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Abstract

Recent development of models for ara]:yses of variance has been concerned with
the effec;.t of postulatir:g that am observed set of treatments is a sample from a
finite class of treatment variamtk, and with consequent effects on definitions of
variance components, In this paper the word population is used to imply an infie=
nite population, the word universe to imply a fimite population, The one extreme,
infinite populations of all classifications, is Eisenhart?s model II, commonly
described as the “random moedel¥, The other extreme, observing all members of small
universes, is commonly taken to be equivalent to Eisernhart?s model I, These two
do not however have the same philosophical background, Model I postulates that
we wish to evaluate the means, parameters or statistics of location, for each
observed treatment irrespective of any universe from which they may have been
selected? it is described as a regression model, regression techniques being used
to evaluate the statistics of location, The variance component model on the other
hand postulates no interest in individual treatment means but only in the dispersion
of the elements of their universes it becomes similar to model I only incidentally,
when a complete universe or sub-universe is observed, in the sense that we then
have the means to completely describe the universe, including its dispersion, by
an emumeration of its elements,

Section 1 notes that statistical amlyses are formal, The parts into which
we imagine an observation or variance to be divisible are not physical entities

dictated by natures they are defined empirically for purposes of statistical



description, The criterion for preference among alternative models is simplicity
and conveneince of condequent statistics§ nothing more fundamental,

Sections 3 to 6 review standard models and their interpretation ~e a setting
of the stage for subsequent discussion,

Section 7 endeavours to tighten up the definition of some statistical concepts,
because, although the topic may seem pedantic, a deal of controversy seems to trace
back to small differences in usage and interpretation of words by different workers,
Among other things the conclusion is reached that Tukeyts k2 statistics for a
universe camnot be defined as variances without consequent inconsistencies, They
are therefore referred to throughout this paper as kestatistics, Their parametric
values are denoted by the capitaly K3 the greek leiter,usual designation for a
parameter, having been reserved for the amlogous parameters of infinite populations,

Section 8 presents the general model for universes of any size, Analysis of
variance in terme of generalized symmetric means then indicates how we can define
components of mean scquares which are "inherited on the average" (Tukey, 1950).

They are therefore an extension to components of the generalized kestatictics
defined by Tukey for moments of umiverses and samples from them, Like these the
definition of sample values is independent of the size of parent universe and
therefore is the same as for the variance components of a random (infinite populae
tion) model, Being invariant for alterations of hypothetical universe sizes they

are christened canonical variance components,

Variance components as usually defined for finite universes are here dictinm
cuished as tspecific variance componentst, Their formulae appear to be most
easily derivable as a linear function of the canonmical components (sec., 9).
However since inferences may be made just as well, and often better, in terms of

canorical components the specific ones may seldom be worth evaluating, Recollecting



that the criterion of a good statistical model is simplicity of the descripiive
and test statistics to vhich it leads, a modified model is proposed (the canonical
latent equation) such that the variances of its groups of elements may be the
canonical variance components,

Sections 10 and 11 consider the interpretation of regression ard mixed models
as limiting cages of the zeneralized model, The most important point to emerse
is that controversy over the mixed model derives from universal oversight that
vhen one turns to examine the means of observed variants of what was defined as the
random factor one has abandoned the mixed model as originally defined and is now
applying regression interpretation to that factor, UVhen that is realized the
restrictions formerly laid down on the #fixed factor! are seen to be irrelevant to
evaluating means of observed variants of the postulated "random factor'; and
the debate is resolved, Section 12 maintains that a significance test, like
statistical estimation discussed in sec., 7, always 2involves a hypothetical infinite
population and that appropriate error mean squares are better taken to be those
indicated by canomical, rather than by specific, variance components,

Section 13 examines the ideas promilgated by Kempthorne and Wilk for "logical
derdvationt of linear models and their amlyses for experimental situations, It
findss (1) that their definition of the random voriables generated by sampling
elements of a universe lacks theortical validity and merely produces an unnecessarily
cumbersome algebraic systemy (2) the randomization tests which they advocate do
not (within the framework of the theory) produce the answers which an experimenter
requiresy and (3) insertion of umidentifiable interactions in the model introduces
redundant complications, The last follows from recognizing that an interaction can

properly be defined only for reproducible effects of variants which can be identified



in replications of the experimental units., Unidentifiable interactions are a part
of experimental error and need to be considered only in so far as errors may be
heterogeneous, for example to distinguish between main=-plot ard split=~plot errors,

Section 1l (not yet written) presents some examples to illustrate the prinw

ciples discussed,
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Introduction

In practice analysis of variance is not difficult to interpret relative to a
given purpose even although there may be some ambiguity about the underlying model
to best represent facts, The two ways in which amalysis of variance may be used
were expounded by Eisenhart (1947). Often however one my vant (as it has been
described) to view a given set of data “through either pair of spectagles' and the
alternative may occasion no trouble, Nevertheless with usage being extended over
ever increasing range of applications, many have felt it desirable to get the
various models more rigorously formulated and synthesized, To this end, consider-
ation has been given to interpretations centering around postulates that variants
or levels of factors in a factarial experiment are representatives of limited
(finite and perhaps small) universes of variants, Alternative postulates, some=-
times implied rather than defined, have led to controversy on whether or not main
effect mean squares should or should not contain interaction variance components
in the mixed model and what coefficients should be associated with them in mare
general models,

The main purpose of this paper is to define a set of “canonical® variance
components (Sec, 8) which depend only on the design of an experiment and are in-
variant under alterhative postulates about the universes supposed to have been
sampled, They have useful properties, in particular that there are unique un-
biased ectimators which are "inherited on the average" (Tukey, 1950), ard they
lend themselves to flexible interpretation of experimental data with universe
postulates introduced only as part of the process of interpretat:i:on instead of as
a part of the model, Their sample estimators are defined in the same way as for

variance components in the "random" model, as is required by their invariance and
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the condition that both should be asymptotically equivalent, For elementary
exposition they may be regarded as parameters and estimators for hypothetical
infinite populations, leading to inferences relative to finite universes with
nfinite population corrections" as developed by Yates and Zacopanay (1935),
Cochran (1939), Hendricks (1947, 1951))Irwin and Kendall (19LL), (Sec. 9).
Endeavor to obtain defimitions which would be always consistent indicated that
ambiguity is creeping into current usage of many terms such as parameter, variance,
fixed effects, Indeed much contemporary discussion on analysis of variance and
variance components seems to derive from varying use and interpretation of words;
it poses, at least in part, a problem in semantics, Therefore the first seven
sections endeavor to set down just what we mean by certain concepts, The later
sections develop the application of canenical variance components to experimental

inference,



1, Statistiecal analyses are formal,

Analyses of observations, y, into components according to a linear model such

as
yijk VR R pj + g0 * si:jk (1.1)

or an analysis of variance symbolized by

2 2 2 2
oy = 0 + g+ cee * O (1.2)

are purely formal, the respective components being defined solely for simplicity of
statistical description, The respective components may be associated with causal
influences; but they do not represent  physically real or distinguishable parts
of y or of oi,’ nor even of the "response! to a treatment, which should naturally
be evaluated as deviation from the yield with no treatment rather than from the
mean for a set of treatments,

If we make chemical analyses of, for example, ecqual volumes of normal solutions
of NaCZ and of KC&, the analysis is dictated by nature - so much water, -
chlorine, and sodium or potacsium, We can say that the solutions have the

same amounts of water and chlorine in common but differ in their cations,

For contrast suppose hardness of rubber may be as indicated in Table 1 after
vulcanizing with alternative qualities of sulphur, 4, and of carbon black,
[3:5 in all combinations. The results are to be expressed as a linear
fuflction reprecenting contributions from each factor. A lorical suggestion
might be to define i = the base of reference = l; & = effect of sulphur = 6
for either typej p = effect of carbon black = 1; («B),. = interaction of «,
with B, = 1, 3, 2 and lj far 1j = 11, 12, 21 and 22 J respectively, the -
gains J over 9 being regarded as due to chemical interactions. Bub these
definitions fail to sinplify things in the way we want, The zero levels

of either ingredient are likely to be uninteresting and unobservedj how much
simpier to summarize the other four combinations by u = 11,5, 4 = + o5y

B, = +1, (B )i j= 0, although chemically speaking these may be arbitrary
ddrinTtions,



Table 1

0 1 2
0 1 2 2
1 7 10 12
2 7 11 13

In that example we considered only description of certain fixed figures free
of sampling variations which are the statisticiant!s major concern, Consider next
measuring sizes of seeds in pods of a legume. They are too multitudinous to be
individually enumerated and we must be content with reprecentative observations
from which a picture of the vhole my be farmulated. Earlier statisticians
described the complex by saying that seeds within a pod are “"correlated" and
sought to devise a measure of the correlation, Nowadays it is obviously more
clearly and comprehensibly described by analysis of variance and its associated
"linear model" for the jth seed in the ith pod
(1.3)

yidnp-c-nii-&ij
We speak of seeds in the same pod as having u + ng “in common', tut it is a very
different communality from that exhibited in the chemical analysis =-- the seeds
are not physically divisible into corresponding parts, and definitions of the parts
are arbitrary. A classical taxonomict would perhaps define u for a "type" pod,
and ny for a type position, say the proximal seed. A “finite populationist!
describing a single tree would define p as the mean weight of all seeds in the
tree, p + n, as the pean seed weight in the ith pod, and his definition of the
variance cofiponent T would coincide exactly with the actually existing variance

of pod means, The blometrician will usually prefer to define them for a hypo=-
thetical population vhich will not be exactly realizable in any observed tree,

All are reasonable formulations and the hiometriciants choice is determined only
by statistical conveniense, It is nothing more or lesc than a device to simplify
distribution of correlated variates by division into parte vhose distributions

are uncorrelated,

Adopting a linear model is from the start arbitrary, The realistic amalysis
of yield of a cereal plant into components which have physical meaning -=- ear
number (e), number of grains per ear (n) and weight per grain (g) -~ is

T = 4Nk
Treatment effects often combine in a similar or more complex way, yet for statis-

tical purposes the empirical linear equation may be worth using. Analogous variants
are possible for the variance equation (1.2) and will be illustrated in the sequel.



. G
Statistical components, either of an observation y or of its variance o§ 3
are dictated only in part by the structure of a population, sample or experiment,

Detall of definitions is arbitrary and can be formulated to produce as much

simplicity of description as possible,
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2. Qeneral notation and definitions,

The structure of a population or e:@eriment‘ will mean the ways in which data
my be clascified according to factors, the number of variants of each of these,
and whether they are Ycrossed", (e.g. potato varieties x insect sprays, temperature
x coneentration of a reagent) or "nested" (e.g., districts within states)s When
a factor is contimous (e.g. temperature) we shall speak of its }g_w.r_e_}g; when
discrete (e.g. varieties) of its variante,

There mist always be a close relation between an experiment and the population
about vhich it gives information, Ideally we should casider first the population
structure and select an experimental design to match; frequently action precedes
such thought and we reconstruct the population which a given design can reasonably
represent, For our purpose the order is immaterial as we can take the one to
dictate the structure of the other, except that the design need not state the
mmber of variants of each factor in the population, Actually a given experiment
can answer questions relative to a variety of populations, for example we can seek
to evaluate yields for variants of one factor when crossed by certain selected
variants of another or as averaged for 2 population of them. We shall therefore
take the experimental design as bacic structure, and suggest a general amalysis
which will depend only on that design and be readily adaptable to answering questions
relative to any reasomable postulates about the sorts of populations thich it might
represent, Thece will be introduced only as secondary postulates with specific
questions, and not be laid down as part of the initial model.

We speak of yield as the measure of an observation on each experimental unit
or plot whether this be actually a yield as of a field crop or any other charag=

teristic (ee.g. hardness), Ve write yield as a linear function of elements (esge 1,1
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or 2,1) which can be associated with each factor level or variant in a given
treatment combination, A linear function is used as routine merely because it is
the simplest mathematically, Since we slways have at least as many elements as
observations these equations are identities,

The rumber of elements into which we imagine any yleld amalyzable is dictated
by the structure eixcept that there may often be some discretionary choice about
the rumber of interaction terms to be inserted, i,e. that are deemed worth con=
sidering, depending on what we already know about the response of yield to the
treatments and how well it may be reprecented by a linear function with fewer than
the maximm mumber of elements, Throughout this paper we assume "balanced"
arrangements in both experiment and population, (The meaning of balanced in this
‘ context is defined by Crump, 1951).

For the sake of specificity consider a standard example which represents all
main features, namely a two-factor experiment with a variants of factor ﬂ-f
crossed by b variants of factor {3 and with d random replications of each treat-

ment combination, The linear model is
yijk Rt ‘33 + (*B)ij + aijk (2,1)

1 =1, 2eeeeeed L0
5 ‘1’ 2.0ebesaB éw
k =1, 2eeedessD £ 00

B = the potential mmber of variants of 43 of vhich b are
observed, eteg

Elements indicated by the same letter will be called a group,

When dealing with finite populations, a given interaction element («8 )i j mst

. be associated with a particular «, and ﬂj. Whether or not a similar condition
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applies for 6:1. 3k depends on circumstances. the postulated cause of deviation
represented by this element and whether or not it can be randomized wi th the treat-
ment combinations,

A subscript zero will indicate a mean of a finite universe, for example

. D
13, " 2 ¥y 3c/P 3

a subscript dot will indicate a mean of a sample

<
Yy, T gl

So far as these definitions have gone the elements are still indeterminate,
Without altering y a constant could be added to every element of one group and
subtracted from every element of another; or added to just one « or B j and
subtracted from the corresponding sub-group of («8 )i 3 s simdlarly for exchanges
with the 6 group but wi th sub-groups depending on the randomization postulates,

To obtain unique definition of the elements the location of each graip or sub=
group mist be pinned and we can do this arbitrarily, For algebraic convenience
we define g to be the mean of ths whole camplex population, and the means of every

group or sub=group to be zero,



3, Classification of models.

Eisenhart (1947) gave a clear and explicit exposition of two alternative models
underlying analyses of variance, I! The objective is to evaluate mean yields of
an observed set of treatments] the amalysis of variance is an algorithm for tests
of significance for differences between these means, usually by groups, It is a
standardized formulation of tests which follow from clascical least squares pre=
cedure for ectimating the means, the parameters of location, vhich can be form-
lated as regression coefficients, This is therefore described as the regression
model, II. The objective is to estimate the contribution of each factor to varie
ability in a complex population{ an analysis of variance in the literal meaning
of the wards, In effect we now say that we are not interested in the yields
associated with individual factor variants, but only in the dispersion of yields
associated with a population of variants, Interpretation is simplest when we o¢an
take the observed variants to be a sample from a potentially infinite mumber; but
this is not an escential part of the model, Even if every potential variant of a
factor be observed the objective in view may require only an ascessment of the
variability for which that factor can be held responsible, For example in studying
variability of a given kind of cloth we may observe every spindle in the looms
which produce it and all the information we may need ie how much of cloth variation
is due to variability among the spindles irrespective of the effect of each one

individually. This is described as: variance ¢ omponent analysis.

These two formulations have more recently been well describeé by Hoel (1954),
under the names "linear hypothesis model" and "components of variance model", in a

review which skillfully avoids complexities of the subject.
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Tukey (1949) gave a more elaborate classification. Crump (1951) notes that
its "general features...are common to any set of data arranged in a multiple
classification and described by a linear model", However it was introduced under
the section heading "Estimating effect variances", its exposition included the

sentence "To each kind of effect there cocresponds a corresponding effect variance

or component of variance", and it is freguently taken as a classification of

variance component models. Tukey writes of row, column and cell "effects" indise
criminately whether they are to be regarded as parameters of location or random
variables, and the above quotations apparently relate to the stand ta ken in
his 1950 paper "to define the variance of any finite set of numbers as k2, whether
the finite set is a =ample or a population'. (Contrast the practice of Anderson
and Bancroft (1952) and of other writers who, when dealing with a regression or
mixed model, write expectations of mean syuares with an explicit function of
"fixed effects" which they refrain from regarding as a variance.) Sec. 7 will
demonstrate that there is justification for these views when finite universes are
being considered, but that they lead to inconsistencies of terminology. They seem
to have engendered a tendency for contemporary writers to discriminate between
models I and II in terms of population sizes. Furthermore the place of the Eisen-
hart models in the Tukey clascification is determined by their postulates of
normality, péstulates which were no more than riders to Justify tests of signifi-
cance. These two circumstances have had the unfortunate effect of makking the
more basic distinction between models I and IT, relative to which population sizes
and forms of distributions are mere incidentals,

The Tukey classification is primarily a classification of two-factor universes

and of ways of sampling therefrom, It cuts across the distinction of models I and
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II which thies paper will endeavour to maintain, In so far that the regression
model can be treated as a degeneration of the general model (Secs., 8=11) the two
formulations inevitably merge to csome extent. But in the viewpoint to be developed
here, universe postulates will be regarded as secondary conditions to be imposed

whe n asking specific questions of a set of data, not as an essential part of the

initial model,
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L, Regrescion on quantitative factors,

We consider first application of the regression model to an experiment with
guantitative factors because its interpretation may aid in visualizing interpretation
for the more general case, It differs from the general case in that the levelg of
each factor can be ordered a priori with a measurable distance between each on the
scale of tintensity' of each factor, Analysis can be, and most often is, carried
through on the general model (2,1), as if each treatment were discrete, With
factors at only two levels that is the only practicable procedure since two levels
give no handle on the response surface (unless it can be assumed 2 priori to be a
plane, rare for quantitative factors), With three levels per factor one usually
proceeds similarly for initial amalysis, later partitioning treatment sum of squares
for linear and curvature effects which are simple functions of the treatment means
(cf. Yates, 1937). To lring out the points to be made here assume many levels
per factor and a standard regression approach to evaluate the response surface,

Let x be the levels ofﬁ measured in any convenient units, similarly z for 'ﬁ P
and write the regression,

yijk am+ ﬁlfl(xi) + a2f2(xi) 4 oes *+ blgl(z + ees *+ clhl(xi,zi)

eijkl (uol) R

+ oes * dij +
where fp(x) are arbibrary functions of X chosen so that the surface may approximate
to the anticipated form of response with as few terms as possible, commonly (in
ignorance) X, x2, veey p 4 (a-1); similarly for g and h.3 dij represent deviation
of the means ¥ 3o from the regression surface, and ey Ik =Y 5k = v 5° If we use
polynomials of fl and g and the maximum rumber of terms (viz. p =1 .. (a=1),
Q=21 ese (b=1), r =1 4o (p=1)(q-1)), the regrescion surface passes identically

through all observed means s ja? and di j are zero,
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For simplicity of expesition suppose we fit a quadratic
fr\ =m+a,X +bz+ azxz-t- oxz + bzzz (Le2)

