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ON THE PROBABILITY OF LARGE DEVIATIONS OF RANDOM VARIABLESl
I. N. Sanov (Moscow)
(Translation by Dana E. A. Quade)

The problem of determining the probability of large deviations of ran-
dom variasbles attracts continual attention. There is a whole series of
important investigations concerned with this gquestion. Among these works
one should first of all name those of N. V. Smirnov /1 /, H. Cramer /4 7,
V. V. Petrov lfb.jﬂ and a whole series of others. The problem of estimating
the probability of large deviations of the empifical distribution function
of a random varisble & from its theoretical distribution function after N
independent observations has, as it turns out, a close connection with this
problem; and also that of estiméting the probability of large deviations of
the order statistics from their means in a random sample from a population.
The distributions of what might be called "normal" deviations in the pre-
ceding two cases have been obtained in papers by A. N. Kolmogorov [ 7_7 and
N. V. Smirnov /2 7.

It will become clear that in problems about large deviations an im-
portant role is played by the concept of the integral j% in %% d® which
is presented in this paper. This integral is defined Egi any two distri-
bution functions F(x) and &(x).

In this paper we present an approach to the problem for deviations which
are sufficiently large. Thus, for example, with respect to the deviation
of the normalized number m of successes in N independent trials in a

Bernouilli scheme with p (0 < p < 1) as the probability of success in one

1 This trezslation was supported by the United States Air Force through the Air
Force Office of Scientific Research of the Air Research and Development
Command, under Contract No. AF 18(600)-83. Reproduction in whole or in
part is permitted for any purpose of the United States Government.
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trial asymptotic expressions have been obtained for the following proba-

bilities:

m - Np
2 A}, A aconstant, q = l-p

VT

(integral theorem of Laplace).

Asymptotic formulas for the probabilities

m - Np

>a), o<, o<a<i

P 5

Mipq

are derived in papers by N. V. Smirnov [17, 1. Cramer S %7, and v, v,
Petrov /57/. 1In this paper a method is developed which enables one to ob-
tain, for example, in the Bernouilli scheme, asymptotic formulas for the

probabilities

m -« Np

*
P > 7(N)| where y(N) = O(Nl/é) .

ba

Hence the methods developed in this paper should be looked on, not as re-
placements for the methods of the papers cited above, but as a certain ex-
tension of their results; although, perhaps, it would be of some interest
to develop these methods to such a dégree that they give all the basic
results of the aforementioned investigations. There is a real possibility
of this. The value of such a method will consist in a unigue approach to a

whole circle of different questions.

® - 1R . .
The case where y(N) = o(N"/“) is considered in the paper by V. V. Petrov

VENL
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I. DISCRETE CASE

We consider a series of N > 1 independent trials according to the
simple scheme with n outcomes 8198pyeeesly and corresponding probabilities

for the appearance of these outcomes

1 2 n n
(1) , Z p =1
ce s i=1l
P, D, P,

Let Py > O0Ofor 1i=1,2,...;n and let the result of these N trials be
that the corresponding outcomes occur oy 5Ty e e eyl times where m +m, +
sertm =N and m, 2 0for 1= 1,2,...,n.' Denote the relative frequency
of the outcome 8, by vyt

r-mi -
v, = T where Vit Vot ety = 1.
It is well-knownthat the probability P(ml,me,...,mn) of occurrence of

the set of numbers of outcomes m, Wy, e0 ., 18 given by the formula

m B o

N.
mli 2%...mn! Py Py eee By

(2) P(ml,me,...,mn) =

where we take 0! = 1,

In Stirling's formula

°n
nt = JBrm eloB B e™, [le <1,

we denote the first two factors by Pt

*]
L
Py = ,/Qnm e12m .

Furthermore, we shall put Pg = l, 0" =1, 0l = pOO e =1,
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Putting Nvi in place of m, we obtain:

i
n Py
o N X vy ln v
N N i=1 i
(3) P(ml,me,...,mn) = e e
1 2 n
n by
N Z vy In —~+ R
i=1 i

i
[0}
~

o]

n .
wvhere R=1np_ - Z 1lnp_  and we take that O » 1n = = 0. Evidently
N i=1 m‘i 0
—_ —
1< Pn < ./EﬁN elQN and 1 < Py < ,/EnN elEN; and hence, because of the
i

monotonicity of the function 1n x, we have the estimate

(4) (M<umﬂémn+%m&mi%L

The number T of all possible sets (ml,me,...,mn) is equal to the num-
ber of different non-negative integral solutions of the indsfinite equa-

tion x1+x2+.,o+xn = N. From this it follows that

n-l

(5) T =(§1-1)'. + o™?),

We denote by . a region of points in the (n-1)-dimensional simplex
L= ﬁxl t Xyt et x =1, x, >0for i=1,2,...,n) such that it in-
cludes at least one interior point of this simplex together with its e-
neighborhood. Let TIL be the number of sets (vl,vz,...;vn) )L for a
fixed N. Then from (5) we obtain:
(6) T = 0(Nn--l) - O(emin N)

and for N sufficiently large

TJ‘_ > 1.
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We take a set of real numbers 9590005, which satisfy the conditions
t @t oot q =1and q; 2 0for i =1,2,...,n. And we take an arbi-
trary € > 0. Then if we take as the region {1 the region where [xi -qil <e€
for 1 = 1,2,...,n and use formulas (3) and (6) and approximation (4) it is
not difficult to prove
Theorem 1. After N independent trials according to the scheme (1),

for any ¢ > 0

(7) P(ivl'qllsei !VQ’QQ’SGJ"‘SIVn'qn(SG)

n P
i 1 In N, -
NEii:lqi 1n E;+ O(e 1n E) + 0 T )_‘
= e .

If q; > O for i = 1,2,...,n then O(e 1n %) may be replaced by 0(e).
It is possible to introduce the following interpretation for the region

L . We shall say that the region N is distinguishable from the scheme

(l) if for every n > 0 there exist two open sets ﬂl and.n. of points of

the simplex I such that ﬂ cfhoc M 5 and

n Pi ) n Pi n i
sup izl 5 In = -0 < sup I X, In = < sup I X, in =+
xed), i xe.n i=1 i xen, =1 i

where x = (xl,x,a,...,xn) is a point of the simplex I,
Theorem 2. If the region (") is closed and distinguishable from the
scheme (1) then after N independent trials according to scheme (1) the

asymptotic formula

P,
N[ z A In X‘+ o(1)]
l"l i

(8) P[(Vl,vz,...,vn)en_:[ =
holds, where (}\.i,he,...,}\ ) is that point of the region ) at which the

function ii: Xy in il attains its maximum for all (xl,xg, ,..,xn)eﬂ .
i
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n D
It is not difficult to verify that max ilei in ;l- = O on the simplex
= i
L, this maximum being attained when X, =D for i = 1,2,,..,n. The remain-
ing points of the simplex L are not extremal, Hence it follows that if

P
(PysPpsses,py) ¢ L1 then ma}x\ E ) %1 1n —i‘- = ¢, where ¢ < 0, and the point
xe .

(A.l,}\e, con ,)\n) where the maximum is attained is not an interior point of
£; 1.e., it is a point of the boﬁndary.

We note a particular case of a region () distinguishable from scheme
(1) which allows us to obtain more precise results. Let the region Ll
include at least one interior point of the simplex I, but not include the
point (pl,pe,...,pn), and be defined by the inequality F(xl,xa,...,xn) >0
vhere F(xl,xa,v... ,xn) has all its derivatives of second order continuous in
the simplex £. Clearly, F(Pl’p2”"’pn) < 0.

