
ABSTRACT

DAIGLE, SAMUEL EVAN. Interaction of Defects and Disorder in High-Entropy Ceramics:
Simulation of Random Solid Solutions from First Principles. (Under the direction of Donald
Brenner).

Atom pair interaction models are introduced for the local atomic environment dependence

of defect energies in early-transition metal high-entropy carbides and diborides. Separate

models are presented for vacancy formation energies, bulk energies, and stacking fault energies

fit to density functional theory (DFT) simulations, with an emphasis on the interpretability

of model parameters. Defect properties in high-entropy materials are presented relative to

the defect energy distribution tails, requiring modeling techniques which are extensible away

from the ideal disordered state. For vacancy formation energies in the (Hf,Nb,Ta,Ti,Zr)B2

high-entropy diboride, a simplified physics-informed reduction of the commonly used cluster

expansion is introduced for a robust and efficient parameterization of the near-neighbor shells

surrounding a vacancy. The predicted total vacancy concentration is found to be higher than

the average of the constituent binary compositions with a temperature dependence that

deviates from traditional Maxwell-Boltzmann statistics, converging to the mean vacancy

concentration at infinite temperature. This relationship is produced by a shift in the relative

contribution of each atomic configuration as a function of temperature, highlighting the

importance of the lower tail of the vacancy formation energy distribution at temperatures

below 2000 K. The parameterization is further shown to give insight into ordering tendencies in

the bulk high-entropy diboride, as the atom pairs with a bidirectional or “bonded” interaction

in the near-neighbor shells can be directly compared with respect to the average interaction to

produce relative pair affinities, with sensitivity analysis performed on the model parameters to

obtain uncertainty estimates for all pair affinities. The parameterization of pair energy models

is analyzed with respect to the physical interpretation of sparse parameter sets produced by

lasso regression, automatic relevance detection, and stepwise parameter subset selection. As

a result of coupling between the remaining interaction parameters, rejected parameters can



be retained in the effective interactions such that the parameter values are equal to zero only

with respect to an arbitrary reference state. These hidden parameters prevent metrics such

as the Bayesian information criterion from capturing the uncertainty in the parameter set

and reduce the interpretability of the model parameters by virtue of the shifting reference

energy. It is shown that any objective function for parameter subset selection must consider

this reference energy in order to make physics-informed decisions on the parameter space.

Finally, a proximity weighted rule of mixtures model is introduced for the local environment

dependence of stacking fault energies in the high-entropy transition metal carbides. The

intrinsic stacking fault is found to be predictable from a rule of mixtures of the constituent

binary carbides in the vicinity of the defect, and the unstable stacking fault is predicted

by a new application of the Evans-Polanyi-Semenov principle for chemical reaction path

energies. Large concentrations of negative stacking fault energies in the stacking fault energy

distributions are considered with respect to Shockley partial dislocation separation distances

and dislocation pinning at high energy lattice sites. Setting the upper bound of partial

dislocation separation as the distance associated with the mean stacking fault energy plus

one standard deviation of the distribution, all group IV, V, VI high-entropy transition metal

carbides are predicted to exhibit finite partial separations in agreement with experimentally

demonstrated phase stability of compositions with valence electron concentration as high as

9.6.
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CHAPTER

1

INTRODUCTION

The first high-entropy ceramics were presented by Rost et al. in 2015 [3]. By leveraging

the disorder phenomena of multi-principal component materials in combination with the

thermomechanical properties of ceramics, a new class of materials was proposed that could

open the door to a host of new applications. In theory, one could now introduce disorder

onto any crystalline lattice or sublattice through careful selection of alloying elements such

that the new composition would retain the base crystal structure. This expanded the field of

high-entropy materials to encapsulate the diverse range of mechanical, thermal, and functional

properties of ceramics, with new opportunities to tune these properties across unexplored

phase spaces.

Since the publication of the first high-entropy oxide, many high-entropy ceramics have

been developed on the premise that the disorder inherent to a solid solution can be isolated
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to the cation sublattice of an ionic material. Examples of high-entropy ceramics in literature

include oxides, carbides, diborides, nitrides, carbo-nitrides, silicides, perovskites, fluorite

oxides and other related materials [4–18]. In all cases, the disorder on a lattice site introduces

lattice distortions and electronic effects which can combine to create unique properties.

In general, the properties of a high-entropy material can be described in one of two ways.

In the first case, a material property will reflect a rule of mixtures such that the high-entropy

composition behaves as an average of its constituents. This behavior is typical for properties

such as lattice constant, density, and bulk modulus [19–21]. In the second (and perhaps more

interesting) case, the combination of constituent elements in a disordered lattice will result in

some wholly new property. In the first reported metallic high-entropy alloys (HEAs), this

was the case for the simultaneous increase in fracture toughness and strength, as well as a

newfound high-temperature mechanical stability [22]. For some high-entropy ceramics, the

disordered lattice has resulted in exceptionally low electronic and thermal conductivities [19]

as well as hardness values exceeding the rule of mixtures for certain diboride compositions [23].

Alongside the exciting possibilities of this new class of materials, there are challenges

that must be overcome. From a simulations perspective, many-component materials carry a

large computational burden as large supercells must approximate the disorder in a system

while avoiding tiling artifacts across periodic boundaries. Further, characterizing the degree

of disorder and modeling the configuration dependence of materials properties across many-

dimensional phase space is not a trivial issue. Approaches to overcoming the dimensionality

problem in high-entropy material simulation include the special quasi-random supercell

method [24], which can struggle to capture local effects of a high-entropy lattice diverging

from ideal mixing, and high-throughput small cell modeling [25], which introduce unavoidable

short-range order artifacts and may not be suitable for modeling defects with long-range

interactions. Understanding the physical implications of any assumptions that are made in

the simulation of a high-entropy material is critical for developing modeling techniques that

capture the effects of disorder on the crystal lattice.
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Research into high-entropy materials has sought to find new combinations of properties

which might enable new technologies. Some of the central questions guiding the research in

this work relate to the existence of new candidate compositions for ultra-high temperature

ceramics (UHTCs) and ultra-hard materials, specifically within the class of early-transition

metal carbides and diborides. To better understand the properties and potential limitations

of these materials, this work seeks to characterize defects and disorder in high-entropy

lattices through the use of first principles atomic simulation and statistical modeling of the

relationships in the local atomic environment.

This work will address the following motivating questions as they relate to high-entropy

materials:

1. How do defects behave on a disordered lattice?

2. What are the effects of defect energy distributions on material properties?

3. How can simplified models be used to efficiently capture the configuration dependence

of defect properties?
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CHAPTER

2

BACKGROUND AND MOTIVATION

Since their introduction, HEAs have been found to have remarkable combinations of me-

chanical properties. As a nascent field relative to traditional metallurgical alloying, the

rapid discovery of novel properties has driven immense interest in this area of research. The

equimolar CrMnFeCoNi “Cantor alloy” [26], one of the seminal HEA compositions, exhibits

uniquely high fracture toughness while maintaining a yield strength equivalent to some of the

strongest steel alloys [22]. More recently, refractory HEAs containing early transition metals

such as the equiatomic VNbMoTaW HEA have demonstrated high-temperature mechanical

stability comparable to or better than commercial Ni superalloys [27]. These mechanical

properties are largely driven by disorder and distortions on the crystal lattice which can

lead to changes in deformation mechanisms and kinetics. By superimposing these disordered

crystal structures onto the cation sublattice of refractory ceramics, it was proposed that
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the existing high melting point and and high hardness of UHTCs such as HfC could be

improved with the addition of entropy. Guided by this idea, the group IVB, VB, and VIB

early-transition metal carbides and diborides were chosen as candidate materials to explore

the effects of the high-entropy lattice in ceramics.

This chapter will discuss the motivating literature for the investigation of high-entropy

ceramics, including a brief history of HEAs, an overview of the early-transition metal carbides

and diborides, and the lattice defects studied in this work.

2.1 High-Entropy Alloys: Structure and Properties

The first high-entropy materials, reported separately by Yeh and Cantor in 2004 [26, 28],

represented a significant departure from the traditional alloying techniques that had been

used and refined over thousands of years dating back to the bronze age. Instead of adding

small amounts of an alloying element to a single principal metal, the approach was introduced

wherein many alloying elements existed in equal proportion such that none (or all) of

them could be considered the principal element. These materials were called equiatomic

multicomponent alloys [26], multi-principle component materials, or high-entropy alloys [28].

After observing the combination of strength and toughness in the Cantor alloy, studies by

Otto [29] and Gludovatz [30] explored the temperature dependent mechanical behavior. Otto

showed high-temperature yield and tensile strengths approaching those of commercial Ni

superalloys, while Glydovatz demonstrated an increase in both strength and ductility at low

temperatures, continuing down to cryogenic temperatures. At 77 K, the yield strength and

ultimate tensile strength of CrMnFeCoNi were found to increase by 85% and 70% respectively

as compared to the room temperature values, from approximately 400 and 750 MPa to over

750 and 1250 MPa respectively. Further, the strain at failure increased from approximately

0.5 to 0.7. Expanding to other alloys, Senkov et al. [27] reported that medium-entropy and

high-entropy refractory alloys NbMoTaW and VNbMoTaW retained yield stresses above
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(a) Phase separated (b) Ordered solid solution (c) Ideal solid solution

Figure 2.1: Schematic representation of ordered and disordered structures of an arbitrary
binary composition.

500 and 800 MPa respectively at 1000 °C, and exhibited a gradual decrease beyond that

up to 1600 °C where both alloys remained above 400 MPa. These properties have brought

structural HEAs to the forefront of materials research, with potential applications as new

state-of-the-art aerospace alloys [31].

The early HEA discoveries have provided a motivation to explore the centers of four-, five-,

and six-dimensional phase diagrams in search of novel combinations of material properties,

with early compositions including as many as nine metallic components [28]. The early

successes of the field have driven widespread interest in the effect of entropy (and the resulting

disorder) on phase stability, solubility limits, and properties across a wide range of materials.

2.1.1 Entropy and the Crystal Lattice

Many of the most studied high-entropy materials exist as a single-phase random solid solution

on a crystal lattice [32]. As opposed to ordered phases where certain elements might occupy

their own lattice site, the elements see each lattice site as equivalent, as illustrated in Fig. 2.1.

Phase stability and lattice disorder in crystalline materials are dictated by the thermodynamic

quantities of the atomic interactions between constituent elements.

It has long been understood that there are two thermodynamic driving forces for phase
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stability. The Gibbs free energy is presented as

G = H � TS. (2.1)

That is, the free energy G of a system is equal to the enthalpy of formation H minus the

temperature-dependent contribution from the entropy S, with systems preferring the lowest

free energy state available.

In conventional alloy design, the change in enthalpy is the primary consideration. With

small entropies, the solubility of one element into the crystal lattice of another is dictated by

the availability of a lower enthalpic state. Even in well-known random solid solutions such

as AuCu, the solubility exists primarily due to a favorable enthalpy of mixing, while the

order-disorder phenomena within the lattice are driven by entropic effects [33].

HEAs were developed, in part, on the premise of increasing the entropic contribution to

the largest extent possible, maximizing entropy as a driving force for phase stability [28]. This

can be accompanied by a negative enthalpy of formation ∆H, or, in the case of an entropy-

stabilized material, the entropic contribution to the free energy can overcome a positive ∆H.

Given that the entropic contribution is temperature dependent, entropy-stabilized phases

are metastable, exhibiting a reversible phase transformation with sufficient anneal times at

temperatures below

T =
∆H

∆S
. (2.2)

From a statistical thermodynamics viewpoint, the configurational entropy of a system

can be derived from the available microstates as

S = �kB
N∑
i

xi lnxi. (2.3)

Here, xi represent the atomic fraction of each atom type i and N is the number of atomic
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Figure 2.2: Entropy of an N -component system with (N �1) equiatomic species, varying the
concentration of the N th component. Black diamonds represent the equiatomic N component
system.

species in the system. This equation always finds a maximum at the equimolar composition

xi =
1

N
(2.4)

as demonstrated by Rost et al. [3] by reducing the atomic fraction of any single component

such that the total entropy is given as

S = �kB
[
x lnx+ (N � 1)

1� x
N � 1

ln
1� x
N � 1

]

S = �kB
[
x lnx+ (1� x) ln

1� x
N � 1

]
. (2.5)

The composition dependence for the N th component is illustrated in Fig. 2.2, where the

equimolar composition for each N is marked by a black diamond.

The configurational entropy for an ideal disordered multi-component system always
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Figure 2.3: Entropy contribution of adding an N th component to an equiatomic composition.

increases with the addition of an N +1 species. This increase, however, lessens with increasing

N , resulting in marginal entropy gains as the number of species in a composition grows larger.

Viewed in terms of the balance between entropy and enthalpy, the entropy gain beyond a

certain N may no longer be able to overcome a positive enthalpy of formation for the N + 1

species. When considering the extent to which the entropy gain can be exploited by increasing

N , we must consider the decay in entropy contribution from each additional component,

plotted in Fig. 2.3 as entropy S and the fractional entropy contribution ∆S/S for the N th

component as a function of N .

