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ABSTRACT

The main focus of the work is to obtain approximate formulae for
.-, the expected mumber of occurrences of an aperiodic recurrent event
at time n. The formulae are all of the type u, = ¢, + e, 5 say,
where ¢, is explicitly calculable in terms of known features of the
model and Pn is a remainder term tending to zero as n»w, The thrust
of the work lies in showing the way in which assumptions about the
underlying model are reflected by p, + In particular, suppose T,
to be the probability the interval between successive occurrences of
the event shall exceed the integer n. Suppose T(n) » « and is what
is called in the paper either a moment function or a tail function.
Then four kinds of results are obtained, of the kinds: (1) Z?’TCn)rn < o
© implies z"f{T(n)[u)l - ¢ ] < (2 r, =(0(/T@)) implies w - "’n:’*
o{1/T(m)); (3) r, = o(1/T(n)) implies u, - ¢, = o(1/Tm)); (4)'
r, ~ o/T(n), as n»w, for some 0<p<o, then u, - ¢, ~ 0'/T(m), say,
where p' is given in terms of known quantities. The conditions and de?gils
are too complicated to be listed in this abstract and are given in §1. The

main tool for the proving of these results is a many-sided version of a



ii

famous theorem of Wiener and Lévy, which can also be used in treating
renewal theory. It is explained, however, that slightly stronger results
could be obtained (and have been, by other authors) if use were made of

the theory of commutative Banach algebras.

Key Words and Phrases: Recurrent events, limit theorems, absolutely
convergent fourier series, functions of regular

variation.



§1. Introduction

The theory of recurrent events, introduced by Feller (1949), has
found a wide range of applications and led to a considerable amount of
further research. We may introduce the basic ideas as follows. Let

'{Xj};;l be a sequence of iid random variables taking integer values and
let fk = P{Xﬁ=k} for k = 0,#1,#2,..., and so on. Form the partial

sums Sn = Xl + Xz ol + Xn s letting S0 = 0, and suppose some recur-
rent event E takes place at "'times" SO’SI’SZ""’ and so on. When

P{Xn < 0} = 0 then, almost surely, E cannot occur more than once at

a given time; otherwise multiple occurrences have a positive probability
of occurring. Let M{n) be the mumber of occurrences of E at time

n, and define u = EM(n). It is well known that if EIle < » and

EXj =0 then u, <« In Feller (1949) it was supposed that P{Xj <0} =0,
which is certainly the case in most applications of his theory; in much of
later work this assumption of almost sure non-negativity has been dropped,
and we shall adopt the more general model in the present paper.

For simplicity in the discussion that follows we shall assume, with
no loss of generality, that there is no integer k>1 such that Xj/k
is almost surely an integer; we thus have an aperiodic process.

When the corresponding absolute moments exist we write Yy = E(X.j)k .

A large part of the research on the theory of recurrent events has been
devoted to the study of the asymptotic behavior of U, as n - o and
to the influence on this behavior of the moments My which happen to

be finite. A fundamental result, under the assumption of aperiodicity,

is that when up > 0, u, > uil as n+o, This was proved first under
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the positivity assumption P{Xj < 0} = 0 by Erdds, Feller, and Pollard
(1949), although their result is implicit in a theorem of Kolmogorov

(1937) on Markov Chains., It was freed of the positivity assumption by

Chung and Pollard (1952) and by Chung and Wolfowitz (1952). Using this

basic result Feller showed, for instance, that Zg (uj - uil) > (uy - pl)/zui
as nve provided Uy exists; he also showed that the existence of Mo
ensured ZE luj - uill < o, A number of extensions and generalizations

of these results have been given; we mention a few of them. Gel'fond

(1964) by a careful analysis of certain contour integrals showed that

when Py <@ for integer k21, one has

1 l = log n
Y " ;‘i.’ zn+1 j R

Borokov (1964) developed a useful modification of the famous Lévy-Wiener
theorem on absolutely convergent fourier series (Lévy (1933) ); his result
depended on a number of somewhat complicated conditions, involving slowly
varying functions, being met. From this basic tool he obtained various
Tesults concerning u, ; they are typically like (1.1) but with an improved
estimate of the error term. The price to be paid for such an improvement
lies in various alternative assumptions on the sequence {fn}; it would
take too much space to give exact details here, but they typically involve
fn being dominated by sequences like {L(m)/n%}, o>l, where L(n) is a
slowly varying function.

Parallel to the theory of recurrent events is the theory of renewals;
the model is essentially the same except the {Xj} are freed from their

restriction to integer values. There is a great similarity between the



two theories and a theorem in one usually has a fair facsimile in the
other. In renewal theory u, corresponds to U(It), say, the expected
mmber of visits of the random walk {Sn} to the interval It = (t, t+l].
There seems to have been even more resear;@m@evoted to estimates of U(It)
than to u, these papers usually include the observation that theorems,
similar to those obtained, can be derived for u, by obvious changes in
the proofs given. It would take us too far afield to give a full account
of work done in renewal theory on the estimation of U(It), we must content
ourselves with mentioning a few papers on this subject. Stone (1965a),
(1865b), (1966) considersvarious related matters, too many to detail here,
but including situations in which P{Xj > n} decreases geometrically fast
as n»o; the results are derived by various complicated arguments employing
fourier analysis. Smith (1966) considered renewal theoretic matters and
not merely questions concerning the expected numbers of ''renewals™ in a
time interval; he developed techniques for treating expectations of arbitrary
(non-integral) powers of the number of renewals. To achieve these ends he
developed a suitable modification of a famous theorem on functions of
Fourier-Stieltjes transforms of functions of bounded variation. In the
context of recurrent events his work provided conditions for the absolute
convergence of series like 23 M(n){uh - uill, where M(n) belongs to
a fairly general class of functions.

In tackling questions about branching processes Chistyakov (1964)
introduced a useful and interesting class of distributions; it has recently
received an interesting examination by Teugels (1974). The Chistyakov

class depends on the requirement that P{S > x} wnP{Xl > x} as x»w,



for each fixed n = 2,3,...; Teugels describes various éonsequences of
this requirement. These same ideas are basic to the work of Chover,
Ney, and Wainger (1973). By means of sophisticated functional amalysis
and the introduction of various Banach algebras they develop a further
modification of the Wiener-Lévy theorem; their version enables one to
make statements about the asymptotic equivalence of two measures, one
of which is a suitably analytic function of a given measure with appro-
priate asymptotic behavior. Their applications of these results are
principally to questions in branching processes.

Methods of Banach algebra are 21so used by Essén (1973) in his treatment
of various questions in the theories of renewal and recurrent events. EsSen's
work concentrates on theorems which give formulae like (1.1), that is,
approximations to u, in which the remainder term is shown to be of
a specified 'O or ‘o' size, depending on assumptions made concerning
the {fk}. His results are no less powerful, and usually more powerful,
than any previously published results of this type.

The present report has developed from the preparation of a forthcoming
book on renewal theory. It represents an attempt, not wholly successful
(for reasons given later in this section),to develop a unified theory of
recurrent events from '‘first principles', that is, not depending on
profound results in the theory of commutative Banach algebra. The hope
is that in this way the theory will be accessible to a somewhat wider |

audience including, one hopes, those who may find use of the results

in applications. z
i

We shall derive a number of results in the theory of recurrent !

events in the broad category exemplified by (1.1). HMany of these results

\




seem new, and some are more-or-less equivalent to results obtained in
papers we have mentioned. Exact comparisons are difficult because,
roughly speaking, each paper employs a slightly different family of
monotone functions as its measure of rate of growth of the tails of
the various probability distributions which arise. All the results
we obtain can, with certain well-known provisos, be translated into
renewal theorems; we defer this translation for a later report.

Much of the present report is devoted to the proof of a suitable
version of the Wiener-Pitt-Lévy Theorem (Theorem 3.1, below) which embraces
all the different modifications utilized in the various papers mentioned
above. In harmony with our program the proof is developed entirely
from first principles and these notes are completely self-contained;
the basic method of proof of Theorem 3.1 is the one used for the proof

of a similar result in Smith (1965).

Before we can describe our theorems on recurrent-events it is necessary
to say something about various classes of monotone functions that enter
the discussion. Suppose T(x), for x=1, to be given by the asymptotic

formula
X a()

(1.2) TX) ~ exp{f —Gf—-du}, as X,
1

in which o(u) is non-negative and bounded in every fimite interval
lcusR<o, Plainly T(x) is a non-decreasing function of x21. We say
T(x) belongs to:

Class I : if af(u) > 0 as u,

Class II : “if a(u) + p as uwww, where o is a non-zero, finite,

limit.

Class III: if a(u) + « as uw»xe,

The functions in Class I are more usually refereed to as functions of

slow growth, (fsg), or as slowly varying functions. Such functions were



originally studied by Karamata - (1930), (1933), who derived a canonical
form for them which is now well-known. The functions of Class II are
more usually referred to as functions of regular variation (frv), with
index p; for a full discussion of such functions we refer to Feller
(1971). The functions of Class III seem to have escaped being named
in the literature although they might well be called super-power functions
(spf) since they represent functions which grow faster than any power.

If a(w)/u+0 as ww (a(u) not necessarily non-negative),
we shall say T(x) is a function of moderate growth (fmg); a necessary
and sufficient condition for T(x) to be a fmg is that, for every fixed
c>0, T(x+c) ~T(x) as x»»o. We shall call a non-decreasing fmg (with
a(u) non-negative) a tail function.

If M(x) =1 for x<0, if M(x) is non-decreasing for x20, and
if M(x+y) < M(x)M(y) for all finite x,y, then we call M(x) a right
moment function (rmf). Further discussion of these useful functions
will be given in §2 below; they played a vital role in Smith (1966),
see also Smith (1969). For x=21, the function T(x) of (1.2) will be
a moment function if «(u)/u decreases to zero as 1w,

Through all this report it is supposed that tail functions and moment
functions satisfy what we shall call the Umbralla condition U; this

amounts to requiring that

(1.3) f 0 gy <
1 u

Notice that this rules out the possibility of exponential growth rate

for our tail and moment functions.



Corresponding to a given tail function we shall require a moment
function G(-), to be called a gauge function. It must have the property

that, for every 1>0,

T(x
1.4) s —(—lj < CG(r),
( lezlg s (r)

where C is a finite constant, independent of x and r.

If a=1{a} isa sequence and M is a mf we define ||a] Iy =
Zf: M(n)!anlg then S(If) 1is the class of all sequences a such that
llall;; < ». In dealing with a tail function T(x), say, we often require
a sequence to belong to S(G), where G is a corresponding gauge function.
In many important applications this requirement is automatically fulfilled.
If v is any positive real we write T V(x) for any tail function such -
that x'T(x) ~ T, (x) as x»=. The samé gauge function will do for both
T and Tv . But if T(x) is also a moment function (which, by the
way, appears to be the case for the scale functions used by Essén) then
we may take G(x) = T(x) for all x20. Suppose a, "~ 1/Tv(n) 5. 85 TIIo,
Then T(n)ax"1 ~ 1/nY , as mww, Thus, if v>1, it is plain that a ¢ S(G).
This argument shculd be borne in mind in considering several of the theorems
given below; if in a given application the tail function is also a moment
function then the references to S(G) can usually be ignored. In this
connection it should also be noticed that if T is in Classes I or II
then G(x) may be taken as identically equal to unity; the requirement
a2 ¢ S(G) then merely amounts to asking that Xf: la | < =, which will
always be the case. Thus references to S(G) can also be ignored when

T is in Classes I or II, i.e. when T is a fsg or a frv.



Let us henceforth suppose M o= EX; to be finite and non-zero and set

J
=1 ¢
T, = i 231*‘1 fj for n20
=1
= T fj for n<0.

Then o r, = 1. Write r for the sequence {r }. Also write

Vp=u,-u,_;,all n, and set v = {Vn}.

For any sequence a = {an}, say, we shall write: a e V(T) if

a

N 0(1/T(n)) as mw; ae V(D) if a = o{1/T()) as mwo; a e W(T)

n
if anT(n) tends to a finite limit as n»». In the latter case we write

<3>T for the limit. Then we can state our first theorem.

THEOREM 1.1, Let ™M be a rmf, T a tail funection, G a corrvesponding

gauge function.

(R1) veSM <f and only if T e SQO.

(R2) v e V(T) n S(G) if and only if T € V(T) n S(G).

R3) v e V() n SG) 4f and only if T € Vo(T) n S(G).

(R4) v e W(T) n S(G) if and only if T e W(T) n S(G) and, in this case,

- .1
R B TS |
tmplying
™n
%‘un_l""m as nne,
Let us set

=7 r. for n<0

(vs]
Sp = bnel rj for nzO}
-0 J



Let us also set
@ uil if ny > 0 }

0 if u1<0

- - \‘-
An immediate consequence of Theorem 1.1 is then

Corollary 1.1.1. Under (R4) above,

un-w

o
8

Corollary 1.1.2. Suppose in Theorem 1.1 the tail function Tn) =

n1+VL(n)3 where v>0 and L(n) <s a feg. Then the references to S(G)

in the theorem may be ignored and

(1) Under (R2),
=0(1/n “L(@m).

u, W=
(i1) uUnder (R3),
u, - w=o(l/n “Lm).
(iii) under (R4),
<r>,
U - g~ ———:%;E——— s as nw,
U L{n)

o
Corollary 1.1.3. Under (R4) of Theorem 1.1, if T(n) ~ e nPL(n), as

e, where 0<a<l, ¢>0, and L(n) <e a fsg, then, as nw,

o
e'Cri nB'OH'lL (n)

n ]JlCOL

Sitmilar results hold under (R2) and (R3).
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We say the recurrent event is positive if P{X‘:j <0} =0. Insucha
case, if we set Un =uytup et then it is well-known that

U, is the expected mmber of occurrences of E at times t e [0,n].