The associated analysis of variance will be as in table 4,1,

Table 4,1, Analysis of variance for a quadratic regression fitted to a two
factor experiment with a,b levels and d replications of each
treatment combination,

d.fa S.5Q. Ma_SQe
Quadratic regression 5 S, M
Deviations of Yij. from regression (ab=6) Sy = 8, = S, M,
o . ab
Total between treatments (ab=1) d:g (Yi 3 -y..-)z = St
abr
IlI i 2 2
nterml error ab({del) (Yi jk'yi j ) M
. e

Mr may be greater than Me either because the regression fails adequately to describe
tredtment effects, or because wxperimental conditions have permitted errors to creep
into ¥ jo which are not fully represented in variation between replicates and hence
in the “internal estimate of error® evaluated therefrom (in other words, replicate
observations on the same treatment are correlated), The conventional S per cent
significance level for F = Mr/Me is not adequate to distinguish these because it is
not sensitive to systematic deviations (cf. Yule and Kendall, 1937, Sec, 22,20);
adequate statistical test requires fitting a further regrescion term, Sometimes
graphical examination may be more expeditious to indicate if this is worth doing
and useful in showing just what kind of deviations are occurring, If deviations
appear to be at random and a few more terms cannot reduce D& to equivalence with

Me-’ then l\% (termed by Edwards Deming the "external estimate of error") may be the
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preferred estimate of error from which to evaluate precision of regression coeffi-
cients and Ypredictions", Inflation of Mt may not be due to a real error component
but to failmre to find a proper functional form for the surface which should be
fitted, or to having deliberately used a simple form of surface to facilitate
deductions to an adequate degree of approximation,(Box and Hader !'s "lack of fit").
In such cases Mr will not behave properly in accordance with statistical distrie
bution theory of random variables, and the uses we make of it as an estimate of
error variance may not be theoretically justifiable., 'Je may nevertheless feel
obliged to ignore these complications to get a working compromise in place of
impracticable complexity., Consequent imaccuracy of tests may not be appreciably
morse than results from failure of real data to conform with postulates of narmality.
Interaction mean squares in the general case will of'ten be in that role,

Suppose we have obtained a regression with satisfactory fit, '/hat we have done
is to evaluate a surface thich states the mean yield (for the average environment
of the given experiment) for any treatment combination xz, including values
intermediate between thoze observed, within the range of observation, (Some
extrapolation may be considered depending on onet!s faith that the fitted surface
represents a functional form, Purely empirical polynomials should not be extra=
polated, They can do tcragy' things at very short distances from the obserwved
regiony) In addition to being able to interpolate between observed points the
regression improves accuracy of estimation everywhere within the region because
estimates even at observed points are reinforced by interpolated infarmation from
adjacent points., A few coefficients may be of individual interest for testing
some hypothesis, for example, if we know that the functional relation follows a
quadratic form, the quadratic coefficients tell the rate of change slope, valid
everywvhere, But if the surface is curved the linear coefficients tell only the
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slope at an arbitrary location where we have put the independent variables

equal to zero, By and large the coefficients individually tell little, they are
only stepping stones to estimates of mean yield at any point, If, as commonly,

we have fitted orthogonal polynomials, an estimate which omite some effective
terms, for example using only linear terms (equivalent to main effects) when
quadratic ones are significant, is a mean yleld of some subset of treatments and
represents a point off the regression surface, the centre of a chord, Relative to
what it reprecents its standard error is correctly evaluable from Mys but what it
represents may be of little interest, On the other hand if curvature is small
deviation of a chord from the surface proper may be small relative to random error
and we may choose to use it for simplicity, but there it no strictly wlid answer
to what standard error should be attached to such estimates, As described above
some form of Mr my be used as an expedient, This interpretation applies to the
“g and pj as these would be evaluated for the general equation (2,1),

Variance component analysis is (almost) never relevant to an experiment with
quantitative factors. 'e cannot reasonably formulate a probability distribution of
treatments over a surface. The variance of yield between arbitrarily selected
points is meaningless, The only exception is for a factor like location on coils
in the example given by Vaurio and Daniely (195L4), used by Wilk and Kempthorne
(1955), and briefly descitbed in Sec. 13 below) that is a Wfactor" vhich will not
be at choice for future working but for which a giwven range must aiways be present
in production. 'Je can imagine location selectable at random from a unifarm distrie
bution over the length of a coil, Some systematic trend may be describable by
regression, and further random variability representable by a variance component

between randomly chosen locations, This is different from the ordinary quantitative
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factor which is studied for the purpose of selecting that level at which operating
conditions are best for most profitable vield, and for which variation between
selected levels willbe irrelevant, (We might be interested in variability which
could be associated with a specified amount of variation of one factor as may
occur under operating conditions of mamufacture, But this is something different

from the variance component between the arbitrarily selected levels observed in an

experiment),
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Se Ile__grression model for cualitative factors,

In the general case for qualitative factors we term Eisenhartt!s I the "regres-

sion model" because the linear equation (2,1) can be writden

a b a b
AR
yijk .U+ ‘.‘-_5‘_.,:-3._.":ci + 2"3“3 + 2 Z(ab)i:jxizj + aijk (5.1)

where X, z are now "dummy” variables taking the values 0, 1 as required to reduce
(5.1) to (2,1) (except that here we use roman letters for the regrecsion coefficients
in order to conform uith notation for the genéral medel and analogy to it as will

be described in Sec, 10). The difference from (L,1) is that we are now fitting a
"surface" to ab discrite points in (a+b) space, and interpolation between points

hae no meaning, Expectations of mean squares in tge analysis of variance are
commonly expressed as in Table 5,1, vhere 6(a) = ’Ea?’/(a-l), etc. The excess of
mean squares. over error is expressed in this form to indicate that they are functions
of location parameters not subject to variance as in sampling random variables,

but they can be read as proportional to the second moment of a restricted sube-
universe of variants, As stated in Sec, 3 the analysis is an algorithm to indicate
teste of significance for ;roups of regression coefficients; the @ indicate how

each term may be inflated if real effedts are present,

Table 5.1
Factor d.f. E(M?Squ)
A (a-1) o + bd g(a)
p (b=1) 02 + ad 8(b)
A8 (a=1)(b=1) @ +d 8(ab)

Error ab(d-1) o




If the (ab)ij's can be assumed zero or negligible the tcurved! or !crooked!
surface becames a 'plane! vhich can be evaluated with only (a+b-l) constants] in
other words we can bring averages to bear to improve accuracy without thereby
making projections off the plane, If there is a systematic pattern among the
(ab) i3 it may be possible to reduce them to a fewer mumber of constants analogous
to fitting a curved surface, If the (ab)i j are not negligible, and whether
systematic or erratic, averages represented by ay and b 3 "min effects®, are
projections onto artificial points off the !surface! in the same way as estimating
points on a curved surface using only linear terms, They represent yields not
realizable in practice, except perhaps by deliberate mixtures of treatments such
as would not ordinarily be used, The "internal estimate of error" is technically
valid for comparisons between such means interpreted strictly for what they are,
averages of certain sets of treatments, tut only circumstances can determine vhether
or not such comparisons are good ones to make,

Interaction elements play approximately the same role as coefficients for
curvature in quantitative regrescion, ‘Substantial ones indicate that treatment
combinations should be individually considered, 'then they are relatively small
the main effects may be read as seneral estimators for treatment effects over more
or less wide ranges, ahalogous to using a linear regression for &pproximate
description, or for interpolation, although the true relation may not be quite
straight., The question of suitable error variance is then the same as for M . in
Sec, ke The interaction mean square may be appropriate as an M"external estimate
of error", alias variance of deviations from the fitted linear ‘regression!, But
if the interactions do not occur at random and unpredictably with respect to

fubure applications, the decision may be more a question of expediency than of
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statistical theory, Preferred procedure may be suggested by proposed applications
to future working rather than be dictated by the treatment combinations observed
or the population which the experiment was originally decigned to sample,

Main effects and interactions.as originally defined for factorial experinments
(Yates, 1935,1937; Fisher, 1935) belong to the pure regression model, These
definitions were explicitly farmulated to summarize informatively and erfectively
contrasts between certain selected treatment combinations, equivalent to fitting a
regression to describe gradients between a given set of points, As such they are
correctly judged relative to the internal error which acsesses precision of
measurement of the mean yielde of each treatment combination individually, If one
wishes to go on to a wider class of hypothesis, to make inferences about related
but unobserved treatments, the definitions and precision of their estimators
relative to the wider field of inference, in effecct extrapolation, must be recon=
sidered, We will return to these considerations under the heading of the generalizeq
and mixed models, The regression model can be regarded as a limiting case of such |
more general hypotheses wherein the universe of study is defined to be just the
set of treatments observed, but such definition will often be merely a conventional
way of reverting attention to individual means,

Although the typical regression model has only one group of stochastic elements,
sometimes, for example in a split-plot experiment, there may be random errors at
two levels of magnitude, In such cases the model breaks into two regrescions
that for main-plots has split-plot treatments balanced in every unit, that for
split-plots has main-plot treatments as blocks, each with its respective single
error group, Complications are possible but can usually be sorted ocut on general

principles and need not be taken up in detail here,
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6, The "random" model,

By the “random" model is usually implied a variance component analysis with the
observed elements of each group assumed to be random samples from potentially
infinite populations. With respedt to thess populations the individual elements
of the observed groups are of little interest; the objective now is to assess the
share of variance of the complex population, °§° which may be ascribable to each
factor operating within it,

The linear ecuation (2,1) (except that in this case 4, B, D do not exist) may

be termed the latent equation to signify that values of the individual elements,

usually described as random variables, are no longer of interest, The function of
the latent ecuation is first to define the structurs of the population and experi~
ment, and assumptions about interactionsy; second to provide machinery to evaluate
expectations of functions of the observations, particularly mean squares, as
functions of distribution parameters of the random elements, and thence to defins
the variance components,

For a complex infinlte population of the type postulated its total variance is
the sum of variances of its composite elements, Ue therefore write the varlance
equation

o§ = oi + og + qip + cg (6,1)

to indicate the parametric variance components which are to be evaluated,

Strictly speaking the letters of the linear equation are “random variables"
only vhen regarded as functional forme, If the linear equation‘be read as reprew
senting a particular observation and set of elements, these are not now random
variables, though it may be convenient to speak of them as such (Sec. 746)s

Furthermore the nature of a random variable is a function of the method of samplinge
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The elements postulated in (2,1) are uncorrelated between groups only because of
the balanced sampling design vhich has been specified, The elements of an unbal-
anced experiment will not in general be uncorrelated, Relative to unbalanced
experiments the appropriate postulate about balance or unbalance in the hypo=-
thetical population, and thence the consequent correlatidn of elements in a sample
and the appropriate definitions of the variance components, seem never to have been
threshed out,

For balanced experiments and populations these postulates suffice for estimating
the variance components by amalysis of vaiiance, To use maximum likelihood esti=-
mation we have to add more, we have to specify also the probability distribution of
a given sample of y; or equivalently, given the definition of the elements, to
postulate their joint probability distribution, The complication over ordinary
likelihood problems arises from the condition that observations are correlated
within classes and that we have therefore to consider an n~variate probability
function, The likelihood of a sample must be expressible as a function of the
observations (y), of the parameters (641), and of not mare than an estimable number
of misance parameters, The random elements may not appear,

For example consider the simplest case ~=~ a nested classification symbolized
by the latent equation

Vpg "Mty + Gy
i=1,.2 (642)
J=1.0d
with the assumptions that « is NID (O, ci), & is NID (O,og) for every i, The
probability of the sample can be formlated as a probability element of an

ad-variate normal distribution, with common variance (cg + ci), and with covariances



cri between all pairs within the same class, Some heavy algebra then leads to the
usual analysis of variance solution, Easier formulation is given by noting that the
mean square within clasces, sg, mist be a sufficient estimator for ag « (Recollect
that we are limiting ourselves to balanced designs, i.e, @ is constant in all
classes, If di werezvariable the mean square within clacses does not contair; all
the information on % and complications ensue.,) 'ie can then reduce all available
information to that given by sg and the Y, which are NID (u, (ai + o%/d)). The

log likelihood for these can then be written as

2
2 o
in L » Const + %‘-a(d-l) ln (sg/oé) - f_(_;_i_;l_?_)_fé - % in (ai + 3'6' ) -
6 (6e3)

S0, - W’

L

(¢f. Anderson and Bancroft, pp 319-320, vho outline a more complex case; and
Cochran, 1937, vho gives corresponding formalation when d and og are both vaiiable
between classes.)

The direct likelihood approach has forced us back to considering correlation of
grouped observations, a complexity which the linear model and analysis of variance
aporoach was formilated to avoid. It does this in taking account of postulated or
given forms of distribution within and between classes, éxtra information which the
variance analysis does not need and does not use., Variance analysis estimation is
a distribution-free technique.

“ithout stopping here to define a random variable (Sec. 7.5) notice that a simple
random variable as usually considered is a function whose observed value on any

event ‘cannot be predicted in advance and we cannot in making another observation
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demand that an element similar to one previously observed should appear again.
Yet models (2.1) or (6.2) imply that all elements except & can be re-sampled at
will, TImagine the «, of (6.2) as values oorresponding to uras which can be
specified by location, and the 61 j as balls in the ith urn, WYith respect to
sampling the urns « is a random variable which takes the value #; on the ith
drawing., But after selecting the ith urn we return to it again and again, i.e.
to the same <, to sample various ¥ j° With respeét to the distribution of re-
peated observations from the same urn « is a parameter, In the simplest case being
considered here the duality is not troublesome, but in more complex cases it can
become confusing when elements may seem to flip back and forth between parameters
and random variables like the faces of a cube drawn on flat paper for which
psychologists sometimes ask us to record how frequently they snap from lower to
upper views and back again,

If the dual role of the «'s be not watched one might be tempted to formlate
the above likelihood problem by saying that the probability of the sample is given
by the probability of selecting a «'s multiplied by the conditional probability of

then selecting n &'s leading to

ln L = const - a lno, -24?_/(20.2() -nlnog - EE (yij-u - -(1)2/(202)
(641)
Furthermore maximizing this with respect to variation of the 4ys a8 well as of
TN oi and ag s yields a solution (if between class mean square be not too small)
which appears not nonsensical, At least it is consistent in that it predicts a
set of «, whose second moment is oi, whereas if we estimate «, as independent

i i

parameters the variance of these estimates will not be the oi which we seek, The

solution might however be described as tschizophrenicts In the third term of (6.l)
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the «, are variates which the procedure istrying to draw together as estimators

of their central parameter, zero, whereas in the last term they are parameters
being spread cut to minimize variances within urns. The procedure is irrational
in attempting to treat 4y simultaneously in two roles, and the fault is here
easily exposed. But is not agimilar misdemesnour in effect committed, albeit more
indirectly, when one purports to estimate botha variance component for a larger
population and the means of observed variants under guise of using the same linear
model (Sec, 11)?

In my opinion Neyman and Scott (19L8) also commit this misdemenaour, although
it can be argued that they have evaded it by inserting only the 5 without the
parameters of their distribution in (6.4). When some parameters of the probability
distribution of a sample occur only with a mmber of ebservations which remains
finite as the sample is increased they term them “incidental parameters"; parameters
occurring in the distribution of all observations are termed Wstructural®, Their
two main examples are § (1) The observations are normally distributed about a
common mean £, the structural parameter, but fall into groups of nl observations
with each group having its own variance oi, incidental parameters., Example (2)
is similar but with common 02 and variable means, “y (this beinz the case discussed
above except that no distribution is postulated for the 41). Kendallts (1952)
maximm likelihood derivation of Kummell!s solution for a linear functional relation,
Y=y 4 *1X' is similar, Here the structural parameters are «, and “1; the
groups have each two observations, the paired observations Xe9 Yy with the "true"
values, Xi, as incidental parameters.

Neyman and Scott claim to have ectablished two propositions,

v(1) Maximum-likelihood estimates of the structural parameters

relating to a partially consistent series of observations

need not be consictent,"
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n(2) Even if the maximum-likelihood estimate of a structursl

parameter ic consistent, if the ceries of obcervations is

only partially consistent, the maximum-likelihood estimate

need not possess the property of asymptotic efficiency."
They demonstrate proposition (1) with example (2), and vice versa, In both cases
the failure depends on n, remaining finite, The properties of maximum-likelihood
are asymptotic ones, and they proceed to the limit by takin: an indefinitely
increacsing number of sub-samples of ni obcervations., My feeling is thatthis is an
improper use of theasymptotic process, If the incidental parameters are parameters
in any true sense it is, at least theoretically, possible to return again and
again to resample the sub-populations of vhich they are parameters (cf, Secs, 7.1l8
and 13 below), hence the only valid asymptotic procedure is to allow all ny to
tend to infinity, In that case the usual maximum likelihood properties obtain and
the propositions fail, If the set-up is imagined to be such thai ni cannot be
increased, so that the only available approach to infinity is by increasing the
mmber of groups, then the t'incidental parameters! must be random variables with
their own distribution, and should appear as such in the likelihood function as
in (6.3) as opposed to (b.lt)o Christening them incidental parameters is a dialec-
tical evasion of ignorance about what probability distribution should be postulated
for them and hence what parameters should be inserted in their place, The only
other way round ics to treat the incidental parameters as if from a finite universe
whose parameters are the individual values which may occur (Sec, 7.11)s In that
case Sec, 7,12 shows that maximum likelihood cannot be used, and again the

proposithons fail because maximum likelihood estimatecs do not exist,

Some texts and lecture notes appear to imply that a variance component amalysis
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can be deduced from a regression mode}., Recognition of their incidental, almost
accidental, association may therefore be advisable, Least squares estimation can
be directed only to midel I, i.e, to estimate parameters of location, Analysis of
variance, without reference td regression, indicates an estimation procedure for
variance components. It is not necessarily efficient, (except for normal distri-
butions and balanced samples, for vhich it gives the maximum likelihood solution)
but it 15 manazeable where maximum likelihood solutions are impracticable or
impossible, The best partition of the sum of squares of an unbalanced sample is
hovever not obvious, and it is customary to use a cuasi-regression approach merely

to indicate a workable partition, It is not ideal because it does not lead to

unique solutions independently of arder of "elimination" of the (dummy) independent
variables, But at least it is a pointer among innumerable possibilities. 1In
principle the procedure is not mecessarily restricted to partitions of sums of |
squares, e could consider expectations of all sorts of functions of observations;
but quadratic forms are known to be most efficient for normal distributions, and
among the many such which might be concocted those indicated by a quasi-regression

analysis of variance seem reasonable,
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7. Some basic theory relating to samples from finite populations.

1, Most of uc approach variance component analysis from the side of elementary.
theory applicable to infinite populations as in Sec. 6, ‘hen we start postulating
finite populations for some of the claseifications consequent effects on theory are
not at once obvious. Invariably at least one group of elements are random variables
(elements from a hypothetical infinite population) and therefore so also are the
observable yt's, Thence the elements of any group, although finite in number, can
still be defined only asymptotically and more or less arbitrarily. In these cir-
cumstances one may overlook things which would be obvious in working with a simple
finite population whose elements san be directly observed; and other subtleties
which can usually be slurred over without noticeable consequence now become more
critical for clear understanding. This section endeawours to bring these explicitiy
to attention and remove lurking ambiguities,

2. To avoid wearisome reiteration of tinfinite! and 'finite!, population will
be used to denote a hypothetical infinite population, universe will denote a
potentially existent or postulated finite population,

3, Element will be used to imply the quantitative value of an individual, a
fixed quantity.

