
18th International Conference on Structural Mechanics in Reactor Technology (SMiRT 18) 
Beijing, China, August 7-12, 2005 

SMiRT18-C03-5 

 488 Copyright © 2005 by SMiRT18 

INFLUENCE OF AZIMUTH AND RADIAL NEUTRON AND 
THERMAL SOURCES ANISOTROPY ON CONTACT PROBLEM 

SIMULATION IN REAL FUEL PELLET-CLADDING 
CONFIGURATION USING FEM 

 

Josef Běláč, Mojmír Valach, Jiří Zymák 

Nuclear Research Institute Rez plc, Czech Republic 

 

 

Abstract 

 

Paper summarises results of development and testing effort to model 2D and 3D non-
symmetric contact problem between fuel pellet and cladding using FEM. Interface between 
neutron and thermo-mechanical calculation models will be described. Corrosion layers and 
irradiation induced material properties degradation are treated in problem solution as well. 
Special interface programme for surface and volumetric source automatic input into the 
FEM COSMOS/M system was developed. Discussion of qualitative analysis of the results 
obtained by the new system using parametric simulation will be presented with accent to the 
contact problem solution and the stress-strain field distribution in contact regions. 
Conclusions will be given for the further development effort and validation approach will be 
presented.  
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1. Introduction 

The necessary assumption of wide nuclear energy development is to keep and to 
increase the nuclear fuel safety. On the other hand there is an aim to operate NPP’s 
economically. Importance of nuclear fuel as a basic part of each NPP is more and more 
apparent, so the effort of our work is to describe more correctly the behaviour of the 
cylindrical fuel rods under more stringent operational conditions obviously achieving high 
burn up. It implies, that modern fuel rod computer models are required to predict a “margin” 
to cladding tube integrity loss under normal operation and operational transients more 
reliably. One of the critical moments, which occur during the fuel duty, is pellet – cladding 
contact (and also modified pellet – pellet contact after a thermo-mechanical interaction). 
The difficulty of the contact event modelling can be documented by very simple example: 
one core in one loading of one reactor contains ~ 104 fuel rods, each fuel rod contains ~ 102 
fuel pellets …where, when and how and in what detail we have to predict and to model it.  

 

2. Unilateral contact  

Mathematical modelling of unilateral contact problems is quite new area in applied 
mathematics; practical realization of it indicates next application of the finite element 
method (FEM). The principle of the method is based on the fact that a zone of unilateral 
contact of two solid bodies need not be defined a priori; its correct definition is one of the 
results of the solved problem. 

The classical analysis of this problem, started by Herz in 1896 was limited to simple 
geometries. The age of high-speed computers brought qualitative change also into the 
analysis of the contact problems. On the basis of suitable discretization – by means of finite 
differences or FEM – the problems can be solved approximately even for complex 
geometrical situations and boundary conditions. As a technical problem A. Signorini 
originally formulated it in 1933 for the case of unilateral contact of an elastic body with the 
ideal rigid and smooth basis (so called Signorini’s problem). From the mathematical point 
of view the unilateral contact problem performs the application of variational inequalities, 
which form today the basis of the convex analysis and form the connection between 
mathematical physics problems and optimization ones. Instead of classical variational 
equations the solution of variational inequalities is not found on the whole function space 
but on some closed part of it. The problem tends to seek the conditional extreme of the 
functional of deformation energy. These problems are non-linear ones due to not only 
existing material non-linearities but also by the set on which the solution is being found and 
which can alter during the solution process. 

Let two bodies occupy the bounded regions Ω ′′Ω′,  with Lipschitz boundaries. In the 
following, one or two primes denote, that the quantity is referred to the body Ω′ and Ω ′′ , 
respectively. Let ( )21, xx=x  be Cartesian coordinates. We seek the displacement vector 
field ( )21,uu=u  over Ω ′′∪Ω′ , i.e. ( )21,u uu ′′=′  on Ω′ and ( )21 u,uu ′′′′=′′  on Ω′′ and the 
associated strain tensor field eij. The stress tensor τij is related to the strain tensor by means 
of the generalized Hooke’s law. The stress tensor satisfies the equation of equilibrium in 

Ω ′′∪Ω′  and some (classical) conditions on boundaries Ω ′′∂∪Ω′∂  of the domains 
Ω=Ω ′′∪Ω′ .  
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Now we shall focus on the parts of the domains Ω ′′∪Ω′ , where a possible contact 
may occur. We distinguish two classes of contact problems, as follows: 1. bounded contact 
zone, 2. enlarging contact zone, which differ significantly by the character of the contact. 
For the reason of simplicity let us consider now the case of zero friction. 