Concerning Un we have:

Corollary 1.1.4. Suppose T(n) = n1+VL(n) as in Corollary 1.1.2 and

that the recurrent event process is positive. Then
O(nl‘v/L(n)) ;
o V/L(m);

(1) Under (R2), U_ - u;*(n+l)

(i1) Under (R3), U - ui'(a+1)

(iit) Under (R4), with 0< v <1,

-1 nl'\’<_1_~_>T
Up - by (n#1) ~ e ED I I
but 1f v=1,
<r>., Mm
-1 =T dx
Up = ¥y (D) ~ By Il xL(x) °

Part (iii) of Corollaries 1.1.2 and 1.1.4 can both be extended
to cover the case v=0; we leave this to the reader, however.
When Uy, < @ we can prove more explicit results than those so
far given. To explain these we need further notation.
If M(n) is a rmf we can define a further mmf, called MI n),
by setting MI(O) =1 and MI(n) = M(0) + M) + ... + M{n-1), n=1,
Plainly MI (n) 2n so, for example, the requirement Tre S(MI) implies

Z?Z n]rnl < «, Similarly, when necessary, we define Mpy(0) =1 and

Mpp@) = Mp(0) + Mp(1) + ... + M (n-1), n2l.

Then, for example, T e S(;y) implies Z‘I nzlrnl < w,
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Theorem 1.2. ILet u, <«, and ¥ be a rmf. If ZT MI(n)IrnI < o then

[}

[
. mu - % - <
1 I Moo
where @ = uil if M1 >0, =0 if ] < 0.

To avoid a certain amount of repeiitiveness let us write X to
denote either V, or VO , or W; it is to be understood, of course,

that X shall retain a given meaning throughout any theorem.

Theorem 1.3. Let Uy < let T be a tail function and let G be

an associated gauge function, For y, > 0 define

1 °n
e n=0,
n
= -— n<o .,
Yn b ’

For 1y < 0 make the obvious modification to this definition of g, -
Then if T € X(Tz) n S(GI) it follows that g « X(Tz) n S(GI), and,
in the case when T € WCTZ) n S(GI) we find

2

nZT(n)gn > -{——7——]<3?T s A8 I,
111 2

In the theorems that follow we set Un =Ug*tup t... U, as
earlier, but do not necessarily suppose the recurrent event process

to be positive.

Theorem 1.4. Assume the same hypotheses as Theorem 1.2.

(a) If Wy > 0 then, for n20, define
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I °° +o
YD L] I W U U
n ul Zpl J Ul n+l J ul -j:-oo 3]

It follows that z°l° b () g, | < .
(b) If wyp <0 then
..1 1
I (w, - ﬁrl‘r) =T, say,
m=-oo

18 finite; and i1f, for n20, we define

Ho~U o A
gn=Un+I‘-{——7—22 1} 1 S. —l—-z s
Ul =

then it follows that [; Mr()|gy| < =

Theorem 1.5. Assume the same hypotheses as Theorem 1.3 but define g, ,
depending on the sign of Uy s as in Theorem 1.4. Then g ¢ X(Tz) and,

when T € w(T?) a S(GI), we have

The theorems described so far depend on the tail probabilities
{rn} behaving suitably. If we inpose conditions on the point probabilities
{fn} then even better results are obtainable, especially if we assume

finiteness of absolute third moments of f£.
40 .13
Theorem 1.6. Let )__ |j| £, <w, and let M be a rmf. If

z°l° n Myp (@£, <, then

. . s fuymn
Iy n M@ jw, - e - H;l“‘ ["2'2“1‘}%] <%
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where, as usual, iw = Y-~ <tf U= > 0 and

A further idea needs explanation before we can give the theorem.
Suppose T is a tail function. We shall see in §5 that one can introduce

a new tail function T by the definition

1 2 du
- = 2X jm —— 5 Xzl
T(x) x u"T(u)

and that T(x) 2 T(x). For certain results we require that

lim X . P, say,

~

x»0 T(x)
exists. It is well-known that if 0 < p < » then this limit exists
if and only if T is a function of regular variation with index p.
We shall also be interested in the possibility that .p=0. It is not
difficult to show that a sufficient condition for T(x) = off(x)) is
that T(x) be a super-power function (implying that T(x) is also
such a function) and a necessary condition is that T(x) be a super-

power function. We can now state

Theoren 1.7. Let T. be a tail function which is unbounded and let

G be an associated gauge function. Suppose
#0443 W ) )
Z-OG lJl fJ < o gnd Zl ] GII(j)fj <<,

Defines for n20,

S Hay~H
_ _~_"n 2 "1
tn = un W) ”1 + [ u% lrn .

Then, as 1w,
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‘ (a) £, =00/T;(m)) implies t, =0(1/T;(@));
i (b) £, = o(1/T;(m)) implies t = o(1/T;(m);

& . . 3
) (¢) if the limit p = lim T(n)/T(n) exists and if n T(n)fn > ¢,
W00
neeo, where ¢ 1s some finite Limit, then

A
2r
nST(n)tn -+ %‘ {3‘3‘ - Z’Ul}\ Ll + l/z.p]}s oo,
o]
where Ay = Mg - 3“2 + 2u1 and A = (uz - ul)/(Zpl) as usual.

If we can only assume a finite second moment we can still obtain

improvements on Theorem 1.3 by assuming suitable behavior of fn for

large n.

Theorem 1.8. Let T, G, be as usual and suppose T(n) + o as 1w,

Zfz jzfj < o, X; j GI(j)fj < w, Then if we set

® s

~ n
- - == sa
un wn u1 3 y&

and define TI(X) = 1/{f§ dY/Tz(Y)} for all x>0, we have
(a) £, = O(l/TzﬁU) implies g, = O(l/?l(n)),
(b) £ =0(1/T,(m)) <implies g, = o(l/T;m)],
(c) £ ~ ¢/T2(n) as M, for some finite constant ¢, implies

n
Usy~U
g, ~ - 23 1 _ 1 , T
Tl(n-)

Finally we consider briefly what happens if r, decreases geometrically
fast. The whole story of this promises to be involved and difficult; we
only consider one relatively tractable special case. Our theorem is as

follows.
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Theorem 1.9. Suppose for finite comstants p>1, v>0, c=20,
T~ cpn/hle(n) as 1o where T 18 a tail funetion with an associated

gauge funetion G such that 2? G(n)/nl+vT(n) converges. Let

R(z) = z:: rnzn have only « (finite) zeros in the ammulus 1 < lz] < p"1

and, for simplicity, assume these to be single zeros situated at

Lys G5 ooe 55 and. none are on |z| = p-1 . Then, for uy > 0,

1 .1 § 1
u =S+ +t
R LU CR o

where, as o,
- c pn+1
- 2 e
n RV Tm)

(A similar result holds if 1y < 0.)

It might be mentioned that O and o versions of this theorem can also
(more easily) be proved. A challenging problem we have so far been unable

to solve is that posed when r, "~ cpnT(n).

Finally we close this section by mentioning an unfortunate weakness
of the method we have adopted. The umbrella condition U is needed
for the manufacture of smooth mutilator functions in §3; these are vital
to our "elementary' method of proof. But they are unnecessary if we
adopt a Banach algebra attack. As far as the theory of recurrent events
is concerned, all that is needed is the inference that if the Fourier
series _;_“_(6) is non-vanishing and in é. certain sub-algebra then so
is 1/_;_\'_(9); this could easily be dealt with by an appeal to a "well-
known" result concerning maximal ideals in a commutative Banach algebra

(see, e.g. Rudin (1974), Theorem 18.17, p. 395). The gain by using
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the more sophisticated attack is a slight broadening of the class of

tail functions we could allow; condition U could be replaced by the
weaker requirement o(u)/u -+ 0 as u»», However, if the present methods
are applied to corresponding problems in renewal theory in continuous
time, the use of smooth mutilator functions seems unavoidable, even

if one is prepared to appeal to the theory of commutative Banach algebras.
It would take us too far afield in these notes to explain what prompts
this claim. Thus it seems that in renewal theory the U condition

is less of a drawback.
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§2. SOME PRELIMINARY LEIMMAS

In this work we are largely concerned with sequences tending to limits
and with the rapidity of that convergence. As a means of estimating that
rapidity we shall make use of certain classes of monotone functions. This
section is devoted to the defining of these classes and the discovery of
various important properties of the functions in these classes.

A function f£(x), say, of real x20, is called a function of moderate
growth (fmg) if f(x+c) ~ £(x) as x»»o, for every fixed c¢. In a discussion
in which functions are only evaluated at integers it is enough if
f(n+l) ~ £(n) as me through the integers.

We denote by M the class of right moment functione (rmf), which satisfy

the following conditions.

(i41) M)zl for x<0, M(X)21 for x20, M(X) <is non-
deereasing in [0,%).

M2) M(x) ~ M(x+c) as x»», for all fized c.
(#3) M(xfy) < M(x)M(y) for all Xx,y.

Notice that (M3) need only be verified"'for x20 and y20 since (M)
ensures its automatic fulfillment otherwise.

If A(x) and B(x) are functions of x20, we say they are equivalent
and write A(X) = B(x) if A(x) /B(x) and B(x)/A(x) are both bounded as
X0, |

Suppose N(x) is a non-decreasing function of moderate growth such

that, for finite positive constants A, and A, , it is true that
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N(x+y) < AZN(x)N(y) for all x 24y and all y2 Ay - By increasing A,

if necessary, we can ensure that AZN(Al) 2 1. Then define

Mx) =1 for x<0,

it

AZfJ(Al) for OSXSAI 9
AZN(X) for x>A.

It may be verified that M(x) is indeed a mmf and N(x) = M(x). Because
we merely use moment functions to indicate convergence properties of series,
we are only concerned with asymptotic behavior of a ymf as x»»., Thus, as
will appear, it is entirely adequate to give a function like N(x), above,
knowing that an equivalent rmf satisfying the more convenient conditions
(ML), (M2), (M3) exists. Let M* be the class of functions like N(x).
Then three examples of functions in M* are as follows: (a) M(x)z1l; (b)
any non-decreasing function which ~ L (x) as x»o, where o20 is a
constant and L(x) is a function of slow growth; (c) any non-decreasing
function which ~ exp vX , as x»w,

We denote by T the class of tail funetione T(x), defined for x=20,

which satisfy:
(T1) T(x)21 for all x20 and T(x) is non-decreasing
(T2) T(x) ~ T(x+c) as x»», for every fixed ¢ (i.e. T(x) is a fmg).

As was the case for the classes M and M*, we are only concerned with the
behavior of T(x) for large x; thus, in specifying a tail function we need
only give its asymptotic form as x»w, It may be noted that examples (a),

(b), (c), above, of right moment functions provide examples also of tail
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functions.
With any tail function T(x) we associate functions called gauge
functions. A gauge function is any right moment function G(x), say, such

that for some finite constant C>0:

T) . 3
(2.1) Ty < 06(r)

for all large n and all n > 2r. It might be noted that, since T(x) is
non-decreasing, (2.1) is automatic for <0 since, being a mf, G(r)=l
when 1<0.

By way of illustration we remark that in example (b), above, we can
take G(r) as a constant for r20. In case (¢) we see that

_Efé; < e(Jill)/F .
AT
Notice that in both of these examples the gauge function grows much more
slowly than the "parent” tail function. This is typical for the situations
we encounter but not necessarily true for an arbitrary tail function.
We denote sequences by letters a,b,c,... as far as possible. Typically

these sequences are doubly infinite, thus a has terms

@803 a-_zs 3_19 ao» alg 329000 o

We call a a right sequence if a_ = 0 for all n<0, and R for the class

n
of such sequences. We call a a positive sequence if a, 20 for all n,
and P for the class of such sequences. Sometimes, when the symbol for a
sequence is cumbersome we denote its nth term as (§)n , but whenever

possible we write a_, b_, etc. The norm of a is defined as

n n
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lall = T Ja.

i==-00

If T(x) is any non-negative function on the integers, we also write

+00
Hallp= 1 T@lay].
=0
We shall write S(T) for the class of sequences a such that
lally < =
If T(x) is any non-negative function of the positive integers we

shall write
[al, = 1lim sup T(n)|a,.|,
ZAT n

and V(T) 1is the class of sequences a for which [g]T is finite.

Suppose however, T(n)an tends to a, possibly complex, limit as nwew,
We then say a belongs to W(T) and write

<asq = %ijoia T(n)an .

