is the sum of i.i.d. random variables. Using an array central limit theorem

1/2[Dn(~) Dn(-)] is shown to be asymptotically normal. The remainder
1/2[Dn(..) Dn(‘_)] goes to zero in probability. .
For 1<c< rVs, i, j=1 , €, define
: r-c s—1
€rsij(c) = COV{F( )(ti“(x1+...+xC)), F( )(tj—(X1+...+xc))}
and

¢ ¢
frs}'(c) = E Z rs1_)
l= =

Theorem 5.3: Assume Bl or B2 or B3 holds. Then

n'/*[Dn(t)-Dp)] 2 N(0.07)

where o2 = £%° rs§ (1), and thus the finite-dimensional distributions of Y/’
L rs=1 rst n .
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converge weakly to the finite-dimensional distributions of Y.

Proof: The proof of Theorem 5.3 is begun by calculating the projection ﬁnQ). Let

(4 k
500 = 3a Py (e
1=

and

e
B(k)(.t') = ZaiF(k)(ti).
i=1

k)
By the definition of Fg, (t) we have

(k-1) (k)

L o
e(Ff, )(t)|x1) = (k/n)F* (t-X;) + (1-k/n)F"’(t).

Adopting the convention that (t -X) = (t1 -X,...,tp = X), it follows that

k ¢ _
e(mn @1x) = 3 af t/mFE Dy -x + 1-k/m POy

i=1

= (k/n) B(k'l)(_t_ -Xp+ (- k/n)B(k)Q).
Define the projection
A n *
Do) = {3 E(Dn®)IX;) } - (n-1)Da(t)
=1

so that

A - LA _
Ba(t) - Dat) = n lj; k_lk{B(k Y -x) - 80w},
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We next calculate Var{Dp(t)}, Var{ﬁn(‘t_)}, and Cov{DnQ),ﬁnQ)}.

By definition,
Cov { BN (X + ..+ Xe)), BE V- (X + o+ X))}

[/ - 4 _
= Cov{zaiF(r c)(ti—(X1+.,,+Xc)), Z ajF(s C)(tj—(xl+"‘+x‘3))}
i=1 j=1

= Ersﬁ(c)'

Thus,

Var{ﬁnQ)} = n‘lv"{éjlk[a(k‘l)(‘t_-xl)-B(k)Q)]}

1 &
n Z rsfrs‘t,'(l)‘

r,s=1

By a direct calculation

Var{DnQ)} = Z COV{Bn ®) Bn (..)}

’s—

= B a7 T (06 b

=1

e
-
[<]
il
[
-
-
e
I
—
[}

Finally,

Cov{Da(t). Ba(t)} = Cov{an @) E i": B Vg -x,) - B

= i s Cov{BS,r)(‘g), B(s—l)
r,s=1

¢-xp}

Since
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Cov {Bﬁr)(‘t_), B(s_l)(‘g - Xl)}

_ (frl:%)(’r‘)—ICov {ga‘ x(Xg+ ...+ Xr < t;,-Xy), ji:lajF(S-l)(tj_xl)}

=_ n_lrers‘t.(l)’

we can conclude that

Cov{DnQ), 6n(§)} = ! z rs g (1)
r,s=1 ~

’s=

Lemma 5.2: Assume Bl or B2 or B3 holds. Then

9 fore)
op = Z rsfrs‘g(l) < oo.

r,s=1

Proof: For every 1<c<rAs, i, j=1,..,¢,

(5.3) €. (c)] < min(F(r)(ti),F(s)(tj)).

rsij

Thus,

00 0 (r) oo s (s)
Z rs|€rsij(1)| < Zl Zl rsF° () + Zl 21 rsF (tj)
r= §= = r=

r,s=1

by the Heyde lemma (given in Section 4.2) if Bl holds or by (4.12) if B2 or B3 holds.
Hence by definition

2 4 00
o, < Z 33 Elrslfrsij(lﬂ < oo. O

i,j=1 r,s=
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Lemma 5.3: Assume Bl or B2 or B3 holds. Then
A * D
n'/?[Dn(t)-Di(t)] = N( o,af ).
-1/2M k-1 k . i
Proof: Let an =n Y Ek=1k{ B( )Q—Xj) - B( )Q)},J=l,...,n. By definition,
172, A * <
n“[Dn(t)-D,@)] = Y X i
=t

Also, Ean =0,j=1,...,n, and

n m
33 = Var{anj} = 2 rs€ (1) — 03.
=1 - -

r,s=1

For ¢ >0 let
-1/2 & (k-1), - (k)
Sp = {u: 072 3 k(BT U(g-u) - BUU@)) > edal.
k=1
We verify the Lindebergh condition

. I 2 2
plim X:l E{an x(Ianl > c!n)}/.‘!n

m - 2
= _lim_ J{kz_:lk[a(k I)Q—u)— B(k)Q)]} x (u€Sp)dF(u)

The first step is to bound the integrand by an integrable function of u:

{ki": k(8% D) - 8y}
=1
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¢
a Z e 1) —u) - F(k)(ti)]}2

i=1

¢ © | (k-1 K, )2
<Y, ai2£2{ZkIF )(ti—u) _ )(ti)|} ,
i=1 k=1
which is integrable with respect to the measure dF by Lemma 35.2. Since

nli’moox(uesn) = 0 for any finite u, the Lindebergh condition holds by dominated
convergence. The lemma follows from a standard array central limit theorem. (See

Serfling(1980), Section 1.9.2.) o

Lemma 5.4: Assume Bl or B2 or B3 holds. Then

n€[Dn(s)-D )12 — 0

Proof: By prior calculations,

nE[Dn(t)-D_(4)]2 = nVar{Dn(t)} + nVar{Dn(s)-2n Cov{Dn(t), ()}

S () L (e - e}

r,s=1 c=1

It is shown using dominated convergence that

@4 SNORPIO(TICE
and
5 2 0 (D) = 0

which will imply the result.
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First, n({_l)_l ci (g)(!l}_-g) < rs. Therefore,

| {07 S0 )

r,s=1 c=

2 r s
< Z E a;a; Z TS min(F( )(ti), F( )(tj))

i=1 j=1 r,s=1

For fixed r and s with ¢ > 2, n(‘,‘)_l(g)(’,‘:g) — 0. Thus (5.4) holds.

Next, | n({.‘)—l(i)(;‘_—f) -rs| < 2rs. We can now write

| (000D o)

r,s=
¢ [/
< Z Z a8, io: 2rs min(F(r)(ti), F(s)(t.))
i=1 j=1 r,s=1 J
< oo
For fixed r and s, | n({.‘)—l(i)(;‘_—f) -rs | =0, so that (5.5) follows. |

Proof of Theorem 5.3: By Chebyshev’s inequality and Lemma 5.5,

n‘fz(DnQ)-ﬁnQ)) — 0 in probability.

It follows from Lemmas 5.3 and 5.4 that

n'/*(Da()- D4()) b N(0,02).
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Now suppose 0 < tq,...,t, <T. Then the finite-dimensional distributions of Y;] are
asymptotically multivariate normal by the Cramér-Wold device. By definition
Eie=1aiY(ti) is a N(O,a‘%) random variable. Since the choices of ¢ and a = (al,...,ac)’
were arbitrary, we see :hat the finite-dimensional distributions of Y; converge weakly to

the finite-dimensional distributions of Y. a

5.3.2 Tightness of the process

The assumptions B7 and B8 will be shown to be sufficient for “tightness” of the
sequence {Y;l} Lemma 5.5 states the principal result of this subsection. Used in
conjunction with Theorem 5.3 it establishes sufficient conditions for weak convergence of

!
Yn toY.

Lemma 5.5: Assume B7 or B8 holds. Then there exists a positive constant K such that

for any 05t1§t25t35T,

E[Y:l(t2) - Y{,(tl)f[vg(t:;) - \(;,(1;2)]2 < K(tg-t;)?
for all n > 1.

The proof of Lemma 5.5 appears at the end of this subsection after several inter-
mediate lemmas. Some additional notation will be required. For i=1,2,... let
P = F(i)(t2)—F(i)(t1) and p;g = F(i)(t3)-F(i)(t2). Suppose {X_ ... X} is a
subset of i random variables from Xl,...,Xn and let Eci denote summation over all (’]])
such subsets. Define S = X t-+Xg Sci(l) = x( Sei e(tl,tQ]) - p;;» and

Sci(2) = x( Sci G(tg,t;;]) - Pjo-

With the new notation one may write

- 127 -



- -1
FOm = (1) x5y <),
Cl

nl/2 Z ( ) Zsa(l)’

Y;l(t2) - Y,’n(tl)

and
Yo(ty) - Yp(ty) = "’Z( )’ 2842
i=1
Thus
(5.6) E[Y:l(ti,) - Y:](tl)]Q[Y:l(ts) - Y;](t2):|2

-2 £ OO S DT amsgmsatsael]

ci ¢ ck ct

Define ‘ :

Snijkl = {(sci’ cj’ Sck*Sce) EI:Sa(l)Scj(l)sck(2)scl(2):] # 0}

and let Unijk€=#(snijk£) be the cardinality of Snijkl' Upper bounds for

n2(ril)_1(2)_1<E)_1(2)—1Unijk! and E[Sci(l)sck(2)]2 are found in Lemmas 5.6 and

5.7, respectively. The proof of Lemma 5.5 follows immediately from these lemmas.