Thus, for example, given n = 2 and the linear function F(xl 1¥pp 000 ,xn)

81%) + ayX, - b, the condition which defines the region /) becomes the

following:

F(x )—ax +a2(l-xl)-b>0

= nt t
p; or v12p1,

Here the point (pl,p2) lies outside this region, i.e. Py < pi. In this case

P (visv)enT] = P(m, ,m,)

o

z
—_S !
N =%

and this probability is different from zero only if pi <1l. In the follow-

ing we assume that pi < 1 and



P D,
N(v In—t4y ln-g)+—z—
1 v 2 v 12N
_ 1 1 2
P(ml,mz) Z ——
/Eanlve
% “n
where 7y = ON'T'];""'E' .
1 Y2

The function 12 In —=+ (1-v,) 1n 2 decreases monotonically for v, > p,.
vy 1 L2 1 1

Hence for every ¢ > 0 (e > -1%,-)

! Po
N(v, In —= + vy, 1n —
L 7- 3 = T
P/ (vy,v )enN /= ————— @
Ve my J2nlipIp}
PI*e>F 2B

+ [1+ 0(e) + o) + o(e™) 7,

where ¢ > 0, pé =1 - pi. In the interval[pi,pi+e) where vy varies (we are

assuming that 0 <pj < p] + €< 1)

Py ( | P Rt (1-p!) Po
v, In ==+ (1-v,) 1n —=— = p! 1n =5 + (1-p!) In —y
1 2 1 1 2] 1 Py 1 1-pl
P, P;
152 2
+ (Vl-Pi) in ('5';'1;-) + 0(e7).
152
P b
Hence we obtain N(pi 1n _]‘; + Pé 1n __?)
P/ (vy,v,)enT = —2L . P1 g
— l’ 2 /eﬂp'p'
12 -Np!
, B17NP
PPy
‘ z (==7)

t
NpJ'_+1\Ie>m12N pi PoPy

2 1 -Nec, =
« [ 1+ 0(e) + O(Ne®) + O(ﬁ) + O(e ) /-
P, P,
If we put € = N'l'”‘, where n > 0, and note that 0 < _1 2 < 1, we ob-

PPy
tain the following theorem:
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Theorem 3. In the case of N independent Bernouilli trials with proba-
bility of success P, (0< Py < 1) we have the following asymptotic formula

for my the number of successes,when p < pi < 1:

(~Np1)
1
p '
N(p! ln —t + p} In -2y (
m 1 1o pé P Pi
1 -
(9) Pg>p)) = e —r
./Eanlpe 1 - 1 2
poP{

1+ onTHEN) 7,

Here (-Npi) is the fractional part of the number -Npi 5 0< (-Np]'_) <1,
Pp=1-p, Ph=1-0p].

In the general case of a region 4\ defined by the inequality
F(Vl’vz’ ...,vn) > 0, where F(pl’pe""’pn) < 0, one can without any dif-
ficulty prove |

Theorem 4. If the function F(xl,xz,... ,xn) has continuous derivatives
up to and including the second order in the simplex I, then after N inde-

pendent trials according to scheme (1)

N z‘. A.i in ;-1
(10) P[F(vl,ve,...,vn) >07/= 9%-)- e _/‘1 +0(1) /7,

where a(N) is a certain function of N bounded above and below by positive

. Pi
constants; ()‘1’)‘2""’}"11) is the point at which max ii:l X, In = is at-

n
tained subject to the constraints ifl x, = i, F(xl,xe,...,xn) = 0, and

X, 20for i = 1,2,,..,n.

In the preceding case the role of the function a(N) was played by

(-Np1)
]
5.t
a(N) = ——\E}.:_—? o papl p .
“plpa 1 - (X2 P1P2

PPy
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b
We shall show how to find max 121 X, ln Ei subject to the constraints
= i

n
F(Xl,xz, ’.o,x ) = O and i§1 Xi = 1.

According to the rule for finding a constrained extremum we write the

system of equations:

(1) 2 Zylnfi-xap'(xx x ) - W (2 ok -1) =0
52; b Xy 0%y 1270000 axk jo1 i

for k = 1,2, sseyll; O

oF = -
In Py - in X, - l-Xx 5;; -k=0 for k=1,2,.,.,n.

Expressing in terms of A and u from this system, we shall determine A and
Xy ’

# from the equations of constraint

F(xl,xe,...,xn) =0 and i§1 Xy - 1=0.

For example, if F(xl’XQ"’°’xn) is the linear form F(xl,xa,...,xn)

= alxl + a2x2 + eee * anxn - L, the indicated system becomes the following:

in By - Inx -1-2a -p=0 forks= 1,2,.0.4n.

k k
~l-p-As.
Hence X =P e k. We have the squalities
-Aa, n Y-}
l-p B k ~l-p k
e Z p e =1 and e Z P =L
kel Tk 1k Pk ©

for determining A and pu. Dividing the second equality by the first we ob-

tain for A the equation
- hak

n
(12) £ (a, ~L)p, e = 0,
k=1 K k
This equation has a real solution only if

min a, < L < max a, .
xk E=7"-="% 'k
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Under these conditions the real solution of equation (12) is unique.

After finding AD’ the root of equation (12}, we obtain:

et M .

1 and

(13)

n

b¥
k=1

"y -
0k
Pyr €

L]
fl

We note here that if we substitute the solution xg into the expression

n

P
L x 1n 2 we shall have
g=1 ° Xy

n
Thus, subject to the constraints iZ&xi

n
(1k)

i=1

Py
max 2 xi ln - =

n ~lap-A. 2 It a
L p e 08 1n (e ° )
s=1 8 :
n -\.8 -1~ n
e'l'“(qu) Zp, e 0's, o 7H
s=] g=1
e I B 1rp)etH o Aok
1+ pu+ AdL .
n
= 1 and iﬁi a.x, = L,
n A 8
071
ANL+1In(Z p, e )
X, 0 j=1 & ’

where ho is the real solution of the following equation with respect to A:

n -
kfl (8, -L)p e =

¥
k o.

On applying the approximation Jjust investigated to the case of the most

powerful test between two simple hypotheses we obtain the theorem:

Theorem hi Let Hypothesis 1 be that the N independent trials with

numbers Ty 5Moy e 0epm, of outcomes 8)5855 000,a come from the simple scheme



Z p, =1, p, > 0.
p P ee e p ’ i=l i ’ i -
1 2

And let Hypothesis 2 be that the same trials came from the scheme

2 LN N n X n
H L qi=l’ qizo'

QG Gy ene q, i=1

Then the probability B of the inequality

n pi
z mi in ~= Z NL
i=1 9y

when Hypothesis 2 is true (the probability of an error of the second kind
in the most powerful test, the critical value being NL: see /87, p. 312)

1s given by the asymptotic formula

(15) p = 9—%’- eN/1x o1) 7,

where the constant ¢ <0, and 0 < cy < a(N) < Cos €y and s also being

D b,
constants. Here min ln 1 <L <max ln -X and c is given by the formula

1 q‘i - i q‘i
; n p; %o
(16) ¢ = -tL+ 1ln ifl 9y (a;)

where to is the root of the equation

(a7) R 1 2t g,y
In ==~ - L)q.(=—) = 0.
i=1 qi lqi
The proof of this theorem is based on Theorem 4 and the preceding dis-
p
cussion, if we put ay = in EE. The only difference is that we have taken
kK

AS ‘to

It is not difficult to see that if
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n pi n pi
Zqiln--_<_L§Zpiln-—-
i=1 9 i=1 9y

then the solution to equation (17) will lie in the interval [ 0, 1_7.

In fact, putting O for t in the left hand side of equation (17) gives

z a n = - L <0, and putting 1 for t gives X 1 In— -L>0;
i=1 4y 1=1 4y

hence the root to nmust lie between the indicated limits.
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I1. GENERAL CASE

l. Properties of the Integral ‘YIn = db.

In what foliows let P(x) be the arbitrary but fixed distribution func-
tion of a random variable ¢, Let <I>(x) be another distribution function,
We shall require that the following condition bz satisfied:

(G). 1In every interval in which AF = 0, A% = 0 also.

aF
)

We shall take an arbitrary subdivision (x)n of the interval (-co,+ @ ):

In such cases we put A® 1In = = 0.

(18) -0 = x <X <x,< .0.<x

1l 2 n-1 < xn =+ o0

and another subdivision (y)r:

-00 = yo < yl < Yo < 00 < Ve -1 y = +00 .
n AiF
For the first subdivision we form the sum S(x) = igl AEQ ln 5;5 and for the
r A""
second the sum S(y) = lga Al® In ZFE s where

AEQ

0(xy) = 0(x; 1), AF =F(x,) - F(x; ;) for i=1,2,...,n,

Ai@ @(yi) - q)(yi_l), AiF = F(yi) - F(yi-l) fOr i 1,2, ...,I’.

