Abstract

KU, YU-CHENG. Essays on Multivariate Stochastic Volatility Models Using Wishart Processes:
A General Discussion and Dimension Reduction by Latent Factor Structures. (Under the
direction of Peter Bloomfield.)

This dissertation consists of three essays. The first (Chapter 1) gives a general discus-
sion of modeling dynamic correlations in multivariate stochastic volatility (MSV) models using
Wishart processes. We explore the nonlinear relationship between the intertemporal sensitiv-
ity parameter and the covariance/correlation structure of the series of interest. Moreover, we
prove concavity of the univariate log posteriors of the persistence parameter and of the degrees
of freedom. Consequently, instead of using a grid sampler or the adaptive rejection Metropolis
sampling, we can directly apply adaptive rejection sampling (ARS) to draw samples from these
complicated densities, which is more efficient provided that log-concavity is assured. More-
over, we suggest using the Sherman-Morrison-Woodbury (SMW) formula in the update of the
correlation matrices. Our empirical study shows that ARS together with SMW formula can
considerably improve MCMC efficiency. Other issues about the assessment of hyperparameters
and model parameterizations for this type of models are also discussed. Since the Wishart pro-
cess plays the key role in this dissertation, it is essential to correctly generate random Wishart
matrices for model estimation. Unfortunately, however, most (if not all) statistical software
packages do not treat the generation of random Wishart matrices in a correct manner. For this
reason, in the second essay (Chapter 2), based on Gyndikin’s theorem and Bartlett’s decomposi-
tion, the OX package “WishPack” is developed for generating random Wishart /inverse-Wishart
matrices. To make the package more complete, the density functions for the Wishart and in-
verse Wishart distributions are also provided. The most important feature of this package is
that it takes into account the singular Wishart matrices and distributions, since they have been
well defined and are useful in practical problems. In the final essay (Chapter 3), to provide a
parsimonious model for high-dimensional data, a dynamic correlation factor MSV (DCFMSV)
model is proposed in which the evolution of the factor correlations is characterized by Wishart
processes. The most advantageous feature of this model compared to existing models is that
it retains the latent factor structure and therefore has more model flexibility. The estimation
procedure is developed using Markov chain Monte Carlo (MCMC) methods. The real data

example shows that the DCFMSV model is informative, useful, and close to the real world.
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Chapter 1

Modeling Dynamic Correlations in
Wishart Multivariate Stochastic
Volatility Models

1.1 Introduction

Modeling covariance and correlation structures is a central issue in financial studies and other ar-
eas. Considerable empirical evidence has shown that asset correlations are not stable over time;
this is widely known as the“correlation breakdown” phenomenon (Rey, 2000)[34]. As a result,
relaxation of the correlation constancy has become essential, and the development in modeling
time-varying correlations has grown at a rapid pace. Recently, in the Multivariate Stochastic
Volatility (MSV) literature, several models have been proposed to characterize the evolution of
the covariance matrices using Wishart-based processes. Gourieroux et al. (2009)[15] introduced
the Wishart autoregressive (WAR) model constructed from the scatter matrix process. Besides,
Gourieroux (2006)[14] introduced the continuous time WAR process as the direct multivariate
extension of the Cox-Ingersoll-Ross (CIR) model.

Different from the WAR process of Gourieroux et al. (2009)[15], the models proposed
by Philipov and Glickman (2006; henceforth P&G)[32] and Asai and McAleer (2009; A&M
hereafter)[3] adopt inverted Wishart specification for the covariance matrices. Following A&M,
this class of models is termed the “Wishart Inverse Covariance” (WIC). With this normal-
inverted Wishart setting, inference and model estimation can be implemented using Bayesian
Markov chain Monte Carlo (MCMC) approaches.

The WIC models of P&G and A&M have simple structures and are proven to be useful
in their real data examples. However, some implications of the parameters remain unclear.

For example, we recognize that in both models, the off-diagonal elements of the intertemporal



sensitivity parameter, A~!, are often small compared to the diagonal entries, but the corre-
sponding mean correlation estimates are quite large. This interesting phenomenon has not yet
been explored in the WIC context and will be explained in the paper.

Since the WIC model for time series data is built upon latent variables and its estimation is
done through MCMC techniques, the computation is usually expensive. This is not favorable
for practitioners because the model estimates may be needed to be updated on a weekly or
even daily basis. Therefore, from a practical point of view, the efficiency of the sampling
algorithm is a crucial concern. In the WIC models, both the univariate persistence parameter
and the degrees of freedom (df) have complicated conditional posteriors, and hence sampling
from these densities requires additional efforts. P& G suggests a grid sampler while A&M uses
the Adaptive Rejection Metropolis Sampling (ARMS) of Gilks et al. (1995)[12]. In this article,
we show that the conditional posterior densities of the above two scalar parameters are actually
log-concave, and hence the Adaptive Rejection Sampling (ARS) of Gilks (1992)[I3] may be a
better alternative in this context.

Another technique to improve MCMC efficiency in the WIC model is the use of Sherman-
Morrison-Woodbury (SMW) formula. Due to the normal-inverted Wishart specification, in
the MCMC updates of the covariance matrices, we will come into a special form in which
SMW formula is particularly useful. Geweke and Zhou (1996)[11] suggest using this formula
for estimating the covariance matrix of the unknown systematic factors. The main reason
that they adopt SMW formula is that the inversion of a matrix can be calculated through a
much lower dimensional one. Differently, for the WIC model, the main advantage of using
SMW formula is that the update of the scale matrices for the Wishart posterior densities can
be effected simply by perturbing previously computed results, and the computation is thus
reduced.

The rest of the paper is organized as follows. In Section 1.2 we explore the mechanism of
how the intertemporal sensitivity parameter affects the covariance and correlation structure.
Section 1.3 discusses the implementation issue about the MCMC estimation in the WIC model.

In Section 1.4 we provide an empirical study. Some concluding remarks are given in Section 1.5.



1.2 Model Implication

We first review P&G’s and A&M’s WIC models for the p x 1 asset returns y;. The model
introduced by P&G has the following simple structure:

Y2 ~ N,(0,3,),

v, Sio1 ~ Wy (B v, Si),

where

1
Si1= A7 (2) A2 (1.1)

is the scale parameter and v is the degrees of freedom for the Wishart distribution, respectively.
The scalar d is a persistence parameter which accounts for the overall relationship. The matrix
3;_1 is the covariance matrix of returns at time ¢t — 1, and A is the intertemporal sensitivity
parameter matrix which is symmetric and positive definite.

On the other hand, A&M’s WIC model allows for independent univariate stochastic volatil-
ity (SV) equations, which is given by

1/2
Yt = ‘/i / €t,
th/Q = diag(eMt/?, ..., eMvt/?),

hiv1=p+@ohy+mn,

where the operator o is the elementwise product, and

P 0
€ ‘ht ~ Ny (0,U), U; = t .
e 0 Pn

We can see that, hy = log Var(yi|hit), = 1,..,p, are the log volatilities of the returns, and
h; follows an first-order vector autoregressive process. For identification purpose, the diagonal
elements of P; must be one, which means P, is a correlation matrix. The correlation evolution

is defined by standardizing the {Q:} sequence

-1 -1
Pt:QI Qt ;&k )

where
qi1 -+ dqip

dp1 - dpp



is a sequence of augmented positive definite matrices, and

Q; :diag(m,...,@).

The matrix sequence {Q;} is governed by Wishart processes, specifically,
Q; |k, Si—1 ~ Wy(k, Si-1),

1 __ —
Se1 = QP AQY, (1.2)

where k and S;_1 are the df and the time-varying scale matrix parameter of the Wishart distri-
bution, respectively. The scalar d is the persistence parameter, which accounts for the memory
of the {Q:} process. The matrix A is the intertemporal sensitivity parameter which is a sym-
metric positive definite matrix, and the matrix Q;dl/ % is defined by the spectral decomposition.

One can observe that, from the settings (1.1) and (1.2), a common feature of the WIC model
is that the scale matrix comes into the Wishart processes via the intertemporal sensitivity
parameter A. An interpretation of the matrix A~! is given in A&G. As a further exploration,
we find that the A~! also plays an important role in determining the average level of the
covariance/correlation of the asset returns, which is not discussed in both P&G’s and A&M’s
works. To provide a heuristic, yet clear explanation of how the off-diagonal elements of A~!
affect the covariance/correlation structure, in this section we solely examine the simplest case
where the number of series p = 2. Let aj; and a3, be the upper and lower diagonal entries of

A~ respectively, and a3, = af, denote the off-diagonal elements.

1.2.1 Intertemporal Parameter and the Variance-Covariance Structures

We begin with A&M’s dynamic correlation MSV model setting (1.2). First of all, notice that

in this setting, the correlation matrix at time t is obtained by the standardization

—1 —1
-Pt = Q: Qt ;fk )

and therefore the matrix Q; can be regarded as a “covariance matrix”. By construction,
_ —d/2 —d/2
E(Q7LIS:) = kS, = Q> AQ, .

When £ is large, the variability of the random variable becomes very small, and therefore we

are led to the approximation
_ —d/2 4 ~—d/2
Qi ~Q7AQ ",



By stationarity assumption, as t — 00, Q¢ — Qo = @, which implies that
Q' ~Q2AQ2.
This in turn gives the important approximation
Q~ (AT, (1.3)

Approximation (1.3) refers to a large sample and large df relationship. In financial econo-
metric modelling, the number of observations t is often large. Also, in real applications, the df
k is usually large enough to make (1.3) hold good. From (1.3), for ¢ and & being large, we have

1
Elog|Qis1| =~ log|Q| = Elog [(A™1)T=a

(1.4)

1 2
=1-4 log {CLTIGSQ — (a31) }

Approximation (1.4) reveals that the expectation of the log-determinant of Q1 is a non-
linear function of a3;. We can also derive this relationship by using an autoregression (AR)
representation. Specifically, A&M’s setting implies that Q41 = ka/QAfl/QEt_lAfl/QQf/Q,
by which we obtain

10g|Qy+1| = log|kA™"| + dlog|Qy| + log|=; |
¢
=5 {iow (21 - 1og (=51 ) o+ osiul
j=0
where = i Wi (k,I) and Qo = I by assumption. It follows that
t

t
Elog|Qii1] =) (2logk +log|A™!) = > d’'Elog|E;_|
=0 =0 (1.5)
t—;oo 1

T [2logk = {w(k) + ¥ (k — 1)} +log {aj a3, — (a31)*}]

where 1(-) is the digamma function. It is known that (x) is asymptotically equivalent to
log x and the rate is actually very fast, e.g., when = is merely 10, we have ¥ (10) = 2.25 and
log 10 = 2.30. As a result, generally, k shall be large enough such that logk =~ (k) ~ ¢(k —1).

Taking this digamma-logarithm approximation into (1.5), the following can be derived

1 * % *
Elog|Q| ~ g8 {atasy — (a3,)%},
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Figure 1.1: Elog|Q¢+1] vs. a3,

which is exactly (1.4). Figure 1.1 shows this relationship under different combinations of d and
k. Here aj; = 0.916 and a3, = 0.953, which are taken from A&M’s result for Nikkei and Hang
Seng. Also notice that the positivity of A=! implies that a}; < a}jab,. It is clear that a3,
affects the expectation of the log-determinant of the covariance matrix via a nonlinear channel.
This implies that, when fitting the model, we should pay more attention to the explanation of
the relationship between the return covariances/correlations and the intertemporal sensitivity
parameter. We will see this again later.

The conclusion above also applies to P&G’s WIC model. To see this, we can use a similar

argument. In the setting (1.1), for both ¢ and v large enough, we have
sl=xtl= Al/2x-dp1/2
where A'/2 is defined by Cholesky decomposition. A valid solution to this equation is
o1
2 = A (1_d)7

which is a parallel result of (1.3). Consequently, with the same derivation, we can obtain the

relationship revealed in (1.4) for P&G’s model.



1.2.2  Intertemporal Parameter and Correlations

Approximation (1.3) also implies how correlation structures are related to the intertemporal
sensitivity parameter. Here we illustrate the mechanism using the simplest 2 x 2 case. Again,

starting with A&M’s model, for a 2 x 2 matrix parameter A~!, by definition we can derive its

eigenvalues
aj, + as 1
M= Miazy) = P 2 S, — a3)? + 4la)
N aj; +as 1
A2 = Aa(a3;) = % - 5\/(05{1 — a3y)? + 4(a3,)?,

v = v1(a3)) = (—a3y, ai; —M\)7,
vy = va(ay) = (—aj;, afy — o))"

Hence, by spectral decomposition, we have the expression

2
1\ —(1—d
(A 1) 1=d = Z)‘j ( )vjvJT
j=1
—(1—d * * * —(1-d * * *
— A S a3, az (A — aly) )‘2( ) a3y a31 (A2 — ajy)
loill> \ a3, (M —afy) (A —afy)? lval* \ a5,(A2 —afy) (A2 —afy)?