Note that W(T) < V(T) and, if a e W(T), [i]T = l<§>T"

If {g]T = 0 we shall say a is T-mull and write Vo(T) for the class
of such sequences. Obviously UO (T) « W(T) and if a e VO (T) then <arq = 0.

If a and b are two sequences we write a*b for the convolution

whose nth term is

$00
@Dy = 1 ab .
m=-c0
It is clear that a*b = b*a and that |[a*b|| < ||a|]-||b]|. In an obvious

way we define sequences a*a*...*a ( k terms), more compactly written

a** | and have ||a*¥|| < ||a]|¥ .
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' In a few places it is helpful to interpret (g_*r) as the sequence
{8,} = 8, say, inwhich §;=1 anéd 6 =0 for all n=0,

¥hen ||a|| <1 we can introduce the sequence Ala] whose nth temm is

@)+ @h + @

Jp ¥ oeee
We find that
[alalll = 1/ - |lal D).
LE#A 2.1. If a and b are sequences in S(4), for some right moment
function 1, then [1a%|ly < Ilally + [1bl;, -
PROOE., Let ¢ = a*b. Then
| la#%b] ], = 17 H(n)e,

=1 1 t(ng+n,) anlbnz

<y 7 P:E(nl)ffl(nz)anlbnz )
by (M3). Thus the lemma follows.

LE&MA 2.2. If a e S(M), where M <8 a rmf, then there exists a sequence

{ey ), decreasing to zero as low, such that
k k
(2.2) [1a**| 1 = (la]l+e . all lel.

PROCF. Plainly we need only prove (2.2) for large k. To begin with suppose

a e PoR, and write, for simplicity, o = [|a*||; . Then, for k1,
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25 (o] (=]
G, = L ) oo ) H(ngtn,t...tn)a a_ ...a
K 5,20 n,%0 n=0 1 2 K0y 0yt g
1 2 k
oo [2< <«

A

Mk, +n,+...4n, )a_a ...a
nle nzzo n},z() { 1 nk) Iy 1y RS ’

~

= 0y , say,
since I is non-decreasing in [0,»). Set
. o 1\-’37(&('*‘1'11"'112"'..."'1'1}() .
A Y.
(2.3) k n‘k=0 Mk 1+nl+.,.+n§£_l) 1y

where w = Nttty g 2 0. However, since M(x) is a fmg,

?

Mk-1+w)
as lkow, for r fixed, uniformly with respect to w. But, from (3),

Mlehwrr) M(1+1)

Mk-Irw) ~
and it is trivial that ch Ez-i(lﬂ:‘)ar = (0, say, is finite. Thus dominated
convergence applied to (2.3) shows that Ty llal] as koo, uniformly with
respect to wx0. Thus we can set T < ||a|| + ny , say, where M v 0

as kow, But gk = Ty 01 and we are evidently led to the result
oy < 5 < C(l1all+n) (lall+ng) ... (|lal]#my).

It is a routine matter, now, to establish (2.2).
We shall now extend this result to a sequence in P but not necessarily

. 4 s R R
in R. Let a be such a sequence, and define a new sequence a = {ag} by
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R i
= >
a, T a, for n=20

= 0 otherwise.

Let us also set ai =a - aﬁ to define the sequence {§}}. Then the first

part of this proof applies to gs and gives, in obvious notation,
R R R R
(2.4) o s C(| |2 1+ (Hla ] f+ng) oo (]2 ]]+my).

Evidently we must now consider

00 +00

(2.5 0y = cos Mn,+n,+...+n, )a_ a_ ...a

R T R Y
RO ) ]
= 0o etc.

Loy oee
2=0 n120 nZzO nzzo n2+1<0 nk<0

But if nlzo, n220, cos ,nzzo, n£+1<0g ceo Snk<0’ then

Mngtnyte .4y ) < Mngtng+...4ny)
and (2.5) gives, using (2.4)
k
i Ly k- R R
@6 ocsc 1 () a7l Y1 1y e 1 ).

Recall that ny v Let p(k)»», p(k)/k + 0, as k», Then it is not hard

to see (‘l§$|l+n2)p(k)-2 Kk

ko Ly k-2 R 2
Ty O 11 g

o, < C
RN

(1128 |+n,) P12
12 1°09

L R k
(1211112 g ¥

From which it follows, since ||a|| = llaLl|+llaR|I and o) * 0, that

)1/k

Lim sup (o < |lall.
ko
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This proves the lemma since the dropping of the assumption 2e¢P calls for
only the most obvious device.
Let ¥(z), a function of complex 2z, be analytic in the disc |z| < r,

for some r>0. Then V¥(z) has a unique Taylor expansion

[}
m
¥(z) = ] gz, say,
- m=0
and the radius of convergence of this series is at least r. Now let a be
a sequence in S(M), where M is some moment function. We can unambiguously

define a new sequence Y¥(a) whose nth term is

v A
mZO v, @), .

LEWA 2.3, If Y¥(z) s analytic in the dise |z| s 1, if a e S, and if

llal| < r, then ¥(a) also belongs to S(4i).

PROOF. We can find €>0 such that |[[a|[+e < r, and then ky(e) such that

for all mk,

' 'E*ml 'M 5 (l IEI l"'e)m .

Thus, if
V(@ =1 v (@
ko= m=k, B
then
1 @1l s I 1ol Cllallse™
l’ﬂ-ug
< o

9

since zo(;zpmzm is absolutely convergent within its radius of convergence. But
ko-l
e@-y @1l s 1 gl Ha*l ]y

< oo,
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by finitely many applications of Lemma 2.1. Thus the lemma is proved.
In what follows T(x) will be a tail function and G(r) a corresponding

gauge function.

LEMA 2.4. If a and b are sequences in V(T) and S(G) then
2.7 fa*bly < |[b||[aly + [lal|[bly -

Furthermore, if a and b are also in W(T) then so is a*b and

40

400
<a*b>p = <a>p Zw b + <b>; gw a .

PROOF. Let us set c, = (_a_t_*p_)n ; then for n 1large and positive

c.= ) a b + J b _a

n - -7
rsn MTT G, BT
=.r_;.r'1+c;,sa,y°

Then we observe that

T()cy = r)s"lm T%(Tl-l'}fj' {T(n-v)a,_.}b. .

For all r < %n we have
T(n Qo
Ty < cém),
where G(r) =1 for r<0. If we suppose a e V(T) then
Tw-r)|a .| s [aly + e, , say,

where €, 0, uniformly with respect to r < %n, Since T(n) ~ T(n-1) as
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n+o, and since, if b ¢ S(G),

I logl + ] G@lby <,

-Q0

we can appeal to dominated convergence to infer that

lim sup T(n)[cx'li < [alg bl

>0
On the other hand, if a e W(T) the same dominated convergence will show

that, as n-o,
400

T(n)c) + <a>¢ } b

-Q0

T -
In a similar way we can deal with c; and complete the proof of the

lemma.,
Suppose g_(l) ,gcz),... ,_a_t_(k) are k seaquences in ¢(T) n S(G). Let us

define, for r=1,2,...,k,

P IO B R T P GO

Lemma 2.1 shows, by repetitive applications, that ¢ (r) € S(G) and one can
also easily obtain the equation:

$00 400
(r) . ()
nz-oo Cn j=1 {nz-w an } )

Lemma 2.3 shows that (assuming k=2 ):

fne B

(@1 s W12+ @111 D1
and (if k=3 ) one can then deduce from the same lemma the result:

@1, < @111 + @P111P).
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since [|c@ ] < [1a®1] « 12®|] tnis gives

3 .
@1« § W1y 1 2™
j=1 rzj

The generalization of this should be plain, as should be the way by which
Lemma 2.3 can apply to g(r) if every sequence E(J) belongs to W(T).

Thus we have the following

LEMVA 2.5. In the notation just established, if every g._(j) belongs to
V(T 0 S@ then ¢ also belongs to V(T) n S(G) and
®q o § )
[ < I 21 1 [12a"]].
j=1 T#j
Furthermore, if every _e_i_(j ) e W(T)nS(G) then g_(k) belongs to W(T) n S(G)

and .
] +00
e | a1 (T 0).
T

- i j=1 - T T#]j =00

An immediate and important consequence of this lemma is the following.

LEMMA 2.6. If a s a sequence in V(T) n S(G) then, for every integer

kel, a** ds in V(T) 0 S(G) and
k k-1
[a*"1p = Klalllall™ ~ .
If, moreover, a is in W(T) n S(G) then so is g._*k and
1 k-1
<§L_*‘<>T = k<§_>T{zm a,} .

Suppose now that a is any sequence in PnR such that
lall| = ZOS a_ < 1. We shall sometimes write A(z) for the function 1/(1-2),

which is analytic in any circle |z| s r with O<r<l. Thus A(a) is also
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a sequence in PoR, and |[A(2)|| < = by Lemma 2.3. For ease let us write

g for A(a). Thus

(2.8) g, =a * (a*z)n + (a*S)n P

and an easy calculation shows

. lall
(2.9) Hell = 2o & = T=77apT -

LEMAA 2.7, Let T(x) be a tail function and G(X) a corresponding gauge
function. Let a e PnR and suppose ||al| < 1. Then if a e S(G) it
follows that A(a) € S(G). Furthermore:

(4) If ae V(T)nS(G) then

'(2.10) EA(g)]T < —-—E%gzl—jr.
(1-tlall)
(B) If a e W(T)nS(G) then A(a) also belongs to W(T) n S(G) and
<a>q
(2.11) <A(§_)>T = W .

PROOF. The fact that A(a) ¢ S(G) follows at once from Lemma 2.3. Evidently

e

(2.12) 8y =3, * rZO ag , -

Next suppose a e V(T)nS(G), and rewrite (2.12), as follows:
(2.13) g =a_+ ) ag _ * ' a_ .
B "t L Crfar t L By

Let us then set

2.14 c! = a .
(2.1 B ephy B0
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Then, as in the proof of Lemma 2.4, we argue:

9 T '
(2.15) () |c)| < Osrgl/m T(S%T g (T(n-r)a_}.

We have established ||g||y < = and so the dominated convergence argument

will go just as before, and show
[c'lp < [algllgll

Our major difficulty, however, is concerned with
a = it .
0srin rén-r = S 0 Y
Let us set 'I‘(n)gn = t(n), and suppose that T(n) is unbounded as mr~. Then
it is possible to find a sequence of integers ny<ny<... such that 'r(nj) - ©

and t(n) < T(nj) for all n < nj . We can then deduce from (2.13) that

T(n,
(2.16) -c(nj) < T(ﬂj)anj + T(nj)cr'xj + T(nj) OSrE%n T’(%%Tar .
Hence
T(nj)(an_+c;1_)
(2.17) | T(n;) )
1-051'21/211 Toy-r T

Since ||a||g < =, a dominated convergence argument will show

T(,) ©
2.18 . > oo,
Thus (2.17) coupled with (2.18) and the asymptotic behavior of 3, and
cxil gives
lalp(+l1glD
(2.19) lim sup t(n;) < =TTaTl .

joo )
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This contradicts the hypothesis that t(n) is unbounded. Thus t(n), as
n»o, has a finite upper limit A, say, and this alone establishes that
g ¢ V(T). However, let {nj} now be an increasing sequence of integers such

that 'r(nj) + /A as jwo, For all n =z ‘mj we may claim that

t(n) < 'r(nj) teg

where ej + 0 as joeo, Thus (2.13) yields, on_lines similar to (2.16),

T(n.)
() STy ¢ txlegd L w00,

j
Hence, letting j+~ we infer

b s el gl + 4 - [lall,

which tells us that

[al; 1+11gl!
(2.20) [&]T < T-TTall

If we note that {1+||g||} = 1/{1-|]a||} then (2.20) implies (2.11) in the
lemma.
Finally, suppose a ¢ W(T)nS(G). This implies a ¢ V(T), of course, so

the preceding results are all valid. Further, (2.14) shows’

- T{n)

T[‘(I’).)C.‘.I'1 = Osrégin Wﬂ_ gr{T(n-r)ar}

and a, by now familiar, dominated convergence argument gives
(2.21) T(n)c) + <a>;|lgl].

Let us write
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I' = 1im inf t(n).

Ti»co

Then we can claim that for all r < %n

t(n-r) =T - €, »

where €q * 0 as mw. From (2.13) we may therefore write

> ' - T(n)
(2.22) () 2 T() a+c! + (F-¢) 0512@ FooaT &y -

Dominated convergence shows

T(n)
Oer%n T-1) or lgll, as mw,

and so (2.22) yields (if we let mn»e through a subsequence such that

() ~ T )
I 2 <a>[1+]|g||] + T - [|g]].
Thus
<a>[1+] g/ |1
P2 =1

showing that T = A, i.e. T(n)gn tends to a limit <g>r » a5 e, and

<a>p[1+]1g] 1]
7 T TTIETET

Thus the lemma is proved.

However, we now wish to extend Lemma 2.7 to deal with sequences in P
but not necessarily in R. Our argument parallels those arising in the study
of ladder variables in random walk theory.

Suppose, therefore, that aecP and that zf: a, = |la|| < 1.