Then we have the theorem:

Theorem 5. If the subdivision'(y)r is a refinement of the subdivision

(x)m then 0 > S(x) > S(y)'

This theorem follows from the following inequality: if x,y,u,v > 0,

WY S xin 3 ¥ ln 2

(19) (wy) nE¥ > xin 2 y

(see /9 7/, p. 97, Inequality no. 117),

Two cases are possible.
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1) For all subdivisions (x)n like (18) the sum S(x) is bounded below.
Then there exists a greatest lower bound A on the quantity S(x) for all

subdivisions (x)n:

20 ’ A= 1inf § .
(20) it S,

In this case, for every e > O there exists a subdivision (:c)n such that for

this subdivision

(21) A+ e> S(x) >A.

It is evident that if (y)r is any refinement of the subdivision (x)n then
the following inequality also holds:

A+ €>S(y)2Ao

In this case we say that by definition there exists the integral

[00]
ar
22 In == d® = inf S, . = A.
( ) d{’ cd (x) (x;n
6] n

2) The sums S(x) are not bounded below, or condition (G) is not sat-

0
isfied. Then we say that the integral ‘JP in %% d® does not exist, but
-

A (43)
sometimes we shall write that _/, 1n gg = =00,
-0

We shall note several properties of {ln %g ad.

This integral is an additive function of the interval of integration.
From the definition of the integral it is clear that if it exists over the
whole interval (-co, +00) it exists also over every subinterval.

It is not difficult to show that, for all distribution functions F(x)

! v
and ®(x), m E d9 < 0, and equality is attained only if F(x) = o(x).
do do -2

This inequality follows from the corresponding inequality for finite sums:
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n A&F
L 1In —-‘A o] < 0
i=1 A&Q
and from the fact that
@© o n AF
/{ in T d® = inf L In = A @ .
i=1
-0 (x )n A:I.‘I>
o0 -
From the last equality we obtain that if f %:- = 0 then
-Co
n AiF
o] < L 1n -——.A o < 0
i=1 Ai¢
n AiF
and therefore E 1n —— A =0
i=1 a0

for every subdivision (x)n, go that A&F = Aié. (This is true, as was shown

above, for all corresponding finite sums.) Hence without difficulty we con-
clude that F(x) = o(x).
We shall show how to sclve several problems concerning the determination
@

of sup J[ in %% d® in those cases where the function & runs through a class
0]

~00
of functions {1 ,

First of all we take for the class {1 the set of all distribution
functioné which pass through a certain finite number of fixed points in the
(x,y) plane. Since the functional _[in == 40 is additive with respect to
the interval of integration it is sufficient to solve the problem by parts
in each interval where x varies between two neighboring fixed points,

After having added the points (-0o, 0) and (+co, 1) to the number of
' ®

fixed points, we shall find the curve which maximizes ,{ in %% d¢ among all
. =~
functions ¢ in the class (. . We shall call this curve piecewise-extremal
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0
for f in -g% d%, since the segment of 1t between two neighboring fixed
-0 b
points (a,c) and (b,d) maximizes [ in % ao.
a

So we seek a non-decreasing function ®(x) which passes through the two
points (a,c) and (b,d), a <b, ¢ < 4. This function satisfies the condi-
b

tion f de(x) = d-c.
a

We shall look among all such functions for that one which maximizes

gr
ln-ﬁdQ.

For this we shall take any subdivision (x) n Of the interval (a,b) into

n parts and with respect to that subdivision we shall seek

n AF n
mex I 1n -—-é'-—A ¢ among all choices of A.® > O such that ¥ A,d = d-c.
=1 " i 1= 1=1 1

The problem reduces to finding the maximum of the function f(xl 1%os ...,xn)

n AF
Z In —J-]é;-}& stbject to the conditions x; > 0 and fl(xl,xe, ...,xn)

i=1
n
Z x, - d+tc = 0 for fixed AiF. According to the rule for finding a maxi-

i=1 %

mum subject to constraints we write the system of equations in X,

of
of 1
- >\ -~ = 0 for i = 1,2, oto,n,
oy T Sy
or lnAiF-lnxi-l-)\.=O
~l-A
or xi = e AiF'

We define A by the condition that

n
L x, = d-c ;
j=1 1 ’
n
or e =M I ATF = d-c;

1
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but | g AF =F(b) - F(a)

i=1 1
whence e th o __d-e
F(b)-F(a)
and d¢__ A.F.

*1 T F(b)-F(a) 1

k k
o(a+ I Ax) =¢(a)+ I A0
i=1l i=1

k
=¢pf(a)+ ¢ Xy
i=]1

k
d-c AF.

= ¢ 4 —— L
F(b)-F(a) i=1 1

Because of the continuity of ¢(x) and F(x) on one side we obtain, upon

infinitely refining the subdivision,

¢(x) = [F(x)-F(a) 7.

(b)-F( )~

Without difficulty we conclude that the function so found is the
solution to the stated problem.

We shall find the actual value of max j 1n iy d¢ under the condition

b
that f d® = d-c. To do this, we substitute into the integral the extremal
a
function already found, ¢(x) = c + 3 __ [P(x)- -F(a) /, or
F(b)-F(a)
dp(x) = —4-c_ dF(x), and the integral becomes the expression
b
/ e imrm - d-c

We consider the class n(ao,al,ag,...,an; bo’bl’be""’bn) of all

distribution functions which pass through the points with coordinates
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(aO’bO)’ (al’bl)’ Xy (an:bn):

where -0 =a,<a, <a <...<an=+m

0 1 2

<b2§ «<Db Sb = 1.

and O=b0_<_bl_ <b, 1

This 1s a so-called "cylinder", If b, = o1 for 1 = 0,1, .e.,n, where 8;

i
and N are integers, we then call this cyl::\;der an N-cylinder which in what
follows we shall denote by AN'

The set of points &g < &y < ese < &, we shall call the subdivision
(x)n on which the cylinder is constructed. We shall call the cylinder

F-admissible if, for each interval (ai, s‘i+l) where F(ai+l) - F(ai) =

bi+l - bi = 0 also,

The results we have obtained may be formulated as the following theorem:
Theorem 6. Among all the distribution functions ® of the F-admissible
cylinder (1 (-co, 8128y cees8y 15 ¥® ;5 0, by,by,eeesb 1, 1) there exists

@
one function @o(x) which maximizes [/ 1n 9% G®. This functicn is defined
G
~00

in each interval (a 1-10 @ i) in the following manner:

(23) On(x) = by, + [ F(x)- -F(a, Vs 1=1,2,.00,n.

F(a ).F(al )

les) ®
Also max In f-d-F- ad = In -d—F—- ad
de ae dd)o 0
S Zoo
n F(a-; )-F(ai-l)
(24) = 2 (b,-b, ;) In —
=1 % %7 by-by g
n AiF
= ¥ A,b ln —-
j=1 % n Aib

where Aib = bi'bi-l and AiF F(a, )-F(a,l l)
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We shall call Go(x) the piecewise-extremal function corresponding to

the cylinder 41 ,

Another sort of class 1 of distribution functions may be given in
the following manner. We take a function f(x) on the interval (~co, +c0)

and consider the set 11.a of all those distribution functions ®(x) for which
o] co

f f(x)ae(x) > o. If F(x) ¢ 'noz’ i.e. J f(x)dr(x) < o, then one is

s

easily convinced that max —5 in & d¢ can be attained only by a func-

o Qe fla o
tion ® for which j £(x)d0(x) =
-0 o0
Hence we see that the problem becomes that of finding mgx ’/‘ in %% das
sub ject ﬁo two constraints: )
le'e} w
(25) j £(x)a0(x) = ¢ and j ds(x) =
~C0 =G0

The solution teo this problem can be outlined in the following manner. We

write the equation

) aF ..~ d -
a(d@)_['1:121-&;<51<1>_/ x-—-——[f() o7/ - a(d@)a@ 0
or
Indf -1Indd -1 - Af(x) = = 0
whence
ao = e L H-M(X)gp
or %
o(x) = e 1H S e'kf(u) ar(u),
, b

the constants A and p being found from the two conditions (25), which give
w0

o1k /[ f(x) e"hf(x) ar(x) = a

-~
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and e 1M ? e~ M (x) ar(x) = 1.
-0

Dividing the second equality by the first, we eliminate u; and for the

determination of A we obtain the equation

w

(26) j [E(x) -a M (x) drF(x) = 0.

