Abstract

GAO, GUOZHI. Semiparametric Estimators for the Regression Coefficients in the Linear
Transformation Competing Risks Models with Missing Cause of Failure. (Under the

direction of Dr. Anastasios A. Tsiatis.)

In many clinical studies, researchers are mainly interested in studying the effects of
some prognostic factors on the hazard of failure from a specific cause while individu-
als may failure from multiple causes. This leads to a competing risks problem. Often,
due to various reasons such as finite study duration, loss to follow-up, or withdrawal
from the study, the time-to-failure is right-censored for some individuals. Although the
proportional hazards model has been commonly used in analyzing survival data, there
are circumstances where other models are more appropriate. Here we consider the class
of linear transformation models that contains the proportional hazards model and the
proportional odds model as special cases. Sometimes, patients are known to die but the
cause of death is unavailable. It is well known that when cause of failure is missing,
ignoring the observations with missing cause or treating them as censored may result
in erroneous inferences. Under the Missing At Random assumption, we propose two
methods to estimate the regression coefficients in the linear transformation models. The
augmented inverse probability weighting method is highly efficient and doubly robust. In
addition, it allows the possibility of using auxiliary covariates to model the missing mech-
anism. The multiple imputation method is very efficient, is straightforward and easy to
implement and also allows for the use of auxiliary covariates. The asymptotic properties
of these estimators are developed using theory of counting processes and semiparametric
theory for missing data problems. Simulation studies demonstrate the relevance of the
theory in finite samples. These methods are also illustrated using data from a breast

cancer stage II clinical trial.
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Chapter 1

Inverse Probability Weighting
Approaches

1.1 Introduction

In clinical trials, patients may fail from one of multiple causes but often interest focuses
on one of the causes. For instance, in a breast cancer study, interest may focus on death
from breast cancer although patients may die from other causes. In these situations,
it is natural to consider models for the relationship of the cause-specific hazard as a
function of covariates. From competing risks theory we also know that if we cast the
problem through a set of competing risks, each of which has a potential time to failure
for which we only get to observe the minimum and failure type of the minimum, then
there is a one-to-one correspondence between the cause-specific hazard function and the
hazard function for the potential failure time if it is assumed that the potential failure
times (including censoring) are conditionally independent given the covariates. Thus,
when we are considering models for the cause-specific hazard for a particular cause,
as a function of the covariates, then this is equivalent to considering models for the
relationship of the potential failure time of that cause given the covariates. The most
common model is the proportional hazards model (Cox, 1972, 1975), which has been

extensively studied and commonly used on survival data. However, as shown by many



authors, in some survival studies, the proportional hazards model may not be suitable for
modeling survival times, and alternative models may be more appropriate. For instance,
the proportional odds model (Pettitt 1982, 1984; Bennett, 1983; Murphy et al., 1997)
is preferable to the proportional hazards model, if the hazard functions for the two
treatment groups converge to the same limit. The linear transformation model is a class
of flexible models that have been considered recently in the literature which contain both
the proportional hazards and proportional odds models as special cases. See Cheng et
al., 1995, 1997; Fine et al., 1998 for detail. Because of the correspondence between the
cause-specific hazard functions and the hazard functions of the potential failure times in
a competing risks model, one can estimate the relationship of the cause-specific hazard
function for the cause of interest, as a function of covariates, by using censored data
methods where all other causes of failure and censoring time are combined into a single
censoring variable. Cheng et al. (1995, 1997), Fine et al. (1998) and Cai et al. (2000)
proposed and further developed a general estimation method for linear transformation
models with censored data. However, these methods are based on the assumption that
censoring is independent of covariates. In the competing risks setting this would mean
that not only would censoring have to be independent of the covariates but also all cause-
specific hazard functions for other causes of failure would also have to be independent
of covariates. Such a restrictive assumption is not likely to hold in practice. Chen et
al. (2002) gave a general estimation procedure that did not require the independence
assumption above. Their procedure, which reduces to the Cox partial likelihood estimator
(Cox, 1975) for the proportional hazards model, is the solution to estimating equations
that take advantage of the martingale structure of the model and the resulting estimator
was proved to be consistent and asymptotically normal. In addition, their algorithm is
relatively easy to implement. Consequently, if cause of failure information were known for

all patients that were uncensored, then, as mentioned above, the methods of Chen et al.



(2002) could be used to derive estimates for the regression parameters in a model where
we assumed that the cause-specific hazard function for a particular cause of interest, as
a function of covariates, followed the linear transformation model by simply combining
all other causes of failure together with censoring into a single censoring variable.

One difficulty that occurs in many clinical trials is that the time to failure might
be recorded but cause of failure may not be easy to determine and is therefore missing,
e.g., whether failure is attributable to the cause of interest or other causes may require
documentation with information that is not collected or lost or cause may be difficult
for investigators to determine for certain patients (Andersen, Goetghebeur, and Ryan,
1996). It has been shown that excluding the observations whose causes are missing may
result in biased estimates. Hence the method proposed by Chen et al. (2002) can not be
directly applied in the presence of missing cause of failure. Our goal is to develop meth-
ods for estimating the regression parameters in arbitrary linear transformation models for
the cause-specific hazard when some of the causes of failure are missing. Lu and Tsiatis
(2001) used parametric models to model the probability that the missing cause is the
cause of interest and then estimated the regression parameters by using a multiple impu-
tation method (Rubin, 1987, 1996). In this paper, we derive inverse probability weighted
complete-case estimators, including augmented inverse probability weighted complete-
case estimators that are doubly-robust (in a manner which we will describe later), for
the general linear transformation model.

In the next section, we state notation and assumptions. In §1.3 we develop the esti-
mating equations for the inverse probability weighted and augmented inverse probability
weighted complete-case estimators. A computational algorithm is presented in §1.4. We
establish the properties of the proposed estimators in §1.5. Some simulation studies are
presented in §1.6. In §1.7, the method is illustrated using data from a breast cancer study,

followed by a brief discussion in §1.8. Finally, a proof of some asymptotic properties of



the estimator is given in the Appendix.

1.2 Notation and assumptions

For simplicity, and without loss of generality, we consider only two particular causes
that will lead to failure of individuals. We label the cause-of-interest as cause 2 and the
other cause as cause 1. If there was no censoring, then the data could be summarised as
(U*, A*), where U* denotes the time to failure and A* denotes the cause of failure, taking
values 1 or 2. We also define Z to be the g-dimensional vector of regression covariates for

modeling the cause-specific hazard for the cause-of-interest to these covariates; namely
A5 (ulz) = }llin%)h’lpr(u <U <u+hA"=2|U">u,Z = 2). (1.1)

If we take the point of view that there are potential failure times 77 and 75 associated
with causes 1 and 2, respectively, and that U* = min(7y,73), A* = 1 if U* = T and
A* = 2 if U* = Ty, then it is well known that if 77 is assumed to be conditionally
independent of 75 given Z, then the hazard function of T given Z is the same as the
cause-specific hazard function Aj(u|z) given in (1.1). This representation allows us to
consider models that have been developed for the hazard function of the survival time
T, as a function of Z to be used for modeling the cause-specific hazard function in a
competing risks model.

Recently, a popular class of models for this relationship is the linear transformation
model that is defined as

H(Ty) = —B"7Z + ¢, (1.2)

where H is some unknown monotone increasing function, (3 is a g-dimensional regression
parameter of interest, and ¢ is a random error term with a known continuous distribu-

tion that is assumed to be independent of Z. The models given by (1.2) include many



common statistical models in survival analysis. For instance, (1.2) reduces to the pro-
portional hazards model if ¢ follows the extreme value distribution; and (1.2) becomes
the proportional odds model when € has the standard logistic distribution. For a more
detailed description of the class of linear transformation models, see Cheng et al. (1995).
The linear transformation model induces a relationship for the hazard function of T3
given Z as a function of parameters 3, which, by the correspondence above, will be the
relationship for the cause-specific hazard function Aj(u|z) in our competing risks model.

Because of incomplete follow-up, cause of failure data are often censored by a variable
C; in which case, the data we observe can be summarised as (7', A) where T' = min(U*, C')
and A is the failure-censoring indicator that is equal to 0, 1, and 2. Specifically, A = A*
if U* < ', and A = 0 otherwise. To avoid non-identifiability problems, C' is assumed to
be conditionally independent of (U*, A*) given Z. Under this assumption, the observable

cause-specific hazard functions for cause 1 and 2, in the presence of censoring, defined as
Aj(ulz) = }llin%)h’lpr(u <T<u+hA=jT>uZ=2), j=1,2,

are the same as the cause-specific hazards of interest. In particular A\s(u|z) = A5(u|2).
With a sample of data (T}, A;, Z;), i = 1, -+, n, the parameter 3 in the linear transfor-
mation model can be estimated using censored methods like the one proposed by Chen
et al. (2002).

If a patient dies and cause of failure is unknown, classification is uncertain, and in
the literature there is currently no suitable method for dealing with missing cause of
failure information for the linear transformation models. We begin by defining R to be
the complete case indicator; that is, R = 1 if A is known and R = 0 otherwise. We wish
to note that because the issue of missing cause of death doesn’t apply when an individual
is censored, we always define R = 1 whenever A = 0.

In addition to the covariates Z which are used in the linear transformation model, we



also introduce auxiliary covariates A that are not used to model the hazards, but may be
used to describe the missing mechanism. Therefore, with the possibility of missing cause
of death, the data that are observed can be summarised as O; = {R;, T}, Z;, A;, I(A; =
0), RiI(A; =1),R;I(A; = 2)}, which are independent across i.

We assume that the cause of failure is missing at random (Rubin, 1976). That is,
given A; > 0 and W; = (T}, Z;, A;), the probability that the cause of failure is missing
for the ith individual depends only on the observed W;, but not on the unobserved A;.

In other words,

pr(R; = 1|A;, A; > 0,W;) = pr(R; = 1|A; > 0, W;) = n(W5). (1.3)
Since A; = 0 implies R; = 1, we have equivalently,

pr(R; = 1|A;, W;) = xn(W))I(A; > 0) + I(A; =0) = 7(Q;), (1.4)

where Q; = {W;, I(A; > 0)}. Although the model of interest only involves the covariates
Z;, the auxiliary variables A; are also introduced as they may be necessary to make the

missing at random assumption tenable.

1.3 Estimating Equations

If there is no missing cause of death information, we define the counting process N;(t) =
I(A; = 2)I(T; < t) and the at-risk indicator process Y;(t) = I(T; > t). By so doing, one
will obtain the corresponding martingale process M;(t) = N;(t) — [¢ Y (u)dA{Hy(u) +
BYZ;}, where A is the cumulative hazard function of € in (1.2), and Hy and 3y denote
true values of H and [, respectively. This martingale structure coupled with the counting
process theory (Fleming and Harrington, 1991) led Chen et al. (2002) to the following

estimating equations for jointly estimating (5, H):

fj /OOO ZAN:(t) — Yi(O)dALH (1) + 672} = f: /OOO Z,dMi(t, Zi, B, H) = 0,  (L.5)



fj[dzv,.(t) —Yi(t)dA{H(t) + 8T Z;}] = Zn:dMi(t, Zi, B, H) =0, t>0. (1.6)

=1

By taking advantage of the martingale representation of (1.5) and (1.6), Chen et. al.
(2002) were able to prove that their estimator was asymptotically normal with limiting
variance-covariance matrix that was expressed explicitly.

In the presence of missing cause of failure, complete data are not observed, and
consequently (1.5) and (1.6) can not be applied directly. In the following we propose two

methods to deal with this problem.

1.3.1 Inverse Probability Weighted Complete-Case Estimator

We first propose the inverse probability weighted complete-case estimator that has been
commonly used in missing data problems. Toward that end, we need to derive an es-
timator for the probability of a complete-case, i.e. R; = 1 as a function of the data
that are observed on everyone; i.e. {I(A; > 0), W;}. Therefore, for the probability of a
complete-case m(W;) = pr(R; = 1|A; > 0,W;), we posit a parametric model w(W, ) in
terms of a finite dimensional parameter ¢, which satisfies 7(W) = m(W, vy). Since R; is
binary, a logistic regression model is often used, but other parametric models can also be
easily accommodated. By (1.3), the maximum likelihood estimator ﬁn of 1 is obtained

by maximizing the observed-data likelihood
[T {m (Wi, )} B=001 — (W, )} (1.7)
i=1

Under suitable regularity conditions, @Z;n converges to some limit, denoted by ¥*. If the
model 7(Q,v) = 7(W;,¥)I(A; > 0) + I(A; = 0) is correctly specified, then we denote
this by taking ¢* = ¢y, where 7(Q,vy) = pr(R = 1|Q).

To avoid problems associated with the tails of the distributions, we will truncate time

at some finite value 7, where pr(7° > 7|Z) > 0 and pr(C > 7|Z) > 0 with probability



one. With missing cause of failure data, the usual inverse probability weighted complete-

case theory naturally leads us to modify the estimating equations (1.5) and (1.6) by

considering the following inverse probability weighted complete-case estimating equations
for (6, H),

Z /0 . Q“ 5% [N ~ Vi - 1) =0, (1.8)

; Qza wn>

where @/;n is the fixed maximum likelihood estimator derived by maximizing (1.2). In the

[dNi(t) = Yi(t)dA{3" Z, + H(t)}] =0, 0<t <, (1.9)

case of no missing data, R; = 1, 7(Q;) = 1 and consequently (1.8) and (1.9) become (1.5)
and (1.6) that were proposed by Chen et al. (2002).
From now on we denote the inverse probability weighted complete-case estimator

by pIFWEC  Since this estimator only uses complete cases, pLFWCC

is inefficient, and
its asymptotic consistency relies on correctly modeling the probability of missingness
7(Q, ). Consequently, we now consider methods to improve the efficiency of the esti-

mator for (.

1.3.2 Augmented Inverse Probability Weighted Complete-Case
Estimator

To obtain efficiency gains over 3LPW¢C

, as well as to get asymptotic consistency even
if 7(Q,) is misspecified; i.e the so-called double-robustness property, we now propose
using the augmented inverse probability weighted complete-case estimator derived by
Robins et al. (1994) for our problem. This estimator uses the complete cases similar
to BIPWCC hut also augments the estimator by using the data from those with missing

cause of death to gain efficiency and to obtain the double-robustness property that we

will describe in greater detail in §5. We start by estimating the probability that cause of



failure is the cause of interest; i.e.
p(Wi) = pr(A; = 2|A; > 0, W)).