L. The condition that a universe has just a definite number, say N, of elements
distinguishes its study from other st tistical methods more sharply than is perhaps
generally realized, Firstly the number N has to be assumed known., f{ile exclude here
investigations to discover N for example mumber of fish in a lake, which introduce
other mtters with which we are not concerned,) Secondly all observations and
statistices are going to be limited to combinations and functions of a selection
from these N fixed quantities. Since N is finite the frequency distribution of

the universe is necessarily discrete, The space denoting the values which the
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elements may have (before we observe them and thus know what they are) may however
be contimuous, or if discrete is likely to have very many more points than are
actually represented., Complete specification of the frequency distribution of a
universe means specifying both the mumber and quantitative value of each type of
element present, Since the number of types may be N, or nearly N, it will often
be convenient to suppose each type to be present only once, and to imagine the
universe distribution defined by listing every element individually, say Xl" 'XN
(obviously with repetitions of the same rmumerical value as may be necessary.f),

This distribution is of course not a probability distribution, though many writings
appear to treat it as if it were so == we get so accustomed to thinking of fre=-
quency distributions and probability distributions as synonymas,

Se A probability distribution is associated only with a random variable, In
fact, conversely, a random variable (or variate) is usually defined (e,.,g. Kendall,
1943) as " a variable with which is associated a probability distributiont, Feller
(1950) emphasizes that a random variable has the characteristics of a function and
is defined only in a given sample space, Cramer (1946) describes its observed
values as determined by a "random experiment which may be repeated a large number
of times under uniform conditions",

6o The act of sampling from a universe (the "random experiment") generates a
random variable, say x (without subscript). An tobservationt, X5 is the value
assumed by a random variable in a particular experiment (sampling). Equivalently
it is the element sampled. An observation once taken is again a fixed quantity,
sometimes regarced as a constant but (to me at least) to so regard it may be more
confusing than helpful., A mathematician speaking of the function f(x) = x2 writes

£{2) = L, and tabulates the "function" for given arguments, Therefore following
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Fellerts description of a random variable as a function whose "independent

variable _(is) a point in sample space i.e, outcome of an experiment", to describe

an observation as the random variable of an experiment seems permissible, An
estimator is a random variable, an estimate is a value observed in a given experi-
ment] either is called a statistic and this bracketing seems preferable to bracketin;
both an estimate and a parameter as constants, Furthermore the suggested usage

is in effect adopted when a standard error is attached to an observation or estimate,
and spoken of as its standard error,

7. The probability distriltution of a random varia ble generated from a universe
states the asymptotic relative frequency with which observed values may appear in
infinitely many samplings of the same kind (with replacement =- the repetitions of
a random experiment under uniform conditions), The universe dictates those pointe
of the sample space whose probability is non=zero; the probability function is a
function of the method of sampling. The probability distribution must specify both,
If single elements are “sampled with equal probability" the probability distribution
is

p(x) =5, X=Xy (7.1)
It is easy to specify innumerable other methods of sampling to each of which would
correspond a different function p(x), for example sampling vith probability propor-
tional to size as is common in csample surveys.

8. The probability function p(x) has meaning and interpretation only with
respect to the relative frequencies of a hypothetical infinite population of
observations resulting from samplings with replacement - i,e, repetitions of a
trandom experiment" under uniform conditions (cf. Kendall, 19L9), We tims commonly

think of the observations, and also of the random variable itself, as being elements

car .
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of that population, In thinking of an ordinary mathematical function as a curve or
surface in space we identify it i th the infinity of points on that surface; so why
not identify the function known as "random variable!" with an infinite population of
elements representing the values it can assume? The hypothetical population is a
model which portrays its probability distritution as a function of a function,
p(x(expte))s

9+ Statistical theory, while concerned also with other matters, is to a large
degree synonymous with probability theary., In particular the theory of statistical
estimation is essentially the theory of how to estimate the parameters of a prob-
ability distribution, that is of a hypothetical infinite population, Thus a
statistical estimate always invokes the concept of an infinite population and can
do not otherwise,

Tukey (1950) estentially reaches the same concept, but he does so empirically

as "a price to pay for simplicity" and Wi th a later exclamation mark, I come to
it independently as a fundamental concept found necessary in trying to write down
basic ideas which will remain logieally consistent with each other under all cire
cumstances,

10, The bridge to inference about an existent or potentially existent universe
involves (1) assuming that sampling procedure hac done its duty and (2) invoking the

a priori theory of probability to formmlate a known relation between characteristic:
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of the universe and parametcrs of the probability distribution of a random variable

generated by the postulated sampling procedure (cf, Kendall, 19L9), *

11, I do not know any satisfactory definition of tparameters!, text books secm to

evade stating one, Most often we think of them as the constants © in expreesing a

probability function as £(x; 91...Gp). However the population moments are commonly

referred to as parameters and the usage seems justified since they are functions of

8, and conversely the ® can be expressed as functions of any p moments. Similarly

for any other suitable set of population characteristics., Less common usage, but

one which seems to be necessary, is that the basic parameters of a distribution

Kendall, in this interesting and stimulating paper “On the reconciliation of
theoriec of probability", demonstrates that the frecuentist and non-frequentist
theories of probability must each invoke the other at some point en;oute from
theory to application., At the same time (among other statemenbs which might be
disputed) when criticising maximm likelihood and coniidence intervals for
ignoring a vriori probability he seems to forget the "bridge". His example is
to suppose observation of 1000 births of which 600 werevmale, He acks: WAre

we then to conclude that the sex ratio lies between ,59 and .61 when from tre-
mendous previous experience we know it to be close to .512" But the question
skips a chasm and is irrelevant. ‘Je do not do an experiment to ascertain some=-
thing already known, It would be futile to observe 1000 births to modify an
estimate already based on millions, Je doan experiment to get information

about something unknown, If there are other samples which we know to be properl;
drawn from the came population (and this "knowledge" is not contradicted by ’
evidence of heterogeneity), they are really all omne erperiment and estimation
prpperly proceeds from all pooled together, Estimation from a single sample may
have several objectives, ‘e may know the population but have used a new sampling
procedure, or novitiate observers, and recuire to check the "bridge'. 'le may
think it might be from a certain population or a similar one, and assuming the
bridze sound, wish to check if the supposition ic reaconable, ‘e may know it is
from a population sui generis, perhaps an inbred one affected by sex-linked gene:
whose frequency is to be estimated, To begin by seeking an estimate already
biased by a prior guess, about what population the sample might have come from,
would be poor procedure. The need is to get an independent estimate about the
population which this sample in fact reprecents, free of prejudicial supposition:
Only then can we objectively consider relations to hypothetical possibilities,
That, maximum likelihood and confidence intervals very properly dos how can
objective recasoning proceed otherwise? Use of a priori knowledge or supposition
requires that one should be more than ordinarily sure that all bridges lead to
the same island.



derived from a universe are the N values Xl...XN; all of them are necessary to
completely specify any such distribution (with some possible compression if several
X, have the sane mumerical value),.

12, The probability function of the distribution of samples from a universe
is (usually) a function of N only; the parameters Xi appear in the place of rhat
would usually be a specification of known sample space, (Some sampling schemes,
for example sampling with probability proportional to size, may introduce the X i
inte p(x); but it is of little help since they still remain in specification of
those parts of sample space for vhich p(x) ¥ 0.) Two consequences follow! (1) ‘e
can never ectimate all the parameters from a sample of less than the universe itself,
"To achieve reasonable simplicity it is necessary to describe the probability
distributions rather summarily by a few ttypical valucs! " (quoted from Feller,
1950, p. 171, with alteration of two words, the context is different). For the
groups of elements with which analysis of variance is concerned the mean (location)
is given by definition as zero, the only typical value with vhich we concern our=-
selves is the Uvariance® or its analogue. (2) Since neither the specific parameters
nor that single function of them ('variance!) to be estimted, enters into the
probability function, p(x), the method of maximum likelihood cannot be used to
indicate a preferred estimtor, nor to provide an absolute measure of efficiency for
any other estimator, The estimation problem is not, as usual, to estimate the
probability function; but to estimate points of sample space to vhich the Probe
ability function applies, or a function of them, Herein lies a major difference
distinzuishing problems of ectimating characteristics of a universe from those

relating to parameters of probability distributions more commonly discusced,
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I have never before seen thie explicitly stated. It is indeed obvious,

But it secms worth stating to clarify consequencés:of imposing finite universe
postulates on our usual approach to analysis of variance, For example; on first
reading Tukeyts (1950) clacsification of modele far cata in two-wvay tables one

can be irritated by his vague use of "effects", ignoring shether these are to be
regarded as "fixed effects" to be individually evaluated, or as prandom variables!
whose dispersion ionly is of interest, On formilating these consequences of
postulating a finmite universe one realizes excuse for what at first seemed careless
terminology.

It might seem simpler to say that, whereas ordinary statistical theory states
the sample space a priori and the probability function contains the parameters,
universe theory postulates the probability function as given and has a sample space
defined by the parameters (either those of the sample distritution itself or of the
parent universe), Such formlation houvever would imply more fundamental divergence
between "ordinary" and "universe" theory than cdoes the above formulation, and would
not, I guess, be acceptable to theorists, (But see appendix to this section.,)

13, Unless stated otherwise a (single) sample is assumed to be drawn as a whole
i.e. wvithout replacement, The observations in such a sample are of course not
independent, Consequently for most purposes it ie convenient to regard the irhole
sample as one observation of a single random variable, For :enerality it may be
described as a vector; but often the relevant random variable may be nerely a
single statistic of interest, e.;. the sample mean,

ih, Variance}, a measure of a random variable!slstate of being variant?,
is defined by

var(x) = & =y = B(x-E(x))° (7.2)
The defimition involves the probability distribution of x and thus, strictly
interpreted, applies only to random variables., Since, as the second moment, it is
a parameter of the probability distribution it may be said to be the tvariance of
the (hypothetical) population!,

15. A universe, being an assembly of fixed quantities, does not have a variance,
Symbolized by masec points along a line it does have a csecond moment, which, by

analozy with measures of dispersion found effective in describing probability

distributions, is naturally adopted as a meature of the dicpersion of its elements,
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Inevitably this second moment gets called a 'variance!, although the usage seems
inadvicable not only etymologically and semantically but becaucse it helps to Wlur
dicstinctions made above.,t It may be excused on the grounds that it states the
variance of a random variable generated by sampling single elements with equal
probability, and this may be regarded as the most primitive sampling distribution.
derivable from the universe,

16, The 'variance of a sample! is justifiable on the same lines, only more so
if wve agree to regard an obcervation as a trandom variable of an expcrimentt,
It also has the excuse that estimates of a parameter comonly go by the same name
and are differentiated only symbolically, Variance of a sample is seldom wanted

for itcell alone, i.e, merely as description of n given quantities, but has interest

* Edwards Deming (1950, p.56) notes that, on the analogy to physics from uich many
of our terms derive, the "moment" should be defined as . (X=X)2, and AX=X)2 /N
should be termed the "moment coeffielent®., However accepted usage has gone too
far to retract, and a total and a mean being effectively the same statistic a
student may usefully be encourased so to think of them (provided he does not mix
them in computing} ). Clearly the moment is a charactericitc of the universe,
not of its individual (fixed) eleménts; therefore, for logic as well as for
brevity, and despite leading texts, the phrase "moment (variance) of a universe"
secms preferable to "variance of X in the universe!

Only the struggle for consistency throughout this paper has sensitized me to such
shades of phrasing. At other times I might have been rmumbered among those uho
say:WAdmittedly tvariance! is not etymolosically applicable to 2 universe; but
the idea of using itc moment to measure spread of its elements ic the same, so
why quibble on a name?", However as a general rule careful use of amalogies
chould be guarded, For example; the probability of a discrete distribution
should not be termed a “density', To do so destiroys the whole utility of our
analogy of space and probability measures to volume and mass, Yet this erroneous
use of a physical term it becoming regrettably common in texts and handbooks,

The distinction is not trivial., My first meeting with that error in an excellent
and authoritative text, before my own understanding had crystallized, cost many
hours trying to rationalize it before explaiming the amalogy and ite uses to
students reading that text, In a similar vay many students have locst time
worrying over "variance of a universe", though this one is lesc céritical and does
not do comparable damage.
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mainly as an estimate of a population parameter, Restricting oneself for the moment
to samples of n independent observations, the true (population) mean being unknown,
the legical definition of sample variance seems to be
n

s =k, - (x=%)2/(n-1) (723)
A surprising mumber of writers still insist onm, = 3 (x-i')z/n. The same writers
would objeét that, ever since Gauss, it has been wrong to descirbe variance about
a regrecsion on p independent variables as other ’c.h;a.n:1 (x-:?)a/(n-p). Since X is
essentially a regrecsion coefficient on a constant independent variable they are
thence beinz inconsistent, If required m, is properly describable as the second
moment of the sample,

17. When, as happens within samples from a universe, observations are not

independent, proper usa;e is more problematic, Tukey (1950) has given the most
emphatic statement of the inclination of many autharities by choosing for conven-

ience "to define the variance of any finmite et of mumbers as k2, whether the

finite set is a sample or a population", (It was my own choice and practice until
endeavouring to find consistent terminoloyiy for this paper,) The conveniénce of
course arises from the fact that k2 is Uinherited on the average‘i (Tukey, 1950)
a stronger quality than being unbiased, meaning that it is an unbiased ectimator of
K = .2 (X-X)z/(N-l) independently of N, (I follow Wishart, 1952, in using capital

letters to decignate universe homologuessof sample statistics, GCochran, 1953, and
Hansen et al, 1953, use K, under designation 82 without other name, Wishart has
given the name “generalized k-statistics" to Tukey!s k~statistics for a universe.)
These properties give Kz s whatever its name, a central place in universe theory,
but it is not the variance by definition (7.2) of any random variable derivable

from the universe by ordinary sampling. The variance of single observations on
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vupeated sampling is, by (7.2), M, = 2 (X - Y)E/N, and cannot be arbitrarily
redefined without becoming inconsistent with the variance of means of samples of
n observations which is K, (%1- - %) =M, vhen n = 1,

| Furthermore, if we form a sum of two elements drawn singly from each of two
universes then the variance of such sums is

var (x+y) = E ((x+7) = E (x43))? = M, (x) + ¥, (3) = M, (ooy)

where the last term is the second moment of the universe of NxN v poscsible sums,
Contrariwise K2 (x+y) is the average for all possible samples of the k2 determined
within samples of n sums drawn without replacement

n
Kp(xsy) = Ky(x) + Kp(y) = Ave 2 (xs3R-9)/(n-1)  ngmin (NuW.) (7.1)

It is not a K2 for any universe of sums and, while extremely useful, is not to be
interpreted in the same 1ay as a sum of variances,

Other inconsistencies will appear below, Therefore, perhaps rather ruefully
since one might like so to descrite it to experimenters, one seems forced to
conclude that K2 cannot properly be called a variance, In some contexts it may
for expediency be regarded as a variance of a hypothetical infinite population, but
in general distinction may be advisable,

18, Observations in samples from a universe have a peculiarly ambivalency
which is related to ambiguity often seen in interpretations of analyses of variance,
Each observation, X is immediately an evaluation, without error, of one of the
parameters, Xj’ of the universe., Neverthelesc, in absence of the whole N, the
sub=class of n are still random variables in tge ense that their values could not
be predicted, and the summary statistic k, = P (x-'i:')a/(n-l) is a random variable
and an unbiased estimator of Kz of the universe., Except in that its disiribution

depends on the ratio niN, in such a way that its dispersion tends to zero as n N,
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it is not escentially different from the variance of a sample from an infinite
population, despite the fact that the individual elements composing it are, in a
sense, parameters themselves,

19, The concept that both the observed sample and the universe may be regarded
as samples from a hypothetical infinite population with variance K2 and unspecified
mean was used by Cochran (1939) in first introducing that parameter, and has been
advocated by Hendricks (1947, 1951). Their objective was to evaluate the variance
of means of observed samples, i%ﬁ and it ic easy to show that if we imagine X to
be distributed about the population p with variance K,/N, similarly §£with
variance Kz/n, and if the sample of n is a sub-sample of the super=-sample of N, then
it follows that the mean square deviation of ':'c'n about Y = E(':'En-X')z = K2(%1' - ':I'ff)'

In recent years sample survey workers seem to have dropped this approach, pre=
sumably for reasons similar to those outlined above, However it may sometimes
(Sec. 9) appear convenient tot hink of that we shall designate as K(parameters)
or k(statistics) with greek subscripts as wariances of hypothetical infinite
populations,

20, Like "variance", the terms "correlation" or “covariance" and "independence¥
are properly applicable only to random variables, In a universe with miltiple
classifications the analogue of covariance is the product moment; the analogue of
independence is a certain symmetry of associated elements., Consider a fixed uni=
verse of N = ABD elements corresponding to the standard model

yijk =m+a, + bj + (ab)ij + dijk
i = lesely J = LleeeBy k = 1sedD
le may picture the universe space as N points representing all possible valuee of

y plotted agzainst co-ordinate axes, one for each group of elements., In most cases
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dijk will have a distribution thich is the same for all ij (often it will be
specified only as a random variable with a probability distribution, pictured as
an infinite »opulation) and may be said to be “independent! of the other elements,
If not, considerations regarding it will be similar to those for (ab) i3’ Imazine
three co-ordinate axis for (a2), (b) and (ab), functional forms which may take
values (a)i, (b)j, (ab)ij' The sub=-scripts with bracketes refer to values as
opposed to elements; we want to picture many elements of each group having the
same value, 1In the space thus farmed plot a point for every y! = a; + bj + abij
vhich may occur in the universe of such y!, Two ;roups will be =said to be
"independent in the universe" if the conditional distributions of such points for
values of one group, given any single value of the other, are the same,

21, By definition of a balanced universe every a, occurs equally often with
every bj,' they are therefore independent in the universe, Furthermore by the methoc
of sampling to form a balanced experiment they are also independent in experiments
== i.,e, independent in the universe sense, regarding observations as fixed quantitie.
vhich is the reason why oi does not appear in the mean square for ’B and conversely.
They are not only uncorrelated in the general sense, their sampling correlations
are identizally zero,

22, Since a given treatment combination determines a particular abi:j with a
presciribed a; and b,j’ (2b) will not ucually be independent of (a) and (b), But
it may be if there are many elements a.i and b;j having the same value, and for every
subset of these with given (a)i(b)j the associated (ab)ij have the came distrie
btutions The condition is unlikely to occur in a real finite universe, but this is

what we in effect assume for "large" universes or populations in the random model.