Now, using approximation (1.3), we can write the correlation p as a function of a3;:

__ [Qa " {L1(\1 — afy) + Lo(A2 — afy) }
(Ql11(Q]2,2 (L1 + La){L1(A1 — a}y)? + La(A2 — afy)?}
where [ . |; ; is the (¢, j)th entry of the matrix inside the bracket, and
)\1—(1—‘1) )\2—(1—11)
Ly = Li(ay) = W(am)a Ly = La(a3) = W(am)-

From (1.6), it is readily seen that a3, governs the correlation structure in a nonlinear way.
Approximation (1.6) is important and useful, as it directly connects the correlation and the
intertemporal sensitivity parameter for a bivariate model. To verify this, we conduct a simula-

tion study. Still, borrowing the results from Table 7(a) of A&M, we set the true parameters

d=08 k=30, A-l—( 0916 ax
’ ’ a5, 0.953

For a3, € {0.05, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7}, we generate the covariance matrices Qq,
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Figure 1.2: Average correlation levels vs. a3,

t=1,2,...,7 = 500, using A&M’s WIC specification. Then, we obtain the correlation matrices
P, by applying the standardization procedure given in A&M'’s formula (4). Finally, for each

a3, we calculate the mean sample correlations

The relationship implied by (1.6) can therefore be verified by comparing the theoretical and
the sample values. Figure 1.2 shows the simulation results. The red circles are the mean sample
correlations and the solid curve is the theoretical p given by (1.6). We can see that the red
circles are all located on the curve, which means that the relationship between the correlation
and the intertemporal sensitivity parameter can be well explained by (1.6). From Figure 1.2 we
can also observe that, when a3; = 0.05, all the parameters are approximately the same as the
model estimates in Table 7(a) of A&M; in this case, the mean sample correlation is about 0.3,
which coincides the average level of the correlation estimates given in Figure 3 of A&M. This
further verifies the plausibility of (1.6). Since all the above results can also be derived from
P&G’s setup in a parallel manner, equation (1.6) also applies to P&G’s WIC model.

One should also notice that, in the WIC model, due to the nonlinear relationship, a small

increase in a3; would result in a very big climb in the mean correlation. Therefore, we need



to be very careful in explaining the estimation results. For instance, in Figure 1.2, a3; = 0.05
implies a modest correlation (which equals to 0.3). When a3, is changed from 0.05 to 0.1, this
increment looks small and we might think it makes no difference; however, in fact, it leads the

correlation to jump from 0.3 to 0.5, which can be regarded as a fairly strong correlation.

1.2.3 Model Parameters vs. Correlation

For the WIC models, the model form does not clearly reveal the relationship between the
parameters and the correlations. To study the question, in this section we conduct a visual
analysis using A&M’s model with two-dimensional simulated data. For each parameter we set
two very different values so that by contrast we can observe how the correlation behavior is
governed by the parameters. Specifically, the data generating process (DGP) are given by
hit+1 = 0.98h1s + Mg,

hot+1 = 0.95hat + n2t,

0 0.1662 0
< o ) NN( ] ’[ ])’and v = (vit, v2e)’ ~ N(0, P),
2t

0 0 0.2602
where P;, as defined previously, is the correlation matrix obtained by standardization of Q.
For the correlation level, let [A_l]

51 = a" and set the parameters of interest as

at, =0.10, dy =0.95, kg = 100;
ai =0.02, dp=0.05 ki=5.

It is obvious that the difference in the settings of d and k are large, whereas for a* it may seem
small. However, recall in last section we have shown that the mean level of the correlation
is highly nonlinear in the off-diagonal elements of A~!, and therefore the difference between
a* = 0.02 and a* = 0.10 shall be large enough to simulate very different correlation patterns.
As each parameter has two levels, we have 22 = 8 combinations in total. For one combination
we simulate a sample of size T' = 500. Figure 1.3 shows the simulated data.

It is quite clear that the correlation patterns are so different under different settings. Let’s
begin with the role of a*, which is explored in detail in Section 1.2. We can find that, given d and
k held equal, a* determines the average level of the correlation. This is particularly apparent
in the bottom four graphs of Figure 1.3 where the correlations appear to be constant. When
a* = 0.1, the mean correlation is approximately 0.1, while a* = 0.02, the mean correlation level
goes down to as low as (. This pattern is consistent with what we showed in last section. Next,
for the df parameter k, keep other parameters equal, it is not hard to find that a smaller/larger

k gives a larger/smaller variation, which suggests that k accounts for the variation in the
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Figure 1.3: Model parameters vs. Correlations in A&M’s WIC model.

correlations. Finally, we can obviously see that d controls the persistence of the correlations

across time, which has been well explained in P&G and A&M.

1.3 MCMC Estimation

This section focuses on the MCMC implementation issue in the WIC models. Some general
problems are explored. The first is the efficiency, a major concern when applying MCMC
methodology. We show that, although looking complicated, the posterior densities of the per-
sistence parameter and the df parameter are log-concave. Consequently, instead of using ARMS,
we can apply ARS to draw samples in each MCMC sweep. There are two advantages of using

ARS over ARMS if the posterior is known to be log-concave. The first is that we do not need
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to perform the Metropolis step, and secondly, we can construct squeezing functions, which
may save function evaluations in each rejection step. Compared to grid sampler, ARS is more
efficient and accurate. In addition to the improvement in sampling procedures, we suggest
exploiting SMW formula in updating the covariance matrices; later we will see that the use
of ARS together with SMW formula can significantly improve MCMC efficiency. The other
concern in the WIC model is the choice of priors for the df parameter, as the posterior density
is diffuse and accordingly, the estimation would be sensitive to the prior. Finally, P&G and
A&M use different parameterizations for the scale matrix in the Wishart distribution. It is then
natural to ask if one formulation is superior than the other. These questions are also studied

in this section.

1.3.1 Likelihoods and Joint Posteriors

In P&G’s model with setting (1.1), the likelihood function is given by

T
L(A,d,v|y) x H [Wp(z;l‘yv Stfl)Np(yt‘Et)]
t=1
L 1
X t]:[1 |2;1|1/2 exp <_2ytTEt1yt>
SLis|m
« 1S, 11227 2

1 —1 y—1
- exp |—=tr (S, 1% ] ,
2?§I¢(V) [ 2 ( t—1 t )
where y = {y;} and T',(v) = [[?_; T'[(v — i+ 1)/2] with I'(-) being the gamma function. On
the other hand, for A&M’s model where the independent SV equations are introduced, the
estimation requires little more effort. A&M proposed a two-stage estimation procedure. In the
first stage, for the ith series, the errors €; are obtained by the standardization €; = 1/;_1/ 2yt,

and in the second stage, we then have the similar likelihood function for A, d, and k:

T
L(A,d,kle) o< [T [Wp(Q; [k, St-1)Np(er| P)]
t=1

T
1
LT (e )
t=1

k—p—1

1k
X‘St—11‘2|Qt1‘ 2
kp
22T, (k)

exp [—;tr (St_lth_l)] ,

where € = {€} and I'y(k) has the same definition as the above. Since the joint posterior is

proportional to the prior distribution times the likelihood, the kernel of the conditional posterior

can derived by dropping irrelevant parameters.
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Figure 1.4: logp(d|-) and the second order difference.

1.3.2 Log-concavity of the Full Conditional of d

The conditional posterior p(d|-) in P&G’s model is of exactly the same form as that in A&M'’s.
Here we adopt A&M’s notation. Given a uniform (-1,1) prior, the posterior density has the

form

plal) x exp (¢ = 5r{ A€ )} )1 (@)

where ¢ = —(k/2) 3L log ‘Qt__lﬂ and C~1(d) = kY], Qfﬁ t_leﬁ. Before proving log-
concavity, we would like to examine the behavior of log p(d|-). Figure 1.4 shows the log posterior
density function of d and its second order difference as a discrete approximation for g—; log p(d|+).
The data are simulated from d = 0.8, k = 10, and several arbitrarily chosen A~!. It is very
clear that, for each p, logp(d|-) presents a concave shape and the second order difference is
negative throughout the support (-1,1). This simulation provides convincing visual evidence
for concavity of log p(d|-).

Now, note that, in the log posterior density, the first term ¢ = —% Zle log|Q;11| is constant
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of d. It vanishes after taking differentiation. The second order derivative is then given by

9? /2 /2
5. log(d]) =—thr '3 Qi1)*Q1Q Q)
—1/2 d/2 d/2 —1/2 (17)
+2A7 2 (log Q1)@ 1Q; 'Q 1 (log Q1) A

+Q72Q,'Q% (10g Q1-1)2A7Y].

Our task boils down to showing that (1.7) is non-positive. Since A~/ 2(log Q;_1) is non-singular
and Qf / 21 : Q 1 is symmetric and positive definite, the middle term of the summand in (1.7)
is positive deﬁnlte and thus has a positive trace. Next we would like to explain why the first
and the third terms of the summand have nonnegative traces. Since the third term is just the
transpose of the first one, we only need to show that the first matrix product is of nonnegative
trace.

Intuitively, we may want to show that it is positive or nonnegative definite; unfortunately,

this is a stronger result and could be very difficult to prove. A heuristic way is to apply the

B(@lerel) =4

expectation equation

and by substitution we obtain

Ry =tr{A " (log Q- 1)2Qf/21 t Qd/2

(1.8)
~ tr{A (log Q1) A} = tr{ loth_l)Q} > 0,

since (log Q;_1)? is positive definite.
In addition to the expectation argument, we may verify the trace nonnegativity from an

eigen decomposition point of view. To see this, taking a simple 2 x 2 case as an example,

_ 1 ¢ '
A1:<c1>’ (1.9)

apparently, for ¢ = 0, the matrix A~! is an identity and thus both its two eigenvalues are equal

to 1. In this case, R; is reduced to tr{(log Qt,l)QQfg . d/2} > 0 since the product of two

real-symmetric positive definite matrices has a nonnegative trace.

suppose that

For another extreme case where ¢ — +1, the matrix A~! will be nearly singular; therefore,
the larger eigenvalue will dominate the other. Our argument is, by letting ¢ change from —1 to
1, we are in fact going over all possibilities of A~! from one extreme, the identity matrix, to
another, which is a nearly singular matrix. Consequently, if under all these situations R; > 0,

we have enough reason to believe that, for any cases in between, R; will be nonnegative, and
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thus (1.7) is positive.

With simulation, Figure 1.5 presents graphic explanations of the expectation argument
stated in (1.8) and the eigen decomposition argument. The sample size is T = 1000, and the
parameters d = 0.8, k = 10; the matrix A~! is set according to the form given by (1.9). Top-
left, top-right, and bottom-left are the time-series plots for the element ¢ = —0.99, 0, and 0.99,
respectively, where the grey line is the plot of R; = tr{A‘l(log Qt,1)2Qfﬁ lefKQI} and the
black line is tr{(log Qt_l)z}. It is readily seen that the two traces are actually positive for all ¢,
and the mean levels of R; and of tr{ (log Qt,l)z} are indeed about the same, although R; is more
volatile. As ¢ marches away from zero, i.e. A~! gets nearly singular, R; and tr{(log Qt_1)2}
become more positive. On the other hand, when ¢ = 0, which means A~! is an identity, the
two traces are both small positive numbers. In any case, it is evident that mean R; ~ mean
tr{(log Qt,l)Q} > (0. This verifies the plausibility of using (1.8) to hypothesize trace positivity.

Bottom-right is the plot of mean R; over all ¢ € (—0.99,0.99). The curve is above 0 for every
¢, which is a strong evidence of nonnegativity of R;. Also, the smile shape reflects the fact that
we just mentioned: as A~!' becomes nearly singular, the trace R; will be more positive, and
vice versa. The reason why R; is guaranteed to be nonnegative is complicated and unclear, and
this is why it is demonstrated numerically. One may argue that, it is possible that R; < 0 for
some time points ¢, but we have to point out that, we never see this happen empirically. Even
if some R; < 0, though never happened to us, it will not change positivity of the summand in
(1.7) since the trace sums up Ry over all t. The majority of R; > 0 will offset those negative Ry,
if any. Moreover, remember that in (1.7), the second term of the summand is strictly positive,

which further guarantees positivity of the entire summand.
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Figure 1.5: tr{A‘l(log Qt,l)QQfﬁ lefﬁ} and tr{(log Qt,l)Q} for p = 2.

1.3.3 Log-concavity of the Full Conditional of &

The full conditionals of k£ in P&G and in A&M merely differ in the prior part. We can observe
that the prior used in A&M is a special case of that in P&G with the location parameter «
chosen to be 1. In practice, we shall choose o > 1 so that the mass of the density will not
gather up close to zero. To give a unified discussion, we start with the gamma prior having the
form:

m(k) = exp{(a —1)logk — Bk}, a>1,k>p.

Note that, setting &« = 1 and 8 = Ag, this density reduces to A&M’s exponential prior. The
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the posterior density of k is then

Tkp

Tk - k41—
p(k|-) < exp | (o« —1)logk — Sk + ——log(k/2) — —log|A| =T E logT’ ululint)
2 2 = 2

T

k 1
X exp (2 Zlog ‘Qfﬁ t_leﬁ} - 2tr{A_1C'_1(k)}>.
t=1

where C~1(k) = kY., Qfﬁ 21 " leK 21 is the same as C~! defined previously. In deriving
log-concavity of the full conditional of k, the main difficulty lies in the gamma function. For

— k+1—j
the gamma component, letz; = =5—, we have

2

d 1
a2 log F(Zj) = Zﬂ’l(zj)»

where 91(z;) is the trigamma function. Using the fact that the trigamma function is strictly

decreasing in its argument and g > zj, for j =1,...,p, we obtain

i (’;) < (),

Therefore, the second order derivative of the log conditional posterior is
d? L2 & a—1
Wlogp(kl-) = 4T{Pk - ;wl(zj) - kz}

1 2 k a—1
<-Tpd 2 (2) - .
4 p{k ¢1<2> pﬁz}
To complete the proof, we need to show that 2/k — ¢ (k/2) < 0. Taking z = k/2 > 0, and
applying the inequality (Choi and Wette, 1969)[6]

% < 1#1(%)7

the result immediately follows. Figure 1.6 is the plot of logp(k|-), which is generated from
simulated data with the mode equal to 30. Figure 1.7 shows the second order derivatives of

log p(k|-) for different p. Both figures provide graphical evidence of concavity of the log-density.
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1.3.4 Use of Sherman-Morrison-Woodbury Formula

In the estimation for the WIC model, we need to update the covariance matrices in each
iteration. The conditional posterior of the inverted covariance matrix is proportional to a

Wishart distribution with the scale matrix
gt—l = (St__ll + xtw;)fl ,t=1,...,T,

where x; is the mean-corrected return vector in P&G’s model, while in A&M’s model, it denotes
the series filtered by the univariate stochastic volatility equations.