This probability can also be deduced through the relationship between the hazard func-

tion of 77 and T5; namely,
Malulz,0)  plw)
Ai(ulz,a) 1= p(w)’

where \i(u|z,a) and A (u|z, a) are respectively, hazard functions of 77 and T5. Goetghe-

(1.10)

beur and Ryan (1995) used (1.10) to obtain a likelihood based estimator among others.
Lu and Tsiatis (2001) used (1.10) for their multiple imputation estimator. We can posit a
parametric model p(W, ) with unknown parameters . Because of its popularity and ver-
satility, it is convenient to use a logistic regression model, where logit{p(W,~)} = W1+,
but again, other parametric models can also be easily accommodated. There is, however,
the issue of how to obtain estimates for v in the presence of missingness. It is easy to
see that the missing at random assumption, stated in §2, also implies that, given Q;, R;

is independent of A;, for all 7. i.e.,
p(W;) =pr(A; =2|A; > 0,W;) =pr(A; =2|R; =1, A, > 0,W,). (1.11)

This suggests that p(W;) can be deduced from the complete-cases for whom (R; = 1, A; >
0). Therefore, v can be estimated using maximum likelihood; that is, by maximizing the

following likelihood function with respect to

TP 7)} &2 (1 7, ))& (112)

we obtain the maximum likelihood estimator 4, of ~. Similar to &n, under suitable

regularity conditions, 4, converges to the limit v*. If the model p(W,~) is correctly

specified, we denote this by taking v* = 79, where p(W,~y) = pr(A = 2|A > 0, W).
When there was no missing cause of death data, we already defined the counting

process V;(t) and the corresponding martingale process M;(t) in §3.1. In addition, we also



define the counting process N;(t) = I(T; < t), in which case, N;(t) = I(A; = 2)N/(t).
We note that, with missing cause of death data, when R; = 1, we are able to observe
the counting process N;(t), but are only able to observe the counting process N} (t)
when R; = 0. Using the inverse probability weighting theory for missing data developed
by Robins, et al. (1994), for 0 < t < 7, we consider the following augmented inverse

probability weighted estimating equations for (3, H),

Z / leNw @' 7:(;%’;””%<wm>dwf<t>—n<t>dA{ﬁTZi+H<t>}]=07
(1.13)

> [%Nz/it)) ) Ri%g%;;&n)p (Wi 3u)N; (1) = Vi()dA{57 2, + H(t)}] =0, (114)

where @ZA)n and 4, are fixed maximum likelihood estimates. In the case of no missing data,

R, =1, 7(Q;) =1 and consequently (1.13) and (1.14) become (1.5) and (1.6).

The estimators for  and H which are the solution to the estimating equations (1.13)
and (1.14) will be denoted by BA,?R and ﬁTJL)R respectively. Before deriving the statistical
properties of the inverse probability weighted complete case estimator BT]LP W and the

augmented estimator BT? R we first describe how these estimators are actually computed.

1.4 A Computational Algorithm

A convenient computational algorithm for obtaining the augmented inverse probability
weighted complete-case estimator, which can be easily modified for the inverse probability
weighted complete-case estimator, is given as follows: Suppose there are K observed
failure times, denoted by 0 < t; < t5 < --- < tg. It is easy to show that, for any fixed
value of (3, the solution of (1.14) is unique. Therefore, we here propose the following
iterative algorithm for computing (3%, HPR). This algorithm (without Step 1) was also
used by Chen et al. (2002).

Step 1. Get the maximum likelihood estimates ¥, and qﬂn

10



Step 2. Fix an initial value of /3, denoted by 5

Step 3. Get H® as follows. First solve

Zn:Yi(tl)A{ﬁTZi + H(ty, By, An)} zn: dN;(ty)
=1

=1 { (Qza wn)
i - W(Qj‘a wn)
W(Qzawn)

for HO)(¢,) with 8 = 3®. Next, we solve the following equations one-by-one

mmmmwmﬁ

S Yilte) [MBTZi + Hitx, B, 6, 4n)} — MB" Zi + Hltxr, B, 0, )}

=1

n Rl Rz - W(Q“’@n) R . }
= S {—dNi(ty) — ! Wi, 4 )N (t

tiﬂ@wﬂ Qg M

for HO)(t},) with 3 =0, k=2,3,--- K.

Step 4. With the H = H® obtained in the previous step, solve (1.13) for a new
estimate of 3.

Step 5. Set 5 to be the estimate obtained in step 4, repeat steps 3 and 4 until
convergence.

The resulting estimators for # and H are denoted by B,?R and FI,?R.

1.5 Properties of the estimator

1.5.1 Double Robustness

We now show that the estimators S8 and HPE of (3, H) are doubly-robust; that is,
the estimators SPF and HPE are consistent if either 7(Q,) or p(W,~) are correctly
specified. We first note that the estimating equation (1.14) being set equal to zero for
0 <t < 7, is equivalent to setting the following stochastic integrals equal to zero for

0 <t < 7, namely,

Z/ [RgNw i&gg%’?n)p(m,mdwﬂm—Y;(u>dA{6TZi+H<U>} =0
(1.15)

11



Consequently, to prove consistency, it suffices to show that the expected value of any
summand of (1.13) and (1.15), evaluated at (8, H) = (0o, Hy) and substituting (¢*,v*)
for (Qﬂm An), 18 equal to zero. In order to prove the property of double-robustness we need
to show that the expected value of the summands are equal to zero if either )* = 1y or
v* = 9. After adding and subtracting common terms and a little algebra, we can show
that the summand of equation (1.13) and equation (1.15), evaluated at (5o, Ho, ¥*,v*),

are given by

[z 2y + [ 2 Ri;(gf?;;;” 1A =2) — p(Wir ) JaND). (116)
and

t (w7 R; — m(Qi,¥") 9 _ _y *(u -

| dagiu, z:) + O UB=2) = p(Wiy JaN; @), 0 <t T, (117)

respectively.

The expected value of the first term in (1.16) is automatically zero by standard martin-
gale theory for counting process (Fleming and Harrington, 1991). We now show that the
expected value of the second term in (1.16) equals zero if either 1)* = 1)y or v* = 7. If we
have 1* = 1)y, then by conditioning on (4A;, @;), the conditional expectation of the second
torm is [{ E(Ri| s, Qs) — 7(Qs o)}/ 7(Qis o) {I(As = 2) — p(Wiy v)} Zi [ AN (2). Since
E(R;|A;, Q;) = m(Q;, 1) follows by the missing-at-random assumption, the conditional
expectation is equal to zero, and consequently so is the unconditional expectation. If
v* = 70, now by conditioning on (R;, @;), the conditional expectation of the second term
is equal to [E{I(A; = 2)|R;, Qi}—p(Wi, 20)|Zi[{ Ri—=7(Qs, ")} /7(Qi, ¥7)] [ dN7 (t). Since
the missing-at-random assumption implies E{I(A; = 2)|R;, Q;} = p(Wi,v0)I(A; > 0),
the conditional expectation equals zero, and consequently so is the unconditional expec-
tation. In a similar fashion we can prove that the expectation of (1.17) equals zero.

It is important here to note that the proof of double robustness, given above, implic-

itly assumes that the estimator 4, converges in probability to vy whenever the model
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p(W,~) is correctly specified regardless of whether the model 7(Q), 1) for the probability
of missingness is specified correctly or not. The maximum likelihood estimator 4, that
maximises (1.12) satisfies this property.

Although here we prove the double robustness relationship explicitly for our problem,
it is important to point out that this result also follows from the theorem and proof on
page 1144 of Scharfstein et al. (1999), which gives a general double robustness result for

all augmented inverse probability weighted complete-case estimators.

1.5.2 Asymptotic Properties

We now establish the asymptotic properties of the augmented inverse probability weighted
complete-case estimator 3PE. At the end of this section we will briefly state the results

BIPWCC " which can be de-

for the inverse probability weighted complete-case estimator
rived in a similar way. In all the asymptotic arguments we will always assume that at
least one of the models 7(W;, 1) and p(W;,~) are correctly specified, either (¢*,7y) or
(v0,7*) or (¢o,70). We need to use similar notation and regularity conditions discussed
in Chen et al. (2002). Define £(t) = (9/0t) log A(t) = A(t)/A(t), where A(t) is the deriva-
tive of A(t). Also define (Wi, ) = (8/00)r(We, ) and p,(Wi,7) = (8/87)p(Wi, )
to be the partial derivatives. We assume that A(t) is positive, £(t) is continuous and
lim, . oo AMu) =0 =1lim, ., &(u). We also assume that Z is bounded by some constant

m almost surely, and that the derivatives of H, are continuous and positive. Then for

any t,s € (0, 7], we define

( PEMBTZ 1 Hy()}Y (2)]
o) =esn (| GG oy ()
\_ ELZMATZ + Hy(T)}Y ()B(.T)
w0 = TN Z By O]
A= [" (21— p ) ZEMBE 21+ HoO)}Yi(0) (1) (1.18)
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Proposition Under suitable regqularity conditions,

n'2(B0R — 3y) = —A7! <n_1/2 [fj /DT{Zi — p=(6)}AM (t,-) — Pyl Sy — PA/IJISWD
=1

+o,(1), (1.19)

where 0,(1) denotes a term that converges in probability to zero, I, and Sy, are, respec-
tively, the information matriz and score vector for g@n; L, and S,; have similar meanings;

namely,

| lI(Ai > O)Ww(Wz‘,w*)Wi(Wuw*)]
v (Wi {1 = a(Wiypr)} |7

. V(Ai > omm,wpﬂm,m]
! p(Wi, v {1 = p(Wiy)} |7
Sy = I(A; > 0){R; — m(Wy, ") by (Wi, 4%)

(Wi, o) {1 — m(Wi, %)} ’
o R8s > 0{I(A: = 2) = p(Wi, ")}y (Wi ")
! p(Wi, v ){1 = p(Wi, v)} ’
ey BadNi() R —w(Qiy ") e v T,
dM;(t,) = (0 07) (000" p(Wi, v")dN; (t) = Yi(t)dA{ By Zi+ Ho(t)}, (1.20)

while Py, and P, are quantities defined in the Appendiz.

In order to prove this proposition, we must first prove the consistency of B,?R and
f[,?R to By and Hy, respectively. Having demonstrated that the expectation in (1.16)
and (1.17) are equal to zero, the proof of consistency follows almost identical to that
of Lu and Ying (2004). The remainder of the proof for the proposition is given in the
Appendix.

Equation (1.19) shows that n'/ 2(@? E_ 3,) is asymptotically a sum of independent and
identically distributed random vectors that have zero mean, and thus, by the central limit

theorem, converges to a normal random vector with mean zero and covariance matrix

A" 'Var UT{Z — (2 (t)}dM*(t,-) — Pyl ;' Sy — PoIMS, | (ATHT. (1.21)
0
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This asymptotic covariance can be estimated by
A, <n—1 3 %T> (4,77, (1.22)

where
1

T R A A A =1 ~ ~AN A — ~
v = [ 2= O () = oy S =PI S

N 12 rm R A . N A N . N
An = ;Z/O {Z;— ()Y ZE M BPE" Z,+ HPE(t, BPE 4y, 40) Y () dHPE (8, BPE 4, 4),
=1

~ R;dN;(t)  R; — m(Q;, 77271) R N
ANIF (1) = v i Wi, A )N (¢
) = Gt T @y AN

—Y;(1)dA{BPR" Z; + HPR(t, 3P 4, A},

® L ZMBPE Z, + Hoy (T, PR by, An) YYi () Ba(t, T)
" MBPE Z, 4 H,(t, BPR 4, 4,) Yi(t)

B,(t,s) = exp (/ i=1 {@n _ + H (x,ﬁ?n ,1/3 ,7 )}Yi(x)
o T MOPF Zi o+ Ha(, 5%, ¥, 5a) }Yil2)

for t,s € [0,7]. Also ﬁw, PV are the estimates by substituting (BAT?R,fAInDR,@En,%) for

z Y

dﬁn(:c,é,?R,z&m%)> ,

(Bo, Ho, v*,0%), f¢ and f7 are usual observed information matrix, and S’m and ﬁw- are
sample score vectors for the ith observation, with (v*,4*) substituted by (@En, n)-

BTILPWCC7 when

Using similar arguments, we now state the asymptotic properties for
7(W;, ) is correctly specified. That is, n!/2(PWCC — ) is asymptotically normal with

mean zero and covariance matrix

(4) Var [ [ G — me)a) = PVCIS @i | {47 (129

where Pép wee

is defined in the Appendix, in a way similar to P.
We also give a theoretical justification of the superiority of the doubly-robust esti-
mator BER to the inverse probability weighted complete-case estimator ﬁAflP WEC “in the

situation where both m(W;, 1) and p(W;, ) are correctly specified.
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As we showed in the Proposition, n'/2(3P% — 3,) is asymptotically equivalent to a
sum of independent and identically distributed mean zero random vectors, where the ith
clement in the sum is referred to as the ith influence function of 3P2. Specifically, using

(1.19), we deduce that the ith influence function for GP® is given by
Inf?%(0;) = A~ [ /0 (Zs = ()} AME(t) — PyI Sy — PITS, | (1.24)

and the asymptotic variance of 37 is the variance of it’s influence function; namely

var{Inf’?(0;)} = E{Inf’?(0,)Inf’"" (0;)}. Similarly, the ith influence function of

BéPWCC is

fPWee(0,) = A1 [ I wiﬁa {Zi = p=(O}AMi(t) = PPVCCITS o (1.25)

and the asymptotic variance of BIPWCC is var{Inf'’"" ¢ (0,)}. We make a direct com-
parison of the variance of the influence function of these two estimators, which, in turn,
gives us the desired result.