The question is often raiced as to how («B) can be independent of « and B even for



an infinite universe. 'le commonly assume each group to be normally distributed,
and since by definition they are uncorrelated, independence must also be implied,
The postulate of normality necessarily invokes the concept of an infinite popu=-
lation, and the point that seems often to be micsed is that that concept implies,
not only an infinity of elements for each group as a whole, tut also infinitely
many elements at every pair of « and B values corresponding to the conditional
distribution of («B). What we are really doing is to postulate that the relative
probabilities with vhich given values can appear in samples can be approximated by
sampling distributions for which these populations of elements are only conceptual
models to aid thought,

23e In a universe of a finite mumber of elements, (a.b)i j will usually not

be independent of a; and b But if the distribution of (ab)i j is effectively

3¢
at random, that is shows no systematic pattern relative to the magnitudes of
ascociated (a.)i and (b)j’ it may be said to be !practically independent!, ('fe
can picture this by saying that if we section the (a)(b) plane in squares and
consider histoszrams for the associated frequencies of (ab)i 5 then all of these

conditional histograms should be approximately similar anngith equal, zero, means,)

u-‘ﬁ
In any case, by definition, the universe product moments ,/;ai(ab)ij and bj(ab)ij

are zero; and the random variables formed by simple sampling are uncorrelated, The
conditional covaiiance of say ay with (ab) 13 for a given sub-set of bj is however
not necessarily zero, Attention to this point may be relevant for some problems
which are being considered by one of my colleagues, In this paper we will always

assume averaging to be over the whole universe,



Appendix to Section 7

Definition of Parameters

Subsequent to writing Section 7 it was brouzht to my attention that Kendall
and Sundrum (1953) have given reasons for prefering to restrict the definition of
parameters to the conctants commonly designated Qi in the formulation of a probe
ability function of a variate as f(x;eg...ep). Their primary problem was to define
"non~parametric hypotheses" and "distribution=free inference!; donsequently their
definition is conditioned by that context with arguments like the following.

"7, Consider the hypotheses

(a) the population is normal
(b) the population has finite cumlants but p=0forr 2,

The first is not a parametric hypothesis under any ordimary interpre-
tation, For consistency, therefare, the second cannot be parametrie
for it is eompletely equivalent to the first, This reinforces our con-
clusions that the parameters must be finite in mumber to constitute a
parametric hypothesis,"
Their paragraphs 8 and 9 then find “that the question vhether a given hypothesis
is parametric or not has to be decided in the light of alternatives against vhich
it is to be tested," Whence

10, 'le therefore define a statistical hypothesis as parametric if
(a) it makes an assertion about a distribution,

(b) it specifies the distribution completely except for the
values of a finite number of parameters,

(¢) it is considered against alternatives of the same distriw
butional form which, therefore, differ only in the values of
the parameters involved,

If a hypotheeis is not parametric it may be said to be non-
parametric,
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ull, It is important to confine the adjectives "parametric" and "non-
parametric to statistical hypotheses. They should not be applied to
statistics, tests or types of inference., This may sound rather austere,
but we have found a great deal of confusion arising from the use of
phrases like 'non-parametric tests! and 'non=-parametric inferencet,

112, It remains open whether, in view of the subtlety and relativity of

the expressions, it is worth thile contimuing to make a distinction
between parametric and non-parametric hypotheses, On the whole we
think that it is worth precerving but we should not quarrel with
anyone who took the opposite view or who felt that some other
clascsification was more desirable,"

These arguments thus relate mainly to defining the adjectival usage, "“para=
metric hypothesis", but recognising a logical need to embrace the noun, earlier
paragraphs state,

w2, It is necessary in the first place to define what ics meant by a tparameter

in relation to a statistical distribution, Traditionally, the term,
which was borroved from pure mathematics, denotes a variable, apnearing
in the equation defining the distribution, which can be regarded as
having one of a set of values, Thus, the cuantities m and o in

1 - % (x-m)/o?
AF = e € dx, -4 x £ o (1)

o (2n)
are parameters, and so is the quantity @ in

dF s dx, €~ x* 8 +1, (2)
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"3, Bubt statistical practice has not stopned here, For example, it is some=
times said that the mean is a parameter of the normal distribution (1),
This is inaccurate; what should be said is that the parameter m is equal
to the mean, The point of the distinction is that if we allow ourselves
to refer to meacures of location, dispersion, etc., as parameters, we
get into difficulties, In fact, all the moments of the normal distribution
would then be parameters (though, of coaurse, functienally dependent); and
every distribution would have an infinite number of parameters, 'ie should
have to admit the median, the guantiler, the individual frequencies of a
discrete distribution and perhaps even the distribution function itself
as parameters, This is not at all what is intended, and we conclude that
the practice of referring to the summarizing measurec of a distribution as
parameters is to be condemned,"

Their arguments are weighty but they create difficulty for other contexts,
Fisher made a fundamental clearing of a statistical tangle by emphasizing the
importance of distinguishing betwecn a sample estimate and the population value
which it estimatess in that context the contrast statistic versus parameter is
firmly entrenched in our terminology. Sample moments, medians, etc,, will continue
to be statittice (or estimators) whether or not we can make an assertion about the
form of the parent distribution, But if Kendall and Sundrumts restriction on
parameters is to be maintained what shall we call their antitheces?

Neither least squares ectimation of location 'parameters! nor analysis of
variance aectimation of variance components depends on any postulate about the form
of distribution of the obserwvations, Therefore on the restricted definition

neither the elements of our linear model nor the components of the wvariance equation
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can be oalled parameters, !Thinge to be ectimated! is intolerable, !Elements!
or 'typical valueg! do not convey the recuired distinction of population values,
tpopulation! is an unsatisfactory adjective, !'True! regression or variance equation
implies an attempt at colloquial explanmation unsatisfactary for a technical term,
To think of the elements of these equations as other than parameters is now difficult

In a brief chance conversation before I knew of his paper = mach too brief for
thorough concideration = Profecsor Kendall expressed the opinion that, following
his definition of “parameters", the probability distribution of samples from a
fimite universe has no parameters, and that the elements of the universe define the
sample space, Contrariwise Sec, 7,12 had taken the view that sample space is
alvays definable a priori to cover all possible outcomes of an experiment, that
the probability distribution defines the relative frequency with which each point
in sample space may be observed (including those which have “probability measure
zero" for a given population), and that all population characteristicc recuired
completely to define the probability dictribution must be parameters, OSuppose an
experiment is a sample survey to determine the distribution of some tevent! in a
district, Several districts and the same district in different months are a class
of similar experiments, llould it not be contrary to established usage to postulate
a different sample space for each of these "experiments"? Is not specification of
the potential outéome more closely related to the © of the second example of
Kendall and Sundrum!s par. 2 than to a specification of sample space?

For these reasons it seems more consistent with custom to define a parameter
as any characteristic of a population; including both general characteristics such
as mean and variance and all those required to specify a probability distribution,

To do otherwise would seem to require unpleasant periphrases in the contexts where
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the word has been used in this paper, and these usages may be considered to have
historical precedence over endeavours to distinguish between parametric and non=
parametric hypothesis, If it is now impracticable to have different uvards for the
general and restricted clasces presumably we will, as so often, have toget along
with two usages depending on context for differentiation. It may not be too

difficult once the alternative definitions have been explicitly formilated,



8., Generalized variance model

The generalized model postulates that the complex population of y is built
up with only a finite number of elements in one or more (possibly all) groups of
the linear model. Iet the specific latent equation be

Y3 5k (8.1)

i'l.coacocAsm

J
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ABD = N

Some readers may object to the duplicate roles for the same letter, e.g. a = the
sample number of elements a, . But if one notes the convention that an element
will always be indicated with a subscript and a letter (other than m) without
subscript will denote a frequency (lower case for a sample, capital for a universe)
the mnemonic¢ value outweighs risk of confusion.

As description of the (complex) universe of y the elements of (8.1) are not
random variables. Relative to a sample they may be interpreted either as random
variables or as possible values which such random variables may take. For
precision notice that each group of elements corresponds to only one random
variable; the position might be most clearly exhibited by writing the random
variable for the first group as a(i) to indicate a function which takes on the
value a, at the ith sampling of factor 4 .

Suppose first that A, B, D are all finite, and that, case (iz,there is a
nested sub=-universe of dijk for each 13 combination, To obtain unicue definitioh

of the elements we impose the restrictions
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B A
ﬁai . Zba. . ?(ab)ij . ?(ab)ij = %dijk = 0.

More commonly, case (ii), there may be only one universe of dijk whose elements
associate at random with all Ntreatments. Here we will consider them as subject

to only the one restriction, ::Saijk = 0, although more generally "block" restriction
may be imposed, Case (1) is commonly described as "nested sampling"; case (ii)
represents a “completely randomized experimentV,.

Tukey (1949), Bennett and Franklin (195L) and Wilk and Kempthorne (1955),

define the universe Ka-parameters (which they designate 02)

P
p = (ab)2,/(a-1) (B-1)
(8+2)

A B
K, =Sao/(4-1), K =2b§/(B-1), K,

N N
Ky(1) =§d§jk/AB(D-1) or xd(ii)=§d§jk/(n-1)

To simplify notation a XK or k without numerical subscript is to be read as K2 or
ké. (K's with other subscripts will be needed only in the appendix.) Definitions
(8.2) will ve called V“specific variance components". They will also be referred to
as K(r), indicating K for "roman elements", both for brevity in distinction from
K( ¥ ) for "greek elements" to bte defined later and as reminder that they are
K-parameters rather than variances (Sec. T.17).

If the universe of every group is finite and there are separate sets of D
units for each ij combination (case (i)) the elements are defined as unique means
of a complex universe which is potentially observable. In case (ii) the elements

are defined only as averages over all possible randomizations with 4 We can

1jk°
imagine them as means of a conceptual universe of A?BZD elements, that is with all

N conceptually possible replications on every ij cambination. However such universe
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is not potentially observable: therefore, we are justified in describing such
averages as "expectations", indicated by the operator E, implying the limits in
probability, random sampling with equal probability being assumed.

More usually the size of at least one group, usually D, will be imagined as
tending to infinity. The elements are then defined only as asymptotic limits in
probability. The K are therefore, in general, functions of hypothetical quantities.
(Kab is an extension of Tukey's statistics for a universe with two-way restrictions.
Kd(i)’ being merely an average for AB sub-universes, involves no essential extension.)

The authors quoted above state the expectations of mean squares of analyses
of variance in terms of K(r). These expectations are shown in Table 8.1 for nested

classification based on the model

Tige T T2 i) * ) (8.3)
where bj(i) indicates nesting in classification i, etc. (notation introduced by
Bennett and Franklin); and in table 8.2 for the model (8.1)., Table 8.2 is presented
as for case (1), for which the last term of (8.1) might better be written as
dk(ij) in conformity with (8.3); if dijk randomize with all treatments (case ii)

the factors d/D are to be deleted.

Table 8.1 Nested Classification

E(MSq) in terms of K(r) E(MSq) in terms of K( )
defe Kd Kb Ka K5 KB K.(
A | (1) (2-3) a1 bd 1 4 ab
1 | a(b-1) - 4 1 4
ab(d-1) 1 1
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Table 8.2 Crossed Classification (error terms nested)

dufs K Kb K K Ke Ko K K
d b
A (a-1) 5 =) - @ 1 d -
Y (b-1) (1-%) 412)  aa 1 4 da
A3 (a-1) (b~1) D q 1 4
Error ab(d~-1) 1 1

Delete d4/D if dijk randomize with treatments,

The coefficients of the specific variance components in the expectations of
mean squares can be evaluated in several ways. Bennett and Franklin, following
suggestions by Tukey, have formulated an algorithm for most ordinary experimental
designs. It does not, however, cover all situations, A general and simple method
derives them from the coefficients for K( ¥ ) as described later, Wilk and
Kempthorne give a general procedure (discussed in Sec. 13 below) but one which is
too complex, with consequent risk of algebraic errors, to be suitable for regular
use, Main effect and error mean squares can be fairly directly evaluated in terms
of Tukey's ke-statistics (with a slight complication for randomized errors which do
not form with the treatment effects simple "random sums" as defined by him); but
they are not adapted to evaluate the interaction terms since Kab as defined in
(8+42) 18 not a member of that class of parameters. However going back to his
"orackets" or "symmetric means" yields a straight~-forward and general method which
will be developed here because we shall want to refer to it later,

For initial simplicity consider the following abbreviated models:

Yyg=m+ b +d, (84bs)
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vhere t:i. represent a simple set of treatments, and di j may be read as d;j 1) to
imply nested classification (case i), or as deo k=1 ... (ad) ... (AD) = N, to

imply a completely randomized experiment (case ii): and

Vig = motag o+ bj + abij (8.5)

which is (8.1) without its error element. For brevity, to save writing formulae
twice, the range of i ('rows'!) will be taken for both cases as 1 ... a s+, though
to conform with our usual notation these will represent t,T when applied to

(Bs)s The range of j i85 1 eee d ees D in (8.4), 1 eae b +us B in (8,5)3 for
formulae which apply to both models we will write c,C to represent either case as
requireds No other indication will be given as to whether formulae apply to one

or either model.

let ['xi j-7 be an 4 x C matrix representing the elements of a two-way universe.
Initially we take xij equivalent to s j but use a different letter because it will
later be set equal to elements. Relative to (8.L) rows represent treatments and
order within rows is at random. An experiment is formed by sampling d elements
from each of a rows. There are (i‘)(g) : possible samples. Relative to (8.5) rows
and columns represent crossed variants of two factors. 4n experiment. is formed by
sampling a rows and b columns. There are ( i)( g) ways of drawing such a sample,

In each case every sample arrangement is assumed to be equally probable,

We want to express analyses of variance of samples or universes in terms of
symmetric means analogous to these defined by Tukey (1950); but now prodacts can
be formed in more than one way with different implications. A more extended nota~
tion is therefore required. The following angular brackets are the Tukey-Hooke
notation for "generalized symmetric means", abbreviated "g.s.m.". Square brackets

are used to indicate sums in conformity with the notation of David and Kendall (1949).
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Sé =['17=ac/l>
2?::13 = /2] =ac <2>
%-l:)c Xeiqg ® [l l] = ac(c-1) <> iFy
L L Xy a5 g . e oo
% i.'] il‘-j [l ']' a(a“l)b \lo > i )‘ it
=1)b(b=1) . .
a§ ' bﬁl Xy Fpage = [% 1]= a(a-1)b-1) <4 >
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it jk

* ‘ *
Let [' ra _7 and £ pq > be the analogous functions for the universe, that is

replacing a, ¢ by 4, C; for example
§ g,
2y = 2 = ae 2>

In Tukey's phrase each symmetric mean, represented by angular brackets, is

“inherited on the average", that is

ave <pad> =<pa> ¥

For example, consider <:P.‘> « UWhen summed over all possible samples symmetry
requires that every ordered pair of elements must appear an equal number of times,
namely ( a-l) 2:2) = the number of samples which can contain a given row and

a given pair of columns. Therefore

ave LD = (a-l g-:g){% ]‘.] ( ]*=<H'>*
(a)(g) ac{c-1) Ac(c-1)
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Similarly for the others., Note that the various types of products do not occur
an equal number of times over all samples and do not have equal expectations.

From elementary algebraic relations

(iéxij)a P2 [ .]»,ﬁ]
a s4d 2
3(Ex,) - [o7+ [t

whence

adx sl = <2> + (@-1) D v a(a-1) (7D
_‘a

432 =a<2> +a@n <D

a 4

S 2;:3?:3 =ad €25

Taking differences and dividing by degrees of freedom leads to Table 84,3 for nested
[ ] ]
classification. Similar algebra using < i. > and < ]'.l> leads to Table 8.4 for the

crossed classification.

Table 8.2

Treatments M, Sq. M_b=<2> -<].'].'> +d(<H‘> -(i’) )
Deviations Me Sq. My =<2> - &b

Table 80)4

\# MQSQQ Ma=Mab+b(<:}];> "<]¢.;->)

13 M, sq. Mb=Mab+a(<i.>-<3‘l>)

A M. sqs Mab=<2>-<%%>-<i':>+<};>
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To obtain expectations note first that on squaring the linear models, or any
averages of them used in cempntirg sums of squares, and averaging over all samples,
the expectations of producis between any two groups of elements vanish. Ve can
therefore find exmectations by letting X, 3 stand for single groups of elements in
turn and replacing brackets by their uriverse values,

Letting t,, since this is constant within rows

X34

L8> 0>

and the contribution of ti to M 4 vanishes. Also < i> is a simple mean product for
a one way universe. Therefore &R i) =2 = <i> is a simple ky-statisti
as defined by Tukey; in our notation kt’ with expectation Kt'

Ietting xij = dk (case ii) the matrix is degenerate since there is no restrice
tion of rows, and mean produsts in any direction must have the same expectation,
namely - < 2 > */(N-1) since [l] * 2 0, Therefare
E(M,) = EQ) =<2>*- <D:Ll> ¥« 2>% N/(N-1) = Kjo

In case (i) (nested) Edij = 0 within every rowj therefore

3+
Y™ 2 i<2> #/(p-1)
and
1 *
<{1>7 =0
Therefore
#
E(Md) = ¢ 2)* - <];];) = (2>* D/(D=1) = Kd
#* #*
B(r,) = Bty +a( <D - (3YT) = <2p* -0)/0-1) = (- Sy
Extension to triple classification gives the formulae in Table 8.1. If the %

treatments be regarded as made up of a X:b crossed variants of two factors it is



not difficult to show that the expectations of the dijk terms are maintained in
analysis of the two factors, and hence the factors for Kd in Table 8.2, the
remainder of which we proceed to examine on model (8.5) ignoring error terms,

As before for ti, a; and bj being constant in rows and columns respectively
they vanish from M_, (Table 8.4), and <11 = < }3') and < i:>~(3;£.>either vanish
or are simple k statistics with expectations Ka and Kb respectively., Letting
xij = abij we have

S % 2 17"

Z(Zabij) =0 = [2_7* + l, .]
A

%(Eamj_‘_,)2 =0=/27 s [ ]

1
1
(ﬁ %abij)z co=L27

.
ot
wJ
%

+
Lanaam !
[
. e
[
E S

+
o=
| i
S |
%

which lead to
3*
<> wn2>*/(B-1)

< -’1-1>* - «<2>%/(8-1)

. %
L) = 2>/ 1))

and substituting these as expectations for the brackets in Table 8.4 (and
multiplying by number of replications) leads to the coefficients of Kab in
Table 8,2. These results are of course already known, having been given by the
authors quoted above.

The following indicates, without detailed working, extension of this fe¥m
of analysis to three-way universes. Consider a three~factor experiment without

replication!
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with our usual convention on numbers of variants.

