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SUMMARY

Engineers have discussed for some time the relative merits of various descriptions of the
inertial terms in finite element equations (e.g., lumped vs. consistent mass matrices) as well
as the advisability of reducing the number of equations in eigenvalue and initial values
problems. In addition, there has been an “‘engineering intuition” that rotatory degrees of free-
dom, which arise in beam, plate and shell finite element models, were “inefficient” in dynam-
ics. These points are of extreme importance in the practical application of finite element me-
thods to real engineering problems as they are intimately affiliated with the basic issue of ac-
curacy attainable for a fixed expenditure. Recent analytical work by I. Fried (‘“ Numerical
Integration in the Finite Element Method”’, Computers and Structures, 4(1974), 921), among
others, has shed considerable light on this subject. He has obtained results, based upon a the-
orem for numerical integration techniques, which indicates in what ways ¢ one may modify
the mass matrix (a mong other things) and still retain order of convergence. This result augers
a considerable change in attitude towards what is considered an appropriate (if not ““consis-
tent’’) matricial representation of the inertial properties of finite elements.

In our paper we merge the developments above with a method recently proposed by the
first author for reducing the size of finite element eigenvalue problems. Briefly, this tech-
nique is based upon a variational theorem in which it is admissible to describe the inertial
properties of continua by way of independent displacement, velocity and momentum fields.
By way of this theorem we are able to design, in the present paper, finite element systems
of reduced size, for the entire spectrum of dynamic problems in solid continua, which retain
the full order of convergence of systems employing ‘‘consistent’’ mass matrices. In particular, we
are able to make precise the engineering intuition regarding the “inefficiency” of rotatory
degrees of freedom in dynamics, i.e., for the common beam, plate and shell elements, rota-
tory degrees of freedom may be entirely eliminated while retaining full rate of convergence.

To illustrate these developments, we examine numerically the spectral properties of struc-
tural models designed by various discretization techniques, e.g., consistent mass, lumped
mass, the present approach, various ad-hoc representations, etc. Computational considera-
tions, as well as some other numerical applications, are also discussed.
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1. Introduction.

In this paper we investigate a finite element method for dynamics problems in which there
exists some. flexibility in the definition of the mass matrix. The technique emanates from
variational theorems in which the displacement, velocity and momentum fields are taken to be
independent. In Section 2 we present some variational theorems of this sort for application
to Tinear e1astodynamfcs. Based upon specific forms of these theorems, in which the momentum
field is eliminated, we set up the spatially discretized (finite element) equations in Section
3. If the velocity interpolation is of lower order than the displacement interpolation, then
the finite element equations may be combined to form "reduced systems" involving fewer degrees
of freedom. In Section 4 we perform an error analysis of the scheme for eigenvalue problems.
Qur main resu1t is that the rate of convergence of the consistent mass model is ma1nta1ned as
Tong as k > k-m, where 2m is the order of the spatial differential operator and k (k resp. )
is the order of the complete polynomial contained in the displacement (velocity, resp.) inter-
polation assumption.

Although we have not included the analyses here, we have obtqined the same error estimate
for a wide class of semi-discrete formulations of hyperbolic and parabolic problems.

These results imply, in particular, that reduced systems may be constructed, for the
common beam, plate and shell elements, in which rotational degrees of freedom are eliminated,
and for which the. rate of convergence of the consistent mass matrix is retained. Some
examples along these lines are discussed in Section 5.

The motivation for investigating schemes of this sort is that either they may possess
some special features that are exploitable in practical circumstances or that they may engen-
der some economic advantage in engineering problems. In this regard we wish to point out that
there is some numerical evidence which indicates that the overall spectrum of the reduced
system is better behaved than that for consistent mass. This will be further discussed at
the conference presentation of the paper, at which time the results of numerical experiments
will also be presented. Another interesting property is that the spectral radius of the
reduced system is, in gemeral, a small fraction of that of the consistent mass system. If one
contemplates solving an initial-value problem by way of a conditionally stable ordinary dif-
ferential equation algorithm, then much larger time steps can be employed in conjunction with
the reduced system. It may be possible to save some computational labor because of this.