For n=-1,-2,... define
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(2.23) b= J { J a . a ...a_}
(] k1 Jm,k) 1 T2 Ty’
where J(n,k) 1is the set of suffices {rl,rz,...,rk} such that:
{
Ty < 0
Tyt < 0

Ty+ro*e. ¥y g < 0

[ Ty*To+ .41y = 1
For n=20, define bn = 0,
As before, we shall write A(a) = g, for ease. It follows from Lemma 2.3

that g ¢ S(G) and one has without difficulty the result:

lall
gl *I-Ta[T < &

Since bn 3 for all n and, since bn = 0 for n=20, one has:

o Hellg

bl < Tlgll <=

Next define a sequence & = {f,} ¢ PnR as follows:

If n<0 then, of course, Ly = 0.

If n=20 then
-1
(2.24) Sa=a, + I a, b .
m=-co

We have immediately, from (2.24) and Lemma 2.1, that

(2.25) Hett = [all + [{slID
and
(2.26) Hallg < Hellgfl + Bl
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If we now assume a e V(T) then a familiar argument (which does not

. need the assumption a ¢ S(G) ) yields from (2.24)
(2.27) [21; < [alp@ + |]RID.
Alternatively, if a e W(T), an almost identical argument shows
(2.28) <op = <axp(L + ||BI D).

Now, evidently,

«©

(2.29) g, =

) ) a.a_ ...a
=1 I(n,k) T1 T2 Ty’

where I(n,k) is the set of suffices (ry,r;,...,Ty) such that

r1+r2+. e o¥Ty = 1, A careful dissection of the set

I(n,k

leads to the following important relation, valid for all n:
(2.30) g, = b, + &, *+ **g), -

(This equation is inspired by the work on ladder variables, already mentioned.)

An immediate deduction from (2.30), by summation, is that

Hell = 1ell + {1&ll + Hall - gl
and hence, that
PIbI[+] 1211
(2.31) el = —=rmemr— -

Further, if we set k = A(R), it follows from (2.30) that



34

(2.32) g=k+Db + kb,

However, & e PnR, so we can appeal to Lesmma 2.7 and (2.27) or (2.28).

If we suppose a e V(T) then

lalp(+11BID
(2.33) [_1_(_]T < T
-1l

If aeW(T) then ke W(T) and

<a>p(1+11b1)
(2.34) <}5_>T = 7
-1ig

If we note that b is a T-null sequence then we can deduce from Lemma

2.4 the further results:

If a e V(T) then
[alp(+11bID1Ib) I

o NIk

If ae W(T) then

<a>q.(1+[ bl ) b}
(2.36) <b*k> = i
(1-1121D)
It follows from (2.32) and either (2.35) or (2.36) that

If ae V(T) then

(2.37) gl < [al; (i-'-'—m—l?-; :
A-1121D

If a e WT) then

(2.38) <grp = <@y -(-1—:,—[21—‘1; .
a-1elh)

But (2.31) tells us that
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1+| b} |
1+ |lgll = T=TTET
and, since ||g/| = |1all/@-]lal]), we deduce

1+ bl
I-TTIT ~ 1-TTalT -

This result, used in (2.37) and (2.38), completes the proof of the lemma

extended to sequences a not necessarily in R:

LEMMA 2.8. The conclusions of Lemma 2.7 are valid without the requirement

aeR,

If ¥(z), as earlier, is a function regular in [z] <r (>0), and if

HORY) 02, lzl <,
then define
¥l = I E-

Evidently |¥]|(z) is also regular in |z| <.

LEMA 2.9. Let ¥, |¥|, r, be as above. Let T be a taitl function with

gauge function G. ILet a e S(G) ond euppose |l|a|| < r. Then

(4) If a belongs to V(T) it follows that ¥(a) also
belongs to V(T) and

[¥@ 1 < [alplel " (llalh-

(B) If a belongs to W(T) <t follows that ¥(a) also
belongs to W(T) and

+00
<¥(a)>p = <a>¥’ Q.. a ).
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PROOF. Let us write a for the sequence {]a|}.
Thus ||al| = ||a]] < r. For ease in writing let us also denote the
sequence ¥(a) by p = {p,}.
Lemma 2.3 assures us that p e S(G).
By a well-known property of regular functions ¥'(z) and |¥|'(z) will

also be regular in |z] < r and, indeed,
(2.39) § nprzr'l

is absolutely convergent for all |z]| < r.
Since lffz a.| < |lal] < r, the series (2.39) is absolutely convergent
at Zf: a =g, say.

Thus, given >0, there exists N(e) such that
T r-1
(2.40) I orlul 2™ <
N+1
Let us define two sequences, depending on N fixed,

N

N

p= 1 ya¥
=0
Q0

p= T wat.
T=N+1

It follows from Lemma 2.6 that:

If a e V(T),
(2.41) [Np_]T < [al; If |y, Hal ™.
=1
If ae WT), (recall t = Zf: a )

N
N r-1
(2-42) “opT e ) ovhe T



37

Let us.choose p such that ||a|| < p <r. Then wrpr +0 as 1w
and we can therefore assume N(e) chosen so large that |¢rfpr <1 for
all r2N. Then define a sequence b = {bn} by setting bn = Zn/p, for all
n. Notice then that ||b]| = ||a|]/p <1 and, moreover, if a e V(T) then
b e V(T) also, and
[bly = o ' aly -

Evidently
N T ~ T
(2.43) : | < v (a*")
| n r=%+l | rl n
s I oe@E),
T=N+1
= J ),
T=N+1

= ()

But if b e V(T), since ||b|| < 1, we can infer from Lemma 2.8 that
(2.44) EOIE ——-——-Z@T
° =T @pin?

In addition, Lemma 2.6 yields:
[b*(N-'-l)]T < (N+1)[}23TH}2HN .

This inequality, coupled with (2.44) and Lemma 2.4, enables us to deduce
from (2.43) that

] XD
B, < e b (b M aw) || + T e+
T Birl 12l = @-1bin
{(N+1) b N N }
PRI @i

{200 12l }{Hal!}N
= a_ *+ °
=T \p=TTalT (p-llgll)z i
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' N
Since ||a|| < p it is apparent that we can make [p ]y < e by taking N

large enough.

If we suppose a ¢ V(T) and appeal to (2.41) we see that
[ply < Cplp + ¢
Pir = L Pir
N
-1
< falp I rlul - Hall™" + e
=Ty T
By letting N+ and e+*0 we plainly obtain the desired conclusion:
[ply = Lalpl¥l*(JalDd.
Next suppose that a e W(T). We have:
N ¥ oo N
|T(@)p,-<a>p¥' (©)| < |T(m) py-<a>p % r & |+ |[Tmp,| + <a>e; by (2.40).

But !T(n)pil < 2 for all sufficiently large n, if N is taken large.

Thus, in view of (2.42) we have
IT(n)p,-<a>p¥' ()| < 4e

for all large n. This plainly completes the proof.

We close this section by showing that for any tail function T(x)
a natural gauge function exists which is, in a sense, minimal; for this
reason we shall call it the minimal gauge function (mgf).

Define, for x=20,

Thus for Xy 2 0, x,z2 0,
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) T(yT(y,)
TEYe) = S TG,
yzzZXZ

But if Yo = ¥17Xqp and Y1 2 2>c1+2x2 , then Yy 2 22&:1 and Yy 2 Xy . Thus

T(Yl)
(2.45) Yxv(xy) = SW gy
1 2 Y22X4+2x, Ty x7%,
= Y(xl+x2).

We may then define a non-decreasing G(x) by
G(x) = sup a(y).
y=x
Given any xg 2 0 and Xy 2 0, there must be, for every >0,
a y* < X+ Xy 5 such that G(x1+x2) < y(y*) + €. But we rust be able
to find uf < Xy and u§ <X, such that ui + u% = y¥, Thus G(x1+x2)
< y(uf)y(u%) + ¢, by (2.45). Since y(uf) < G(xl), y(uf) < G(xz), and

since € is arbitrary, it follows that
GCx1+x2) < G(xl)Gsz).

Thus G(x) satisfies all the conditions of a mmf if we can prove it
to be a fmg. Of course, we take G(x) =1 for x<0. We shall omit
the relatively easy proof that G(x) is indeed a fimg, and conclude
that G(x) is the desired :inimal gauge function.
If we restrict all discussion to integer values of the arguments,
the minimality property of G(x) is easily established and is as follows.

If H is a gauge function such that



ii;%l ‘T%(%)‘ < H(r)
for a1l sufficiently large n, say 211 n=2A, then G(r) < H(r) for
all r2%A. We omit the proof of this. The import of this result is
that, whenever possible, we should use the minimal gauge function and
that if a ¢ S(H) for any gauge function H then it is automatic that

a € S(G) for the mgf.

40
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§3. ON THE ALGEBRA OF TAIL FUHCTIONS

This section is mainly devoted to proving Theorem 3.1, below, which is
to be our principle tool in treating limit theorems of recurrent events. It
will be noted that it is an extension of the famous Wiener-Pitt-Lévy Theorem
on analytic functions of absolutely convergent fourier series. It is also
| similar to Theorem 2 of Smith (1966), but that theorem referred to Fourier-
Stieltjes transforms rather than trigonometric series and the present
theorem is considerably wider in its realm of application.

If a={a} be any sequence such that ||a|| <« we shall write

n +00 ind
(3.1) a(®) = } aneln ,  =o<f<em,

The following deductions are then almost immediate: (i) [a(8)| = ||a]],
all 6; (ii) a(®) has period 2m; (iii) a(®) is uniformly continuous;
(iv) the range of a(6) is a continuous curve, to be called Ca , in the

complex plane. In view of (i) it is clear that Ca lies entirely within

the closed disc |z| < ||al].

One more notion is needed before we can state our theorem of this
section. If K(x) is any measurable function defined on [0,»), at least,
we say it satisfies Condition U if

0 1+x
THEOREM 3.1. Let a be a sequence such that ||a|| <o and let @(z2), a

funetion of complex 2z, be regular at every point of C a Then there is

another sequence b, with ||b]| < «, such that b(6) = ¢(a(8)). Moreover,
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let M be armfy T a tail funetion, and G  .gq corresponding gauge

function, and suppose W, T, and G, all satisfy Condition U, above:. Then:

(4) If ae S(M then b e S(H) also;s
(B) If ae V(T)S(G) then b e V(T)nS(G);
(c) If ae WMnS(G) then b e W(T)nS(G), and

+o0
<b>p = <a>q o Q:m an) .

Before we proceed with the proof of this theorem it will be helpful to
introduce a simple extension of our notation. If a e S(T), for example, we
write _%e SA'(T), and so on. Thus we write ;_e VA(T) tomean a e V(T).

A vital tool in proving Theorem 3.1 is the smooth mutilator function
(S8MF) introduced in Smith (1966). However the SMF developed in that paper is

inadequate to deal with our present problems, so we must first provide a

suitable improvement.

LEMA 3.2, Let K(x), defined for x21, be a continuous and strictly
inereasing function, and suppose K(1) 2 1, and
(3.3) r K ax < w,

1 x
Then there is a finite comstant A>0 and a symmetric probability density
function p(xX) with a characteristic funetion Y(O) such that p(x) =0
foﬁ x| > A and

-fie lu-lK(u)du
(3.4) lv(e)| s e 5
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for all large |8].

PROOF. K(x) will have a continuous and strictly increasing inverse
function Q(x), say, such that Q(K(x)) = x for all x=1. Let us set
K(1) = a, so K(Q() =y for all yzo. By (3.3) we have

k() < jm ch) du-+ 0 as x»o,
X X u

Thus, if we set x = Q(y) in (3.3) we may integrate by parts and get

(3.5) f: Q%%T < .

Obviously (3.5) implies

o

1

3.6 < oo,
G- L T
Let {Xr}:;l be a sequence of mutually independent random variables

such that X, has a rectangular distribution on the interval [-ar, +ar]9

where

= 1 =
ar = m 3 ’1"1,29“0 .

2]

Then because of (3.6) it follows that ) X. = Z, say is a proper random
variable such that |Z]| < A, almost sure%y, where A is the sum (3.6). If
we let p(x) be the pdf of Z then the symmetry and compact support of
p(x) are plain. However, the characteristic function of Z is

® [sin are
p(@) = I |~—p—
r=1 are

Thus

(3.7) lw(8) | il Iavﬁl'l

[are[zl *

1A

eXp{'}:(e) } s SAYy
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where

y(8) = ] nle/Qarr-1)|.
Q(r)=ie]

Since Q(r) is non-decreasing,

K(lel)-1
(3.8) OE j an]8/Q(y) |dy

C

K(l61)
> [K(|6])-1-0den]6] - f mQ(y) ° dy.
[¢)

The substitution y = K(x) shows

IK(IGD

o

(61
mamdy = [ 7m0,
and an integration by parts shows this integral equals

el
en|oK(]8]) - L Kx) g,

Thus, from (3.8), we find

181 %)
2(0) = -(1+a)enje| + J de“

1

If we use this inequality in (3.7) we obtain
2

(3.9) lp(@)] < |e|(1+°‘) exp{—J u lK(u)du}.
1

This result is not exactly in the form (3.4) we have claimed. However,
we can replace K(x) in our proof by (1+a) + K(x) = Kl(x) , say. All the
conditions assumed for K(x) will hold for Kl (x) and we end, in place of

(3.9), with the inequality
el _
[p(@)| = {6l(1+°‘) exp{-[l u 1[(1+oz)+K(u)]du}

1ol 4
= exp{-! u “K{u)dul,
1
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as required.
In our use of the non-decreasing functions M(x), Tx), and G), it
is only their values at integer values of their arguments that matter. Thus

we may, with no loss of generality, assume them to be continuous functions.