In practice, the enthalpic and entropic contributions to the total free energy can be difficult

to isolate, in particular with respect to the influence of entropy on phase stability. Take, for

example, the Cantor alloy, which was one of the first reported single-phase solid solution

HEAs in 2004 [26] and quickly became ubiquitous in HEA research. It took until 2016—more

than a decade later—that it was discovered to be metastable at moderate temperatures, when

Otto et al. demonstrated a reversible decomposition forming bcc-Cr, L10-NiMn, and B2-FeCo
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(a) Dilute substitutional solid solution (b) Ternary equimolar solid solution

Figure 2.4: Schematic representation of the substitutional size effect on the disordered lattice.

at temperatures below about 800 °C [34]. Due to the uncertain nature of phase stability and

ordering in many-component systems, there is a degree of controversy over the nomenclature

used to discuss them, with some researchers preferring terms such as multi-principal element

alloys or compositionally complex alloys to avoid any implication of the role of entropy in

phase stability.

In this work, we define a high-entropy phase as any single-phase crystalline material

with at least five disordered components sharing a lattice such that there exists a large

configurational entropy. As subset of high-entropy materials, entropy-stabilized materials are

defined as metastable materials which exhibit a reversible phase transformation to a single

phase driven by entropy contributions at high temperature.

2.1.2 Lattice Distortion

Many of the unique properties of HEAs have been attributed to the large distortions of the

disordered crystal lattice. Because the lattice constant for HEAs typically follows closely with

a rule of mixtures, the size mismatch between components of an HEA, shown schematically in

Fig. 2.4, forces the individual atoms to be displaced from their ideal lattice sites. The effects

of this distortion can be though of in terms of substitutional solid solution strengthening,
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Applied load

Pinning sites

Peierls
Friction

Figure 2.5: Schematic representation of dislocation pinning as Schockley partial dislocations
(black lines) are arrested at lattice sites with large Peierls friction barriers. Darker lattice
sites correspond to larger energy barriers for dislocation motion.

wherein a solute atom with large size mismatch creates a localized stress field in the crystal

lattice. These stress fields interact with those created by dislocations and prevent slip from

occurring in the vicinity of the substitution site. In the case of HEAs, each lattice site sees

a different local environment, with neighbors shifted from their ideal positions. The varied

stress field in the lattice interferes with dislocation motion and provides a strengthening

mechanism that can be modelled as a sum of the interaction energies of a dislocation with

the lattice [35]. This interpretation is supported experimentally by results from Okamoto

et al. [36] that measured the average atomic displacements in the Cantor alloy lattice by

X-ray diffraction as a function of temperature, and found the fluctuations in distortion due

to thermal vibrations produced the expected increases in solid solution strengthening.

An interesting aspect of dislocation motion in HEAs is the so called “jerky dislocation

motio” phenomenon observed by Utt et al. [37] in single crystal CoCrFeMnNi via in situ

transition electron microscopy (TEM) under uniaxial load. The TEM images show a bowed
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Shockley partial dislocation moving in the crystal through a kink-pair mechanism with

adjacent portions of the dislocation gliding separately as they overcome the energy barrier

for dislocation motion. The results are recreated through molecular dynamics simulation and

interpreted in terms of a varied Peierls friction across the landscape of the distorted lattice.

This force balance is illustrated in Fig. 2.5 for an arbitrary cubic lattice.

Given the difficulty of accurately measuring the local lattice strain experimentally, the

exact mechanism of strengthening in HEAs is not settled [38]. DFT simulations can help

provide insights into the local stresses, distortions, and energy barriers, but cannot easily

capture the time- and length-scales necessary for deformation phenomena.

2.1.3 Short-Range Order

When studying HEAs, it is often convenient to assume that the lattice is an ideally mixed

solid solution. This assumption is not always true, however, and represents another barrier to

describing both entropic and enthalpic contributions to the free energy. Any given configuration

of atoms on a high-entropy lattice will have a distinct enthalpy of mixing. As such, it is more

accurate to describe the enthalpy as a distribution with a composition-dependent distribution

width from the difference between high- and low-energy configurations.

Within a given enthalpy distribution, there can exist certain configurations (atomic pairs,

triplets, chains, etc.) with lower energies that are preferred at short length-scales without

disrupting the long-range disorder of the crystal lattice. One can define this short-range order

(SRO) by assessing the near-neighbor environment of each element in a composition with

respect to the relative concentration of each other component. The Warren-Cowley SRO

parameter αrij is given as

αrij = 1�
P r
ij

2cicj
, (2.6)

for an ij pair of atoms at distance r, where P r
ij is the probability of finding an ij pair, and ci

is the concentration of i in the composition [39, 40].

12



The presence of SRO can have a significant impact on the mechanical and thermal

properties of a material. Yin et al. have analyzed the effects of SRO on dislocation mobility in

MoNbTaW, finding that ordering increases the mobility of edge dislocations while reducing

the mobility of screw dislocations [41], while Antillon et al. demonstrated SRO strengthening

due to an increase in the critical resolved shear stress for edge and screw dislocations at lower

annealing temperatures in a CoFeNiTi alloy [42].

A study by Chen et al. found that a large degree of SRO could lead to a “pseudo-composite”

microstructure with different sets of ordered clusters behaving as soft and hard filler particles

to increase both the strength and ductility of a simulated CoCuFeNiPd alloy [43], replicating

experimental results for high strength and ductility in CoCuFeNiPd with clustering at short

and medium length scales [44]. Separate work by Chen et al. identified a melting temperature

dependence in AlCoFeNiCu with varying Cu content, attributing a decrease in melting

temperature to increased SRO and chemical segregation driven by larger concentrations of

Cu [45]. In both of these results, however, the ordering was present at length scales longer

than what is typically considered to be SRO. In these cases it can be difficult to differentiate

between SRO and chemical segregation, with the two often coexisting across temperature

and composition ranges.

SRO in many-component materials can be difficult to quantify, both experimentally and

by simulation, and remains an open topic with respect to nominally disordered phases [38].

Molecular dynamics and Monte Carlo simulations provide avenues for understanding the

ordering tendencies of different compositions as well as possible effects of ordering on me-

chanical properties, but are dependent on well-trained interatomic potentials. The choice

of interatomic potential is particularly important when secondary phases may be present,

adding significant complexity in the case of HEAs.
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Figure 2.6: Publication history of journal articles on HEAs and high-entropy ceramics since
2013. Data collected from Web of Science (webofscience.com) using boolean topic searches:
[(“high-entropy”j“entropy-stabilized”)&alloy] for HEAs and [(“high-entropy”j“entropy-
stabilized”)&(carbidejoxidejnitridejceramic)& �alloy] for high-entropy ceramics.

2.2 High-Entropy Ceramics

Since the publication of the first entropy-stabilized oxide, many high entropy ceramics have

been developed on the premise that the disorder inherent to a solid solution can be isolated

to the cation sublattice of an ionic material. Examples of high entropy ceramics in literature

include oxides, carbides, diborides, nitrides, sulfides, spinels, and perovskites [4]. In addition

to the structural and thermal barrier applications driving this research, (Mg,Co,Ni,Cu,Zn)O

has been studied for use as an oxidation catalyst and energy storage material [46, 47], while

the (Mg,Co,Ni,Fe)O1.2 mixed-phase rocksalt-spinel has been proposed for applications in

water-splitting [48]. The ability to introduce the lattice disorder of high-entropy materials

onto any given ionic lattice has paved the way for studies into a wide variety of structural,

thermal, and functional properties. As a result, the field of high-entropy ceramics research is

following in the footsteps of HEAs, with publication and citation rates matching or exceeding
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the growth of the HEA literature in the early 2010s, as shown in in Fig. 2.6.

Searching for materials which took advantage of the extent properties of the metallic

HEAs, our research focused on candidate materials for structural and thermal barrier coating

materials. For cutting-edge aerospace applications, leading edge components on hypersonic-

flight and re-entry vehicles can be exposed to temperatures as high has 2400 °C. The

early-transition metal carbides, nitrides, and diborides are a class of high hardness, high

melting temperature materials which are frequently studied as candidate materials for these

types of extreme environment applications [49, 50]. Most of the group IV and V carbides,

nitrides, and diborides are classified as UHTCs, defined as a melting temperature above

3000 °C [51]. In particular, HfxTa1�xC alloys are considered to be the high melting materials

known, with melting temperatures exceeding 4000 K while exhibiting high hardness and

good ablation resistance [52]. Based on the properties of the constituent binary ceramics, it

is expected that the high-entropy combinations will make good candidate materials for use in

extreme environments.

High-entropy 
carbide

Hf, Zr depleted 
carbide

Hf, Zr rich oxide scale

Figure 2.7: Schematic representation of the selective oxidation observed experimentally in
(Hf,Nb,Ta,Ti,Zr)C.
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While the high-entropy (Hf,Nb,Ta,Ti,Zr)C is predicted to have a melting temperature on

the order of its constituent binary carbides (¿3000 °C) [53], experimental oxidation studies

by Backman et al. [54, 55] showed that it exhibited relatively poor oxidation resistance, with

selective oxidation behavior driving dealloying in the oxidation affected region near the surface.

Oxidation experiments at 1700 °C in a 1 mol% oxygen environment led to the formation of a

TiO2 oxide phase along with a Hf and Zr rich oxide scale, with a noted depletion of Hf and

Zr around the edge of the sample cross-section, as shown schematically in Fig. 2.7.

Given that the entropy of a many-component system is dependent on the stoichiometry

of the composition, dealloying as a result of selective oxidation could disrupt the free energy

balance, perhaps changing the solubility limit of the components in a metastable structure.

A brief simulation was performed to test this premise, wherein a pseudo-ternary carbide

corresponding to the selective oxidation in (Hf,Nb,Ta,Ti,Zr)C was considered, with the

end-members specified as (Hf,Zr)C, (Ta,Nb)C, and TiC. The enthalpy for the ternary phase

diagram was calculated using Gaussian process regression for a small set of disordered 80-atom

DFT cells in the vicinity of the equiatomic composition. The Gaussian process produces

a continuous function for the enthalpy surface with respect to the concentration of the

end-members, and is accompanied by a model uncertainty for each point on the surface. The

prediction and uncertainty of the Gaussian process enthalpy surface are plotted in Fig. 2.8.

Notably, the uncertainty increases dramatically outside of the region of interest as the model

was not trained on these configurations.

The ideal solubility limit of each end-member can be found by taking the derivative of the

total free energy (i.e. the sum of the Gaussian process enthaply of formation and the ideal

entropy as given in Eq. 2.5) with respect to the concentration and setting it equal to zero.

Evaluating the sign of the first derivative indicates whether an increase in the concentration

of the specified end member will increase or decrease the total free energy. Demonstrated

for the model system at 2000 K in Fig. 2.9, we see that the solubility limit of TiC reduces

in (Hf,Nb,Ta,Ti,Zr)C relative to the remaining species after a 35% reduction of (Hf,Zr)C
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(a) (b)

(c)

Figure 2.8: Gaussian process prediction (a) and uncertainty (b) of formation enthalpy for
(Hf,Nb,Ta,Ti,Zr)C as a ternary system with (Hf,Zr)C, (Nb,Ta)C, and TiC end members.
Cross-section for a fixed (Hf,Zr)C composition (c) is provided to illustrate the shape of the
Gaussian process function.
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Figure 2.9: Predicted solubility limit of TiC in the high-entropy (Hf,Nb,Ta,Ti,Zr)C after
dealloying, represented as a ternary system of (Hf,Zr)C, (Nb,Ta)C, and TiC. Composition
indicated for the equimolar phase (white) and the composition after 35% depletion of
(Hf,Zr)C e.g. into an oxide film (red). Positive values of the free energy derivative indicate a
supersaturation of the component in the medium-entropy depleted system.

corresponding with the selective oxidation seen experimentally.

2.3 Defects

Defects in high-entropy ceramics are the primary focus of this research. While the energies

and concentrations for defects such as vacancies are well understood through the statistical

thermodynamics lens, the diverse local interactions in high-entropy materials complicate the

issue and require new frameworks to understand and model defect properties.

In the same way that dislocation motion in HEAs is influenced by the fluctuations in

local composition and strain, defect energies are defined by the local atomic environment. To

better understand the variations in the local environment, it is instructive to analyze lattice
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Figure 2.10: Comparison of the RDFs for a high-entropy oxide, carbide, and nitride sepa-
rated into metal-metal and anion-anion distances. Separating the sublattice partial RDFs
demonstrates the localization of the disorder on the oxygen sublattice, while the nitride
exhibits uniform distortion across sublattices.

distortions as they exist in the high entropy ceramics. In Fig. 2.10, the first peak of the

partial radial distribution function (RDF), as generated from DFT simulation, is plotted for

metal-metal and anion-anion neighbor pairs in three different high-entropy rocksalt ceramics:

(Mg,Ni,Cu,Co,Zn)O, (Hf,Nb,Ta,Ti,Zr)C, and (Hf,Nb,Ta,Ti,Zr)N. Between these three systems,

there is a distinct difference in the relative behavior of the two sublattices. For the oxide and

carbide compositions, the distortion on the lattice in concentrated on the anion sublattice,

with the disordered metal sublattice exhibiting a narrower distribution of pair distances. In

the oxide, this localization of the distortion on the oxygen sublattice is consistent with the

experimental results of Rost [56]. In the case of the nitride, however, the bond character

changes such that the the sublattices are distorted uniformly.