-0

Taking any root ;\.o of this equation, we find for e'l'“ the expression

Q AE(X) -1
f e dF(x)] , and thence we have for &(x) the following expres-
-0 v

sion:
% -hof(u)
[ e ar(u)
(27) o(x) = =
© -hof(u) .
/e ar(u)
-®

We shall not treat here such questions as whether these integrals con-
verge, or whether there is a unique solution to equation (26) which de-
termines Ay for different functions f£(x) and F(x). Each case must be
studied separately.

As examples we present a few results qbtained by this method for 4if-

ferent classes .. , and functions F(x). (We omit the intermediate calcu-

lations.)
1. Let F(x)=—l- je e du,
/2
-0

and let N o be defined by the inequality
@®
j xdo(x) >a>0;

-®



-2l -

then max Tln % dd is attained for

¢e-rla -
®(x) = F(x-a),
o 2
ar(x) o
ls} In e—acln dFP(x-a) = « = ,
an /{ n 3F (5 -a) (x-a) S
-to
2
x o o.un
2. Let: F(x) = 2 e 2 du,
T
-0
and let ‘313 be defined by the inequality
m .
fxz a(x) >a>1;
-0
e’
then max ’f in %E dd is attained for
0]
de {1
¢ -
o(x) = F{-2=).
N

3. Let F(x) be the discrete Poisson distribution with mean

e-aai
il

at the

Ex = a, i.e. the step function with jumps of height Py =
points 1 = 0,1,2..,, and letﬂ.b be the class of all step functiom ®(x)

@®
with jumps at the points i = 0,1,2,... such that jx do(x) > b > a;

0
-®
then max ,f 1n %g d® is atteined for the function @O(x) with jumps of
@ellb :
-®
e Ppl
height q = T at the points i = 0,1,2,..., i.e. the Poisson distribu-
tion with mean b. 0o
In conclusion we shall say a few words about finding max in %% do

Qe n

for other classes £\ , in particular when 1. ig a geometrical region (i.e.

& region of functions bounded asbove and below by certain curves,.)
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The function ¢ which maximizes the stated functional must always
either coincide with F or belong to the "border" of the region £ . To
determine the points where the extremal curve ®(x) leaves the geometrical
boundary it may be of great édvantage to consider two vector fields which
give directions at each point of the strip (x,y), ~-o< x <+o » 0L<y<1.
One field consists of the directions at the points (x,y) of the non-

decreasing curves ®,(x) joining the points (x,y) to (+oo, 1) which maximize
®

‘[ 1ln %g dd. The other field consists of the directions at the points

x v

(x,¥) of the curves Qg(x) Joining the points (x,y) to (-, O) which maxi-

x
mize f In % d¢. If the function F(x) has a continuous derivative F'(x) then the
-00 ‘
angular coefficients of the vectors of the first field for the points (x,y)

have the form:

(1) l-y
[0 2 = i, S F' X)e.
() 1F(x) (x)

The corresponding angular ccefficients of the vectors of the second field

for the points (x,y) have the form:

(2) Y 1
a(x’y) -F_(-lz-)- F (X).

2. Definition of Probabilities in the General Case.

Suppose we have N successive independent observations on a random
variable & with distribution function F(x) and the empirical distribution
function of these observations is FN(x). Let L1 be a certain class of
distribution functions. We shall define P(FN e fL). For this purpose we

shall use the method set forth in the book by A. N. Kolmogorov [67.
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We shall introduce certain classes of distribution functions which in

what follows we shall call neighborhoods of type €. To determine them we

take any subdivision (x)r1 of the interval (-c0, +o0 ) into n parts:
(28) "m=xo<xl<x2<c.n<xn_l<xn=+m.

On this subdivision we construct two step functions Ul(x) and Ua(x) of the

following form:

Ul(x) = &, in the interval (xo,xl),
=8, in [:-cl,xe),
(29)
=8, in Z;{n l’xn)’
where O=al§a25 '°°-<an-lsan51’
and Ue(x) = b, in the interval (xo,xl),

b, in [xl,xg),
(30) vos

b in [xn-l’xn)’

where 0_<_b15b25 °°"Sbn-l-<-bn=l'

Let the following conditions also be satisfied:

a Sbi fOI‘ i= 1,2,..5,1'1

i
and
P _ R
w = bl a, 2 0
Wy, = by, ~ & >0
(31) < 375 Tk

wn-l = bn-l - an 2 0 .

Then we say that the set of all distributicn functions ®(x) which

K Wpp =Py -8 >0

satisfy the condition
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(32) Uy (%) < 0(x) < Uy(x),

with the exception of the function Ul(x), forms a class of distribution

functions which we shall call a neighborhood of type € or simply an £~

neighborhood.

For a given subdivision (x)n of the interval (-, +00) and a fixed N
ve have already considered another sort of class AN of distribution func-
tions which we called an N-cylinder. This class is defined analogously to
the one of type ¢ by the choice of & certain subdivision (x)n for which it
is supposed that every
(33) , @ =0 for 1i=1,2,...,n-1
and, furthermore, every ay and bJ is of the form ﬁ.where s is a non-negative

N
We notice that within each fixed e-neighborhocod there will fall, for

integer, i.e., &y and bJ are multiples of l.

sufficiently large N, a certain finite number of N-cylinders. Every em-
pirical distribﬁtion funétion belongs to some N-cylinder.

We shall call a class (\ of distribution functions a Borel class or a
B-class if it is the sum of a countable nﬁmber of e-neighborhoods.

We are nov in a position to define the probability P(FN € AN) when
AN is an N-cylinder.

To this end, if we define AN by putting

8 8

:

ila.—_.s_e a--.-in_ias..gb.-:
N2’ """ -l TR R F? n T TR

0
8, T e =
N

i
where 8y is an integer for i = 1,2,...,ntl,

and introduce the new notations:
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8, - By =m, F(xl) - F(xo) =D
83 - 8, = m, F(XE) - F(Xl) =D,
®n 7 %p-1 T Ty F(xn-l) - Flx, p) = Pnoy
ml " % TPy F(Xn) i F(Xn-lj = Py
n n
15 ml— =N i_-:lpl =

then we can give

*
Definition 1. We define that

m, m m
_ Nt 1 n
(54) P(FN € AN) - ST Py Pp eee By

If we have a finite sum = Aék), where the classes Aék) include no
k
functions in common, but are built on a common subdivision (x)n, then we

suppose that

k), - (k)
(35) B(ey < £ ())—IF;P(FNGAN ).