LEMMA 3.3, Let T({x) be a tail function which satisfies Condition U, above.
Then there is a finite A>0 and a symmetric probability density p(x), with

characteristic function Y(6); such that p(x) = 0 for all |x| > A and

(3.10) w(8) = 0 1 1, ,
[[lexZT(*/Zael)]AJ

for every large A.

PROOF. Since T(x) satisfies (3.2) we can introduce the strictly decreasing

function

R(x) = r v 2{an T(y) }dy.
X

Let us then define

C n T(x)

K = ST

where C 1is chosen to make K(1) = 1. We then find

K(x) - dR(x)
E}de— ¢ | VRGIT

2C/{R(L)} < o,

Thus K(x) satisfies the conditions of Lemma 3.2 and we may conclude a

suitable symmetric pdf exists with a cf y(0) satisfying (3.4).
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X X Cwm T
K(u)du > d
fl u “K(uw)du fx-z §VT§T§7¥;' y
X
5 C in T(x/2) dy
R(x x-2 y

- C(&n 2)an T(x/2)
VIR(x/2) T )

Since R(x) - 0 as x»», for every large A>0 it is true that
X -1
I u “Kwdu > A n T(x/2),
1
for all sufficiently large x. Thus we have from Lemma 3.2 that
(3.11) (0) = o(tT(je|/DY™Y), o] » w.

However, if T(x) satisfies (3.2) then so does XZT(x) and the derivation
of (3.11) works equally well; thus we can obtain in place of (3.11) the
conclusion (3.10).

Suppose now that T(x) is a given tail function and G(x) an associated
gauge function and that both these functions satisfy (3.2). Then T(x)G(x)
is a tail fumction satisfying (3.2) and Lemma 3.3 assures us there exists a
symietric probability density with compact support and characteristic function

¥(0) such that, as [8] + o,

N 1
(3.12) p(e) = 0 :
lo1“2T(4101)GCs101) ¥

Let X be any positive constant and let k be the least positive integer
such that kA 2z 2 (to aveid triviality we may suppose A<2 ). Then, for

large positive 0,
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T(0) = T(kr8)

IA

G(A0)T (4(k-1)26)

6e0) T ene).

A

By choosing A 1large enough it then follows from (3.12) that
(3.13%) T@)w(A8) = 0, as @,

Next let IM(x) be a moment function satisfying (3.2) and let ¢(B) be
the appropriate cf provided by Lemma 3.3. For any large integer N we can

evidently show, by taking A sufficiently large, that
[+« T\I
(3.14) Y} HMOn/2) P ly(n) | < .
n=1
But M(n) = {(M(&om)} < (MY . Thus, by taking Nek in (3.14), we have
o]
(3.15) 3 oMm) jp(an)| < =,
n=1
Suppose now that we are dealing with a problem involving a moment
function M, say, and that p(x) is the probability density provided
by Lerma 3.3. Suppose further we are given a<p<y<§ as four points

on the real axis. We define q+(x; o,B8,Y,8) as the SMF based on these

points thus:

. L [rsle)) o1 [ya(rtd)
(3.16) q (x; 0,B,Y,8) = j {(B"Oﬁ) P( B0 ] 57 P( 5y ) Yy .

-
The SF is identically zero when x20 or x2§ and identically equal

to unity when PBsx<y. It also has the convenient property that if &<y'<¢§’

then
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+ + +
(3.17)  q (x5 a,8,v,8) + q (x; v,8,7',8") = q (x; a,8,y%,8").
Most important of all, if we set

1 (7 dex +
a(8; a,8,v,8) = 7;-] e q (x; o,8,y,6)dx

-00

then
a5 8%,0) = J{ NN y(o(s) - (80 y(o(6-07)).

If M(x) is a rmf satisfying Condition U then we may suppose,
by (3.15), that the sequence

(3.18) Aami; 0,8,7,8)1

belongs to S() for every fixed A>0. Similarly for a gauge function
G(x) satisfying Condition U. However, if the associated tail function
T(x) also satisfies Condition U thea (3.13) shows the sequence (3.18)
to be T-null. Notice particularly that these remarks are valid for
every MA>0.

Let us now suppose §-a < 2m. Then we can construct a periodic

SMF (abbreviated hereafter as SPMF):
+co

~4 +
a (8; o,B,v,8) = ) g (6+nm; a,8,v,6).

n=-w
. ~t . . .
Evidently q (8: 0,8,Y,8) has a Fourier series representation:
n=+w

465 a,8,v,8) = 1 €% (0,8,7,6), say.

-l o]

The Fourier coefficients are given by
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n

_ ar . -ind
G190 Kesne =3 [ T 6 vey0e

2m

+co .
%—T;f a" (05 a,8,v,8)e " ds

-0

= q(n; o,B,v,8).

In view of (3.19) we may claim that the sequence {Kn(a,syy,s)}\
belongs to S(i), S(G), and VOCT).

Let us simply write q+(e) for q+(6; -2,-1,1,2). Then, for any
A>0, q+(e/h) = q+(e; =2X,-X,A;2)); this fact will be useful shortly.
For small X>0 we write simply 0,(8) for the PSMF correctly denoted
q+(6; -2A,=A5X,2)). We then write Kg for the Fourier coefficients
of cA(e):
in6, A

K, -

We now turn to the proof of Theorem 3.1. If ER be any fixed

+c0
(3.20) 0, () =] e

=00

real, then &(z) must be regular at 3(90) = z4 , say, by the assumptions
of the theorem. Thus for all 2z for which ]z-zﬂl is sufficiently small

we must have an expansion:
- v - T
(3.21) 8(z) = o(zy) + rzl c.(z-z5)" .

Let Py be the radius of convergence of the series in (3.21); we must
have Py > 0. Since a(B) is continuous there will be a 60 s Say,
such that Ia(e)-a(eo)] s py for all le-eol < 8 - Thus, for ]6-60} < pg s

we have from (3.21):
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(3.22) @(2(9)] = @(Q(eo)) + zl cr{é(e)-éceo)}r .
r=

Define, for some suitably small x>0,
(3.23) 2,(0) = 0y, (6-0)2{a(0)).
For any integer n20,
0'1/2}\(6-60) = 0';2}&(9'80){0}(6“90)}11 ®
Thus (3.22) and (3.23) yield
(3.24) 2, (0) = a,(z}\(e-eom(a(eg)) + rzl crol/zl(e-eo){cA(e-eo)[a(e)-a(eO)]}r .

However,
40, -ing
ing 0,2
0, (6-8) = L e {e K}s

-00
50 0y (6«60)3(9) is a periodic function with Fourier coefficients '{br'l},

say, where

+o0 ~i(n-r)e
= 0.\
(3.25) bl = rz_m a e her ¢
Thus, if we set
(3.26) b (8) = o, (8-0,)[a(6)-a(8p)]
then b}‘(e) = Zf: emeb;; , say, where
A 'in.e
A 0,,A
(3.27) bn = br'i - a(BO)e K
+oo —i(n-r)eo

) {Kg_r - K?l}e a,. .

t—L ¥ +3
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Suppose a e S(M). We see from (3.25) that !b;l[ does not exceed

‘ +00
R EW |

r=_00
But {K;;} e S(}) and so, by Lemma Z.1, it follows that {br“l} e S(9).

Also, we note from (3.27) and the fact that [zAi(e)[ < ||al|, the inequality
A A

Thus, if we write ;bj‘ = {bg}, we have E)_k e S@GD).
However, (3.27) yields:
40 4w

(3.28) Ml 1 3 1K, - &) lal.

=00 =00

But
+co .
- +
Ki; = %F[ e ™ 4" (o/0)d0

+o0 .
= A [ N g (u)du.
00

. . . , . .t
Hence, if we write q(x) for the Pourier transform of ¢ (u),

YIA-

K, = Aq(nA).
Thus
+co A +o0
(3.29) nZ-m K - K s A nz'—oo la(or-tA) - a@\)|.

Since qx) = O(]x['N) for large x, with N fixed, but arbitrarily
large, and since q(x) and all its derivatives are bounded and uniformly

continuous, it is a matter of routine analysis to show that, as M»0

“$co

“+o0
(3.30) I lamy] *f la(x) |ax,
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and, for r fixed,
+00
(3.31) AL fqmi-rA) - g@mA)| 0.

Furthermore (3.30) ensures that the convergence (3.31) takes place boundedly.

Thus, from (3.29), for r fixed, as M»0:

+o00

) lKg_r - Kgl + 0, boundedly.
==-00

If this result is used in (3.28) we see that by choosing A small enough
we can make l]g})[ less than any prescribed positive constant. But we
have already seen that |[b|]; < = .

Let us now, temporarily, set

(3.32) p(o) = IERENCEY [a(6)-a(6) 1}
r=

S A T

I c b} .
r=1 ¥~
Then p(e) = Zeinepn , say, where p, is the nth term in the sequence

1 c (oM.
r=1

p =
Since IIE}I] is arbitrarily small, by choice of A, we may suppose
llg}[|'< pp and appeal to Lema 2.3 for the conclusion p e S().
But we must check that 9} e SID. Ye do this by referring to (3.26);
;(9) - ;(90) € SA(M)9 by hvpothesis; cx(e-eo) € SAGM), by the construction
of q+(e/A); thus E?(e) € SAG%), as required. Thus we have shown that
under hypothesis (A) of the theorem, b e S(4).

Suppose next that (B) or (C) applies. Then the previous logic

shows E} e S(G).



From (3.20) we see that 01(6-60) is represented by a Fourier
-ind
series based on the sequence {e OKQ}, say, and the norm of this

sequence is

-inf +o0
e~ %=1 K.

& n
=00

Now under (B) or (C) we have oA(e-eO) € V%(T), Thus, from (3.26) and

Lemma 2.4, we can infer that g} e V(T) and
A & A
(3.33) 7y < [alp I 1K1

if (B) holds; and that b e W(T) and

+0  -ind
A 0,2
G-54) Qrpmerl e Ko

if (C) holds. But the sum on the right side of (3.34) is GA(-GO).
Thus, if (C) holds:

(3.35) Do = <a>p0, (-0,).

Bearing in mind that )IE}I‘ < py » we may apply Lemma 2.9 to draw

the conclusions:

If (B) holds then p e V(T) and

A AT
[plg < '3 T 1yl » RN
If (C) holds then p e W(T) and

A = o ar-1
.50 o= by 3 )

T
= <20, (-8p)8" (zg + I Bp),

53



by (3.35).
If we restrict by to the closed interval [-w,m] then it can
be shown that cl(-eg) = q+(eo/k)° If we choose A so that A < %|SOQ,

it follows that cx(-eo) = 0, Thus we have the intermediate result:
RESULT I. If 2 < |8y] s m, and (C) holds, then p e Vy(T).

On the other hand, let us see what happens in the special case
65 = 0. We find the following:

A

(1) fw b = bM0) = 0, b
n = 0, by (3.26).

+00

;(0) = ¥ a, .

(ii) Zg

q (0) = 1.

(iii) GA(Q)
Thus, from (3.36), we have
RESULT II. For X sufficiently small and 6y = 0, pe W and

“+00
<p>p = <g?T®'(Zw a ).

Now (3.24) and (3.32) show that
2 (8) = oy, (6-00)8(a(6g)) + 0y, (8-60)p(6).

Because cbk(e-eo) is the sum of a Fourier series whose coefficients
2
form a sequence in S{M), S(G), and VO(T)9 it should be evident at

this stage that what we have succeeded in showing so far is that for

54



55

every real ‘6, we can construct a function QA(G) which is identically
equal to @(;(e)) in the interval [eO-ax, 60+%A]°

Provided A is chosen sufficiently small we also may claim: (i)
Under (A), ,(8) e SAGH); (ii) Under (B), 0, (6) « VA(T); (iii) Under
©, 2,0 ¢V ().

If (C) holds and we choose ) < %leol, for 6y = 0, then 2(8) € VB(T).

Let us write I(6,) for the interval [60-5A9 60+%A}9 and bear in mind
that the choice of A may well vary with 8y - Let us call the restriction
A< %ISOI: Condition A. In the argument which follows we must indicate the
dependence of A and Qk(e) on 6 . We shall therefore henceforth
denote them as A(eo) and Q(0; 60) respectively.

Thus every point 6%, say, is the center of a closed interval
I1(0*) throughout which Q(6:; 6%) = @(5(6)). Let us write J(6%) for
the open interval obtained from I(6%) by deleting its end-points.

