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1. INTRODUCTION. Let XM x 1), a=1, ... ,N, ,be i.i.e. v, 5,
i=1, ... ,r . Let
Ny
X -y xW
o 1
a=1
Ny
- (1) _ 51y (1) _ $()
Ay = L (G =T - X))
o=1
T _ T s . r .
A= 3 oA, X= 3 NXB 727 va®nN,
. 1 . 1 . 1
i=1 i=1 i=1

- (A G - B, LA @ - D)

kvt
X *

B

[

b

I O R M (R ) I

1MM' , =71 -1, then

Let M(p x q) be a transform of I* and let Q = T
it follows that for p <r <N, A is distributed W(I,n) , n=N-q

independent of B which is distributed W(Z,q,2) . Let
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1
32 being the symmetric sauare root of B , then ntrV is the well known

0 statistic for testing the hypothesis

Hotelling's generalised T

H: u(l) = u(J) for all 1i,j

against u(l) z u(J) for some i,j , i =2 j . Fujikoshi (1970) has derived

the asymptotic distribution for Td in the noncentral case to order terms
-2 . . . .
n , which also holds if q <p < N . The equivalent of V in the case

g <p <N 1is defined as

where Z(p x q) ~N(M, } ® I) . For this case 2 is defined as Q = Mz ty

We shall consider here the asymptotic distribution of the j-th esf of
ter . The result reduces to the result given by Fujikoshi if j =1 . We

shall refer to V and F as Hotelling's generalised beta matrices, since

they are distributed as multivariate beta distributions and Hotelling's

generalised Tg are related to them.

2. PRELIMINARY RESULTS.

Lemma 2.1 (de Waal (1974))
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and
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Lemma 2.2 Let
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2(1-3),2 1-j - -1
= b z n*
Zm,n zr,s b nbrs v Aexp(v Atrj )trAjan tr AJ.E*S‘r roog-] + 0(v )

thrZ(BFj)exp(vAterj) + O(v—l)

Continuing in this way, it is clear that the lemma holds.

Lemma 2.3 (Crowther (1974))
Let Z(p X q) ~ N(M, Ip ® IQ) » q<p, then for A(p x p) fixed, the

density of S = 2a7lz s given by

1 1
79 5(p-q-1)
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7P
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k=0 " (5p) (k! 2 2

where the expectation is taken w.r.t. the density
1
-.z—pq

2.4 ) etr(-YY'") , Y(p x q)

Crowther (1974) proved this lemma for the case 3 = Ip

Lerma 2.4 (Fujikoshi (1970))
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(cont. on next page)
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= g(tfn'n) , say

where the expectation is taken w.r.t. the density 2.4, n(m x g) any fixed

matrix and Bu(%n’n) s a=20,1, ... ,8 , given in Fujikoshi (1979) v, 104,

Proof Fujikoshi (1970) showed that the characteristic function of Hotelling's

generalised Tg = ntrF is given by
2.6 C(t) = glt|e)

On the other hand for 7(p x g) ~ N(M, I.® Io) and A(p x p) ~ W(I,n)
independent of each other and using Lemma 2.3, the character function of

ntrRF , R(a x q) fixed nonsingular
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Fguating 2.6 and 2.7 for R = I0 proves the lemma.

(3
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Ti:e following theorem generalises the result given by Fujikoshi (1979):

Theorem 2.1 For R(q x q) fixed p.d.s. and F(a x q) Hotelling's peneralised

beta matrix

2.8 P(ntrRF < x} = etr(—%ﬂ(l - R-I)][: P(xi(dz) < x) + Z%{pq(q -p-1)

o2 2
- 2q(pq - trOR )P(xe,,(6) < x} + (pa(p + a + 1)

20 + 20 + DR !+ tr@r™H ) (Z, (6D < %)
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tr(oR™” ) P( Xy Q(a ) < x)} - X B ( OR” )
n6n
; ? -3 2 1 -1
P(Xf+2a(5 ) < X)} + 0(n ) :J where &7 = trﬁigg ),
e 1 2.2 .
£=5pq and x.(87) denotes the noncentral chi-square

variable with f degrees of freedom and noncentrality parameter §

Proof From 2.7 and Lemma 2.4 the c.f. of ntrR_lF is given by

1 1 1 11,
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3Pq 1 /7 /2
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Inverting 2.9 gives the theorem. This result holds for « E » using the

argurent given by Fujikoshi (1979).
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3. THE ASYMPTOTIC DISTRIBUTION OF ter . We shall now consider the asymptotic

distribution of
Y = ntrj(F/r)
where Tt 1is some fixed constart,

Theorem 3.1 Let R be any fixed pn.d.s. matrix and

=1 -
E = n(trj(F/r) + trR “Fj - trjR 1) , then

3.1 PF(E < x) = P(xz(éz) < x) + D(nnl)
where
f = %pq s 5% = Ttr(%ﬂrgl) , T = trQ/trQP;I and

o L
r,= (1370 Y ndtiltiey,
j 4 j-i

Proof The characteristic function of
Y = ntrj(F/T)
is given by
¢(t) = E exp(int trj(F/T))

Expanding exp(int ter/r) as a Taylor series at

int F 1

= int R

for some p.d.s. matrix R



i.e. for v = int

exp (v trj(F/r)) exp(vl—jtrj(v?/r))
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L=vR
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Let 3 =v(F/t - R ") in Lemma 2.2, then ¢(t) can be written as

2.2 é(t) E etr(v(F/T - Rﬂl)Pj)exp(vtrjR—l) + G(nnl)

1

exp(v(trjR-l - trR"le))E etr(%—FPj) + 0

where T. is given in Lemma 2.2.
J

Let

in 2.9, then using 2.5 the characteristic function becomes
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-1
3.4 T = trQ/trQFj

then it follows from 3.3 that the characteristic function of
-1 -1
£ = n{trj(F/T) + trR Pj - trjR }

can he written as



1
~0q : i i
3¢ R(t) = (1 - 2it) 2 etr(I%ggz‘QFjl) s omh

whick proves the theorem.

Since R is arbitrary, it may be useful to let R = T . In this case

Pj becomes (see Gradshteyn and Ryzrik (1265))

3.6 I'. = A,
=1
3 Iz a

) j
j-1 j-i¢ q
(-1) GO R )Ia_

i=1 1=1

Then

and & becomes

3.7 £ = n{tr.{?/(?'l)] + (G - 1)(9)} .
i i-17y j

The noncentrality parameter will then be

62 = tr %Q .

In the special case j =1 it follows that

£ = ntrF

and the result by Fujikoshi (1979) follows immediately.
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