Expanding this analysis to a second carbide composition, we see in the radial distributions
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plotted in Fig. 2.11 that the group IV-V-VI carbide (Hf,Mo,Ta,W,Zr)C mirrors the uniform

distortion of the nitride sublattice rather than the localized distortions of the group IV-V

carbide. Breaking the interactions down into the RDF for each atom type and counting all

metal and carbon neighbors, as plotted in Fig. 2.11(b), we find that the group VI transition

metals account for the majority of the large distortions on the cation sublattice, with Zr-X

and Ta-X interactions exhibiting narrower RDF peaks. For the analysis of high-entropy

defects in this work, it is important to consider this element-dependent distortion behavior,

as large deviations from the ideal lattice site can contribute excess strain energies to a defect

energy calculation.
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(a)

(b)

Figure 2.11: Comparison of radial distribution functions for two high-entropy carbides
(Hf,Nb,Ta,Ti,Zr)C and (Hf,Mo,Ta,W,Zr)C separated into (a) metal-metal and carbon-carbon
distances, and (b) isolated i-X pairs in the composition containing Mo and W, representing
the distance from a specific atom type to its near-neighbor environment.
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CHAPTER

3

VACANCY FORMATION ENERGIES IN

HIGH ENTROPY CRYSTALS:

APPLICATION TO A HIGH-ENTROPY

DIBORIDE

Reproduced from S. E. Daigle and D. W. Brenner, “Statistical Approach to Obtaining

Vacancy Formation Energies in High-Entropy Crystals from First Principles Calculations:

Application to a High-Entropy Diboride,” Phys. Rev. Materials, 4(12), 123602, Dec. 2020,

doi: 10.1103/PhysRevMaterials.4.123602 [57].
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3.1 Abstract

A reduced pair approximation model for vacancy formation energy in multicomponent

materials is proposed as an alternative to the commonly used cluster expansion method.

By imposing physical constraints to the interaction coefficients, lower rank models are

obtained with improved accuracy as measured by Bayesian information criterion and cross-

validation. Additionally, reduced models can outperform the full parameterization in high-

entropy compounds with as much as 50% less training data. The results are presented

for cation vacancies in the high-entropy diboride Hf0.2Zr0.2Ti0.2Ta0.2Nb0.2B2 calculated by

density functional theory simulations of large cell special quasirandom structures. Further, the

calculation of vacancy concentrations from a distribution of energies is considered, wherein

the chemical disorder on lattice sites gives rise to non-Arrhenius temperature dependence.

Preferential clustering and the possibility of short-range order in the high-entropy lattice are

explored through pair affinities derived from model coefficients.

3.2 Introduction

High-entropy ceramics, a relatively recent variation on high-entropy alloys, have emerged

as a new class of material with unique and potentially important functional and structural

properties. Possible applications for these materials include catalysis, barriers for thermal and

environmental protection, substrates for water splitting, and as energy storage materials [58].

The high-entropy ceramics reported to date have two sublattices: an ordered sublattice

with one or two species, and a second sublattice with multiple, randomly-arranged species.

High-entropy rocksalt oxides [59] and carbides [60], for example, consist of an fcc sublattice

occupied by oxygen or carbon, respectively, and a chemically disordered interpenetrating

fcc sublattice containing multiple metallic species. Other examples of high-entropy ceramics

include spinel and perovskite oxides, metal diborides, nitrides, and silicides [18, 23, 59–77].

While the presence of multiple species is important for thermochemical stability as well as
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structural and functional properties, their presence also creates special challenges to predicting

phase stability and defect properties. In general, as the number of species in a given phase

increases, the availability of reliable thermodynamic phase data tends to decrease. This has

led to the development of quantities such as the Entropy Forming Ability [78] introduced

by Curtarolo and co-workers that can be used to efficiently screen for potentially stable

high-entropy compounds from first principles data. Similarly, the calculation of vacancy

formation energies becomes complex due to the range of compositions and configurations

available to a vacancy site on the chemically disordered lattice. Unlike in chemically ordered

crystals, vacancies in crystals with random mixing cannot be represented by a single defect

energy. Each vacancy must instead be treated individually with respect to not only the

species removed, but also the corresponding occupations of the local environment [79, 80].

The number of possible occupations can be exceedingly large for these systems, particularly

when multiple neighbor shells need to be considered to accurately represent the vacancy

formation energies. Furthermore, the way in which diverse vacancies influence the bulk vacancy

concentration must be carefully considered where a single energy would have otherwise been

used in the relevant thermodynamic equations.

Much of the literature on vacancies in disordered systems has centered on the cluster

expansion method and its application to the simplest case of binary systems [79–82]. This

method takes the linear sum of interactions for every atom cluster in a material to a given

distance and accuracy (e.g., pair, triplet, or n-tuple) to calculate the relative energy of

ordering in the local atomic structure. When applied to vacancies, the vacancy can be treated

as an N + 1 species in the cluster expansion. While the cluster expansion method can

predict accurate energies across the configurational and compositional space, the number of

coefficients generally scales as roughly Nx with N as the number of components and x as the

number of atoms in the highest order cluster [83]. For a high-entropy compound with five or

more principal components, this rapidly becomes intractable, requiring a tremendous number

of simulations to properly fit the interaction coefficients.
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This work proposes a simplified neighbor interaction model derived from generalizations

of the physical interactions in the local environment and guided by parameter space statistics

to enable efficient prediction of cation vacancy formation energies, vacancy concentrations,

and cluster affinities in many-component materials. The model is applied to the high-entropy

diboride Hf0.2Zr0.2Ti0.2Ta0.2Nb0.2B2, which has a crystalline planar AlB2 structure with

one plane containing boron and the other plane containing the randomly arranged metal

cations. Parameter sets within this model were determined using the Bayesian information

criterion (BIC) [84] through a goodness of fit to first principles calculations combined with

a penalty imposed on the size of the parameter space. The predictive performance of the

model was tested via regression across a range of training sample sizes through repeated

k-fold and leave-one-out (LOOCV) cross-validation. Using the model, a dense sampling of

the discrete distribution of cation vacancy formation energies was generated and used to

estimate vacancy concentrations as a function of temperature. The method, which includes

uncertainty estimates for the interaction parameters, is general and therefore can be applied

to other high-entropy compounds.

3.3 Methods

DFT energies of bulk and vacancy structures were calculated using plane-wave projector-

augmented wave pseudopotential methods [85] implemented in the Vienna Ab initio Simulation

Package [86–88]. The generalized gradient approximation as parameterized by Perdew et

al. [89] was used for the exchange-correlation potential. The cut-off energy for the plane wave

basis was set to 415 eV with a 3�3�3 Γ-centered k-point mesh. Five distinct configurations

of a 135 atom (45 cation) special quasirandom structure (SQS) [24] were constructed on a

skewed hexagonal lattice such that vacancy-vacancy distances were greater than 10 Å and

artifacts from periodic lattice strains on tiled vectors were minimized. Vacancy simulations

were relaxed with respect to their structures while fixing the supercell volume to that of the
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bulk in order to capture the relevant strains in the local lattice.

Vacancy formation energies Evf were calculated for each cation site in the five SQS

configurations and for each constituent binary diboride using the expression

Evf = Ev � Ebulk + µ . (3.1)

Here, Ev is the energy of the vacancy-containing supercell, Ebulk is the energy of the bulk

supercell, and µ is the chemical potential of the vacating species taken as the DFT energy per

atom of the elemental solid phase. Interaction parameters were fit to 225 vacancies simulated

at every cation site in the SQS supercells (45 vacancies for each cation type).

3.3.1 Pair approximation model

Unlike the cluster expansion method, which references the summation to the total energy,

solving explicitly for the vacancy formation energy allows one to consider instead the con-

tribution of each neighbor interaction to the vacancy formation directly. Folowing the pair

approximation model in Ref. [90], the vacancy formation energy can be represented as

Evf = nEb + Er � µ , (3.2)

where Eb is the energy required to break each of n bonds between the atom and its neighbors,

Er is the electronic and structural relaxation of the local environment surrounding the

vacancy, and µ is the chemical potential of the vacating atom (alternatively in this framework,

the atom can be placed on the surface of an infinite bulk with half of its bonds restored). In

the case of a multicomponent system, a linear contribution from each neighbor is assumed

and the equation is rewritten as

Evf =
N∑
j=1

nj(E
b
ij + Er

j ) + Er0
i � µi (3.3)
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or, for multiple neighbor shells,

Evf =
N∑
j=1

K∑
k=1

njk(E
b
ijk + Er

jk) + Er0
i � µi . (3.4)

Here, i represents the atomic species of the removed atom, j is the species of a given

neighboring atom, and k is the index of the neighbor shell. Each bond Eb
ijk is represented by

an ij pair in shell k, whereas the relaxation component Er
jk is independent of the vacating

atom i, and Er0
i is independent of any bonds.

In the case of the diboride (or for any other ionic and covalent materials), the terms in

the equation also have embedded in them the neighbor dependent contributions to the i-type

bonding with the anion sublattice, as this cannot be isolated in the DFT energies. Because

the boron sites are compositionally invariant, they do not need to be considered explicitly.

Rather, the bonding and relaxation terms can be considered as the effective interactions of

the variants in the composition.

With Eq. (3.4) as a starting point, physical constraints can be applied to reduce the

parameter space. First, the bond energy between two atoms in the compound must be

non-directional, i.e.,

Eb
ijk = Eb

jik . (3.5)

Additionally, while bonded interactions are unlikely to extend beyond the first few neighbor

shells, structural and electronic relaxation contributions can be longer ranged. From this, the

vacancy interactions of distant neighbors can be reduced to only their relaxation components

by imposing

Eb
ijk = 0 (3.6)

for any shell k that is determined to have a non-influential bonded interaction.
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A final reduction of the coefficients is made with the introduction of semi-arbitrary

parameters for each interaction term. Specifically, it can be shown that for any vector U :

U + UT = M , (3.7)

where UT is the transpose of U and M is a symmetric matrix Mij = Mji. Thus,

A+ U + UT = B

and

A+ U = B � UT (3.8)

for some arbitrary symmetric matrices A and B. Applied to the bond matrices for a given

shell, this yields

Eb + Er = Eb� � [Er]T , (3.9)

where Eb��[Er]T is an equivalent solution to the pair approximation model with the relaxation

terms indexed over vacating atom i. Defining the set of neighbor shells B such that bonding

parameters Eb
ijk are symmetric and nonzero for all k 2 B, the relaxation terms can now be

summed to a single i-wise vector with elements Er�
i such that

Er�
i = Er0

i � µi �
N∑
j

∑
k2B

njkE
r
ik . (3.10)

Because
∑

j njk is constant for each shell k in a given crystal structure, Er�
i is independent

of the neighbor shell compositions.

Applying these assumptions to the pair approximation in Eq. (3.4), the total parameteri-

28



zation for the five-cation case (N = 5) is reduced to

Evf =
5∑
j=1

(∑
k2B

njkE
b�
ijk +

∑
k2R

njkE
r
jk

)
+ Er�

i (3.11)

for neighbor shells B that involve energy contributions from broken bonds, and for shells

R that only contribute to the relaxation energy. The determination of shells included in B

and R is made through statistical evaluation of the model with different parameter sets. In

the form presented in Eq. (3.11), there remains an additional degree of freedom for each

contributing neighbor shell. These can be set as constant for a fixed reference point in the

results, e.g., by setting each Eb�
11k and Er

1k equal to zero.

This reduced pair approximation (RPA) model considers only the composition of neighbor

shells, representing a simplification of other common methods that introduce additional

coefficients to account for the configurations of neighbor pairs, triplets and n-tuples. In the

case of the five-cation high-entropy diboride, this model can represent the 3.45�1016 possible

compositions of the first seven neighbor shells of a vacancy (cutoff radius of 7 Å) with as

few as 53 linear degrees of freedom. As demonstrated in the following section, imposing the

generalized physical constraints allows for an accurate representation of vacancy formation

energies in high-entropy systems without the need to consider the many possible decorations

of the local environment.

3.4 Results and Discussion

For the selection of bonded and relaxation sets B and R in Eq. (3.11), the BIC is compared

for each disjoint combination of k 2 B, k 2 R, and k 2 reject including all shell indices k � 8.

The BIC for a given set of parameters is calculated from the goodness of fit of the DFT

results with a penalty imposed on the size of the parameter space, specifically

BIC = kM lnn� 2 ln L̂ , (3.12)
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for sample size n, model dimension kM , and maximum likelihood L̂. For BIC calculation in

this work, errors are assumed to be independent and identically distributed. For the Gaussian

case, the log likelihood is calculated from the variance estimate σ̂2 of multiple linear regression

as

L̂ = �1

2
n[ln 2π + ln σ̂2 + 1] . (3.13)

Further, the formulation in Eq. (3.11) is expanded to include k 2 U for unconstrained

parameterization of neighbor shells wherein the assumptions in Section 3.3 are ignored in

favor of the formulation in Eq. (3.4). This allows for rejection of the proposed framework for

any shell k during model selection.