Define I; = F-m, -m+A(m)] and Ip = [m-2s\ (1), ﬁ}, Then, because
of periodicity, Q(8:m) = @(;(e)) throughout I, and I, . By the
Heine-Borel theorem we can select finitely-many points 61 <Oy <.l < ek s
_say, in the open interval (-ﬂ+%k(w), ﬂ-%k(v)) such that the closure of
that interval is covered by the union of the open intervals
J(81)uJ(6,)u...uJ(8;). It is not hard to see that one of the points {ej}

will have to be the origin because of Condition A. Let J(ej) = (Bj,yj)°

Then we may suppose
T < By < - (1) < By <vq < Bz < ¥y < een < By < ¥y < m=-3A(n) < Yy < T

It will be helpful to write
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60 = -7

Yo = “THA(T)
By = 1)
Ygep = T

Consider the two overlapping closed intervals I(el) and I(ez). If
we refer to the property (3.17) of SMF's based on overlapping intervals

we see the function

(3.37) G085 ByyBy585,¥7)0005 87) + A(8; By,vy,7:8,)0(6; 0,)

= Q(e; 61962)9 SaYs

is identically equal to ¢(a(8)), in the larger interval I1(8)vI(8,) = [By,v,]-
By construction, any PSMF we use may be assumed to belong to S (M),

S (G), and UO(T), as necessary. It follows from (3.37) that:
(i) Under hypothesis (A), 0(8; 61,82) eS M.
(ii) Under hypothesis (B), R(8; 61,8,) ¢ S (G) n V' (T).

(iii) Under hypothesis (C), (6; el,ez) €S (G)nVO(T)9 unless 91
or 6, happens to be 0. 1In the latter case #(0; 61,82) €S (G)nld (T),
and Q(6; 6,0,) = Zelnetn , say, where

<tyop = <§?T®'(Zan),

In claiming (i) we have appealed to Lemma 2.1; for (ii) and (iii)

we have appealed to Lemma 2.4.
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It will be apparent that this process can be continued, yielding

(e 91,62,63), HCH 61962,93,64), and so on, until we reach
(6 9196223.,9ek) z Q*(8), say.

It will follow that 0*(8) belongs to the appropriate classes, depending
on our choice of hypothesis. Furthermore Q*(8) = @@;(e)) for 6 in
the interval EBl’Yk}’ Notice that, under hypothesis (C), since we

will have perforce included J(0) among the intervals, 0*(8) e W(T) and
in6
% = %
*(6) gm etk , say,

where <t*>n ='<a>.'(Ja ).
The last step left is the somewhat awkward one of combining Q*(8)
with Q(8;7). However, because of the periodicity of our functions: it

may be verified that
(83 BysYgsBy,psvi)a*(0) + q(e; By »Vio 2B 5 24y ) (8, )

is identically equal to @(g(e)) for all 6, and belongs to appropriate
classes, according to our choice of hypothesis. Thus @(g(e)) has an
absolutely convergent fourier series with coefficients which behave as

claimed in the theorem. This completes the proof.
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§4 POAFS OF THIOREMS QM RECURTENT EVENTS

As in §1 we write £ = {fn} for the probability distribution of

the aperiodic recurrent event, and suppose yp # 0. Let

= ] o f nz0,

1 © Lne1ty o

fl

-X?ij , n<0,

Then r = {r } is such that |[|r|| <« and Zf: r, = 1; furthermore

it is easy to establish that

. 1-£(6)
@y £(0) = s -

Y1 (1-e
If S(x) = x 1 sin x then there are constants o>0 and B>0 such

that S(x) = a for all |x| < B, and S(x): \< o for all |x| > 8. Thus,

since
1£6)= ] £ sinmo+ ] £ sinne,
In6|<B [no >
we have .
11 £0)] = alol{|5,®)] - 5,0}, say,
where
(6) = nf ,
b lne%ss n
and () = nf .
Zz ln6¥>8 &

But 21(6) + 1y # 0 and 22(6) + 0, as |6] = 0. Thus we have proved:

LEA 4.1. There is a finite Y>0 such that |1 £(0)| = v|8| for all

small |8].
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For 0<p<1 define a sequence Pu by the relation:

2 eal 3,023
Pug = 1w pf + 0T () ¢ 0T (E),

Then, as ptl, 8un 4 u, . But it is easy to see that

P 1

u(8) = ——x— ,
1-p0£(6)
and so
+7 .
(4.2) %r%j gdnm _do

- 1-p£(6)
This integral is absolutely convergent, since |£(0)] <1 for all .

We then deduce from (4.2) that

7 . ib
1 -16 | l-e
4.3) P - Py 4= [ e -{——fx——%}de .
n n-1 "~ 2w - 1-p£(8)

Now for all |e| < §, say, |1—eie[ < 2{6] and |1-p£(8)] 2 p|I £(0)] 2
ov|e|, by Lenma 4.1. Thus for all p>% and |6| < 6,
1_eie

Lo

1-p£(8)

A

4
=

On the other hand, since £(6) is continuous and may assume the value
1 in neither of the closed intervals {-w,-8]1, [§,m], it is an easy

matter to conclude that

R —

} L
1-p£(0)

is uniformly bounded for %<p<l and all 6. Thus by bounded convergence

we can infer from (4.3) the result

) io
1 J T _ing { 1-et }
u. - 1= e ~ﬂv———d9
n” %17 77 . 1-£(6)
1 J*“ o-in6 _do
-7 r(6)

il
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Therefore, if we set v, =u, -4, 4, and v = {vn}, we have:

(4.4) V(0) = ke

Ulf_(e)
This result, allied to Theorem 3.1, is.fimcamental to the proof of all the

theorems announced in §1.

Proof of Theorem 1.1. The characteristic function r(6) is continuous

and assumes the value unity when 6 = 0 mod 2w; it cannot vanish for

other values of 6 for this would conflict with the aperiodicity assumption.
Thus _;: (6) has no zeros and Theorem 3.1 allows us to draw various inferences
about 1/_;:(6).

(a) If r e SE) it follows that v ¢ S(M) also. Conversely,
since i(e) is bounded (being a characteristic function), (4.4) shows
\7‘(9) can have no zeros either. Thus we can apply Theorem 3.1 to 1/\;(8)
and deduce that v « S(M) implies r ¢ S(M).

(b) If (R2) holds, i.e. T e V(T) n 8(G), then it follows from
Theorem 3.1 (B) that v e V (T) n S(G) also. Plainly the converse follows,
as in (a).

(c) It is obvious that the proofs of cases (?3) and (R4) follow
a similar simple argument. All that needs calculation is the limit value

'_m r. = 1, it follows from Theorem 3.1 (C) that this

<> . Since ] 3
limit value is -p/ul ;

Proof of Corollary 1.1.2. If the tail function T(n) ~ —ml—-— we
n L(n)

need only the well-known fact that, when v>0,

o©

): 1 o 1
jen+l 3TVLEG) vnVL(n)

(4.5)
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to deduce this corollary from Theorem 1.1. A proof of (4.5) may be

. found in, for example, Feller (1971)., However, we need to show that

the condition r ¢ S(G) is trivial, or, more correctly, that under present
circumstances S(G) = S(I). We may assume xl+vL(x) is non-decreasing.

Thus, for fixed large x>0,

1
4.6) sup SV 2w
’ 1+y L(x/2) °
x22r (x-r)" "L(x-1)

Since L(x) ~ L(x/2) as x», it is clear the right-hand of (4.6) is
bounded. This is enough to establish our claim about G. The case v=0
needs a brief special comment. Of course, the argument about the gauge
function goes as for the case when v>0. But the special case v=0

requires the introduction of a new function of slow growth L J(x) » Where
du s 1
L:(x) ~ r TRV LG
J n U ng-l J=U
It is an easy exercise to verify that this is, indeed, a fsg. Thus Corollary

1.1.2 will actually extend to the case v=0 with the introduction of Ly .

o
Proof of Corollary 1.1.3. Here T(n) ~ el nBL(n), Thus, for fixed r,

o
: cn” B
s e n L)

G(r) 5
n22r € (n-1) (n-1) BL (n)

O(sup expfen® - c(a-r)*])
n22r

= O(exp rcn™),

- where A =1-2"%<1, Thus, if r e V(T), then r e S(G) if

o
© ACh
e

Ly <

This series does converge, as desired, because A<l. Thus when T grows



as fast as it does in the present case, the gauge-function condition
is automatically satisfied. All we need do to complete the proof of
the corollary is to estimate

1 o -cj%. -8

s e
TGy ~ —C-%— as 1w,
ngl J nzl LG ’

Since, as is easily seen, and as it should be, the present T(x) is

a function of moderate growth, one has that

‘f 1 Nf" dx
n+l () n TR -

A routine computation then shows that, as o,

o
r e < dx ~ L r dy
1 9
n xBL(x) o (exp n®) yl+c(!2,n y)WL((J?,n y) /a)
where we have written w = (o+8-1)/a. But familiar behavior of such

integrals involving functions of slow growth shows this last integral

o
-cn
1 €

" ac n(MS-UL(ﬁ) )

Thus the corollary is proved.
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Proof of Corollary 1.1.4. This is an immediate deduction from Corollary

1.1.2. We merely need to use the fact that when 0<w<1,

1-v
n

T g
~ OTET as 1o,

13°L()

For the case v=0 we use the relation

n
% L;(3) ~ nLy(n), as mow,

For the case v=1 we write



63

It is easy to show L J(x) is a fsg and that

n
1
% BTGT” LI(n), as noeo,

These asymptotic relations are sufficient to prove the corollary, and

complete the first section of these proofs.

. +c0
We now turn to problems when u., < », In this case nir_ < o,
P 2 =00 n

and one can introduce s = {s }, where

S, = (rn+l Pt I for n=20,

[

-(rn Fr t Tt ...}, for n<0,

It is not hard to show that ||s|| < «, that

A 1-1(6)
4.7 s(8) = = s
= 1_616
and that
+oo Ho—l
_ 21
(4.8) .Z—oo Sj = TJE— .

Let M(n) be a rmf and, for integer n=1, define
(4.9) Mp(m) = M(0) + H(1) + ... + M(n-1).

We can set MI (n) =1 for n<0 and make I%/II (x) an increasing continuous
function of x>0, if we wish, agreeing with (4.9) when x is integer-
valued. Then My (n) is strictly increasing and, for any arbitrarily

large N, when n>N we have
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M) o, )
I‘/il.ini - NMA(n-N) °

Since M(n) ~ M(n-N) as mnoo,

by (1) 1
lim sup - <1+,
nm“P W @) N

The arbitrariness of N allows the inference MI (n+N) ~ MI (n), i.e.

My (n) is a fmg. Moreover (4.9) shows that for all integers kl =1

and kz z1,

(4.10) MI (k1+k2) < MI (kl) + M(kl)MI (k2)°

But (k) = o(i\'EI(kl)) as loe and My(k,) = 1; thus (4.10) implies
(4.11) MI (kl+k2) < ZMI (1(1)1\’11 (}(2)

for all large kl and kz . It follows that My (n) is equivalent to

a mf, i.e. P/II(n) e M#®,
LEMA 4.2, Suppose W, < and T € S(My), then s e S .

Proof. Since zo{ My (1) lr, | <« it follows that M;(n) |s,| =+ 0. However

lr,| = Ispql - Isyls 121, so
T7 Gd(0) + M(1) + ... + M@-D}(|s 4] - Isy]) < .

If we use the result MI (n) ]snl + 0, a rearrangement of this series

is legitimate and produces the result

Z; M(n) s | <,

as required. The fact that Z(_)oo |s,| <= follows, of course, because u, < .
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o0 +o0
LEMA 4.3. Iet ae S(Mp, [, |ma | <e, [ a, = 0. Suppose u, < w
and T e SMp). Then s*a e S(tly) and Zf: In| |(s*a),| < =.

Proof. By Lemma 4.2 we have s e S(i). Since Z 0 8, 7 0,

(4.12) (s*a)_ = (s, s:-s )a + S__:8. =~ S a. ,
= =’n jz%n 113 n jE%n n-j’j n jéﬂl 3
= bﬂ + b; - b;' s SAY.
Now
bl < . + . + ... + .
+ Z (l +1| l +2l . + !rnq.jl)‘a_j"

cﬁ + c; s say,

where the sum cﬂ is void if n<l. Let us consider cﬁ first; we have,

after a rearrangement,

M (n)c' = a. { My (k¥j) |
ol M jzl 51 L ké; D
< .21 laj[ %1 {kz' [, (G-s) + M(j-s)Mplets) |y, 115
i= s=1 k]

when we use (4.10). But
by omgsm. s b5 n.
s=1 k2j I kts I s=1 kzj kts

{>J

= O(M;[(j)) .
On the other hand
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% ) P-fi(j-s)lié'l(lﬁs)[r,(+sl ) '{% M(j-s)}MI(k)lrkl,
s=1 k2j : k=j+1 s=1

M (3) M. () (v,
I kzjzﬂ 1) |7y

0t ()}, also.

Thus Z;: MI (n)c:l'1 < o, and we must next consider

=]

ey = 1 lagl (1 ) i,

n=1 jz1 n=1 s=1

However, for jz2,

e

11 @, |

n=1l s=1

j n-1
% {1 MGHr, | + {Z Mp(s) T,

=2 s=1 nzj+l n-j

A

(2]
j oI M@r,|
n=2 I n

0(3).

A slightly simpler argument will dispose of the case j=1 and show
therefore, since Zl jla_s ] < », that 21 Mp(n)cy < ». Thus Z; My@)[b}| < .