Lemma 5.6: With Unijke as defined,

20737 () Vaae < Tiike



Proof: Let Vi, = 2(?)'1('})"1(2)_1(3)'1. In order for (S, Sc;SeysSeq) € Sns

one of the following two possibilities must occur.
(a) One observation is shared by all four sums. An upper bound on the number

of ways this can occur is n(?:ll)(;l:ll)(ll::%)(lll:ll) It is easily shown that

Vaigie (1)) (R(8E) = o7 tidke

(b) One observation is shared by two sums, while a second observation is shared

by the other two sums. In this case an upper bound on the number of ways to

choose the four sums is (3)n(n—l)('l‘__ll)(3‘:11)@:%)(2:%) One then has that

4 _1y(n-1}{n-1}/n-1)(n-1 .
Ve D) < nne
The lemma follows by adding the bounds obtained in cases (a) and (b). O

For the following lemma, let i, j, and ¢ be nonnegative integers such that i > 1,
J>1,and 0 < c <iAj. Let xl""’xi+j—c be i.i.d. random variables having distribution
F. Deﬁne Si = xl+...+xi a-nd Sj = x1+...+xC +xi+1+...+xi+j_c, so that Si and

Sj have ¢ random variables in common.

Lemma 5.7: Assume B7 or B8 holds. Then for i,j = 1,2,... there exists a constant K

independent of i and j such that

iVj 9

2 2
E{X(Si e(tl,tgl) - pil} {X(Sje(tg,t:;]) - Pjg} < Kp (t3‘t1)~

Proof: First suppose that i < j and ¢ < j. If B7 or B8 holds, then
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P { S;€(t:tg), Sj € (tgitg] }

= J [F("c)(t2-u) - F(l—c)(tl—u)][F(‘]_c)(ta—u) - F(J—c)(t2—u):|dF(c)(u)
oo .

IA

Kpj_c(ts—t2)J [F(i—c)(t2—u) - F(i—c)(tl—u):ldF(c)(u)

K2 p1+J—c

IA

(t3-tg) (tg-ty)

IA

If c=1i=j, then Si‘_‘sj and the inequality again holds. Thus it holds whenever

c<i<j. Similarly, if c < j < i, then

P{s; €ty tol, S;€(tgutgl} < KZo'(t5-t7)°

Thus,
2 2
E{x(SiG(tl,t2]) - pil} {X(Sje(tg,t3]) - Pjg}
2 2 2 2
< Pi1 Pj2 + pilpj2 + Pi1 Pj2 + P{Si G(tl,tgl» Sj € (t27t3]}

i i j j iVvi
< 3[FDa) - FOep][FDreg) - 70| + K2(05-1%
< 4K2(t5-t)2p""

which completes the proof of the lemma. 0
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Proof of Lemma 5.5: By Lemma 5.7 and the Cauchy-Schwarz inequality, there exists a

constant K such that
ivk.1/2, JVE 1,2
E[S;(1)Sg(DSE (DS @ 1| < Kltg-tp? (V) (DY
for all i, j, k, and & Thus, by (5.6) and Lemma 5.6,

E[Y;l(tz) - Y;](tl)]z[Y;l(tg) - Y]'n(tz)]2

& .. i jve
Y TiskeK(ig-t9)2(oVE) ()2
i,j,k,€=1

IA

IA

2

for all n.

Proof of Theorem 5.2: With F continuous, the process Y can be shown to be mean

square continuous on the interval [0, T]. That is, for t;,ty € [0, TJ,
E[Y(tl)—Y(t2)]2 —0 as t;—ty. An immediate consequence of this is that
E[Y(T)-Y(T-)]? = 0 and thus P{Y(T)#Y(T-)} =0. That Y} D v follows from
Theorem 5.3 and Lemma 5.5, using Theorem 15.6 of Billingsley (1968). Thus Yy Dvy

by the remarks at the beginning of this section. a

5.4 A Sequential Bootstrap Confidence Band

As in the previous section, let Ynp(t) = n1/2[Hn(t)—H(t)] and Yp =
{Yn(t), t€[0,T]}. Theorem 5.3 gives sufficient conditions for Y, to converge weakly

to Y, where Y is a zero-mean Gaussian process. Define the random variables
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Sn = sup |Yp(t)l,n=12,.. and S= sup |Y(t).
0

’ e k]

Since Yp D Y and the Loo norm is continuous in the Skorohod metric on D[0,T], one

has that Sy 2 S. Let G(x) = P(S <x) for x€R.

If the distribution G were known, then a confidence band for { H(t), te[0,T]}
could be constructed in the following way. Let G—l(y) = inf{x: G(x)>y}. For a

target confidence level of 1 - a, take the confidence band

1.9 _
(5.7) {Hn(t) + %i) te [O,T]}.

Then

-1 -1
P{Hn(t) - Gn(%’-) < H(t) < Hp(t) + g—n(j;—") forallt € [O,T]}

= P{Sn < ¢ la-m}

- P{SgG”l(l—a)} = l-a

as n — oo, assuming G is continuous at G_l(l-a). Thus if G were known, (5.7) would
give a reasonable large sample confidence band for {H(t), t €[0,T]}. In applications,
the distribution G will be completely unknown. The remainder of this section describes
how G—l(l -a) and a corresponding confidence band can be estimated using a bootstrap

procedure.
It is assumed that the following conditions on F and G hold.

B9: F is a distribution on the positive real line (i.e., F(0) = 0). Furthermore, F is

absolutely continuous with density f such that f is continuous a.e. with respect .
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to Lebesgue measure. There exists L >0 such that sup f(x) < L.
x€[0,T]

B10: G is continuous and strictly increasing in a neighborhood of G_l(l -a).

The estimator Hy is calculated from a random sample X1s-sXp of random

(1)

n be the ordinary sample distribution func-

variables having distribution F. Let F, = F
tion. Bootstrap samples will be drawn from a smoothed version of Fp. The role played

by the density f in the proof of Theorem 5.3 motivates the smoothing of Fp.

Let K be a real bounded function vanishing outside the interval (0,1) such that

JK(y)dy = 1. For hy >0 define the usual kernel density estimator

One more assumption will be required.

B11l: The sequence of positive constants { hy }:°=1 is such that hy — 0 and f(x) — f(x)

a.s. for every continuity point x of f.

For t €R, define

t
Fat) = J fu(u)du.
0
~ k -~ -~
Finally, let Ffl) be the k-th convolution of F, and H, be the renewal function
-~ -~ -~ k
associated with Fp, so that Hp(t) = EEO_IFSI )(t)

For some positive integer M let xfl,...,x;"n, i=1,...,M, be i.i.d. random variables

from the distribution l.'%n. Fori = 1,...,M define
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where

ﬁ(l,()(t) = (ﬁ)"l Zc: x(xf +..+xF < t).

ni ile ikc —

Here . denotes the summation over all subsets of k random variables drawn from

X" ,...,Xf . (Thus the definition of fi .(t) in terms of > ,...,Xf is identical to the
il in ni il in

definition of Hp(t) in terms of Xl,...,Xn.)

= (k)

. * 1/2, &% m
Letting Y_.(t) =n PR (8- Spoy Fy ()], define

* * * *
= t), t d = Y .(t i=1,...,.M.
Yni {Yni( ), t€[0,T]} an Sni sup | ni( ) ,i1=1,....M

t€[0,T]
For x €R, let
1 M *
Ga(¥) = § X X(S,, < %),
o i=1
the sample distribution function of the S:i’s. As was done for G, take

G;l(y) = inf{x: Gn(x) 2y}, y€[0,1]. Emulating the form of (5.7), define a confidence

band for H(t) on the interval [0, T] by

-1
G, (1-a)
(5.8) {Hn(t) £ =0, v € [o,T]}.

-1
Theorem 5.4 partially answers the question of when G (1-a) is consistent for

G_l(l—-a).

-1 -
Theorem 5.4: Assume B9, B10 and B1l hold. Then G, l-a) = G 1(1—(1) a.s. as

M,n — oo.
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Proof: In the appendix the results of Section 5.3 are modified to show that Y*, D Y as
ni

n—oo, i=1,.,M. Thus s:i DS as n—oo, i=1,..,M, by the continuity of the Log

norm in the Skorohod metric on D[0,T]. Given the smoothed sample distribution

*

s* ..s8"

~ *
functi F,, the random variables S ,
unction Fp, iables S .5 , oM

are independent and identically

distributed. Thus
cla G-1
p 1-a) — (1-a) as.
as M,n — oo. a

Theorem 5.4 verifies that the bootstrap confidence band (5.8) provides the correct

coverage probability asymptotically:

G-l(l—a) G_l(l-a)
P{Hy(t) - 85— < H(t) < Hp(t) + 07—, forall t € [0,T]
n n

= P{ sup |n'/’[Hp(t)-H(t)]| < Ggl(l—a)}
te[0,t]

- P{s < G‘l(l-a)} =1-a,
as M,n — oo. This justifies the use of the bootstrap procedure when the sample size n
and the number of bootstrap samples M are both large.