If we apply SMW formula, the scale matrix Sy_1 is calculated by

!/
St 124y Sp—1

Sl i) =8, — .
( t—1 t t) t 1+w25t71$t

Since in each sweep, S;_1 is known from previous iteration, we can obtain S;_1 by rank-1 update
rather than by matrix inversion from scratch. Obviously, this is computationally cheaper and
hence should be incorporated into the MCMC algorithm.

1.3.5 Hyperparameter Assessment for the Degrees of Freedom

Choosing priors for df is important in the WIC model. We find that, from empirical experience,
the conditional posterior density of df is generally diffuse. We have seen the log posterior of k
in Figure 1.6. It is not hard to see that the density is quite diffuse. Therefore, the inference
is easily affected by the priors. P&G suggest a gamma prior, while A&M adopt the exponen-
tial distribution. However, both P&G and A&M do not mention how to choose reasonable
hyperparameters, which is, as a matter of fact, really essential in the model estimation.

As discussed in Section 1.3.3, for the gamma prior used in P&G, we should choose a > 1 for
practical purposes. The problem is then simplified to the shape. Since the inference is sensitive
to the prior distribution, we may want to choose a vague prior to avoid the dominance from
subjective information. This means that we should set hyperparameters regarding the shapes
which can give reasonably flat priors. Our experience suggests that, for 5 in P&G and Ag in

A&M, 0.1 to 0.5 would be a reasonable range for these hyperparameters.

1.3.6 The Scale Matrix of the Wishart Distribution

A&M point out that we can possibly use the parameterization

Si= (A @ Ay, (1.10)
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Table 1.1: Mean absolute error of correlation estimates using different specifications.

DGP
Spec. A&M P&G

A&M  0.1680  0.1727
P&G  0.2027  0.1976

Table 1.2: Mean absolute error of VaR using different specifications.

DGP
Spec. A&M P&G

A&LM  0.2204  0.2217
P&G  0.2156  0.2182

where A1/2 is defined by Cholesky decomposition. Actually, this is the specification adopted
in P&G’s model. Some questions arise here: what if the “true” DGP is from one specification
but we use the other to fit the data? Does one specification outperform the other under all
circumstances? These questions are the main interests in this section.

We compare the two specifications (1.2) and (1.8) using the setting below
h1t4+1 = 0.98h1s + n1¢, 0, = 0.166,
hoy1 = 0.95ho; + n2t, 0y, = 0.260,

1.0 0.1
A—1:<01 10), d=0.8, k=30.

Two datasets, each with 1000 observations, are generated using (1.2), A&M'’s specification,
and (1.8), P&G’s, respectively. Following A&M, the comparison is effected according to two
performance measures based on mean absolute errors (MAE), namely MAE, and MAEy;r,
which are also defined in A&M Section 3.4. Table 1.1 shows MAE, results. We can see
that the model with A&M specification has smaller MAE no matter what the true DGP is.
However, as shown in Table 1.2, when MAEy,gr is used as the criterion, the model with P&G
specification performs better for both true DGPs. Moreover, we can observe that the mean
absolute errors from both models are about the same magnitude. These results suggest that

no specific parameterization dominates the other; both are equally reasonable to use.
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1.4 Empirical Study

This section presents a real data application as an illustration of our findings. The dataset,
obtained from Yahoo Finance, contains four series of stock market index returns, namely Dow
Jones Industrial Average (DJIA), Hang Seng Index (Hang Seng, HST), Korea Composite Stock
Price Index (KOSPI), and Taiwan Weighted Stock Index (TAI). The sample period for all series
is 2 July 1997 to 9 November 2009, giving a total T' = 452 observations. Following A&M, the
return series are defined as 100 x (log P;; — log P;;—1), where Py is the closing price on week
t for stock market . The data are fitted with A&M’s model and the study is conducted as

follows.

1.4.1 Improving MCMC Efficiency

The primary interest of this empirical study lies in whether ARS together with SMW formula
can improve MCMC efficiency. First, we estimate the model using ARS plus SMW formula.
We denote this by “ARS + SMW.” Then, on the other hand, the model is estimated using
ARMS and usual matrix inversion. This combination is denoted by “ARMS 4+ No SMW. By
comparing these two schemes, we know how much time is saved. For each combination, we
run the estimation procedures two times and then take the average time consumed. The OX[g]
programs are run with OX Console version 5.10 on Windows Vista platform, on a machine
equipped with an Intel Core2 Duo 8400 3.0 GHz central processing unit (CPU) and 8 gigabytes
random access memory.

Table 1.3 shows the average time used in each combination. We see that, time used in
ARMS + No SMW is more than that in ARS + SMW by 380.12 seconds, which equals to a
12% difference. Evidently this is a considerable improvement. Moreover, as one can expect,
using SMW formula will be more advantageous as the dimension of data increases since the
complexity of usual matrix inversion is growing faster than O(p?).

Next, we examine the MCMC estimates from the combinations ARS+SMW and ARMS
+ No SMW. Notice that here we do not show the fitting results of the univariate stochastic
volatility models since they are not of the main interest. The number of iterations is N = M+ L.
The first M draws are discarded and the remaining L are kept for inference. We output the
posterior means, the numerical standard errors (NSE) of the posterior means, the 95% intervals,
the relative numerical efficiency (RNE), and the p-values of the convergence diagnostic (CD)
statistics introduced by Geweke (1992)[10]. The NSEs and RNEs are calculated by the function
“numEf” of the R package “bayesm” developed by Rossi, Allenby, and McCulloch (2005)[35],
which use a Bartlett window with a bandwidth of 0.1 - L. The 95% intervals are obtained by
the (2.5th, 97.5th) percentiles of the L draws. To be consistent with the NSEs and RNEs,

the CDs are computed using the variance estimators based on a Bartlett window. Throughout
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the analysis, we use N=20,000 and M =10,000, producing a final sample of size L=10,000. As
mentioned in Section 1.3.3, since the posterior of the df parameter is diffuse, we choose the
hyperparameter A\g = 0.2. The MCMC estimation results are shown in Table 1.4 and Table
1.5, respectively. First note that the estimated d is about 0.4 with significance, implying a
time-varying correlation structure. We can see that the estimation results are quite similar,
with some minor differences in A. In summary, for the two schemes generate similar estimates,

we would prefer ARS+SMW since it is more efficient.

Table 1.3: Comparison results of ARS+SMW v.s. ARMS+No SMW.

Combination Time Elapsed (Sec.)
ARS+SMW 3248.64
ARMS+No SMW 3628.76
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Table 1.4: Output of ARS + SMW .

Parameter MEAN NSE 95% Interval RNE CD
all 1.470 0.11433 (0.796, 2.232) 858.259 0.088
a9 -0.313 0.01210 (—0.452, -0.220) 441.382 0.110
ais -0.155 0.01019 (—0.283, -0.072) 361.562 0.254
aiq -0.050 0.00379  (-0.137, 0.020) 95.852  0.598
aso 1.108 0.03025 (0.896, 1.308) 674.911 0.052
as3 -0.250 0.01134 (-0.372, -0.155) 409.336 0.124
agq -0.236  0.00684 (—0.319, -0.160) 273.265 0.154
ass 1.224 0.08610 (0.626, 1.739) 848.412 0.054
asy -0.269 0.00945 (-0.389, -0.184) 350.349 0.132
aq4 1.073 0.03162 (0.859, 1.408) 575.371 0.146
d 0.445 0.01626 (0.308, 0.582) 509.448 0.168
k 11.646 0.30471 (9.548, 14.577) 490.044 0.134
Table 1.5: Output of ARMS 4+ No SMW.
Parameter MEAN NSE 95% Interval RNE CD
ail 0.792 0.03435 (0.569, 1.079) 636.497 0.060
a2 -0.288 0.01762 (-0.433, -0.165) 542.064 0.256
ais -0.129  0.00425 (-0.196, -0.079) 191.593 0.372
ai4 -0.056  0.00365 (-0.114, -0.006) 179.123 0.300
aso 1.683 0.06430 (1.312, 2.206) 647.406 0.058
a93 -0.271 0.01778 (—0.4387 -0.139) 512.682 0.208
agq -0.242  0.01241 (-0.387,-0.135) 378.197 0.148
ass 0.989 0.03705 (0.800, 1.437) 580.692 0.094
asy -0.233  0.00993 (-0.357, -0.158) 402.822 0.124
Q44 0.861 0.03718 (0.597, 1.125) 629.172 0.098
d 0.407 0.02789 (0.207, 0.621) 630.867 0.068
k 11.657 0.33871  (9.119, 14.851) 502.025 0.248
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1.4.2 Marginal v.s. Joint Behaviors

In this section, we examine the marginal bivariate model estimations. Table 1.6 gives the
Pearson correlations of the four stock market return series. We can observe that, among the
selected Asian markets, HSI has the highest correlation with DJIA. Hence, the DJIA-HSI pair
can be used as the representative for studying American-Asian stock markets. Also, in the
Asian markets, the HSI-KOSPI pair has highest correlation and hence we use it to study Asian
markets. The bivariate models for the two pairs are estimated using MCMC method with
N = 20000 iterations. The first 8000 draws are discarded and the next 12000 are recorded.

The estimates for the two models are given in Table 1.7 and Table 1.8. First of all, notice
that, since in the bivariate case we can study the relationship between A~! and the mean
sample correlations, we output the estimates for aj; = [A~Y];; instead of the estimates for a;;.
From Table 1.7 and 1.8, we find it interesting that, for the DJIA-HSI model, the persistence
parameter is approximately 0 (the 95% interval widely covers 0), which indicates a constant
correlation by the WIC model implication. This result is different from those shown in Table
1.4 and 1.5, where a dynamic correlation structure is revealed. Moreover, the estimate for the
df parameter k also varies quite a bit in different cases. For the DJIA-HSI bivariate model, k
is merely 8, while for the HSI-KOSPI pair, k£ has been doubled to 16. More interestingly, the
estimate for k£ from the full model is in between the two bivariate models. This phenomenon
is different from the discovery in A&M, in which the estimate of k is larger for the full model
than for all marginal bivariate models. Our explanation is that, the full model is a joint of the
marginal models; consequently, what it presents is the compromise among all different bivariate
relationships.

We are also interested in the relationship between the average sample correlations and the
intertemporal sensitivity parameter matrix A~!. These relationships are shown in Figure 1.8.
In the left-hand side plots, the black curves are the function values of p(a},) given by (1.5) and
the red circles are the “predicted” correlations given the estimates of aj,. On the right hand
side are the mean sample correlations. We can see that, for the DJIA-HSI bivariate model,
the black curve is a little bit convex, as d is slightly negative (however, we have to emphasize
that it is not statistically different from 0). It is then obviously seen that, because of the zero
persistence, the correlations are shown to be constant. The red circle is exactly located on
the black curve, which means that the behavior of the correlations is well captured by equation
(1.5). More importantly, we find that, for the estimate of a}, = 1.13, the “predicted” correlation
p(aiy) is about 0.55, which approximately equals to the mean level of the sample correlations
between DJIA and HSI.

On the other hand, for the HSI-KOSPI model, the black curve is slightly concave since

d is mildly positive (again, one should notice that it is not statistically different from 0). In
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Figure 1.8: Dow Jones v.s. Hang Seng and Hang Seng v.s. KOSPI

aggregate, the correlations present a constant pattern, but with a careful examination, it is not
hard to find that, actually, the correlations mildly change over time. Like the DJIA-HSI case,
the red circle is perfectly located on the black curve; this again supports the plausibility of
equation (1.5). Likewise, we can observe that, for the estimate of aj, = 0.51, the “predicted”
correlation p(aj,) is 0.6, which is about the average level of the sample correlations between
HST and KOSPI.

The results from the DJIA-HSI and the HSI-KOSPI bivariate models provide empirical
evidence supporting the plausibility of equation (1.5). This also suggests the importance and
practical usefulness of (1.5). We can use this relationship between the correlations and A~!
implied in the marginal bivariate models as a diagnostic check for model adequacy. Specifically,
if the model is fitted correctly, then the values of p(a},) obtained from the estimated aj, should

be approximately equal to the means of the sample correlations between the paired series.
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Table 1.6: Pearson correlations of the four return series.

DJIA
HSI
KOSPI
TAI

DJIA
1.000
0.553
0.420
0.370

HSI KOSPI
1.000
0.566 1.000
0.531 0.486

TAI

1.000

Table 1.7: DJIA-HSI bivariate model estimates.

Parameter MEAN NSE 95% Interval RNE CD
aj; 1.491 0.205 (0.654, 3.633) 769.739 0.134
ajy 1.130 0.094 (0.500, 2.219) 553.129 0.232
a3, 2.178 0.209 (0.863, 4.652) 701.532 0.082
d -0.194 0.076 (—0.592, 0.353) 862.296 0.129
k 16.231 1.513 (6.282, 34.595) 427.914 0.294
Table 1.8: HSI-KOSPI bivariate model estimates.
Parameter MEAN NSE 95% Interval RNE CD
ot 0.636 0.021  (0.448, 0.878) 408.424 0.434
aj, 0.505 0.040 (0.233, 0.967) 516.407 0.260
as, 1.476 0.153 (0.729, 3.220) 631.708 0.102
d 0.138 0.050 (-0.294, 0.566) 548.086 0.134
k 7.906 0.498 (4.409, 13.876) 502.509 0.414
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1.5 Conclusion

In this paper we give a general discussion of the WIC model proposed by P&G and A&M.
We first derive the relationships between the intertemporal sensitivity parameter A~ and
the covariance/correlation structures in the bivariate cases. This reveals the fact that the off-
diagonal entries of A~! affect the covariances/correlations through a nonlinear channel. We then
show log-concavity of the univariate posterior densities of the persistence parameter and the
df parameter. With log-concavity being assured, we can use ARS as a more efficient sampling
scheme for the MCMC inference. Moreover, we suggest adopting SMW formula in the update of
correlation matrices. This also helps improving MCMC efficiency. Also, we suggest reasonable
values for the hyperparameters o and 8 for the prior distributions of the df parameter. The
final topic is about the parameterizations used by P&G and A&M. Our simulation study shows
that it does not matter which parameterization to use. Both are equally reasonable.