In the Appendix we prove that, in (1.24), P, = 0 when p(W;,~) is correct, and
P

, = 0 when 7(W;, ) is correct. Therefore, when both models are correct, the ith

influence function of GPE given in (1.24) reduces to
fPR(0;) = A~ / 2= ()YAM (1), (1.26)
0

and it suffices to show that the variance of (1.26) is less than that of (1.25). It helps to

note that when both models are correct, by the definition of p(W), (1.20) can be written

con _ RdMi(t)  Ri—m(Qi) NN _ v T
AMP () — o) =) P(Wi)AN; (1) = Yi(t)AA{ 55 Z; + Ho(1)}]
_ RidMi(t)  Ri—7(Q) o~
T @) Ay MO
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hence (1.26) can be written as

R;
m(Q)
R

_7:(5()62) /OT{ZZ- _ ,uz(t)}E{dMi(tﬂQi}] :

Inf?2(0;) = A‘ll /OT{ZZ»— . (t) Y M;(t)

Since by definition P;FWCCT 1S, can be written as { R;—m(Q;)}J(Q;), for some function
J, (1.25) can be written as

o 0= ne0)ann ) - (1, - @))(@)

= If?"(0;) + A7 [{ R — m(Qi)}*(Qu)),

Inf'"CC(0;) = AT [

m(

where J*(Q;) = Jo{Zi — p.(t)}/7(Q:)E{dM;(¥)|Q;} — J(Q:). Notice that the Missing
At Random assumption implies R; is conditionally independent of I(A; = 2) given @,
hence R; is conditionally independent of dM;(t) given @);. Therefore the covariance of
AR, — 7(Q:)}J*(Q;) and InfPH(0;) is given by
cov [ AT R, = m(Qi)} T (Q), "™ (O;)]
= E[A7{R: — 7(Q)} " (Q){If”(0,)}"]
—E [A7{R; — n(Q)}(Q)| E [{Inf"*(0,)}"].

The second term equals zero as E {{InfD R (Ol)}T} = 0. The first term equals

E (B [AY{R; — m(Q)} " (Q){Inf"*(0)}" | Qi])
= p (4| M@0 s [ - waneie] ()

m(Q:)
- (4 | B9 0] ) [ (2 - monpamoie)] (4
= 0779,

where 07 is a g X q¢ matrix of zeros. Thus A~ R; — 7(Q;)}J*(Q;) is uncorrelated with

Inf?%(0;). Consequently

var {IanPWCC(Oi)} = var {InfDR(Oi)} -+ var {A_I{Ri — W(Qi)}J*(Qi)}
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> var {InfDR(Oi)} ,

where for any two matrices A; and As, ‘A; > Ay’ means A; — Aj is a positive definite

matrix.

1.6 Simulations

1.6.1 Simulation I: Proportional Hazards Assumption

To show the properties of the doubly-robust estimator, denoted by BER, as well as to
compare it with the inverse probability weighted complete-case estimator Bﬁp WCC and
the naive complete-case estimator B,?CC that only uses the observations with complete
information, under the proportional hazards assumption, we first conducted a simulation
study that was designed as follows. We chose Hy(t) = log(t) and e with hazard function
of the form A(¢) = exp(t). The univariate covariate Z; was chosen to take values 1 or 0
with equal probability 0.5. Given Z;, the cause of interest Ty; followed an exponential
distribution with hazard function \y(t|z) = Ae”*. The other cause Tj; followed a Gom-
pertz distribution with hazard \;(t|z) = Ae*™. Finally, the censoring variable C; was
generated independent of Z; following a uniform distribution U(7y, 7, + 77). This setup
results in a logistic regression model logit{p(W;)} = =& — nT; + BZ; for p(W;), as well
as another logistic regression model logit{m(W;)} = 1o + U1 T; + 2 Z; for m(W;). Since
we wanted to study the behavior of our estimators in the situations where either one or
both models were misspecified, when we misspecified 7(WW') or p(W) or both, we did so
by assuming these probabilities are constants independent of the W

The parameters were chosen to be as follows, § = —1, A =1, £ = —1, n = 0.5,
T, = 0.5, 7y = 1.5, g = 1, ¥y = —1 and ¢ = —1. Under this setting, we had, on
average, 48% failures from the cause of interest, 39% failures from other cause, and the

remaining 13% from censored observations. Moreover, 52% failures had missing cause of
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failure information. The size of the Monte-Carlo simulation was M B = 1,000 and the
sample size was n = 200. We summarise the results in Table 1 where we present the bias,
the Monte Carlo standard deviation, the Monte Carlo average of the estimated standard
deviations and the empirical coverage probability of the 95% confidence intervals of the
various estimators under the various scenarios.

The simulation results were consistent with the theoretical results. That is, the
complete-case estimator chc was biased in all four scenarios. The inverse probability
weighted estimator Bflp WCC was unbiased only when the model for 7(W;) was correctly
specified. However, [37?3 was unbiased when either one or both of the two models were
correctly specified. When both models were misspecified, BSR had the smallest bias
among all estimators. In addition, the simulation results showed that B,?R was clearly

more efficient than other estimators.

1.6.2 Simulation II: Proportional Odds Assumption

We also illustrate how our estimators perform with the proportional odds model. In
this simulation, we chose Hy(t) = log(t) and & with hazard function of the form \(t) =
exp(t)/{1 + exp(t)}. The covariate Z; was again chosen to be equal to 1 or 0 with equal
probability 0.5. The cause of interest T5; had an hazard function \y(¢|2) = Aexp(5z)/{1+
texp(fz)}, and the other cause T; with hazard function A (¢|z) = A\e**"™. The censoring
variable C; was generated from a uniform distribution U(7s,7, + 7¢), independent of
the covariate Z;. Under this scenario the true models are p(W;) = {1 + texp(5z) +
exp(—¢§ —nt + Bz)} ' exp(—€ — nt + Bz) and logit w(W;) =t + U1 Ti + ¢2Z;. Again we
purposely misspecified either one model or both models by taking them to be constants.
We considered three estimators: chc’ ﬁATILP W and BT’?R. The parameter values were

chosen to be 8 = =1, A =1, = —-15,n=05,7, =1, 7 =2, g = 1.5, Y1 = —1

and ¢, = —1. This gave, on average, 46% failures from the cause of interest, 41%
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failures from the other cause, and 13% from censored observations. And 49% failures
had missing cause information. In each experiment, 1,000 replicates were taken with
sample size n = 200. The results were summarised in Table 2.

The simulation results in Table 2 lead us to the same conclusions as those in simula-
tion 1. That is, the complete-case estimator BT?CC always had severe bias. The inverse
probability weighted estimator 31PWOC was biased when the 7(W;) model was misspeci-

fied. BT’? R was biased only if both models were misspecified. It can also be seen that Bf? R

was more efficient than other estimators.

1.7 Breast Cancer Example

We here illustrate the method using the data from a clinical trial in stage II breast
cancer. There were a total of 169 patients enrolled in the study, among which 90 were
censored. Of the 79 patients who were dead: 18 deaths had unknown cause, 44 deaths
in breast cancer and the rest 17 in other causes. We were interested in measuring the
covariate effects on the death rate of breast cancer. In Cummings et al. (1986), the two
covariates, being ER-negative and presence of over four positive nodes, were observed
to be significantly related to overall survival. For each failure type, Goetghebeur and
Ryan (1995) conducted a cause-specific survival analysis using a proportional hazards
model. Also assuming the hazard functions follow the proportional hazards model, Lu
and Tsiatis (2001) posited a logistic regression model for p(W) and then used a multiple
imputation procedure. Their results together with the doubly robust estimator were
presented in Table 1.3. To derive our doubly robust estimators, we start by positing
logistic regression models for p(W) and 7(W), as functions of the covariates W. The
covariates that we considered including ER status, tumor size, number of positive notes

and time of relapse. As mentioned in the last paper, among the 6 patients who were
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ER-negative, 5 of them died and they all died of breast cancer. This suggests that
including ER status as a covariate for fitting logistic regression models for either p(1V') or
7w (W) is not appropriate as the maximum likelihood estimator would not exist. Thus the
logistic regression model for p(W) was derived using the subset of patients who died with
know cause and were ER-positive, and w(WW') was fitted with a logistic regression model
using the subset of patients who had positive ER status. Doubly robust estimates and
their variance estimates were then computed, for the proportional hazards model and the
proportional odds model. The results in Table 1.3 clearly show that the complete-case
estimates and the corresponding estimated standard errors were significantly different
from the others, while the doubly robust estimator with the proportional hazards model
were quite close to those given by Goetghebeur and Ryan (GR, 1995) and Lu and Tsiatis
(LT, 2001).

1.8 Discussion

We have proposed an inverse probability weighted complete-case estimator 3IFW | as
well as an augmented inverse probability weighted complete-case estimator BER for the
regression coefficients of linear transformation models with missing cause of failure for
some individuals. It was shown that 3I°W was consistent and asymptotically normal
only when the model for the probability of missingness was truly specified, while B{?R
was consistent and asymptotically normal when either the model for the probability of
missingness or the model for the probability of cause of failure were correctly specified; i,e.
the so-called double-robustness property of this estimator. A consistent estimator for the
asymptotic variance of each estimator was also derived. Simulation results demonstrated

the adequacy of the asymptotic theory of these two estimators, and the superiority (less

bias and higher efficiency) of @? R to other estimators for this model. Since the class of
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linear transformation models consist of a broad range of models, including the commonly
used proportional hazards model and proportional odds model, further research on model
diagnostic techniques for detecting the most appropriate transformation model in the

presence of missing cause of failure is necessary and part of ongoing research.

Table 1.1: Simulation Results for Proportional Hazards Model
Case 1. Case 2.
BCC IPW DRT | BCC IPW DRT
Bias | -0.347 -0.029 -0.031 | -0.347 -0.029 -0.027
SSE | 0.376 0.351 0.319 | 0.376 0.351 0.331
SEE | 0.354 0.375 0.308 | 0.354 0.375 0.320
Cp 0.864 0.957 0.948 | 0.864 0.957 0.947
Case 3. Case 4.
BCC IPW DRT | BCC IPW DRT
Bias | -0.347 -0.118 -0.028 | -0.347 -0.118 0.086
SSE | 0.376  0.338 0.306 | 0.376 0.338 0.244
SEE | 0.354 0.326 0.297 | 0.354 0.326 0.232
0] 0.864 0.878 0.947 | 0.864 0.878 0.922

NOTE: Case 1 is where both 7(-) and p(-) were correctly specified, case 2 is where 7(-)
was correctly specified but p(-) was misspecified, case 3 is where 7(-) was misspecified
but p(-) was correctly specified, and finally case 4 is where both 7(-) and p(-) were
misspecified. Bias denotes the empirical bias of Bn SSE denotes the sample deviation
of (3,, SEE denotes the Monte-Carlo average of the standard error estimates of B,. CP
denotes the empirical coverage probability of the 95% confidence intervals.
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Table 1.2: Simulation Results for Proportional Odds Model
Case 1. Case 2.
BCC IPW DRT | BCC IPW DRT
Bias | -0.214 0.041 -0.024 | -0.214 0.041 -0.018
SSE | 0.403 0.429 0.389 | 0.403 0.429 0.417
SEE | 0411 0.449 0.378 | 0.411 0.449 0.392
CpP 0.935 0955 0.947 | 0.935 0.955 0.953
Case 3. Case 4.
BCC IPW DRT | BCC IPW DRT
Bias | -0.214 -0.099 -0.022 | -0.214 -0.099 0.094
SSE | 0.403 0.395 0.361 | 0.403 0.395 0.321
SEE | 0.411 0.363 0.348 | 0.411 0.363 0.333
CpP 0.935 0929 0945 | 0.935 0.929 0.912

NOTE: Case 1 is where both 7(-) and p(-) were correctly specified, case 2 is where 7(-)
was correctly specified but p(-) was misspecified, case 3 is where 7(-) was misspecified
but p(-) was correctly specified, and finally case 4 is where both 7(:) and p(-) were
misspecified. Bias denotes the empirical bias of Bn SSE denotes the sample deviation
of (3,, SEE denotes the Monte-Carlo average of the standard error estimates of B,. CP
denotes the empirical coverage probability of the 95% confidence intervals.

Table 1.3: Comparison of complete-cases, Goetghebeur and Ryan, multiple imputation
by Lu and Tsiatis, and doubly robust estimator for both the proportional hazards model
and the proportional odds model, using the breast cancer data

Effective Covariates
Methods ER Status Great Than 4 Nodes
BCC (PH Model) | 0.71%(0.3065%) 1.70(0.4861)
GR¢ (PH Model) 0.57(0.2803) 1.59(0.4822)
LT¢ (PH Model) 0.60(0.2618) 1.61(0.4794)
DR (PH Model) 0.53(0.2865) 1.60(0.5418)
DR (PO Model) 0.60(0.3706) 2.10(0.6747)

¢ Estimate

b Standard Error

¢ Goetghebeur and Ryan

4 Lu and Tsiatis

¢ Doubly robust

PH denotes Proportional Hazards Model
PO denotes Proportional Odds Model
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Chapter 2

Multiple imputation method

2.1 Introduction

In many clinical studies, interest is often on comparing time-to-failure from a specific
cause between two treatments. In these studies, a group of patients are observed from
their entry into the study until the occurrence of some particular event such as death.
Often the observation of time-to-failure is right-censored for a subset of patients for
various reasons such as finite study duration, loss to follow-up, or withdrawal from the
study. It is also very common that patients may fail from one of multiple causes, but
only one of which is of primary interest. In these situations, the theory of competing
risks can be easily applied to assess the effects of certain covariates, such as treatments,
on cause-specific hazards. From this competing risks point of view, we can then think
of the problem as the case where there is a potential failure time associated with each
of a set of competing risks, for which we can only observe the minimum of the potential
failure times along with the cause of this minimum. The theory also tells us, that
under the assumption that all the potential failure times as well as the censoring are
conditionally independent given the covariates, the problem is identifiable (Tsiatis, 1975)
in the sense that each cause-specific hazard function corresponds to the hazard function

for the potential failure time and vice versa. Hence our interest in estimating the cause-
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specific hazard function for the cause of interest as a function of covariates, is equivalent
to the interest in estimating the hazard function for potential failure time of that cause
given the covariates. A popular strategy is to use the proportional hazards model to
model the cause-specific hazard of potential failure time of the cause of interest, and by
treating other failure types as censoring (Cox and Oakes, 1984).