Section 4.5 yielded a sequential procedure for a fixed-width confidence interval
when estimating H(t) at a single value of t. For estimation of H on the interval [0,T],

the analogous problem is to develop a sequential version of the fixed-width confidence

band

{ Hp(t) £d,t € [0,T] }
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where d > 0.

Fix d >0 and for some initial sample size ny define the stopping time
. 1/2 -1
Ng = mf{n >no: n'°d > Gy (l—a)}.

Then Nd — 00 a.s. as d |0, M — oo. By the relation

-1 2 9 -1 CN
[GNd(l—a)] < Nyd* < [GNd_l(l—a)} + d“,
. 1/2 -1
under the conditions of Theorem 5.4, Nd d - G *(1-a) as. as d]0, M—oo. If

Yy . ¥ Y as d|0, M — oo, then
d

P{tesE(l)]i)TllHNd(t)—H(t)l < d}

1/2 a2
) P{tes[‘?fT]|Nd [Hy,(6)-HDI| < Ny d}

—_ P{SSG—I(I—G)} =1-a.

Thus the following theorem would hold.

Theorem 5.5: Assume B9, B10, and B11 hold. If YN V—Y Y as 410, then

d

P{ sup |HNd(t)—H(t)|§d} — 1-a asd]0, M — oo.
t€[0,T]

In Section 6.3 we outline one method for showing weak convergence of a randomly

indexed stochastic process such as YNd based on a two-dimensional process. Given small
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§ >0, consider the random variables defined by

Zn(s, t) = , s€[0,1+6], t €[0,T].

[ns} { Hpog(®) — H(®) }
n1/2

(where [-] denotes the greatest integer function) and the associated process
Zn = {Zn(s,t); s€[0, 146}, t €[0,T] }.

Part of Section 6.3 describes how if Z, converges weakly in an appropriate topology on
[0, 146]) x [0,T], then YNd Wy as d}0. That Z might converge weakly under appro-

priate conditions is suggested by Theorem 4.1 and 5.2

In practice one would only conduct the bootstrap procedure on some finite subset
of points in the interval [0,T]. Thus rather than verify the weak convergence of Z,, we

show that for an arbitrary grid of points t;,...,t, taken from [0,T] one has that

(Y (t2)sms Yy (t)) B (¥(ty),- Y(tp)) as d 0.

Let (a.l,...,ae) be any vector of real numbers. By Theorem 5.2 and the Crameér-
Wold device, Eiezla‘iYn(ti) D Eie=1aiY(ti). If one also assumes that [mn]210g n = o(n),
then as previously asserted Lemma 4.8 implies {Yn(ti)}n>1 is a uniformly continuous in
probability sequence for i=1,...,6. By Lemma 1.4 of Woodroofe (1982) the sequence
{Eie=1aiYn(ti)}n21 is also uniformly continuous in probability. Since Nd/d_2 -2
a.s. as d|0, EiezlaiYNd(ti) D Eiezlaiy(ti) by Anscombe’s Theorem. Again using the
Cramér-Wold device, it follows that (YNd(tl)""’YNd(tE)) D (Y(tl),...,Y(te)) as d|0.

(See Section 1.3 of Woodroofe (1982) for a discussion of uniformly continuous in

probability sequences and Anscombe’s Theorem.)
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It should be noted that while we have taken the bootstrap sample size to be equal
to the sample size n, this is not necessary in practice. If ng is the sample size of each of
the M bootstrap samples, then it can be seen that all of the asymptotic results of this
section hold if n; 00 as n—oo. Another point is that one probably need not smooth the
empirical distribution before resampling to get useful confidence bands. The convolution
of Fp with the kernel K provided a means for showing weak convergence of the
bootstrapped process. While the smoothing has not been shown unnecessary for the
asymptotic results considered here, in the usual finite sample situation one could make
the bandwidth hp arbitrarily small, in effect resampling from the unsmoothed sample

distribution function.

5.5 A Variable-Width Bootstrap Confidence Band

The supremum S of the limiting gaussian process Y is more likely to occur on
subintervals of [0,T] where the variance function- "’t2 is relatively large, rather than on
subintervals where ”t2 is comparatively small. The procedure of Section 5.4 ignores this
fact and consequently yields a confidence band which is unduly conservative. The
method presented in this section overcomes that defect by taking into account the
variance function a?. The objective will be a confidence band for {H(t), t €[T{,Tol},
where 0 < Tl < T2 < oo. It will be assumed that there exists a positive constant e

such that ”t2 > eforall t€[T;,Ty).

Define ¥p(t) = n'/*[Hp(t)-H(t)]/oyand ¥y = {T¥n(t), t€[T|,Ty]}. Then by
~ W ~ -~ -~ . .
Theorem 5.2, Yy = Y, where Y = {Y(t), t €[T{,T5]} is a zero-mean Gaussian process

having covariance function

R(t,ts) R{tpte) o € [T, To]
i) = Ty, et 1 Tol

- 138 -




Here R is the covariance function of Y, defined by (5.2). Let S = sup |?(t)| and
te[T,To
é(x) = P(§5x) for x eR.

Let a'%t be the estimator of °'t2 defined by (4.13). Since F is continuous,

sup |°'%t - atzl -0 a.s.
t€[T,,Ts)

by the remarks at the conclusion of Section 4.4.1. Since crt2 is bounded away from zero,

(5.9) sup  |op— oy | =+ 0 as.
t€[T{,To]

Thus o, can be replaced by ¢, in the process ?n and the resulting process will

converge weakly to the process Y. Thus for a large sample size n the confidence band

~_1 _
(5.10) {Hn(t) G—-ﬁ?—")am, t € [T}, Tyl }

would have meaning in the sense that

S-101 _ =14
p{Ha(t) - S0 o < 1) < Mo + = an, e ryTy))
172 _ ~
= P{ sup | : [H%(:t) H(t)]| < G_l(l—a) }
te[T;,T,)

— P{§ < é—l(l—a)} = l-a.

Unfortunately, as with the supremum distribution G of Section 5.4, the form of G is

completely unknown.

For the remainder of this section, it will be assumed that B11 holds, as well as the

- 139 -



following modified versions of B9 and B10.

B9': F is a distribution on the positive real line (i.e., F(0) = 0). Furthermore, F is
absolutely continuous with density f such that f is continuous a.e. with respect
to Lebesgue measure. There exists L > 0 such that sup f(x) < L. There

x€(0,T]
exists a positive constant ¢ such that 0’t2 > e for all t € [T, Ty}

B10’: G is continuous and strictly increasing in a neighborhood of 6‘1(1 -a).

Take M to be a positive integer and let Y:,, i=1,...,.M be the bootstrapped
i

processes defined in Section 5.4. Define

~ Y*.(t)
* _
Yni_{ L ,te[Tl,TQ]}

§*. = sup |YE(V)],
ni tE[Tl,T2 nl1

and

i=1,...,M. By Theorem Al of the appendix and (5.9), ?:{11 V—Y ¥ and §;1

i=1,...,M. For x€R, let

"~ M Lod
Gn(x) = g 2 x(5p;<x).
i=1

Following the form of (5.10), define the confidence band

G-la-
(5.11) {Hn(t) + -in—E/T?—)am, t € [Tl,TQ]}.

Theorem 5.6 gives sufficient conditions for the confidence band (5.11) to have the

correct asymptotic coverage probability.

- 140 -



Theorem 5.6: Assume B9, B10’ and B11 holds. Then éﬁl(l—a) — é_l(l—a) a.s. as

M,n — oo.

Proof: The proof is identical to that of Theorem 5.4, replacing Y*_, S*,, S, G;l, and
ni’ ni
Gl by ?;i’ g:i’ §, é;l, and é_l, respectively. O

By Theorem 5.6, as for the confidence band (5.8), we have that

%101 _ &-101_q
p{ttn(t) - S020n < B < o) + BT D0 e rTy))
1/2
= p{ s |2 EnOZHO) (571 ) )
te[T,To]

- P{§5€;‘1(1—a)} = l-a

as M,n — oo, which provides some justiﬁdation for this bootstrap procedure.

To define a stopping time for the new procedure, the standard deviation o; is

scaled by a constant d>0; d is then allowed to go to zero. Fix d>0 and for some

initial sample size n, define the stopping time
Nd = inf{n > ng: n'/%d > é;l(l—a) }
Upon stopping, take the confidence band

(5.12) {Hﬁd(t) + doﬁdt, t e [Tl,T2]}.