We give an empirical data analysis as a demonstration of our findings. In this study we show
that ARS together with SMW can considerably improve sampling efficiency and hence should
be used in the estimation of the WIC model. Marginal bivariate models are also discussed. The
results show that the joint behavior of the series in the full model may be different from the
paired marginal behaviors. Finally, from those results, we also see that the relationship derived

in (1.5) is empirically useful and can be used for model adequacy diagnostic checking.
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Chapter 2

On Random Wishart Matrices

2.1 Introduction

Asset correlations are well known to be unstable over time. Therefore, in financial modelling,
capturing the dynamic covariance and correlation structure has become a central issue. In the
literature of Multivariate Stochastic Volatility (MSV), several recently proposed models suggest
using Wishart processes to characterize the evolution of covariance matrices. For example,
Philipov and Glickman (2006)[32] and Asai and McAleer (2009; henceforth A&M)[3] adopt an
inverse Wishart specification for the covariance matrices, so that statistical inference and model
estimation can be effected through Bayesian Markov chain Monte Carlo (MCMC) methods.
Following A&M, this class of models is termed the “Wishart Inverse Covariance” (WIC), and
the Wishart distribution is denoted W), (k, S), where k is the degrees of freedom (df) parameter,
S is the scale matrix, and p is the dimension of S.

Since the WIC model for time series data is built upon latent variables and its estimation
relies on MCMC approaches, the computation is expensive. To deal with this type of model,
OX|8] would be an ideal choice, as it is fast and it has extensive and well developed packages for
Bayesian inference. A problem arises here: in A&M’s model settings, k is not restricted to be
integer-valued; it could be fractional (non-integer). However, the generation of random Wishart
matrices with a fractional k is not available in OX. The existing OX function “ranwishart” will
simply take the floor value of any fractional k as the input argument and thus the matrix that
has been sampled is in fact from a Wishart distribution with a integer-valued k, which is not
correct. In such cases, our simulation studies in this chapter show that the estimation will be
seriously misled. To fix the problem in OX, we develop the Wishart package, “WishPack”, in
which fractional df are considered.

One thing to emphasize here is that, by the fact known as Gyndikin’s theorem (see, e.g.,
Graczyk et al., 2003)[16], the Wishart distribution is defined for all & > p — 1, both integer
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and non-integer; nevertheless, most existing statistical software packages set the restriction that
k > p, which is not appropriate and does not cover all possibilities. There is one more drawback
implied in this restriction. When k is integer-valued and 0 < k < p, the Wishart matrix is known
to be almost surely singular (Uhlig, 1997)[40] and is still well defined. The singular Wishart
matrix can be generated via fairly simple procedures and has shown to be useful in practical
problems, e.g. Konno (2009)[23]. However, with the restriction & > p, generating singular
Wishart matrices becomes impracticable. In summary, according to Gyndikin’s theorem, it is
valid to generate random Wishart matrices with any &k belonging to the Gyndikin set {1,2, ..., p—
1} U (p — 1,00), but unfortunately, existent statistical packages such as Matlab “MCMC” [3§],
OX, R “MCMCpack” [29], SAS[30], etc., do not treat the generation of random Wishart matrices
in this manner and are therefore incomplete. To correct these mistakes, Wishpack is developed
based on Gyndikin’s theorem. This feature has not yet been seen in other statistical packages.

In the recent past, there has been a number of studies of singular Wishart distributions.
The probability density function with respect to Lebesgue measure on an appropriate space is
explicitly given by Srivastava (2003)[39]. Practical uses of singular Wishart distributions are
discussed in Uhlig (1997)[40] and Kubokawa and Srivastava (2008)[24], among others. In re-
sponse to those needs, Wishpack also takes into account the singular Wishart densities. Finally,
as a parallel product, Wishpack also provides an inverse Wishart generator with fractional df,
and the density function of the inverse Wishart distribution.

The rest of the chapter is organized as follows. In Section 2.2 we motivate the generation
of Wishart matrices with fractional df. The generation of the singular Wishart matrix is also
discussed. Section 2.3 illustrates the algorithm for generating Wishart random matrices with
fractional df by applying Bartlett’s decomposition. A short discussion of another popular
variant, namely the Odell-Feiveson’s (1966)[30] algorithm, is given as well. Some concluding

remarks are summarized in Section 2.4.

2.2 Motivation

Gyndikin’s Theorem (the real matrix case):

Following Graczyk et al. (2003)[16], let V' be a positive definite matrix of size p x p and © be
an appropriate symmetric p X p matrix. Suppose we have i.i.d. random vectors X; ~ N,(0, V),
then the scatter matrix W = %Zle XZXlT has the Laplace transform

E [etI“(@W)} = [det(I, — VO)] .

The set of values of k such that [det(I, — V@)] ™" is the Laplace transform of a positive measure
is {1,2,....,p— 1} U (p — 1,00), which is known to be the Gyndikin set.
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Thus, one can generate random Wishart matrices with any df k belonging to the Gyndikin
set. However, unfortunately, almost all existent statistical packages do not generate random
Wishart matrices according to this theorem and hence do not consider all possible situations.

In this section we will examine these problems.

2.2.1 Problems in Existing Statistical Packages

According to Gyndikin’s theorem, any real number k € (p — 1,00) can be valid df for a p x p
Wishart matrix; nonetheless, as mentioned in the introduction given in Section 2.1, the gener-
ation of random Wishart matrices with fractional k is not available in OX. The problem of this
insufficiency is addressed here by a simulation exercise.

Let Wpy(-,-) be the Wishart distribution. A&M set the following Wishart process:

- 1 - -
Q' [k St ~ Wy(k, S,-1), where St = Q. AQ ",

where Q; is a positive definite matrix, by standardizing which we obtain the correlation matrix
of interest, and k and S;_; are the df and the time-varying scale matrix of the Wishart distribu-
tion, respectively. The matrix A is the intertemporal sensitivity parameter which is symmetric
and positive definite, and d is the persistence parameter, which accounts for the memory of the
matrix process {Q:}. The matrix Qt__dl/ ? is defined by the spectral decomposition.

In the MCMC estimation procedure, the full conditionals of Q, 1'and A are proportional to
the Wishart densities with fractional df k and 4, respectively. To demonstrate why “fractional”
does matter, we begin with the simulation example 3.3 in A&M, in which the sample size

T = 500 and the true parameters are

—1
a_( L 03 (v =033 e
03 1 ~0.33  1.10

Let df denote the set {12:, 4}. Table 2.1 shows the results of the MCMC estimation when df is
taken to be integer-valued and to be fractional, respectively. The 95% intervals are obtained
using the (2.5th, 97.5th) percentiles. Note that for the integer df case, the OX “ranwishart”
function is used, while for the fractional df, we apply WishPack. The MCMC simulation is
conducted with only 1000 iterations since a systematic collapse will occur very soon in the
integer df case. The first 400 draws are discarded and the remaining 600 are kept. Here we
have to emphasize that the purpose of this simulation study is to illustrate the problem, not to
estimate the model, hence the numerical standard errors are not provided and the convergence

diagnostic is not implemented. From Table 2.1, we can see that the estimates for A and k are
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totally misleading for the integer-valued df. As a result, a systematic failure will happen in this
case due to the repeated incorrect updates. On the other hand, if a fractional df is adopted,

then the MCMC estimation procedure will provide a fairly good result.

Table 2.1: MCMC results using the integer and the fractional df parameters, respectively.

Integer df Fractional df
Parameters Mean 95% Interval Mean 95% Interval
an 0.100  (0.072, 0.148) 1.010  (0.940, 1.092)
a2 -0.027  (-0.053, -0.014) -0.374  (-0.581, -0.255)
as 0.103  (0.069, 0.155) 1161  (1.090, 1.239)
d 0.797  (0.728,0.858)  0.763  (0.638, 0.831)
k 4.955 (4.179, 5.842) 7.574 (5.667, 9.533)

Figure 2.1 shows the trace plots of the entire chains of k£ and |A| under different types of
df. Here | - | denotes the determinant operator. It is readily seen that, in the integer df case,
|A| goes down to nearly zero within the first 300 iterations and never moves back. This finally
leads us to a systematic error. On the contrary, for the fractional df, after the burn-in period, k
and | A| both stay stable around their true levels. This simple simulation clearly demonstrates
the need for the Wishart generator with fractional df in real applications.

From a theoretical point of view, it is of interest to know, how far a Wishart distribution
with integer df is away from the one with fractional df. To measure the difference between the
two distributions, here we calculate the Hellinger distance, as it can be normalized to a 0-1 scale.
The distance can also be viewed as a measure of the effect of misspecifying the df. Let F} and F3
be the Wishart distribution functions with integer and with fractional df, respectively. Also, let
the corresponding probability densities be f1(U) = W,(U|k,S) and fo(U) = Wp(Ulk + o, S),
with a € [-0.5,0.5]. The Hellinger distance can be calculated by

H(Fy, Fy) = \/Zii \/?ﬁ dAk]
- /{m —Vhalu } ]

[N

where )y, is the k-dimensional Lebesgue measure on R* and p is the Bhattacharyya coefficient
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Figure 2.1: Trace plots of k and |A| from the simulation of A&M’s WIC model.

given by

p= [ L) faw} du

= [ (Wbt $)Wyulk + 0. 5)}du

o ()] /() G e
- (42) /[ () Q)

r(* :ﬂ-P(P—l)/‘lﬁI‘ r+l-j
P\2) P 2 ’

where I'(+) is the gamma function. From equations (2.1) and (2.2), we can see that the Hellinger

with

distance is a function of «, k, and p.
If fractional df is not available, it is natural to approximate the df to an integer value by
round-off. We conducted a simulation to see what if we adopt this simple strategy. Figure 2.2

shows how the Hellinger distance between f; and fs changes with « given different £’s and p’s

31



using round-off approximation. Notice that, since the distance would become more difficult to
interpret in high-dimensional spaces, here we set p up to 4 only. From Figure 2.2 we observe
several interesting patterns. The first is that, the distance function is asymmetric and almost
positively linear in «. Secondly, keeping other things equal, the Hellinger distance will get
smaller as the df increases. Finally, the magnitude of the distance becomes larger as the
dimension of the data goes higher; one can see that, from p = 2 to p = 4, the Hellinger
distances are nearly doubled as well. The numerical values are given in Table 2.2. To get a
sense of how large these distances are, we can construct two multivariate normal distributions
as distant to each other as are f1(U) to fo(U).

Here we only consider the simplest case where p = 2, as the Wishart distribution with
dimension equal to 2 resides in a 3-dimensional space, the highest dimensional space that is
still imaginable. For « = —0.5 and k = 5, from Table 2.2 we know that the Hellinger distance is
0.097, which can be resembled by two multivariate normal distributions N3 (g1, I) and N3(0, I)
with g1 = (0.276,0,0)”. From this example and Table 2.2, we may have an impression that
the distances are not large on the 0-1 scale. However, we should be aware that the MCMC
algorithm is based on iteration; hence, due to the repeated incorrect updates, the effect of
misspecification in df will introduce approximation error into any results.

The above discussion, from a theoretical aspect, illustrates the importance of correctly using
a fractional df in Wishart sampling in any model in which non-integer df are contemplated. As a
matter of fact, since the Wishart distribution with fractional df is well defined for £ > p—1, and
the set of natural numbers is a subset of positive real numbers, we can always apply fractional
df in sampling Wishart random matrices.

When k£ € N and k£ < p, the random Wishart matrices are known to be singular almost
surely. The singular Wishart matrix is valid according to Gyndikin’s theorem. Though rarely
considered, the singular Wishart matrix does have practical applications as mentioned earlier.
Unfortunately, however, most statistical packages such as Matlab package “MCMC”[38], R
package “MCMCpack”[29], and SAS[36], do not take this into account. To fix the problem we

include the generation of singular random Wishart matrices in WishPack.
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Table 2.2: Hellinger distance between f; and fo with df = k& and k + «, respectively.

«a k=5 k=20 k=60 k=5 k=20 k=60 k=5 k=20 k=60
-0.5 0.097 0.041 0.023 0.133 0.051 0.028 0.182 0.060 0.033
-0.3 0.058 0.025 0.014 0.078 0.031 0.017 0.106 0.036 0.020
-0.1  0.019 0.008 0.005 0.026 0.010 0.006 0.035 0.012 0.007
0 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.1 0.019 0.008 0.005 0.025 0.010 0.006 0.034  0.012 0.007
0.3 0.055 0.025 0.014 0.074 0.031 0.017 0.098 0.036 0.020
0.5 0.091 0.041 0.023 0.122 0.051 0.028 0.159 0.059 0.033
p=2 p=3
§ \‘\ § N \x\ ./
3 T T T T T S 7 T T T T T
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Figure 2.2: Hellinger distance between f; and fs.
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2.3 Generating Wishart Random Matrices with Fractional df

2.3.1 Non-singular Wishart Matrices

Let Wy(k, S) be the Wishart distribution with the fractional df £ and the p x p scale matrix S.
Also let I'( - ,%) be the gamma distribution with rate % For k£ > p — 1, we generate random

matrices from W),(k, S) with the following algorithm:

(1) Generate the random matrix B by

i. By ~ [l (%, %)]1/2, for 1 < <p;

ii. Bjj ~N(0,1),1<j<i<p,and B;; =0, o.w.

