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SUMMARY

It is the authors’ opinion that there must be quite a few structures which can be idealized
as thin-walled beams among various structural components of the nuclear reactors and plant
systems, and by developing the mass as well as stiffness matrices of such a beam element,
practical finite element analysis of a thin-walled structure with variable cross section can
be easily made to compare with the conventional method of analysis, the details of which
can be seen in the authors’ paper presented at the 3rd AF Conference on the Matrix Method
of Structural Mechanics held at Dayton Ohio, October 1971, and a paper to be published
in the International Journal of Computers and Structures, the Pergamon Press, this year.

As for numerical examples vibration and response analysis of a fuel charging machine
of a nuclear reactor will be given.

The main features of the present method can be summarized as follows:

(1) A new stiffness matrix of a beam element for warping-torsion is derived by using the 3rd
order polynomial.

(2) 3D stiffness matrix of a beam element whose nodal points may be arbitrarily taken on
each end section can be derived by following standard matrix transformation procedure,
transformation matrix of which is derived from the basic displacement function assumed
in the modern theory of a thin-walled beam. Other important matrices of a beam element
such as mass, intial stress and so on can be derived in the similar way.

(3) A method of calculation on the stiffness increase of a beam element due to various stiff-
ening members or stiffness reduction due to cut-outs is proposed.

(4) Effects of deformation of a beam cross section as well as shear deformation on the beam
deflection will be successfully made by a finite element method based on the extended
St. Venant’s semi-inverse method.



1. INTRODUCTION

In the field of structural engineering, it 1s a common practice to idealize slender
plate structures as thin-walled beams with rigid cross sections and make stress analysis by
using the modern engineering theory of beams. Ships, bridges, aircrafts, railroad trucks,
large machine etc. are typical examples of such structures.

Design philosophy of these structures has been based on the bending-torsion theory of thin-
walled beams proposed by many outstanding scholars such as S. P, Timoshenko, F. Bleich,

V. Z. Vlasov and others before advent of electronic digital computers. With the progress of
high speed digital computers the existing simply method of structural analysis based on the
modern beam theory has been replaced by the finite element method of three dimensional plate
structures which are more realistic idealization of actual structures. Generally, however,
use of such computer programs are very expensive and time-consuming, therefore frequent use
of these computing system may not be economically feasible even at large industrial firms.
It 18 a purpose of the present paper to propose a simplified and yet practical overall
finite element analysis of a thin-walled structure based on the modern engineering theory of
beams. The analysis consists of three steps, the first of which is evaluation of various
section properties of a given beam structure, especially the torsional stiffness.

The second step of analysis is soultion as well as formulation of overall stiffness equation
of the structure. In the formulation of overall stiffness equation, a special consideration
is made on the discontinuity of nodal points which may exist between two adjacent beam
elements due to variable beam cross section. The third step of this method is shear defor-

mation analysis in which the finite element formulation of Semi-Inverse Method is proposed.

THEORETICAL BASIS FOR FINITE ELEMENT ANALYSIS OF THIN-WALLED STRUCTURES WITH A
VARIABLE CROSS SECTION

In overall analysis of slender thin-walled structures, they are usually idealized into
thin-walled beams with variable cross section. 1In this section, therefore, theoretical

basis for finite element analysis of a thin-walled beam will be briefly described.

2.1 Recapitulation of Modern Engineering Theory of a Beam

Modern engineering theory of a beam is based on the following assumed displacement

functions:
Ulx,y,z) =u(z)-yo()
V(X,Y,2) =V(2+ X0 ) ) W
WX, Y, 2) =w@)- X UE) ~y viz) + 6(2) waxY)

where (UJ , VV ,W ) represents the displacement vector of a general point, while ( Y( z ),
VU(Z)) 1s the lateral displacement vector of the centrold, w( Z ) is the average axial
displacement of the given sectlon and @§( Z ) is the angle of rotation as shown in Fig. 1.
oom( X,y ) 1s the so-called normalized warping function of St. Venant's torsion problem
and it is defined as follows:
Wa(x,Y) = w(x,y)-sT'"