As for the stopping time N of Section 5.4, Nd—ooo and ﬁ(li/zd — é—l(l—a) a.s. as

d|0, M —o00. If YNd V—Y Y asd|0, M — o0, it follows that ‘”{'ﬁ Y»V? as d|0, M = oo and
d
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P{ | Hﬁd(t)—H(t)I < daﬁdt, t € [T{,To] }

/2
INg [Hﬁd(t) -H(t)] |

= P{ sup T < ﬁ:{zd}
te[T,To) Ngt

— P{gsa‘_l(l—a)} = 1-a.

Thus the following theorem would hold, giving assurance that the confidence band

(5.12) has the intended asymptotic coverage probability.

Theorem 5.7: Assume B9/, B10’, and B11 hold. If YNd V——Y Y as d 0, then

P{ sup lHﬁ (t)—H(t)ISdUﬁ t} - 1l-a asd |0, M — oo.
te[T;,To]' "d d
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CHAPTER 6

STOPPING TIMES FOR FIXED-WIDTH CONFIDENCE BANDS

6.1 Introduction

In Sections 5.4 and 5.5 the problem of renewal function estimation motivated the
introduction of stopping times for fixed and variable width confidence bands. In this

chapter we consider such stopping times from a more general point of view.

Let Xl,...,Xn be independent and identically distributed random variables having
distribution function F. Suppose Rp = {RF(t), t €I} is an unknown functional process
of F, where ICR is either a bounded closed interval, a closed half-line, or R itself. There

often exists an estimator Rp(-) = Rn(- ; Xy, ..., Xp) of Rp(+) and an associated process

ra(-) = n'/?

{Rn(-) = Rp()}

on I. Several authors have exploited weak convergence properties of r, to construct
large sample confidence bands for the functional process Rp. The methodology
introduced in this section extends readily to the case where RF is an unknown functional
process of F defined on 1C Rp, p>1. See Section 6.6 for an example.

In applications where I is an unbounded interval one can always find a monotone
increasing function that maps I into a bounded closed interval I'.  (The function
estimator may then have to be appropriately defined at endpoints of I'.) Thus without
loss of generality and for simplicity of presentation take I to be a closed bounded

interval.



Denote by D(I) the space of functions on I that have left-hand limits and are right-
continuous. Throughout this chapter we assume that Rp and the estimates rp, n > 1,
belong to the space D(I). Let p denote the usual Skorohod metric on D(I); weak con-
vergence is then taken to be in the Skorohod J,-topology on D(I). The notation\-}-ov (2)
will be used to denote weak convergence (equivalence in distribution) of processes while

D . .
= will denote weak convergence of random variables.

Remark: If I were an unbounded closed interval, then one could let p be the metric k
considered by Lindvall(1973) or any other metric which extends the J-topology to D(I);
weak convergence could then be assumed to take place in this extended topology. The
discussion in this section would then hold if the supremum norm were replaced by the

norm p( -, 0), where 0 is the function that is identically 0 on I.
A typical approach assumes that rp = QF, where QF is a Gaussian process on the
interval I such that P{ SUpy 1 [§p(t)] < o0 } = 1. Define

Gp(0) = P{sup |gp()] < x }, —oo<x<oo.
€

For a desired confidence level of 1—a, 0<a <1, let ¢ = inf{x: Gp(x) > 1~a}. Ifcyisa
weakly consistent estimate of c, then a sensible large sample confidence band for RF is

given by
(6.1) { Ra(t) £ can™ /%, te1},

for then

1/2

(6.2) p{ Ro(t) — con” % < Rp(t) € Ra(t) + cnn” /7, tel } -1—a,
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assuming Gy is continuous at c.
F

In some special cases GF is independent of F and explicitly known, so that one
can take cp=c in (6.1). Estimation of a continuous distribution function F by the
empirical distribution function is such a case, since then Gp is the distribution of the
supremum of the Brownian bridge. Because Gp is usually completely unknown,
bootstrap methods have been advocated for estimating c. (See, for example, Bickel and
Freedman(1981) and Csorgé and Mason(1989); other work on bootstrapping empirical
processes is summarized in the latter paper.) Sometimes the covariance function of (jF
may be known, at least up to its dependence on F. Then a possible approach is to use
either the covariance function or an estimate thereof to simulate independent copies of a
Gaussian process hopefully close in distribution to QF; taking the supremum norm of

each of these copies, GF and ¢ can be estimated empirically.

If the objective is to estimate RF on I with some uniform prespecified precision,

then the idea of a fixed-width confidence band is éppealing. In practice one might want
(6.3) p{ |Rn(t) — Rp(t)] < d, tel } > 1—a,

where d>0 is a constant that reflects the desired accuracy. Typically the minimum
sample size n such that (6.3) holds is unknown and some guidelines for deciding when an
adequate sample size has been reached would be useful. The analogy with fixed-width
confidence interval estimation of a real-valued parameter §(F) is suggestive. Suppose 0
is a consistent estimate of 9(F) and one would like the smallest sample size n, usually
unknown, such that P{ |8y, — 8(F)| < d } > 1—a. Further assume n1/2( fn — 6(F))
—D> N(O, 0'2) as n—oo and s% is a strongly consistent estimator of 02. For the fixed-

width confidence interval problem, a number of authors have considered stopping times

of the type
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N:i = inf{ n>ng: n_l/zsn Tas2 < d },

where ng is some initial sample size and Ta/2 is the (1 — «/2)-th quantile of the
standard normal distribution. (See, for instance, Chow and Robbins(1965) and
Sen(1981).) With appropriate conditions on the sequences {6y} and {s%} it has been

shown that

éxile{ IoNé — 6(F)| <d } =l-a,

so that for sufficiently small d the confidence band (BN, —d, HN, +d) has approximately
d d

the desired coverage probability.

This chapter has as its primary purpose the definition of a stopping time Nd such

that under certain conditions

(6.4) (}iier{ | Ry () — Rp(t)| < d, tel } = 1—a.

Let cp be a strongly consistent estimate of c. For fixed d>0 and some initial sample size

ng, define the stopping time

(6.5) Ng = inf{ n>ng: n_1/2cn <d };

upon stopping use the confidence band

(6.6) { Ry (t) % d, tel }.

Thus the rule states that one should stop when the width of the confidence band

determined by (6.1) is at most 2d.

The most basic properties of Nd follow directly from its definition. By the
relation

2 2 2 2
(6.7) [cNd] < Ngd“ < [cNd—I] +d*°,
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N4 is finite a.s. for fixed d > 0. If the quantile ¢ of the distribution G were known,

then for small d >0 a reasonable fixed sample size would be

-1/2

(6.8) ng = inf{ n>ng: n c<d },

where ng is the initial sample size that appears in (6.5). Suppose P{ ¢, <0 } = 0 for all

n>ne. Since ny ~c2/d2 as d | 0, one then has that Nd/nd—bl as d |0 by (6.7).

It is shown in Section 6.2 that if one also assumes that Tng Y»V QF as d |0, then
(6.4) holds. Several methods for establishing weak convergence of I, are given. In
Section 6.3 sufficient conditions are given for the expectation of the stopping time to be
finite for fixed d >0, as well as for the asymptotic efficiency and normality of Nd as d|0.
Several bootstrap estimators of ¢ are considered in Section 6.4, along with some resulting
properties of the stopping time. In some applications one might want to allow
confidence bands of variable width. Section 6.5 addresses the problem of stopping times
for such modified confidence band procedures. An example in Section 6.6 illustrates how
a stopping time of the form (6.5) can be used in the construction of a confidence region

for a statistical function Ry defined on Rp, p>2.

6.2 Asymptotic Coverage Of The Confidence Band

The principal result of this section concerning the asymptotic coverage probability
of the confidence band (1.6) rests on the assumption that TN w (_’;F as d|0. Theorem
6.2 gives a single sufficient condition for the weak convergence of Iy, some discussion

then indicates how one might verify this condition.

C1 summarizes the principal assumptions of the introduction.
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Cl: With previously defined notation, ry V—Y G on I, where P{supteI IGp(t)| < oo}
= 1. Gp(c) = 1—a and Gy is continuous at c. There exists an estimator cy of ¢

such that ¢, =+ c a.s. as n—+00 and P{ ¢y, <0 } = 0 for all n > n,.

The estimator cp can always be modified, without affecting its consistency, in
order to meet the requirement that P{cy; <0} = 0 for all n>ngy. Tsirel’son(1975)
showed that if QF is a separable nondegenerate mean-zero Gaussian process which is
almost surely bounded on I, then Gp must be continuous on the half-line (0, c0). Thus

the continuity condition included in C1 is generally met.
\i%
Theorem 6.1: Assume C1 and that INg = gF as d 0. Then (6.4) holds.