(2) Take Cholesky decomposition for the scale matrix S = AAT.

(3) W = ABBT AT = (AB)(AB)T ~ W,(k, S).

This algorithm is based on Bartlett’s decomposition (Anderson, 2003)[2]. To verify that W
is actually drawn from W), (k, S), we conduct a simulation study and check if the results satisfy
the following property (Gupta and Nagar, 2000, Corollary 3.3.11.1)[17]:

I W ~ W, (k. S). then -V ~ \2(k). Ye(p x 1) % 0 (2.3)
b\ ’ CTSC X ) b ’ .

where x2(k) is the chi-square distribution with df = k. For the verification, four vectors are
chosen, which are ¢; = (1,0,0)7, ¢ = (0,1,0)7, e3 = (0,0,1)7, and ¢4 = (1,1,1)”. Next,
define X? = (C;TFWCZ-) / (ciTSci), 1 = 1,...,4, and for each ¢, by using WishPack, we draw
T = 50000 random samples W; from the Wishart distribution with the true parameters

-2
S = 2 8 1|, k=105.
—2 1 10

Thus, according to (1), x? should follow x?(k). Figure 2.3 shows the empirical distributions
of X? along with their sample means and variances. We can see that the sample means are
very close to 10.5 = k£ and the sample variances are approximately 21 = 2k. To have further
verification, we also generate the Q-Q plots and conduct the Kolmogorov-Smirnov (KS) test.
The results are given in Figure 2.4. Clearly, in the Q-Q plots the points all approximately lie
on the 45 degree lines, and the KS test results (in p-values) suggest that x? follows x?(k) under

the significance level 0.05. Moreover, we obtain the sample mean of the Wishart matrices

| 63.3 21.2 —21.0 63 21 -21
W= Wi=| 212 841 104 |=| 21 84 105 [ =kS=E(W).
j=1 —21.0 104 105.1 —21 10.5 105
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From the above analysis, we can find that Wishpack works nicely; the Wishart random

matrices with fractional df are appropriately generated.

2.3.2 Wishart Matrices with Singularity

Unlike the non-singular Wishart case, here we do not consider fractional df, for in this case it is
valid by Gyndikin’s theorem; instead, we develop the function for generating singular Wishart
random matrices with integer-valued df k. The procedure is given by:

(1) Any input fractional df will be mapped to its floor, i.e. k = |k]; |-] is the floor function.
(2) Generate a p x k random matrix B, with all entries independently from N(0, 1).

(3) Take Cholesky decomposition for the scale matrix § = AA”.

(4) W = ABBT AT = (AB)(AB)T ~ W,(k, S).

Similar to the study in Section 2.3.1, we can verify the plausibility of the singular Wishart
random matrices by applying (1). All settings and analyzing steps are the same as those in
Section 2.3.1, except that here the true df parameter is £ = 2.5. Note that, since k can no
longer be fractional in the singular case, the df that is actually considered will be |[k| = 2.
The results are given in Figure 2.5 and Figure 2.6. With similar analyses and discussion, we
can conclude that WishPack works well for the generation of Wishart random matrices with
singularity. Sections 2.3.1 and 2.3.2 together illustrate how Wishpack works for the generation

of Wishart matrices.
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Figure 2.3: Histograms of x2, x3, x3, and x3 for non-singular Wishart.
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Figure 2.4: Q-Q plots and K-S test results of x7, x3, X3, and x7 for non-singular Wishart.
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Figure 2.5: Histograms of x2, x3, X%, and x? for singular Wishart.
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2.3.3 A Note on Odell-Feiveson’s Algorithm

We close this section with the discussion of Odell and Feiveson’s (1966; hereafter O&F)[30] al-
gorithm for generating Wishart matrices. This method, also based on Bartlett’s decomposition,
is popular and has been widely used, e.g. Liu (2001)[26] and the Matlab package “MCMC” by
Shera (1998)[38]. One should notice that, in O&F’s construction, the leading diagonal entry of
the Wishart matrix is a chi-square variate with df N —1, where N is the number of independent
normally distributed random vectors. It is hence clear that the Wishart matrix has N — 1 df,
not N. Consequently, if we would like to employ O&F’s method to generate a Wishart matrix
from W),(k, S), in fact we will end up with a matrix from W(k — 1, 5).

To see this, by applying the Matlab package “MCMC”, we implement the same analysis as
those in Sections 2.3.1 and 2.3.2. The only change is that the true df is £ = 10. The results are
shown in Figure 2.7, from which we see that, obviously each x7 does not follow x?(10). They
are more likely to have a x2(9) distribution since the sample means are almost 9 = k£ — 1 and
sample variances are close to 18 = 2(k — 1). This illustration is to provide an example that we

may need to pay extra attention to the use and the explanation of O&F’s algorithm.
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Figure 2.7: Histograms of x2, x3, X%, and x?2 using incorrectly specified df.
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2.4 Conclusion and Discussion

This chapter demonstrates the importance of the Wishart matrix with fractional df in econo-
metric problems and discusses the generation of Wishart matrices for singular and non-singular
cases. Since existing OX functions are unable to generate these types of Wishart random sam-
ples, we develop this WishPack in order to meet such needs in Bayesian methodology. The
density functions for both Wishart and inverse Wishart distributions are also included.
Srivastava (2003)[39] and Diaz-Garcia (2007)[7] define different measures for the computa-
tion of Jacobians for deriving the density of a singular Wishart distribution. In Wishpack, we
provide the calculation of the singular Wishart density based on Srivastava’s (2003)[39] version.

The package can be downloaded at http://www4.ncsu.edu/”yku2/smain.html
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Chapter 3

Latent Structures in Dynamic
Correlation Multivariate Stochastic
Volatility Models

3.1 Introduction

In financial modeling, the primary interest of many applications such as portfolio allocation and
risk management is in the correlated movements of the assets. From empirical data analysis, it
has long been recognized that asset correlations may change over time, which leads to a growing
number of models that aim to characterize time-varying correlations, including the empirically
successful multivariate GARCH and multivariate Stochastic Volatility (MSV) models. However,
in a high-dimensional environment, the number of parameters is known to grow drastically
with the dimension of data, bringing an increase in both the complexity of estimation and
the difficulty to interpret the model. For this reason, recent developments have focused on
dimension reduction via factor analysis; for example, in factor MSV (FMSV) literature, Harvey
et al. (1994)[18] were the first to discuss the factor structure and Jacquier et al. (1995)[19] give
a seminal work on the Bayesian approach to model estimation.

Other MSV models using factor structure include Pitt and Shephard (1999)[33], Aguilar
and West (2000)[1], Chib et al. (2006)[5], and Lopes and Carvalho (2007)[27]. In these models,
a common assumption adopted is the diagonal factor correlation/covariance, meaning that the
factors are uncorrelated. Nevertheless, it would seem unrealistic that the factors do not interact
with each other in the real world. For instance, in Johnson & Wichern’s (2001)[21] example,
the two factors that drive the five stock return rates are identified as “market” and “industry”
factors. It is then arguable that the market condition does not have effect on different industries,

and vice versa. To remove the diagonal restriction, Philipov & Glickman (2006 b, henceforth
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P&GY)[31] introduced a time-varying factor MSV model in which the evolution of the factor
covariances/correlations follows an unrestricted Wishart process. This model has some desired
properties. First, it allows correlations among the factors, which provides more flexibility for real
data. Secondly, the correlations can be time-varying and are described by Wishart processes.
Nonetheless, in P&GY’s specification, the factors are assumed observed, making the modeling a
regression problem rather than a latent-variable model fitting; consequently, it loses the most
important feature of factor analysis.

In this chapter we propose a dynamic correlation FMSV (DC FMSV) model where the factor
correlations are allowed and evolve with time, and most importantly, the observed series are
driven by the hidden common factors. The advantage of our model is then clear: it retains the
desired properties of capturing the dynamic correlation structures, yet, it keeps the flexibility
brought by the latent structure assumption. In Section 3.2, we will discuss the model in
detail with a simulated data. Estimation of the model is given in Section 3.3. In Section 3.4,
we conduct several simulation studies to evaluate the model performance. Section 3.5 is the
empirical data analysis, in which we will see the usefulness of the model. Some concluding

remarks and future works are in Section 3.6.

3.2 The Dynamic Correlation Structure in FMSV Models

P&G? proposed an FMSV model in which the factor volatilities follow an unrestricted Wishart
process. Suppose that at time ¢t we have p asset returns, y;, and ¢ underlying factors, f;.

Assuming that y; follow a multivariate normal distribution, the model is constructed by
yt’B7 ftaﬂ ~ NP(Bft7 Q)’

ft|‘/% ~ Nq(07 W)a
V;f_l"/t:%v A k,d~ Wq(k’ St—1)7

where

NI

Si1=7Ab (V) A

is the scale parameter for the Wishart process. The matrix V; is a matrix of factor volatilities,
the matrix A is the intertemporal parameter, which is symmetric and positive definite, d is
a scalar persistence parameter, and k is the degrees of freedom parameter for the Wishart
distribution. The matrix (Vtil)d is defined by the spectral decomposition.

As mentioned, in P&GYs model, the factors are assumed to be observable, which turns
the factor modeling, a latent variable technique, to an ordinary regression problem. The price

therefore is that we lose the most important feature of the factor models and lack the flexibility
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to interpret the factors. In order to relax the assumption, we propose the DCFMSV model

with latent factor structures. Consider

Y= Bfi + e fi L e,

e; ~ N,(0,Q), Q = diag(o?, ..., 012)), (3.1)

in which the factors follow an MSV model

fo=V;"e, (32)

‘/tl/Q = dlag (ehl’t/2a 6h27t/27 ceey ehq’t/Z) ,q S D, (33)
hit1=p+¢o(hy —p) +mn, (3.4)

hi,l NN<M1> 1_717(1)2)71: 172a7Q7 (35)

where o is the elementwise multiplication operator and

€t Xt 0 .
( ) |hi ~ Nog(0,%;), 3y = ( (; 5 ) , Xy = diag (072771, ...,szq) . (3.6)
Up n

The correlation matrix ¥.; can be obtained by standardizing the augmented data Q;. The

standardization is proposed by Engle (2002), which takes the form

= Qi (3.7)
Quu - Qg
Q: = S
Qn  Qu

is a sequence of positive definite matrices, and
Qf = diag(@, - @).
The dynamics of {Z ¢}/, is described by {Q;}/_; which follows the Wishart process
Qifilk, S~ Wo(k, S0),
S - Q2 AqQ (3.8)

Tk

where k and S; are the degrees of freedom and the time-dependent scale parameter of the
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Wishart distribution, respectively. Similar to P&G’s setup, the matrix A is a symmetric and
positive definite intertemporal parameter matrix, d is a scalar parameter which accounts for
the memory of the matrix process {Q:}, and Q, 42 is defined by the spectral decomposition.
The settings (3.2) — (3.8) for the factors are similar to A&M’s model but different in (3.4), the
first order autoregression (AR(1)) of the log-volatilities. Here we adopt Taylor’s (1982) AR(1)
specification [37]. The reason why the modification is made is that we can directly incorporate
the MCMC sampler developed by Kim et al. (1998)[22] into our estimation procedures. Below,
with a sample size T' = 1,000, we provide a simulation study to see how this model is working.

To be specific, the data generating process (DGP) is split into three parts:

(i) Measurement equations:

1.00 0.00
0.30 1.00
—0.05 0.34
0.99 0.00
B = 0-990.00 , Q = diag(0.05,0.1,0.13,0.24, 0.35,0.35,0.24,0.13, 0.1, 0.05).
—-0.10 0.95
0.00 0.95
0.56 0.00
0.00 0.00

0.00 0.30

(ii) Stochastic volatility (SV) structures:
hity1 = p1 + (0.95hy — p1) + m1e, 1 = —0.2,
hot+1 = pa + (0.98ho — pa) + mae, p2 = —0.5,

()~ ([6]-[%" 03 ]):

(iii) Factor correlation level:

-1
1 0.11 .01 —0.11

A= 0 - 0 0 k=25 d=0.8,
011 1 ~0.11 1.01

(o)~ r])
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By (ii) and (iii) we can simulate two hidden systematic factors with time-varying correla-
tions. Then, ten observable series Y can be generated from the factors and setting (i). Figure 3.1
shows the time series plot of the ten observed series driven by the two unobserved factors. Fig-
ure 3.2 shows the factor plots and the time-varying factor correlations (bottom panel). The
correlations approximately range from -0.2 to 0.9 with an average level around 0.4. Comparing
two figures, it is not hard to find that the clusters of the observed series are triggered by the
two underlying common factors whose correlations are changing over time. This simple study
demonstrates how the proposed DCFMSV model characterizes real world phenomena. In next

section we will discuss the estimation of this model via Bayesian methodology.
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Figure 3.1: The ten simulated observable series.
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3.3 The Algorithm

The estimation of the SV models has long been regarded as a challenge since the conditional
likelihood function is not easy to calculate. For the past few decades, it was the primary reason
why the study in SV models is less popular compared to the other class, namely, GARCH/ARCH
family. This difficulty in the inference has been nicely overcome by introducing the Bayesian
Markov chain Monte Carlo (MCMC) approaches such as the Gibbs sampler and the Metropolis-
Hastings algorithm, e.g. Jacquier et al. (1995, 1999)[19] [20], Kim et al. (1998)[22], and Pitt
and Shephard (1999)[33]. In this section, we propose an MCMC sampler for the inference of
the DCFMSV model. As noted by A&M, one advantage of the MCMC approach as compared
to the simulated likelihood based methods is that it is possible to estimate the parameters and
latent components at the same time. Under the Bayesian framework, we will separately discuss
the joint posterior distribution, the choice of priors, the full conditionals of the parameters, and

the sampling scheme.