Next we consider

Me(n) b < a. M (m)ls, .| + a. M.(n)|s__.
< 1 oMGlagl I dspsl+ T lasl
g1 T pansg M3 ga T jeners
| My (n-3) + M(n-3)M; (j')}|5n_j s
< I MG)layl 2 sl + I 1yl () pﬁl(k)!skts

j=1
and the convergence of Z‘I Mp(n)[bj| follows from hypothesis.
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Finally we deal with b '. We observe that, since ) ljajl < ®,
‘ ZJ>15n ,laj} = o(n_l) as n»e, Thus all we need to show is that
) 201° n-]‘MI (n) |sn[ < ©, But n—ll‘dI (n) = M(n), so our desired conclusion
follows from the fact that s ¢ S(M). Thus we have shown
Z(; My (n){(_s_*_a_)n] <, Since Mp(n) zn, it follows that zolo n| (s*a) nl < w,
An argument such as we have just given, but on the left instead of the
right tail of the relevant sequences, and with M;(n) replaced by In|,
will obviously conclude the proof. With possible future applications of

this lemma in mind we draw attention to the fact that its proof does not

use the monotonicity of T, -

, +o oo
LEMIA 4.4, Let a be such that ]  a =0 and ] |na | <= Let X(T,)
represent either V(Tz), VO(TZ), or W(TZ). Suppose U, < . Then, 1f both
a and T belong to X(Tz) n S(GI), it follows that s*a e X(TZ) n S(GI)
. ‘also. In case X(TZ) = b‘)(Tz) it follows that T(X) must be unbounded, and
+oo Hy=U
. 2 "1
<s*a>., = <r> a. + [ }<a> .
==T, =T, L 3% AT
Proof. Lemna 4.3 assures us that s*a e S(Gy). We shall prove the case
X(TZ) = W(Tz) of the present lemma; the other cases (except for one point
noted later) are proved very similarly, indeed, more straightforwardly.
From (4.12) we see that
j:1 T,(m)
(4.13) T,(m)b' = J a.{ )) 2 [T,(n-s)r ]}
2 n 15j<in Ils=g ’T‘zin-si 2 n—s.

Ty(m)
VA
" jgl a°5{521 T, (0+5) [Tz(n“s)rmsl}.

If we take formal limits in (4.13) we see that, since Tz(n) is a fmg,
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as oo
(4.14) T,(mb! ~ | ja,<r>, + ) jai<r>
27 s T3, 55T,
+o0
= <> 18, .
Engde‘J

However, we must justify this limiting procedure by showing the convergence
to be suitably dominated. Evidently we may assume T, (n) r, to be bounded,
all n20. Thus the tems on the right of (4.13) are dominated by the
corresponding terms of
iz ,

2 ]ajl{ I G(s)} + Z Jla_jIS

j=1 s=0 jz1
both of these series are convergent, by hypothesis.

MNext we note that

. T,() .
(4.15) Tz(n)bn = JZ% W {Tz(n':’)an-j }SJ .

Since Tz(n) ~ Tz(n-j) and Tz(n-j)a n-j - <§._>Tz as no, for j fixed,

we have from (4.15) in a formal way that

o o 271
T ey, L9y = e, {“2“1 }

To justify this taking of limits we observe that T, (n)an rust be bounded,
so the tems in the sum on the right of (4.15) are dominated by some fixed

multiple of terms in

Z G(3) ISJ'! .
j<n
Since s e S(G), by Lemma 4.2, the domination is established.
Suppose T(n) is unbounded. One can quickly show that Sy = O(I/nT (n))

and that 7§ a, = o(1/nT(m)). Thus T,(m)by" = 0(1/T(m)) ~ 0. This
3>n
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completes the proof when T(n) -+ », On the other hand, if 1 = 1im T) < =,
A0
we see
<r>
T 7L -1
n+l ;-2- nt

But this result contradicts the fact that Zof Isnl < ©, consequent upon

the finiteness of Hy o Thus when X(Tz) W(TZ) the tail function T(x)
must be unbowsided, However, it is possible to encounter a bounded T(x)
in dealing with the alternative hypotheses. Consider the case X(Tz) = (/O(Tz)e
In this one can easily prove that s, = o{1/n) and that Zj>;m aj = 0o(1/n).
Thus nzT(n)b;’ + 0, as desired. The case X(Tz) = V(Tz) can be treated
equally simply.

Define 3(0) = §-r and, for k=1,2,..., define

(4.16) alk) o ook g (k-1)

*r = s#a
Then :;;(k) (8) = {:s\_(e) }k{l-i(e)} and it is easy to compute that

-Fm A

) a9 =@ -0
and, if A = (Uz'ul)/(zul)s
- (x ~ - AP k+1
I ma = iav0) = ir ) (0 = K

&5 =00
n

It will also be apparent that repetitive use of Lezrma»4.3 with M= 1

shows that
k)
) ]nar(1 | < o, for every k.

n=-o
Thus we can deduce from that same lemma that, when My <o, if T € S(MI)
then g_(k) € S(MI) for every k. Similarly T e S(GI) implies g(k) € (GI)

for every k.
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We can now make repetitive use of Lemma 4.4 to infer that if
T e X(Tz) n S(GI) then g(k) € X(TZ) n S(GI). In particular, if r e W(Tz),
a routine calculation will yield the result <§(k)>'r = -(k*-l))\k<r>T . Thus
2 -2

we have

LEVUA 4.5. Assume W, < » and define the sequences _g_(k) as in (4.16).
Then if T ¢ S(MI) it follows that g(k) € S(MI) for every k=1,2,... .
On the other hand, if T e X(TZ) n S(GI), where X <is either V, or UO R
or W, then it follows that g(k) € X(Tz) n S(GI) for every k =1,2,... .
In the case when Y e W(Tz) R

“U.v k :
. _ 2 “1}
<avvon = -~(k+1) <L>n
= T My} =T,

Proof of Theorem 1.2. If r ¢ S(HI) then by an argument now familiar,

{_;‘_(6) }"-1 € SA(MI). But Lemma 4.5 shows that g(l) (6) = s(0){1 - r(6)} ¢
SA (MI) . Thus Lemma 2.1 assures us that
s(®){1l-r(e)}
= = 2(0), say,
Ulr_(e)
also belongs to SA(MI), where g = {gn}. If we use (4.7) we find
{1-r(0)}

= = (1-e%g@,
ulz_(e)

and so, since }7’_(6) = 1/{u1§_(6)},
", IO
v(e) - —+

= 1-e"g(o).

= - so we can infer
But VT Ut U 5
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26n T,

(4.17) 1Jm-11n_1--—i-+———--gn g,-1

We note that g -~ 0 as In| » , since g e S(4;). Let m be any
non-negative integer, and sum (4.17) with respect to n from -» to m.

(8 If pu;>0,s0 u +0 as n~ -w,

(4.18) um-—--+aI =gy s m=> 0.

(b) If py <0, so u,n-*-uil as n + -,

n

4.19) - m =2 0,
YL, T T
The theorem follows at once, since Sh=1l-le rn .

Proof of Theorem 1.3. If r e S(GI) then the previous proof shows

g € S(Gg), which establishes that g, ~ 0 as |n| », and allows the
derivation of the alternative equations (4.18) when By > 0 and (4.19)
when My < 0. From Theorem 3.1 we see that 1/£(6) belongs to

X(TZ) n S(GI). From Lemma 4.1 we see that _:,si(e)ﬁl - _;‘_\_(6)} € X(TZ) n S(GI).
Thus by Lerma Z.4 we can infer that g e X (Tz) as required. This proves
the theorem except for the evaluation of the limit if r e ¢ (Tz) . Since

77 a () = o it follows from Lema 2.4 that

00 n
400
= <q1)
g >n = <aves Y v,
where we use the fact that v(@) = 1/{1111‘_(6)}. But Z ull , SO

the limit is as claimed because Lemma 4.5 shows

~(1) 21
<§- >T2 = 2 U <r>T

1 2
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Proof of Theorem 1.4. By Lemma 4.5, under the conditions of the present

theorem, we have that '{E_(e)}z{l - i(e)} € S(MI)‘ Thus, if we define

~ o {s@¥H1-z(e))
(4.20) g(e) = =
Ul_I_'_(e)

then an argument similar to that in the proof of Theorem 1.2 will show

;;_(e) € S(MI). But, since _g_(e) = {1 - £(e)}/{1 - eie}S, we can obtain

from (4.20) the result

> 2
A ~ {r(e)} AN
3 3 = = (1.a10427
v(8) "gi‘"‘ﬁ"l‘}’_(e) -——il—_—— (1-e7)"gz(0).

The substitution r(8) =1 - (l-ele)g(e) then shows

a-e%se) -6 s

~ Z (1..16y27
v(6) ﬁ‘l- ™ i (1-e™) g(e),
from which it follows that
(4.21) u, -u --631-—1——(5 =S 4) -1—-(5*2-25*2 +s*2)
* T n-1 “1 ul T n-1 U n n-1 n-2
=8, " 28,1t &
Let us write An =1 for n =2

0
0 for n<9o
Then if we sum (4.21) with respect to n from -» to m, and use the

fact that g + 0 as |n| + «», we obtain:

(a) If u1>0, SO un~>0 as n - -o,

2 2
®l_o%
A S (sm sm-l)

(4.21) um-_——'ﬁl_-ﬁx?—_:gm_gm-l'

If we let p >0 and sum (4.21) with respect to m from -» to p

we see that JP_ up = U, must be finite and that
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prl) (1 i STV
(4.22) Up iy ul gm Sm ul Sp gp .

Since Zf: Sy = (uz-ul)/ (Zul)9 we can rewrite (4.22) in the form

..'u L]
U_(p+1)_(“z 1]+.L s -l oo,
P ¥y zui Uy p+l mn ¥ P gp

which is the result announced in the theorem.

() If p; <0, so u, > l/lpll as n -+ -o, we obtain by suming

(4.21) the result

2 .2
[ P Y-
Am (sm sm-l)

1 - = -
(4. 23) Um - T——]—ul - -u—l- '—*—-—_'ul gm gm"‘l .
It follows that

i il @%“ ) Lll1 )

m=-co
is convergent, and this part of the theorem follows on summing (4.23)

in the same way as was done in the case ¥ > 0.

Proof of Theorem 1.5. The arguments required should be obvious at this

stage. The only point needing comment is the evaluation of <g>r .
2

But this can be done on lines similar to those followed in the proof

of Theorem 1.3. We find in the present context that

00
- (2)
<o>, >
E.TZ el T2 Lt 'n

I
A
]

b

<r>o
Mpup 2 =T
-31~3 |
Ul Uj_

which agrees with the result claimed in the enunciation.
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§5 PROOF OF'THEOREﬁS'WHEN_CQQDITICKg‘ARE CN £

From a given rmf M(n) we construct MI (n) and MH(n); we note
that™ n 4 My (n), nz-{ Mpp @), MH(n)«( nMI(n)a{ nM(n). Suppose we

are given that

(5.1) % nil ) < e,
(which implies 2010 n“z'fn < o ¥, Then it follows that m&II(n)rn'+ 0

as n*» and we can replace fn by ( 1 rn) and legitimately rearrange

.
(5.1) to produce

(5.2) %: {(n+1)Myy (1) - Ny Ml <.

But the expression in braces equals nMI (n) + MII(n+1) -{ nMI (n). Thus

(5.2) is equivalent to
(5.3) % iy (m)r, < =,

This implies nMI (n) s, >0 as m, and a similar manoeuvre produces

the result

o

(5.4) ) ni(n)s, < .

1
In particular (5.3) implies that 1 e S(Mﬂ) and (5.4) implies s e S(MI),
Let i?rn = uil for n=20, ‘Tfn = 0 for n<0. Then when EIXIS <o it
follows from Theorem 1.2 that, when uy > 0,

2 ~ n
(5.5) zmn un-wn—-ﬁ-i- < oo,

. +
But when the third absolute moment is finite, Z_z n]sn[ < =, s0 (5.5)

+oo ~ . .
N D < w,
implies the weaker result } . n|u, W, | Thus the Fourier series

T We write, e.g., an{ b, tomean a =0(b) as mw,
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I ey 5y = - . .
oo W) T $(0), say, is absolutely convergent, as is the series
. Fob’éaihed by term by term differentiation. To lessen confusion we shaii
deal solely with the case uy > 0; the case My < 0 can be treated

similarly. It is fairly easy to deduce from (4.4) that

— -

¢(e) = Al = 1 16 3
1-£(8)  uy(1-e™)
and hence that
£ (6) ig
(5.6) o' (8) = 2

@1 w0

A fair amount of routine calculation based on (5.6) will yield the

equation
(5.7) -iny0' (0) = x7 (8) * x;(8) + x5(8),
h PN
‘ where e16§(8)+i£' O
Xl(e) =

(1-¢*%
Xy (0 =-i S s - r(@)],

S ACIO R IO OO
(508) Xs(e) = ~ + ~ 42
2(8) [£(0)]

Proof of Theorem 1.6. If (5.1) holds, in view of what has been proved,

it is routine to show that xs(e) € SA(MII). The oné point calling for
corment is the term involving _;j (8). However _12' (e)é_(l) () = [;_(e)jzé(e),
say, where uli;_(e) = iuleie£(e) - j:;_’ (). It is easy to verify that

be S(MII) and that zz b, = 0. Thus we can infer from Lemma 4.3 that

[5(6)1%(8) € S (yp), as desired.