Proof: From the basic properties of N d discussed in the introduction it follows that

Cn, =€ 2.8 and N(li/zd = c a.s. as d| 0. Thus the result holds by (6.2). a

In practice it will of course be nécessa.ry to verify that rNd V—Y gF as d]0. A
sufficient condition for this is as follows; this condition generalizes the notion of a
sequence of random variables which is uniformly continuous in probability. A sequence
of random variables {Xn }n>1 is uniformly continuous in probability (u.c.i.p.) if given

€ > 0 there exists § >0 such that foralln>1

P{ MaX, < < né an+k—Xn| >e} <e

The condition we consider here is as follows.

Given € >0 there exists § >0 such that forall n>1

P{ MaX, ¢y < n p(rn+k, m)>e}<e
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Anscombe’s Theorem gives conditions for a weakly convergent sequence of random
variables to have the same limiting distribution when the index is replaced by a random
index. Theorem 6.2 is the analogous result in the present setting; the same type of

argument employed in the proof of Anscombe’s theorem is used here.

Theorem 6.2: Assume C1 and C2 hold. Then (6.4) holds.

Proof: Since Nd/nd-ol a.s. as d |0 by (6.7), for arbitrary fixed e, ¢/ >0 one may choose

6§ >0 such that

P{ p(rNd’ l'nd) 2 f}

IA

P{INg/ng=11> 6} + P{max, /0 | <5P(ng Tng) 2 €}

IA
™

making use of C2. Thus p(rNd, rnd) £ 0 as d]0 and ™Ng has the same limiting

distribution as Tngs namely the distribution of § . g

A convenient method for verifying condition C2 is to take recourse to a two-
parameter process as introduced below. For each fixed t €I and given a small §>0,
define a process on the interval [0, 14+é] by

R t) - Rp(t
Zn(s, t) = il el T D
n

(Here [-] denotes the greatest integer function.) We consider weak convergence of the
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two-parameter process
(6.9) 7y = { Zo(s, t); s€[0, 14+6], tel }
as a condition which implies C2.

Endow D[0, 146]xD(I) with the S-topology considered by Bickel and
Wichura(1971) and suppose that there exists a process Z on D[0, 14+8]xD(I) such that
Zn V—Y Z in the S-topology. (Bickel and Wichura (1971), for example, give sufficient
conditions for verifying weak convergence of Zy,.) For any n such that In/nd —1] < é,

choose s such that ngs = n. Then for this fixed s
(6.10)  p(rn, tny)

< P(Zng(s, ) Zng(1, ) + |s"2f1| :gln‘”{an(t) ~ Rp(t)}|
and as a result
(611)  P{max;,/0 ) <5P(tn Tng) 2 € )

< P{supcr g, 148) P(Zng(ss ) Zng(1, ) > €/2}

+ P{ maX|q/n, — 1] :Ziihll/z{Rn(t) = Rp(t) } > c/2|sl/2- 1| }

Since Zp W Z, by Theorem 2 of Bickel and Wichura(1971),

(6.12) P{ supse[l_é’ 1+6) p(an(s, -), an(l, <)) > 6/2} = 0as § = 0.
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Again using the weak convergence of Zp, for some constant K> 0
1/2 1/2
X P — Ryt -
(6.13) {ma,xln/nd_”:lé};|n {Rn(t) = Rp(t)}| > ¢/2|s 1|}
1/2 -1
<P Zn(s, t K -1 0
< o SUPse(1-5, 14] 2P| Zn(s )] > K5 =1} -
as 6 = 0.

Together (6.11), (6.12), and (6.13) imply C2 holds. This method for verifying C2
can also be used when Rp is defined on a compact set IC rP by considering weak
convergence of the process defined by (6.9) with t € IRp, again in the S-topology of Bickel

and Wichura(1971).

Another potential approach for establishing C2 supposes that there exists a
sequence of o-fields {Cp} such that {Rp(-) - Rp(-); Cn}g.;l forms a reverse

martingale process. Taking é >0 and N=[né], one would then have that

{Rp 11 () = Ry NC €

is also a reverse martingale process. It follows from this that

E sup |R t) — R t
c”n+k+1 {ter; | n+k( ) n+N( AR

IA

sup |EC

tel n+k+1{Rn+k(t) ~ Rpin(®)}H

= :lé}'l’ IRn+k+1(t) - Rn-l-N(t)}l

and consequently { SUpy | |Rn+k(t) - Rn+N(t)|; Cn-}-k }lljzl is a reverse
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submartingale. One could then try to bound the probability

P{ max0_<_k5n6 p(rn+ka fn) 2 € }

using the Kolmogorov inequality for reverse submartingales.

6.3 Properties Of The Stopping Time

By making additional assumptions about the quantile estimator cp, some
questions about the expectation and rate of convergence of the stopping time can be
answered. In the fixed-width confidence interval problem, the properties that will be
considered here have been shown to hold for the stopping time N:'l under a variety of
conditions on the variance estimates {3121, n>no}. Due to the similarity in form
between N:i and Nd’ by putting the same requirements on the sequence {c%, n>ng},
the same properties follow for N d: Thus no proofs are given here, the necessary
calculations being identical in spirit to those in the references cited. A problem is that
conditions that are easily verified for variance estimators may not readily apply to
quantile estimators, so discussion is restricted to those conditions which seem most

relevant.

Among the basic properties established in the introduction were that Nd < 00 a.s.
for fixed d >0 and Nd/nd-ol a.s. as d|0. Lemma 6.1 provides a condition which implies
that for fixed d>0 the expectation of the stopping time is finite, while as d|0 the

stopping time is asymptotically efficient in the sense that

. -1 _
(6.14) élirb ng ENg=1

The type of arguments needed to prove Lemma 6.1 may be found in Sen(1981), pp. 284

and 287.

- 152 -




Lemma 6.1: Assume C1 holds and that for fixed d >0
(6.15) E{ supn>n°c,21 } < oo.
Then ENj < oo and (6.14) holds.

To show that the expectation of the stopping time is finite, another approach is to

establish the equivalent condition that

(6.16) > P{Ny>n}< co.

n>ng
Similarly, an alternative condition for verifying (6.14) is

. -1 —
(6.17) o%lfb nJ > P{Ng>n}=o.
n2>ng(1+¢)

(See, for example, Sen(1981), p.288.) In Section 6.4 it is demonstrated that if cp is a

particular type of bootstrap estimator it may be possible to verify (6.16) and (6.17).

In the fixed-width confidence interval case one may sometimes deduce a limiting
distribution for N:i as d |0 when sg is asymptotically normal. Similarly, in the present

setting asymptotic normality of c% may provide a rate of convergence for Nd as d|0.

Let { g(n) } be a sequence of positive numbers such that g(n) is increasing in n,

g(n)— o0 as n—- oo, and

(6.18) n7lg(ng) =0 asdlo.

Suppose that

(6.19) g(nd){ cr2‘c'/c2 -1} D, N(O, 72) as d|O0,

where v is a finite positive constant. Further assume that
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(6.20) { g(n)[c%/c2 — 1], n>ng } is a u.c.i.p. sequence.

(See Section 6.2.) Together with C1 these three conditions yield the following result,

similar in derivation to Theorem 10.2.2 of Sen(1981).
Lemma 6.2: Assume C1, (6.18), (6.19), and (6.20) hold. Then

g(ng){ Ng/nq - 1} D, N(O, 72) as d|0.

6.4 Bootstrap Quantile Estimators

One method that has been suggested for constructing confidence bands of the
form (6.1) is bootstrapping the process rp. Given X,,...,Xp, let X"‘,...,X}"nn be
conditionally independent with the distribution Fp(x) = n_lz? 1 x(X;<x),

—00 < x <00, where the bootstrap sample size mp—00 as n—oo. (Here x denotes the

indicator function. Next, for t €1 define Rh.(t) = R t; X¥ ..., Xh.); the
n Mmp Mp

bootstrapped process is then given by

() = mp/ 2 {Réa, () = Ra()}

on I. One then typically makes the assumption that r;‘nn Y.V QF as n, mp—oo so that a

natural estimator of the distribution GF is defined by
Gn,Fn(x) = P{ SUPy | |r}"nn(t)| <x| Xy Xp }, —co<x< 0.

The bootstrap estimator of ¢, the (1—a)-th quantile of GF’ is then defined to be the

(1—a)-th quantile of Gn,Fn'
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For computational reasons the bootstrap estimate is often itself approximated by

generating conditionally independent copies of r}"nn as follows. Fori = 1,..., My let
X;‘l,..., Xi“mn be a random sample from the distribution Fp, where My -0 as n-oo.

For t €1 define R:‘nni(t) = Rmp(t; X§5.- -, X;‘mn ). Then the processes
1/2
r;nni(') = my {R:;]ni(') — Rp(4)}

onl, i =1,..., My, are conditionally independent and identically distributed. Estimate
Gn,Fn empirically by

G Y * ()] <
n,Pp() = Mn "Zi] x( sup |rf ()] < x), —e0<x<oo.

A
The bootstrap estimate of c is then taken to be ¢} = inf{x: G, Fn(x) >1—-a}. Putting
b

cp = cp, in (6.5) then defines a stopping time for terminating the bootstrap procedure.