Within the 50 best models (as ranked by BIC) in the 65,536 parameter set combinations

up to eight neighbor shells, the selection frequency of each shell classification is calculated

and plotted in Fig. 3.1. In a given shell, a high rate of unconstrained parameters might

suggest that the proposed model assumptions are flawed, while a low but non-zero rate points

to the information contained in that shell being valuable enough to outweigh an inefficient

parameterization. The selection frequencies show that the reduced parameterizations dominate

in the models with the best expected performance, as well as a trend toward parameter sets

without a bond energy term (and, eventually, rejected parameters) with increasing distance

from the vacancy site.

To quantify the predictive performance of the selected models for

Hf0.2Zr0.2Ti0.2Ta0.2Nb0.2B2, cross-validation scores were calculated on models fit to

the DFT results using multiple regression across a range of training sample sizes through

repeated k-fold cross-validation and LOOCV. Plotted in Fig. 3.2 is the performance and

convergence behavior of an optimized parameterization (B = f1, 2, 3, 4g, R = f5, 6, 7g,

U = ;, and reject = f8g) compared against the rest of the top 50 models and the fully

unconstrained model for K = 7. Additionally, cross-validation error is plotted against the
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largest shell K for the optimized and unconstrained models. This shows improved predictive

performance with the inclusion of each of the first seven neighbor shells, in agreement with

the parameter selection frequency in Fig. 3.1.

For all sample sizes and cutoff radii, the RPA outperforms the unconstrained model. In

particular, the RPA model is shown to be more resilient to overfitting when including distant

pairs, even with smaller sample sizes. The resilience of the model is, in part, gained from the

symmetry of the parameters linking the coefficients from different vacancy types. Whereas

the unconstrained parameterization acts as separate, independent models for each i-type

vacancy, the RPA coefficients are symmetric across ij terms, effectively increasing the size of

the training set available to each parameter while removing unnecessary degrees of freedom.

Of note for models with K = 2 and relatively few parameters, the unconstrained model is

only able to approach the performance of the optimized RPA, not surpass it, suggesting that
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Figure 3.1: Selection frequency of each parameter set in the top 50 models by BIC.
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Figure 3.2: (a) Convergence of the reduced pair approximation model (B = f1, 2, 3, 4g,
R = f5, 6, 7g, and U = ;) and the unconstrained model (U = f1, ... , 7g) as a function of
training sample size for 5x k-fold cross validation up to and including LOOCV; and (b)
cross-validation error as a function of largest shell K in the model for 4-fold and LOOCV
(training sample size of 169 and 224 respectively). Cross-validation errors for the 50 top
models by BIC shown in grey.
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Table 3.1: Root mean squared error (in meV) from least squares fitting as well as cross-
validation errors from LOOCV and 5x 4-fold CV for unconstrained and RPA models. SRO
is the prediction error for the set of pseudo-ordered simulations. Sets B and R denote the
indices of shells modeled as bonded and relaxation interactions, respectively.

Assumption Parameters BIC RMSE LOOCV 4-Fold CV SRO
U = f1, ..., 7g 145 -601.7 11.0 31.4 52.8 101.4
B = f1, 2, 4g; R = f3, 5, 6, 7g 63 -878.6 15.9 22.3 24.4 77.0
B = f1, 2, 5g; R = f3, 4, 6, 7g 63 -876.6 16.0 22.4 24.2 74.3
B = f1, 2, 3, 6g; R = f4, 5, 7g 73 -869.3 14.4 21.4 23.2 90.6
B = f1, 2g; R = f3, ... , 7g 53 -864.9 18.5 24.3 25.8 79.4
B = f1, 2, 3, 4g; R = f5, 6, 7g 73 -863.1 14.6 21.7 23.6 81.2

the RPA assumptions do not remove information from the model.

The optimizations of the RPA model converge quickly to root mean square prediction

errors on the order of 20 meV across a 2 eV range of calculated formation energies. RPA

models yield 30% lower LOOCV errors than those of the unconstrained model for training

size n = 224, and 50% lower 4-fold cross-validation errors (n = 169). Comparing the fitting

errors and LOOCV prediction errors within each model, the RPA values are overfit by less

than 50%, compared to 185% overfitting in the unconstrained case. Model parameters and

fitness metrics are presented in Table 3.1.

The RPA model is shown to predict the DFT results for the stoichiometric and maximally

disordered SQS; however, that result says little about the applicability of the model to

non-ideally mixed local arrangements. By its formulation, every site in the SQS should

closely approximate ideal mixing in a random compound. To investigate if the model can

be extrapolated to atomic clusters that do not follow the assumptions imposed by the SQS

formulation, a set of pseudo-ordered structures is constructed in which the nearest neighbor

shells are selectively replaced, in turn, with each constituent metal species to approximate

certain short-range order (SRO) clusters as illustrated in Fig. 3.3.

Due to supercell size constraints, each shell is calculated separately, and the surrounding

bulk is left unchanged from the SQS, that is, we do not impose a deficient region surrounding
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the SRO shell to maintain the equimolar stoichiometry of the high-entropy compound. As a

result, the supercells are no longer fully consistent with the assumptions of our model, most

importantly that the chemical potential reference assumes the compound to be compositionally

invariant. It might also be expected that any ignored cluster interactions would play a larger

role when present in such large concentrations, in addition to any volume or strain effects

of the composition changes. These measurements are, as such, only useful as a qualitative

guide to assess the applicability of the model as configurations deviate from ideal mixing.

Despite the deficiencies of both the model and the simulations for representing these SRO

cases, the predictions are largely in agreement with the simulated results. The modeled

vacancy formation energies and the SRO predictions are plotted against the DFT energies in

Fig. 3.4. RMSE around 75-80 meV for the SRO structures across 3 eV of predictions suggests

reasonable extensibility of the RPA model beyond the explicitly formulated case.

Based on this result, the remaining analysis is conducted across the entire range of local

Figure 3.3: A sample construction of the SRO structure in which a near-neighbor shell (red)
is replaced with a single element.
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Figure 3.4: DFT simulated vacancy formation energies (�) plotted against LOOCV pre-
dictions from the RPA model with B = f1, 2, 3, 4g and R = f5, 6, 7g. SRO predictions (+)
included to illustrate an extrapolation of the model. SRO vacancies are not included in any
model training sets.

compositions. Any errors that might emerge as the local order deviates from the ideal random

SQS structures are omitted for the purposes of this work.

3.4.1 Vacancy concentration

Because the vacancy formation energy in disordered multicomponent compounds does not

take on a single value, the traditional formalisms for calculating the vacancy concentration in

a material are no longer straightforward. In the case of the proposed neighbor model for a

five-component diboride, there are over 3.45�1016 possible compositions of the first seven

neighbor shells. Each of these neighbor environments should be considered in the derivation

of the vacancy concentration.

In Fig. 3.5 the histogram of vacancy formation energies from the 225 DFT calculations,
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representing a set of ideal random arrangements, is compared to the predicted distribution

of formation energies across all combinatorial compositions of the local environment. The

binary diboride cation vacancy formation energies of each constituent metal are included for

reference. Using only the explicitly calculated SQS structures results in a clear bias of the

formation energy distribution toward the peaks. The peaks of the distribution represent the

most abundant configurations in an ideally mixed compound; however, these are not the most

energetically favorable configurations and therefor may not be the largest contributors to the

total vacancy concentration. By applying the model across the entire composition space, a

complete picture of the vacancy formation energy distribution can be used to calculate the

precise contributions to the global vacancy concentration.
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Figure 3.5: Vacancy formation energies of all simulations and the predicted total distribution
using the RPA model. Here, the parameter set of B = f1, 2, 3g is used for illustrative purposes.
The shaded region represents the vacancy configurations which account for 99% of the total
concentration at 2000 K. Vertical lines indicate the binary diboride vacancy formation energies
of each constituent element.
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An important issue when dealing with a multicomponent system is how to reconcile the

identity of a vacancy. When approaching the issue from a bulk reference, as in the case of the

cluster expansion method, it can be stated that vacancies do not have an identity. While this

is ostensibly true in all cases, when using a chemical potential reference it becomes critical to

consider what previously occupied the vacancy site.

Further, Zhang and Sluiter have suggested that the composition can be constrained such

that the vacancy concentration can be solved with the use of Lagrange multipliers [80]. While

it might be mathematically convenient to impose such constraints (and in the case of the

cluster expansion method, perhaps necessary), it is not necessarily an accurate representation

of a system that interacts with its environment.

Alternatively, a framework can be constructed in which each local environment (as defined

by the RPA model) is considered to be a distinct lattice site, and the occupation of each

lattice site is calculated independently. Applying traditional Boltzmann statistics to each site

configuration yields an equation for the total vacancy concentration:

Xv =
∑
σ

p(σ)e
�E(σ)
kT , (3.14)

summed over all configurations σ, where p(σ) and E(σ) represent the probability and vacancy

formation energy, respectively, of a given site. Here, p(σ) is calculated using the purely

combinatorial approach, however it would be trivial to add another layer of Boltzmann

statistics to this term to reflect the relative probabilities of certain clusters in the case where

SRO is a significant factor. This approach is similar to the method employed by Ruban [79],

differing only in the use of a discrete distribution over a continuous approximation.

The vacancy concentrations derived from the predicted distribution were converged by

random sampling of the available configuration space for two trillion arrangements. The

temperature dependence of Xv is plotted in Fig. 3.6. Due to the unequal contributions of

the varied energies, the total vacancy concentration deviates from Arrhenius behavior. The
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Figure 3.6: Cation vacancy concentration of the high-entropy diboride structure as a function
of inverse temperature, calculated by individual site contributions as compared to the vacancy
concentration of the uniform mean formation energy and the concentration in each of the
binary transition metal diborides.

logarithm of Xv now takes on a nonlinear dependence on inverse temperature wherein the

lower energy vacancies dominate at low temperature and the concentration converges to

that of the mean formation energy at ultra-high temperatures. From this behavior, the

calculation of the entire energy distribution becomes critical, as the energies in the left tail of

the distribution have the largest contribution to the vacancy characteristics of the bulk. To

further illustrate this uneven contribution of the different local environments, Fig. 3.5 plots

the vacancy configurations that contribute 99% of the total vacancies in the bulk at 2000 K,

all of which occur below the first peak of the distribution (primarily Nb and Ta vacancies).

Generally, whether by this isolated site method or by an alternative approach explored

in the literature [79, 80, 91, 92], the vacancy concentration in a high-entropy system is
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expected to be within the range of the constituent compounds, but above the average. Early

experimental results from a recent positron annihilation study of a high-entropy alloy support

this finding [93].

3.4.2 Configurational entropy

An additional factor in calculating the concentration of vacancies in a disordered material is

the effect of a disordered multicomponent lattice on the entropic contribution to vacancy

formation. This contribution was incorrectly derived in Ref. [94] as scaling with a factor of

e(N�1)/N for an N component system. Rather, the entropic contribution scales with 1/N for

small concentrations as derived in the appendix 3.6.

This solution is intuitive if the vacancy is considered to be an N + 1 species, as suggested

in Refs. [80, 81], due to the reduced configurational entropy contribution of the nth species as

illustrated for high-entropy oxides in the supplemental materials of Ref. [59]. Specifically, for

each additional component added to a compound, there is a smaller gain in configurational

entropy for the equivalent increase in concentration, always reaching a maximum entropy

at the equiatomic composition. The decrease in the entropic contribution to the vacancy

formation energy, in turn, results in a lower vacancy concentration, calculated as

Xv =
1

N

∑
σ

p(σ)e
�E(σ)
kT . (3.15)

This decrease is significant, though not as large as the differences in concentration between

frameworks for addressing the enthalpy distribution.

3.4.3 Pair affinities

Because the pair approximation method implemented in this work is compositionally invariant

and fixed to a chemical potential reference, it does not provide the same insight as the

cluster expansion method into the bulk energies across the composition space of high-
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entropy materials. It does, however, retain the ability to approximate pair affinities from

the interaction coefficients within the constraints of the formulation. The pseudo-ordered

structure calculations in this work demonstrate that while the prediction accuracy may suffer

to some extent with varying composition and cluster order, the constraints on disorder and

composition are not overly restrictive for application of the model to configurations that

deviate from the ideally mixed SQS structure.

To find any pair affinities that might lead to short-range order in the compound, the

relative energy of two configurations is taken as the bonds gained minus the bonds lost. To

form an arbitrary additional ij bond, an iX and a jX bond must be broken, restoring an XX

Table 3.2: Atom pair affinities (meV/bond) and standard deviations (�2σ) for cation near
neighbors in the first four shells of the RPA model with B = f1, 2, 3, 4g and R = f5, 6, 7g.