. A straightforward calculation based on (5.8) shows that
v ing
(5.9) X1 =1 ems).

-CO
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Thus the real difficulty rests in the interpretation of che), If we
set g(e)[l - r(0)] = c(8), say, then X, (8) = Zt: ncnglne . We can
deduce from Lerma 4.3 that c(8) « S(MII)9 but this is an inadequate
result for the present theorem. Set
c.=s ) r.-r J s.- 3 (s, _.-s)r.- )] (r. .-r)s,
n nj>%n j nj<%n j jam ) ntj o Lk n-j n’'7j
@ ._.@_ .3 ._.@®
Cn Cp c, Cp ~ 5 Say.

]

. o .2 .
Since }; j lrjl < o it follows that anMi(n)cél)l-{ M) s, |.
Thus Z; nMII(n)cél) < o,

Next we notice that

(2) -
Cn = Arn rn sj .

X
jZm

© s 2 -1 .
But }, Jlsjl < @, 50 lCé ). x|~ n"'r, and we find

ZT nMIICn)Icéz) Ar | <

We set
c£3) = (
1<j<dn
32
qésl) - cé ) s say.

- sn}rj -y (s, - 5n+j)r—j

S -
n-J j=1

Routine manoeuvres then show

e o] j [o'+]

31) . . . .

Ioni @B - r 7 gr| s Ton] 3 (-1 ] GeidMp (kg
=1 n n 1<j<im ~ 9 321 1Y g2 K= I k+s
However, one can show
(5.10) M (i) < MGG-s){(G-)® + My (kes)},

and, in the range of the summations, we have trivially that k+j < 2(k+s) and
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(j-s) < (k+s). Thus to establish the convergence of the last series

we consider

o j oo

Y olri]l 1 (s-L)M@G-s) "I {(k+s)” + (k)b (kts)IE .

=1 3 s=2 = 1 kis

This is convergent because 2j=2 (s-1)M@G-1) = MII(j) and r e S(MII).
In a similar way we find

© © © J 0
32) . .

} ni (n)]c( -r Yir.l s 1 o rsl 1 @G-s¥l) ) nidp(m)f

psp 1M L Tt A & T AP pe1 LTS

< {& jG+) |r_ | H nidy  M£ ),
jzl I Jl n=§+1 II n

. . . . +oo .2 . -1
which is finite since }__ j Irj] < . However Tt zj>’/3n Jrj-{ nr, , so
[~
. () |1 jril < e
nzl 11® jzl/zn J
. o . . . . (31)
Since }__ jr. = A we can combine this result with those on <h

and CIESZ) to infer
[+]
\ 3
(5.11) nzl iy |e, - T Al < o

Finally we set

M. g ; .- - _
e 15j§%n (nej = TS jzl (n ~ They)s-;
- 4 (42)
N Ch , Say.

In a familiar way we can show

[ . 41) [} ) oo 2
T onto @ |cP] < T ojlsc] T OF + K ()M
L i @®le b sl g 11 (0 My
and
oo © J )

42 :
ngl nMII(n)ch(1 )l < jgl Is_j| sgl n=§+1 i @,
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voth of which series are convergent.

Thus we have proved that
(5.12) I nipp@|c, + A, | < .
n=1
However, we know that
uln(un - vTrn) =ns, +nc, +g , say,
where g(8) = x3(6) and so g e S(MII). Thus
~ - _1
(5.13) ul(un - wn) - s, * 2)\rn = (cn + Zxrn) *nog .

In view of (5.12) we have therefore proved:

22T n

o S
Y N S
5wl it S <

and, on noting that 2\ = (u, - u,)/u, , this completes the proof of
2 17771

Theorem 1.6.

Proof of Theorem 1.7. Given a tail function T(x) with gauge function

G(x), define T(x) for all x > 0 by the equation

(5.14) R fw-fggi-,
T(x) x ¥y T(y)

Then it is faitly easy to show that T(x) = T(x), that T(x) is non-
decreasing, and, by using the relation [(y+1) 3’1"(;y'+:!.):§-1 r~ [y3T(y)]-1
as y»eo, one can even infer that ?(x) is a fmg. Thus T(x) is a

tail function. Moreover, let us fix r21 and take x = 2¥. Then

dy . v33 Ty dy
f;r Y I) E- { y-r’ T(y'r)} yoI(y)

< 8G(r) f;—ydl——

Yy T(y) '
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Thus we can infer that

sup _-UELX—)—- < 26(r)
x22r T(x-1)
and so, if 'é(x) is a minimal gauge function for T(x), then G(x) ~{ G(x).
Consequently, for example, S('GI) S S(ﬁl).
In what follows we shall write "I"z for what should strictly be T’f)z ’
i.e. we intend Tz(x) ~ xz'f(x) as X-w,
Let us concentrate first on the proof of Part (c) of the theorem.

In this case, as no,

(5-15) " %1- f: XS:J(CX) i 2u1ng"f"(n) .
Ehus T e W(TZ) and <_1_'.>?2 = ¢/ (Zul). Let us rewrite (5.8), setting
g(e) = xs(e), as follows:
ir' (0) [1+2x(0) 12 (6)
[x(e)]°
=M@ + gD @, say.

é(é) = é(l') (0) +

Note that under the present hypotheses, Z‘I nﬁII(n) fn 5
2010 ﬁu(n) [rnl , zo{ EI (n) |sn| are all convergent. Familiar arguments
will then show 5(1) e W (TZ) nS (GII)'

However,

g (0) = L0)s)[x' (8){1 - £(6)}1, say,

where 2(0) ¢ W (T)) n S (Gfp), also.

Let us temporarily set

' (0){1 - £(6)} = ih(6), say.
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Then hn = nr o By arguments similar to those employed

0" Lo T 315 -
in earlier proofs we can establish the following.

LBMA 5.1. Under the hypotheses of Theorem 1.7, h « S(GII) ard: (a)
£ e V(Ty) dimplies he V(T))s (b) £ e Vg(T5) dmplies h e V(T));
(c) £ e W(TS) implies h e W(Tz) and

Since Zf: h =0 wecenlet h play the role of a in Lemma

4.4,

First suppose T(n) = O(T(n)) as n»», Then w(’?z) c VO(TZ), implying
that g(l) and % both belong to Vy(T,). Furthermore <r>; must be

2
zero, and Lemma 4.4 tells us that s*h ¢ WCTZ) and
2
A
<s#h>p. = A<h>y, = - A .
==T, "= M

Thus, if we note that é_(Z) (8) = i@(e)g(e)ﬁ_(e), we have &(2) € W(TZ).

But 4(0) = 3i, so we can deduce

<g(‘2)>T = —3<_5_*11_>T = -3A2¢/u1 .
2 2
Thus g e W(Tz) and
(5.16) gy = - -‘W’—}‘ﬁ
° =1 Wy

Next suppose T(n) ~ oT(n), where p=0. This will happen if and
only if T(x) is a function of regular variation. From (5.15) we have
T e (U(Tz) and <£>T2 = p¢/(2u1). Thus we see easily that -&(1) € W(TZ),
and a straightforward computation gives <g(1)>T2 = -3>\2p¢/ (Zul). One

can also obtain, as for the case when T(n) = o(T(n)) , the result
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<g(2)> = -5X2¢/u . Thus we find in this case:
T2 1

2
= . 3" (1*30)9
(5.17) <g>Tz = __._ulz .

Notice that setting p=0 in (5.14) gives a result agreeing with (5.16).

Next we must discuss X2 (8). In the proof of Theorem 1.6 we intro-

duced (0) = S(OY[1 - 2(8)], and expressed ¢ = (P - @ - ) [

We treat each of these four terms separately.
n

Also, since Tz (n)rn + ¢/ (Zul) it follows that Tl(n)sn is bounded as
1)

Because Zij[sfj < o it follows that s_= o(n—z) and 2; S5 = o(n'l).
ne, Thus, remembering T(n) 2 T(n), it is easy to show both cI(l
and clgz) - M‘n are o(l/Ts(n)) , as me, We content ourselves with

merely giving examples of how to deal with the remaining terms. Consider

clgzl) ; we find

(31) _ . -
wy ey T, lsjé%n Jrj) 15 E {SZ (s-1)E, J+s} 5 -

Thus, in a formal way, we infer that as o,

' 31 : ® o]
(5.18)  wTym (D - L ) ¢ (0 G0y
=40 I3 3G-Dry

The justification of this formal taking of the limit can be seen

as follows. Since we may suppose Tz(n)f to be bounded,
T (n)
T3 Z (5 jus = 2 Dzt {50390}
4 22 (s-1)G(j-s) = Gpy(3).
g

But, under the hypotheses of the theorem, Eof GH(j)Irjl < o3 thus the
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thus the convergence is suitably dominated. However, since Z; jrj = 0(1/n)
implies L zj>%n jrj = o[l/Tg(nJ), we may deduce from (5.18) the result
(519 T P - 1, 17 ) - 17 56D

One can also show
(5200 @ 5 -z, I any) > 1L G0y

and justify the convergence adduced by the fact that Z:i jzlrjl < w,
It is possible to show 3“1 Zf: j(j-l)rj = g - 3u2 + Zul and so,

combining (5.19) and (5.20), infer

¢ (uz-3uy+2u,)

(5.21) Ts(n)[cgs) - Arn] + > , 45 1o,
6u1
Similarly one can show
¢ (Mz~3u,+21 )
T (n)c(4) > 577271 , aS T,
3 n 2
6u1

and on combining this result with (5.21) and the earlier comments on
(1) (2)
< and <h we see that
¢ (uz- 31,420, )

(5.22) T3(n)[cn + ZArn] -+ zuz' ; 85 I,
“M1

At this point we deduce from (5.13) the equation

~ -1
wyTo(m) (u, - W, - “115n + 2up M) = o) (e, + 2hry) + T,(n)g, -

Part (c) of the theorem now follows from (5.16) and (5.22). The
proof of Parts (a) and (b) rely on the facts that V(T) < V(T) and that
VO(T) c VO(T)9 and are simpler than that of Part (a) although they rm
on similar lines; we shall therefore omit these parts of the complete

proof of the theorenm.
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PROOF OF THEOREM 1.8. The differentiation of r(6) is justified if

Hy < @ Thus an integration by parts based on (4.4) yields

% . (fir'(6)
(5.23) nulvn = %—ﬂ_—f e 1nee{m 6.

Let us, temporarily, set é(e) = i£’ (e)/[_;_(e)]z . Evidenﬁly,

ix'(0)[1-2(0) I[1+2(8)]
[x(6)1°

gM @ +g@ ), say.

]

(5.24) g(6) = ir'(e) +

YWle have, for Lemma 5.1, defined ih(e) = r'(e)[1 - r(0)] and can prove

by methods arply delineated:

Lemma §.2. If T(x) »w, w,<w, and J7 j Gr()E; < @, then h e S(Gp)
and: (a) f e V(Tz) implies h e V(Tl);

(b) £ ¢ VO(TZ) implies h e Vg_(Tl);

(e) £« W(Tz) implies h e W(Tl) and

A
<hs,, = - 2 <F .
=T oy T
Thus, if we concentrate on:the most awlward case, to prove: f ¢ W(Tz),

we see in a familiar way that &(2) € L'J(Tl) and

@, .22 =
<g >, = == <f>, = vy, say.
= how TR,

Thus from (5.23) and (5.24) we conclude

nul(un " Uyp) *or -~ T,y °



T y

n
Up " U1t WA @

Hence, when My > 0, by summation we have

The remainder of the proof follows familiar lines.

PROOF OF THEOREM 1.9. From (4.4) we have

<7 N
1 -in6 d6
"1Yn 7ﬁ'f_ﬂe R(el9)

1 % dz
1 b4
271 zn+lR(z)

#he¥é the contour for the latter integral is the circle |z| = 1.
It is easy to see that R(z) must be analytic in 1 < lz] < p'l and
continuous and bounded in 1 < |z| < p'l . Thus routine change of

contours coupled with bounded convergence gives

ol [
=1 2h R (gg) T Jem (el
1 -

1316) ‘AZ_: 0 n, _nieg

+00 -
r e and we have J__ |o7r |G(n) <

1Yn

flowever R(p

and p-nTnn1+vT(n) + C as mn, Thus we can infer (since R(z) is

assumed not to vanish on. [z]| = p—l ):

K 1 Cpn

~ -

UV - : - .
s 2Ry o rmyReH

Thus

u -u, + 1 5 1 ~ Cpn
- U ] ) Z °
mLo s M) un™ImRe D]

84



85

Hence, when By > 0 for example,

w Lol ¥ L . ] &
. + - *
T M rDeTR ) wRE I el v I()
Now
o T o T, 1+v
nle(n) 7 +p =3 pn T(n)

=n+l r vT(r) =1 (n+r) le (n+1)

o]
T
-> Z p 5 as n—>oos
r=1

by bounded convergence. Thus the theorem is proved.
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