Due to the conditional nature of the ordinary bootstrap estimator, the feasibility
of establishing unconditional properties of the stopping time may depend on the nature
of the function Rp and the estimator R,. Showing that the stopping time has finite
expectation for fixed d >0 or has the asymptotic efficiency property (6.9) by confirming
that conditions such as (6.10), (6.11), or (6.12) hold may be difficult or impossible. To
gain some insight into this problem we first examine a condition on the random
distribution function Gn,Fn which is sufficient for (6.11) and (6.12) to hold. While this
condition will not typically be useful in practice, it does suggest how certain properties
of the stopping time depend on the probability distribution of Gn,Fn and might not
automatically follow when one uses an ordinary bootstrap estimator. It is then seen
that by partitioning the sample into independent groups of observations one can instead

estimate a distribution analogous to G, = EGn Fnby bootstrapping; if the resulting
b
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quantile estimate is used to define the stopping time, the desired properties will hold.

Condition C1 is replaced by the following.

C3: With previously defined notation, rp \_i_Y Gp and r;‘nn w §p on I as n, my = oo,
where P{ sup; | [Gp(t)| < o0} =1 Gp(c) = 1—a and Gy, is continuous and
strictly increasing in a neighborhood of c. P{ én Fn(O) =0 foralln>ng } = 1.

The sequence { My, } is such that Mffllog n=o(1).

C3 implies that ch—~c a.s. Let Gp(x) = EGn,Fn(x) = P{ SUPy 1 |r}"nn(t)| <x},
—00<x<o0o. Lemmas 6.3 and 6.4 assume that |G Fn(x) — Gp(x)|-0 completely as

n=oo in the following sense.

C4: For every x € R and every 6 >0, E P{|G, Fn(x) —Gp(®¥) | > 6} < .
n>ng ’

Lemma 6.3: Assume C3 and C4 hold. Then for fixed d >0, ENd < oo.

—1/2 &

Proof: Forall n>ng, P{Ny >n} < P{n cp > d}, so that

(6.21) Y P{(Ng>n} < Y P{ch> n/?q 3.
n2>ng n>ng

1/2

Since Gp D Gp, for all n sufficiently large one has that [1—a —Gp(n"'"d)] < —§ for

some 6§ >0. Thus for large n
A
P{ct>n"%d} = P{ Gn’Fn(nllzd) <l-a}

A 1/2 1/2 1/2 1/2
< p{ G p (@ 2d) -G, p, (n 2d) < —6+G(0?) =G (0 24 }
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1/2 1/2

< P{lén,Fn(n )= G, p (a724) | > 62}

1/2 1/2
+ p{ 1Ga(@™*d) =G, p_(n'%d) | > §/2 }
"By a standard probability inequality for empirical distribution functions
A _ —2Mp (6/2)2
(6.22) P{)s(nel% | Gp p () =Gy p (x) | > 8/2 } < Ce

where C is a constant not depending on Fy or F. (See Serfling(1980), Section 2.1.3.)

Hence by (6.21), C3, and C4

ZP{Nd>n}

n>ng

—2My, (6/2)2 1/2 1/2
< e 5 pliGa(a )~ G, 5 (0'24) | > §/2)

n>ng n>ng
< oo,

which is equivalent to ENd < oo. a

Lemma 6.4 Assume C3 and C4 hold. Then lim, nyl ENg = 1.

Proof: To show that (6.17) holds, we derive a bound for P{Ny > n} which is
independent of d for n an(1+c). For any §>0 and all d sufficiently small, using the

fact that n > c2(1+c)/d2,
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P{ch >n%d} = p{ én,Fn(nl/zd) <1-a}

1/2 1/2

IA

d)<l-—a-— Gn’Fn((1+c)1/2c)}

A
P{ G p 0 )-Gyp (0

IA

A 1/2 1/2 1/2
P{ G, (n / d) =Gy p(n 24y < ~6} 4+ P{1-a+6> G p ((14) / o}

By C3, Gnl—)o Gp and one can choose §, 8' >0 such that (1_a+6)—Gn((1+€)1/2c) <

—¢' for all large n. For this § and sufficiently small d, by C4,

P{1-a+s> Gn’Fn((1+c)1/2c) }

n>ny(1+e)
< Y Plic,p (1492 - Ga(1+9 %) | > 6" }
n>n;(1+e) o
< oo

and using (6.22)

P{Ng>n} < Z P{c§>n1/2d}<oo.
n2ng(1+e) n2>ny(1+e)

Thus (6.17) holds and the result follows. o

For some statistical functions Ry and corresponding estimators Ry, if Fy is in
some sense close to F then Gn F,M2Y be close to Gp. This suggests the following
,

condition which is sufficient for C4.

C5: [Hadamard-Lipschitz condition of order a.] There exists a real-valued function

K(x) such that for all n and x€R
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|G, Fn(x) — Gp(x)] € K(x)||Fp — F||® for some a >0,

where || f || denotes the supremum norm of the function f.

A
The inequality applied in (6.22) to Gn,Fn and Gn,Fn can now be applied to Fy

and F to show that C5 implies C4:

> P{IG,p () —Ga®) |>6} < Y P{IIFa—Fll > [§/K(x)]V* }

n>ng n>ng

2/a
Z ce—2 n[6/K(x)}

n>ng

While C5 seems a more natural condition than C4, in many situations neither of these
assumptions will be verifiable. However, by modifying the procedure so that one
unbiasedly estimates an unconditional distribution function analogous to G, the desired

properties for the stopping time will automatically follow.

In introducing the modified bootstrap procedure some notation is redefined. Now
let {mpy} and {Mp} be sequences of positive integers such that my = oo and M;, = o
as n -+ oo and Mymyp, < n for all n. Divide the sample into My groups of mp

observations each; denote the observations in the i-th group by Xil""’ Xim ,
n

i=1,..., M. One bootstrapped process will be generated from each of the M groups
of observations; for convenience the bootstrap sample size will be taken to be m;. For

i=1,..., Mp let X;'l,..., x* now be a random sample drawn from the empirical

imp

distribution Fni(x) = m;12£n1 x( XijSX ), —oco<x<oo. For te€l define

Rmni(t) = Rm,(t; X;5-005 Ximn) and then redefine
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* — e, *
RE, i(t) = Rmp (6 Xfoees X )

imy
Then the modified processes

rh () =mi {Ry, () = Ry ()

onl,i=1,..., My, are unconditionally independent and identically distributed. Now

redefine Gy by

Gn(x) = P{ Supy | Ir:‘nni(t)l <x}, —oo<x<0co.

Gp can now be estimated in an unbiased fashion by

A -1_M
Gn(x) = Mp 5,27 x( sup T it £ %), —oo<x<oo.
C3 must be changed slightly.

C6: With previously defined notation, rp V—Y gF and r:nnl V-Y gF on I as n, mp = oo,
where P{ sup, | |§p(t)] <00} =1. Gp(c) = 1-—a and Gp, is continuous and
strictly increasing in a neighborhood of c. P{ (A}H(O) =0 forall n>ng } = 1.

The sequence { My, } is such that Mﬁ'llog n =o(l).

Let ch = inf{x: Gp(x)>1—a} for which a natural estimate is ek
A
= inf{x: Gp(x)>1—a}. By a standard probability inequality for deviations of sample

quantiles, for any ¢ >0
Ax * “2Mn6%
P{lch —cnl>¢€} <2e ,

where 6y, = min{ Gp(chi+e)—(1—a), (1—a)—Gp(cn—¢) }. (See, for example,
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Serfling(1980), p.75.) Using the fact that Gy R Gp and Gy is continuous and strictly
increasing in a neighborhood of ¢, it follows that “,’{l.é,gf bp > 0. If Mfl_llog n = o(l),
then one has that | &5 — cii | » 0 completely as n = oo in the sense that for any ¢ > 0,

ZhZn, P{| &% — ¢ | > ¢} < oo; consequently &5 = ¢ completely and a.s. as n - co.

Now let the stopping time N, be defined with ¢, = CX. When C6 holds, one then
has the properties indicated in Lemmas 6.3 and 6.4. This can be seen by replacing
A A
Gn,Fn by Gp and Gn,Fn by the new Gy in the proofs of Lemmas 6.3 and 6.4 and then

making the appropriate simplifications.

The modified bootstrap algorithm results in essentially a grouped sequential
procedure when used in conjunction with the stopping time (6.5). Given the sequences
{Mp} and {mp}, the effective sample sizes are defined by the sequence {Mpmy }.
Even if the sample were increased a single observation at a time, one usually would not
want to repeat the bootstrap procedure until either the number of subsamples My, the
subsample size mp, or both had been increased. Thus the stopping time would only take

values in the sequence { Mymy }. This seems a disadvantageous feature.