Now we are in a position to define the probability P(FN € {1) for an
arbitrary class of distribution functions {1 . For this we take any sub-

division (x)n of the interval (-w, +m ) and construct all possible

(xl,x2,...,xn)
Denote by FN , (x) the empirical distribution function of the
observations Xy sXpy oo nsXys and by 41y the set of all points in N-

(%15%,, 400 ,x
dimensional real space such that ¥ 172 ! N) € /. It is not d4if-

ficult to verify that the definition Just given coincides with the
definition of the N-dimensional distribution Rzle,xe,...,xN) € Jqulz
where the random variables X; are independent and have the distribution
function F(x). The latter definition is found in the book by A. N.
Kolmogorov2T§;7. However, for our purposes the definition we have pre-
sented is more convenient.
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N-cylinders on this subdivision. The number of different cylinders for this
subdivision is finite and does not exceed Nn'l = O(en 1n N). We take the
set-theoretic sum E Aék) of all the N-cylinders so constructed which lie
entirely within 1 . We introduce the notation:

8y = P(Fy ¢ 1Lsi:Algk)) = ﬁ: P(F € (k)).
It is not difficult to prove the following theorem:

Theorem 7. If the subdivision (y)m is a refinement of the subdivision

(x)n, then Sy 2 8,. And, since 8, <1, the ?zgn S, #A < 1 exists and has
this property: for every € > O there exists a subdivision (x)n such that
for it and all its refinements the following ineéuality holds:

A-e< Sx <A,

Proof. As may be seen easily, the stated property follows from the
fact that in refining the subdivision (x)n into the subdivision (y)ru every
cylinder which belongs to J1 is divided into a finite sum of disjoint
"refined" (i.e. belonging to the refined subdivision) cylinders and, in
addition, there may appear in f1 a number of new "refined" cylinders. That
the probability of FN falling into a cylinder of the subdivision (x)n is

equal to the sum of the probabilities of F falling into the "refined"

N
cylinders into which this first cylinder is divided can be shown by induc-
tion on the number of points added by refinement. When one point is added
to the subdivision the equality in the probabilities stated above follows

from the identity: if p; = pi + pg then
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1 "
by N o Py By P Pl By
m'+m':i=m m1"0|umi-l!om{'.m;{‘cmi_i‘l'o.comn'. Pl ..'pi-l i pi pi+1 't-pn
i i ,
1 1"
0<m},0<m)
. 1ot ot
N! I T T 3 T e S Hee f
= m ! mn 'm m 1 m ¢ pl "‘Pi_l Pi+l e n hX Cm p]!' pi
lo.oo i-l. iu i“'l‘o.. n. m;‘._._.o i
m m, m. m m
= N 1 i-1 1 1" 1. i+l n
—m '-m ,cottm :oqnm '. pl ..cpi-l (pi + pi) Pi+l Ancpn .
1772 i n _

The theorem Jjust proven allows us to give

Definition 2. PFor an arbitrary class of functions {1 we define

(36) P-(FN en) = ?ggn S, = ?ign ANglnP(FN € AN)’

where AN runs through the set of all disjoint cylinders constructed on the
subdivision (x)n which lie entirely within N . 1In case () does not con-
tain even one cylinder AN for any subdivision (x)n we say that
P(FN €N ) = 0,

It is not difficult to put this expression for the probability
P(FN € L) into the form of an integral. As the intervals (except @hose at
the ends) of the subdivision (x)n are made infinitesimally small, 8, be-
comes for fixed N an integral. In order to write down this integral, we
shall suppose that the intervals have been made so small that FN does not
have more than one Jump in any one of them, but in all there are N jumps
of height % each. Let F(x) have a continuous bounded derivative p(x)=F'(x),

where p(x) —> O as x —> +m and as x —> -® . When the intervals are so

small we have, for the cylinder Ay with the subdivision (x)n:
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P(Fy € AN) = NL AF(x)JAF(x,) «oe AF(xy)
= N’“ p(gl)p(EE) L p(EN) Alxl Aexe R Q\IXN
where g e zrki, X, + Aixi;7'and X < %5 < en < X

In this case the cylinder AN looks as follows:

e = om - -

'
1
J
'
]

=0

xl xl+Axl x2 x2+Ax2 x3 x3+Ax3 xh thAxu

Hence, for example, for a Borel class of functions, we obtain
N

P(FN elNn) = Nt Jj ...J p(xl)p(x2)...p(xN)dxldxe...de
Flgxl,xg,...,xN)eﬁ
xl<x2<.;.<xN

(37)

JS’ ” f : p(xl)p(xe)...p(xN)dxldxe...de
(Xl,xz, l&',XN
FN € oY

(%4 9%y e0eyX)
by ¥y 12¥2 *n’ Y

e mean the empirical distribution function of the ob-
servations Xy sXpy oo Xye

It will be convenient to denote by <+ the N-dimensional domain of

N
variation of the variables Xy 9%y ee ey Xy defined by the inclusion
(xl,xa,...,xN)
FN € N » It is evident that the region JX.N is invariant with
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respect to any permutation of the variables Xy 9Xpy veeyXyge In these terms

r—“l'lv-\
(38) P(F, e ) = f]...j p(xl)p(xg)...p(xN)dxldXQ...de .
(xl,xz,...,xN) ey

The methods by which the classes of functions {i. may be defined are
quite varied. We shall note several of these possibilities.

1. Let there be given any distribution function @O(x) such that
sbo(x) = 1 for x > a. '

A\ is the class of all distribution functions ®(x) such that

o(x) < @o(x) for all x.

2. Let there be given any non-negative function f(x) which is con-
tinuous in the interval (-co, +00).

L1 is the class of all distribution functions ®(x) such that
®

f f(x)do(x) > o or this integral diverges,
-co

5. Let there be given several pairs of numbers
oy < Bl, Gy < Be,...,ak < ﬁk; Bl < 62 < ese K ﬁk <1; oy 20
KX, < sae €X, o

1 2 k
L\ is the class of all distribution functions ®(x) which satisfy

and let there be chosen k values x, x

the condition
a, £ @(xi) < Bi for 1i=1,2,...,k.
4, Consider a cless of distribution functions -FLa of the following
sort: 1t consists of all distribution functions @(x) such that &(x) = 0
for x < A and 3(x) = 1 for x > A+ a, where 0 is a constant but A\ depends on

o(x).
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5. Let .f?a be the class of all distribution functions ?(x) such that
‘[ ln 5 40 < -0, where o > 0 is a fixed number and F(x) is a given dis-

tributlon function.

One is easily convinced that in all these examples the class of func-
tions . is a Borel class, and if there exists a continuous bounded
derivative F'(x) = p(x) then P(FN € £1) can be written in the form of an
N-dimensional integral.,

We shall calculate, for example, the probability P(FN € Ila), where

¢ < 1, for the class N, of Example L in the case where

0 x<0
F(x) = % 0<x<1
1 x>1 .

In order to solve this problem we shall proceed in the following man-
ner. We divide the interval_z_o, 1;7 into n equal parts (n an integer).
We consider a series of N-cylinders. The cylinder As is defined by two

vertices (——-, 0) and (_:E‘é::ZE;Z 1). The cylinder B_ is defined by

two vertices (—-—, 0) and (__ACEEE‘ZL « Evidently

2+ [T-om 7 n+ /[ -om 7
U A <n <. U B .
8=l s c s=1 s
Hence
n+2+ /-an_ 7 n+1"4mn;7
(8) P(Fy € Sgl A < P(Fy e 2l £ P(F) € U 1
n+2+zf«1n;7
where sgl AS = Al+ (Ag-Al)"'(AE-Ae)+...+ (An+2+[-om_7 - An+1+[_an‘7).

The last sum consists of disjoint sets. Thus
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o2+ [ -an
P(FN € 2 A) = P(FN €A)+ 852 P[FN € (AS-As_l)__7.
On the basis of the definition of the probability P(FN € AN), where

AN is an N-cylinder,

P(F €A ) = (

/'<m1;7 1)

The probability PJTFN € (A -A,_,)_7 is the same for all s, so we calculate
this expression for s = 2.
A2 - Al is divisible into the sum of N disjoint N-cylinders Kt' Kt

has the vertices

-on l t n 7/
(-, 0), ('Z_ - N and (—1:;—=Z;, 1), where t = 0,1,...,N-1,

and so
N-1
P[FN € (Ae-Al)J = tzo P(F t)
N w fomZ2® M
" 4o IN-TI ) @
Hence [ J
n+2+ / -an -
P(FN U A ) = (= [-ij _._L_a?_-z

s=1
N-1
o 72 nt
MET2) ¢ o).
This last expression, as n —> @, tends to

o+ NaN"l(qu).

Simi larly we obtain

N
n+ -/ -
bie, é;anJBs) iy [zn]&-l) o 1+1;<m_7

N-1
- N!
N(_A:EZEQZ) + °<§T)'
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This expression also tends to aN + N aN'l(l4z) as n —> o . It then fol-

lows from inequality (H) that
(39) P(Fy eng,) = A M),

3. F-Properties of the Class of Functions £\ ,

We consider the class of functions NN\, Let F(x) be the distribution
function of a random veriable ¢ which does not take on only a finite set
of values. Let FN(x) be the empiiicai distribution function of the results
of N independent observations on the random varisble E.