Sometimes the patients are observed to die but the cause of failure may not be avail-
able. For instance, whether or not the failure is attributable to the cause of interest
may require documentation with information that is unavailable either because the in-
formation is lost or not collected, or it may be difficult to determine the cause for some
patients (Anderson, Goetghebeur, and Ryan, 1996). In such cases, it has been shown
that ignoring the observations with missing cause of failure from the analysis may yield
biased inferences on covariate effects, unless the missingness mechanism is missing com-
pletely at random (Rubin, 1976), which is very unlikely to hold in actuality. Under the
assumption that the probability of a missing cause of failure occurring may depend on
time-to-failure but not on the covariates, and that baseline cause-specific hazards of the
competing risks are proportional, Goetghebeur and Ryan (1995) proposed a method that
uses a full partial likelihood (Holt, 1978; Kalbfleisch and Prentice, 1980) and a modi-
fied partial likelihood. Lu and Tsiatis (2005) extended their results to the more general
setting where the probability of a missing cause of failure occurring may depend on time-
to-failure as well as the covariates, and where the ratio of two baseline cause-specific
hazards may be dependent of time-to-failure. Under these assumptions and by using
the full likelihood approach above, Lu and Tsiatis (2005) deduced an estimator that is
consistent, asymptotically normal, semiparametric efficient and is applicable under more
general missingness assumptions. It is worthwhile noting that all these methods assume
that the cause-specific hazards of the cause of interest follow the proportional hazards

model.
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In this article we take a different approach. By making direct assumptions on the
probability that the missing cause is the cause of interest, we use multiple imputation
procedures (Rubin, 1987, 1996) to impute the missing causes that in turn give us com-
pleted data sets. Since in a competing risks model each cause-specific hazard function
uniquely corresponds to the hazard function of that potential failure time and vice versa,
on each of several completed data sets, one can then estimate the cause-specific hazard
function for the cause of interest as a function of covariates, using usual censored data
methods by combining censoring time and all other cause types into one single censoring
variable. The resulting estimators for the regression coefficients are then averaged across
the completed data sets to yield a consistent and asymptotically normal estimator. A
popular approach is to assume that the cause-specific hazard of interest follows a pro-
portional hazards model, and then estimate the regression coefficients using maximum
partial likelihood method (Cox, 1972, 1975). Lu and Tsiatis (2001) posited parametric
models for the probability that the missing cause is that of interest, and then used a
multiple imputation procedure to estimate the regression coefficients, assuming a pro-
portional hazards model. However, it has been shown by many authors that sometimes
proportional hazards model is not appropriate and alternative models may be more rea-
sonable, e.g. the proportional odds model (Pettitt 1982, 1984; Bennett, 1983; Murphy
et al., 1997) is more suitable in the situations where the hazard functions for the two
treatment groups have the same limit.

Here we consider the class of linear transformation models that is defined in §2.2.
A major advantage of working with the class of linear transformation models is that
it is very flexible and it includes the proportional hazards model and the proportional
odds model as special cases, which will be elaborated in great detail later. Under the
rather restrictive assumption that the censoring is independent of covariates, Cheng et

al. (1995, 1997), Fine et al. (1998) and Cai et al. (2000) proposed and further developed
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a unified estimation approach for arbitrary linear transformation models in the presence
of censored data, with no missing cause of failures. However, in a competing risks model,
their assumption implies that all other causes of failure would have to be independent
of covariates, which is not practical in most applications. Chen et al. (2002) gave
a general estimation procedure without making the independence assumption above.
Their approach generalized the idea of partial maximum likelihood approach for the
proportional hazards model, to the class of linear transformation models. By taking
advantage of the martingale structure of the model, the solution to their estimating
equations is proved to be consistent and asymptotically normal with variance that can
be consistently estimated using sandwich estimators. However, in the presence of missing
cause of failure, this method cannot be directly applied. Some careful modification is
necessary. In this paper we propose a general single and multiple imputation procedure
for the class of linear transformation models in the presence of both censored data and
missing cause of failure.

We state the notation and necessary assumptions in §2.2. In §2.3 we describe a
censored data method proposed by Chen et al. (2002). The imputation procedure is
described in §2.4. A computational algorithm for obtaining the estimators is given in
§2.5. Asymptotic properties of the estimators are stated in §2.6. Simulation studies
demonstrate the relevance of the theory in finite samples in §2.7. In §2.8 the procedure
is applied to the data from a clinical trial breast cancer stage II study. Some conclusions
and remarks are given in §2.9. And finally we prove the asymptotic normality of the

estimators in the Appendix.
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2.2 Notation and Assumptions

Without loss of generality, we only consider the situations where the patients are asso-
ciated with two specific causes that may lead to failure. We refer to these as cause 2
and cause 1. This can be easily generalized to the cases where there are more than two
causes of failure. In those cases one can refer to the cause of interest as cause 2, and the
combination of all other causes as cause 1. First consider the situation with the absence
of censoring, where the data we get to observe can be summarized as (U*, A*), where U*
denotes the time-to -failure and A* denotes the cause of failure, taking on value 1 if the
cause of failure is cause 1 and value 2 otherwise. Suppose we are interested in estimating
the effects of some covariates defined as Z, which characterize the cause-specific hazard
function for the cause of interest (i.e. cause 2). Z is ¢ dimensional. The cause-specific

hazard function is defined as
Ao (ulz) = fllin%)h_lpr(u <U<u+hA*=21U">u,7Z = z). (2.1)

From the competing risks point of view, one can think of the problem as the case
where there is potential failure time 77 corresponding to cause 1 and potential failure
time T, corresponding to cause 2, and U* is the minimum of 77 and T, while A* is
the cause of the minimum, i.e. A* = 1 if U* = T} and A" = 2 otherwise. In the
competing risks theory, under the assumption that the causes of failure are conditionally
independent given the covariates Z, the problem is identifiable (Tsiatis, 1975) and (2.1)
is the same as the hazard function of T, given Z. This relationship enables us to use the
existing models for the hazard function of T, as a function of the covariate Z, to model
the cause-specific hazard function of T, given Z in the competing risks settings. Often

this relationship is modeled via the proportional hazards model, defined as

s (ulz) = Aa(u)exp(fy 2), (2.2)

28



where Ao(u) is an arbitrary baseline hazard function for cause 2, and [y denotes the
true value of the ¢ x 1 regression coefficients 3 that measure the effect of covariates Z.
However, as we have mentioned in §2.1, due to the limitation of the proportional hazards
model, recently much attention has been drawn to the class of linear transformation
models that is defined as

H(Ty) = B 7 +e¢, (2.3)

where H is an unknown monotone increasing function, ; has the same meaning as
that in (2.2), and ¢ is a random error term that is independent of Z with a known
continuous distribution. (2.3) reduces to the proportional hazards model if the error
term ¢ follows the extreme value distribution; and (2.3) turns out to be the proportional
odds model when the distribution of ¢ is the standard logistic distribution. More detailed
description about the class of linear transformation models can be found in Cheng et al.
(1995, 1997). Just like the proportional hazards model, the class of linear transformation
models describes the hazard function of T as a function of Z; yet (2.3) offers more
flexibility than (2.2). Due to the correspondence between the hazard functions and the
cause-specific hazard functions in a competing risks model, (2.3) will be used to model
the cause-specific hazard functions A\}(u|z).

Incomplete follow-up is very common in clinical trials, and because of which, the
time-to-failure data are often censored by a variable that is defined as C'. In the presence
of censoring, the data that are observed can be summarized as (T, A) where T is the
minimum of U* and C, and A is the failure-censoring indicator, i.e. A =0if T = C,
A=1ifT="T,,and A =2 if T'="T,. By the theory of competing risks, the problem is
identifiable under the assumption that the censoring C' is conditionally independent of
(U*, A*) given Z. Under this assumption, the cause-specific hazards functions of interest

are equivalent to the ‘observable’ cause-specific hazard functions for cause 1 and 2, with

29



censoring in present, defined as
Aj(ulz) = }llin(l)h_lpr(u <T<u+hA=jT>uZ==z), j=1,2.

Particularly in our problem Ag(u|z) = A5(u|z). This relationship allows one to use the
censored data methods such as the one proposed by Chen et al. (2002), to estimate the
regression coefficients  and the monotone increasing function H in a linear transforma-
tion model, after treating the observed T as censored times where A is equal to 1 or
0.

Sometimes a patient dies and cause of failure is unknown, then the classification is
uncertain. In the literature this problem has not yet been studied for the class of linear
transformation models. We here define R to be the missing data indicator, i.e. R = 1if A
is observed and R = 0 otherwise. Since there is no missing cause of failure associated with
a patient when it is censored, R is always set to be 1 whenever A = 0. The imputation
procedure relies on the assumption on the missing data mechanism. As pointed out
by Lu and Tsiatis (2001), the assumption on the missing data mechanism will be more
tenable if auxiliary covariates denoted by A are considered. A may not be of interest in
modeling the hazards function, but it may be related to the missing data mechanism. For
instance, A can be some post treatment variables that lead to the missing causes of failure
but A was not used in modeling the hazards function because it may affect the causal
interpretation of the parameters for the effects of treatment. To summarize, the data
that we get to observe are O; = {R;, T}, Z;, A, I(A; = 0), RiI(A; = 1), RiI(A; = 2)},
which are independent across .

In this paper, we assume that the causes of failures are missing at random (MAR,
Rubin, 1976) in the sense that the missing causes do not depend on the causes them-
selves. Equivalently the probability that the cause of failure of the ith patient is missing,

conditioned on (A;, A; > 0) and W; = (T}, Z;, A;), depends only on the always observed
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W; but not on A; that is not always observed,

This relationship also implies that R; is conditionally independent of A; given {W;, A; >
0}, i.e.,

hence this probability can be consistently estimated using the observed data. In the
following we first state the results in Chen et al. (2002), without missing causes of failure.

The we propose a multiple imputation procedure to accommodate the missingness.

2.3 Censored Data Method

In the presence of censoring when there is no missing cause of death information, 77 and
C can be combined into a single censoring variable and, as usual, the counting process for
T5 is defined as N;(t) = I(A; = 2)I(T; < t) and the at-risk indicator process as Y;(t) =
I(T; > t). Then by the counting process theory (Fleming and Harrington, 1991), the
corresponding martingale process is defined as M;(t) = N;(t)— [ Y (u)dA{Ho(v)+ 8L Z;},
where A is the cumulative hazard function of € in (2.3), and Hy and [, denote the true
values of H and f3, respectively. This martingale structure allowed Chen et al. (2002) to

estimate (3, H) jointly with the following estimating equations,

i /ooo ZidNi(t) = Yi()dMH (1) + 5" Z;}] = i /OOO Z,dM;(t, Zi, 3, H) =0,  (2.6)

n

SO[dNi(t) — Yi(t)dA{H (t) + 57 Z;}] = Z dM;(t, Zi, 3, H) = 0, t> 0. (2.7)

i=1

The resulting estimator of § was proved to be consistent and asymptotically normal,
and the explicit expression of the estimator for the limiting variance-covariance matrix

follows from the martingale representation of (2.6) and (2.7). As a special case, it is easy

31



to see that (2.6) and (2.7) reduce to the partial likelihood score when the proportional
hazards model is assumed.
However, with missing cause of failure, (2.6) and (2.7) can not be directly applied

because complete data are not available.

2.4 Imputation Procedure

Here we propose an imputation procedure to deal with the issue of missing cause of
failure. This procedure begins by forming a completed data set. Toward that end,
we impute the missing cause of failure D; = I(A; == 2) values from the conditional
distribution of D; given the observed data. Since D; is either zero or one, its conditional
distribution is Bernoulli with success probability pr(A; = 2|R; = 0, 4A; > 0, W;), which,
from (2.5), equals pr(A; = 2|R; = 1,4; > 0,W;) = p(W;), say. This suggests that
the imputation probability p(W;) may be deduced from the complete cases with (R; =
1,A; > 0). We posit a parametric model for p(W;) in terms of some unknown finite
dimensional parameters v, with p(W;) = p(W;,v9) with 7o being the true value of .
Due to the Bernoulli nature of D;, it is convenient to use a logistic regression model, i.e.,
logit{p(W,~)} = WT~, but other parametric models can also be easily accommodated.
For instance, to make the model more flexible, we may include higher order polynomials
and interaction terms for the logistic regression model p(W, 7). It is also straight forward

to show that, by the definition of p(W), we have the following relationship

Mltlza) [ pW)
Ml a) {1 (7 } ’ (28)

where w = (, z,a) is any realization of WW. This relationship suggests that p(1) can be
deduced from the ratio of the cause-specific hazard functions. Notice that the hazards
in (2.8) depend on both Z and the auxiliary covariate A, and hence they may not be

the same as the ones in (2.3) that do not depend on A. In any case, (2.8) can not be
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used to model p(W) unless both hazards are known to us, which is not likely to be the
case in applications. Nonetheless, we posit parametric models that closely describe this
relationship. Under a chosen parametric model, v can be estimated using maximum
likelihood methods on the completed cases with (R; = 1, A; > 0). For instance, for the
logistic regression model, by maximizing the following likelihood function with respect
to v

[T{p(Wi, 7) T2 EZULL — p(W, ) A=, (2.9)
i=1

we obtain the maximum likelihood estimator 4, for 7, which provides p(W;,4,) as an
estimate for the success probability pr(A; = 2|R; = 0,4; > 0,W;). If the model for
p(W;, ) is correctly specified, then 7, is consistent and so is p(W;, 4,).

For any fixed v, let D;;(R;,~) denote the imputation of D; from the jth imputed data
set, 7 =1,---,m. If cause of failure is known to us, i.e. R;=1, then there is no need to
impute and hence we take D;;(R;,y) to be D;. Otherwise we randomly choose D;;(R;, )
to be either one or zero with probability p(W;,v) and {1 — p(W;,~v)}, respectively.

It is helpful to see that the joint distribution of (D;, W;) and {D;;(R;,v), Wi} are
one and the same. When cause of failure is not missing (R; = 1), as stated above,
D;;(Ri,v) = D;; and when R; = 0, {I(A; > 0),W;} follows the distribution of the
observed data and D;;(R;, ) follows the distribution of the unobserved D, given the
observed data, hence {D;;(R;,v), W;} is just a draw from the joint distribution of the
full data (D;, W;). Thus, for the correctly specified model p(W,~) and v = 7o, a single
imputation of the missing causes is probabilistically the same as the experiment without
any missingness.