Since we cannot conveniently write a three-way matrix on plane paper the pre=-
ceding notation is inconvenient. Imagine the ﬂ ~variants designated by rows,
’/3 variants by columns (horizontal), and $varian'bs by verticals., The various sets
of products of pairs of elements will be designated as follows! A will indicate a
pair of elements in the same row, a a pair each of which comes from a different row;
similarly B, b for within and between columns; D and d for within and between
verticals., Since these letters appear overworked it might at this stage seem
advisable to use R, C, and V; but the reason is that they will lead to a simple
algorithm for the mean squares, They will be distinguished by their associated
brackets. We then define symmetric sums and means as follows, giving just a few.

exampless

a b d
[s0] = 23 3x,,2 = aba <am0> = aba <2>

afa=1l) b ¢
(amD] = 3 2 23y g = ala-Lbd < aBD >

a b(b-l) c{c-1) (8.8)
[awa] = 3 3 § Xy g = 8b(b=1)d(d=1) < #bd >

a(a-l) b(b-l) c(c=1)
[aba] - 2 %1y = a(a-Lb(-1)a(de1) < abd >

The rule for the number of terms in each sum (including permutations of each pair
of elements) is easily seen from the examples. Then following the same procedure
as above, the analysis of variance in terms of ge.s.m. is found to be as in Table 8.5

which shows the multiples of symmetric means to be added to the mean squares

indicated in the second column to give the total mean square for each row, It is
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now visible that the above notation yields an algorithm for the formation of the
mean squares similar to the well known one for treatment effects of a factorial
experiment., For example, with letters inside angular brackets indicating symmetric
mean products, those ocutside being replication multipliers:

MSq(ABD) = < (a-a) (B-b) (D=a) >
(8.9)

MSq () = bd £ (A-a)bd > + MSq(AP) + MSq(f) - MSq(fA.0)

We next consider the model (8.1) a two factor experiment with replication., So
far as concerns the analysis of variance it makes no difference whether we consider
the error terms, dijk’ nested within each treatment combination or associated at
random with all treatments. The difference lies in restrictions vhich only come
into play when we want to evaluate the expectations in terms of Kd‘ The difference
from the foregoing is that since elements can be assigned to verticals at random
there 18 no difference in the products within and between verticals when asso-
ciated with between rows or columns. Thus in place of, for example, < aBD > and

< aBdY we get

["aB._] = [7aBD_] + ["aBd ] = a(a-1)bd® < aB, >

etc.; but < ABD > and < ABdD> remain distinct, being respectively squares and pro=-
ducts. These amalgamations lead to Table 8.6. Expectations of the g.s.m. for each
group of elements leads directly to Table 8.2 without the composite inference

previously used,
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Table 8.5 Analysis of Variance of three~factor experiment

Mean Squares

M.Sq. + < ABD> < ABd> <AbDD <Abd> < aBDY < aBd) {abD) <abd)

A UB AL -Ap5) - - - bd - - -  -ud
1 UB +35 -ABD ) - - - - - ad - ~ad
D NOHBD -ABD) - - - - - - ab  =ab

At (/pg) - ¢ - = - 4 - d
‘/ 5 ( AP ﬂ) - - b -b - - -b b
oy ( AP 2) - - - - a -a -, a
- 1l -1 -1 1 -1 1l 1 =1
Table 8.6 Analysis of Variance of two-factor experiment with replications?
model (801)
Mean Squares
M.Sq. * < ABD > < ABd > < Ab, > < aB. > < abe
A (B)+ U#B) - - bd - -bd
”5 ( 06) + (/ 7 ) - - - ad -ad
AB (D) - d -d -d d

D - 1 -1 - - -

In Tables 8.1 and 8.2 the expectations are also written as they would be
evaluated for a completely random model, the ccmponents which would thus be
indicated being collectively termed k(Y ) and K( ¥"). By comparison with later
tables we see that their definitions in terms of g.s.m. are. for one-way classifi=

cation, from Table 8.3,

_ Uy S .
k_ G7 -4
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for a two factor analysis, from Table 8.4 or 8.6,

k = <U> . <%‘;> or more generally Jhb.> - < abe D>
. . (8.10)
kB = <i.> - <:.L1> or more generally {aB.) « {ab,)

k“ﬁ= 2> <> . <i:> + <:1';_> or more generally< ABd) =< Ab,D> =~
£ aB,> +<ab.>

and so on for more complex cases. Hooke (1954) obtained Table 8.4, and starting
from the linear functions of g.s.me. (8.,10) developed a family of statistics and
parameters which he christened "bipolykays" to be used as mechanism for evaluating
sampling moments of mean squares and specific variance components, k(r), for model
(8.5)s He evidently regards k(r) as basic definitions of variance components for
finite models,

The k( & ), now extended to more than two dimensions, are all linear functions
of gesems with ccefficients:t lindependently of the sizes of samples and universes,
They are therefore inherited on the average. Contrariwise the k(r) are linear
functions with coefficients which involve both the observed sample size and the
postulated group universe sizes. These introduce nuisance factors depending on
universe postulates which are nearly always dubious, they destroy inheritance on
the average, and make the sampling distributions clumsier than those of k( ¥ ).
The linear model whence all derive is a quite arbitrary approximation to reality,
Ir without making a model substantially more arbitrary we can get rid of these
troubles we may be well served. Defining variances of the group universes by
(8.2), instead of as the more classic and basic second moments, was already a move
to gain some of the simplicity which was introduced by Tukey's generalized

k-statistics, or "polykays", to study of simple universes. The logical continuation
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is to consider adopting the k( ¥ ) as basic descriptive statistics for complex
universes. Subsequent sections consider their use in interpreting experiments.
Since their formulae are invariant for finite or infinite group populations I

shall term them canonical variance components .

Since comments both in the literature and at statistical meetings indicate
that many feel confused about consequences of the interaction elements (ab)ij being
not independent of a; and bj, notice in passing that independence is not assumed in
these definitions., Notice also that, although in a small universe the conditional
arrays of (ab) 13 for given i are unlikely to be similarly distributed, and conversely
for given j, nevertheless the mean second moment of the i arrays must be identically

equal to the mean second moment of the j arrays by virtue of the definitions,

4 B B A
= 2". 2 = }. 2 = i i
Aver(Mz,Iai) 3 2 (2 (ab)ij/B) = 2 (E (ab)ij/A) Aver(M?ij). This remains
true for K( ¥ ), but is not true of the mean K, (r) within arrays unless 4 = B.



Appendix to Section 8

Variances of mean squares

The theme of this paper is concerned with estimating variance components and,
for that purpose, with expectations of mean squares, To consider distribution of
estimted variances has not been part of its purpose, Tukey (1950) indicated that
his generalized k-statistics could be applied to that problem apparently implying
that acsociation of elements of the linear models could be treated as randamized
sums, The combination of treatment and error elements is,however, not quite of
that form since (1) with nested universes the error mean to associate with each
treatment comes from a different sub-universe, and (2) with randomized errors the
association of several di P witheach ti. s leads to a greater multiplicity of
arrangements than for simple randomized sums, In an unpublished report Tukey (1950a)
sidesteps these complieations W thout mentioning them and obtains variances of
apecific variance components for eases where groups associate at random by an
ingenious method of inference from particular cases, Before that report was
avallable to me I had obtained variances of mean squares for one~way classifications,
model (8,4), by direct application of his formulae for randomized sums, The |
procedurs seemes of some interest for ite incidental evaluation of generalized
k=statistics of means and relative to a speculation by Wishart (1952), e consider
here only the treatment mean square which is denoted dvt, v, being a k2 statistic

determined from t class means, ; =m+ ti + di s
[ *

%
v, = E(Yi. - Y“)z/(t-l)
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Case (i), nested sub-universes, that is each set of d values of dij contri-
buting to di. is from a different sub-universe., Initially we assume that dij have
the same distribution in each of the T sub-universes, with K-parameters KZ’ K22
and Kh ag defined by Tukey. (Since we now have to use subscripts to distinguish
different orders of the parameters, these parameters will be written Kz(d) etc,
when they have to be distinguished from those for the t group.) Then the moments

of d; , M, = E(di‘)r, are$

M =&,
M, = a (<> + D-B)Kh + 3.<2K22 (A1)

=1
where « (d D)

as may be derived from formulae given by Wishart (1952). We define also
2
1 6 6

because the di are in effect sampled with replacement and are therefore as if
from an infinite population with Kr(di ) equivalent to ordinary cumulants and
Ké @, )= Kg(d ) = MS. Note however that the K on right hand sides of (41) and
271, i.
. . . 2 _ D+ ;Kh
(A2) are defined for the universes of dij for which K, 3:%K22 + 5K, .
Now (yi -m) = b, +d; is a "random sum" in Tukey's sense, with the by
selected (without replacement) from a universe of T elements, di selected from an

infinite population. It follows from Tukey (1950) p. 507 that

B(v,) = K,(t) + 1 (a3)
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as already given in Sec. 8. And extending Tukey's argument as indicated by him,
Ppe. 517"8,

(t)
var(v,) = (% -'%)Kh(t) + Z(E%I - T%T)Kza(t) + hKi - iﬁé ()

AR o
This formula is equivalent to, for n random pairs of, say, a and b,

var(k, (a+b)) = var(k,(a)) + var(k, (b)) + Licov? (ab)/ (n-1) (45)

3 2
3 (ai"a. ) (bi"'b. )

L (-1

by definition of the random sum E(cov) = O. (Note however that the last term of

where covz(ab) = E = the variance of the covariance since
(a5) is not 2cov(k2(a), ké(b)), whose expectation is zero, but a term which
arises from random association of sets of a and b and still exists even though the
whole umiverses be used so that either or both of var(kz(a)) and var(kz(b)) may
be zero,)

If we put ti = constant = 0, only the last two terms of (&L ) survive,
representing var(kz(di’)), and is the usual formula for variance of a sample
variance from an infinite population as clearly it should be since in effect the
same population of di. is being sampled with replacement. In terms of the
K-parameters of the original dij

.. WPV U S|
var(kz(di-)) t’[;f D+?!lKh i t-1 +(D41) Kg (46)

Wishart (1952, p.8) notes the natural extension of moments of generalized

k-statistics to cumulants but seems dubious about it., He writes: ".. if we accept
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Tukey's concept of an infinite population of samples of size n from a population
of size N ... we might define a cumulant /"in the manner of (42) 7 ... But this
question really needs further consideration.", In Section 7.9 it was noted that
all such statistics are random variables formed by the act of sampling and that
the distribution of a random variable is inevitably that of a hypothetical infinite
population; that this is fundamental and not merely a device. Therefore the use
of Kh (di.) as defined in (A2), and Mg for K,,, in the above formulae appear to
need no further justification. However in view of Wishart'!s doubt I have checked
the usage in two ways., First by deriving var(k2 (di.)) by expansion and averaging
over all possible combinations; cf. equation (A8). Secondly the complete formulae
(a4) and (46) were empirically checked by forming all possible values of k2 (yi.)
from a universe of t’i = -1, 0, O, 1, combined with all combinations of
di. = =1, -1, 1, 1, which in turn can be derived either as singletons (d = 1) from
similar dij universes, or as samples of d = 3 from universes of dij = =3, =3, 3, 3.
If the distribution of di:j s and thence also of di. s differs from class to
class, expanding k, (di.) and its square in terms of symmetric polynomials of the

variables and evaluating their expectations leads to
- T
Blky) =M, = M, /T (a7)

as would be expected, where Mzi = the second moment of di for samples from the i-th

universe = "Kai’ and to

var(kz) = %(ﬁh - BP-é) + %ZT.M'::[ - B var(Mz) (48)

21C
L J -]-'- i - -—-—-2 -'---——--—--t".3 -
2, - 18) + =2 + (s - ) varGy) (89)
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where var(Mz) = ;E - i’é and B = t(t=1)(T~1)

(46), or the last two terms of (AL) if M,, is constant. (49) is equivalent to using

the average of Kh(di.) evaluated for each universe; but clearly we do better to use

The first two terms are the same as

(48), with Ff’;) in stead of M.E, since B is negligible if T is large, and then (A8) is
little affected by variation of MZi'
Further complications mey arise when we consider the effect on var(vt) of

allowing variable types of universes of dij' Writing
ky(8) = k', ky(d ) =k,  K(t) = E(k') =K,
13
cov = 2 (ti-to)di ./(t-l),
one finds

var(v,) = var(k!) + var(k") + LG cov + 2(E(k'k") = K'M,) (410)

+ LE(k" cov) + L4E(k! cov).

The first three terms are the standard formula (45). The last is zero because along
with any given set of ti avezd V- 0. The other two terms are not necessarily
zeros k' and k" will be correlated if t?L is correlated with MZi; k" and cov will
be correlated if ti is correlated with skewness of the distributions of di'

However in practical situations, e.g. Wilk and Kempthorne's second example, such
correlations can safely be assumed to be negligible; so that we need consider only
average moments of the error universes along with standard formulae as if all their
distributions were the same.

Case (ii)¢ a single universe of N = DT experimental units with deviations

dj’ J =1 eee Ny randomizable with all treatments, and with parametars Kz, K22, Kh.
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Consider first a single partition of the N elements into sets of d elements each,

giving a set of U = N/d values of d;. of which t may be associated with the t, to

i
form a set of y{ « The t values of (y_{ -m) = (t:i. + d:;. ) thus formed are a sample
of "randomized sums" as defined by Tukey (1950), the paired elements being selected
from two universes of T and U elements respaectively with parameters Kz(t) and,

K, (d ). There are W = -E-—;-ﬁ-—- possible sets of di , and averaging over all such
d Ue

W U d
2337

W(U - 1)d°

sets

ave K2' (di.) =

When we expand
d=1)
$a,7 -3¢, "5
%) 3 4% !

and sum over the W arrangements, every possible dg and product djdjl

(G =1 es0 Ny 3 #3') occurs an equal number of times., Therefore, writing
N(N=1)
Ave(d ) = Edj/n and Ave(d,d,,) = dyd,,/N(-1)

we obtain

Wi/ d A (d) d(d-1) Ave(d.d
T g i Ui e T2

W(U - l)d
N(N—l) N
_ 2
But since Ed = 0, we have -2 dj 50 = Edj = (N - l)Kd’ and substituting these

and U = N/d leads to

t
Ave K2(di.) = Kd/d (a11)
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wxtending this argument yields

Ave K1, (d; ) = Kyp/d”

ave Kl(4, ) = K /o (a12)

Tukey's (1950) argument then gives

LK (5) oK, (a)

(t=1)d

Ave var'(vt) =(% - %)Kh(t) + ZQE%E - T%T)KZZ(t) +

K, ., (d)
"2(1;-1-1 -1y 22 (a13)

for the average variance of random sums formed within sets. To this has to be

added the variance of Ké(di.) between sets (which is independent of ti). By
Tukey's relations

(K3 (e )

The average value follows from (412).
Similarly

(ave K} (4, ))? = ~<x2(d)) A2 1, (@) + 5 8, @),
Thence

var(K, (3, )) = Ave(Ké (q . ))2 = (Ave Kzi(di.) )2

(U 1" ¥- 1”‘22“”

Adding this to (A13) and substituting n = dt, N = 4U,
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LK, (4K, (d)
(t-1)d

var(v,) = (§ - P (6) + 265 = =K, (4) +

+342- G - PE@ + 263y - i, @ (A)
The formula was empirically checked on a numerical example, Subsequently it has
been found to agree with Tukey's (1950a, unpublished) formulae which were obtained
in different manner for variancesand covariances of the components.

Case (ii) is more generally applicable than case (i), and is much the more
important one. Although at first sight it appears more complex, owing to there
being no single universe of di. from which to form random sums with ¢

i
. interesting that it works out more neatly. Furthermmore no secondary complications

s it is

‘ arise from variable distributions of several error universes.
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9. The canonical variance model

Define a canonical latent equation
Yo u+A+p+(4)+8 (9.,1)
(In mathematics “canonical" implies merely a "standard" form.) It is written
without subscripts to imply random variables in the fumctional sense, Subscripts
may be added to indicate elements of hypothetical populationg, but without bothering
about how to define individual elements (9.1) already serves the first function of
a latent equation; it defines the structure of the population and sample, and direct
that a sum of squares, either of a sample or universe, be analyzed as in tables 9,1
Since k(¥) of a sample, table 9.'1 (a), are inherited on the average (8ec., 8), their
expectations are the amalogous functions K(¥) of the universe, Table 9.1 (b) or (c)
‘ depending on error term postulates. K(r) are by definition mean squares of the
universe, Table 9.1 (b) or (c) therefore provides an explicit linear transformation
between the two classes of parameters, namelys
K, =K + -I{_(B/B + Kg/ED
K, = Kg + K‘p/A + Kg/AD
K™ pr + Kg/D

K

a™k

6 (9.2)
and conversely

Ks = Xq

K g™ Kap = Ko/D

Kp = Ky = Eap/A

K =K -K,/B (9.3)
with terms in 1/D deleted if error terms randomize wi th treatments, (Here and in

-

' expectations of mean squares in terms of K(¥) we will make the convention that
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D= o0 for randomized error terms, as well ac for postulated infinite error
populations, in order to save re-writing separate formulae for the nested and

randomized postulatesy It is juctifiable by noting that when errors randomize we

Table 9.1
d.f, Mean Squares
(a) Sample ke kg k@ k,
A (a=1) bdv, = 1 d - bd
3 (b~1) adv, = 1 d ad
AP (a-1)(>-1) av,, = 1 d
Error ab(d~1) v, = 1

(b) Universe ( all groups finite and sub-groups of dijk nested)

K K g Ky K,
A (A=1) BE, = 1 D BD
IZ] (B-1) ADK, & 1 D AD
Ip (A<1)(B-1) DK, . 4 D
Error AB(D=1) K4 = 1

(c) Universe (if D oo, or dijk randomize with other elements! analysis of E(yijo)‘

Ks K Xs K
B

A (4-1) K, = 1
5 (B-1) Ak, = 1 A
AB (a-1)(B<1) K, = 1

in effect define treatment means as expectations of infinitely many samplings from
the error universe with replacement, and the K(¥) are defined in terms of such
expectations, But the convention does not carry over to higher moments of
k-statistics, nor to sampling variances of class means, e,g., equations (11.6).)
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Substituting (9.3) in Table 9,1 (a) leads at once to the expectations of mean
squares in terms of K(r) as given in Table 8.2, This seems to be the simplest
method for getting the coefficients of K(r) in amch analyses ~ if they be required
and eonsidered warth getting,

Any universe is usually an arbitrary postulate made to focus interest on some
region of temporary interest, 'Je may today be concerned with wariation between
spindles of a particular loom mamufacturing a particular type of cloth, But there
are other looms and more spindles of thich our observations might feasonably be a
sample and to which we might at another time wish to extend cur inferences, Cone
versely we might be interested to consider wariation in a smaller loom, or in cloth
made using only part of the observed loom, All such changes of postulates mean
changes in the definitions of k(r) and E(r) which are tied to each postulate in
turn, If having evaluated Ka for universes B and D, we want to evaluate K'a for
universes B! and D!, we have so to speak to undo the old postulates and substitute
the new with formulae such asg