(i,j,1) Ti Zr Hf Nb Ta
Ti 4.6 � 5.3 20.1 � 3.9 8.2 � 4.4 �13.3 � 3.8 �19.6 � 3.7
Zr �5.2 � 5.8 0.5 � 4.1 �5.2 � 4.0 �10.1 � 4.5
Hf 7.5 � 4.5 �7.5 � 3.9 �8.8 � 3.5
Nb 12.2 � 6.6 13.9 � 3.9
Ta 24.5 � 5.0
(i,j,2)
Ti 5.7 � 7.6 14.5 � 6.6 9.9 � 6.2 �11.1 � 5.7 �19.1 � 5.5
Zr 0.9 � 9.4 0.0 � 6.9 �2.1 � 6.0 �13.2 � 5.8
Hf 11.6 � 5.8 �13.3 � 6.1 �8.2 � 5.9
Nb 14.7 � 9.1 11.9 � 5.9
Ta 28.6 � 8.3
(i,j,3)
Ti 4.5 � 5.2 �0.2 � 3.3 �2.8 � 2.9 �1.8 � 3.0 0.3 � 2.9
Zr 4.1 � 3.7 2.8 � 2.7 �1.5 � 3.0 �5.3 � 2.9
Hf 0.8 � 2.9 2.0 � 2.9 �2.8 � 2.9
Nb �0.2 � 4.7 1.5 � 3.4
Ta 6.3 � 4.0
(i,j,4)
Ti �4.2 � 7.1 9.0 � 4.4 2.0 � 4.4 �2.6 � 3.9 �4.2 � 4.1
Zr �4.8 � 7.0 �6.3 � 4.1 1.2 � 4.1 0.9 � 4.7
Hf �6.1 � 4.7 5.3 � 4.2 5.1 � 4.0
Nb 1.5 � 5.0 �5.4 � 3.7
Ta 3.6 � 5.4
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bond in the process (where X matches the composition of the bulk). Recalling from Eq. (3.9)

that for each fitted bonding parameter

Eb�
ijk = Eb

ijk + Er
ik + Er

jk , (3.16)

it is apparent that the relaxation terms will cancel out in any redistribution of bonds, so long

as composition is conserved. As such, the arbitrary parameters Eb�
ijk can be used directly for

this analysis.

Furthermore, variances of the pair affinities can be computed using approximated local

sensitivities. The covariance matrix of the parameters is found using

V = σ2
0[STS]�1 (3.17)

for model variance σ2
0 from the sample size n, number of parameters p, and residuals matrix

R as

σ2
0 =

1

n� p
RRT (3.18)

and local sensitivity matrix S, calculated as the partial derivatives of the n samples with

respect to each parameter. The terms of the local sensitivity matrix are defined as

Snp =
dEvf

n

dθp
(3.19)

for each simulated vacancy formation energy Evf
n and each interaction parameter θp. Applied

to the linear RPA model, the terms reduce to the parameter coefficients for each configuration,

i.e., the number of each neighbor interaction nijk and njk in Eq. (3.11). The variances are

extended to pair affinities using the expression

σ2
ij = cTV c , (3.20)
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where c is a vector representing the linear combination of the total bonds added and removed.

The derived pair affinities and uncertainties are presented in Table 3.2.

The largest positive affinities are noted for Ti-Zr, Ta-Nb, and Ta-Ta pairs in both the

first and second shells, as well as negative affinities for the first and second Ti-Nb, Ti-Ta,

and Zr-Nb pairs. While the magnitude of pair affinities generally decreases after the first

and second neighbors, there is not a simple distance dependence of the interactions. Given

the similar bond radii of the in-plane and out-of-plane neighbors that comprise the first two

neighbor shells (3.1 Å and 3.4 Å respectively), orientational and boron sublattice bonding

effects likely play a role.

A separate analysis would be necessary to determine the degree of short-range order that

could result from these relative energies. Above a certain magnitude, one might expect to

see clustering among high affinity pairs and segregation of negative affinity pairs; however,

the trade-off between entropic stabilization and short-range order is beyond the scope of this

work.

3.5 Conclusions

An efficient method for prediction of diverse vacancy formation energies across the vast

composition space of high-entropy materials is applied to the high-entropy diboride

Hf0.2Zr0.2Ti0.2Ta0.2Nb0.2B2. A reduced set of bonding and relaxation coefficients with 73

linear degrees of freedom is shown to outperform the unconstrained parameterization, achiev-

ing an RMSE for k-fold cross-validation of less than 25 meV on training sets as small as

150 vacancy simulations. This model framework enables rapid evaluation of vacancies in

compounds across the high-entropy composition space.

Accurate evaluation of the vacancy formation energy distribution, particularly with

respect to the left tail, is presented as critical for the calculation of vacancy concentrations in

disordered materials. The bulk vacancy concentration is estimated as the combined total of
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the isolated contributions across a dense sampling of the available vacancy configurations.

Pair affinities derived from pair interaction coefficients in the RPA model are presented as

a means to investigate possible short-range order in high-entropy materials and likely cluster

pairs are highlighted. Further derivation of the interplay between entropy and clustering

interactions is left for future analyses.

3.6 Appendix: Configurational entropy derivation

The derivation for vacancy concentration in a multicomponent material mirrors the classical

thermodynamic derivation, starting from the configurational entropy Sc for an equiatomic

compound as

Sc = k[lnN !�mln
(
N � n
m

)
!� lnn!] (3.21)

for number of atoms N , number of species m, and number of vacancies n where composition

is maintained. Applying Sterling’s approximation and taking the derivative with respect to n:

Sc = k[N lnN � (N � n) ln

(
N � n
m

)
� n lnn] (3.22)

∆Sc = k[ln

(
N � n
m

)
� lnn] , (3.23)

and for small n:

∆Sc = �k ln

(
mn

N � n

)
� �k ln

(mn
N

)
. (3.24)

Setting the free energy equal to zero and rearranging to solve for vacancy concentration Xv,

∆H + kT ln
(mn
N

)
= 0 (3.25)

Xv =
1

m
exp
�∆H

kT
. (3.26)
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CHAPTER

4

INTERFACIAL DEFECT PROPERTIES OF

HIGH-ENTROPY CARBIDES: A NEW

EVANS-POLANYI-SEMENOV RELATION

Reproduced from S. E. Daigle, S. Curtarolo, W. G. Fahrenholtz, J. P Maria, D. E. Wolfe, E.

Zurek, and D. W. Brenner, “Interfacial Defect Properties of High-Entropy Carbides: Stacking

Faults, Shockley Partial Dislocations, and a New Evans-Polanyi-Semenov Relation,” in review.

ArXiv preprint, Nov. 2023, doi: 10.48550/arXiv.2311.00834 [95].
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4.1 Abstract

Using first principles calculations, f111g intrinsic stacking fault (ISF) energies in Group IVB,

VB, and VIB high-entropy transition metal carbides are shown to be predictable from an

optimized rule of mixtures based on the properties of the single metal carbide constituents

present near the stacking fault. A composition-independent linear relationship is demonstrated

between the ISF energies and the unstable stacking fault (USF) energies along the h112̄if111g

gamma surface slip path. Treating the ISF and USF energies as analogous to the heat of

reaction and transition state barrier in chemical reactions, this linear relationship represents

a new application of the Evans-Polanyi-Semenov principle. Further, a full defect energy

distribution can be obtained from the predicted ISF energies with only the composition

as an input for the mixed early-transition metal carbides. Applying a model that balances

the elastic repulsion between partial dislocations with the distribution of ISF energies, we

show that Shockley partial edge dislocations should remain bound for all valence electron

concentration values up to about 9.6, even when the average stacking fault energy is negative.

4.2 Background and Motivation

The first high-entropy ceramic, a five cation rocksalt oxide, was reported in 2015 [3]. Since

then, the number of high-entropy ceramics has rapidly expanded and now includes a range of

different oxides, carbides, diborides, nitrides, carbo-nitrides, perovskites and other related

materials [4–16]. One of the central questions associated with these materials is the degree to

which the structural, thermal, mechanical, electronic and chemical properties can be predicted

by a rule of mixtures (RoM) based on their constituent compounds, and which properties

are unique to a high-entropy ceramic. For example, the rocksalt oxide with cations Mg+2,

Ni+2, Co+2, Cu+2, and Zn+2 was found to have a lattice constant that is well described by a

RoM and Bader charges that are transferable between the binary, ternary, and high-entropy

compositions [96]. However, adding aliovalent cations such as Li+1 and Sr+3 results in a

46



range of cation and oxygen charges, multiple valence states, and a reduction in thermal

conductivity due to enhanced phonon scattering from the different charge states [19, 97].

For stoichiometric high-entropy carbides with transition metals (HETMCs) from Groups

IVB, VB, and VIB, theory predicts that lattice constants, bulk moduli, and cohesive energies

are all well described by a RoM from the constitutive rocksalt binaries [21]. The carbon

vacancy formation energies, on the other hand, cannot be accurately estimated from a simple

RoM, but they can effectively be estimated using a neural network trained on computational

energies [98].

A convenient computational tool to help to understand slip in crystals is the gamma

surface. This is generated by moving two adjacent regions of a crystal along a given interfacial

plane and calculating the potential energy after relaxing the system in the direction normal to

the interface. The potential energy is given as a function of the relative in-plane displacement

of the slabs to produce a potential energy landscape equivalent to a topological map. The

gamma surface was introduced by Vitek to find energetically stable stacking faults in bcc

materials [99], and has since become an invaluable tool for understanding slip and related

mechanical deformations. For example, intrinsic stacking fault (ISF) energies (energy valleys)

are used to predict partial dislocation separations, while unstable stacking fault (USF) energies

(peaks in the gamma surface) can be used to predict energetically favorable slip systems. USF

and ISF energies are also used in analytic expressions to predict quantities such as fracture

and twinning tendencies. Tadmor and Bernstein, for example, developed an expression for

predicting twinning that includes the ratio ISF/USF [100, 101].

For the research reported below, it is important to distinguish between quasi-static shear

calculations [102], where energies may include a component of shear stress along the slip

plane, and the gamma surface. The former attempts to better describe the physics of the

shear process, while the latter is intended as a convenient tool with features such as the ISF

and USF energies that yield insight into mechanical deformation. Hence, stress along a given

slip path from a gamma surface is not necessarily a relevant physical quantity with respect
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to quantities such as dislocation mobility [103].

Experimental and computational studies have established that the rocksalt Group IVB

carbides TiC, ZrC, and HfC and the Group VB carbides VC, NbC, and TaC prefer to slip

along h110i directions [104]. However, the Group IVB carbides slip along f110g planes, while

the Group VB carbides slip along f111g planes. Studies of mixed IVB-VB carbides have

reported either slip on both planes, or on f111g planes exclusively [105, 106]. By examining the

gamma surface with energies calculated from Density Functional Theory (DFT), Thompson,

Weinberger and co-workers have shown that the transition from slip on f110g to f111g planes

can be attributed to a lowering of the barrier along the h112if111g slip direction due to a

decrease in the high symmetry ISF energy as composition goes across the columns [104, 107].

Further, slip along the [112̄] direction to the low energy ISF followed by slip along [1̄21̄] on

f111g planes leads to a net slip along the [011̄] direction. The decomposition of h110if111g

slip is illustrated for fcc Ni by Shang et al. using an alias shear deformation model [108].

Ma et al. have used DFT to calculate the energies along the slip and twinning paths on

f111g planes for rocksalt HETMCs containing Zr, Nb, Ta, Hf, Ti, and V [109]. They report

that USF energies for the single metal carbides are higher than those for compositions with

mixed cations, suggesting that dislocation nucleation would be more prevalent in the latter

compared to the binaries. Our calculations described below do not reproduce this result.

Instead, we find that the binaries and the high-entropy compositions studied all fall along

well-behaved relations regarding ISF and USF energies. In addition, the Ma et al. study did

not characterize the shifts in the position of the USF away from the point halfway between the

ideal system and the ISF configuration along the slip direction. As shown below, accounting

for this shift is critical to accurately calculating the USF energy, and leads to a previously

unreported relationship between the ISF and USF.

The intent of the research reported in this paper was to use DFT calculations to explore

the degree to which ISF and USF energies along the h112̄if111g gamma surface path

in stoichiometric Group IVB-VB-VIB HETMCs can be estimated from a RoM from the
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Table 4.1: High-entropy carbide compositions studied for each calculation. h112̄if111g slip
path calculations consisted of 12 simulations at evenly spaced points along the gamma surface.
USF calculations were performed at the predicted peak location as presented in Section 4.4.1.
Compositions have been experimentally validated as single-phase [1, 2] except as marked for
non-validated (y) and multi-phase (z) [2] compositions.

Calculation Compositions

ISF

(Cr,Mo,Nb,Ta,W)C (Cr,Mo,Nb,V,W)C
(Hf,Mo,Nb,Ta,W)Cy (Hf,Mo,Ta,W,Zr)Cz

(Hf,Mo,Ti,W,Zr)C (Hf,Mo,V,W,Zr)Cz

(Hf,Nb,Ta,Ti,V)C (Hf,Nb,Ta,Ti,W)C
(Hf,Nb,Ta,Ti,Zr)C (Hf,Ta,Ti,W,Zr)C
(Mo,Nb,Ta,Ti,V)Cy (Mo,Nb,Ta,V,W)C
(Mo,Nb,Ta,W,Zr)Cy (Nb,Ta,Ti,V,W)C

h112̄if111g
(Hf,Nb,Ta,Ti,Zr)C (Mo,Nb,Ta,V,W)C

slip path

USF
(Hf,Nb,Ta,Ti,V)C (Hf,Nb,Ta,Ti,Zr)C
(Mo,Nb,Ta,V,W)C (Nb,Ta,Ti,V,W)C

corresponding values for the single metal rocksalt carbides. The HETMCs compositions in

this study are listed in Table 4.1.

As discussed in more detail below, three general conclusions come from the research.