For a correctly specified model p(W, ), as mentioned above, 4, is consistent. This
suggests that the data D;;(R;,¥,) that we generate are asymptotically as good as that

from the original experiment. Therefore, we can fit the linear transformation model to
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each completed data set and obtain consistent estimators using Chen et al.(2002), with

the only modification being replacing N;(t) in (2.6) and (2.7) with N;;(D;;,t) = I(T; <

t,D;j=1),7=1,---,m. Le., we consider the following estimating equations,
> [ 2N (@) - Vi H @) + 5 ZH =3 [T ZaMy =0, (210)
i=1 =1
> _ldNy;(t) = Yi(t)dA{H(t) + 5" Z;}] = D ZidM;;(t) = 0, (2.11)
i=1 i=1

where dM,;(t) = dN;(t) — Y;(t)dA{H(t) + 7 Z;} is the martingale process for the com-
pleted data. The resulting estimator is called single imputation estimator, denoted by
(Bj, H ;). For a more efficient estimator, we may carry out the imputation procedure mul-

tiple times and average the estimators. This results in the multiple imputation estimator

(By I:I) B: 27:1 Bj'
2.5 Algorithm

We here propose an iterative algorithm for computing the single and multiple imputation
estimators for (3, H). This algorithm modifies the one used by Chen et al. (2002) to
accommodate the missingness. Suppose there exists K observed failure times, denoted
by 0 < t; <ty < --- < tg. Since for any fixed value of § the solution of (2.11) is unique,
the algorithm for the single imputation estimators (Bj, H ;), for a typical completed data
set, is as follows,

Step 1. Get the maximum likelihood estimate #,,.

Step 2. Obtain a completed data set by imputing D;; with the probability p(W;,4,)
for the observations with missing cause of failure.

Step 3. Fix an initial value of 3. denoted by 3.

Step 4. Get H® as follows. First solve

n

S Yit)AMB Zi + H(tr, B, %)} = 1,

i=1
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for HO)(¢;) with 8 = 3®. Next, we solve the following equations one-by-one
S Yilts) [MB7Zi + H(t, B,40)} = MB" Zi + H(tx1, B,90)}] = 1, (2.12)
i=1
for HO(t;) with 3 =30, k=2,3,--- K.
Step 4. With the H = H® obtained in the previous step, solve (2.11) for a new
estimate of 3.
Step 5. Set £ to be the estimate obtained in step 4, repeat steps 3 and 4 until
convergence.
The above algorithm results in a single imputation estimator (Bj,ﬁj). A multiple

imputation estimator (B, H ) can be easily obtained by repeating steps 2 to 5 multiple

(m) times and then take the average.

2.6 Asymptotic Properties

Here we establish the asymptotic properties of the imputation estimators, with the as-
sumption that we have correctly specified both the linear transformation model (2.3) and
the model p(W, 7) for the probability that the missing cause is the cause of interest. Simi-
lar notation and regularity conditions used in Chen et al. (2002) are also needed here. To
avoid technical difficulties resulting from sparsity of data in the tails of the distributions,
both T" and C' are truncated by some finite 7, i.e. with probability one pr(7 > 7|Z) > 0
and pr(C > 7|Z) > 0. Define £(t) = (9/0t) log A(t) = A(t)/A(t), where \() = (8/Dt)A(t).
We assume that A(t) > 0V ¢, £(¢) is continuous and lim, o A(u) = 0 = lim,,_ &(u).
Without loss of generality, We also assume that Z < M almost surely, for some constant
M, and that H, have continuous and positive derivatives. Then for any ¢,s € (0,7],

define,
t EIMB5Z + Ho(2)}Y ()]
s EMB3Z + Ho()}Y ()]

B(t,s) =exp ( dHo@)) ;
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E[ZMB3 Z + Ho(T)}Y (¢)B(t, 7))

0= TTENEZ + B0 0]
=/ {Z = (O} 27 MBZ + Ho®)}Y (D]dHy (1), (2.13)
2t = [" BHZ = (0} M6 2 + Ho(t)}Y ()] dHo (o) (2.14)

where for any vector a, a®? = aa’. Realize that here both ¥, and X* are identically

defined as the ones in Chen et al.(2002), where no missingness was considered. Also

define

F = E{Z — p(t)}pr(R = 0[W)p} (W, )] -

B( [z - wop o Motz + mo} 25

oy

dHo(t)

+ MBYZ + Hy(t )}daHO( >D

Let p, (Wi, y) = (0/07)p(W;,~) be the partial derivative. Also let

B I(A; > 0,R; = 1)ﬂ7(%>70)p$(wi770)
Ly=& [ p(Wi,v0){1 — p(Wi, %)} ]

and

S = Rl (A; > 0){1(Ai = 2) — p(Wi,70) } o, (Wi, Y0)
" p(Wi,30){L — p(Wi, 70)}

be respectively, the fisher’s information matrix and the score vector of 4,.
THEOREM 1: Fach single imputation estimator, Bj, (1<j<m),
18 consistent and

n'?(B; = Bo) — N{0, 2 Ver (5791,
where
Vor =X+ FTL'F 4+ 2F" L 'E[pl (W, v)pr(R = 1,A > 0|W){Z — p.(T)}].  (2.15)
The second and third terms in Vg; represent the extra variation due to the estimation of

~v with 4,, using logistic regression models. As it is shown in Appendix, without missing
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cause of failure, F' equals zero, consequently both the second and third terms equal
zero, leaving Vs; = ¥* and consequently n'/%(3; — 3y) — N{0,27'S*(271)7}, which is
identical to the results given in Chen et al.(2002). It is easy to check that, in the special

case of the proportional hazards model,

S = %, = var U{Z — u()dM (@),

which is exactly Fisher’s information matrix for the Cox partial likelihood estimator.

We now discuss the asymptotic properties of the multiple imputation estimators. The
main difficulty we come across is the problem of estimating the asymptotic variance of the
multiple imputation estimator. The method suggested by Rubin (1987) for estimating
the asymptotic variance of the average of any quantity from m completed data sets does
not work here; because the imputations are generated from the conditional distribution
of D; given the observed data and evaluated at the fixed value 4, across j. Hence our
imputation is not proper in the sense of Rubin (1987). However, according to Wang and
Robins (1998), under these conditions, they refer this to as type B multiple imputation,
and Rubin’s variance expression yields estimators that are inconsistent for the sampling
variance. In the next theorem, we propose a variance estimator that takes all sources of
variability into account and hence it is consistent.

THEOREM 2: The multiple imputation estimator B =27 Bj, based on m com-

pleted data sets, is consistent and
(5 = fo) — N{O, S Vaur (S,
where
Vier = Vs = (1 =m™ ) E[{Z — p1(T)}**pr(R = O[W)p(W, 70){1 — p(W,70)}]. (2.16)

It is clear that Vj,; reduces to Vs;r when m = 1, i.e. single imputation. Thus the second

term in Vj;; measures the reduction of variability of the multiple imputation estimator
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over the single imputation estimators due to the extra effort for imputing the missing
causes multiple times. Although it is evident that more imputations lead to more efficient
estimators, imputations however increase the computational intensity of the procedure.
Practical number of imputations depends on the magnitude of Vg; and the second term.
The consistency of the single imputation estimators can be proved using arguments
that are almost identical to that of Lu and Ying (2004). Consequently, the multiple
imputation estimators are also consistent, as they are averages of consistent estimators.
The proof of the asymptotic normality of the estimators is given in the Appendix.
Consistent estimates of the quantities above can be easily obtained using the usual
plug-in methods on every single completed data set, and averaging them across the m

imputations. For instance, for jth completed data set, 3, and * are respectively,
A 12 /7 ) A N A N N
Bo= 00 [ %= e OYZIMBT 2ot Byt B30 YY (O By )
i=1

“ 12 T R ~ ~ P N A
8= = [ (0} MB] Zi+ Hy (2. 35, 3)}Y (OdH; (¢, 35, 30).
i=1
Then the multiple imputation version of these two quantities are just the average of
the single imputation estimates across the m imputations. Some quantities can even be

obtained using software output, e.g. I= 0(4n)/n, where o is just the variance estimate

of 4,, that can be found in the SAS output.

2.7 Simulations

Two simulation studies were conducted to evaluate the performance of the single and
multiple imputation estimators. The first simulation considered the proportional haz-
ards model as a special case. The design of the study was as follows. Hy(t) was chosen
to be log(t) and the random error term ¢ was chosen with hazard function \(¢) = exp(t).

For simplicity, we considered a single binary covariate Z to be equal to 0 or 1 each
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with probability 0.5. For example, Z may be the treatment indicator in a randomized
study. The cause of interest, T5, conditioned on Z, followed the distribution with haz-
ard function A\y(t|z) = Ae”?, while the other cause, Ty, conditioned on Z, followed a
Gompertz distribution with hazard A\;(t|z) = Ae*™. Since A will be canceled out in
the computation, we took it to be 1 for simplicity. The censoring variable C' was gen-
erated independent of Z. C followed a uniform distribution U(rs, 7, + 77). Although
auxiliary covariates A could be used to generate p(W,~), for simplicity here we did not
consider any auxiliary covariates. Thus by (2.8), logit {p(W)} = = —nT + 5Z. We
chose the parameter values to be 8 = -1, { = =1, n = 0.5, 7, = 0.5, and 7 = 1.5.
This, on average, gave 48% failures from the cause of interest, 39% failures from the
other cause, and the rest 13% from censored observations. There were, on average, 52%
failures with missing cause of failure, where the missingness were generated by the model
7(W, ) = logit pr(R = 0|A > 0, W, ) = ¥g+11 T +102Z, with parameter values ¢y = 1,
Y1 = —1 and 9y = —1.

In the second simulation study, the proportional odds model was considered. Here
Hoy(t) = log(t) and e had hazard function A\(t) = exp(t)/{1 + exp(¢)}. Both Z and C
were the same as that in simulation 1. 75 followed a distribution with hazard function
Ao (t]2) = Nexp(B2) /{1 + texp(B2)}, and Ty had hazard function \;(t|z) = Ae*™ where
A = 1. Again, by (2.8), p(W) = {1 +texp(8z) +exp(—& —nt + B2)} L exp(—& —nt + 32).
The missingness mechanism was also determined by 7(W, 1) defined in simulation 1. We
chose B = -1, =—-15,n=05,7,=1, 7 =2, ¢ = 1.5, ¥, = —1 and ¢y = —1. This
setting leaded to, on average, 46% failures from the cause of interest, 41% failures from
the other cause, 13% from censored observations, and 49% failures had missing cause
information. Again, we purposely misspecified 7(W) or p(W) or both to be constants
independent of the W.

In both simulations, for sample size n = 200, 1000 Monte-Carlo simulations were
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conducted to demonstrate the properties of the single imputation (SI) estimator and the
multiple (m = 10) imputation (MI) estimator, as well as to compare them with the Biased
Complete-case (BCC) estimator that solves (2.6) and (2.7), ignoring the observations
with missing information, the inverse probability weighted approaches IPWCC and DR
proposed by Gao and Tsiatis (2005). The results were summarized in Tables 2.1 and 2.2
that includes the bias, the Monte Carlo standard error (SSE), the Monte Carlo average
of the estimated standard deviations (SEE) and the empirical coverage probability (CP)
of the 95% confidence intervals of the estimators.

The simulation results were consistent with the theoretical results. In both studies,
BCC was severely biased and suffered from poor empirical coverage probability. While
both SI and MI were virtually unbiased, with smaller standard errors and empirical
coverage probabilities attaining the 95% nominal level, as long as p(W) is correctly
specified. The performance of SI was on par with that of MI, although MI had slightly
smaller standard errors. We observed that the computational intensity of MI with m = 10
was at least 3 times as much as that of SI. The trade off between the efficiency gain and
the cost of computation seemed to be in favor of the single imputation method. MI
seemed to be as efficient as DR. It was also clear that for both SI and MI, SEE was very

closed to SSE, which justifies the accuracy of the estimator of the asymptotic variance.

2.8 Breast Cancer Study

We here illustrate the multiple imputation procedure using the data from a clinical trial
in stage II breast cancer. Among the total 169 patients enrolled in the study, 90 were
censored; and among the rest 79 death: 18 patients died with unknown cause of death,
44 died of breast cancer and the rest 17 died of other causes. The objective of this

study was to identify covariates that are significantly related to death of breast cancer.
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With a complete-case analysis, Cummings et al. (1986) found that two covariates, being
ER-negative and presence of more than four positive nodes, were significantly associated
with overall survival. For each failure type, Goetghebeur and Ryan (1995) conducted
a cause-specific survival analysis with proportional hazards assumption. Also using the
proportional hazards model, Lu and Tsiatis (2001) assumed a logistic regression model for
p(W) and then applied their multiple imputation method. Gao and Tsiatis (2005) derived
doubly robust (DR) estimators using linear transformation competing risks models. We
summarize their results in Table 2.3 along with our multiple imputation estimators that
was derived in the following way. First, we assumed a logistic regression model for p(W)
as functions of observed covariates W, which included ER status, tumor size, number
of positive notes and time of death. As that was reported in Lu and Tsiatis (2001),
since all of the five patients with ER-negative status died from breast cancer, our logistic
regression model was derived using the subset of patients who had positive ER status
and they died with known cause. We then computed the multiple imputation estimates
and their variance estimates, for the proportional hazards model and the proportional
odds model. We find that the results given by our multiple imputation method are very
similar to those using the DR method proposed by Gao and Tsiatis (2005), and they are

both closed to the results reported in the literature.

2.9 Discussion

We have proposed an imputation procedure for estimating the regression parameters
in the class of linear transformation competing risks models when the cause of failure
was missing for a subset of patients. Simulation studies confirmed the consistency and
asymptotic normality of the imputation estimators as well as the consistency of the

estimator for the asymptotic variance, for two important special cases: the proportional
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hazards model and the proportional odds model. The authors also noticed that the
flexibility of the class of linear transformation models has raised the problem of selecting
appropriate models in applications. Research on model diagnostic or model selection
techniques are critical and part of ongoing research.