ﬁ'::1 =kly =k # (']ﬁ' - %)kab * %"%l ”% )kd (9.1)
The canonical 1 (¥) statistics are by definition invariant under such changes of
postulates, They remind us that Ka' are not so much fixed parameters as functions
of means associated with certain groupings; in terms of k(¥) the formula for k;
involves only the new postulates without regard to prior ones,

kty = k(Fyg101) = K, * k“B/B' + kalB'D' (9.5)

Ye write (9.L) and (9.5) in terms of ectimated k's because theoretically the K

which they estimate may alter with the particular factor variants supposed included
in a universe, although the estimating k do not so change, being dependent only on
the sample whatever universe it be supposed to represent., These conditions give

k(¥) a more fundamental position than the k(r) which depend on mutable postulates.
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If Ave (ai) = Eag/A = Ka(A-l)/A, etc,, be termed variances, distinction from

sampling variances of statistics sometimes becomes a matter of some subtlety since
wve find ourselves applying the same name, var(ai), both to Ave(ag) and to

~ 2 2 . .
g (ai-ai) = g (yi..-yioo) = the sampling variance of the estimate of a, on

i
repeated sampling from the subsuniverse with mean (m+ai). In an earlier draft I
tried to distinguish the two types of variance by different symbols, var and V,
but the endeavour failed of consistency because all variances are essentially sampli
variances (sec. 7.15), Vhen the farmer is called a variance it means & (ai) for
repeated samples of one with replacement from the universe of a5 Thus the only
basic distinction between the two, when both are regarded as variances, lies in
the universes being sampled and not in the type of !veriance!, Therefore it
secms best to distinguish Ave(ai) as the second moment of the universe a; or as
proportional to the K-parameter,

For simplicity in the following discussion assume randomized errors, It is
mich the commoner and more important case, le then have

K, = K5 and Kp*= K.(B

Recollect that a variance component model says that we are not interested in
individual elements but only in dispersions which may be associated with variants
of each factor. Uhen interaction exists effects are a function of both factoras
acting jointly, and effects of one factor are not definable in isolation from the
other, If we choose to associate certain ma;nitudes of effects and wriances with
factors singly and in interaction the partition can be only empirical and to some
cegree dependent on formal definition of what we shall mean by such phrases, At
the initial stage of defining a latent equation the specific latent equation (8.1)

seems simplest and most straightforuvard, But it is only empirical and if at a

later stage of analysis it leads to none-simple statistics we can go back to consider
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modified models which may be simpler over the whole run of deductions, Since k(%)
are substantially simpler statistics than k(r), and form a complete set, it is

i reasonable to consider formilating a model for which they may themselves be inter=
preted as the dispersion components, not merely as a stepping stone to the specific

components,
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Consider the general variance equation (1.2) or (6.1). In a complex finite
universe variances are still additive in the same way, but the K-parameters of ei the

type are not, For a two-way universe,
AB
g 5

= My(a) + 1,(b) + My(ab) (9.6)
- (- FK, + 1=K + Q- - Py (947)
= My(«) + My () + M, («4B) | (9.8)
= (=P, + (@ Py + (= 3K (9.9)

(9.6) follows directly from the definition of elements in the specific latent
equation, (9.7) gives its parts in terms of K(r) as these vere defined by (8.2),
The definitions of X(¥) necessitate (9.9). Ascume that its parts are the variances
of the elements of (9.1). Remembering the relation between K~parameters and
variances we scee that K«ﬁ appears as the K-parameter for a simple universe of AB
elements, that is for a universe with only one location restriction, in contrast to
the (A # B = 1) restrictions on abij' tie have merely to allow that the mean y for
all variants of one factor with a single variant or subset of variants of the other
factor may still contain a small part derived by definition from interaction, For

example

Y.

o = [N+ ‘i + 43.

io
Since elements of yij are anyway empirical and imagimary (Sec, 1) this is a small
price to pay for simplification of the variance analysis and its estimators,
Equating the specific (8.,1) and canonical (9.1) latent equations
yij =m+a; + bi + abij il R ﬁi + &513

and retaining arbitrary restrictions, « » B =B, . = 0, the relations between the
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two types of elements are seen to be

M= Yoo ™ &

®
]

(yio M yoo) = '(i + "510

(=2
L}

3= (Fo5 = Yoo) = By + oy

abyy = (B35 = Fio = Vo1 * Yoo) = Py~ Pio = oy (9.10)
The canonical elements are not uniquely defined but we do not require that they
should be, It was parit of the model to state that we are not interested in the
elements individually but only in their dispersions. These and their estimators
are uniquely and explicitly defined by Tables 9,1 and equations (9.8) and (9.9).

If we ask for ectimites of the elements we alter the model by raising them
from the status of random variables to that of location parameters (Sec. 7.9).
Suppose we may wish to make this extensiony the canonical model is over=determinate
in the sense th:t it now has more parameters than observations available for
estimating them, a not uncommon situation, for example; factor analysis, We can
add the requirements that Mz(-() = (1 - %-)K’( s M2(-([3io) = (1 - %)KAB s etc., but
inmmerable solutions are still possible, In practice one would postulate "Bio etc.
= 0 and estimate Qi = (yi. - y“) = /a\i » If we could mke observations such that
the element ectimators 31 conformed to the dispersion requirement of the model to
yield E(k2 (;\i)) = K, there would be some attraction in retaining the specific model_.
But in practice this never happens since E(ka(é\i)) =K ¢ (%‘- - %)Kab + Kd/bd. |
There is therefore no lost advantage in accepting similar estimators for "i subject
to E(k2(ii)) =K, + K¢/b - K5/bd. However, as indicated, this is all supererogatory

since it really means a change from the variance component model to the regression

model ,
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Error terms add little complication, Tith randomized errors (9.,10) are defined
by expectationg of the y means and otherwise remain unaltered. 'ith finite nested
universes of experimental units we similarly remove the restrictions di jo = 0 and
add means 5i°o etc, to the right hand sides of (9.,10), They make a nice distinction
between the two cases by reminding us that in nected universes the experimental unit
are integral parts of the treatments and not experimental errors in the true sense,
They are fundamentally similar to the interaction effects as discussed above since
treatment effects cannot now be isolated from the associated units, A term
i- %)K5 now stands to be added to equation (9.9) irrespective of assumptions
on randomization} contrarivise the term to be added to (9.,5) for specific elements
is not invariant for the altcrnative assumptions.

The nurpose of the foregoing is to develop the parameters and statistics K(¥)
and k(Y) as a complete and sufficient set for desciibing the composition of dispersi
of a complex finite universe, without need to invoke hypothetical infinite populatio
which some workers seem to regard as undesirable abstractionsy and to indicate that
their latent model is no more empirical than the usual specific model, All that has
been done is to relax recstrictions on the sub=group means of abij’ allowing them to
take arbitrary values with variance inversely proportional to numbers in each sub=
group. Such relaxation is permicsible because the original restrictions, pinning
these means at zero, were imposed on the specific latent equation only with intent
to simplify algebra (Sec. 2), they need not be retained when found not to serve
that purpose to best advantage.

Having thus relaxed restrictions on sub=group means it is reasonable to conside:
the effect of similar relaxation on all group means, <, B s “B 5o? etc, Allow

them to take arbitrary values conformable with the universe being a super-sample
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from hypothetical infinite populations in all groups, subject only to the restrice
tion that the expectations of every group, and covariances of pairs of groups are
sero, The extension is reasomable because postulated uhiverses are almost invarie
ably restricted segments of potentially larger populations. This being done the
canonical model (9.1) becomes identical with the general "random" model, K( )
can be interpreted as variance components of the infinite population, and inferences
about a restricted universe (super-sample) of which an observed sample is a part,
follow from well known relations between statistics of a sample and of a subwsample,
Doing this adds obvious further terms to equations (9.8), for example
m-p,+o(°+po +.(p°o
g m Ay =k b Ay, = By CEO (9.82)
1Jith this convention the canonical latent gquation most easily performs its second
function: to provide machinery for evaluating expectations of mean squares and of
sampling variances, Examples will be given in Sec, 1,
Defining %canonical variance components! in the way suggested has then the
following advantages over the !specific variance camponents! (equations 8.2)e
1, Being seneralized k-statistics which are inherited on the average they are
unique unbiased estimators of the universe E~parameters independently of size of
gample and ¢f universe postulates. This is probably the chief advamtage,
Postulates about universe sizes are nearly always introduced with a note of
apology and uncertainty for the dubious numbers assumed. At other times they
deperd on, and may alter with, different sarts of questions to be asked of the
same data (Sec, 11), Consequently they are better treated astentative
hypotheses sevéral of thich may be considered, 'Ihat e need are statistics

which can be estimated once and for all from each experiment and used as
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required to indicate conditions under each such hypothesis which may seem of
interect, The k(¥) supply this requirement,

If 2 universe be everywhere finite the canonical components are just as uniquel
and concretely defined in terms of the universe elements as are the smpecific
components, If, as is usuval, any group is postulated as infinite or randome
izable the specific components themselves are defined only in terms of asymp=-
totic or expected values, They are therefore not really any more concrete than
are the canonical components,

The expectations of mean squares can be evaluated simply and unambiguously by
well=known rules, For a balanced e:periment they can be written down at sight
by Lee Crumpts (19L46) rule, Although Bennett and Franklin have given a reasonab
algorithm for the specific components, it still remains more onerous if only
because one has to evaluate different coefficients for each row,

For a balanced experiment the coefficients for a given canonical component are
constant for all rows in which it occurs., This both simplifies writing down
the expectations and facilitates solution of equations to estimate the com=
ponents,

Any variance vhich may be required is expressible as a simple linear function
of the canonical components., The specific components of caurse also yield
linear combinations; but, e:cept for the particular sample size observed and the
postulated universe sizes on which their computation has been based, their
coefficients are more complicated (éxamples in Sec, 11),

Interaction vas origimally, and is still, basically defined with respect to
means in a factorial experiment, In that context it is essentially symmetric
with respect to both (or all) factors involved, The interaction of A with f?)
is identically the same as the interaction of 3 with 4 . Although a trivial
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point it seems aesthetically desirable that its analogue in variance components
should be similarly symmetric., The canonical components meet this pleasure,
the specific ones do not,

Although contrary to fashionable current practice, Sec. 12 will argue that the

canonical components are mare meaningful for interpreting most expegiments, and

more relevant to defining tests of significance, than are specific components,
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10. Regression as a limiting case of the gcgneralized model

Table 10.1, derived from table 8,2, gives the analysis of variance for a two=-
factor experiment with randomized replications in terms of specific variance com=

ponents, If we now let a = A and b = B the factors

Table 10.1 E(MuSqo)
Classification d.f, K 4 Kab Kb Ka.
A (a-1) 1 d(1 - b/B) db
B (b-1) 1 d(l -~ a/A) da
A (a-1)(b-1) 1 d
Error ab(d-1) 1

for K . in A and in J3 become zero, Since then also the definitions of the K(r),
equations (842), become identical with those of € in Sec. 5, Table 10.1.becomes the
same as Table 5,1 for the regression model,

Sec, 7.11 has noted that the parameters of a universe are an enumeration of
its elements, T'/ith a universe of observable elements there is, of caurse, no
estimation problem if all are observed, here the elements of each universe are
central parameters of other universes or populations and an estimating problem
still remains. But with representation of all elements of such a universe all its
specific parameters become estimable, which in effect is the same as saying that
the universe stands to be described by evaluating the means of its sub-classes
individually, exactly what the regression approach does. Accordingly the regression
model is commonly presented as the general analysis with the whole universe of
elements observed, these elements then being commonly described as "fixed effectsh,
The only confusing feature is that students often feel ambiguity about wvhat is then

meant by the universe of treatments. Few experiments cover all variants of a factor
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whose evaluation would be useful if resources permitted, To say that the potential
universe is observed is false, consequently the idea i often introduced with
appearance of apology for an artificial postulate, although what is intended is not
that ab has been increacsed to AB but that a sub-universe is selected for study
which by definition reduces AB to ab, Although reasonable the appearance of
artificiality is often difficult to avoid, and one finds students thoroughly con=
fused with the querys Mihen is a variable tfixed! ar frandom!?" The answer is

that "fixed effect® (rarely defined) implies a focus of interest, To give an
element that name is to say that one is interested in determining its value, as a
parameter in its own right, independently of, and not merely as a representative of,
the class of similar elements whose potential mumber is then irrelevant, that is
that it is to be treated as a regression coefficient and not as a random element
from a universe., The definition relative to a restricted sub-universe is however
useful in directing atitention to the composition of means to vhich a regression
surface is fitted.

Sec, 5 noted that, if we want to make a simplifying approximation by fitting
fewer regression coefficients than are required for complete fitting to all class
geans, the variance of deviations about such simplified regrescion surface may be
acceptable as an extermal estimate of error which may be preferred to the internal
estimate with respect to deductions using the approximating surface, Analogous
considerations in terms of the generalised mgdel are most easily formulated in
terms of canonical variance components for which the interaction components will
not disappear from the main effect mean squares, 'le will return to this in the

next section,
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11, The Y"mixed model®

Relation of the "mixed model" to the regression and random models can be

exhibited by splitting the linear model into two parts, Suppose a, to be "fixed"

i
effects, B j to berandom", lie can write the regression equation}

Vige =B+ * sijk (11,1)
i=1 440 a;
a canonical latent equation for the random variables?
e =p+ («B) + 6 (11,2)
and a variance equations
2 2 2 2

O = Ty * Og + % (11,3)

Equation (11,1) points up the composite random variable, &y which determines
deviations about the "regression", However, since groups of eijk contain the same
35 and («g8) i3 they are no longer independent and the regression cannot be fitted
and interpreted quite so simply as formerly, The usual analysis of variance in
effect fits b parallel regressions, one for each B-variant observed, minimising
the sum of squares of the independent deviations (.8 ):1 j* 6; jo? that is the inter-
action sum of squares which accordingly becomes the error component of MSq(.-/?).

Current custom has endeavoured to avoid these complications by treating the
case according to the general model for a universe with a = A, Interpretations of
‘,4 effects is then straightforward, For example a treatment contrast (a.i - ai,)

i3 estimated by (yi - )o The average /3 effects cancel from this difference
o0 -

it,

and its sampling error depends on the interaction meansquare (./’3) which measures

deviations about the partigl regressions, Following the canonical formulation its
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sampling variance is
V(g. - 2. ) =E(y;, -~v -y,  +¥ )2
i i iee ites ioo itoo
=E [ ("ﬂi. - "ﬂio) - (‘Bi'. - "Bilo) * (51,, - aioo)
- (&1, = 81000

-2 fxg B e x Gy (11.1)
Finite population'corrections apply to each bracket since the elements forming each
universe mean include the corresponding sample means, and bracket pairs are uncor-
related on the average, The term in 1/D is not here to be deleted for randomized
errors, For the usual mixed model B and D tend to infinity and (11.L) becomes
2 MSq (JB)/bd as is well known., A contrast between two /4'-variant.s for a given
By is equivalent to considering a restricted sub-universe with b = B = 15 (11.U)
then yields its error variance as 2K5/d (when D is infinite) as is also well known
from elementary considerations, A "main Aeffect“ as usually defined for a factorial
experiment is to consider the average contrest in a sub-universe with B = b, and
thence with variance 2K5/bd;’ and so on, The absolute mean for treatment 19
namely Yi00 =™+ 3y is estimated by yi" o« This estimate being derived from the
single average regression, instead of from contrasts within the partial regressionsy

its discrepancy contains a component due to observing only a sample of /&variants

and its sampling variance must accordingly include KB:

(3;,, = Yi0o) = (B, = Bo) + (B; = 4B;.) + (8; =58, (11.5)
whence its variance is
var(y; )= B(y;,, - y’im,)2
- Ky + KRG =P + K (- P (11.6)

where N is the universe of elements from which the bd Bijk's are sampleds BD for

nested classification, ABD for randomized error.



In terms of X(r) (11,5) would be, for nested sampling
A= 1 1 1 1,1
K+ )5 -8 * % G- F (11.6a)
The factor (A=1)/A enters because of the misance that the average Kz(ab) within

a row for given a,, viz.

v

Ng =
12
§ Pp“

1 N .
'y is not equal to Kab' The last term follows from di
[ X ]

being an unrestricted mean of b ﬂij 's each with variance (-é— - %)K o« If error

.
terms randomize the form of the last term has to be altered to that in (11,6).,
Similar modifications apply for (1l.L) in terms of K(r). Using canonical components
variances can be written down at sight from equations like (11,5) paying attention
only to the rumber of elements entering into each mean, of sample or of universo,
'Iith specific components the sampling structure must also te considered in deterw
mining the forms of the coefficients,

Interpretations concerning the factor /3 whose variants are postulated as
"random" has occasioned considerable controversy. Both parties to the controversy
appear to be operating within the framework of the general model, but evaluate
mean square (f3) differently in terms of variance components] in effect one gromp
eveluate specific components with a = A, the other evaluate canonical components,
Both then assume that the appropriate error term, both for testing significance of

mean sguare ([3) and for attaching to means of [3~variants, is an estimate of the

part of E(mean square [3) additional to that part respectively labelled o;i

(Kb or K‘3 in our notation), At this stage both seem to be overlooking precise

postulates of the model and that although the mixed model can for many purposes

be interpreted as a limiting case of the general model, the two are not identical,
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tJje shall return to this after first examindng the initial difference between the two
interpretations of the mean square.

Although involving some repetition of Section 9, it seems worth while to try
to elucidate the apparent discrepancy of models because it has occasioned con-
siderable debate, One group (for example Mood, 19505 Hald, 1952, Mentzer, 1953;
Scheffé, 195L4) note that postulating an infinite population of Bj necessarily
implies an infinite population of (-(B)i 5 Exactly how they reason next is not
always clear, Usually both are assumed to be normally distributed, whence the
definitional condition that they are uncorrelated implies independence, and a
bivariate normal population, Whether or not normality be assumed, they do assume,
perhaps without full consideration, that the population of («B) 1 is infinite for
given § as well as for given a,, and that the sample of a or A valuec acsociated
with a given B j is from such conditional population with expectation zero but not
necessarily with sample mean zero, This leads to defining variance components
as “canonical componentst, Table 9,1, except that K  may be written as 6(«)
or 8(a).