2. Variational Theorems for Linear Elastodynamics.

Variational theorems can be constructed for problems of linear elastodynamics (and, in
fact, other and more general theories) in which displacement, velocity and momentum fields
are taken to be independent. Ideas along these lines go back, at least, to the work of Livens
(see Section 26.2 of Pars [12] and Appendix I of Lanczos [10]) pertaining to the dynamics of
mass points and rigid bodies. In the present paper we analyze further the technique suggested
in [9]. However, we have recently realized that our approach may be viewed under the general
heading of dual complementary variational principles as extensively developed by Oden and
Reddy [11]. We do not exploit the techniques or results of this subject in the present work.

We consider here the standard initial-boundary-value problem of Tinear elastodynamics.
ijke the
elastic stiffness coefficients, fi the body force and p the mass density. Define a functional

Namely let Uy represent the displacements, vj the velocities, Py the momenta, ¢
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T 1 . 1
F= é {é (=2 ovqvy = Pilugmve) 5 Chgpe U5 34,
(1)
- fiug) dx - [ T.u, dab dt,
a0y

where Q is a bounded region in R3 with nice boundary 3Q, aQT is that part of 32 on which there
exists prescribed tractions Ti’ anu = 80 ~ 30 is the complement of 30y in 3Q, upon which
displacements uj are prescribed, dx = dx] dx2 dx3 is the volume element for Q, da is the area
element for 302, t denotes time, T > 0, a superposed dot indicates time differentiation (i.e.,
ﬁi = aui/at), a comma indicates differentiation with respect to the coérdinates (i.e.,
ui,j = aui/axj) and, finally, the summation convention is employed for repeated indices. In
(1) Ujs Yy and p; are considered to be independent. Assume uj = uy on anu. Then the first
variation of F is zero, i.e.,

T
0= (f; {Xj; (- (DVi-Pi)Bi - (u'i-vi)Y‘i + (P1 - (C'ijkll uk,JL)’ - f'i) OL.i)dX

/ (2)

+ (N, cs5p5 U - T.)o.da} dt,

BQT J TijkR Tkyt i’
where nj denotes the unit outward normal vector with respect to 50, for all “1’31 and Y such
that u1=0 on anu and at t=0 and t=T, if and ‘only if Ui vy and P; satisfy the equations of
Tinear elastodynamics:

Pi = (Cijka Ye,n)r 5+ F5 o
and
Ti = "jcijkﬂ uk’l, on BQT .
(1) can be generalized in the usual way to include the initial conditions as Euler-Lagrange
equations (see [8]). However, this is peripheral to our main purpose here.
A suitable functional for the case of free vibration may be deduced from (1). Namely,
assume harmonic dependence, fi=0 and homogeneous boundary conditions; then

- 1 . 1
G = {Z {- ? pV_iVi - P.i (1wu_i—V.i) + 2 C'ijkk u.i,J uk,z} dX, (4)
where i = /=T and w is the circular frequency, is stationary, i.e.,

0= f‘; { = (DV1'p1)B1 = (.iwu'i_v'i)Yi = (1mp1 + (C1Jkﬂ, uk,l)’ ‘])u'l} dx

(5)
+ e, U, o da,
N ijke k.2 i
for all oy Bi and Yi such that Yi=0 on BQU, if and only if Ujs vy and P; satisfy the equa-
tions of free vibrations:
p'l = PVi s
vi = dayg o, in Q (6)
0 =

Tapy + (Ci5hp Yk, o)

and
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0= nj Cijkl Uk, g on 3%r.
In the sequel we consider the special case in which 1t is assumed that Py = oYy ab initio.
Substituting this constraint into (1), we obtain

—_

T
- 1 . 1 _ _ =
H= é { ( 7 OVivy = oVily t g Cosug Uy g fiui) dx aj T,u; da} dt, (7)
QT
Assuming the same conditions which Tead to (2), we obtain all but (3)] as Euler-Lagrange
equations for H.
In a similar fashion, we obtain from (4)

1= é { % pvyvy - dw pviu, + %‘cijkl ui,juk,l} dx, (8)

for which all but (6)] are Euler-Lagrange equations.

Similar results for beam, plate and shell theories are easily obtained.

With independent interpolatory assumptions for uy and Vi, we are able to create finite
element methods with mass matrices other than those which have been termed "consistent”.
3. Finite Element Formulation.