 

2.1 Bounded contact zone 

First let us consider the case, when the contact zone cannot enlarge during the 
deformation process. Such an assertion is determined by the geometrical shape of the two 
bodies in a neighbourhood of he possible contact zone (Fig. 1).  
 

Fig. 1 Illustration of unilateral contact with bounded contact zone 
 

Let the body Ω′′  be fixed on a part uΓ of its boundary, let the surface traction be prescribed 
on a part τΓ  of the body Ω′ , let the condition of the axis symmetry is defined on a part 0Γ  
of the body Ω′ . Hence we may define the contact zone Ω ′′∂∩Ω′∂=ΓK . We say that a 
unilateral bounded contact occurs on KΓ if 

0uu nn ≤″+′       (1) 

holds on KΓ , where ″⋅″=″′⋅′=′ iiniin nuu,nuu  are projections of displacement 

components into the outward unit normal ⎟
⎠
⎞⎜

⎝
⎛ ′′=′ 21 n,nn , nn ′−=′′  corresponding to the sets 

Ω ′′Ω′, (summation convention is used over the repeating index). The condition (1) means 
non-penetrating of both bodies. 

Next let us consider the contact forces. By virtue of the law of action and reaction we 
have 

″=′ tt TT , ″=′ nn TT  on KΓ . 

On the other hand, the tangential components vanish because of zero friction and the normal 
contact force cannot be tensile, i.e. 
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0TT tt =″=′ ,  0TT nn ≤″=′ . 

Altogether, we define the boundary conditions on KΓ as follows: 

0uu nn ≤″+′ ,  0TT nn ≤″=′ ,    (2) 

0Tuu nnn =′⋅⎟
⎠
⎞⎜

⎝
⎛ ″+′ ,       (3) 

0TT tt =″=′ .      (4) 

The equation (3) means that at points without contact no contact force may occur. 

 

2.2 Enlarging contact zone 

In some important cases the contact zone can enlarge during the deformation process. 
Such a situation occurs if two bodies Ω′  and Ω′′  have smooth boundaries in a 
neighbourhood of Ω ′′∂∩Ω′∂=ΓK . Then we must change the definition of the contact 
condition. Let us consider the case of Fig. 2. We place a coordinate system (ξ, η) in such a 
way that the ξ-axis coincides with the direction of n ′′ and η -axis with the common tangent 
of Ω′∂ and Ω ′′∂  at a “central” point ∈P Ω ′′∂∩Ω′∂ . 

          

                                   
     

                                               

           

 

 

            

        

          

         

         

 

 

 
 

Fig. 2 Illustration of unilateral contact with enlarging contact zone  

The Fig.2 corresponds with the situation before the deformation. The parts of Ω′∂ and Ω′′∂ , 
which come into a contact during the deformation process, can be estimated as follows: 

( ) ( ){ } ",'M,f,ba;, MM
K =η=ξ≤η≤ηξ=Γ , 

Ω‘ 

Ω‘‘ 

a

b

ΓK‘‘ 

ΓK‘
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where f,f ′′′  are continuous on ba, . (The interval has to be chosen a priori.) Arguing 
similarly as in the previous section, we are led to the following condition: 

( ) b,auu ∈η∀ηε≤′−″ ξξ ,      (5) 

where ( ) ( ) ( )η′′−η′=ηε ff  is the distance of the two boundaries before deformation; 
″′

ξξ u,u  are projections of the displacement vectors into the direction of (positive) ξ-axis. 