The other group (for example Anderson and Bancroft, 195@; Kempthornme, 19523
Bennett and Franklin, 1954), avoiding assumption of independence, assume sampling

whole columns from an A x B array of (ab)i j with B->®, and the restriction
A

‘\%’ (ab) 13 = 0 in every column, The effect is most easily seen by starting from the
general model for finite universes, elements being defined by the specific latent
equation (8.1), and analysis of variance as in Table 10.1. Putting B = 00 and

a = A causes K , to drop out of E(MS5q(f3)). Exactly what happens as B tends to
infinity is not discusced, being apparently assumed obvious. But most users of
amlysis of variance are not mathematicians, so let us consider what may be supposed

to happen.
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The postulated distribution of (ab) 13 appears 46 a (or A) distinct contimous
distributions, one for each row (assumed similar, and normal if one wishes to add
that postulate), but linked in such manner that a selection from any one row
determines a column of elements, one from every row, satisfying the above restrice
tion, Imagine a column of A elements for every J, the number of columns increasing
indefinitely. There is no intention to suggest the distributions in every column
to be the same apart from randomization with rows; first becauce such formilation
would be contradicted by facts; second because it would imply the row distributions
to be made up of the same A elements (with repetitions), and they could not be
contimiousylet alone normal, At first sight bherefore this model seems to preclude
independence of b and (ab), But a continuous distribution of b implies not only
infinitely many elements in the whole population, but also infinitely many at every
b value (as distinet from bj as an element, Se¢, 7.22), and therefore also
infinitely many superimpoced column distributions to form collectively a tb-arrayt,
The progrescsion goes little further by allowing that all such b-arrays may have
similar distributions, b and (ab) then being independent, although tiis is not
necessarye,®% In the limit the b-array distributions may be supposed to become con=
timous, We thus reach a contimious bivariate distribution with the variates
(b and ab) uncorrelated and perhaps independent, The difference left from the
previous formulation is that sampling from any b=array (given bj) is made cone
ditional on choosing sets of a (or A) elements (ab)i j with means identically zero,

Now suppose that the sets of a elements of (ab)__,_‘_j ban be generated by random

sampling from an infinite population of («8) ij with variance K e Kab’ followed

p

* This formilation indicates that for two variates, each normally distributed and
uncorrelated, it is possible to formulate a non-contimuous bivariate distribution
in which the two variates are not independent, and the regressions not necessarily
lipear,
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by subtragting the mean of each sets (ab)i 5= (- )1 3" (.@). 3 where

(-@).j 3121(‘@ )ij/a' Since the whole analysis is formal (Sec. 1) we can further
imagine bJ. to be made up of two uncorrelated parts b:i = BJ + (.@). 3 Given a set
of B 3 and («8 )i 3 the bj and (ab)ij are uniquely determined, but not conversely$

cf. equations (9.10). If we could observe without error the elements of real
complete universes retention of the consequently uniquely defined b 5 in the linear
model might be preferred. But this rarely happens. Invariably any observation
contains random variation and individual elements can be evaluated only as estimates
of statistical parameters, variance between such estimates being greater than that
between the postulated parameters. Estimates of bJ and BJ will be the same; the
only practical effect of postulating one rather than the other in the model is to
alter the definition of what is measured by variance between the estimates (y' J.) ’
proportionate to MSq( ). Since anyway this is going to have a component KS’ to

postulate the remainder as having a component K @ is of no consequence if by so

doing we can slightly simplify general procedures. Using the transformation
= L 3 .
bj P J ) %]

(ab)ij = ('(‘B)ij - (-‘ﬁ).j (11.7)
the variance relations are

var(b) = K = Ky + K“ﬁ/a (11.8)

var(ab) = K.,"3 (1 - 1/a) (11.9)

These are consistent with all postulates. Kb is equal to var(b) because the
population of bj has been postulated as infinite. Var(ab) follows from (11.7)

by the usual argument for variance about a sample (or universe) mean, and corresponds
with the original definition of K ap ¥hich differs from var(ab) since a is finite
(Sec. 7.17),
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The difference between the two groups of writers is thus seen to lie merely
in the linear transformation (11,7) of the nominal components, the first group
using B j + (.qs)i j0 the second bi + (ab)i j in their linear model, The transe-
formation consists in taking a part (&[3). 3 out of b 3 and adding it to (ab)ij’
the part being randomly selected subject to having variance X ‘(p/a = Kab/a and being
uncorrelated with ﬁj' The transformation is permissible since the amalysis of
yijk into component elements is from the start formal, In recombinming parts and
wheir wariances to answer specific questions both formilations must lead to the
same answers, The more flexible canonical formulation seems preferable far basic
analysis because the restriction a = A may be undesirable with respect to defining
Ky and Ka‘t;.

Equations (11,1) to (11.3) define a mixed model as regression on ,/fl-variants
while B-mrianta are a random selection, That is,it diverts attention: to mean
yields of each observed /}- variant, and says thot we are to evwaluate only dicspersio
of B =effects without regard to their individual values, The first of these
introduces the distinction between the mixed model and a true gencral model, The
former does not say that the whole universe of ﬁ-variants is observed, Secondly
when we turn to consider individual 3 effects we abandon the model origzinally
postulated, and change over to regrescion on the [3-'variants. Yiith this change
of model the background universe of ,}? variants ghould be reconsidered, The
restriction A = a was only a device for directing attention to means of observed
./4 -variantsy reletive to assessing ﬂ-effects it may be umnecessarily restrictive
and artificial, We are now free to consider defining ﬂ-effects relative to any
A universe which may seem appropriate for this new purpose, Similarly the specific

variance component Kb can be defined for a general model with any AB universe
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independently of the limiting case., The medel used by the first group of writers
above in effect uses this freedom to define '3 ~effects for an infinite population
of J4 ~variantswnominally they do it only for an infinite (Ap)id universe for
every j, but it comes to the same thing since the “y cancel out whether bhis
mamber be assumed infinite or restricted,

The mixed model is commonly assumed when one of the factors is quantitative
(for example crop varieties by levels of a fertilizer), the quantitative factor
being taken as the fixed one, Sec, L argued that variance component analysis is
not suited to quantitative factors whose observed levels cannot rationally be
regarded as a random sample from a universe of levels; so what should we do when a
quantitative factor is crosced by a (random) qualitative one?

Some writers (for example, Bennett and Franklin, pp. 369-370) argue that
assumption of a continuous relation between two variables is a technical decision,
and that statistical inference can be applicable only to observed levels of a
quantitative factor, But it is futile to sugzest that we should concern curselves
only with such isolated observations, The purpose of research is to seek general
laws of as wide applicability as possible (which these writers, despite their
disclaimer, of gourse prodeed to do), and the province of statistics is the whole
chain of inductive reasoning from observations to general law, When dealing with
quantitative factors we have no parent frequency distribution and no random sample,
therefore the bridge from particular to zeneral cannot be based on the consequences
of random sampling from a frequency distribution, The analogous function as steppi
stone from particular to gereral, and an essential part of the inductive procedure,
is now played by the assumption of 2 contimious relationship. Either to disclaim

omis for the assumption, or to restrict statistical inference to the obser ved



-8 7In

points, is pedantiec and unreasonable,

Unless for c=ome reason Y“external" error is greater than "internal" as indicated
by replications (in which case the "interaction" isrproperly a random error rather
than a real interaction of the two factors) interaction with a quantitative factor
would not ordinarily occur at random, Desirable analysis is therefore to subdivide
it in search of systematic components, Practicable procedure may be to fit regres=
sions on levels (x) of the cquantitative factor for each qualitative wariant (,‘33)
and to study variation of the regression coefficients, (examples s Sec, e

I do not believe that fixed definitions of main effects etc,, should be laid
down, A research worker should rely on his wits accarding to circumstances of each
case, Suppose the regrescion on x may be adequately fitted by a quadratic poly=-
nomial for each pJ: )
= Qs tC X +C (11.8)

0j it %
Dropping subscript i gives the functional or interpolation form for all x at given

1 = -
V5 = Yi3, = 845,

BJ.. Suppose e to be measured as deviations from its mean (X = 0), (Since this

paper deals only with balanced experiments we are supposing the same set of X,
for every /Zj ; but similar considerations carry over, with some complications, to
more general cases,) Modern practiceé would usually fit orthogonal polynomials,
the quadratic form being
yl=y . +¢ x+c.(x2-;2.) (11,9)
J oJe 1j 2j
Contrasts between y j !s correspond to the usual definition of main effecte, but
eJe

these values do not fall on the curves, In effect they estimate ys at

Xo5 = clj/(2°2j) + (cl‘_}a/hcz?j + ;2')1/2

Therefore unless ¢y j/°2j is constant for all j (or can be supposed constant but for

experimental error), the usual definition of main effects is making comparison of
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estimates at different x levels for each ﬁ 3 In many circumstances or for some
purposes these comparisons may sufficiently well evaluate average /33 effects, but
the point may occasionally deserve more consideration relative to individual
circumstances than it usually receives,

Uhen a quadratic function is adequate, it is evident from (11,8) or (11,9)

that ¢, . measure the slopes of all regressions at the same arbitrary (but not

13
necessarily most interesting) level, x = O, If higher order polynomials have to be
fitted, considerations similar to those for y‘j° would apply to the linear coeffi=
cients of the orthogonmal formsy; and so on as the order of polynomial is increased,
When using the average regression to describe average ./4 effects, that is
average variation with the quantitative factor, the standard errors of its
coefficients will depend on their variation with the f3 -variants, Variance of
the constant term, ¥..., evidently involves variation of the "main" effects, y, 32
as in equation (11,6); while the other coefficients correspond to contrasts like
(Ai - -(i,) and their variances will involwe only the formal interactions (in

addition to experimental error) analogous to equation (1l.,k4).
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12, Error terms and tests of significance.

The chief wse to which specific variance components have been put is to
indicate app;'Opriate error variances for testing significance of any given mean
square in an analysis of variance. Ve exclude here interpretation of main effects
and interactions according to their classical definition. That was noted in
section 5 to be a pure regression formulation, defining contrasts between selected
treatment combinations without references to potential universes which they might
represent. e have since noted that that position can be reproduced as a limiting
case of the general model by defining sub-universes containing only the observed
treatments, but that this is little more than a convention to link the regression
(attention to individual means) with the general model. The idea here is that we
are interested in dispersion of real potential universes, and the question is what
measure of dispersion do we really want to evaluate and test, independently of
individual contrasts which can be handled as in Section 1l. The question is one of
considerable current debate.

The prevailing trend, as illustrated by Bennett and Franklin, seems to be to
recommend formulating models according to the specific latent equation, specifying
the potential universes of each group, and seeking to interpret the analysis of
variance as indicated by Table 10.1. Some recent writers imply, somevhat
dogmatically, that error variances against which each mean square of an analysis
of variance should be weighed, must be determined according to its composition as
evaluated for specific components with finite population correction factors. In
fact, when it comes to examples, they almost invariably make arbitrary decisions
that the variants of some factors will be considered individually, others will be
taken as samples of indefinitely large universes. In practice the general model

is rarely used except in this conventional degenerate form which might be: better:
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replaced by a less rigid mixed regression and random model., The only example

known to me with a realistic finite universe is that of parts of a loom given by
Daniels (1939). Furthermore, as illustrated in discussion of contrasts in Section 11
such arbitrary conventional partitions merely tie one's hands unnecessarily with
respect to evaluating comparisons among those variants which were postulated as
random., Compare example , Section

However, suppose that universe sizes for each group can be postulated, giving
rise t0 a genuine finite universe model. To follow the advocated procedure means:
firstly that a different error variance has to be computed for each mean square to
be tested; secondly that these error variances will be linear functions of observed
mean squares, with ensuing complications including the chore of computing quasi-
degrees-of ~freedom numbers for approximating F' tests. Are such troubles really
necessary or worth while? Do they gain anything?

If interactions can be assumed zero so that the interaction K can be dropped
the main effect K!s become effectively the same in both specific and standard
formulations and no problem arises ~ except by mischance when an interaction which
should be zero accidentally appears significants If A be really inert /3 cannot
behave differently with different ‘/4 ~variants, Therefore if the interaction be
significant and we conclude that it is real we must be concluding that both factors
produce effects, To test the main effect of A for the null hypothesis that it
produces no effect is then pointless. The problem therefore is, assuming inter-
action present, what do we really want to test under the name of main effect
variance component? The !specific school' say that they want to test for differences
among the universe means of /4 ~variants; but if interactions are real it would be
very surprising if they should exactly balance to make these means equal, so we
can safely bet, without test, that they do differ and the test is redundant. It
tests for bk Lt bk v‘ﬁ/B being greater than zero, and if b/B is pot too small it
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could be just another test for the interaction. Of more practical interest is to
ask whether one variant is consistently more effective than another over and above
such average difference as might be anticipated from chance arrangement of inter=-
action effects. In practical applications one will nomally use only one treatment
combination .{ rarely will future action produce the average of 2 universe of
crossed treatments., The question therefore is, the cross variant to be used in a
future application being unknown, what can we say about average response that may
be anticipated whatever one be used and supposed selsctéd by chance? (If we can
specify a particular cross variant to be used we have to consider individual treate
ment combinations instead of average main effects.,) All of which merely says that
to test for evidence that K . is greater than gero will generally be of more interest
than to test for Ka' For examples suppose the f? ~variants are drugs of a certain
chemical family, ﬂ-varian‘os are varieties of a genus of coccl bacteria, y being
some measure of health of test animals., The universes of these factors may have
reasonable assignable sizes, The action of the drugs may be fairly specific. If
we can have accurate diagnosis of the particular variety of coccus to be treated
we choose the drug according to the best specific combination. But if, from lack
of time or of facilities, the particular variety is unknown, or is one which was
not included in the experiment, we must choose the drug which does best on the
average and the measure of confidence in its effectiveness depends on the inter-
action variance. The dispersion of average ‘/4 effects per single chance cross
variant is evaluated by K L Although dealing with finite universes, the universe
means whose spread is measured by Ka are irrelevant to practical application.

A similar point of view was expressed, all too briefly, by Yates (1946, pp. 17
and 42) relative to sample surveys. Before doing a survey we can safely say that

no two cities or states, etc. would show the same mean for any character in a
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complete census., A test for that is of no interest, If vwe make a test for
significance of a difference between classes of a sample survey it can only be to
ansver the cuestion? is there some influence operating to make the individuals of
one state by and large different from those of another state? If ve could sample
again and again in unlimited time while general enviromment remains the same, of if
we could subject inmmerable different samples of individuals to the enviromment

of two states, is there some factor operating differently in each state so that a
difference similar to that observed would be consistently reproduced? In other
words a test of significance, like random variables, always has in its background
hypothetical infinite populations, Tests of significance should be those indicated
by a model allowing infinitely repeated samplings (Cf. also Deming and Stephan,
1941, on interpretin; censuses as samples,)

Some difficulty of interpretation occurs vhen A’ is not significantly greater
than 4 B andu45 is not significantly greater than Error, but A is significantly
greater than Error. No gigid rule can be given, some discretion should be allowed
depending on +hat ancillary information may be available as to most reasonable
interpretation, As a rough general rule we might pool ...4and.,48 as a portmanteau
test for magnitude of 4 effects whether due to interactions or cinsistently simila:
with all bj' (‘hether or not [3 should also be thrown in the pool again depends on
circumstances, If I is clearly significant it vauld be kept out since the proulem
then relates only to 4, If it also is insignificant relative to A B it would
go in to test whether or not treatments in general are having effects irrespective
of combimations. And of course conversely for testing B if v4 is or is not ...~
indep endently cignificant.) If the pooled tect is sigmificant we may conclude that
effects are produced thoush ve remain uncertain whether they are mainly interactions

are consistent across the board, or are a mixture of the two.
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If a main effect is not clearly significant relative to interaction, while
differences between treatments at large are big enough to merit attention, the
indication is that we cannot categorically recommend one quality of a factor as
best irrespective of crossed variants. K?B being large relative to K* (what we
mean by relative depends on circumstances and the econimics of the case) is a
warning that decision about best operating procedure requires that we study
combinations individually.

Canonical variance components (K( ¥ )) may be negative. A negative sample
value is not necessarily to be regarded as an accident of sampling and interpreted
28 Zero. 09 being significantly less than «/k& is evidence that some form of com~
pensation is taking place, evidence which will usually be worth having, Appearance
of a k( ¥ ) with negative sign and appreciable numerical magnitude will bring it
to attention, whereas analysis based on specific components would tend to overleok
ite (Cf. Yates and Zacopanay, 19353 dealing with special conditions they termed
the effect “competition”,)

In view of these considerations, recent worry over what are appropriate error
terms, entangled by certain postulates about potential universes and complicated
by finite population adjustment factors, seems to be creating unnecessary compli-
cations for routine working of statistical tools. Attention to practical operating
conditions to which consequent recommendations will be applied, and to the potentiall
infinite resamplings throughout which a reported effect may be expected, mey usually
indicate the straightforward classical tests to be relevant,

In general usage the conventional significance lewels, P = ,05, .01, .001,
are arbitrary and do not have to be taken as literally exact. The vaguer termino~
logy —significant, highly significant, very highly significant-—is, I believe,

intended to remove the statements from the aura of accuracy implied by precise
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figures and to indicate merely a rougher classification of "degrees of belief"

which may suffice to accept or reject a hypothesis for practical working.

Inferences from experimental data will usually be made in circumstances which may

approximate more or less to one of the following three !climates!'s

(1)

(2)

(3)

We have to deal with a problem in pure science, Ve know we cannot make

a perfectly exact statement, the whole inferential apparatus——linear
models, etc.—leads only to approximate description. The point at which
we stop saying 'Get more evidence! and rest with 'This is accurate

enough for the time being!, depends on contentment, perhaps forced by
available resources, which will be determined by a subjective degree of
belief or confidence in the results and only roughly conditioned by a
nominal P value,

Immediate action is required and we have to advise on what seems best
from available evidence. This will be the treatment which was best in
our sample and has to be recommended whether the significance of its
advantage over second best was at a .01, .3 or only .9 significance level,
We have to weigh benefit of a new process against cost of bringing it
into operation. For this decision we do need accurate probability
assessment, but the relevant null hypothesis will rarely be that the
specific variance component Ka = 0. The probabilities to be assessed
will have to be determined in light of all the circumstances of each
individual problem, in particular with respect to influences bearing on
future operation which will not usually be those of an arbitrary universe
supposed sampled by an experiment and belonging more to history of the

experiment than to future application.*

For a sophisticated discussion of these points and an approach towards a
definitive decision theory see Lindley (1953) and discussion on that paper,
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Interpretation according to the specific model and its concomitant Table 10,1
may be correct for some purpoces., Put research means keeping alert to alternatives,
Those who advocate the specific medel seem to be tying themselves too rigidly to
arbitrary or dubious universe postulates for all interpretations from a given
experiment, The chief thing is to avoid being dogmatic., The over-riding advantage
of the canonical aralysis ie to remain free from such entanglements, while still
allowing them to be easily introduced at a later stage as and when they may be

relevant to answer specific questions,
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13, Randomization tests and unidentifiable interactions,

Wilk and Kempthorne (1955) have endeavoured to work out a “logical derivation
of linear models for experimental situations" such that, given the pattern by which
observations are taken, the model can be written by objective rules, whence may
follow without ambiguity the expectations of mean squares and estimates of error
variances, For brevity that paper will be referred to as 'K, Their formulation
appears intriguing; tut deeper inspection shows it to be unsatisfactory at three
points$ inference from randomization tests is too restrictive, their algebrais
mechanism to represent random samplirg is computati onally cumbersome and wraps the
theory in a dialectic haze, and their treatment of unidentifiable interactions drags
in redundant complications) besidec that it suffers from the rigidity in interpreting
mixed models which has becn indicated above to be undesirable,

Kempthorne (1952) stated a preference vhenever possible to base sigmificance
tests on randomization without appeal to infinite population theory. 'K note, what
no one will dispute, “that it is poscible to draw inferences statistically only
about the population from shich samples are drawn according to probability consider=
ations®, and that the parent universe of a randomization test is the particular set
of plots or experimental units on vhich an experiment was dane, They comtime to
the logical conclusion about randomization testsy "extensions of such inferences to
wider circumstancec cannot be acscesced probability wise', In other wrds a statis-
tician using randomization tests can act only as historian evaluating what might
have been on a certain past occasion if the dice rolled different ways, They
recognize that this is not the information vanted, and are endeavouring to emphasize
"the temmous relation between the physical situation and mathematical or statistical

abstractions®, The stand seems to veer close to encasing the statistician in an
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ivory tower where he can say$ WI - uarantee that arrows shot in my tower will hit
their mark in the way I say, tut Iwash my hands of any responsibility for what
they will do when used in the big warld oubtside."