The variational theorems presented in the preceding section may be used to derive finite
element models in which alternative descriptions of the mass matrix are possible. Consider
an individual element. Select shape functions*

Vi
?e Ye V2 ?e Ve (9)
V3
where Ug and Ve ement's nodal displacement and velocity vectors, respectively.
Note that ¢e and we are in general not the same. Assume, for simplicity, that Fi and Ti are
zero. Substitute (9) into (7) and perform the integrations:
T
1.7 . 1.7
= — W - -
H é é 2 !e ~e !e !e Ee Ee * 2 He Ee Ee bdx, (10)

where ] indicates summation over all elements, §y 1s the volume of the eth

e

element,

T . - . T .
!e = é PYle dx, Ee is the element stiffness matrix, and a, = é p?e e dx. Employing the

e
obvious notation, the global equations, including the imposed kinematic constraints, are

obtained by setting the first variation of H to zero:
AU=WY, ()
In a similar fashion, we can use I to generatewthe matrix equations of free vibration
(or, equivalently, we can assume harmonic dependence in (11)):
0 AU, 12)
w ATV + KU = 0,

Henceforth we shall work only with (12). V may be eliminated from (12) in the obvious

way (assuming det W # 0):

by =
[]
RO

(13)

*Warning: We_shall not introduce new notations for the approximate finite element fields
which we employ in the present section.
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The matrix M = ATW]
degrees of freedom are not coupled from element to element, then M can be directly assembled
from the element contributions Mg = al‘w;] g The case of main interest to us is when the
number of entries in u exceeds the number in V In this case it is possible to define a

5 is the mass matrix in the present theory. Note that if the velocity

reduced system (i.e., a system involving fewer degrees of freedom). For example, assuming
det ke# 0, we can’eliminate U:

-’ Ak ADY o (14)
In (14), W is banded, whereas AK'1AT is full. N
4,  Error Analysis.

In this section we establish the error estimates for the reduced systems. We focus our
attention here on eigenvalue problems. However, we note that we have been able to obtain
similar estimates for semi-discrete Galerkin formulations of initial-boundary-value problems
of hyperbolic and parabolic type. Ample background for the ensuing analyses is provided by
the book of Strang and Fix [13].

Throughout this section we adopt much of the standard error analysis notation. The way
the preceding variational formulations fit into the general scheme to follow should be
obvious. In the sequel, ¢ denotes a general constant whose value may change from line-to-line
in the inequality. in question.

By Ck we mean the space of functions u:R" whose (classical) derivatives of order %,
0<#<k, exist and are continuous throughout Q. Here we assume @ is a bounded region in R" with
boundary 3Q of class ¢,

Let L2 denote the space of {equivalence ciasses of) mappings u:R" which are Lebesgue
square integrable, i.e., [ usu dx <w, The L2 inner product and norm are defined in the usual
way: {(u,v) = [ uev dx, aftd | Jul] = (u,u)]/z, respectively.

Q
Let HS denote the Sobolev space of mappings u:R" which have (distributional) deriva-
tives of order 2, 0<2<s, in L2. HS is a Hilbert space with inner product and norm; (u,v)S =
s .
) (0*u,0%), and [ullg = (u,u)s]/z, respectively, where D indicates the total derivative
2=0
of order 2.

Let A be a linear partial differential operator of order 2m, with smooth (i.e., C°)
coefficients having dense domain DA in L2 We assume A is e11iptic and that there exist

positive constants c, and c, such that c, ||u||2 (Au,u) < c2||u|| for all u in D,.
To fix ideas we shall consider the case of the boundary value problem
Au + qu = f, (15)

where q is a smooth positive function defined on the closure of @,f is in L2 and u is required
to satisfy appropriate conditions on 3Q. Without loss of generality, we may assume these
boundary conditions to be homogeneous. In this case it is well known from the theory of par-
tial differential equations that

Hullgyy < ¢ HEl g

where ¢ is a constant. In particular, if f is in ¢” then u is in C”.
We are primarily interested in the eigenvalue problem
Au = Xu, (16)
where again u is required to satisfy the boundary conditions.

For this case it is well known that there exists an infinite sequence of real, positive
eigenvalues
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QgA] < A<

and corresponding orthonormal eigenvectors Ups Upseres of class C~. The energy inner product
is defined by integration by parts:

a(u,v) = (Au,v),
where u,v satisfy the boundary conditions. The Galerkin equations corresponding to (15) and
(16) are

alu,v) + (qu,v) = (f,v), (17)
and

a(u,v) = & {u,v), (18)
respectively, where u and v are in E = {u: u is in H" and satisfies certain essential boundary
conditions}. A weak solution of (15) or (16) is a function u in E which satisfies (17) or
(18), respectively, for all v in E. The Galerkin equations are the basis of finite element
approximations to (15) and (16).