Using also the law of action and reaction, we come to the conditions 

( ) ( ) 0coscos 11 ≤′′″=′′− −− αα ξξ TT ,     (6) 

0TT =″=′ ηη ,       (7) 

0=″⋅⎟
⎠
⎞⎜

⎝
⎛ −′−″ ξξξ ε Tuu ,      (8) 

which hold at all points of ″Γ∪′Γ KK  with the same coordinates ba,∈η . Here 

( ) ",',1cos

2/12
1

=
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+=

− M
d

df M
M

η
α  , 

αM is being the angle between η-axis and the tangent to M
KΓ , respectively. The condition (8) 

follows from this consideration: at points without contact, i. e. if 0uu <ε−′−″ ξξ , no 

contact force may occur, i. e. 0TT =″=′ ξξ . The conditions (7) approximate the zero friction 

– after neglecting the projection MM sinT α⋅ξ .  

 

2.3 Variational formulation 

A variational formulation – principle of minimum potential energy – can be 
associated to the above-mentioned unilateral contact problems. Instead of the standard 
variational formulations, the unilateral contact problems minimize the functional 

L(v) = 1/2 A(v, v) - L(v),       (9) 

on the set of admissible displacements K, which fulfills the relation (1) in the case of 
bounded contact zone and relation (5) in the case of enlarging contact zone. The quadratic 
part of the functional L 

A(v, v) = ( ) ( )∫
Ω

ετ dx.c klijijkl vv  
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is  the strength energy of the bodies ( Ω=Ω ′′∪Ω′ ), the linear part L(v) = ∫
Ω

dxv.F ii + 

∫
τΓ

dSv.P ii  is the work of the body forces and of the surface tractions.  

 

A function u ∈ K is called a weak (variational) solution of the unilateral contact problem, if  

L(u) ≤ L(v) ∀ v ∈ K.       (10) 

Due to the fact that the set K does not form the whole space but only his closed subset, the 
variational inequality (10) does not tend to a system of linear equations. It has to be solved 
as a bonded extreme problem – to seek the minimum of the functional L on the set K. 

Each numerical realisation of the particular unilateral contact problem leads to a 
system of linear equations, which has to be solved. This system is not directly connected 
with the derivation of the functional but results from applied numerical method for the 
solving of nonlinear optimization problems (method of Lagrangian multipliers, conditional 
conjugate gradients method, Newton-Raphson method, etc.). 

 

2.4 Available tools used for the modelling 

The problem has been solved by means of the COSMOS/M software system. It is a 
complete, modular finite element system, which includes for instance modules to solve 
linear and nonlinear static problems in addition to problems of heat transfer. Developing a 
reliable model capable of predicting the behaviour of structural systems represents one of 
the most difficult problems to face the analyst. The FEM provides an effective vehicle for 
performing these problems due to its versatility and the great advancement in its adaptation 
to computer use. The success of a finite element analysis depends largely on how accurately 
the geometry, the material behaviour and the boundary conditions of the actual problem are 
idealized. One has to take into consideration that all real structures are nonlinear in some 
way. In addition, the unilateral contact problems are nonlinear due to their optimization 
substance as was mentioned above. The unilateral contact forms the basis for adequate 
pellet-cladding modelling and it was used in all calculated problems.  

After the opening thermoelastic linear cases, all next problems of pellet-cladding 
interaction were solved as nonlinear ones in some ways: a geometrical nonlinearity and the 
thermal, mostly nonlinear dependencies of all used material properties. Heat transfer with 
inner sources included was ever solved as the initial one for the next mechanical problem. 
The bulk heat generation density was considered as 6.902⋅108 W/m3, it corresponds to the 
linear heat generation density ~300 W/cm.  
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3. Results of pellet-cladding modelling 

Several results of 2D (r-ϕ) pellet-cladding modelling are introduced in this chapter. 
All presented cases were solved as the steady state problems with nonzero friction and with 
sliding. You can see the basic dimensions of considered  fuel rod components in Tab. 1. 

 
Tab. 1 Basic dimensions of considered fuel rod components. 

fuel rod inner radius [m] 0,7 ⋅10-3

fuel rod outer radius [m] 3,84⋅10-3

cladding inner radius [m] 3.86⋅10-3

cladding outer radius [m] 4,55⋅10-3

fuel pellet height [m] 10⋅10-3 

The initial pellet-cladding P-C radial gap was set 20 μm for the data from Tab. 1 to simulate 
a P-C contact.  