3.3.1 Likelihood

Let w={p, ¢, 00}, Y ={y} : T xp, F={ft} : T x q,and H = {h;} : T x q. The likelihood

function is obtained by:

P(Y|B,Q,F)-P(F|H,¢) P(H|w)- P(e|A, d, k)
T

[P(y:, |B, S, f) - P(fi|he, €) - P(hy|w) - P(er]| A, d, k)].

t=1

The conditional posterior of each parameter can then be derived by removing irrelevant terms
from the product of the priors and the likelihood. The joint posterior using data augmentation

is obtained as:
P(B,Q,w,H,F k,d AlY)
x P(F|B,Q,w,H k,d AY)-P(B,Qw,H, k,d AlF,Y)
PY|B,Q,F)-P(F|H,k,d,A)- P(B,Q,w,H k,d, A|F,Y)

. P(FI{V;},{Zcs}) - P(B,Q,w,H k,d,A|F.Y).

T
Hf(yt’Bvs]?F)
t=1

From the model setting (3.2)—(3.5), we know that

FilVi, Ses ~ N, (0, V;V?5, V1),
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and since {f;}2_; are conditionally independent across time, the conditional posterior of F' can

then be obtained by
T

P(F‘reSt) = HN(/J'fmzft)a
t=1
with By, = (V; ’S v, 2+ BTQ'B) ' and py, = 5 BTQ 1y,
As the factors are sampled, the joint posterior distribution conditional on the factors can

be decomposed as

P(B,Q,w,H,k d AlF,Y)x P(B,Q|F,Y)  P(H,w|F) P(k,d, A|H,F)
T

Hp(htaw|F)

t=1

= P(B,Q|F.,Y) P(k,d, A|H, F),

from which direct draws can be made. To sample from [Hthl P(ht,w\F)}, as suggested by
Jacquire et al. (1995, 1999)[19] [20], we may first draw the latent variables H = {h;} and then
sample w given H. The strategy is detailed in Kim et al. (1998)[22].

We have decomposed the joint posterior into products of the densities that can be directly
sampled; however, we are still unable to estimate the model in a proper way due to the well
known nonidentification problem in the factor models. Several constraints have to be imposed

to avoid such problems. This issue will be analyzed later.

3.3.2 Choice of priors

In the measurement equations, there are several different settings of the priors for the loading
matrix B. Jacquier et al. (1995, 1999)[19] [20] suggest a matrix-variate normal distribution
conditional on €2, denoted by B|€2 ~ N(B8o, Ao, ), where B = vec(B) is the vectorization of
B, the vector By = vec(By) is the prior mean of 3, the matrix Ay denotes the prior column

covariance, and {2 is the prior row covariance. The density of this prior is then
1
P(B|Q) x |22 exp {—Qtr<ﬂ_1(3 — By)A;Y(B - BO)T>] : (3.9)

Another specification suggested by Geweke and Zhou (1996)[11] and Lopes and West (2004) [28]
sets independent priors for B. Specifically, b; ~ Ny(bo;1, cngq), where b; is the jth row of B.

The densities are then given by

1
P(b]) X exp { — 5 [(bj — bojl)Tc%qu(bj — bojl)] }
2 (3.10)
_ €oj T _
= exXp —?[(bj —bojl) (bj —bojl)] ] = 1,2,...,]).
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For the idiosyncratic variances 0']2-, by convention, we assign independent inverse gamma
priors such that 032- ~ IG(1/2,182/2), where vy is the degrees of freedom hyperparameter and

3% the prior mode of each 0]2. The prior distribution density of 0']2- is

_vo_ 1 _ ]
P(03) o (03) 2 [—2((;]2.) 11/030} i=1,2,.p.

In the literature, this distribution is sometimes named the (scaled) inverse chi-squared distri-

bution with the degrees of freedom vy and the scale parameter s3.

To choose suitable priors for the parameters in each univariate SV equations, we apply the

2

strategy adopted by Kim et al. (1998)[22]. For the mean yu; and variance Oy

we simply assume

conjugate priors, which are, respectively,

2 %
/177?/
pltiasti o N (i, 17055 ).

Vr S
op il bis i ~ IG(é, ?,,)
Choosing a prior on ¢; needs a little elaboration. Kim et al. (1998)[22] suggest a shifted and
scaled beta distribution. Let ¢; = 2¢ — 1 where ¢; ~ Beta(¢V), ¢(?)). This gives that

' M —1 s @1
wo o (52)(52) L e s 5,

2 2

which has a support on (—1,1).

The choice of priors for the correlation level parameters follows the specification of A&M
and has been discussed in Chapter 1. With the specified priors, given the likelihood we can
derive the full conditionals for each parameter.

3.3.3 Full Conditionals
With the specified prior (3.9), we can find the conditional posterior density
P(Bjrest) x P(B|Q,Y, F)
x P(B,Q,F)-P(Y|B,Q,F)
x P(B|®) - P(Y|B,Q, F) (3.11)

x exp ( _ ;tr{ﬂ_l (B - 15)S5' (B — pp)"] })

48



where Xp = (FTF 4+ Ay')~" and pup = (YTF 4+ ByAy')Ep. The density (3.11) implies that
Blrest ~ Npq(vec(pp), 2 ®@ p),

which is a matrix-variate normal distribution. The operator ® denotes the Kronecker product.

If we use the prior as given in (3.10), then the conditional posterior of b; is found as

P(bj|rest) P(bj|aJ2-, yj, F)
o P(bj) - P(yjlo7,b;, F)

1 —1 T
o { = oo [(6 = 3,105 - )] .
o7 :
— (o2 =2 T -1 _ —27 -2 T, . . .
where 33, = (coj I+o0;°F F)=" pmy, = Ebj(coj bojl1 +o;°F y;j), and y; is the jth column.
In our model, this specification for B is preferred and will be discussed on the nonidentification
issue in estimation.

The conditional posterior of each idiosyncratic variance is calculated by

P(a?-]rest) o P(a?-]bj, y;, F)
x P(03) - P(yjlo7,b;, F)

T q 2
v +T7 ]_
x (0’]2.) '3 1exp{ 552 luojsoj + Z <ytj - ijifti> ] }7
J t=1 i=1

where y;; = [Y]yj, bji = [Blji, and fy; = [F];;. From (3.12), we have that o3 |rest is distributed
as an IG((vo + T)/2, (vosg + k;)/2), where k; = (y; — Fb]T)T(yj — Fb;f) It is convenient to

use the expression

(3.12)

T q 2
1
2
a~]rest~7 Vo807 + E (yt~— E b"ft‘) ,
J X2(T+V0j)[ 7207 — 7 P 1) te

as we can draw samples merely via a chi-squared distribution.
The conditional posteriors of the SV parameters w are calculated according to Kim et al.

(1998). For the variance term,

T D;
Ug,i!restNIG< Ty st z>,

1
L (3.13)

where D; = (hiq —p1)2(1—¢2) + S (g1 — pi) — di(hiy — pi)]>. For the AR(1) coefficient

we have

P(¢ilrest) o< P(¢y) - f(hi, di, 07 ,),
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where h; is the ith column of H and

1 D;
log f (Ralus, éi, 0,5) o 5 log(1 = ¢7) — 5. (3.14)
1,0

To make draws from this density function, Kim et al. (1998) propose an acceptance algorithm.

First, given the current value gZ)Z(k_l)

N ((ﬁz, V@) where

at the (k —1)-st iteration, sample a proposal value ¢} from

R T—1 T-1
¢; = [ (hi,t—l—l - Mi)(hi,t - Nz)] /Z(hiyt - F‘i)27 (3.15)

t=1

T—1 -1

V¢i = 0‘%71» [Z(hz’t — ,u2)2] . (316)
t=1

Then, provided |¢}| < 1, accept the proposal value as gbgk) with probability exp |g(¢}) — g(qﬁgk*l))]

in which

o )2 (1 — A2
(hz,l Uz) (1 ¢z) +%10g(1_¢%).

9(¢i) = log p(¢:) —

20727,1-
If the proposal value is rejected, set qbgk) = qﬁl(-k_l).
The full conditional density of pu; is
/’Li‘hi7¢i70127,i ~ (/’Ziaazyi)v (317)
where
-1
ghi =i [(T=1)(1 =) +(1—67)] ",
and -
1— ¢? 1—¢;) «—
fii =05, ( 2¢z)hi,1 + ( 2¢Z) Z(hi,t+1 — ¢ihit)
;i Ini =1

The derivation of the full conditional posteriors for the correlation-level parameters is detailed
in Chapter 1 and is skipped here. The last problem, as mentioned earlier, is nonidentification
among different models. To solve the problem, we need to impose certain constraints on the

loading matrix B and therefore the priors and conditional posteriors should be modified.
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3.3.4 Identification

The model form (3.2) cannot be uniquely determined. A typical example is as follows: suppose
we have an orthogonal matrix U and take B* = BU and f; = U” f;, then

B*ff + e, = (BU)UTf) + e
=B(UU")f, + e, = Bfi + e,

which cannot be distinguished from model (3.2).
As a matter of fact, nonidentification in factor models may be resulted from three sources:
permutation, the sign, and the scale, or any combinations of which. To see this, suppose we

want to fit a two-factor model, we cannot distinguish between the two models below:

Model 1:
Yyt = Bfi + e
Model 2:
0 -2 0 1
=B +e
wen (1) (1)
EBftJret.

As we can see from Model 2, both the loading matrix and factors are altered from Model 1 in
the orders, signs, and scales, but they give a model exactly the same as Model 1. As a result,
the two models cannot be identified. In order to identify the factor models, many ways have
been proposed by setting restrictions on B. Throughout this work, we employ the unit-diagonal
lower triangular constraint used in Pitt and Shephard (1999)[33] and Liesenfeld and Richard
(2006)[25], among others. The matrix form is

1 0
P21 1 - 0
B = Bql 5(12 T 1 ) (318)
Bar1,1 Bgr12 - Barlg
5}71 ﬁp? T ﬁpq

in which we can see that the upper ¢ x ¢ partition is in the unit-diagonal lower triangular

form. Based on this restriction, we should modify the priors and the posteriors. For the rows
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j=1,..,q let B; = (Bj1,..., 8j;)T containing the nonzero elements. As for the remaining
j=q+1,..,p, denote by B; = (Bj1,..., Bjq)T. In like manner, for j = 1,...,q, let F; : T x j
be the matrix consisting of the first j columns of F'. With these settings, we set independent

priors for each factor loadings:

Bij ~ N(Boj, c§;), and Bj; =1,

by which we are led to the full conditionals as follows
Bj ~ N(ug,,Xp,), Bj; =1, forj=1,...,q, (3.19)
where 35, = (caffj + aj_szTFj)_l and pg, = Xg, (Co_jzﬁoj 1+ UJ'_QFJ‘T?Jj)? and
Bj ~ N(ug;, Xp,), for j=q+1,...,p, (3.20)

where 35, = (c(TjQIq + 0;2FTF)’1 and pg, = g, (co_j250j1q + JJ._QFTyj). The loading matrix
is then sampled from (3.19) and (3.20).

3.3.5 MCMC Sampler

As shown in Section 3.3.1, if the latent factors F' are obtained, we will then be able to factorize
the joint posterior into three parts from which we can draw samples. For the measurement
equation level, we draw samples for the parameters from the full conditionals (3.12), (3.19),
and (3.20). To sample the SV parameters, we first draw the latent log-volatilities H using the
sampler developed by Kim et al. (1998)[22]. Once H is drawn, we can then sample w and
meanwhile obtain €; = V;U 2 f+. Finally, for the correlation-level parameters, we employ the
algorithm similar to P&G and A&M to make draws. The MCMC procedure is as follows:

Step 0: Initialize B, Q,w, H, F k,d, and A.
Step 1: Sample fi|rest for t =1,..,T.
Step 2: Sample B|rest, then sample a?]rest forj=1,..,p.
Step 3: Sample h;|rest and then sample w|rest using Kim et al. (1998)[22].
Step 4: Obtain € = V;_l/zft as a byproduct.
Step 5: Sample Q; from Q|rest, and then obtain £, = Q; 'Q,Q; ! fort = 1,...,T.
Step 6: Sample A|rest.
Step 7: Sample d|rest using ARS.
Step 8: Sample k|rest using ARS.
Step 9: Go to step 1.
Looping steps 1 to 9 is a complete sweep of the MCMC sampler.
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3.4 Simulation Examples

3.4.1 One-factor Model

In this subsection we will demonstrate how DCFMSV performs using simulated data. We begin
with the simplest case where ¢ = 1. This one-factor model is a special case of the factor model
considered in Jacquire et al. (1995, 1999)[19] [20]. Also, Liesenfeld and Richard (2006)[25]
analyze this model as an example of their proposed sampler. With this single-factor example
we can have a look at how the model performs in the case where no factor correlation is involved.
Set the true DGP as follows:

B = (1,0.30,-0.05,0.99,0.99, —0.10,0,0.56,0,0)T = [B,],j = 1, ..., 10,
Q = diag(0.05,0.10,0.13,0.24, 0.35,0.35,0.24, 0.13,0.10, 0.05) 7,
w = (u, 9,077 = (-0.5,0.95,0.1)7,

by which we can generate Y7, ..., Y19 observed series. According to the loading matrix B, the
practical meaning is that we may roughly classify Y7, Yy, Y5, Ys into one group as they have
positive and larger loadings, while Y5, Y3, Yg, Y7, Yy, and Yig can be classified into another as
their loadings are either negative or on a smaller scale. With the above setting we simulate
T = 1,000 observations. We apply the MCMC sampler developed in the above section to the
simulated data. The hyperparameters for the priors are chosen as: by; = 0 and C%j = 1 for
all j, vy = 10, and vps3 = 1. For the SV part, throughout we use the settings by Kim, et.
al (1998) which are v, = 5, 5, = 0.01 -5, ¢() = 20, ¢ = 1.5, and p() = N(0,10). The
number of iterations is N = M + L. The first M draws are discarded and the remaining L are
kept for inference. In this example we take N = 15,000 and M = 5,000. To ensure that our
sampler will make moves with reasonably high probability, throughout this chapter we record
the samples every 10 iterations, which in this case produces a final MCMC sample size equal to
(N — M)/10 = 1,000. Notice that as Bj is restricted to be 1, we do not estimate it. Through
the whole of this chapter we output the posterior mean, the 95% interval, and the numerical
standard error (NSE) calculated by using the function “numEff” of the R package “bayesm”
developed by Rossi, Allenby, and McCulloch (2005).