Sw= ﬂw(l;}j)dxdg )
A ={{ dxdy
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According to the well-known St. Venant's torsion theory, (W (X, 'U ) 1s defined as a solution
of the following boundary value problem:

A(U(X)"d) =0

3
with the following boundary condition:
2 — y c5(NyX) — X SNy Y)
s g Y ®

on the boundary curve C for a simply connected region. (See Fig. 2)
It is easily shown that the corresponding variational problem of St. Venant's torsion

problem 1s given as follows:
SﬂzL&dz{%‘;i——y)z + (55~ +X>’}ixdﬁ-Mz30<=0 ®)

in which variation should be taken with respect to the warping function W( X ,’H ) as well
as the rate of twist A4 .

Once the warping function W( X , 'H ) is determined, various section properties of warping-
torsion can be calculated by the following formulae.

(1) St. Venant's torsional constant K
— 2 2 W 2
K—H{(_ax —Y) Gy T }dxdg (6)
(ii) Warping torsional rigidity EJw with respect to the centroid

Iﬁfﬂwmcxﬂd)}zdxdn @

(1i1) Warping cross products of inertia wa s st with respect to the centroid

wa =II7C Wn (X>Y) elx J{'j

Iwg=ff}j Wn, (XY dx dy @
(iv) Location of shear center ( Xs , HS )
=__Leg - Jux
Xy Iy =T, )

where
Ixx =]flldx0l3 3 I’tw:f['gzdxdﬂ (10)
Computer program for evaluation of these section properties is described by the author’'s
paper presented at Wright-Patterson Air Force Base, Dayton, Ohio last October [1],[2],(3].
It is interesting to note that the so-called shear flow analysis of a thin-walled cross

section is the most simplified case of analysis in this program.

2.2 Derivation of a New Stiffness Matrix of Beam Element for Warping Torsion

According to the modern theory of a beam, warping torsion of a beam is governed by the

following variational equation:
ne

2 2 y4
| mr®pey 1 pea?y s —
SJ(TEL»@ +5GKO )ds 0772;3\90(2—0 (1)

(]
where, E I‘:: is the warping torsional rigidity of a given beam with respect to the shear
center. The present autor derived the following new stiffness matrix of a beam element for
warping-torsion by using the 3rd order polynomial as used in the derivation of a beam
stiffness matrix for bending [4].
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where ( Mz,_ R MER ) are the torsional moment, while ( TL . TR ) are the so-called bimoment

of given beam element at both ends.

2.3 General Stiffness Beam Element with a Const

With these preliminaries, the stiffness matrix of a beam element can be formulated by
simply assembling bending stiffness matrices with respect to principal axes passing through
the centroid [Ku], [ Kv 1, the warping torsional stiffness [Ke ] and the stiffness matrix

of axial deformation [KW] as follows:

fw K.' 0 ! 0 ' 0 U
----- —l——__-—-——i—-_<
! L0
0 Ky 010 U (1)
0 0 K, 0 w
0100 K 0
It should be mentioned that the lateral displacements (us R 2);. ) of a beam element are

defined with respect to the shear center, while W is the average axial displacement of a
given section and that it is not necessarily equal to ws .

[Ku_], [K,,,], and [KW.] are given by the following equations respectively:

\/xL '27%31_”5 U
Elxx
Vtk _Lzzj- ul{ or {fu}-—-[Ku]{us} (14)
Mm_ %{ﬁ U
Mye U
VER hl%hi —IZLL’J:& —%‘M —é%q_ /UR or if'\"} = [Kfv] {u{} (15)
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Now the general stiffness matrix which is defined with respect to arbitrary nodal points P

and @ can be obtained by a standard transformation procedure of stiffness matrices.
That is, the transformation matrix T ] 1is obtained by using eq. (1) as follows:
0 0 ty Uy
1-1---9_1t1‘5. Uy a7)
!
o,y L te Wy
1
. 0 10 T Oy
where (uF% s ‘U’P%_ » W, ) are the nodal displacements of given points Pand @Qand [ 1 1 is
an unit matrix of ( 4 x 4 ) or ( 2 x 2 ) and rectangular matrices, [ty 1, ['t,,a 1, [txs]
[tﬂs] and [ty ] are defined by the following equations:

—

o % O X 0 0
[tX] = ° ’ P -xo 0o 0
0 o0 0 K [t ] _ 0 s
~ x5 0 o] -')(Ps 6]
) 0 0O o0 0 %
[t la]= 0 44? (18)

0 o Y Yps O O O

[t] (0 0 Wy 0 [tlas] = o0 # 0 0
= O ¥s O

w 0 0 -uw 0 3

~ 0 “ 0 o] o] 'Ulss

Using the transformation matrix [ T ] and following the standard procedure the general
stiffness matrix [ K ] of a given beam element is obtained as shown in Table I.
In the similar manner, the mass matrix of a beam element whose nodal points are taken at any

point on the each end section can be obtained and it is shown in Table II.

2.4 Shear Deformation Analvais of a Slender Structure [61.[71

The overall structural analysis so far explained is based on the engineering theory of
a beam, so that the effect of shear deformation is neglected. Distribution of shearing
stresses /’T;(g s ’Z‘:H‘zs, ), however, i1s often important in design of thin-walled structures
and in this gection finite element analysis on the shear deformation of a beam type structure
1s developed by basing on the well-known St. Venant's Semi-Inverse Method [8],[9].
By adding the correcting displacements ( Ue(x, Y,2), Vc (x, Yo 2, We(x, ’5 s E )
to eq. (1), the true displacements of a given slender structure can be given as follows:
UCx, ¥r2) = u@ - Y@ +Uctx, Y5 2)
Vix, 4s2) = V@+XE@ T Ve (X, Y, 2)
WKy Yyz) = W@ = XUE) =YW+ HE WK Y+ We (X Y )

Now assuming that displacements of the idealized beam structure ({(Z), V(Z),W(Z), §(&))

19

are known, the correcting displacements ,( Uc B Vc s Wc ) should be determined so as to
satisfy the following equilibrium equations:
<) «) (<)
20x + 2Ty + 2%z +X =
oXx L] 2Z
2 To 2)0‘5“) afuz
X + ) Y =
Y (20)




7 () G Vg
o +gq§” § L LR E (W - WY+ W, )= 0
where stresses (T',(: s eeaay 'Z;c(;;), ..., etc, are correcting stresses due to additional

displacements, and (X , Y , Z ) are components of body forces.
The associated boundary conditions of side surface are given as follows by assuming no

surface tractions:

a)ﬁ + x
(f)l + 0~(c) =0 (21)

u‘)f_ +Tz}1m=o

ll

The equations of virtual work corresponding to egqs. (20) and (21) can be given as follows:

(60860 + 02567+ 056 + TS + GBS I+ TESHT

(22)
~[[[(XSU+YSVe + {2+ E(w'-xu-yo’ ¥+ 6w} SWe)dT = 0
In the case of a beam with rigid cross section, UC = % = 0 can be easily concluded without
loosing generality, and therefore eq. (22) can be simplified as follows:
> We? BWC ke
SI[F (& + (G} +eGE)ar
(23)

—fg{z +E(w'—xu”—yV’#e”wﬂ)}SWc d7 =0

This is the general variational equation for existing shear deformation analysis of a beam

which 1s originated by Saint-Venant and extended by Eric Reissner.