We introduce the notation:
s3]

' ar
()= sup )r In — ao¢.
Y ve A I

Let J\}N) be the class of all possible empirical distribution func-
tions belonging to the class A which could result from N independent ob-
servations on the random variable ¢ under consideration.

In order to consider the covering of the class L by e-neighborhoods
it is natural to introduce the following:

Definition 3. We say that the class of functions JSL is F-distinguishable

if the following conditions are satisfied:
1) QF(JX ) > ~00.

2) For every n > O there is an g-neighborhood V such that V< [fL

and QF(V) > a?(.rx) - 1.

3) For every n > O and every N there is a finite number K = K(n, n)
K
N_ = .
of e-neighborhoods Vl,Va,...,VK such that N/« N = igl Vi and

u@(vi) < mF(.rL )+ n for i = 1,2,.,.,K. Moreover, if we denote by n; the
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number of points in the subdivision on which the e-neighborhood Vi is con-
structed, and put n = max n;, n = n(n,n), then for every fixed 1 the fol-

I<i<K
lowing conditions are satisfied:

InK=0(N) and n = o(-i-g-ﬁ).

When the classes (L of Examples 1-5 are studied, it is not difficult
to see that those of Examples 1-4 are F-distinguishable, but the class <L o?
where a > 0, of Example 5 is not F-distinguishable. This last we shall show
later,

T ar
Furthermore, let ®(x) be any distribution function such that jrln v ad
. -00

exists,

Definition 4. We shall say that we have a sequence of e-neighborioods Vp

which include ¢(x) and F-converge to ®(x) if the following conditions are

satisfied:
1) There exists a sequence of subdivisions(x)n of type (28) of the

interval (-0, +o ) such that for this sequence of subdivisions

e

n AiF , aF
()-I-O) lim X 1n ﬁ Aiq) = [ In d—(p- ﬂ@,
n-~->o0 i=} i 5o

where Ai¢ > 0 and AiF 2 0for i =1,2,...,n, and the points x; of the sub-
division (x)n are points of continuity of &(x) and F(x).

2) There exist two sequences of positive numbers T and Ta such that

lim 1, = lim Ty = 0.
n—>00 n—>00

3) The e-neighborhood Vn is constructed on the subdivision (x)n, and
the two step-functions of (29) and (30) are so constructed that the in-

equalities

ai+1 S Q(Xi) S bi, i = 1,2,-0-,1’1"1,
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are satisfied, where unless i=l or i=n-l the sign of equality is excluded.
4) For any distribution function ¢l(x) € V and for the subdivision

(x)n we have the inequalities

n AF

i
ifl (Ai@l - AiCD) in A—j_—é <7

n A0

1
(41) Z A0, In oo |< and
=1 11 TP A ST

The last condition puts bounds only on the values of Ql(x) at the
points Xy for i = 1,2,...,n; hence it can always be satisfied by choosing
sufficiently small values for the differences Wy = bi - 85099 i=1,2,.e.,n-1.
We shall also put Wy = 0 and W, = 0.

It is possible to prove the following theorem:

Theorem 8. On any sequence of subdivisions(x)n of the interval
(-0, +00 ) which satisfies condition 1) of Definition 4 it is possible to
construct a sequence of ¢-neighborhoods Vn which include &(x) and F-converge
to &(x) by taking for each n two sequences of numbers ay and bi which sat-

isfy condition 3) of Definition 4 and inequality (31) aend are such that,

furthermore, the sequence @y satisfies the following conditions as n in-

creases:

N n (mi +(1)]._)2 n AiF

(42) lim z -~ = 0and lim L (0, ,+o,)|ln <= 0.
n-_>00 i=1 Ai¢ n—>00 i=1 1-1 71 Aiq)

Proof. We introduce the notations:

2 (“’i-1+‘”i)2 n
T —2=t -y, and =

(w, -+, )

AF
ln-.].'__ ,:p
A&Q n’

where 7n >0, ey > 0, and 74 and Py —> 0asn—>®.
By proper choice of the e-neighbtorhood Vn at the points X, we have,

for any function Ql(x) eV,
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!(Dl(xi) - O(xi)f Sw;  for i =1,2,...,n-1
' and ¢l(xo) = @(xo), @l(xn) = d)(xn).
Hence |
a0, -a,0] = tcpl(xi)-@l(xi_l)-m(xi)m(xi_l) | <oy _jta,.
. For any function Ql(x) € V, we have:

a0 A0 Ai<I>

n
i

Z A0, 1n — = L A0, 1ln + I A0, 1n

i=1 171 A9 iesl iv1 AS ieS, 171 A1<I>l ?

i"1 i71

where Sl is the set of all i for which Ai‘bl _>_ Ai<I> and 82 is the set of all
1 for which A.0., < A,0.
i1l i

We use the inequality

(43) 0<1ln (+x) <x for x>o0.
For i € Sl’
A0 A0
i i71
. A0, In 2——| = IA ¢. 1ln —-—-—l
° ' "1 &%) 11 P A%
A, -AD
| ~ 1917%4
. = Aitbl ln(l + _—A?IT— )
< Ao Ai(bl-Ai@
- il A0
i
2
(4,0, -4,0)
= AiQ + AiQ‘?l - A'.i.@.
Hence we obtain ' 5
5 A (wi-fwi)
A0, 1n < z + I (0, to,).
iesl i’1 Ai@l - iesl AlQ iGSl 1.1 71
Analogously, for iesg,
A9 A D-A,0
i i 171
. A0, 1n s5—| < A0 ln(l+--- )
1 P AE | S Ah TTEE]
<o AiQ-Ain
- 171 Ai@l

. = !Aiol-AiCD l .

This yields:
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a0
Z A0, 1In
ies, 117 440

< I (o, +o,).
l feg, T+ 1

2

Combining these inequalities, we obtain:

n a0 n (wi s ) n
L A%, In < I —2t + T (o, +w,) .
j=1 1 1 Aitbl i=1 Aid) i=1 i-1'71

Here we notice that on applying the Schwarz-Bunyakovsky inequality we

have: 1/0
n n ®; n (o, +o;)} n
2 i-1"1
z (m a))— (Acb)/ (2————-———-—-}:A¢) .
i=1 =1 (8,0) 17 =1 4% it
n (a)i_1+wi)2 n
And since I ——rtr——— = and X A,0 = 1 we obtain finally:
1=1 B8 "n o St v
40
a2 1/
z a0 lnAtD <7 + (7)) —>0as n—> 0,
=1 i"1 1l -~ 'n n
and A F .
121(1-\‘1’ @)lnAQ <2(wil , ) lnm=pn'~>0asn——>oo.

Thus conditions (2) and (4) of Definition L are satisfied if we take

- 1/ -
Ny =7, (7n) and T =op .

Remark. Under certain quite reasonable conditions the second inequality

of (42) is superfluous. 1In fact, if for all subdivisions (x) the sums
n AF o '

l (1n ié) A, ® remain bounded above (which will, for example, always
4y
be the case if the integral f(ln (D) d<I> exists), then the second in-

~00
equality follows from the first. In fact,

AR
i
in
AiCD

n

+Ww
Z (ao 1T )L -1

B i=1 (Ai@)l/z

AF n
. l- ' (Ai°)1/2

" A%
i

IA
P Ve S
tMMB
H
)
N
6H+
e
'—l-
-
MBS
o~
H
)
'__,[>
i
g
o
[
(=]
N
-
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and as 7 —> 0 then, under the condition stated above, this last expres-
sion tends to zero.

The concept of F-convergence of a sequence of e-neighborhoods Vn to &
curve ¢(x) will be clarified by the following theorem.