Another point bears on the selection of My and mp subject to the constraint
Mpmp <n. The number of subsamples My need only grow at a rate slightly faster than
log n for complete convergence of 8; to cj, so it seems prudent to allow the subset size
my, to increase relatively quickly to speed convergence of ch to c. One might let M, be

A

of order n” for some A, 0 <A< 1, where typically A would not be greater than 1/2 and

could be decreased as n becomes larger.
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6.5 Variable-Width Confidence Bands

In some applications the need for a confidence band of variable width arises quite
naturally. If the variance of rp(t) is large for some values of t and comparatively small
for other values, then a confidence band of constant width such as (6.1) or (6.6) will
often be unnecessarily wide for some values of t. This suggests scaling the confidence
band width at a point t by an estimate of the standard deviation of the process at that
point. (It should be noted that this may actually increase the width of the confidence
band at some points.) In other applications a modified process of the form
{rn(t)/q(t), tel} is known to converge weakly, where q is a known nonnegative weight
function. These two situations are treated jointly here, since both lead to essentially the

same modifications of the stopping time (6.5) and the confidence band (6.6).

Let {qp } be a sequence of possibly random nonnegative functions on I and q be a
possibly unknown nonnegative function on 1. Next suppose JCI is a finite union of
intervals and define the processes Ty, = { rp(t)/qn(t), t€J }, n=1,2,.... Assume that

~w W

~ o~ .
Th — gF, where gF is a zero mean Gaussian process on J such that

P{sup,cy IGp(t)| < o0} =1.

In the case where rp \—)Y §p on I and q(t) = Var{ Gp(t) }, JCI is necessarily such
that q is bounded away from zero and infinity on J; if additionally qp is a uniformly
consistent estimator of q on J, then aF(t) D { Gp(t)/a(t), teJ }. Alternatively, one
might have that qu=q for all n, where q is a known weight function that provides an

appropriate normalization of ry.

Set

Gp(x) = P{ sup 1R < x}, —0<x <o,
te
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and suppose that € is such that éF(E) = l1—a and éF is continuous at €. Given a
weakly consistent estimator €, of €, a reasonable large sample confidence band for R‘F

on J is then given by
(6.23) { Rn(t) + Tan~ 2an(t), ted ).

With the preceding assumptions,
-~ —1/2 ~ —-1/2
(624)  P{Rn(t) = Tnn~Zan(t) < Rp(t) < Ra(t) +Ean”  Zan(t), ted |

= P{ sup |Tp(t)] <€n}
teld

Although the goal is no longer a fixed-width confidence band, by scaling the function qp
by a constant d>0 a stopping time can be introduced; the constant d is then let go to
zero in order to study the asymptotic coverage probability. Assume €,—¢€ a.s. and

define the stopping time
ﬁd = inf{ n>ng: n_1/2'(':'n <d },
where ng is again an initial sample size. Let

(6.25) { Rﬁd(t) + dqﬁd(t), ted }

be the associated confidence band.

It follows from the strong consistency of €, that if P{ €, < 0 } = 0 for all n > n,,

]1/2

then Eﬁ - ¢ a.s. as d]0. By a relation like (6.7), one then has that [ﬁd d-¢as

d
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d10. Thus with the additional condition that T~ '3 § pasdlo,

Ny
(6.26) pr{ IRg; (8) = Rp(®)] < dag (1), ved }
o - o 1172
= (}‘ﬁ,”{ sup |rﬁd(t)| < [Ny d}

= 1l—-a
by (6.24). Thus one can define a meaningful stopping time for the confidence band

(6.23).

Letting 'I'id = inf{ n>ngq: n " 1/%

< d }, as for the stopping time N4 one has that
ﬁd is finite a.s. for fixed d >0 and ﬁd/ ﬁd —+ 1 a.s. as d { 0. Other properties of the

stopping time such as asymptotic efficiency and normality follow under conditions on ﬁd

and €, identical to those considered for N4 and cp in Lemmas 3.1 and 3.2.

6.6 Example: Empirical Processes

Let X, )$1,..., Xn be ii.d. random vectors having continuous distribution

function F defined on RP for some p 2 1. Define the empirical distribution function by
— n—1lyn p
Fa(x) =n""Ii_; «(x-%;), x€R",

where c(u) is equal to 1 if all p coordinates of u are nonnegative and is otherwise equal
to 0. Letting Vp(x) = n1/2[Fn(§) — F(x)], the usual empirical process is then defined
by Vp = {Vn(x), x € Rp}. Let Ep=[0, l]p be the p-dimensional unit cube. With x'=
(xl, cees xp) and Fl""’ Fp the marginal distributions of F, define the reduced

empirical process by
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Un(x) = Va( FT1(xq)s ..., Fp l(xp)), x€EP.

Since F is continuous, UHYY U, where U is a tied-down zero-mean Gaussian process on
EP. (See Bickel and Wichura(1971).) Thus P{sup eEPIU(§)| < o0} = 1. For the
X

remainder of this section, let
Gpr(t) = P{su Ux)| <t}, —co<t <oo.
F( ) { p Ep | (,.,)| S }

If ¢ is such that Gp(c) = 1-a, then Gp is continuous and strictly increasing in a

neighborhood of c.

As is well known, if p=1 then Uy YY B as n =+ co, where B is the Brownian bridge
on [0, 1]. Thus when F is continuous Gp is the distribution of the supremum of the
Brownian bridge. Bickel and Freedman (1981) have shown that bootstrapping Uy, yields
a strongly consistent estimate of ¢, the (1—a)th quantile of Gp. Letting cp be the
bootstrap estimate and rp(:) = Up(:) on [0, 1], define the stopping time Ny by (6.5)

and the associated confidence band by (6.6).

Now let p>1. When p >2 the corresponding GF is usually unknown unless the p
coordinates of X are independent. Again suppose c is the (1—a)th quantile of GF and
use the strongly consistent bootstrap estimator discussed by Beran(1984) to define the

stopping time (1.5). Upon stopping, use the confidence region
(6.27) { Fy (%) * d, xeRP }

for the distribution F. It then follows that if UNdYov U as d]0, then
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(6.28) P{Fy (5) - d< F(x) < Fy() +d, xeR”}

1/2
=P{ sup_|Uy (x)] < Ng7%d}
P d
x€E

2 1-a
as d } 0 by the assumptions and the inequality (6.7).

Bickel and Wichura (1971) note that if {Ny} is a sequence of positive integer-
valued random variables, cp—00, and Np/c; converges in probability to a positive
random variable, then UNn‘—}oV U. Thus UNdYYU since Nd/nd -+ 1 a.s. as d]0. Alterna-
tively, weak convergence could have been shown by using the process Zp considered in
Section 6.2 and the method considered there; weak convergence of Zp in this instance
has already been confirmed. (See the remarks following Theorem 6 of Bickel and

Wichura(1971).)

In this chapter we have defined stopping times for several types of confidence
band procedures and considered various properties of these stopping times. That these
sequential procedures achieve the correct coverage probability asymptotically was seen
in Sections 6.2 and 6.5. The multivariate empirical process example suggests how these
sequential methods can be readily extended to confidence regions in p-dimensional

Euclidean space, allowing a more general treatment than considered here.
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APPENDIX

This appendix concerns the weak convergence of the bootstrapped process Y:‘ll

defined in Section 5.4.

Theorem AP1l: Assume B9 and Bll hold. Then Y;l YY Y as n - oo , where Y =

{Y(t), t €[0,T]} is the zero-mean Gaussian process defined by (5.2).

The proof of Theorem APl may be found at the end of this appendix. As in
Section 5.3, weak convergence will follow from asymptotic normality of the finite

dimensional distributions of Y;l (Theorem AP2) and a condition sufficient for tightness

(Lemma AP3).

Assume the original random variables Xy X2, ... are defined on a probability
space (Q,%F,P) and fix we Q. By the definition of f;, B9, and B11, there exists a
constant L(w) such that f,(t) <L(w) for all t<T, for all n>1. This implies that for
fixed w € ) there exist positive constants K and p, 0 < p <1, such that for i=1, 2, ... ,

and n=1, 2, ...,
(AP1) £D(t) < Kpl for all t < T.

Here fgll) is the i-th convolution of f;;. See, for example, the proof of Theorem 2.1.3 of

Wold(1981) for verification of Al. Thus for fixed w € @, i=1, 2, ... , and n=1, 2, ...,

(AP2) F(g) < KTpl forall ¢ < T.



To establish Theorem Al, it is shown that for fixed w e, Y;;l Y.V Y; in order to
accomplish this, frequent use is made of AP1 and AP2.
Asymptotic Normality of Finite-Dimensional Distributions

For arbitrary positive integer ¢, let t = (tl""’tll),’ where tq,..sty are fixed
nonnegative real numbers. The Cramér-Wold device is used to show that
[ﬁnl(tl),...,ﬁnl(te)], suitably standardized, has asymptotically a multivariate normal

distribution. Thus, let a = (a.l,...,ae )' be any ¢-vector of real numbers. Redefine

(4
Dn(t) = 21 aH (%)
1=

and
* m
D) = Za > F (.