Determination of the distribution of these additional stresses ( (T(c) T;g), cved) is

not sufficient for complete shear deformation analysis of a beam, and the effect of shear

deformation on the deflection of a given beam should be further analysed. More precisely,
additional stresses may give Influence on the beam deflection ( Y(Z ), V(z ), W(Z ),
9 (Z)) and the modified beam deflection can be determined by the following equation of

virtual work:

Sf 2 (EAW2 + E Lt +ELyy; "2+EI§’6 +GKO®) da
_£ (?;,‘S(xs 9,80 + pSw + mg89)dz o

l C. "
._j (ID“)Sw +m,u 5“5 - “)é\ 5 +mz1)g€ )ﬂ{z

[13]

)
s

””17

PN dy S [ aydedy

(c) 'g' <<)xdxd3 R mg) =f(0}(()wnolxd:j

«)

where P( s Mx are defined as follows:

(25)
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The finite element formulation of the present problem will be described in the following.
The true displacement vector of discretized structure U can be expressed as sum of the

displacement vector ltrof the idealized beam structure and correction displacement vector L[c

u =SIuI + Scu—c (26)
By following the standard procedure of the finite element method, the overall stiffness
equation of a gilven structure is finally obtained in the following form:

Kol Ko [JU:] _ (@,

_______ = (-t (27)

Kczi ch W, Q

From which the following matrix equations will be obtailned:

Keld.= Q. Kull: (28)
(Kn_ch K;L Kcz U= Qr— K:c c-cl Qc (29)

Eq. (28) can be the stiffness equation for determination of additional displacements, from
the solution of which shearing stress distribution can be obtained, while eq. (29) gives the
refined stiffness equation of the idealized beam structure in which the effect of shear
deformation is taken into account.

Therefore, if the body force is distributed such that ‘Rc= 0, the stiffness equation of a

given beam structure will be written as follows:
Ker U= @
Koy = Kii= Ks G0
K =K <K

Remembering that the original stiffness equation of the beam is given by

KH u,= Q; (31)
it is concluded that ’(eff is the effective stiffness of the beam structure in which the
stiffness reduction ’(5 due to shear deformation is considered, and the vibration analysis
of the beam structure under the effect of shear deformation can be made by solving the
following characteristic equation:

Ki—FM|=0 32)

From the discussion so far mentioned, it can be seen that the more elaborate vibration as

well as deflection analysis can be made by using eqs. (30) and (32) respectively. However it
should be mentioned here that such rigorous beam analysis may be essentially nonlinear and
therefore these equations are only valid for small additional displacements ( LJC R bé ,bwé),
because assumption of rigid cross sectlon can not be preserved during the deformation owing

to existence of ( LJC s M: ).

3 APPLICATION OF THE PRESENT METHOD TO VIBRATION AND RESPONSE ANALYSIS OF A FUEL
CHARGING MACHINE OF A NUCLEAR REACTOR

The aseismic design on the FUGEN Charge Machine System as shown in Fig. 3 was made by
conducting the vibration and response analysis of a model structure based on the method
described so far. This system is to be used for advanced thermal reactor which is developed
by the Power Reactor and Nuclear Fuel Development Corporation in Japan.

Idealizing this system as a three dimensional beam structure, eigenvalue analysis, time-

K 17/3
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histroy response analysis as well as response analysis by response spectra have been made
For experimental verification, vibration test was conducted by using a 1/10 scale model

structure.

3.1 Seismic Analysis of FUGEN Charge Machine System

(1) Eigenvalue Analysis

The idealized model structure is shown in Fig. 4.
In this analysis model, the traversing truck 1s idealized as four rigid beams.
The traversing truck and the travelling truck beams are pin-connected at the nodal points 2,
3, 6, 7. Results of eigenvalue analysis by using vibration analysis code of 3D beams

structures are shown in Fig. 5.

(i1) Time History Response Analysis
In this analysis horizontal and rotational acceleration is considered for input
acceleration. The vibration equations of the structure having mass matrix [ P1 1, damping
matrix [ t’ ], and stiffness matrix [ f‘ ] under horizontal and rotational acceleration
inputs @ are shown below:
(MJ{U} + [C3{0y + [K){w) = -4 (M) {aty} (33)
where, gxﬁ} 1s the vector representing the effect of the input acceleration ﬂ on {ll}.
Elements of the moda%lanalysis of eq. (33) are shown below:
{u} =§ % {XL} (34)
where, ?& ¢ the coefficient of the i-th vibration mode for input
{)(i}: the eigen vector of the i-th mod
Using the orthogonal condition of eigen vectors and eq. (34), and assuming that the damping
factor, Cg is negligibly small, eq. (33) is given as follows:
G, ¥ owihig, +wig =-140 (35-2)

where

2

CU@ (35-b)