3.1 Creating of cladding oxide model 

The ZrO2 material with its temperature dependent material properties was created in 
COSMOS/M library by use of the MATPRO-SCDAP material library. The ZrO2 scale is 
used to simulate partially burned nuclear fuel. The first calculations with the both sided 
cladding oxide layers were performed. Each oxide thickness of 25 μm was used; the rest 
thickness of the metal clad was set of 50 μm smaller. The radial temperature profiles of fuel 
rod with bilateral clad oxidation in both models (r-z) and (r-ϕ) are shown in Fig. 3 and Fig. 
4. 

 
Fig. 3 Radial temperature profile of (r-z) 
fuel rod model with bilateral oxidation and 
with P-C contact 

 

 

 

 
Fig. 4 Radial temperature profile of (r-ϕ) 

fuel rod model with bilateral oxidation and 
with P-C contact 
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Maximum calculated temperatures are 1334.9 K and 1335.4 K, respectively.  

Let us introduce the example with non-uniform cladding oxidation. Now, let us assume that 
the oxide layer occurred on the clad inner side at the point where the local P-C contact was 
appeared at first. The oxide layer at clad outer side is assumed uniform. Meshing of the (r-ϕ) 
segment is in Fig. 5. The oxide layers are dark; the clad metal layer is light. Due to the 
symmetry, the example solves the problem with two opposite inner oxide layers (Fig. 6). 

 
 

Fig. 5 Example of non-uniform 
cladding oxidation 

 

 
 

Fig. 6 The complete example of  
non-uniform inner clad oxidation

 

Let us consider the time dependent linear heat rate with its maximum value 300 W/cm, 
the time profile of it [hour] is in Fig. 7, the linear heat rate is in relative units.  

 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 7 Time profile [hour] of linear heat rate [1] 
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Right low detail of  Fig. 5 is in Fig. 8. There are two nodes (No. 56 and No. 79), where the 
effective stresses are illustrated.  
 

 
Fig. 8 Nodes No. 56 and No. 79, where the effective stress is demonstrated 

 
Result of non-linear thermo-mechanical calculation with, so called, “nominal data” – the time 
profile of the effective stress in two significant nodes (see Fig. 8) is shown in Fig. 9. 

 
Fig. 9 Time profile of the effective stress in nodes No. 56 and 79  

computed by nominal data 
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3.2 Various types of inhomogeneities or anisotropy 
We will compare the results mentioned above with the similar ones but created with 

some in-homogeneities in input data and in boundary conditions. Let us assume three types of 
in-homogeneities, see Fig. 10: 

 

 
Fig. 10 Illustration of assumed types of in-homogeneities 

 
a) 80% of heat rate value in radial fuel pellet segment standing “against” the inner oxide 

layer; 
b) 80% of cladding creep deformation increment value in analogous radial segment of metal, 
c) 80% of the convection coefficient value in the analogous part of the cladding outer 

boundary. 
Results of the three cases in the same nodes as before are shown in Figs. 11, 12, 13. 

 

 
Fig. 11 Time profile of the effective stress in nodes No. 56 and 79  

computed with 80% source values in part of the fuel pellet (case a) 
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Fig. 12 Time profile of the effective stress in nodes No. 56 and 79  

computed with 80% of cladding creep deformation increment value (case b) 
 

 
Fig. 13 Time profile of the effective stress in nodes No. 56 and 79  
computed with 80% of the convection coefficient value (case c) 

 
Comparing the three results, you can see the visible differences only in case a (the black 
arrows in Fig. 11). It means, that the solved problem is the most sensitive to the heat rate 
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changes. Detailed differences among the effective stresses at the end of calculations for the 
four computed cases are in Tab. 2. 
 

Tab. 2 Effective stress value at the end of each calculation, 
node No. 79, element No. 67 (Fig. 8) 

type of calculation effective stress [MPa]
nominal 479 
case a 459 
case b 474 
case c 483 

 
 

 

4. Conclusion 

The method and calculation results of 2D (r-ϕ) contact elasto-thermal-creep solutions 
of pellet-cladding configuration with non-symmetric sources and various boundary conditions 
were presented. All calculations have been performed by means of the COSMOS/M software 
system. The formerly developed non-linear, thermal dependent material properties were 
applied. The an-elastic fuel and cladding material behaviours were treated; the clad creep 
model was used. These steps will be related to the cladding crack (crack growth and crack 
stability) modeling, too. All considered contact problems were solved with prescribed friction 
coefficient between the pellet-cladding contact regions, including of the structures sliding.  
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