Let Sh and §h be closed, finite-dimensional subspaces of E. Let N = dim Sh and ﬁ = dim
These spaces are to be throught of as finite-eiement spaces with mesh parameter h. Let

h and ; : L2+§h,

sh,
me L2+S
denote orthogonal projection operators with respect to the L2 inner product. We assume Sh3
Pk and ShD PE, where Pk is the space of complete polynomials of degree k. In addition we
assume that the following approximation theorems hold for Sh and S (cf. Ciarlet-Raviart [3]):

k+1-% .
[v - mv|, <¢ch IPRE (19)
~ k+1-2

[v - mv|, < cyh

1/2

Mpep
for all v in E, where |V|L = (DQV,DRV)

4.1 Definition. uh in Sh is the consistent finite element approximation to u, the solution
of (15), if and only if
a() + (quw) = (), (20)
for all wh in Sh.
4.2 Remark. The standard error estimate for the consistent approximation is (see Strang-Fix
[13]): .
e 1y < e BT Jul g (21)

where eh =y - uh.

4.3 Definition. u"in S
(15), if and only if

h is a reduced finite element approximation to u, the solution of

a(ul M) + (VM) = (£, (22)

and h
(o = (q ", kM), (23)
for all wh in Sh, xh in §h, where vh is in gh
4.4 Proposition. Assume"Sr'C gh. Then uh = uh
Proof. In this case we may select xh = in (23) Thus ah satisfies the same equation
h

as u .0

4.5 Remark. This proposition establishes the intuitively obvious fact that using higher-order
finite element spaces for lower-order terms does not improve in any way upon the consistent
approximation,
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o ~ ~h ~h|~
4.6 Theorem. Let & = " - gh, Then |[&7]], < chk*] |uh|k+].

Proof. Subtracting (22) from (20) we get
a@u) + (quh - W uhy -
By adding and subtracting qii, in the second term, we obtain:

a(e" ") + (g8 = - (@ - .
Since éh is in Sh, we may choose wh.= éh in the above. By the assumptions on A and q, we
have then that
&2 < c taleha + (q &, &) 3,
=-c (qﬁh - vh, éh),
~h h ~h
<c [lqu” - V[ []&Y],
~h h ~h
<c |lqi" - v pgEn)

We have employed the Schwartz inequality in obtaining the third 1ine. Thus we have

<N ~h h
&1, < ¢ Hlaa - oM.

From (23) we see that vh = ;(quh)

(19), we obtain

Combining this fact with the approximation theorem,

llehll <c hk+]|ﬁ|E+].D
4.7 Remark. Combining this result with the standard error estimate for the consistent approx-
imation, (21), we see that the full rate of convergence for energy is maintained as long as
E > k-m.  This result can be trivially generalized to the case where (qu,v) is replaced by a
positive definite bilinear form b(u,v). For example, if b corresponds to a differential
operator B of order 2n, n < m, with smooth coefficients, then we have the estimate

181, < ¢ KT g
from which it follows that the full rate of convergence is maintained if E > k-mn,

We shall now consider the eigenvalue problem.

h h h

4.8 Definition. wu, in S" and A" in R are the consistent finite element approximations to
— . % L th ST
Ups the 27" eigenvector, and Al’ the 27" eigenvalue, respective]y, of (16) if and only if
alugw™) = A0 (Wl (24)
for all wh in Sh, and
Ah = min max R(wh), (25)
Y oshesh gy h
2 2
h . . . h hy _ h h h h .
where 52 is any e-dimensional subspace of S" and R(w") = a(w",w )/(w',w"), the Rayleigh
quotient.

4.9 Remark. The error estimates for (24) are standard (cf. Strange and Fix [13]):
h 2(k+1-m) (k+1)/m
M <A <A tch Ay .

+ +
||u£ - u2|] <c hk+1 Az(k )/2m (26)

h k+1-m k+1)/2m
g = Wl < o 0647, (1

4.10 Definition. GQ in Sh and 12 in R are the reduced finite element approximations to Uy
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and Ags respectively, if and only if

a(@fu") = A0 (v, (27)
h_hy _ h h
(VQ’.X ) - ( 2’ X ) (28)
for all wh in Sh, xh in gh, where vg is in §h, and
Ah < min max R(wh), (29)
Yoshesh e sh
jLC S° w in SQ

where ﬁ(wh) = a(wh,wh)/(;wh,wh)-

4.11 Remark. It is immediate from (25),- (29) and the fact that projections decrease norm
(i.e., ||mw||<||w|[for alT w in E}, that Ay > Ag. 1In other words, the reduced eigenvalue
approximations are bounded from below by the corresponding consistent ejgenva]ue approxima-
tions, which are in turn bounded from below by the exact values, i.e., AE > AE > A, for each
L =1,2,..., min (N,N).