Theorem 9. Let F(x) and 0(x) be two distribution functions, where

F(x) is the distribution function of & random variable ¢ which can take on
®

infinitely many values. Assume that ]' in g% d9 exists. Then, for every
‘ ' o]

sequence of e-neighborhoods Vn which include ¢(x) and F-cOaverge to it, if
the distribution function ¢(n)€ Vn, and (x)n is the subdivision of condi-
tion 1) of Definition 4 on which the e~-neighborhood Vn is constructed, for

this subdivision

n AF @
(n) i - aF
(m'l') ifz-l Ai(b In m = in 5 ad + un}
i -0

where [un[ < An and the sequence of numbers Ah —> 0 and does not depend
on the choice of the function ¢(n) in the neighborhood Vn’

Proof. We have

n AF n AF n AW 3
£a0™ 1t . Tasinl4 T 8.0 .4 0) 1n L
4=1 1 Ai(DZnS j=1 1 4% i=1( i 19) A9
n A,
+ T Ai@(n) In i .
i=l Aiq) n

By inequality (41), the second term is in absolute value less than Tn and
the third is in absolute value less than nn. Hence

00

w
n AR n AF
5 (n) 1. ar T i &
=< Ai(b 1n m In T do _<_ 1=1 AiCI’ in Aiq’ 1n 1) das
i -0 tee)

%h —> 0
Q.E.D.

TN
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4. Basic Theorems for the General Case.

Having performed the necessary preliminary investigations sections 1-3 we
are inaposition to formulate basic theorems for the general case,

Theorem 10. Let F(x) be the distribution function of a random vari-
able ¢, and FN(x) the empirical distribution function after N independent

observations. Let @(x) be another distribution function such that

o

_[ in %% dd exists. Let Vn be a sequence of e-neighborhoods which include
~00

o(x) and F-converge to it. Then

©
N[fln%d®+8n+ o iat |
(45) P(FyeV,) =e @ | ,

where there exists a sequence of positive numbers A_ such that 1lim A = 0
n n
D200
and Ianl <A,
Proof. For every sufficiently large fixed N Vn contains at least one
and no more than Nn'l = eo(n In N) different N-cylinders AN which are con-

structed on the same subdivision (x)n as is V- Among these cylinders there
exists & cylinder Aﬁ such that for it P(FN € AN) is maximized. Then
' ' = T -l 1
(b51) P(FN € AN) < P(FN eV,) pey P(FN € AN) <N P(FN €A,
n
The piecewise-extremal curve ¢(n) passes through the vertices of the
- 3 ' 2 (n)

N-cylinder AN. Evidently ¢ € Vn'

If in formula (34) of Definition 1 we put p; = AiF and m, = N Ai ¢(n),
where the difference A, is based on the subdivision (x)n, and use formula

(3) with estimate (4) we obtain:
n (n) AiF
N Z Ai ¢ 1n ~—%) + R
(16) PRy e o) =e 48 ,
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where
. 1 1 1
IR' < (IH'l)(-z- InN + -E in 2¢ + i-e-ﬁ)-
since o™ ¢ v and the sum Z &, o™ 1n =y is based on the sub-
nee € Ypon i=1 “1 Z;,Trﬁ

division (x)n, we mey apply Theorem 9, which shows that there exists a

sequence of numbers Ah > 0 such that 1lim xn = ( and the difference

n—>w.
(o o]
n AR
- (n) i ar
(h'?) 5n = i‘El Ai 0] 1n m - In T 4o
i -00

satisfies the condition lan! < M for all distribution functions Q(n) evV,.
Using inequality (U45) and equalities (46) and (47) we can prove Theorem 10
without difficulty.

A second important theorem of the general case is:

Theorem 11. Let F(x) be the distribution function of a random vari-
able £, and let FN(x) be the empirical distribution function of the results
of N independent observations on the random variable £, Let . be an

F-distinguishsble class of distribution functions. Then

N a)+o(l
(48) p(r, en_)=e[wF( +o(1) 7/
where
G> dF
QF(!l) = @2%£~ /{ 1n g5 d0.

Proof. We shall first prove this theorem for the case where (L
coincides with an e-neighborhood (% = V). For N sufficiently large and
fixed there enter into the ¢-neighborhood V each time the largest possible
number, say s, of disjoint cylinders AN,k with the same subdivision (x)n

as V, so that
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5
P(FN e V) = E P(FN € AN’k).
k=1 :
By definition (34) and inequality (k)

AF
i n ln N

N[ Z 0 g 8y, l"ai (a 8441° i) + of )-7
P(FN € AN,k) = e ‘

Here we have used the notation adopted for the definition of the cylinder

(@1 = bn)'
n AIF
We notice that L Ing——re (a, =8 ) is identical with fln == do
i=1 i l-ai i+l o

for the case where ¢ is the piecewise-extremal function of this integral
which passes through the vertices of the cylinder AN k*
’ b

Since ¢ eANkc;_Vse n,
2

0
n AiF aF
ifl 1n m (a1+l 1) < ;us j In =5 @@ = z.uF(V).
n l N
N/ wp(V) + o(=—5—) 7
Hence P(FN € AN,k) <e .
Since s < N*™! we obtain:
n ln N
N[wF V) + 0of Y 7
P(FN evV)< e .
00
The function which maximizes f In gg d® for ¢ € V 1s the piecewise-
-00

extremal one passing through n points. At all the points of the subdivision
(x)n, for N sufficiently large, it differs from the vertices of some cylinder
AD'I of the subdivision by not more than 1/N. We consider those intervals

X5 %,/ Of our subdivision where AF # 0. (Here we require that in

those intervals where AkF = 0 all the corresponding terms



- 41 -

n A, F
- 3 t
151 In ——————e o ai (ai+l ai) must be simply equal to zero for the cylinder AN’

the choice of such a cylinder AI(T being possible for N sufficiently large.)

For the cylinder AI:I

P ) - ap(V) = 0(3)
Z 1n a -8 - V) = o(=
i=1 8541784 +1 71 N7 ?

(l+1a)+o(nln1\l)]
P(FN eV)_>_P(FN EA&) =

N/ wp(V) + 0(5) + o(232E) 7
= e

Combining this with the preceding, we obtain

N/wp(v) + o(232E) 7

P(FN eV)=ce

We now pass on to the general case. We shall write:

N Lo
P(FNsn)=e[%( el

in P(FN e L)
= 5 - ap(n).

We shall show thst 71\1 —> 0 . For this it is necesgary to show that

for every n > 0 there is an N, such that if N > N, then b'Nl < 1. For
every 1 > 0, according to Definition 3, there is a neighborhood £’ < I
corresponding to a subdivision of the interval (=00, +00) into n parts
such that mF(f) > a)F(.r}. ) - -g—, and also a set-theoretic sum ﬁﬂ of k = k.'l
e-neighborhoods { & prevs b | Such that QL ¢ T\,—n and 2
wF((_( ) < u.\F(.rl) + for i=1,2,...,k. Now because of the inclusions

CC e n_ f— ﬂ 1 we have

P(Fy € £) SP(Fy € 0) < P(Fy e Tfn),



- 42 -

and thus

We denote by n, the maximum number of sub-intervals in any of the

subdivisions (x)_which underlie the e-neighborhoods f E’ PR E
n 1’2 ’

1l
eN[wF(g) * O(n Nn N)Z ’

k’

P(FNe{)=

— K
P(Fy € /1,) < 151 P(Fy € &)

Skm?x P(FN eéi)
ny InN

N[maxmp({)-!—o( Y7

Hence

1n P(F, €\)
wp( ) - ap(aL) + ofF lnN) ﬁl\l - ap(n )
ln N
<mf=uun£,,(<.c)-u>F(~(‘-)+0(n - )+ 3,
and furthermore
in P(F, %) In N
__3+o(nlnN)<n (I\II\I€ -%(a)$_2_+0(?_]'__?._)+lnNk.

For sufficiently large N(N > NO) it is evident that the inequality
=1 < 7y < 1 will be satisfied; Q.E,D.