An inference thich is applicable only to a historical groaup of experimental
units which will never be used again i of no interest to anyone, An experiment
is useful only in so far that we can expect phenomena similar to those which it
displays to be reproduced in a wider sphere, As far as possible a scientist should
state only that of which he can be sure, But there comes a point where some
speculation must be risked to ;ain objectives, and a statistician®s duty would seem
to include sharing responsibility for inferential jumps rather than puitting them
entirely on the shoulders of those who may be ill ecuipped to ascess the risks,

One of my early clients was a chemist who at first did not like probability state-
ments, "To heck with your five per centse is this result right, yes or no?" If I
retreated even further to say: “"There is a five per cent chance that the conclusion
is wrong for the particular hundred specimens you observed in the laboratory, I
can give you no answer at all about vhat will happen in the factory"; he would
presumably reply: "“In other words, I must jud.e for myself as of yore, Therefore
you are quite useless to me, I need not consult you again®,; and he would appear to
be justified,

No one will disguise that there is a difficult jump from an experiment to
factory or farm conditions, thatever pains we take to sample realistic circumstances
we can never be sure that future commercial production will draw its materials from
a supply exactly similar to a population we sampled, But to retreat to the point
of saying that the universe we sampled is only the N units actually observed and

nothing more is unpractical and stultifyinge We must endeavour to arrange that
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experimental material will be a sample of a realistically large bulk of material
available for commercial use, describe as well as poscible the btulk shich was
properly sampled and for which inferences are walid, and leave to the fgrmer or
production mana‘er only to decide whether or not the resources available to him are
reasonably similar or differ in a way for tvhich rational allowance may be made,

I would yo further to say that (with rare exeeptions) economics prohibit doing an
experiment unless its inferences may be applicable to a btulk of material so vastly
greater than that used in the experiment that it constitutes virtually an infinite
population, In other words infinite population theory is almost always applicable
to the error elements of an experiment, 'Je do not hide that it ies often difficult
to define just what population we did sample, the difficulty is ecpecially great
ard is well recognized in agricultural experimentation, We can but do our best to
state what sort of fields and weathers our experiments reasonably represent,

These aspectes of randomization tests were recognized in the diseussion given
by We}ch (1937), Pitman (1938), Pearson (1937), and Johnson (1948), Pearson notes
a further point, namely that randomization tests are distribution=free only with
respect to comirol of type I errory the optimum choice of critical region, or of
the criterion to be randomized, depends on the form of the population sampled, He
notes further, as illustrated by the work of Tedin on blank experiments, that an
experimenter it rather more concerned with repetitions thich will belong to
different randomization sets, "Some of these distributions ,.. would be biased in
one way, some in aother, so that when they are all combined together the resuliing
gz=distribution should approacﬁ that of normal thecory, From each randomization set
the experimenter ic concerned in fact with only one value of z, and this has been

selected at random ..+ 3 consequently from the point of view of his long run
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experience, the appropriate probability distribution for him to use would appear

to be that of normal theoary.! WYPossibly we have here another instance of the

difference ..o between regarding a test as giving escentially a rule to be applied

and justified by long-run experience, rather than a probability measure associated
with an isolated experiment," "The conception of randamization illustrated in the
examples given above is both exceedingly sugzective and often practically useful,
but perhaps it should be described as a valuable device rather than a fundamental
principle, Its adoption, when it can be followed by the calculation necessary to
determine what I have described as the clasc I elements, ensures accuracy in the
determination of the probability level of a test criterion, tut without the aid

of some further principle it cannot help us to decide which of a mumber of alter-

native tests to choose, It seems hardly possible to build the methods of statistics

into a consistent thole without facing squarely the why of that choice,"

That to postulate an infinite population of experimental units simplifies
statistical treatment is a welcome sequely it is not the reason for making the
postulate,

A charactericstic of WKt's formulation is the algebraic method which they use
to represent random sampling. Cornfield (19LL) suggested writing a function of a
sample from a universe as a function of all the elements Xi in the universe with
dummy variabless

Gi = 1 if the ith element is included in the sample
= 0 otherwise
For example, the mean of a sample of observations from a universze of N elements is

written

]}

@
st=

Nj=
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Expectations of X and of functions of it, such as its variance, are then deri ved

by operating as if 51 were the random variable, Cornfield presented the scheme
merely as a "device that has becn found useful in the derivation of expected valuec
and variances of statistics ... Its only advantage is that it reduces the manipae
lations ... to a simple algebraic routine,* ihat is being done is to recognize that
over all possible randomizations every Xi mist appear an equal number of times,
therefore that the expectation must be a function of the average X(or X2, etc.)
mltiplied by some constant vhich can be obtained by averaging the constant coeffi-
cients & without bothering about individual Xi values, It merely lends an algebraic
formulation to precisely the same argument as was used in section 8 to evaluate
expectations of generalized product means. The r andom variable produced by the

act of sampling is a variable vector of n elements (Xl ere Xn). Time formlation
writes the function to be considercd, for example the sum as the matric product

of two vectors (61 ...SN) (Xl'"XN)" Then over all possible randomizations the
vector of clements remains constant and we have to average only the simpler vector
of zeros and ones,

Kempthorne (1952, sec, 8,2) has put this device to more extended usage, He
postulates that a randomized block experiment is perfarmed on a particular set of
bt plots each with its own fixed error eij’ i ™ leeeby J = leeet, He writes the
linear model,

" 2 o

yik'u+bi+tj+?aijei;] (L)
where 61_,: j is equal to unity if trecatment k occurs on plot j in the ith block and
is zero otherwise.,' This is already more complicated than Cornfieldts formulation

because the sample (experiment) has bt of these vectors instead of only oney an

extension vhich appears unavoidable in view of the more com lex sampling pattern
P p
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and variety of quadratic forms in the analysis of variance,
However, more important tih Kempthorne!s use of the device is the theoretical

role which he assigns to it, He contimues: "The random error attached to any

observed yield is the whole expression ‘5‘ 61:;3 eij

variable which we do not know, The random variable in the expression (L) is the

¢ Any particular ei,j is a fixed

term Gik j veol! o Vilk and Kempthorne (1955) extend the device to all elements of the
general linear model, that for the two-factor e:periment, vhich has been used as

standard example in above sections, being writhen,

J* RS K j*f
Tingue p,+4 i i+/.p b +4 (ab)ij+/pk &y

i i3
summations being over the whole of respective group universes and the greek letters

being unity vhen relevant universe elements indicated by subscripts 1, j, k are
the same as those indicated by the sample subscripts i%, j%, £, and zero otherwise,
On introducing this formulation they remark: "The quantities (greek letters) can
be treated as random variables because random methods of selection and allocation
are employed.," But caution which that sentence might apply is dispersed by the
next paragraph vhich contimes; "0f course the random variables in the stati stical
mode} are the *.l ’ Bj and ; *IHE s vhich take btn the values O and 1 with known
probabilities. All other quantities in the model are fixed, unknown, parameters,
The formilation appears to be an ingenious method of making the transfer from
universe elements as fixed constants to their appearance as random variables in a
sample. But if it were true that .gil* etc, are the random variables, ay ete, are
the constants, the expectations of quadratic forms should appear as variances of

« miltiplied by functions of a; as constants, Cuite the opposite is produced like
a conjuring trick whose deception the authors have apparently overlooked, The

expectations which come aut of the hat are variances of the universe elements with
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the nominal variances and covariances of the «'%s as constants | The defimitions
of "variances" used by the authors are the K2 parameters of the groaup universes
(8,2); whether one chooses to regard these as proportionate to the second moments
of the universes, or to variances of random variables produced by the act of
sampling (sec, 7.15) is incidental, The switch of notation reveals that the only
variables being studied are the a 39 the «'s are dummy constants of the same nature
as the x's in the regression equation (5.,1), and are no more random variables than
the universe elements, Uhat the model really postulates is A fixed vectors
(Osselees0), the act of random sampling picks a of these vectors, thich is identie

cally the same as =aying that it selects a of the a The only thing that has teen

i
done is to write the element a; as a mtric product (0”'1"'o)(ai"'ai"'aA)"
Presentation of the individual -(i*as basic random variables independently of the

ay is a dialectical artifact which does nothing tut confuse the issues, The only
excuse for using them is as mathematical operators if they simplify algebra, This
they do not doy they lead to very complex algebra, which can be evaded either by
using Tukey's “brackets" or the canonical variance components K( ¥) followed by
substituting the simple relations between K(¥) and K(r),

The last feature of 1K's formulation to be discussed here is their insistence
that potential interaction of treatments with experimental units should be explicitly
recognized in the linear model. The problem seems to have been first stated by
Neyman et al (1935), It has been treated by Anderson and Bancroft (1952, Chap, 23},
in the slightly disguised form of discussing whether blocks should be treated as
random or fixed effects,

YK illustrate on an example by Vaurio and Daniel (195L) which has also been
discussed by Scheffc-‘z (195h). It concerns the effect of different methods of
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annealing tinned coils, Material for observation is taken from certain prescribed
locations (head, middle and tail) on each coil which are regarded as subsidiary
treatments, The anneal treatments must be applied to whole coils, random samples
of ¢ coils being selected for each treatment, Comparisons between locations are
within coils. A surprising feature of all three discussions of this experiment is
that they all treat coils formally (like locations) as a treatment, Although
surely they must have recognized the circumstance none of the three presents the
experiment in the form which most clearly reveals its stmcture, as a split-plot
experiment, The coils are main~plots on thich anneal treatments are tested, segmen
of the coils are split=plots for evaluation of location effects. An azriculturist

would write the model as

yi;jk = pok 4 Gi;j + }‘k + (.4')\)1k + & 3k
Si j being the main-plot error and 5i,jk being the spliteplot error, (The main-plots
are here completely randomized for treatments without blocking.) It is true that
the theoretical effects,(yi 5" it ;j) and (yij' - Y j) may differ (theoretical
because two different anneals, i and it, cannot be applied to the same coil), and
WK want this to be recognized by writing the main plot part of the model as
Bt oty (1)3 + (£ ¥ )i j° But once started on = ch refinements surely they ough

4lso to recognize si to represent all cources of random experimental variation

J ,
affecting whole plots independently of the intrinsic mature of the coil itself?
That they do not do so illustrates the impracticability of carrying models to the
objective detail for which they ask and write as if they were achieving, Apart
from their theoretical argument the point is trivial since Y (1)3 and 613. are
completely confounded, For our present purpdse we can ignore the split-plots

which are irrelevant to main treatment comparisons, the mean of split=plot elements
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over variation of k becoming part of 515 to give the main plot model
Vg2 m vag Oy * (a.c):,'_‘_j + dij

which I write with roman letters to indicate the specific latent equation, After
the preceding exposition I dicpense with the greek letter dommy variables of 'K!s
formulation,

Treatthng the coils as experimental units, i)j * dij is identical with the
€, (ac) 1j vith the By 50 of the earlier part of WK's paper, Following the first
part of this section it would be superfluous in practice to consider the coils as
anything except a sample from a large population of cails, Bat, to follow out the
theory, suppose that a finite universe of coils is being sampled, Only the
regression view of anneal effects is of interest so a is read as A without thereby

implying that we are saying anything about a potential universe of anneal treatments.

The amlysis of variance is E(M.Sq.)

dOfQ M.Sq. K5 K°< Kx K'(
Between anneals (A ~1) €25 w 411D + c(11> -1 i)) 1 1 1 ¢
Coils within anneals A(c - 1) 2% = 11> .1 1

Formulation of the mean :squares in terms of brackets exhibits both the sample values
and their expectations, The coefficients of the standard components, K( ¥), are
obvious, or follow from Crump!s rules remembering that coil effects include (AC).
Aternatively they follow from their definitions in terms of brackets (8.,13) after
expanding '

<ol (42> = Ay = (L reany) ¢ (0= L.

. o1

The specific components (8,2) follow from the usual relations

E] » : e Wer T ’3
Ky = K+ /050 Ky 5K % Kiyp/hs
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Alternatively one can consider the theoretical A x C matrices for each group of
elements, with the ucwal rectrictions, to obtaing

for ay sconstant in rows,

Gy = I =425 [

For ¢ 5 constant in columns,
425 =/ i. >
(A = My e e k2> f(oa)
for (ac)ij,

Py =< 2d> f(en)
d1ds =< 2> fas)

l fl)- 2% /(a=1)(C-1)

the ( %') values being however here redundant since the sample contaims only one
[ ]

element per column and does not evaluate these products, Either substitution leads

at once to
Ky KQQ K, Ifgﬂ
Ameals 1 1 - % -8 1 c
Coils 1 (1 -1/4) 1

which are the first two rows of WK!s table ki, except that they have illogically

AC
jx;edefined K,o 25 2 (ac)i jz/A(C-l), a form which implies absence of the restrictio.
2 (.sxc)i=o s which is none the less imagined, whereas the above table uses the

i
denominator (A-1){(C-1) in accordance with (8.2),
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Is this formulation in terms of hypothetical specific camponents of any use?
One result is that "Hlk (discussion at the Montreal meeting) claimed that estimates
of variance components are always biased by treatment-unit interaestion, But that
deduction is seen to depend merely on the definition of what is to be estimated,
The canonical components are, as always, unbiased, So that detail is easily by=-
pacssed by those who will agree that the k(¥') are anyway more convenient statistics,

Evidently K o and L c cannot be separated and Ka cannot be estimated, But |
these sub-divisions are academic, In this example a variance component between
treatments is irrelevant because we are concerned only with treatment means, But
even suppose ve were concerned with a universe of treatments, still there can be
no uriverse for which Ka is a variance component, Distinction of Kc and Kac is
equally an artifact. The practical situation is that coils annealed in one way
will have a certain mean and distribution, annealed in another way another mean
and distritution , In the models under discussion the distributions are supposed
to be similar and only the means have to be differentiated, The worth to a factory
of a difference of means depends on their separation relative to the total

variability of coils with a given treatment, measured by K+ (We omit

Y K.(Y.

K. because, subject to an irreducible processing variability which is inseparable

5

from KX and muct be included therewith, it can be frecly modified accarding to

mmber of specimens observed from each coil,) Similarly a test of significance
between two experimentally observed means depends on the total variance within
treatments, the variance of a difference between two treatment means is

2 .
3 (K6 + K, x-l- KY), independently of any C,

The finite population correction factors appearing with Ka c in the analysis

of variance are therefore irrelevant for any practical consideration, This does
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not say that an interaction should be ignored just because it cannot be estimated,
only that it is of no interest when it is an integral part of the only variability
which does interest us, Interactions of this sort exist merely as part of a

formal analysis (sec, 1) I assert that interactions of treatmente with unidentie=
fiable random variables have no meaning, not even an academic one, Behind the

K argument lies the idea of a pure scientific investigation as to how a treatment
operates, But there cannot be any "how" attached to a non-repeatable random effect,
Scientific investigation depends on being able to repeat something definable, An
interaction can have meaning only between identifigble characters, Suppose anneal
effect is affected by manganese contenty we can investigate the anneal and mangane
interaction either by introducing difierent manganese contents as a deliberate
treatment or by a covariance study on manganese contents as they appear by chance,
Either way the manganese content gives an identifiable link between one coil and
another; and the interaction has meaning, But so long as there is no such identi-
fiable link the interaction coil x treatment is a non=reproducible random effect
and a formal abstraction which can be nothing more than an unidentifiable part of
coil variability.

In a similar manner Anderson and Bancroft (Chap, 8) consider block x treatment
interaction composed of both error and “real" interaction, and what should be the
error variance for treatment effects accordin:; as bloeks are regarded as "random"
or "fixed", Block x treatment interaction is measurable by adding replication
within blocks; but it is never identifiable in the above sense, The fact that
internal replication is almost never used is prima facie evidence that experimenters
instinctively feel little interest in the matter however it may be debated theo=

retically., A block is defined as a particular group of experimental units as used
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on a particular occasion, It is an experimental unit standing in the same relation
to ultimate units as main-plots to split-plots, Hence block x treatment inter-
action is the came ac treatment x experimental unit interaction merely pushed back
to a larger unit. %e my be able to repcat csome characteristic nominally uced in
forming blocks, but the thole complex of a ;siven block as eXperimental unit ie not
repeatable, Fertility of a lump of soil changes from year to year, different plants
are growing on it, and are affected by weather conditions and their incidence with
plant phases, Even if we could be interected in particular areas of land, identi-
fication of location x trecatment interaction needs replication in years;y it is not
synonymous with block x treatment interaction in one year, If blocks for a
mitrition experiment are formed by grouping animals according to age, evidence of
varying response to aje may be worth looking; for, but needs to be evaluated against
treatment X block interaction for blocks of similar age, Comparison to variation
of duplicates within an oven batch may show treatment x batch interaction, Lut to
link it to a trea;c,mnt X oven interaction we need replication of batches, Any
character of experimental interest occurring between blocks in effect gives the
experiment a split-plot design, and amlysis proceeds accordingly, A block in its
general sense being unrepcatable, nominal interaction with it is an unreproducible
chance effect, I therefore ascert tlmt unidentified treatment X block interaction
is an integral part of experimental error,

Note in passing that the inferred population is not one of similar blocks,
characterized by the mean and variance of their absolute yields, It is a popue~
lation having similar mean and variance of differences (cf, variances (11,Lh) and
(11,6)). With further experimentation we may be able to identify parts of treate

ment x block interaction = by location, by weather, by aze, by oven, etc, = but
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this is rather beside the point. On the above definition of a block we can never
jdentify the whole of a Hlock x treatment interaction. Being unreproducible we
are led to describe blocks always as "random", never as "fixed" effects,

tlhen the population sampled cannot be rigorously defined this point of view
will not satisfy those who repudiate inference to an undefined population, It
ceems however to be a lescer evil than retreating to the extent of regarding

inference as teing only for the observed set of experimental units,
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