We note also that if XE # ;2, then VE 1 v; with respect to the L2 inner product and

GE 1 Gh with respect to the energy inner product. These are easy to establish

Let w" = 62 in (27) and let xM = vg in (28):

~h ~hy _th , h <~h
a(ul, up) = (v up), o
(vg, vg) = (ER, VE)‘
. h _ ~h h__h
Now replace % by p in (27) and (28), and let w = “2 and x° = vy
~h
a(@h, @) = 2y (uh, i),
h . ~h h (31)
( p JL) - (up’ VJL)"
Combining (30) and (31) we obtain .
(- f, v =0,
which implies vg 1 VE in L2 Since we also have
~h ~h “h ;. h h
aliy, ) = Ay (vg, vy
and Ah > 0, it follows that ﬁh 1 ﬁh with respect to the energy inner product.
13 L p
4.12 Proposition. Assume ShC; Sh. Then ﬁg = uz and Az = AQ,
Proof. Under this assumption w restricted to S is the identity map. Therefore £2 ) is
equivalent to (25), i.e., Ag = Xg. Selecting xh ='wh in (28) and using this and AE AQ in

(27) implies u? = ug.o

4,13 Remark. Proposition 4.12 teels us that, within the present scheme, we cannot improve

upon the consistent mass matrix. However, as we shall see below, we can define alternative

mass descriptions which retain the full rate of convergence of the consistent mass matrix,

and are of smaller size. .

4.14 lemma. Let 02 = max Hﬂwh - wh,wh)l where eg is the set of all unit vectors con-
wh in eQ .

in EQ, the &-dimensional subspace of sh spanned by uq, ug, s ug. Then Xy < Ay (1-0Q)_1
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Proof. By (29) we have

Oﬂ,—

Ay < max R(w'),
h
W SJL
- a(w,uM)
= max ~5
wh in eQ (mw”w")
Assuming wh is in eQ, a simple calculation yields:
() = - D - ), Wy,
AR B UL
>1 - 02.
Combining the above results and using (25) gives us that
)\2 < (1 - 02)' a(w h)
- . h
W in e,
= h (1 - 02) la
4.15 Lemma. h . ch 2(K+] |w hli

k1’
Proof. By definition of the projection %, we have that wh - T/;Wh is orthogonal to §h. Using
this and the approximation estimate (19) we obtain

(wh,wh _ ;wh) _ (wh - %wh, wh - ;wh)

h o~ hp 2
" -
h2(k+]) Iwh|g
k+1
4.16 Theorem. Assume h is small enough so that 02 < 1/2. Then we obtain our error estimate

for the eigenvalues of the reduced problem:

;\25 AQ(T +c hz(kﬂ)). (32)
Proof. By Lemmas 4.14 and 4.15 we have immediately that

IA

.0

Ah < )\ (1 + 202),

AQ (1+¢ hz(kﬂ)).o

4.17 Remark. Comparing this result with (26)], we see that if k > k-m, then the full rate of
convergence for eigenvalues of the consistent approximation is maintained by the reduced
approximation. The situation for eigenvectors is similar, as we shall now show.

h h _~h

4,18 Lemma. Let él = uy - Up. Then
O R M UL R (Y M S V. S (33)
for all wh in Sh.