Table 2.1: Simulation study comparing estimators using complete-case analysis, inverse

probability weighted approaches and imputation methods, for the proportional hazards
model, based on 1,000 replications, sample size=200

Correct m(.) & Correct p(.)
BCC IPWCC DR SI MI
Bias | -0.347  -0.029 -0.031 -0.035 -0.035
SSE | 0.376 0.351 0.319 0.335 0.310
SEE | 0.354 0.375 0.308 0.338 0.313
CPp 0.864 0.957 0.948 0.960 0.955
Correct m(.) & Incorrect p(.)
BCC IPWCC DR SI MI
Bias | -0.347  -0.029  -0.027 0.279  0.276
SSE | 0.376 0.351 0.331 0.203 0.178
SEE | 0.354 0.375 0.320 0.204 0.179
CPp 0.864 0.957 0.947 0.647 0.709
Incorrect 7(.) & Correct p(.)
BCC IPWCC DR ST MI
Bias | -0.347  -0.118 -0.028 -0.035 -0.035
SSE | 0.376 0.338 0.306 0.335 0.310
SEE | 0.354 0.326 0.297 0338 0.313
CPp 0.864 0.878 0.947 0.960 0.955
Incorrect 7(.) & Incorrect p(.)
BCC IPWCC DR SI MI
Bias | -0.347  -0.118 0.086 0.279 0.276
SSE | 0.376 0.338 0.244 0.203 0.178
SEE | 0.354 0.326 0.232 0.204 0.179
CP 0.864 0.878 0.922 0.647 0.709
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Table 2.2: Simulation study comparing estimators using complete-case analysis, inverse
probability weighted approaches and imputation methods, for the proportional odds
model, based on 1,000 replications, sample size=200
Correct m(.) & Correct p(.)
BCC IPWCC DR SI MI
Bias | -0.214 0.041 -0.024 -0.018 -0.020
SSE | 0.403 0.429 0.389 0.369 0.352
SEE | 0.411 0.449 0.378 0.385 0.360
Cp 0.935 0.955 0.947 0957 0.959
Correct 7(.) & Incorrect p(.)
BCC IPWCC DR SI MI
Bias | -0.214 0.041 -0.018 0.232 0.231
SSE | 0.403 0.429 0.417 0.290 0.252
SEE | 0.411 0.449 0.392 0.294 0.260
CP 0.935 0.955 0.953 0.879 0.872
Incorrect 7(.) & Correct p(.)
BCC IPWCC DR SI MI
Bias | -0.214 -0.099 -0.022 -0.018 -0.020
SSE | 0.403 0.395 0.361 0.369 0.352
SEE | 0.411 0.363 0.348 0.385 0.360
CPp 0.935 0.929 0.945 0957 0.959
Incorrect w(.) & Incorrect p(.)
BCC IPWCC DR SI MI
Bias | -0.214  -0.099 0.094 0.232 0.231
SSE | 0.403 0.395 0.321 0.290 0.252
SEE | 0.411 0.363 0.333 0.294 0.260
CP 0.935 0.929 0.912 0.879 0.872
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Table 2.3: Comparison of complete-cases, Goetghebeur and Ryan, Lu and Tsiatis, and
multiple imputation for both the proportional hazards model and the proportional odds
model, using the breast cancer data

Effective Covariates

Methods ER Status Great Than 4 Nodes
BCC (PH Model) | 0.71%(0.3065%) 1.70(0.4861)
GR (PH Model) 0.57(0.2803 1.59(0.4822

(
( ) ( )
LT (PH Model) | 0.60(0.2618) 1.61(0.4794)
DR (PH Model) | 0.53(0.2865) 1.60(0.5418)
MI¢ (PH Model) | 0.54(0.2988) 1.60(0.5763)
DR (PO Model) | 0.60(0.3706) 2.10(0.6747)
MI® (PO Model) | 0.62(0.3425) 2.10(0.6982)
¢ Estimate
b Standard Error
‘m = 10

PH denotes Proportional Hazards Model
PO denotes Proportional Odds Model
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Chapter 3

Summary

For the problem of estimating regression coefficients in semiparametric models for survival
data with missing cause of failure on a subset of individuals, so far we have briefly
reviewed a number of approaches in the literature: the biased complete case (BCC)
method, the method by Goetghebeur and Ryan (1995)(GR), the multiple imputation
procedure by Lu and Tsiatis (2001)(LT); we have also proposed two new methods: the
multiple imputation (MI) procedure, and the inverse probability weighting (IPW) method
that includes the inverse probability weighted complete-case (IPWCC) method and the
doubly robust (DR) approach, for linear transformation competing risks models. In
this chapter, we first compare these methods in terms of their flexibility, efficiency and
robustness against mis-specification of the models 7(1W) and p(W). These comparisons
naturally lead to suggestions and instructions for using these methods in applications.

Lastly, we will discuss some directions for future research.

3.1 Comparisons

3.1.1 Flexibility

A major advantage of the two approaches that we have proposed over the existing meth-

ods is, that our approaches work for arbitrary linear transformation models, which include
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the proportional hazards model and the proportional odds model as special cases; while
the existing methods only work for the proportional hazards model, except for the biased
complete case method. This suggests that the proposed methods are used for a class
of models that offers more flexibility in model building. The results are summarized in
Table 3.1.

Next, we would like to find out which approaches allow using auxiliary covariates that
make the missing at random assumption more tenable. Since the BCC approach assumes
missing completely at random (MCAR), it does not use any auxiliary covariates. Neither
does the GR approach as each covariate is used only to model either of the two cause
specific hazard functions. On the other hand, the LT approach, MI method and DR
approach fully exploit the information contained in the auxiliary covariates and include
them in modeling p(WW). Moreover, the IPW approaches allow using auxiliary covariates
in modeling the missing mechanism, i.e. 7(W). These results are summarized in Table
3.2.

Finally, we want to discuss the corresponding missing data mechanism required to
validate the inference of each approach. In order to use the BCC method, one has to
assume that the missing data are MCAR, which is not very practical in applications.
The GR approach assumes MAR but the missingness probability could not depend on
covariates, which is a rather restrictive assumption, and it is denoted by RMAR. The
LT approach and our approaches MI and IPW all assume MAR and the missingness
probability may depend on covariates. If the missingness is Non-Ignorable Non-Response
(NINR, Rubin, 1987), none of these approaches work. We summarize the results in Table
3.3.
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3.1.2 Efficiency

In order to compare the efficiency, we have to make the comparison based on the assump-
tion that all approaches are valid. For instance, to compare the LT approach and the
IPWCC approach, we have to assume that the cause-specific hazards follow the propor-
tional hazards model, the missingness is MAR, and the models for 7(W) and p(W) are
both correctly specified for both approaches. Because BCC does not use any information
contained in the missing data, it is the least efficient. Since LT, MI, IPWCC and DR
make use of additional information from the competing cause, they are more efficient.
The GR estimator is very efficient under the specific assumptions on the hazards. LT
is expected to be as efficient as MI. The DR estimator is more efficient than IPWCC
estimator as it was shown theoretically in §1.5.2. Finally, we want to point out that it is
very difficult to compare the efficiency of the MI estimator and the DR estimator, either
theoretically or intuitively. We summarize the results in Table 3.4.

The above theoretical results about the efficiency comparison of the proposed methods
MI, IPWCC and DR are confirmed by the simulations that are discussed in §1.6 and
§2.7. We summarize in Table 3.5 the results for the case, where both 7(WW) and p(W)
are correctly specified and MAR holds. It is evident that the IPWCC estimator is less

efficient, while the MI estimator is on par with the DR estimator in terms of efficiency.

3.1.3 Robustness

Since in applications it is very common that the missingness probability depends on both
time and covariates where both BCC method and GR approach lead to biased estimators,
we here focus on assessing the robustness of the approaches LT, MI, IPWCC and DR for
the following two cases. Case 1: The model for the probability of missingness 7(W) is
correctly specified, while the model p(W) for the probability that the missing cause is the

cause of interest is misspecified. Case 2: p(W) is truly specified but 7 (W) is misspecified.
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For case 1, the imputation methods LT and MIE are not expected to work well, but both
[PWCC and DR work very well as confirmed by simulations. For case 2, IPWCC does
not perform well while LT, MIE and DR all perform well as confirmed by simulations.

These results are summarized in Tables 3.6, 3.7 and 3.8.

3.2 Recommendations

Based on the discussion above, the DR estimator is recommended to be used for gen-
eral applications, as DR allows using auxiliary covariates, is suitable for arbitrary linear
transformation models, is valid under the commonly used general MAR assumptions, is

highly efficient, and is doubly robust against mis-specification of either one of the models

m(W) and p(W).

3.3 Further research

We have not yet studied the situations where the missingness is NINR. In addition,
model diagnostic techniques for detecting the most appropriate transformation model in

the presence of missing cause of failure is a new research area.

Table 3.1: Models for hazard functions
BCC GR LT IPWCC DR MI

PH Yes Yes Yes Yes Yes Yes
LTM® | Yes No No Yes Yes Yes

% Linear Transformation Models.

Table 3.2: Inculsion of Auxiliary Covariates
BCC GR LT IPWCC DR MI
No No Yes Yes Yes Yes
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Table 3.3: Missing Data Mechanism
BCC GR LT IPWCC DR MI
MCAR | Yes Yes Yes Yes Yes Yes
RMAR | No Yes Yes Yes Yes Yes
MAR No No Yes Yes Yes Yes
NINR No No No No No No
Table 3.4: Efficiency
BCC GR LT IPWCC DR MI
Poor Excellent Excellent Good  Excellent Excellent

Table 3.5: Efficiency—Simulation Results: both w(W, ) and p(W, ) are correctly speci-

fied
Proportional Hazards Model | Proportional Odds Model
IPWCC DR MI IPWCC DR MI
SSE 0.351 0.319 0.310 0.429  0.389  0.352
SEE | 0.375 0.308 0.313 0.449  0.378  0.360
Table 3.6: Robustness
(W) p(W) BCC GR LT IPWCC DR MI
Correct Incorrect | No No No Yes Yes No
Incorrect Correct No No Yes No Yes Yes

Table 3.7: Robustness Comparison: The Proportional Hazards Model

Incorrect 7(.) & Correct p(.)

Correct m(.) & Incorrect p(.)

BCC IPWCC

DR

MI

BCC

IPWCC

DR MI

Bias | -0.347 -0.118

-0.028

-0.035

-0.347

-0.029

-0.027 0.276

Table 3.8: Robustness Comparison: The Proportional Odds Model

Incorrect 7(.) & Correct p(.)

Correct m(.) & Incorrect p(.)

BCC IPWCC

DR

MI

BCC

IPWCC

DR MI

Bias | -0.214  -0.099

-0.022

-0.020

-0.214

0.041

-0.018 0.231

49



Bibliography

ANDERSEN, J., GOETGHEBEUR, E. & Ryan, L. (1996). Missing cause of death infor-

mation in the analysis of survival data. Statist. Med. 15, 2191-201.

BENNETT, S. (1983). Analysis of survival data by the proportional odds model. Statist.
Med. 2, 273-7. 7

Car, T., WEeL, L.J. & WiLcox, M. (2000). Semiparametric regression analysis for

clustered failure time data. Biometrika. 87, 867-78.

CHEN, K., JIN, Z. & YING, Z. (2002). Semiparametric analysis of transformation models

with censored data. Biometrika. 89, 659—-68.

CHENG, S.C., WEL L.J. & YING, Z. (1995). Analysis of transformation models with

censored data. Biometrika. 82, 835—45.

CHENG, S.C., WEL L.J. & YING, Z. (1997). Prediction of survival probabilities with

semi-parametric transformation models. J. Am. Statist. Assoc. 92, 227-35.

Cox, D.R. (1972). Regression models and life tables (with Discussion). J.R.Statist.Soc.
B.34, 187-220.

Cox, D.R. (1975). Partial likelihood. Biometrika 62, 269-76.

Cox, D.R. & OAKES, D. (1984). Analysis of Survival Data. New York: Chapman and
Hall.

Cummings, F.J., GrAy, R., Davis, T.E. , TorRMEY,D.C, HARRIS, J.E., FRALK-

SON,G.G., & ARSENEAU, J. (1986) Tamoxifen versus placebo: double blind adju-

50



vant trial in elderly women with stage II breast cancer. National Cancer Institude

Monographs 1, 119-23.

FINE, J.P., YING, Z. & WEI, L.J. (1998). On the linear transformation model with

censored data. Biometrika. 85, 980—6.

FLEMING, T.R., & HARRINGTON, D.P. (1991). Counting Process and Survival Analysis

New York: Wiley.

GAoO, G. and TsIATIS, A.A. (2005) Semiparametric estimators for the regression coef-
ficients in the linear transformation competing risks model with missing cause of

failure. Biometrika, In Revision.

GOETGHEBEUR, E. & RyaN, L. (1995) Analysis of competing risks survival data when

some failure types are missing. Biometrika. 82, 821-34.

Horr, J.D. (1978) Competing risk analysis with special reference to matched pair ex-

periments . Biometrika 65, 159-65.

KALBFLEISCH, J.D., & PRENTICE, R.L. (1980). The Statistical Analysis of Failure

Time Data. New York: Wiley.

Lu, K. & TsiaTis, A.A. (2001) Multiple imputation methods for estimating regression

coefficients in the competing risks model with missing cause of failure. Biometrics.

57, 1191-97.

Lu, K. & Tsiatis, A.A. (2005) Semiparametric efficient estimation in the competing

risks model with missing cause of failure. Lifetime Data Analysis. In Press.

Lu, W. & YING, Z. (2004) On semiparametric transformation cure models. Biometrika.

91, 331-43.

51



MURPHY, S.A., RossINI, A.J. & VAN DER VAART, A.W.(1997). Maximum likelihood

estimation in the proportional odds model. J. Am. Statist. Assoc. 92, 968-76.

PETTITT, A.N. (1982). Inference for the linear model using a likelihood based on ranks.

J. R. Statist. Soc. B 44, 234-43.

PeETTITT, A.N. (1984). Proportional odds model for survival data and estimates using

ranks. Appl. Statist. 33, 169-75.

RoBINs, J.M., ROTNITZKY, A., & ZHAO, L.P. (1994). Estimation of Regression Coef-
ficients When Some Regressors Are Not Always Observed. J. Am. Statist. Assoc.

89, 846-66.
RuUBIN, D.B. (1976). Inference and missing data. Biometrika 63, 581-92.

RuBIN, D.B. (1987). Multiple Imputation for Nonresponse in Surveys. New York:
Wiley.

RuBIN, D.B. (1996). Multiple imputation after 184 years. J. Am. Statist. Assoc. 91,
473-89.

TsiaTis, A.A. (1975). A nonidentifiability aspect of the problem of competing risks.