/,_‘. = _QQ}:[C} X3 (35-¢)
2{XT MRS w
ﬁh ¢ exciting coefficient
Then, the solution at any time t of eq. (35-a) is given in the following form by using

Duhamel integration:

t
B .
T =7 =R w ) 4OF

The dispacement at any nddal point is given by using eq. (35) and eq. (33). The results of

(- (TR w DT @50

response calculation for El Centro earthquake (Fig. 6a, 6b) are shown in Figs, 6c, 6d and 6e.
Fig. 6c, Fig. 6d and Fig. 6e show the response displacements of the upper and the lower end
of the pressure vessel and the connection between the pressure vessel and the traverse truck,

respectively. Input conditions of the above case are:
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‘#l,," = 0.01 Rc ﬂ.c : critical damping factor

considered mode orders from the first to the 6th mode and each
eigenvalue and eigen vector are shown
in Fig. 5

earthquake input nodal point nodal 1, 4, 5, 8, of Fig. 4

earthquake input direction z direction of Fig. 4

(11i) Seismic Response Analysis by Using Response Spectra

The structure shown in Fig. 4 is again used as the calculation model. The results
shown in Fig. 5 are used for eigenvalue and eigen vector, and the results mentioned in
previous section (ii) are applied for the exciting coefficients. Here, rotational acceler-
ation is not considered in the exciting coefficients. Representing Sa.L for the i-th order

acceleration of response spectra, the equation of the max. i-th response acceleration
{ie +/g}m<%an be obtained by modal analysis as follows:

(ot Ve = Ki} B2 S0 (36)
The i-th response displacement fu.,;}m”due to the acceleration of eq. (36) 1is given by:
- -] 0 .
{ui)fmx =[K] [M]{ub+1d}m (37)
Response value {u}mx calculated from each mode vector is given by root mean square of each

mode response value, that is j element value %’MM of vector {u}m, is:

W max = (U Dmax (38)
where, (uji)m@( is d element value of {ui}w calculated from i-th vector.
Response displacements at the upper end and the lower end of the pressure vessel calculated
by response spectra and the max. response displacement calculated by time history analysis
are shown in Table TII. In the above response spectra calculation, response spectra values
sa, adopted for input data are shown in Table IV. As will be seen easily in Table III, the
max. response displacements by time history analysis are in good agreement with the response

displacements by response spectra,

3.2 Vibration Model Test

(1) Vibration Testing
Vibration test was performed by using about 1/10 scale model shown in Fig. 7.
Forced vibration device and measuring device are shown in Figs. 8a and 8b.
The test model is supported at the points A, B, C,.......,K and L of Fig. 7 by pin con-
nections. The pressure vessel in the actual structure was simulated by the spindle in the
test model in which stiffness as well a¢ mass distribution were proportionally reduced.
The testing methods are explained below:
(1) forced vibration method: non-contact type forced vibrator by electro magnet
(2) forced vibration point and direction:
point - at the lower end of the spindle
direction - z direction of Fig. 7

(3) measuring method: eigen frequencies of testing model are detected by two friction
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type gauges attached to the upper and the lower ends of the
spindle (points M and N of Fig. 7)

(4) measuring items: eigen frequencies
The testing results are indicated in Fig. 9.