Proof. Subtracting (27) from (24) we obtain

<h h h h Sh h h
al@, w) = (A up - A vy, w),
h h ~ h  Shy ~h _ Th ,~ h
= (Ag(ug = UQ) + (A - ) Uy +i\ (ug - vg)s wh).D o
This identity enables us to estimate the H™ norm of e, in terms of the L, norm of ey, the
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previously obtained estimate for )\2 - AE, and the L, norm of the lack-of-consistency 1‘12 - vg;
viz., let wh = é; in (33), then

o hy i~ h ~h “hy.h h
Hali], < e ORI+ 1ag - Al + aglidy - vol 3 (34)

h
h]

4,19 Lemma. (;\2 - )\?)(wut-I Us)
(N,N)
Proof The term -)\?(TI'U?, .) appears on both sides so it remains to show that >\ (’ITU s Uy

= )\?(u? - ;ru:', ﬁ‘r].‘) for all i and j such that 1 < i,j < min

x?(u?, Hr.') To do this we emp'loy (24) and (27):

J

)\(TTU,~2)= (’ITU,'IT )a
B h hy “~.h
—(>\.(u. - (u1. - “ui)’ nﬂj),
) “hy h A h Ah
= >\ (u s Tl ) - Aj(ui - g Truj),
=a(uj, “1');

h, h ~hy _ h ~h

Ai(ui, uj) —a(u1., uj).o

4,20 Lemma. Assume that the multiplicity of }\1. is one. Then
~h h h_~h
[lmuy - BViH = CHu-i - gl
where B = (nu?, v?).

Proof. Note that {u:.]}'11 and {v:.]}'il constitute orthogonal bases for Sh and gh, respectively.

For convenience we assume ||uh|| 1<i<N, and || h||

1<j <N Since nu:.‘ is in
Sh, we may expand it in terms of {v

1,
hs R
i 1
R B SN RN,
i T g i* Y37

The estimates (26)] and (32) and the fact that >\1. is isolated imply that there exists a
constant P such that

>\h
G < e forall i, (35)
Ay = Al
3 i
whenever h is small enough
By the definition of m, (nuh, ﬁ?) = (nu?, nﬁ?). Now using Lemma 4.19 and the preceding

relations, we have that

. N
||1ru:.l - BV_?HZ < ; (nu:.', vr.')z,
i J
9 h 2
% | M W -, M2
i |>\Jﬁ-'>\?| i i 3
< o? l]u? - wu?IIZ.D

4,21 Lemma ||§:.‘|| 52||u? - BG?H.

Proof By the triangle inequality
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h -
I IR P R T - L T

= |-l o+ enal)

fllu -BUII+I81|
such that g > 0. Using the fact that uh i

n and U u; are unit vectors

We may choose the sign o1’,v,i
we get

h h
= [luill =< Ty -BUI|+I|B II,

1A

Ilu -BUI|+B
Combining this with the previous result comp]etes the proof.Q
4,22 Lemma. Assume Ai is isolated. Then we have the estimates

&l ] < e nkt, (36)
and

k+1

| 1&; Il<ch (37)

Proof. Applying the triangle inequality to the result of Lemma 4.21, we get
h h_~h ~h h h ~h
el < 20] 1o - mad]] o+ Jlmed - of1]+ sV - a1,

Using Lemma 4.20 and the approximation estimaEes (19), we obtain ||eh|| <c hk 1. Employing
this result in (34) yields that ||eh|| c hk*l o
4.23 Remark. Comparing these resu]ts w1th (26)3, we see that if k > k-m the H™ rate of
convergence for eigenvectors is maintained.

We shall now remove the restriction that Ai be isolated. The argument is tedious, but
not essentially different than before, so we only sketch the main points.
4.24 Lemma. Let A; have multiplicity R, where R is a positive integer > 0. Then (36) and

(37) still hold.

Sketch of proof Let Xi = xi+1 = ... = A1+R' There is still a separation constant between
these eigenvalues and the others (cf. (35)). Under these circumstances the analog of Lemma
4,20 is
TET R AP IR TIPRRI N T (38)
MWitr =0 v Ti+j ClYTep = Viaplls
_¢(>h
where Brj = ("ui+r s v1+J), 0<r,j<R.

Let o = g'], where B = [Bij]’ 0 < 1,3 <R. We define linear combinations of the eigenvectors
as follows: -

R
Vier = Ly g Yy
R
h h
Ui, = 1 a.oul,
e 7 by %43 e
where 0 < r <R, Let U" = = % ~h
- =" +r i Sk i Miepe

Employing the triangle inequality, we can estimate the difference between Ui+r and its reduced

R . ~h |
approximation, Ui
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~h h h ih
T B Ul I+ 11055 - UL
h h ~.h ~h
+ HU-i-H« - V1.+Y‘|| + ||TTU.i+r - u'i+¥‘||.