First, based on the DFT results, a RoM with an optimized weighting scheme based on

atomic layers near the stacking fault provides energies within �0.2 J/m2 for both the average

and local energies of the ISF. Second, by including Group VIB elements, where rocksalt

is not the most energetically stable structure, the average ISF energy of a high-entropy

composition can be negative. This is despite these HETMC compositions producing single

phase materials, as predicted by entropy descriptors and confirmed by experiment [1]. A

random cation arrangement leads to regions of positive and negative energies, which we

evaluate statistically. Similar to other work on the effective roughness for slip in high-entropy

materials [37, 110, 111], it is proposed that these statistical distributions contribute to the

Peierls stress through a “mean+1” model discussed below that prevents partial dislocations

from separating into extended stacking faults. Finally, it was found that the USF position

is not always at the high-symmetry point halfway between the ideal system and the ISF,
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but rather can exist earlier or later along the slip path. This peak shift is apparent from

literature gamma surfaces for transition metal carbides, such as those presented by Yu et

al. [104], but has not previously been quantified. We find that the peak shift can be defined

as a monotonic function of the ISF. When the correct peak position is used, there is a linear

relationship between the USF and the ISF energies that spans both net negative and net

positive ISF values.

As a result of these relationships, the ISF energy can be found via a RoM, while the

associated USF and the peak shift can be estimated from monotonic functions. The linear

relation between the USF and ISF is analogous to the well-established Evans-Polanyi-Semenov

(EPS) relation [112], where for a class of similar chemical reactions, the energy barrier is

linearly proportional to the heat of reaction.

4.3 Calculation Details

The energies were calculated from DFT using the plane-wave projector-augmented-wave

pseudopotential methods [85] in the Vienna Ab initio Simulation Package [86–88]. The

exchange-correlation potential used was the Perdew et al. [89] parameterization of the

generalized gradient approximation. The plane-wave basis cutoff energy was 520 eV with a

6×6×1 Γ-centered k-point mesh. Spin polarization was enabled for all simulations to account

for possible magnetism in the group VIB transition metals.

Gamma surface configurations for the rocksalt carbides were constructed as translations

of an 80-atom slab with two (111) free surfaces separated by at least 12 Å of vacuum. The

x and y supercell vectors were defined as the 1
2
[112̄] and [1̄10] directions, respectively. For

each composition, 50 random arrangements of the cation sites were generated. Relaxations

were performed with respect to the atomic positions in the [111] direction, while keeping

the supercell dimensions fixed along with the x and y coordinates. Lattice parameters for

the high-entropy carbide compositions were determined by the average result of energy
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minimization performed on 10 randomly arranged 80-atom bulk rocksalt structures with

supercell vectors of [210], [1̄20], and [002].

All calculations in these studies were performed with full carbon stoichiometry. Transition

metal carbides are often carbon deficient, especially at elevated temperatures, and carbon

vacancies can affect stacking fault energies [113]. However, vacancy effects in small supercells

require additional considerations and are not captured in this work.

Gamma surface energies γ were calculated for each configuration and the constituent

binaries using the expression

γ =
Eγ � Eslab

A
(4.1)

where Eγ and Eslab are the energy of the translated and vacuum slab configurations, re-

spectively, and A is the cross-sectional area of the supercell in the (111) plane. The local

environment of any point on the (111) gamma surface can be defined by the translation

vector between the upper and lower portions of the slab and the local atomic environment in

the nearby (111) cation planes.

4.4 Results and Discussion

The compositions in Table 4.1 were studied to determine the relationship between ISF energy,

USF energy, and the USF position along the h112̄if111g slip path. Because the shape of the

gamma surface varies with composition at the stacking fault, a larger set of calculations was

required to find the USF peak position for a given configuration. Compositions were divided

into three separate simulation regimes to efficiently characterize the critical points of the slip

path.
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Table 4.2: Binary carbide stacking fault energies γisf in J/m2 for the single metal rocksalt
carbides used in Eq. 4.2.

IVB VB VIB
Ti 2.757 V 0.453 Cr -0.777
Zr 2.645 Nb 0.667 Mo -1.002
Hf 2.691 Ta 0.572 W -1.353

4.4.1 Stacking Fault Energies

Stacking faults in high-entropy compounds differ from those of single-component materials in

that the energy is dependent on the arrangement of nearby atoms in the structure. Similar

to vacancies in high-entropy alloys and ceramics, the defect energy can be defined as a

distribution of energies based on the local atomic environment [21, 57, 98], in this case defined

as the composition along the interface. The energy dependence on the local arrangement

of atoms requires a sample of different atomic configurations from each tested composition.

The sample can then be used to fit a model and predict the total energy distribution across

the configurational space, enabling analysis of the impact of defects on bulk properties and

phenomena [57]. Here, DFT energies were calculated for 50 random ISF configurations of 14

HEC compositions (see Table 4.1).

ISF energies in HETMCs can be approximated by a weighted RoM of the single metal

carbide stacking fault energies for atoms within 0.5 nm of the defect plane as

γisfω =
∑
i

∑
k

ωknikγ
isf
i

nk
. (4.2)

Here, nik are the number of atoms of each alloying element i in each layer k, γisfi are the

f111g stacking fault energies in the binaries, and ωk are the fitted layer weights. For the

80 atom supercells in this work, nk = 4, and the normalized weights ω1�4 are found to be

0.589, 0.321, 0.045, and 0.045, respectively. While the layer weights are calculated as fitted

parameters, they decrease with increasing distance from the defect, corresponding with a
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Figure 4.1: DFT calculated ISF energies as a function of RoM values using layer-
dependent weighting for five compositions A:(Hf,Nb,Ta,Ti,Zr)C, B:(Mo,Nb,Ta,V,W)C,
C:(Hf,Nb,Ta,Ti,V)C, D:(Hf,Nb,Ta,Ti,W)C, and E:(Cr,Mo,Nb,V,W)C. RoM fit from (a) layer
weights only using Eq. 4.2 and (b) corrected RoM using Eq. 4.3.

53



qualitative decay function representing some unknown physical interaction. The energies of

the single metal carbide stacking faults are given in Table 4.2.

Here we note that the ISF energies for group VIB metal carbides are all negative, as these

compositions prefer the hexagonal WC or Mo2C structure (P6̄m2) to the rocksalt structure

(Fm3̄m). In HETMCs, these elements can be present as equimolar components [1, 2], resulting

in negative stacking faults for certain stacking fault configurations within the stable structure.

The consequences of negative stacking faults in HETMCs are considered in Section 4.4.3.

Using the single metal carbide stacking fault energies in Table 4.2 and the given weights

ω, the optimized RoM gives a reasonable approximation of the high-entropy ISF energies, as

plotted for five compositions in Fig. 4.1a. However, comparing the RoM prediction to the

DFT data in Fig. 4.1, it is apparent that compositions with high and low ISF energies are

underestimated by a RoM and that the distribution of energies within each composition is

itself biased. This bias is accounted for by fitting two separate quadratic functions, first to

the bulk RoM ISF energies γ̄ for each composition and second to the local weighted RoM γω

as expressed in Eq. 4.2. The results are plotted for the same five compositions in Fig. 4.1b.

These empirical corrections reduce the root mean squared error by 26% from 182 mJ/m2

to 135 mJ/m2. The error for high [(Hf,Nb,Ta,Ti,Zr)C] and low [(Cr,Mo,Nb,V,W)C] valence

electron concentration (VEC) compositions are reduced by 55% and 27% respectively. The

fitted model is given as

γisfc = (0.456γ̄ � 0.335)2

� (0.303γω � 1.835)2 + 3.393,

(4.3)

with model errors for each composition presented in Table 4.3. In all cases, the ISF energies

for stacking fault configurations in HETMCs are well described as an average of the binary

single metal carbide constituents near the interface.

The USF energy is another useful tool for understanding dislocation slip in fcc materials.

However, because it is not necessarily at a high symmetry position, it can be expensive to
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Figure 4.2: Calculated gamma surface energies along the 1
6
h112̄if111g slip direction for four

atomic configurations of (a) (Hf,Nb,Ta,Ti,Zr)C and (b) (Mo,Nb,Ta,V,W)C. ISF and midpoint
are indicated by the dashed vertical lines, while (c) shows the relationship between ISF and
the interpolated peak position and a fitted third order polynomial for initial N-R estimate.
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Table 4.3: Root mean squared fitting errors for the weighted RoM stacking fault models γisfω
and γisfc (J/m2).

Composition RMSE (γisfω ) RMSE (γisfc )
(Cr,Mo,Nb,Ta,W)C 0.294 0.220
(Cr,Mo,Nb,V,W)C 0.263 0.192
(Hf,Mo,Nb,Ta,W)C 0.164 0.121
(Hf,Mo,Ta,W,Zr)C 0.163 0.135
(Hf,Mo,Ti,W,Zr)C 0.111 0.124
(Hf,Mo,V,W,Zr)C 0.146 0.126
(Hf,Nb,Ta,Ti,V)C 0.171 0.103
(Hf,Nb,Ta,Ti,W)C 0.082 0.088
(Hf,Nb,Ta,Ti,Zr)C 0.227 0.102
(Hf,Ta,Ti,W,Zr)C 0.145 0.117
(Mo,Nb,Ta,Ti,V)C 0.146 0.151
(Mo,Nb,Ta,V,W)C 0.163 0.123
(Mo,Nb,Ta,W,Zr)C 0.170 0.113
(Nb,Ta,Ti,V,W)C 0.137 0.136

calculate in DFT compared to the ISF. This is illustrated by the energies along the 1
6
h112̄if111g

slip path for two high-entropy compositions and four arrangements per composition plotted

in Fig. 4.2.

While the intrinsic stacking fault is always at the high symmetry position, the USF

can vary significantly from the center of the slip path between compositions, and between

arrangements within the same composition. The traditional approach is to scan the gamma

surface with a grid along the dislocation vector. Because the location of the USF peak is

not fixed along this vector, it is often required to use a fine grid to calculate an accurate

maximum value for the energy barrier. This is especially expensive for high-entropy materials,

where multiple configurations are necessary.

Here, an estimate of the USF peak location is combined with a Newton-Raphson (N-R)

root-finding algorithm to predict the coordinates of the barrier on the gamma surface and

minimize computation time required to simulate the relevant configurations. For the N-R

method, the root of a differentiable function can be found with increasing accuracy by

calculating the x-intercept of the tangent line at an initial guess and iterating until sufficient
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accuracy has been obtained. In the case of the USF, we must consider the second derivative

of the gamma surface to locate the local maximum of the function.

Using a coarse grid for several random configurations of two compositions

(Hf,Nb,Ta,Ti,Zr)C and (Mo,Nb,Ta,V,W)C representing the range of ISF energies for the

HETMCs, the shape of the gamma surface can be characterized along the h112̄i vector to

identify the critical points (Fig. 4.2). The USF is near the high symmetry position at 1
12

[112̄]

for (Mo,Nb,Ta,V,W)C, but is shifted toward the ISF for (Hf,Nb,Ta,Ti,Zr)C. From these two

compositions, a preliminary function for peak shift is obtained as a third order polynomial

with respect to the ISF and used to initiate the N-R search. Starting from this function,

plotted in Fig. 4.2c, the DFT energy at the predicted peak and at one point on either side are

used to find the finite differences second derivative. Extrapolating this slope to the x-intercept

gives the improved estimate for the USF peak location, where the final DFT energy can be

calculated. Given knowledge of the shape of the gamma surface, the first N-R iteration is

sufficient despite beginning from an arbitrarily chosen polynomial fit.

Plotted in Fig. 4.3 are the USF energies calculated for the h112̄if111g gamma surface as

a function of ISF energy. For the data plotted in Fig. 4.3a, the USF energy is calculated at

the midpoint along the slip direction ( 1
12

[112̄]), while the USF energy plotted in Fig. 4.3b

is the maximum along the entire slip path. There are clear linear relations in both that are

discussed in the following section in terms of the EPS principle.

4.4.2 Evans-Polanyi-Semenov Relations

The EPS relation (also referred to as the Bell–Evans–Polanyi or Brønsted–Evans–Polanyi

principle) states that for a given set of related chemical reactions, the activation energy EA

for a chemical process is proportional to the heat of reaction ∆H as

EA = E0
A + α∆H (4.4)
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Figure 4.3: USF energy plotted as a function of the ISF energy at (a) the midpoint along the
slip path, (b) and (c) at the maximum along the path as estimated by N-R. (a) and (b) are bro-
ken down by composition. A:(Hf,Nb,Ta,Ti,Zr)C, B:(Mo,Nb,Ta,V,W)C, C: (Hf,Nb,Ta,Ti,V)C,
D:(Nb,Ta,Ti,V,W)C. Lines are linear fits to the data.
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where E0
A and α are constants [112]. This simple relation has impacted multiple areas of

chemistry, including combustion [114], organic synthesis [115, 116], photo-chemistry [117, 118],

polymerization [119], interstellar chemistry [120], heterogeneous catalysis [121–124], gel

degradation [125], surface diffution [126], energetic materials sensitivity [127–129], materials

discovery [130], and fundamental chemical kinetics [131–133]. Adding to this body of work,

we propose the ISF and USF energies as an analogous set of quantities to the heat of reaction

and activation energy, respectively.