Proceedings of the National Academy of Sciences USA. 72, 20-22.
TsiATIS, A.A. (2004). Personal Communication.
TsiaTis, A.A. Unpublished lecture notes.

VAN DER VAART, A.W. (2000). Asymptotic Statistics. Cambridge: Cambridge Univer-

sity Press.

WANG, N. & RoBINs, J.M. (1998) Large sample inference in parametric multiple im-

putation. Biometrika. 85, 935-948.

52



Appendices

53



Appendix A

Proof of the Proposition in §1.5.2

Usual regularity conditions for martingale central limit theorem as those in Fleming &
Harrington (1991) are assumed.

Let U{O, 3, H, @/A)n,’%} denote the left hand side of (1.13), the first step is to show
that the gradient matrix of U{O, 3, H, U, An} with respect to (3, converges in probability
to —A that was defined in the Proposition, i.e.,

10 AN .
U{O 5 HDR( 571%7%)71%7%}’5:50 g _A

Let a > 0 and b be fixed finite numbers (e.g. lower limits of the integration to ensure
finite integrals). Define the following quantities, which were also used in Chen et al.

(2002):
N{H(0} = Blt,a),  Bi(t)= [ BIY()MBZ+ Ho(s))dHofs),

Ba(t) = EIY (OMB"Z + Ho(t)), v = [ "\ (s)ds.

By mimicking Steps A2 and A3 in Chen et al. (2002), we have

A (o ()} — A*{Ho(t)} = /t P s+ o,n ). (A)
OHPM1 B, ) tE[ZA{ﬁ(?ZﬁHo(s)}Y(s)J A {Ho(s)}
S5 e = | S Ea B,y Hos) +0y(1),

(A.2)
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aﬁrLDR(t7 ﬁ? ’l/;TU ﬂ/n>

A {Ho(u Rrj{p(W,y*) = I(A=2)}
/)\* }Bz )E[ : w (u)]

BN o= = {Ho(t 72(Q, v%)
—i—op(l), (A.3)
OHPR(L B.0nAn) .t XN{HW} [{R = (@)} (Wr)
o T M*{HO@)}BME[ (@, 0") W “‘)]
+o,(1). (A.4)

Define 9(0,1,7) = [RI(A = 2)/7(Q,v) — {R — 7(Q,0)}/7(Q, )p(W, )], then by
mimicking Step A3 in Chen et al. (2002), and by the law of large numbers,

laU{C)? 67 ﬁnDR('a /67 12717 ’?n)a 1&”7 ’Ayn} ’
n 86 5:50
10X f5 Zi®(Os, in)AN; (1),
n aﬁ 5250
1Oy ZY()MBTZ; + HPR(t, B, P, ) YHPE(E, B, U, A
- |5:ﬁ0
n o0
1 &0 fg ZYi(OM BT Zy + HPE(t, B, 00, 4n) YAHPE(E, B, Y, A1)
=1
o3

)

1 & i o
= _gzzl)‘{ﬁgZZ +H1?R(Eaﬁ7¢n’7n)}{zz + |@:ﬁo}Yi(ﬂ)

o EIZMETZ + Ho(T)Y(s)/X (Ho(T))
Y Ba(s)/ 3 (Ho(5)}

X[ZTMBLZ + Ho(s)}Y (s)]}dHo(s) + 0,(1)

= _A + Op(l)v

where A is defined in (1.18), and the fourth equality follows from (A.2).

To complete the proof of the proposition, we here go through a series of expan-
sions. We first expand U{O,ﬁo,f[,?R(-,ﬁo,z/;n,%),@En,%} at f[,?R(-,ﬁo,Jzn,%) about
Ho (-, Bo, s An).-

U{0, Bo, HPE(t, Bo, Vs An) s Uy A }

ZA szMz*{ta Zi7 507 -[;[nDR(tv 607 1[}71) ﬁ/n)u 772}717 ’S/n}
i=1
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= 3 [ ZAM {8, Zu o Ht, 30, D)
= 3 [ 2 BT )} = MG 2+ HlTi o )]
-y | 2, Ziy o, Holt, o, ). s i)
S LM 2 BT oy D DT, By, 50) — Ho(T, oy 500}

i=1

= Z/O Zlsz*{t7 Zi7507H0<t7607¢n>:}/n)7'@naﬁyn}
=1

< A{ﬂg‘zl +H0(T‘7l’607172n77n —1 T \* {HO U ﬁoﬂ%ﬁd}
— Z; .

iz::l A*{H()(j—zwﬁ())fwn)’?n)} Z‘/ (U)
XdMi*{uu Zi7 607 H()(ta 607 lﬁfu fAyn)a wna fyn}} + Op(n1/2)

= Z/O Zlsz*{ta Zi7507H0<t76072[}n7:yn)7¢n7?}/n}
=1

B [ [ZA{%T Zi + Ho(T, 60,1/371,%)}5/(1?)] N {Ho(t, B, Yns An)}
A*{HO<T> 50,1%,%)} BZ(t>
XdMi*{ua Zi7 607 HO('? 607 77&717 /?n)a ’lj}n, ’S/n} + Op(nl/Q)

= Z/O [ZZ - lU“Z{t7 Zi)ﬁO: HO(HﬁOaQ[}n)’?n); ,Q@nf?n}] X
i=1
xdM{t, Zi, Bo, Ho(-, Bos Uns An)s Un, An } + 0p(n'?)

= U*{O7 50’ HO('7 507 &na '?n); @Zn, :)/n} —+ 0p(n1/2).

By (A.3) and (A.4), we can similarly expand U*{O, [y, Ho(, ﬁg,l/}n,%), ﬂn,%} at ¥,
about ©* and 4, about 7*. First of all, we derive the partial derivatives of U*(-) with

respect to ¢ and .

U*{O, Bo, Ho (-, Bo, Un, An), U, An }
81/1 =

Zi —
Z/ 8{ )}|w U dM*{t ZzaﬁOaH0<t ﬁoﬂ%ﬁ%) wm’yn}

BAM {t, Z;, Bo, Ho(t, Bo, s ) Uy A
+Z/ {Zz _qu(t’)} z{ 50 Oéwﬁo iﬁ i ) w B }|1/):1/)*
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}|w:w* + 0p(1)

Z/T{Zi ot _)}adMi {t, Z:, Bo, Ho(t, Bos ¥, An) s Un, A

&, . {I(A; = 2) — p(Wi, v*) }Rim (Qi)
Z/ {Zi— pa(t, )} TR AN ()

—Z [ 42— et DV 2+ B}/ (Fo(0)

1/n Z/t A {Ho )} Rim (Q Z){[;f(ZQ:” i)*)_ p<m’7*)}dNi*(u)dHo(t)

—Z 42— et DYIOMB 2+ B}/ (o)

SRRt 1} R QLA = 2) — p(Wiv)}
Uy T 2(0n 1)

dN; (1) + 0p(1),

where the second equality follows from the fact that 7, [(0{Zi—p.(t, -)}/Ow)dM;(t) 5

0.

Similarly, we obtain

aU*{O, ﬁo, HO('; 607 'lﬁna fA}/n)v drw :YTL}
(97 ’v=7*

+Z / {2~ a6, VYAOAMBT Zi + Ho(t)} /A" {Ho(1))

A" {HO }{R (Qza¢ )}IO ( i ) *
x1/n Z / O dAN*(w)dHo(1)

+Z / 12— pa(t >}Y<>A{ﬁ§zi+ﬂo<t>}/A*{Ho<t>}

g U0} U= (G (V) ;

Therefore, define

and

Pw _ —nll_{lolol 718U {O ﬁO HO( aﬁqj ¢n ’Yn) @Z)n 'yn}| B ]

P,y — _ lim [n_laU {Ogﬁ()aHO(-,aﬁ,;)awnvvn)a@Dn)’Yn}H’Y*‘| '

n—oo
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It is easy to see that Py = 0 if p(W;,~) is correct, and P, = 0 if w(W}, ) is correct. By

a Taylor series expansion we obtain

U*{O7 607 HO('? 607 z[)117 fs/n)a lﬁnﬂ fAyTL} = U*{O7 507 HU('); w*a ,7*}
— Z(PwIJISW + ny;lsyi) + Op(l).
i=1
Putting the results together we immediately obtain
n3 (67" — bo)
= —A7'[n2 U0, B, Hol-), "7}
—nT Z{P¢I¢IS¢Z + PIS Y+ 0,(n )] 4 0,(1)

_ ( U{z po(t, ) M () — Pqp];lsm—PyJ;lSwD+op(1).

This completes the proof.

Note: PJ,P WEC in (1.23) can be defined similarly to P,, namely,

e _ 1}2& 13 2% b {Z% (1) M) M}
- i [y / Q“ - w0 o
= —nli_{glo _ Z (t, ) }Yi(OMBS Zi + Ho(t)}/ N { Ho(t)}
<1 /n Z /t A*{HO }Rg’(gz))dMi(u)dHo(t)

pa(t ) YYi(OMBg Zi + Holt)} /A {Ho(t)}

><l/ il/\*{HO }R;Zl(/)éQ)z)sz(t) .
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Appendix B

Proof of Theorems in §2.6

Here we prove the theorems in 5 steps. We first derive the influence function for the single
imputation estimator for a typical completed data set (the jth completed data set), in
steps B1, B2, and B3. Write the left hand side of (2.10) as function U{O, 8, H,%,}. In
step B1, The gradient matrix of U{O, 3, H i, n} With respect to [ is proved to converge
in probability to —X, that was defined in §2.6. To finish the derivation for the influence
function, a series of expansions are presented in steps B2 and B3. The influence function
then leads to the proof of Theorem 1 in step B4, and later the proof of Theorem 2 in
step B5.
Step B1. Here we show that

1 0
U{O ﬁ’ ( ﬁ /7n> 7n}|/3 Bo —> — .

Let a > 0 and b some fixed numbers that ensure finite integrals. We also need to define

the following quantities, which were used in Chen et al. (2002):
t :
N{Hy(t)} = B(t,a), Bi(t) = / ElY (s)MB"Z + Hy(s)}|dHo(s),

Ba(t) = EIY (OMB"Z + Ho(t))), INUEY "\ (s)ds.

By mimicking Steps B2 and B3 in Chen et al. (2002), we have

A0} = A} = 3 [P ) 0,7, )
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w‘
aﬁ B=Bo
_ _/tEZ)‘{ﬁ Zi + Ho(s)}Y (s)] A"{Ho(s)}
A {Ho(t)} By(s)

dHO(S>

a,y Y=70

+ 0,(1),

= [ St (W, o)pr(R = 0T < )

{Ho(t)} Ba(s)
+o0,(1).

By (B.2) and by the law of large numbers,

19U{0, B, H; (-, Bo, An), %}|
n R -

8 [T ZiY: ()M BT Z; + Hy(t, B, 3) YdH,(t, B, 4n)

R
ni3 s

1 n . R 8ﬁ ﬂ7/87 An
- — ZiA{ﬁ§Zi+Hj(Ti,ﬁ,'yn)}{Zi+J(ag”
=1

| 6=60

|6=50 }Yi(T3)

_ [ pyz - EARZ BT () (1))

. By(s)/A*{Ho(s)}
X [ZTMB0 Z + Ho(s)}Y ()] }dHo(s) + 0,(1)

= =Y.+ 0,(1),
Here we expand U{O, 3y, H ( Bo,Yn)sn} at H, about H,

U{O 607 ( ﬁ077n) fyn}

= ;/0 Zd {t Zlaﬂ(]? ( ﬁOaF)/n) ’Yn}

= Y [ ZAM {1 Ze o ol o 50). 50}
i=1

-z [A{ﬂg’Zz- + H(T;, o, An)} — MBS Zi + Ho(T3, Bo, %)}]

=1

= ZA ZZdMZj(ta Zi,ﬂ(],HO('yﬂ(]aﬁ/n)afA}/n)
=1
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MBS Zi + Ho(Ts, Bos An) }
ZZ N (T o))

[A {H; (T, Bo,An)} = A {Ho(T3, Bo, 4n)}] + 0p(n'/?)

= Z/o Z;dM;;(t, Z;, Bo, Ho(+, Bos n)s )

MBo Zi + Ho(Ti, 5o, An)} | 1~ [T A {Ho(w, Bo, m)}
_ZZ N (Ho(Ts, Bo, 3m)) [“ JZ_;/O By (u)

Xsz]{u7 Ziuﬁ()a HO('vﬁ(hrAYH)? ﬁ/n}] + 01?(”1/2)
= Z/o ZidM;{t, Zi, Bo, Ho(+, Bo, ) n }
i=1

& [ ZMEZ 4 Ho(T, 5o A)}Y (5] A (Ha(t, fo. )
> E[ N CBo(T, or 3} ] B0

XdMl]{U’ ZiaﬁOaHO('aﬁOaS/n%:yn)}+Op(n1/2)
= Z/ ,Uz{t ﬁo;HO( 607:)%)7;%1}] X
dMi{t, Zi, Bo, Ho(+, Bos An)s An } + 0p(n'/?)

= U*{O7 ﬁOa HO('; 507 ’AVn), ’A)/n} + 0p(77,1/2)7

where the fifth equality follows from Chen et al.(2002).
Step B3. Here we expand U*{O, By, Ho(-, B0, ¥n), In} at 4, about vy, as p(W,~) is

correctly specified. Define function

Pij = /0 [Z’L - /'I’Z{ta 607 HO(tv 607 &n)v ﬁ/n}]dMZ]{t’ Zi7 607 HO(tv 507 fs/n>7 :Yn}

Therefore Y7, ¢;; = U*. Let p, = E{p}. Notice p,(7) = 0. Also define G =
Yo {pij — 1}, then it can be shown using the theory of empirical processes (van der

varrt, 2000) that
n"Y{G(Bo, ) — G(Bo.70)} = 0;

hence

n_1/2U*{O, ﬁ[)) HO(ta ﬁOa ’?n)7 /3/71}
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= ’I’L_l/2 Z SOij(O; /607 HO('a ﬁOa ’?n)a ’?n)

i=1
n~1/? Z SOz‘j(O, Bo, HO(t)a 70)
i=1
a,ugp(Oa Ho(t)7 P)/)
onyT

- } |7:70”1/2ﬁ/n — ) + Op(l)

First we need to compute p,

1o (B0, )
= E{/{Z — p=(t;7) YAM(E;7)}
= B[[{% - ;)N ()
~ [{20 = (B0 20+ Holt, 5o, 7)Y ()dHoft, o, )]
= E{Z — p(T)}pr(R = O[W){m(W, ) — 7(W,70)}]
—B[[{Z — (60 IMBEZ + Holt, o, 1)} (D)AHo(t, 5o, 7).
Therefore by the second equality, the partial derivative of yu,(5y,y) with respect to 7,
evaluated at v = 7y, equals
;;u@(ﬁo, =0
— —B{[ ot M (520
+E([{2 = lt590)) M8 b
Since the first piece is the expectation of a stochastic integral, it equals zero at the truth.