The first term on the right-hand-side can be estimated using (26)2; the second and fourth can
be taken care of by the approximation estimate (19); for the third term we employ (38):

R
nh h _ ~h h
U = Vil ] = Lljzoaij W ™ Vigpl |

R ~h R h
= ||jzoa1~] (’ITU - kzo BJk VY“H()H s

R

<o b iy, - v
Applying (19) completes the L, estimate, from which the H™ estimate follows.o
4.25 Remark. All of the preceding results extend to the generalized eigenproblem in which
(u,v) in (16) is replaced by a positive-definite bilinear form b(u,v). For example if b(u,v)
= (Bu,v), where B is a linear differential operator of order 2n, n < m, with smooth coeffi-
cients, then the condition for maintaining the full rate of convergence for eigenvalues and
energy is that k > k-m + n. The proofs go as before except, instead of ;, one must employ
E, the orthogonal projection onto gh with respect to b.
5. Discussion.

The previous developments enable us to design reduced finite element systems for dynamics
which retain the rate of convergence of systems employing consistent mass matrices. Some
examples are illustrative of the nature of the reduced system.

5.1 Beam Element.

For the standard cubic beam element {k = 3, m = 2) the full rate of convergence is main-
tained as Tong as E > 1. The optimal choice is then a linear element interpolation for the
velocity field (E = 1) which may be made continuous at the nodes. This model, aside from the
effects of boundary conditions, results in a reduced system of one-half the number of degrees
of freedom as that of the standard consistent mass system.

5.2 Plate Bending Elements.

A survey of the standard error estimates for plate bending elements has been given by
Ciarlet [2]. There are several basic plate bending elements which contain a full cubic dis-
placement function (k = 3, m = 2) and are thus of quadratic convergence rate in the H2 norm
(e.g., the 16 degree of freedom rectangular element of Bogner, Fox and Schmidt [1], the 16
degree of freedom quadrilateral of Fraeijs de Veubeke [5], the 12 degree of freedom triangle
of Clough and Tocher [4], etc.) To retain the rate of convergence of consistent mass for
these cases one needs that k > 1, i.e., the velocity field must contain a polynomial of the
first degree. In the case of triangles this is achieved most simply by assuming a linear
velocity field with nodal degrees of freedom at the vertices. For quadrilaterals it seems
the most appropriate scheme is to employ a bilinear velocity field, also with nodal degrees
of freedom at the vertices. These procedures will result in reduced systems of approximately
1/4 the size for the Bogner, Fox and Schmidt rectangle, 1/5 for the Fraeijs de Veubeke
quadrilateral and 1/6 for the Clough and Tocher Triang]e*.

*These ratios for the Fraeijs de Veubeke and Clough-Tocher elements are 1imiting values for
infinite rectangular meshes.
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A reduced system for the compatible 9 degree of freedom triangle (k = 2, m = 2) of Clough
and Tocher can also be constructed, as above, with a Tinear velocity field. The reduced
system would be approximately 1/3 the size of the consistent mass system and would also main-
tain the first-order convergence rate of this element. However, it may be preferable in this
case to simply use lumped mass, i.e., assign one-third the total mass to each translatory
degree of freedom. The standard result on numerical integration techniques (see Fried [6] and
references therein) guarantees that the Tumped mass matrix {which is exact only for uniform
translation) retains the first-order rate of convergence of this element. A similar argument
may be made for several other slowly converging plate bending elements (see Ciarlet [2] for
examples).

5.3 (Classical Elasticity.

Classical linear elasticity involves a second-order elliptic differential operator so
that m = 1. Thus, to retain the convergence rate of consistent mass for compatible elements
in which the displacement interpolations contain complete polynomials of degree k, one needs
the velocity interpolations to contain complete polynomials of degree E =k - 1. For the
standard families of triangular and quadrilateral elements (see [14]) the velocity fields
could be taken to be one order lower than the displacement fields. For example, for the
quadratic triangle (k = 2) the velocity field could be taken to be linear and defined in terms
of the three vertex degrees of freedom. The reduced system for this case approaches 1/4 the

size of the consistent mass system,

For this class of problems an alternative scheme has been proposed by Fried and Malkus
[7] which is remarkably simple and produces a diagonal mass matrix. They choose the locations
of the nodal degrees of freedom to coincide with the so-called Lobatto points. Numerical
integration formulas are then derived employing these points, which insure the maximal rate
of convergence. One unpleasant feature of the scheme is that for certain higher-order elements,
some negative masses occur. Zero masses may occur also, but these may be eliminated by static
condensation, reducing the size of the system,
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