Table 3.1 shows the results. Since the NSE’s are all very small, we believe that the chains
have converged. As a whole the results appear to be good. The coefficient of the process of
the log-volatility is a bit underestimated but is still covered by the 95 % interval. Figures 3.3
to 3.5 show the trace plots of each parameter and Figures 3.6 to 3.8 display marginal posterior

densities. All the results suggest that the model and the sampler work correctly.
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Table 3.1: Estimates for the one-factor model.

Para. True Mean NSE Lower Upper

By 030 029 0.00047  0.27  0.32
Bs;  -0.05 -0.04 0.00049 -0.07 -0.01
By 099  1.03 0.00109 098  1.08
By 0.99  0.97 0.00144 091  1.02
Bgr -0.10 -0.12 0.00081 -0.17  -0.07
Bz 0.00  0.00 0.00063 -0.04  0.04
Bg; 056 0.58 0.00067  0.54  0.61
Bg;  0.00 0.02 0.00045 -0.01  0.04
Bioa  0.00  0.02 0.00025  0.00  0.04
o? 0.05 0.04 0.00032 0.03  0.06
o3 010 0.10 0.00011  0.09  0.11
o3 013 0.13 0.00013 0.12  0.14
o7 024 0.24 0.00037 021  0.27
o2 035 0.35 0.00040 032  0.39
o2 035 0.35 0.00044 032  0.38
o2 024 0.23 0.00028 021  0.25
o2 013 0.13 0.00014 0.12  0.14
o3 0.0 0.09 0.00015  0.09  0.10
o 0.05 0.05 0.00008 0.05  0.06
po -0.50  -0.60 0.00773  -0.71  -0.50
¢ 095 0.78 0.01669 048  0.95
o, 010 0.09 0.00404  0.05  0.14
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3.4.2 Two-factor Model

In this subsection, the DCFMSV model concerned with factor correlation is evaluated using
the simulated dataset given in (i) — (iii) in Section 3.2. The MCMC analyses adopt the priors
with the following hyperparameter values: bp; = 0 and c%j = 52 for all j, indicating very vague
priors for the factor loadings; vy = 10, and 1/08(2) = 1. For the correlation level, we also specify
a vague prior for k by setting A\g = 0.01. The MCMC study is conducted with N = 20,000
iterations, where the first 3,000 draws are taken as burn-ins and the remaining 17,000 are kept.
This gives an MCMC sample of size 1,700.

The trace plots are shown in Figures 3.10 to 3.14, from which we can see that the components
Byj,j = 1,...,10 are more drifting. The reason may be that the variation in the first factor is
larger. The estimation results are given in Table 3.2. The NSE of each parameter appears to
be small except for k, but we should note that the magnitude of k is relatively much larger.
By the NSE’s and the trace plots, we might believe the chains have reached convergence. An
interesting finding is that Bs; = 0.3 cannot be detected as significant in the first column of B,
while By 19 = 0.3 can be well recognized among By;’s. Again, this might be due to the larger
variation in factor 1.

In DCFMSV, the primary interest is to capture the time-varying factor correlation. The
factor correlation is very useful information as we will see later. The correlation fit is displayed
in the top panel of Figure 3.9. The grey line is the true correlation and the black line represents
the fits. We can observe that, the fit is smoother compared to the true values, especially when
there is a rapid change like the quick down and up around ¢ = 800 to 900. In general, however,
one would admit that the model well captures the dynamic correlation, both the movements
and the average level. To give measures of the performance, following A&M, we calculate two
performance measures both of which are based upon the mean absolute error (MAE) which is
given by MAE, = %Z |pt — pe] = 0.19998. This result looks satisfactory, for we should notice
that the correlation is varying in a range as wide as (-0.2, 0.9).

The second measure, suggested by A&M, is used for evaluating the Value-at-Risk (VaR)
estimators. This is a meaningful measure for our DCFMSV model since an important appli-
cation of the asset-return factor model is to obtain the VaR of the portfolios through factor
structures. Suppose we have a vector of portfolio asset weights w. Under normality, the 95%
VaR of the simulated portfolio at time ¢ is estimated by (Barbieri, 2009)[4]

N

1.645 - 6, = 1.645 - [wT(BVt”QSE,tVt”QBT +Ow|?,

N . ~1/2 P . N 30
where * denotes the posterior mean and V, /2 dlag(ehlvt/Q, . eh‘I»t/Q) with éhit/2 = % Zle ehii/?,

Suppose our asset holdings are of equal weights, which means that w = 1—101. The VaR estimates
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Figure 3.9: Factor correlation and VaR estimates — two-factor model.

are shown in the bottom panel of Figure 3.9, where the grey line represents the true VaR and the
black line is the estimates. It is readily seen that both the movement and the magnitude are cor-
rectly captured. The MAE measure is obtained by MAEy,g = 7 > [VaR{* —VaR}| = 0.07314,
which suggests a quite satisfactory result, for the true VaR is fluctuating with a range from 0.1
to 0.94.
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Table 3.2: Estimates for the two-factor model.

Para. True Mean NSE Lower Upper
By 030 -0.01 0.04892 -0.30  0.38
By -0.05 -0.15 0.01636 -0.25  -0.01
By 099  1.00 0.00242  0.95  1.05
Bs; 099  1.04 0.00291  0.99  1.11
Bgr  -0.10 -0.39 0.04631 -0.68  -0.02
Bz 0.00 -0.28 0.04504 -0.55  0.08
Bg; 056 058 0.00141  0.55  0.62
By 0.00 -0.01 0.00062 -0.04  0.01
Bipi 0.00 -0.09 0.01454 -0.17  0.03
B3 034 033 0.00075 029  0.36
By 0.00 -0.03 0.00120 -0.08  0.02
Bsy  0.00 -0.05 0.00158 -0.11  0.01
Bgz 095 095 0.00181  0.89  1.02
By 095 092 000174  0.86  0.98
Bsz  0.00 -0.02 0.00065 -0.05  0.02
Bgy  0.00 -0.01 0.00049 -0.04  0.02
B2 030  0.30 0.00060 027  0.32
o? 005 005 0.00044  0.04  0.07
o3 0.0 0.10 0.00059 0.08  0.12
o3 0.3 012 0.00027 011  0.14
o7 024 023 000051 021  0.26
o2 035 034 0.00050 031  0.38
o 035 033 0.00044 030  0.37
o2 024 026 0.00053 023  0.28
o2 013 0.14 0.00026 0.13  0.16
o3 0.0 0.10 0.00015  0.09  0.11
o2y 0.05 0.05 0.00008 0.05  0.06
p -020  -0.10 0.00602 -0.28  0.09
p2  -0.50 -0.35 0.08504 -1.17  0.20
#1095 094 0.00472  0.87  0.98
#2098 097 0.00136 094  0.99
op1 010  0.12 0.00604  0.07  0.18
op2 027 0.8 0.00857  0.10  0.28
a;; 1.01 110 0.02117 095  1.28
a2 -0.11 -0.15 0.01346 -0.27  -0.06
ag 1.01  1.07 001334  1.00 1.18
d 0.80 0.82 0.02043 066  0.93
k 25.00 33.77 259178 18.66  54.28
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Trace plots of factor loadings Bi— two-factor model.
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Trace plots of factor loadings Bo— two-factor model.
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3.4.3 Dynamic vs. Constant Correlation

A special case of the DCFMSV model is the constant correlation FMSV model (CCFMSV),
which is obtained simply by setting €¢|h; ~ N,(0,X) in (3.6), where 3 = Q*'QQ* ! For
convenience, we use the notation €; ~ N,(0, X). In this subsection we will conduct a comparison
of the CCFMSV and DCFMSV models in terms of MAE, and MAEy;,g. The purpose is to
see if one model can outperform the other for all cases. Given the CCFMSV settings, initially,
in a parallel manner we developed a sampler using Metropolis-Hastings algorithm. However,
the sampler appears to hardly make moves. To fix the problem, instead we draw samples from

the following modified version:
e ~N(0,Q),

where Q defines the correlation matrix ¥ = Q*~'QQ*~!. Recall that in the CCFMSV model,
€t ~ Ny(0,X), which gives €f = Q*¢;. Hence, by setting (3.2),
where

‘/;*1/2 — diag (ehf,t/Q, ehS,t/Q, e eh:;,t/2> ,
with

exp(hfy) = qz; exp(hje/2), aj5 =/ [Qljj-
As a result, for the independent SV processes, we have

Wi =+ g+ &5 (hje — ) +mje
= p; + ¢5(hje — 1) + nje

where pf = 1/[gj;(1—¢;)] +p;. As we can see that, the difference between the modified version
and the original setting is simply a shift in the mean term of the SV process. Given each time

t, this shift only affects the scale of the factors, but the factor correlations and the VaR are not
influenced. The 95% VaR is calculated by

N

1.65 - 6p =1.65 - [wTB(W”Q*—lQQ*—th”Q n Q)BTw}
1
~1.65- [wTB(fQWEW/Z + Q)BTw} 2

It is clear that this form is exactly the same as that given in last subsection, except the subscript
t, for in this case the correlation matrix is not changing over time. Unlike A&M'’s sampler for

Q; based on the Metropolis-Hastings algorithm, the sampler developed here is Gibbs-type.
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Suppose that we have the prior Q! ~ W (vo, Cp), then the conditional posterior is a Wishart:

70—49—

. 1 1
P(Q Hrest) o [Q 1|7 exp [—2@(051@1)].\@1!”%@ (—2;e?czlet)

T
(vo+T)—q-1 1 _ B
:|Q*1‘ 2 exp{—2tr[<Col+ZetetT>Q 1] }
t=1

T 1
x Wy | 7 +T, (col + Zetef>

t=1

In the simulation study we have a 2 x 2 scheme: the data are generated from two DGPs,
one has constant correlation (CC) and the other, dynamic correlation (DC). Then, we fit the
two distinct datasets with the CCFMSV and DCFMSV models, respectively. The model per-
formance is evaluated by MAE, and MAEy;,g. Moreover, we set T' = 300 and T' = 1,000 to
evaluate the performance under different sample sizes. As in last subsection, the MCMC study
is conducted with N = 20,000 iterations, where the first 3,000 draws are taken as burn-ins.
We record the result every 10 iterations, producing an MCMC sample of size 1,700. Each
simulation study is conducted two times in order to get an insight of model consistency.

Table 3.3 and 3.4 show the MAE, results, and Table 3.5 and 3.6 display the fitted results
regarding MAEy,,g. First we can see that, for each combination, the model performance is
improved by increasing sample size. Secondly, we can find that, if the true DGP is DC, then
in general DCFMSV beats CCFMSV; contrarily, if the data come from a CC DGP setting,
then most of the times CCFMSV performs slightly better, but the difference is small. This
is reasonable since, as seen in Section 1.2.3, we can approximate the CCFMSV using the
DCFMSV by setting a large &k and d ~ 0. On the contrary, if the true DGP is DC, then
the CCFMSV performs considerably worse than the DCFMSV, especially when the sample size
is small (7" = 300). Finally notice that, for 7' = 300, when data are from CC DGP and we use
CCFMSV, the MAE, jumps to 0.2585 from 0.0348, which is a large difference. Similarly, on
the other hand, if the true DGP is DC and the CCFMSV model is used, the MAE, changes
to 0.5329 from 0.2331, and the MAEy;,g drops to 0.0841 from 0.3540. As we can see, when
CCFMSYV is used with a smaller sample size, the results may vary a lot across different runs.
Also, the results vary when the DCFMSV model is fitted given a smaller sample, but the
magnitude of change is not as large as what we see in the CCFMSV model.

From the comparison we see that, the DCFMSV model outperforms the CCFMSV if the
correlations change over time, and it can do as well as the CCFMSV model even if the true
data has constant factor correlations. Moreover, DCFMSV appears to be more consistent than

CCFMSV. In summary, DCFMSYV is more desirable for general applications.
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Table 3.3: MAE,, first run.

Model
Constant Dynamic
DGP T =300 T = 1000 T =300 T = 1000
Constant 0.0348 0.0291 0.3324 0.1591
Dynamic 0.2331 0.2151 0.1702 0.2000

Table 3.4: MAE,,, second run.

Model
Constant Dynamic
DGP T =300 T =1000 T =300 T =1000
Constant 0.2585 0.0082 0.1610 0.1127
Dynamic 0.5329 0.2033 0.3070 0.1922

Table 3.5: MAEy/, R, first run.

Model
Constant Dynamic
DGP T =300 7T =1000 T =300 7T = 1000
Constant 0.0661 0.0700 0.0684 0.0738
Dynamic 0.3540 0.0713 0.1307 0.0731

Table 3.6: MAEy/, R, second run.