One central premise of HETMCs has been that their properties are continuously tunable

by a RoM through the IVB-VIB elements, for example as discussed in Section 4.4.1 in the

context of stacking faults. VEC is another quantity calculated as a RoM from constituent

elements, used both as a theoretical construct within the electronic band structure [134] and

as a way of accounting for composition, including cations as well as carbon and nitrogen

fraction [135]. In the context of the EPS relation, it is relevant to explore (1) whether the

EPS relation is maintained for the continuous range of ISF and USF values on a gamma

surface, and if so (2) whether the E0
A and α values are constant or composition dependent.

The data plotted In Fig. 4.3a, where the USF energies are calculated at the the high

symmetry position, is grouped by composition with a separate linear fit for each. For

compositions A and B, the R2 values indicate that the data is relatively well described by

an EPS relation, but with different intercepts and slopes (E0
A and α values). The linear

fit for composition C is less accurate (smaller R2 value), while there appears to be little

correlation for composition D. Hence, if using the midpoint energy, the EPS relation seems

to be composition dependent. However, when using the maximum energy along the slip path

for the USF (Fig. 4.3b), all four data sets show a linear correlation and similar slopes and

intercepts. Plotted in Fig. 4.3c is the data combined for all compositions, again using the

maximum energy along the slip path. It is clear that an EPS relation exists between the ISF

and USF energies, and that this relation holds across compositions when the accurate USF

energy is used.
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Fitting function obtained from Eq. 4.5 using data from the four compositions specified in
Table 4.1.

Plotted in Fig. 4.4 are deviations of the USF position from the center point along the

h112̄if111g gamma surface for the data in Fig. 4.3c. There is a monotonic, continuous

relationship between the position of the USF (the transition state) and the ISF energy (the

reaction product). The larger the ISF, the later the USF occurs along the slip direction.

Along with the data for ISF as a function of USF peak shift in Fig. 4.4, the error function

I(x) = B erf(αx) + ∆ (4.5)

is plotted along the entire length of the slip path using fitting parameters B = 2.245 J/m2,

a = 4.605, and ∆ = 0.559 J/m2. Although the physical interpretation of an error function is

unclear, it provides a good quantitative fit to the data (a logistic function provides a similar

fit). In particular, the asymptotic behavior of the error function is consistent with the range

of possible positions of the USF along the slip path, existing only on the region between the
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ideal structure and the ISF.

This function enables the evaluation of critical points on the gamma surface while

minimizing the number of necessary calculations along the slip path. Given an ISF energy,

which is well approximated by a weighted RoM, one can identify the position of the USF and

perform a single DFT calculation without the need for an iterative search algorithm along

the slip path.

The relationships in Fig. 4.3 and Fig. 4.4 can be understood using an energy curve overlap

model [112, 136], illustrated in Fig. 4.5. In this model there are two curves that correspond to

local energy minima on the gamma surface along the [112̄] sliding direction. One curve has a

minimum at the ideal structure, while the other has a minimum at the ISF, shifted uniformly

in energy according to the ISF energy. The energy along the entire path within this model is

the minimum of the two curves at any given point. Fig. 4.5 illustrates the model for the three

cases of ISF>0, ISF=0, and ISF<0, with the barrier corresponding to the energy where the

two curves intersect (the maximum in the solid curve). In the case of ISF> 0, the position

of the barrier along the sliding path is later than then center position. Consistent with the

simulation data, as the ISF energy decreases the value and position of the USF decreases

along the slip direction.

The energy curves in Fig. 4.6 are a two-parameter fit assuming Gaussian functions of the

form

E(x) =
A

σ
p

2π

[
1� exp

[
1

2

(
x� x0
σ

)]]
(4.6)

for the two overlapping energy curves. Here x0 = 0 for the curve starting at the ideal structure,

x0 = 1 for the curve starting at the ISF, σ = 0.7 and A = 9.15 J/m2. The simple model is

able to qualitatively describe both the relations between USF and ISF, and between ISF and

the shift in USF position along the [112̄] direction.

Similar fits to the data can be achieved with other potential energy approximations
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Figure 4.5: Shifted energy curve model using Eq. 4.6 plotted along the 1
6
h112̄if111g slip

direction for (top) positive, (middle) zero, and (bottom) negative ISF.
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Figure 4.6: Maximum USF energies (blue circles) and deviations from the center point along
the h112̄if111g gamma surface where these energies are found (red squares) for data plotted
in Fig. 4.3. The solid lines are two parameter fits for an energy curve overlap model using
Eq. 4.6.

such as quadratic energy wells, sine fitting, or a Lennard-Jones potential. None of the

approximations tested, however, have a clear physical interpretation or other advantages over

the two-parameter Guassian fit.

4.4.3 Shockley Partial Dislocation Separations

Pairs of Shockley partial dislocations in an fcc crystal are connected by a stacking fault

such that the equilibrium distance between partials is determined by a balance of the elastic

repulsion and the stacking fault energy. One of the interesting issues in high-entropy materials

is that they can have negative stacking fault energies while still being phase stable [111, 137].

In non-random crystals, negative stacking fault energies suggest that any Shockley partial

dislocations that form should move as far apart as possible, because both the elastic repulsion

and the stacking fault formation energy would favor infinite distances. However, large numbers
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of stacking faults are not always observed experimentally. As an example in a HETMC, the

simulations in Section 4.4.1 indicate that (Mo,Nb,Ta,V,W)C has an average stacking fault

energy of -0.09 J/m2 such that the elastic repulsion between any Shockley partials should

create a significant stacking fault area. Experimentally, however, this composition exhibits

sharp x-ray diffraction peaks that suggest a low defect density [2].

One suggestion to account for the apparent lack of stacking faults associated with Shockley

partials is that “roughness” from the atomic disorder in high-entropy materials inhibits the

ability of the partials to fully separate [37, 110]. While the relation between Peierls stress

and stacking fault energy is unclear [137], it is reasonable to assume that this roughness is

qualitatively related to the variations in stacking fault energies from a random composition

along the interface as the partial dislocations attempt to separate.

This concept is illustrated in Fig. 4.7, which shows a schematic of two Shockley partial

edge dislocations separated by a stacking fault along the blue plane. The peaks on the energy

landscape represent a measure of the stacking fault energy contributions to the Peierls stress.

A negative stacking fault energy should lower the Peierls stress, while a positive stacking fault

energy (denoted by the orange peaks) should increase the Peierls stress. Because the extra

half plane exists along the length of an edge dislocation, the positive regions will pin the

plane at different points despite the negative stacking fault regions exhibiting a lower local

Peierls barrier. Taken to an extreme, even when the net stacking fault energy is negative,

positive regions would prevent the Shockley dislocations from moving.

In a set of atomic simulations by Shih et al. [111] that modeled random NiCo alloys with

dissociated Shockley partial edge dislocations, the partials remained at finite separations

that were less than the distance at which the mean plus one standard deviation (µ+ σ) of

the stacking fault energy distribution equaled the repulsive elastic stress. For this mean + 1

model, we generalize the trend for partial edge dislocation separation length s with the
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Figure 4.7: Depiction of two Shockley partial dislocations separated by a stacking fault along
the horizontal plane. Brightly colored atoms at the edge dislocations correspond to the local
atomic environment that contributes to the Peierls stress, with blue regions representing
negative stacking fault regions and orange peaks on the energy landscape representing the
high energy pinning sites preventing partial dislocation separation.

expression

s <
Gb2

2π(µ+ σ)
(4.7)

where G is the shear modulus, b is the Burger’s vector, and µ+ σ is again the sum of mean

and standard deviation of the stacking fault energy distribution.

Sampling from a random distribution of interface cation arrangements, a predicted

distribution of ISF energies can be generated for each composition. Critically, the distribution

is dependent on the volume that is considered to be part of the local environment. Taken to

both extremes for the five cation system, the distribution of energies for a single-atom volume

will consist of five peaks corresponding to the five constituent elements, each accounting for

20% of the total distribution. Similarly, as the volume of the local environment increases to
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Figure 4.8: ISF distributions for three compositions. The dashed vertical lines represent the
mean and the mean plus one standard deviation for each distribution.

infinity, the distribution will approach the delta function centered on the distribution mean.

The volume of the local area can be defined by sampling for each element from a gamma

distribution such that

Xi � Γ(α =
n

N
, β = 1) (4.8)

where α and β are the Γ shape and rate parameters, n is the number of atoms in the local

environment, N is the number of distinct elements on the lattice site.

In this work, the depth of the local environment was determined from the fitting in

Section 4.4.1. Sampling each (111) plane separately, the distribution of interface cation

arrangements is built from Xi � Γ(1, 1), equating to a naive assumption of n = N . Without

knowing the shape or size of the critical area, this assumption corresponds with a cutoff

distance on the order of 2b.

The predicted ISF distributions derived from this Γ sampling and the modified RoM

model in Section 4.4.1 are plotted in Fig. 4.8 for three different compositions. The mean
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Table 4.4: Linear coefficients α (slope) and β (intercept) for the first three moments of the
predicted ISF distribution along with fitting error (J/m2) for 94 HETMC compositions in
Fig. 4.9.

α β RMSE
Mean 0.932 0.156 0.058
Standard deviation 0.228 0.015 0.015
Skew 0.361 0.096 0.026

and mean plus one standard deviation for each distribution are indicated by the dashed

vertical lines. For the (Mo,Nb,Ta,V,W)C composition, the mean stacking fault energy and

standard deviation are -0.09 J/m2 and 0.25 J/m2, respectively. Using G = 193 GPa and

b = 0.437 nm [138] in Eq. 4.7 yields a Shockley partial separation s of less than 18 nm. Hence,

although 64% of the stacking fault distribution is negative, the model predicts a finite partial

separation.

Plotted in Fig. 4.9 are the mean, standard deviation and skew of the stacking fault energy

distributions for each HETMC composition calculated from a random sample of configurations

as a function of the same quantities calculated from just the five constituent single metal

carbide ISFs. There are strong linear relations such that the first three moments of the full

ISF distributions for a given composition can be estimated from only the binaries, adding

another facet to the RoM. The linear coefficients are given in Table 4.4.

The mean + 1 stacking fault energies, as calculated from the predicted distribution

moments, are plotted as a function of their VEC in Fig. 4.9b for 94 HETMC compositions

consisting of five cation combinations from Cr, Hf, Mo, Nb, Ta, Ti, V, W, and Zr. There

is a monotonic decrease in energy, suggesting that the separation between Shockley partial

dislocations increases with increasing VEC. However, because the mean + 1 model estimates

a lower bound, partial dislocation separation distances are expected to be finite for all VEC

values � 9.6.
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4.5 Conclusion

First principles calculations were used to establish new RoMs for interfacial defects in group

IVB, VB, and VIB stoichiometric transition metal carbides. Energies of f111g ISFs were

shown to be predictable from an optimized RoM based on values from the respective single

metal carbide compositions. A linear relationship was discovered between these stacking fault

energies and the USF energies along the h112̄if111g slip path on the gamma surface. Provided

that the positional shift of the USF from the high symmetry position is accounted for, the

linear coefficient is independent of composition. The ISF and USF energies are analogous

to the heat of reaction and transition state barrier in chemical reactions, and this linear

relationship is similarly analogous to the EPS relationship that is ubiquitous across chemical

systems, but not applied to plasticity in solids.

It was further found that the mean, standard deviation, and skew for the distribution

of stacking fault energies that result from disorder of cations around the boundary are

predictable from linear relations that connect the stacking fault energies of the binaries to

the corresponding high-entropy compositions. Using a model where the upper tail of the

ISF distribution balances the elastic repulsion between partial dislocations, we demonstrate

why Shockley partial edge dislocations remain bound for HETMC compositions with VEC

� 9.6 despite certain compositions exhibiting negative mean ISF energies. The mean plus one

standard deviation is proposed as an upper bound for determining the partial separation.This

is consistent with experiment, where compositions predicted to have negative stacking fault

energies such as (Mo,Nb,Ta,V,W)C are phase stable with relatively low defect densities [2].

The RoMs and linear relations discovered in this study are important for understanding

and predicting the defect structure and mechanical properties of HETMCs. In addition, the

EPS relation has been an invaluable tool for estimating reaction kinetics across diverse areas

of chemistry, and based on our results we anticipate that it will find other applications in

predicting mechanical properties of high-entropy materials. Future work on this topic should

include vacancy effects on gamma surface energies, and may require more sophisticated
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machine learning techniques for quantitative predictability [98, 139].
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CHAPTER

5

ORDERING PHENOMENA IN

HIGH-ENTROPY CERAMICS

The previous chapters have demonstrated that pair interaction models are an invaluable tool

for predicting defect energies and characterizing the local atomic environment in high-entropy

materials. This usefulness goes beyond defect energies, as was briefly discussed for pair

affinities in the bulk high-entropy diboride in Section 3.4.3. In that case, a model trained

on and optimized for vacancy configurations yielded insights into the relative enthalpic

favorability of neighbor pairs for all shells with a bonded interaction term. The model for

vacancies was robust to overfitting and required a minimal training set as compared to the

more traditional cluster expansion method. As such, further analysis of this parameterization

was performed to explore the bulk interaction energies in high-entropy ceramics.
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5.1 Parameter Selection

There are several methods commonly employed in modeling order-disorder phenomena in solid

solutions. The cluster expansion represents an exhaustive set of parameters to describe the

pairs, triplets, and n-tuples that exist in a disordered material [81]. This method works across

composition gradients and has been proven to capture accurate configurational enthalpy

landscapes in binary systems, but scales poorly beyond two-component solid solutions. When

applied to high-entropy systems, the parameter space can include as many as 1730 features

for a six-component alloy. Work by Nataraj et al. [140] demonstrated that this vast parameter

space can be reduced by careful selection of cluster interactions in the model, yielding

parameter sets of 292, 230, and 562 features for LOOCV optimized models of NbTiVZr,

HfNbTaTiZr, and AlHfNbTaTiZr respectively. The resultant models describe the dataset

well, but require large training sets and notably omit highly strained configurations of

the high-entropy lattice, accounting for nearly half of the configurations generated for the

six-component AlHfNbTaTiZr.