(1i) FEigenvalue Analysis of the Test Model Idealized as a Three Dimensional Plate

Structure

It should be mentioned here that results of beam vibration analysis mentioned above is
only the first achievement of the present research project, because the computer program for
vibration analysis of thin-walled structures where the effects of shear deformation is taken
into consideration was not completed,
In order to supplement the results of eigenvalue analysis, vibration analysis of the same
structure as composed of plate and beam elements was carried out., Plate element used is a
rectangular element whose displacement function is proposed by B. E. Greene and others [11].
In the eigenvalue calculation, mass condensation method proposed by J. N. Ramsden and J. R.
Stoker [12] 1s adopted. The results of calculation are indicated in Fig. 9 where results of
the beam vibration analysis as well as experimental data are also shown.
The condition of pin connection assumed in vibration analyses of the testing model shown in
Fig. 5 can be hardly satisfied in experiment. Nevertheless it can be concluded by considering
possible discrepancy between results of experiment and calculations, that vibration analysis
of the charge machine system idealized as a thin-walled structure and based on the proposed

method may be duly justified.
4. CONCLUSION

Basing on the modern beam theory, finite element method of analysis of thin-walled
structures was proposed in this paper.
Important feature of the present method may be summarized as follows:

(a) Finite element analysis on the St. Venant's torsion problem initiated by Prof. L.R.
Herrmann 1s extended to evaluate various torsional constants such as, Iu) R I@x R Ibg and
location of shear center,

(b) A new stiffness matrix of the beam element for warping-torsion is developed by
using 3rd order polynomial,

(c) Finite element method of analysis of a beam with variable cross section is proposed
This method may be in principle the same as the method proposed by Professor J. H. Argyris,
but it may be superior in simplicity of theoretical formulation.

(d) Effects of cut-out or transverse stiffnening members on the section properties of
given beam structure can be included in the evaluation of the stiffness matrices although
such formulation was not described in this paper because of space limitation,

(e) Size of stiffnéss equation may seldom exceed several hundreds in the present
method so that gmall computing facilities will be sufficient for the overall analysis of
structures at initial design stage.

Application of the present finite element method to vibration analysis of the fuel
charge machine of nuclear reactors resulted in good agreement with experlmental data of the

test model of a thin-walled beam structure.
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Fig. 1. Coordinate and Notations Employed

TRAVELLING
RAIL

Fig. 3.

a0

§

TRAVERSING TRUCK

TRAVELLING
TRUCK BEAM
SADDLE

Fig. 4a. Calculation Model for "FUGEN"
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Fig. 2  FEM Analysis of St. Venant's Torsion
Problem by a Triangular Prism Element
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Fig. 4b. Nodal Point Number
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Fig. 5a. The First Mode Fig. 3d. The Fourth Mode (a)  INPUT WAVE: HORIZONTAL

(PERIOD 0,104 SEC.) (PERIOD 0.0447 SEC.)

(b) INPUT WAVE: ROTARY ACCELERATION
OF EL CENTRO
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(c) DISPLACEMENT RESPONSE
OF NODAL POINT 12
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MAX DIS 0.y m
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Fig. 5b. The Second Mode Fig. 5e. The Fifth Mode T (SEC )
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LI ;8o Fig. 6. Response Wave of Charge
Machine System due to

.. . 3 El Centro Earthquake
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Fig. 5c. The Third Mode Fig. 5f. The Sixth Mode
(PERIOD 0.0463 SEC.) (PERIOD 0.0171 SEC.)
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Fig. 8a. Vibration Test of Charge Machine Model
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L
Fig. 7. Dimensions of Test Model (Unit: mm) PEVICE
Fig. 8b. Testing Chart
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Exp. 54,1 5
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(0 157 e b ‘
Exp. ; EXPERIMENTAL VALUE PR
(A) ! BEAM STRUCTURE ANALYSIS  (B) . THIN WALLED STRUCTURE ANALYSIS
Fig. 9. Experimental and Calculation Values
Table 111 Response Displacements due to El Centro (mm)
MAX. DISPLACEMENT BY DISPLACEMENT BY RESPONSE
TIME HISTORY ANALYSIS SPECTRA ANALYSIS
TOP OF PRESSURE VESSEL 0.39 0.55
BOTTOM OF PRESSURE VESSEL 3.80 4,01

Table v Values of Response Spectrum of El Centro

ODER PERIOD  (SEC.) Sa (g)
1 0.104 0.96
2 0.104 0.96
3 0,0463 0.58
4 0.0447 0.58
5 0.0186 0.58
6

0,0171 0.58