Model
Constant Dynamic
DGP T =300 T =1000 T =300 7T = 1000
Constant 0.0932 0.1426 0.1006 0.1502
Dynamic 0.0841 0.2076 0.1194 0.2151
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3.5 Empirical Data Analysis

To demonstrate how the DCFMSV model is applied to real data, in this section we offer several
empirical examples. The study uses monthly average value weighted returns for twelve industry
portfolios collected from Dr. Kenneth French’s data library. The observation period is from
July 1926 to December 2009 with a total sample size of 1002. Since in the model, the factors are
interpreted according to the twelve portfolios, it is necessary to know the detailed explanation

of each portfolio:

NoDur: Consumer NonDurables — Food, Tobacco, Textile, Apparel, Leather, Toys;
Durbl: Consumer Durables — Cars, TV’s, Furniture, Household Appliances;

Manuf: Manufacturing - Machinery, Truck, Planes, Off Furniture, Paper, Com Printing;
Enrgy: Oil, Gas, and Coal Extraction and Products;

Chems: Chemicals and Allied Products;

BusEq: Business Equipment — Computers, Software, and Electronic Equipment;
Telcm: Telephone and Television Transmission;

Utils: Utilities;

Shops: Wholesale, Retail, and Some Services (Laundries, Repair Shops);

10. Hlth: Healthcare, Medical Equipment, and Drugs;

11. Money: Finance;

© 0N S Ot WD

12. Other: Other - Mines, Construction, Building Maintenance, Transportation, Hotels, Bus

Service, Entertainment.

Figure 3.20 shows the plots of the twelve series. A quick look suggests a common pat-
tern that extra large volatilities occur before 1940. When fitting the model, all the series are
pre-standardized as the input data. To choose a reasonable number of factors, ¢, we borrow
the idea of the principal component analysis (PCA) on the basis of the eigen decomposition
of the sample covariance matrix. The result is in Table 3.7. In practice, there are two crite-
ria for choosing a suitable g. The first one is that we choose the ¢ such that the cumulative
portion of variation explained happens to be greater than 80% (see Fujikoshi et al., 2010 [9]).

th ordered eigenvalue > 1 while the ¢ + 1th <1

The second is to choose the g such that the q
Here we use the former criterion. From Table 3.7 we have that the first three principal compo-

nents can explain 82% of the total variation, suggesting that ¢ = 3 factors should be used.
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Figure 3.20: Time series plot of the original data.




Table 3.7: Eigen decomposition of the sample covariance matrix.

Figenvalue Difference Proportion Cumulative

1 8.2916 7.2866 0.6910 0.6910
2 1.0050 0.4621 0.0837 0.7747
3 0.5428 0.0406 0.0452 0.8199
4 0.5022 0.0874 0.0418 0.8618
5 0.4148 0.0852 0.0346 0.8964
6 0.3296 0.0761 0.0275 0.9238
7 0.2535 0.0550 0.0211 0.9449
8 0.1985 0.0436 0.0165 0.9615
9 0.1549 0.0190 0.0129 0.9744
10 0.1358 0.0321 0.0113 0.9857
11 0.1038 0.0361 0.0086 0.9944
12 0.0677 0.0056 1.0000

3.5.1 The Order of the Input Data

We must pay attention to the order of the input data because of the restriction imposed on
the loading matrix B. In practice, it may have effect on model fitting. To address the issue,
suppose that we would like to fit a three-factor model; according to the constraint, the leading

matrix of B containing the first two rows is

1 00
Bor 1 0 )

The three columns (1, 321)7, (0,1)T and (0,0)7 correspond to the loadings of the first and the
second variables in the first, second and third factor, respectively. The column (1, 821)7 causes
no problem, since in the first factor, though the first variable is assigned a loading equal to
1, the second variable can take any value of loading based on that. The third factor with the
constraint (0,0)7 indicates that the first and the second variables must have almost the same
features in the third factor. However, in the second factor we have the restriction (0,1)7; if the
first and the second variables have extremely different meanings, then all other variables shall
have loadings between 0 and 1; on the other hand, suppose the first and the second variables
still have very similar properties, then the loadings of all other variables shall be quite negative
or positive large numbers. The difference in the loadings will result in different interpretation

of the estimates and, even worse, from empirical experience sometimes it may cause numerical

71



instability. Therefore, we should choose the ordering carefully when using the constraint.

Pre-determining the order is somewhat subtle. In this case, we want the first and the second
variable to have very different properties in the second factor while they share similar features in
the third factor. A possible solution may be choosing the first two variables as (NoDur, Manuf).
Then, in one factor they are different in the property of the productions, while in another they
share the same feature of producing physical goods. More to consider is that, since the pair
(NoDur, Manuf) has loadings (0,0) in the third factor, given the constraint (0,0,1), we may want
to assign the third variable a service-related industry so that the loadings (0,0,1) correspond to
(physical, physical, service) industries. With the evaluation process, we decide the first three
variables to be NoDur, Manuf, and Utils.

3.5.2 Three Factor Model

We loop the MCMC sampling 20,000 times with the first 5,000 iterations taken as burn-ins. For
every 10 iterations we record the values, which gives a final sample of size 1,500. The settings
for hyperparameters are exactly the same as those used in Section 3.4.2. The model is estimated
using the input data ordered as: NoDur, Manuf, Utils, Money, Durbl, Enrgy, Chems, BusEq,
Telcm, Shops, Hlth, and Other. Figures 3.22 to 3.27 and Figures 3.28 to 3.33 are the traces
of the MCMC chains and the marginal posterior distributions, respectively. The estimates are

obtained as follows:

1.000 0.000  0.000
0.701 1.000  0.000
0.611 0.140  1.000
0.788 0.448  0.328
0.654 0.830  0.009
. 0.507 0.671  0.256
0.770 0.615  0.042
0.642 0.835  0.064
0.658 0.250  0.282
0.885 0.271 —0.032
0.846 0.071  0.062
0.712 0.783  0.086

Q) = diag(0.070,0.028, 0.099, 0.133, 0.222, 0.448, 0.169, 0.223,0.443, 0.177, 0.301, 0.142),

g1 fia s —0.590 —2.027 —1.942
W= b1 b s | = 0.955 0.981 0.985 |,
Gn1 Gpa Gy 0.277  0.217  0.242
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1.048 —0.014 —0.003
A=1| —0014 1.017 0.004 |, d=0.953, k=76.800.
—0.003  0.004  1.022

As we pointed out earlier, one advantage of the DCFMSV model with the latent factor
assumption is that we have the flexibility to interpret the factors. Observing the estimated
loading matrix, it is easy to see that the elements in the first column are all positive and greater
than 0.5; we may specify the first factor as the “Market Factor”. For the second column, the
variables Manuf, Durbl, Enrgy, Chems, BusEq, and Other have loadings greater than 0.5, while
NoDur, Utils, Money, Telcm, Shops, and Hlth have loadings smaller than 0.5. It is not hard to
tell, the first group are production-oriented or related to heavy industry, whereas the second
group are more service-related. Due to the difference in the industrial properties, we could
specify the second factor as the “Industrial Factor”. The third factor is relatively difficult to
name. The variables with larger loadings are Utils, Money, Enrgy, and Telem, which can be
roughly understood as, in economics terminology, the factors of production. Hence, it might
be reasonable to name the third factor as the “Production Factor”. One more thing to notice
is that d = 0.953, implying a strong persistence of the overall relationships.

Figure 3.21 displays the pairwise factor correlations. From top to bottom are “Market Factor
vs. Industrial Factor”, “Market Factor vs. Production Factor”, and “Industrial Factor vs.
Production Factor”, respectively. The correlations are plotted on the left axis with blue lines.
At a first look we may find that the pattern of the factor is similar to that in the upper-right
plot of Figure 1.3. Also, we can observe a clear common pattern that the correlations are higher
during 1929 to mid 1940’s; afterwards they decline to a relatively lower level (except Market
Factor vs. Industrial Factor in 1950’s), and then climb to local peaks around 2002 and 2007.
This represents the well-known “correlation breakdown” phenomenon (Rey, 2000)[34], which
usually refers to the pattern that correlations during ordinary and stressful market conditions
differ substantially.

The shaded areas account for the events that have great economic impacts, such as Great
Depression (1929-1941), World War II, the recessions of 1949 and 1953 determined by the
National Bureau of Economic Research, the first and the second oil crisis, and so on. The
thinner black line on the right-hand side axis is the yearly growth (%) in Gross Domestic
Product (GDP). We can see that in these shaded areas, the GDP growth is more volatile,
which can be regarded as a sign of stressful market conditions, and the correlations appear to
be high or on local peaks during these periods. These historical events and economic index
provide evidence that the result given by the DCFMSV model is informative, useful, and close
to the real world. Once the factor correlation movement is known, financial practitioners can

utilize the information for various kinds of purposes.
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Figure 3.21: Factor correlations — three-factor model for real data.
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Figure 3.26:

Figure 3.27: Trace plots of correlation parameters — three-factor model for real data.
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Figure 3.30: Full
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3.56.3 Sensitivity to Number of Factors and Other Issues

Although we have demonstrated the use of the DCFMSV model, several questions remain
unanswered. First, since the most important few factors can account for a large portion of the
total variation, the contribution from the rest factors becomes less and less important. Hence,
intuitively, the model should not be sensitive to additional factors. In other words, the model
should be robust under different ¢. The second question is that, since we choose ¢ by using the
idea of PCA, then why not obtain the factor correlations directly from the data, i.e. calculating
the factor correlations using PCA (or factor analysis) estimates with moving windows? The
second question has a quick answer: In the DCFMSV model we are able to obtain the 95%
intervals at each time point, and therefore we can examine the significance by comparing the
intervals to any interested correlation levels. This is not feasible with the simple strategy
mentioned above. In this section we will use the empirical data to study the two questions.
Remember that we have a second criterion to choose ¢ which is based on the ordered eigen-
values. From Table 3.7, when ¢ = 2 the eigenvalue is greater than 1, and the cumulative
proportion explained is as high as 77%, which suggests ¢ = 2 is also a reasonable choice. For
this two-factor model the input data are ordered as NoDur, Durbl, Manuf, Enrgy, Chems,
BusEq, Telcm, Utils, Shops, Hlth, Money, and Other. Similarly, the MCMC analysis is con-
ducted with 20,000 iterations, of which the first 5,000 are discarded, and the result is recorded

every 10 iterations for inference. We obtain the estimates below:

1.000  0.000
0.760  1.000
0.799  1.359
0.618  0.900
0.859  0.741
B 0.778  0.937
0.792  0.080
0.833  0.019
0.951  0.177
0.920 —0.123
0.946  0.360
0.827  0.961

Q= diag(0.133,0.227,0.022,0.463,0.170,0.227,0.442,0.394,0.179,0.291, 0.142,0.143)

Q1 i —0.722 —2.943
o=\ & & |= 0.960  0.977 |,
Gp1 Gyo 0.270  0.248
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- 1.035 —0.022
A (

= , d=0.932, k =73.837.
~0.022  1.056

Examine the loading matrix, similar to the previous three-factor model, the entries in the
first column are all positive with values greater than 0.5. This signal reflects an overall level
and thus, still, we may specify the first factor as “Market Factor”. For the second column,
some loadings are relatively large (> 0.5), and the corresponding portfolios are Durbl, Manuf,
Enrgy, Chems, BusEq, and Other. The rest are NoDur, Telcm, Utils, Shops, Hlth, and Money.
This result appears to be exactly the same as what we obtain in the three-factor model, and
accordingly, we name the second factor the “Industry Factor”.

The estimate of the factor correlation is displayed in the top panel of Figure 3.34. The blue
line on the left-hand side axis is the correlation, and the black line on the right axis represents
the yearly growth rate of GDP. Shaded areas account for important historical events as we
described in last section. The plot is similar to that of the first pair in the three-factor model.
The correlations are especially high or reach local peaks during turbulent periods, reflecting a
phenomenon of correlation breakdown. As we clearly see, the estimates and the implication by
the results are not substantially affected by changing from ¢ = 3 to ¢ = 2. This shows that
the model is robust to the choice of q. Moreover, as we can find in Table 3.7, the marginal
contribution from the third factor is only about 5%, which implies that perhaps using two
factors is enough to explain the variation well. To verify the guess, we plot the two estimated
factors in the bottom panel of Figure 3.34. The red line shows the first factor and the black
line shows the second. Comparing the plot with Figure 3.20 it is not hard to see the twelve

portfolios can be resembled by the two factors to a certain extent.
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3.6 Discussion and Future Research

The primary purpose of this chapter is to propose an FMSV model in which the factor cor-
relation is allowed and the covariance/correlation structure of the factors is characterized by
Wishart processes. Compared to existing models such as P&G?, our DCFMSV model retains
the latent structure, the most important idea in factor analysis, and hence can be more flexi-
ble. The empirical study with high-dimensional data shows that the DCFMSV model produces
information that reflects the real world and therefore is useful.

A direct exercise is to change the factors to be observable. This observed factor model
has an advantage over P&G? that we have one more set of parameters, ¢, to account for the
persistence of volatilities. Provided that the factors are observable, we do not need to sample
the factors. The parameters are then directly grouped into three blocks and hence the sampling
can be very efficient. A simulation study, not provided here, shows that the parameters can be
estimated quite well.

For the variance structure of the return series, instead of using a diagonal €2, we may
consider a fully unrestricted specification in which the prior of €2 is assigned an inverse Wishart
distribution, i.e.,

v 1
P(Q2) x |Q|_70 exp [—Qtr(ﬂ_lBo)} .

This gives a more general model and may be worth exploring.
Finally, we might want to consider the leverage effect (correlations between the measurement
and volatility innovations) in the factor structure. This specification increases model flexibility

and would also be a possible future extension.
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