For 1<c< rVs, i,j=1, ..., ¢, let

Enreg(©) = Cov.'.__.n{ ﬁﬁ,’“c)(ti-(xh+...+x’{c)), i‘ﬁ,s‘l)(tj-(x;1+...+x;c)) }
and
bnrst (6) = Z Za nrsi(c
i=1i=1
For all n,
(AP3) | €nesif(©) | < minC FO(), F(8))
P )
< k1)
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Thus for some constant K
0

> msléng (DI < K

r,s=1
for all n >1. Since £ .4 (1) = §44(1) a.s., by dominated convergence

OO

Z rs €5t (1) = a% a.s.

r,s=1

Theorem AP2: Assume B9 and Bll hold. Then

D

n'/[Da(t)-Dp(8)] = N(0,07)

2 __ oo . . . . . . *
where oy = Er,s=1rs£rs£(1), and thus the finite-dimensional distributions of Ynl

converge weakly to the finite-dimensional distributions of Y.

The proof of Theorem AP2 is begun by calculating the projection Dy(t)—Dp(t)

onto the individual observations X’{l, ’-XIn‘ Let

3w = Z 5 F e

and

e -~
50w = Y e,
1=
By the definition of F( )(t) we have
e(FmIxy) = amPE De-x1p + a-k/mF),

Again using the convention that Q—X)’ = (t;-X,...,tp,-X), it follows that
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k ¢
E(Bfll)Q)lx Z: I:(k/n)F(k 1)(1: -X%;) + (1-k/n Yo (t )]

(k-1)

= /mBY Ve -x2) + 1-k/n) B ).

Define the projection

= {ng €(Da(®)1X3;) } - (a-1) DA

so that

Bact) - DA = n"lilkfj k{BE Vi -xg) - B8
J: =

We next calculate Vari.:. {Dn(t)}, Var? {1'5,,@)}, and Cov.'.__. {Dn(‘g),f)n(‘g)}.
n n n

By definition,
Cov.. {BS,"C)Q-(x* Foe b XE), BE O - (XE 44 XS )}
Fo 11 1c))> Bn 11t TR

= Cov;n{Z B - (R X)) Z 2, FE —(X’{1+...+x’{c>)}

1=1

EDI‘S‘E(C)'

Thus,

v, (B} T = ot (50 el Vsoxiy - 50)

= ol
Z = n Z rsfnrsﬁ(l).

r,s=
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By a direct calculation

Var?n{DnQ)} = Z Cov Ve {Bnl(‘v)’ nl(-v)}

I'S_

3 an(2) ™ 3 (8) (228) g

1ij=1 c=1

I
NgE!

r,s

Finally,

Covz {Pa®), Bn()}

o, s~ s
= Cov {ZBML), -121 > (B V(e -x3) - B}
J: s=
m s—
= E s Cov... {Bnl (), B( 1) ¢ —X’i‘l)}.

r,s=1

Since
Cov.. {Bnl(o-)’ B(s 1) 1)}

= (Irl:%)( ) 1Cov... {Za x(X’{Q-{- +X1r < X’{l) ZaF(S 1)(t.~XI1)}

n_lrfnrsﬁ(l),

we can conclude that

Cov.l.:.n{Dn(‘t_), ﬁn(},)} n-1 z rsfm.st(l)

r,s=1

o
]

a AP1: Assume B9 and B11 hold. Then

n'?[Da(®)-Dpe)) B N(0,062).

- 171 -



- k-1 k . i
Proof: Let X}; = n i >l lk{B( )(.-XIJ-) -8l )Q)}, j=1,..,n. By definition,

a2 [Da()-Dp@)] = 3 X}y
=1

Also, E? Xl*lj =90,j=1,...,n, and
n

2 2
fn = Var.'.:.n{ J} rsEnrs‘g(l) — a’}'.

I'S—

For ¢>0 let

A L Zk[B“‘ Dig-w - B > et}

We verify the Lindebergh condition

Jimy 30 £ {(X3)? xOK3y) > )/
J=

= m, [ {2 st Ve w - B W1} aFaw

= 0.

A
If Zf% - a% = 0, then nl/z[DnQ)—D:Q)] converges in mean square and hence in

distribution to the degenerate random variable which is identically 0. Thus assume 3’,21 -

a% > 0. Suppose t; = max{ty, ... , tl}' Then
IZ k(B8 Digw - B0 1< Z 2 k(P D) + B (ep)
< K,

say, for all n > 1 by AP2. Hence there exists no such that for n > ng

S, = {u:l 3 k[ng—l)(‘g—u)—ng)(‘t‘)]l > n‘”wn}
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is identically the empty set. Thus the Lindebergh condition holds. The lemma follows

from a standard array central limit theorem. (See Serfling(1980), Section 1.9.2.) o

Lemma AP2: Assume B9 and B11 hold. Then

n€[Dn(t)-D, (t)]2 — o.
Proof: By prior calculations,
nE[Dn(t)-D,(t)]% = nVar{Dy(t)} + nVar{ Dn(t)} - 20 Cov{ Dn(t), Dan(t)}

Z (‘S:)(?:g) fnrs‘g(c) —-Is fnrsﬁ(l)}-

It is shown using dominated convergence that

(AP4) n ‘f‘,l(‘:)‘1 2522(2)(¥:3)s,,,83(c) ~ 0
r,s= c=

and

(PS) > {7 ()@ - 0

First, n(?)—l Z (s)(i.l_—g) < rs. Therefore, by AP3, there exists a constant K

independent of n such that
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|3 () SO }

r,s=1 c=2
¢ ¢ 00
<3 Slallal 3 mmin(F00), F6)) ‘
i=1 j=1 r,s=1
< K.

For fixed r and s with ¢>2, n(?)-l(g)(g:g) — 0. Thus AP4 holds.

Next, | n(?)—l(i)(;‘:f) —rs | € 2rs. Again by AP3, there exists a constant K

independent of n such that

|2 () ()(0) ) a0

r,s=1

/4 /4 s
< }:1 E a.| [ a| 2 2rs mm( ( )(t ), F( )(t))
1= J=

r,s=1

< K.

For fixed r and s, | n(?)—l(i)(;’_—f) -rs | =0, so that AP5 follows. 0O

Proof of Theorem AP2: By Chebyshev’s inequality and Lemma AP2,
nl/z(Dn(‘g)— ﬁnQ)) — 0 in probability.
It follows from Lemmas AP1 and AP2 that
n'/*(Da(t) - D}()) D N(O,vz).

Thus the finite-dimensional distributions of Y;l are asymptotically multivariate normal
by the Cramér-Wold device. By definition Zie_laiY(ti) is a N(O,a%) random variable.

Since the choices of ¢ and a = (al,...,ae)' were arbitrary, we see that the finite-
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dimensional distributions of Y;l converge weakly to the finite-dimensional distributions

of Y. u]

Tightness

Lemma AP3: Assume B9 and B11 hold. Then there exists a positive constant K such

that for any 0<ty Sty <tg<T,

E[Yny(t) - Y 1(t1)] [Yaa(t3) - Yﬁl(t2)]2 < K(tz-tp)?

for all n > 1.

Proof: For i=1,2,... let p* 1= F( )(t2) Fg )(t ) and p 2= F( )(t3) F( )(t2)' Define

X __ ek * * _ vk * * * S A
Sni = X11+...+X1i and Snj = Xll+...+X1c+xl(i+1)+...+X1(i+j-c) for OSCSIAJ.
Using AP1, the proof of Lemma 5.8 is readily adapted to show that for i,j=1, 2, ... there

exists a constant K such that

ivj

2 2
E{x(s;ie(tl,tgn—p;‘l} {x(s;;je(tg,tg,])—p;g} < Kp' Ity -1))2

for all n>1. Now let S*.

ni’ S;j’ S;k’ and S;Z represent arbitrary sums of i, j, k, and ¢

random variables, respectively, from the bootstrap sample X¥., ..., X* . Define
11 1n

Spi(1) = x(Sp; € (b1,t9]) — Pfy, SHi(2) = X(SY; € (bnut3)) - P,
nike = {553y SnioSne) B [ShSH(1S}(2)55,(2)] # 0}

and Ukae #(Snljke)’ the cardinality of Smjkl Then, as in Lemma 5.7, it follows
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that

1 \-1/7\=-1/0\-1 B
o2 (R) (3) Ungre  Tiike
Thus
|E|:S* {(1)ST; (1)8,(2)S} e(z):|| < | E{E- [s* {(1)S; (1)S%,.(2)S: (2)]}|
< Kiig-tp2VH VY

for all i, j, k, and &. Now using the cardinality arguments of Section 5.3.2 and mimicing

the proof of Lemma 5.6,

E[Y21(ty) - Yay(t [V a1ta) - YarCo)]

< 2B ()6 s

for all n>1. o

Proof of Theorem AP1: As noted in the proof of Theorem 5.2, P {Y(T) #Y(T-)} =0

when F is continuous. That Y;l —D> Y follows from Theorem AP2 and Lemma AP3,

again using Theorem 15.6 of Billingsley (1968). O
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