Hence,
;_)/Ncp(/@07 20) |7:*/0
= E{/{Z — Mz(t;Vo)}gydM(t;V)}|770
= E{/{Z — Mz(t;%)}(%dl\f(t; 70)}H =0

+E (/{Z — pa(t; 70)};@{532 + Hy(t, Bo,7)}Y (t)dHo(t, Bo, v)]) =10
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It is straightforward to show that the first term and the second term, respectively, equal
A
E[{Z - :uz(t; ’y)}pl"(R = 0|W){7T3(VV, 70)}] = (1, and

0 T
57 [ / (Z — e (EA)MBEZ + Ho(t, Bo,7)YY (£)dHo (2, o, 7)} -
= E V{Z - uz(tsv)}Y(t)dg;\]

= F (/{Z — ()Y ()M BEZ + Ho(tﬁoﬁ)}ag(;(t)])
= F (/{Z — s (t; 7)Y (1) [A{BOTZ 1 Ho(t)}aHO(t)dHo(t)

M2 + a0 )

1>

Cy

0Hy

By |y=+, that can be approximated by (B.3). Now putting things

Here C5 depends on

together we have

0

87,7/’699(5077”’7:70 = Cl - 02 - F7

where F was used in Theorem 1. So

n—l/QU*{O7 607 ]—-A[n<t7 607 ’3/71)7 ’AYYL} - n_1/2 Z QOZJ{O“ /607 HO(t)7 70}

i=1
+ ' 2F(F, — ) + op(1).
When there is no missingness, pr(R = 0|1W) = 0, hence by definition C; = 0, and by
(B.3) Cy = 0, consequently F' = 0. Since 7 is estimated by a logistic regression model,
we have

n1/2(,3/n - 70) - n_1/2¢(0i7 ’YO) + Op(1)7

where

¢(O05,70) = J () (Wi, ) [(R; = 1,A; > 0)
Di - P(VVH’YO)

P Wi 7o) {1 = p(Wi 7o)} ]
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where J71(7) is the inverse of the fisher’s information matrix. Hence for Bj, the single
imputation estimator for the jth completed data set,
n 28 = Bo) = B3 {80, %0) + Fe(Oi70)} + 0p(1).
i=1

Since this influence function is a sum of independent and identically distributed random
variables whose means are zero, by central limit theorem, n'/ 2(@ — (o) converges to a
mean zero normal variable with asymptotic variance given by the variance of a single
summand.

Step B.4 We now show that this variance is just Vg; defined in Theorem 1. Define
L; = (R;, I(A; > 0),W;). Notice that at the truth

E{D|L} = E{D|I(A > 0), W} = I(A > 0)p(W, ). (B.4)

Since ¢;;(50,70) = Jo [Zi — p=At, Bo, Ho(t), vo}|dMii{t, Z;, Bo, Ho(t)}, E{i;(Bo:0)} = 0
and Var{y;;(fo,7)} = X" for all i. Also for the parametric model, since E{¢(O;,v)} =
0 and Var{¢(O;,7)} = J (1), by (B.4), the covariance of ¢;; and ¢(O;,70) equals

E{i;j(Bo,70)0(Oi,v0) }
= E[E{vi;(B0,7)?(O0s,7) HRi, 1(A; > 0), W]
I pZ (W, ~v0)RI(A > 0) _ B
= 0 (eI (7 YLD - s ) DI
T () E < pL (W, y0)RI(A > 0)

p(Wor) {1 — p(W,70)}
x [ Y(OAMBEZ + Ho®}EILD — p(W. )} L))

I p5 (W, 70)RI*(A > 0)
= STk lpwv, 2o (L= p(W.70)}
y o7 (W, 1) RI(A > 0)
— B lpwv,%){l W)}

< [ Y(WOAALB 2 + Holt)}p(W.20){1 — (A > 0)}

= T (0)E [pL (W) RI(A > 0){Z — p(T)}] —

12 = (D)} (W) {1 — (I, m]
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1 Py (W) RI(A > 0)I(A
S s e
= T (0)E [p} (W50 RI(A > 0{Z — uo(T)}] = 0

= [vwantaz + mn)

= J ' (10)Elp (Wi, vo)pr(Ri = 1,A; > 0|Wi){Z; — pi.(T) }].

Putting these results together we have Var{y;;(5,70) + F¢(O:,7%)} equals Vg, which
in turn proves Theorem 1.
Step B.5 We now prove Theorem 2. Since only Dj; is imputed, j =1,---,m,
nl/Q(B —Bo) = St Z {ml Z ©ii(Bo,v0) + Fo(O;, 70)} +0,(1),
i=1 j=1
which is also a sum of independent and identically distributed mean zero random vari-
ables. It then follows from the central limit theorem that n'/2(6 — () is asymptotically
normal with mean zero and asymptotic variance given by the variance of a single sum-

mand. It is straight forward that for j # j/,

Var{yi;, pij} = E{pijpij}
— E{Z — p(T})}®?Dy; Dy

= E[{Z; — p(T)}®%pr(R; = 0[W;) p(Wi, 1) {1 — p(Wi, ) }].

Thus the variance of a single summand is just given by V)7, which gives Theorem 2.
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Appendix C

Semiparametric Theory

In this section we will study the theory for finding semiparametric estimators for param-
eters in semiparametric models with missing data. This theory was developed in Robins
et al. (1994) and later described in great detail in the lecture notes written by Dr. Tsiatis
for his course called ‘Semiparametric Inference and Missing Data’. A general approach
for finding the semiparametric estimators is as follows. First, we need to identify an
influence function for the full data, in the absence of missingness. Then we can obtain
the related observed data influence function incorporating the missingness, which is the
residual of the full data influence function after projecting it onto a linear subspace of
the observed data Hilbert space. This linear subspace consists of all the functions of the
observed data with mean zero conditioned on the covariates Z. Finally the semipara-
metric estimators are the solution to the estimating equations that are formed by the
observed data influence functions. Dr. Kaifeng Lu in his Ph.D thesis found the locally
semiparametric efficient estimator for the proportional hazards model with missing cause
of failure. We will see that it is in general very difficult to find the class of full data influ-
ence functions for the class of linear transformation models. However, a generalization of
the partial likelihood scores for the proportional hazards model led Chen et al. (2002) to
a set of estimating equations (1.5) and (1.6) that result in consistent and asymptotically

normal estimators for linear transformation models with full data. Although their esti-
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mators are not semiparametric efficient, according to a technical report written by Dr.
Tsiatis (2004), these estimators are very similar to the locally semiparametric efficient
estimators in the sense that the efficiency of these two estimators are almost identical, at
least in finite samples. In the presence of missing data, for (1.5) and (1.6), we used the
techniques developed in Robins et al. (1994) to obtain estimating equations that lead
to optimal estimators with minimum variances. These estimators are the DR estimators

that were proposed in chapter 1.

C.1 The difficulties in finding full data influence func-
tions

For the full data, the density for a typical observation can be written as

Praza(t, o,z a)

= paraz(alt,o, z)
xexp[—{Aa(t[2) + A1 (t]2) + Ao(t]2)}]
X Ao (£]2)TO=2D N, (8] 2) =V N (2] 2) 1=

xXpz(2),

where py is the marginal density of the covariates Z, A\;(t|z) is the conditional cause-
specific hazard function for the failures from the competing cause and Ao(t|z) is the
conditional cause-specific hazard function for C' given Z = z, {As(t|2), A1(t]2), Ao(t]2)}
are the corresponding cumulative hazard functions, i.e. Ag(t|z) = [3 \e(u|2)du, k =
0,1,2, and finally pajra, z is the conditional density of A given {1, A, Z}.

This representation yields the corresponding log-likelihood

likeF = 10g PT,A,Z,A(t7 57 2, CL)

= log pA|T7A,Z(a‘t7 67 Z)
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—{Aa(t]2) + As(t]2) + Ao(t]2)}
+1(6 = 2)log \ao(t|z) + 1(6 = 1)log A\ (t|z) + 1(6 = 0)log Ao(t|2)

+log pz(2), (C.1)

For the linear transformation model (1.2),

Ao(t|z) = —log Spy2(t|2)
— —log P(Ty > t|2)
= —log P{H(Ty) + 572 > H(t) + 57 Z|Z}
= ANH®G) + 577},

where St,z(t|Z) is the conditional survival function of 75 given Z and A is the cumulative

hazard function for €. Therefore

nltlz) = ~GAHW +52)

= MH(®) + 5" Z}n(t),

where h(s) = L H(s) and A(s) = LA(s).

— ds s

Thus, for linear transformation models, (C.1) reduces to
like” = log pajra,z(alt,d, z)
—[A{H(t) + 8"z} + Au(t]2) + Ao(t]2)]
+1(5 = 2)log MH(t) + B12}h(t) + I(5 = 1)log Ai(t]z) + 1(§ = 0)log Ao(t|2)
+log pz(2). (C.2)
Since the nuisance parameters {H(t), \(t|2), Ao(t|2), pz(2), pajr,a,z(alt, 6, 2)} are sepa-

rate from one another in (C.2), the full data nuisance tangent space is a direct sum of

five orthogonal spaces,

AF = Als D AQS D Ags N7 A4s SP) A587
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where Ay is the space associated with H (), Ags corresponds to A;(t]z), Ass corresponds to
Ao(t]z), Ays is associated with p; and As, is associated with pajra z. To find Ay, we first
consider parametric sub-models for H(t), say H(t,0) = [5 h(s,0)du, and H(t) = H(t,0y),
where 6, denotes the truth. The score vector for ¢ is by taking the derivative of the log-

likelihood with respect to 6, evaluated at the truth (6 = 6y),

S = [ SplogA{H(.0) + 5" ZYh(t, 0)aM (D)o,

0 0
= [I{H @) + 872} H(E,0) + olog At OMM Dlo=or,  (C:3)
where ¢(t) = % Both ¢(¢) and A(t) are known functions. By (C.3), we postulate that

Ay, = ( / [g{H(t) +5'7y [ " w(w)h(u)du + w(t)] dM (L) :Vw(t)). (C.4)

This conjecture is easily verified by first observing that all score vectors for € derived in
(C.3) are included in this space, and finally by considering the parametric sub-model of
the form h(t,0) = h(t)e’® for arbitrary function w(t).

On the other hand, if we put no restrictions on the form of the cause-specific hazard
Aa(t]z), the log-likelihood (C.1) is just a saturated (nonparametric) model, and the nui-
sance tangent space is the entire full data Hilbert space that can be written as the direct

sum of the five orthogonal spaces,
HY = A}, © Aos ® Azs @ Ays ® As,

where A%, corresponds to Ao(t|z). It is well known, also easy to show, that
Ar = {/a(t, Z)dM(t) : Ya(t, Z)}.

Thus the space that is orthogonal to the full data nuisance tangent space consists of

elements of Aj, perpendicular to Ay, i.e. allowing abuse of notation,

AT =AY, = TI(AL[A), (C.5)
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where I1(S1|S2) means the projection of S; onto Sy. All full data influence function for
linear transformation models belong to A¥+. Dr. Tsiatis in his lecture notes gave general
theory for finding A+ for proportional hazards models. However, due to the complex
structure of Ay, it is in general very difficult to compute AF*, hence it is almost impos-
sible to identify all of the full data influence function for linear transformation models.
Interested readers are refereed to the technical report (Tsiatis, 2004). Consequently,
the usual approach for finding estimating equations for semiparametric models can not
be applied to general linear transformation models. Nonetheless, the partial likelihood
scores for the proportional hazards model, a special case of linear transformation models,
motivated Chen et al. (2002) to consider the estimating equations (1.5) and (1.6) for
(8, H) jointly for arbitrary linear transformation models, as (1.5) and (1.6) reduce to the

Cox Partial likelihood score equation when the proportional hazards model is considered.

C.2 Estimating equations in the observed world

In the presence of missing cause of failure, if (1.5) and (1.6) are considered, according
to the theory developed in section 2.4 of Robins et al. (1994), in the observed world
the estimators of the truth (5o, Hy) are the solutions to the following class of estimating

equations for (3, H),

Ri - W(Qia 7wzn)

e lRiAZi (AN = Vi) 2+ H 1)} - (e @»}] -0,

i=1 T(Qs, ¥n) m(Qi, ¥n)
A (C.6)
> [WRW 3,6) = Vi)ing 52 )]~ 2y | - (()c 7)

where f and ¢ are arbitrary functions. Clearly these equations reduce to the inverse
probability weighted estimating equations (1.8) and (1.9), if f(¢,Q;) = ¢(¢t,Q;) = 0

for all ¢ and all 0 < t < 7. However, Proposition 2.3 of Robins et al. (1994) shows
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that for the fixed full data estimating equations (1.5) and (1.6), the optimal choice for
the observed data estimating equations is by choosing f(¢,Q;) = E{Z;dM;(t)|Q;} and
g(t,Q;) = E{dM;(t)|Q;} for all s and all 0 <t < 7, i.e,

ft, @) = E{ZdM;(1)|Q:}
= E(Z[dNi(t) - Yi(t)dA{ H (t) + 37 Z:}]|Qs)
= Z[E{dNi(1)|Qi} — Yi(t)dA{H(t) + 5" Z;}]
= ZJ[B{I(A; = 2)dN; (1)|Q:} — Yi(t)dA{H(t) + 8" Z;}]
= Zi[B{I(Ai = 2)|Qi}dN; (t) — Yi(t)dA{H (t) + 8" Z:}]

= Z[p(W:)dN; (t) — Yi(t)dA{H(t) + 572},

and similarly

g(t, Qi) = p(Wi)dN; (t) = Yi(t)dA{H () + 8" Z:},

which leads to the augmented inverse probability weighted estimating equations (1.13)

and (1.14) that lead to the doubly robust estimator for (3, H).
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