In order to determine the order of convergence of the quantities 71\1
to zero a greater concretization of the character of the covering of the

class {1 by neighborhoods of type e seems to be necessary.
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In the case where the function F(X) has a continuous bounded deriva-
tive p(x) = F'(x) it is possible to present this theorem in a different
Xy sXngeeeyXy )
form. We denote by Flfl 1o¥pr e nriy (x) the empirical distribution func-

tion corresponding to the set of observed values Xy yXpysee,Xye We denote

2
by N1 N the set of all those points in N-dimensional space such that
(X 2Xnseeey )
Fy 1772 w € £\, where fL is some class of functions. Then we have

Theorem 12, Let F(x) be a continuous distribution function with e
continuous bounded derivetive p(x), and let S be an F-distinguishable

class of distribution functions. Then

=

N
PR 1
lim co e se e d dX. ., @ N
A " ,x[{...:fxn) P plig)se pligliy B, xm))
MR en
N
(49) = lim Hf p(x))p(x5) .0 op(x Jax, dx, ... de>
N—>00 ay |

®

qr

@2\1 f 1n % do
-00

= .

This theorem is a direct consequence of the preceding theorem.

From Theorem 12 it follows that the class of functions . o of
Example 5 of Section 2, for a > 0, is not F-distinguishable, Indeed, fqr
this class mF(.fL) = 0. However, P(FN G‘Qa) = 1 for every o and every
N. This can be seen from the fact that every function FN can be inclu@ed
in é cylinder AN which lies entirely within (L o and therefore every

empirical distribution function FN belongs to {L e for every o 2> 0.
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Because of this circumstance Theorem 12 is not true for the class

O o2 8nd therefore the class N o 18 mot F~distinguisheble.

5. Continuous Case.

We mention several peculiarities of the special case where the func-
tions F(x) and &(x) have continuous or piecewise-continuous derivatives
F'(x) and ®'(x). We chall suppose that in every interval /a, p 7/ where
F'(x) = 0 it will also occur that ®'(x) = O. In these intervals we shall
put In %‘rg% ®*(x) = 0. Then the singular points of the function

r

?
5 i) ®*'(x) can only be zeros of F'(x).

in

For the cases important in prectice it is usually sufficient to con-
sider the case where F'(x) has only & finite number of zeros in its
interval of variation /8, b /. (We assume thet F'(x) = O outside the
interval /&, b 7.) We shall call a zero of F'(x) or an endpoint of the

interval of variation [ a, b~_7 an edmissible singular point of
o]

jln % do if for every interval _[' x', x" _7, x" - x' =8> 0, which con-

-0
tains this singular point,

1n 10 FEAEEL Mo ex) 7 = o

e—>0 ¥
L 4
Then it is not difficult to show that 1f the function 1n %%))— o' (x)

has a finite number of admisgible singular points and if the improper

integral (improper both as to range and to singular points)

® [00)
F'(X) ., j ar
J in m;{% ®t(x)dx converges, then 1a o) d® converges and eguals
-tD =-C0
(o]

Jf In g:(z) ot (x)ax .
-&o
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For the case of such a pair of functions F'(x) and ¢'(x) it is not

difficult to formulate all the basic results Just as in the general case,

® os)
t
replacing J’ 1n %% ad by /( in %Tég% ®*'(x)dx. All this can be done
~C0 -00

simply enough.
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ITII. PROBLEMS OF LARGE DEVIATIONS

The results obtained in Theorems 10 and 1l have a direct application
to the problem of the definition of the probability of large deviations.
They permit the evaluation of the character of the tendency to zero of
this probability. For the case of independent trials in the simple scheme
with n outcomes, Theorems 2 and 4 permit the estimation of
P_[F(vl,va,...,vn) >a _/; here VisVpsees,V, @re the observed proportions
of each outcome after N independent trials and F(xl,xa,...,xn) is a func-
tion which has continuous third derivatives with respect to Xy9Xpy oo esX,
in the simplex where xl+x2+...c+xn <1, Xy > 0. 1In this way one may obtain
asymptotic formulas for this probability.

For the continuous case Theorems 10 and 11 open up the possibility
of studying the probability of large deviations of the empirical distri-
bution function FN(x) of the random variable ¢ with continuous distribu-
tion function F(x) from its theoretical distribution function.

In particular, in this way it is easy to obtain the following facts:

For every ¢ > O

(50) 1im P(sup[FN(x) -F(x)]| >e) =0,
N—>00 X
and for every A > O and 1 > O,
- %&ﬂ
(51) 1im P(aupIFN(x) - F(x)| > an ) = 0.
: N> X

An important consequence of the basic theonrems is
Thecrem 13. Let FN(x) be the empirical distribution function of the
random vaerisble § after N independent trials; let F(x) be the distribution

function of the random variable &; and let 0(x) be another distribution
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©
function such that j’ 1n %% d0 exists. Then, for every ¢ > 0,
-00
®
N[j Fa+ Y+ pN,eJ
(52) P(sup[Py(x)-0(x)[ <e)=e @
x
where

lim 7 =0, 1lim lim My e = 03
2

e=>p ¢ >0 N—>c0
and hence
1n P(sup!FN(x)-Q(x)[ < g) o)
X ar
(53) lim lim - = In 3z 0.
e—>0 N—>o00
eE>0 -®

We notice that certain problems about the distributions of various
random varisbles can be considered as problems of type2 vwhich have been
treated in the present paper.

For example, the distribution of the random varisble

n = X+ Xy b oeee + X,
where the xi's are independent and identically distributed random vari-
-ables with the distribution function F(x), cen be considered in the fol-

lowing manner:
X

0
AN
-+ - a By (x)
-Q0

where F (x) is the empirical distribution function of the random variable

=il
f
n™M=

€ with distribution function F(x) after N independent observations. Hence

(54 P(n>oam) = p(

2!:

= B( f (%) 2 @) = P(Ey e ),
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vhere N o 18 the class of all distribution functions ¢(x) for which

o o]
f x d ¢(x) 2 a. Theasymptotic probability of large deviations of the
-00

random variable 7 from its mean has been studied by H. Cramér [ ltj and
V. V. Petrov /5 7.

Another type of problem asmenable to the methods of this paper is the
estimation of the probability of large deviations of the order statistics.

Let x. £ X, < e < Xy be N ordered independent observations on the random

12
varisble § with distribution function F(x) = x, 0 < x < 1. Then

P(x, <a) = P(Fy € Dy k)

wvhere [} is the class of all distribution functions which "touch"

the rectangle O <x<a, ]-%}- <¥< % « The distribution of such order

statistics can be found in the paper by N. V. Smirnov /3 7.

It is necessary to remark that in this paper we have mainly considered
the case of classes {1 which do not depend on N, the number of independent
trials. Hence the results obtained have been formulated under conditions
vhich give asymptotic expressions not for the proba‘bility P of large
deviations itself but only for the logerithm of that probability. 1In
order to obtain asymptotic expressions for the probability itself it ap-
parently will be necessary to narrow the set of classes /- being con-
sidered and apply the more exact methods for obtaining asymptotic expres-
slons which are worked out in A. N. Kolmogorov /7 7/, H. Cramér VANE
and N. V. smirnov /2 7/, /37,

Furthermore, a problem which at present is of great interest is that
of obtaining results of the type here conrsidered for the case of a class

£1 yhich depends on N.
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IV. DEFINITION OF ENTROPY IN THE CONTINUOUS CASE

We notice that the results of this paper permit one to give a proba-
bilistic definition of entropy in the continuous or mixed case.

In fact, if ®(x) is the distribution function of a random variable
on the 1nterval'Z'0,l;7-we may look upon the entropy of the function
®(x) as a certain limit. Namely, let FN(x) be the empirical distribution
function of the random variable § with uniform distribution F(x),
0<x < 1. Then we can give

Definition 5. The entropy of the distribution function ¢(x) on the

interval /70,1 7 is the double limit

1n P(sup|F,-0] <
n P(sup[Fy-0] < e)

(55) E(0) = - 1im  1lin - .
—>0 N>
€>0 .

From Theorem 13 it follows that
1
B a0

o
In the case where ¢(x) has a continuous derivative ¢'(x) = p(x),

J ,

(56) E(2) = /( p(x)ln p(x)dx .
0

It is not difficult to verify that the entropy, if it exists, is non-
negative. E(®¢) = O if and only if ¢(x) = x, p(x) = 1.
The definition of en*ropy usually given for other intervals apparently

does not have such a simple probabilistic interpretation.

(Received by the editor February 2k, 1956)
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