Other efforts to model ordering in high- or medium-entropy alloys have used the embedded

atom method (EAM) to fit empirical molecular dynamics potentials. A study by Li et al. [141]

trained an EAM potential for the ternary NiCoCr system to model ordering and its effects on

dislocation motion, using over 3,000 atomic configurations for the training dataset. Separately,

an EAM potential fit with a machine learning protocol was used by Xu et al. [142] to

investigate ordering and vacancy mediated diffusion in the ternary NiFeCr alloy, requiring

72,000 samples for training.

In both of these methods, large training sets are necessary for fitting the model and the

sample configuration supercells must also be large enough to capture order and disorder on the

lattice at various length scales. The consequence of minimum size constraints is compounded

in the case of high-entropy ceramics as the anion sublattice doubles the number of atoms in

the supercell for rocksalt carbides or nitrides and triples it for the hexagonal transition-metal

diborides.
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A less computationally expensive model has been proposed in several recent publications

by Zhang, Liu, and their collaborators [143, 144], consisting only of pair interactions and fit to

large supercell local density approximations of the electronic structure using the locally self-

consistent multiple scattering method [145]. The model was used to explore short-range order

in the four-component NbMoTaW alloy as well as two HEAs, NbMoTaWV and NbMoTaTiW,

achieving a good model fit with as few as 100 configurations in the training dataset. This

effective pair interaction model is similar to the reduced pair approximation developed in

Chapter 3 for vacancies in (Hf,Nb,Ta,Ti,Zr)B2, and the work demonstrates that the linear

combination of pairwise interactions can also be sufficient to describe the bulk enthalpies of

different lattice decorations in a many-component disordered solid solution.

Driven by the insights from the high-entropy diboride system and the early successes of

bulk energy pair models in literature, the following sections will explore the parameterization

of pair models and possible applications in the simulation of ordering phenomena.

5.1.1 Stochastic Stepwise Subset Optimization

The reduced pair approximation model is derived in Chapter 3 and given for a five component

system in Eq. 3.11 as

Evf =
5∑
j=1

(∑
k2B

njkE
b�
ijk +

∑
k2R

njkE
r
jk

)
+ Er�

i (5.1)

for bidirectional ij pair interactions Eb�
ijk in neighbor shells k 2 B and unidirectional vacancy

interactions Er�
jk in neighbor shells k 2 R. The assumptions in the derivation reduce the number

of features included in a pair model from 145 to 53-73 (depending on the chosen training

optimization) while maintaining a physical interpretation of the interaction parameters. The

paradigm takes advantage of grouped sets of parameters in each neighbor shell to establish a

tractable parameter space which can be mapped in its entirety to find the optimal parameter

subset, whether by BIC or any other optimization criteria.
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Despite its convenience, the constraint of grouped interaction parameters is imposed

arbitrarily, because a bidirectional interaction of an A-B pair in shell k does not imply an

A-C interaction. Each parameter in the model quantifies the contribution to the total energy

from a given pair and while it is reasonable to expect a radial decay for such interactions,

the rate of decay may be element dependent. Eliminating the grouping constraint results

in a parameter space with possible subsets θ scaling with the total available interaction

parameters as 2N � 1. For k � 7 in a five-component system, the 145 available unconstrained

features yield a parameter space on the order of 1043. This can be reduced by, for example,

imposing all first shell neighbors as bidirectional, but this would not significantly reduce the

cost of an exhaustive parameter space search. The removal of this constraint increases the

complexity of the parameter space, but allows for new avenues of parameter selection to

further optimize the model.

One strategy for finding the optimal parameter subset is to use a stepwise parameter

search [146], wherein parameters are chosen one at a time based on which available param-

eter optimizes the search criteria, e.g., BIC. This can be done forward (starting with zero

parameters and adding one at each step), backward (starting with all available parameters

and removing one at each step), or both (a parameter may be either added or removed

at each step). Two problems arise from this approach. First, while the stepwise search is

typically powerful for identifying influential features, it can be susceptible to outliers forcing

the selecting of non-influential features as well [147]. Excess parameters introduced in this

way may reduce the interpretability of the model by erroneously implying the existence of

physical interactions. Second, due to the relationship of each parameter with the mean-field,

the parameter selected at each step will be highly dependent on the parameters currently

included in the model. This results in a final parameter set that is dependent on the starting

point of the search, again reducing the interpretability of the model.

To solve the second problem, the stepwise parameter search is performed inside of a

stochastic loop such that after optimization of θ, a fraction of the selected parameters are
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Figure 5.1: Schematic of the stochastic stepwise search algorithm for optimized parameter
subset selection.

discarded and replaced with an equal sized set of rejected parameters, followed by a re-

initialization of the stepwise search. The stochastic stepwise parameter search is illustrated in

Fig. 5.1. This algorithm reduces the likelihood of choosing a poorly optimized parameterization

as a result of the chosen starting point and consistently identifies models which improve

on the predictive performance of the RPA model. Table 5.1 and Fig. 5.2 compare a 47

parameter model produced by stochastic stepwise optimization to the 63 parameter model

(B = 1, 2, 3, 4;R = 5, 6, 7), and a short range unconstrained pair model (U = 1, 2, 3). The

stochastic stepwise search is able to reduce the parameter subset of the previously optimized

63 parameter model to 40-50 features and reduce the LOOCV score by 20%. While this

method does not produce a unique solution, it indicates that further reductions to the

parameter subset can improve the predictive power of a pair interaction model.
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Table 5.1: Feature selection for the RPA vacancy pair model for (Hf,Nb,Ta,Ti,Zr)B2.

Parameters CV score (meV) BIC Assumptions
75 40.0 -609.8 all bonds (k=3)
63 22.3 -878.6 grouped (k=7)
47 17.9 -1016.2 stepwise optimized (k=7)

Figure 5.2: DFT vacancy energies and residual errors plotted against the predicted energy
for pair models parameterized as all bonds for three neighbor shells (left), grouped and
symmetry constrained bonds as in Ch. 3 for seven neighbor shells (middle), and stochastic
stepwise BIC optimization (right).

5.2 Bulk Energy Pair Interaction Models

To evaluate pair interaction models for bulk energy predictions, the high-entropy carbide

(Hf,Nb,Ta,Ti,Zr)C was simulated by DFT in a varied set of small- to medium-sized supercells.

A study by Liu et al. [148] showed that ordering artifacts across periodic boundaries in small

cell simulations of high-entropy alloys can bias a pair model and lead to inaccurate predictions

of the total energy. It was further demonstrated that ordering across periodic boundaries is

easily quantifiable in the context of SRO using the Warren-Cowley SRO parameters, and that
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a composite training set using varied supercell sizes and geometries eliminates the prediction

biases.

The set of disordered supercells in the initial training set for this work was comprised of

17 supercell geometries with between 20 and 100 atoms. The small cell calculations provide

an inexpensive set of disordered structures for an initial fit while capturing a degree of

SRO. Additional 240-atom large cell configurations were generated and added to the training

set through an iterative Monte Carlo process following the approach used by Liu [144].

Generating supercell configurations in this way allows for the inclusion of structures that

diverge from ideal random arrangements and capture the lower tail of the configurational

energy distribution. The complete set of supercells used for training the bulk energy pair

models is presented in Table 5.2.

The pair model for the bulk energy with fixed composition is simply given as the sum of

all atomic pairs

E =
∑
i,j,k

nijkE
pair
ijk (5.2)

for all ij pairs in neighbor shell k surrounding a lattice site. Noting that ij pairs are symmetric,

there exist 15 distinct pairs in each neighbor shell for a 5-component system, scaling as

N(N + 1)/2 for N components. However, constraining the system to a fixed composition

reduces the linear degrees of freedom of the parameters by N � 1. Specifically, one can sum

Table 5.2: Supercell configurations for the bulk energy pair model training set.

Cell size
Geometries

Total
(atoms) Configurations

20 4 200
25 1 50
30 2 100
40 4 200
60 3 90
80 2 100
100 1 50
240 1 140
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all iik self-interaction terms to a single composition-dependent constant, and consider only

with the pair fractions cijk of the remaining species. Stated as the energy per atom,

E/atom =
∑
j>i,k

cijkE
pair
ijk . (5.3)

For the rocksalt carbide, an 8 Å cutoff radius was imposed for pair terms, yielding 6 neighbor

interaction shells and 61 parameters for the simple linear regression case.

Looking to reduce the number of parameters further, three regression techniques are

implemented for the dataset: lasso regression, Bayesian ridge regression, and automatic

relevance detection (ARD). Each technique attempts to reduce overfitting by penalizing

large parameters and, in the case of lasso and ARD, eliminating parameters that do not

meaningfully contribute to the model fit.

5.2.1 Pair Model Regressors

Lasso regression (least absolute shrinkage and selection operator) [149] is a parameter opti-

mization technique that directly penalizes each parameter in a linear regression proportionally

with its magnitude. The lasso penalty utilizes the L1 norm (that is, the absolute value of the

parameters) in the optimization function as

minβ

[
(Y �Xβ)0(Y �Xβ) + λ

∑
i

jβij
]
, (5.4)

where Y are the observed values, X are the input variables, and β are the model parameters.

λ is a tunable hyperparameter specifying the degree of regularization in the regression. The

primary advantage of lasso regression over a similar technique in ridge regression (penalizing

the loss function with the L2 norm β2) is that the linear response of the L1 norm jβj

with parameter magnitude acts as a form of parameter subset selection and can lead to

sparse parameterizations. For this work, the hyperparameter λ is tuned using the Bayesian
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Figure 5.3: Tuning of the hyperparameter λ for lasso regression using the Akaike and
Bayesian information criteria.

information criterion (BIC), as defined in Eq. 3.12, to further reward the elimination of

parameters and find the smallest parameter set β. The BIC along with another similar subset

selection metric in the Akaike information criterion

AIC = 2kM � 2 ln L̂ (5.5)

are shown as a function of λ in Fig. 5.3.

Bayesian ridge regression [150] is another variation of linear regression that seeks to limit

overfitting in a model by imposing a penalty for the magnitude of each parameter. Deriving

the L2 regularization from a Bayesian framework allows the regression parameters to be

treated as random variables, yielding parameter uncertainties in addition to constraining the

parameter values. A similar form of Bayesian regression for a cluster expansion with a physics

based prior was proposed by Mueller and Ceder [151], and has seen use in HEA ordering

simulations [143, 144]. Starting from Bayes’ theorem

P (AjB) =
P (BjA)P (A)

P (B)
(5.6)
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where P (AjB) is the probability of A given B, the maximum likelihood estimate is derived

for a pair model [151] as

V̂ = (X 0wXw + Λ)�1X 0wyw. (5.7)

Here Xw and yw are the weighted input and output vectors for the model, and Λ is the regu-

larization matrix which is inversely related to the covariance matrix for the pair interactions

in the model. The regularization serves to decrease non-influential parameters, but does not

eliminate them. Instead, the minimization of interaction parameters serves to center the

parameters around a mean-field interaction such that each interaction is quantified as either

more or less favorable than the average pair interaction on the lattice.

ARD regression, also called sparse Bayesian learning or relevance vector machine, is

similar to Bayesian ridge regression, but replaces the spherical Gaussian prior with an elliptic

Gaussian distribution such that each model parameter has it’s own hyperparameter within

the prior [150]. This formulation is more flexible in its treatment of the parameter space and

can more readily produce sparse parameterizations.

These three regularized linear regression algorithms, as implemented in the Scikit-learn

Python package [150, 152], are compared with ordinary least squares linear regression for

the pair interaction terms for (Hf,Nb,Ta,Ti,Zr)C in Fig. 5.4 and Table 5.3. ARD and lasso

regression result in sparse parameter sets and the lowest BIC scores, however lasso regression

sacrifices accuracy as a result of the reduced parameterization. Bayesian ridge and ordinary

least squares perform very similarly, with both exhibiting the lowest training error, LOOCV,

and 5-fold CV scores. Despite the discrepancy in number of parameters, the ARD model

suffers only a 15% reduction in fitting error and cross-validation scores with over 50% fewer

independent parameters than the models produced by Bayesian ridge and linear regression.

The parameters chosen by the sparse models are largely consistent with the higher

magnitude parameters in the unreduced parameter subsets, and can be compared to give
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(a)

(b)

(c)

Figure 5.4: Parameter comparison between models fit with ordinary least squares (OLS),
Bayesian ridge regression (BR), lasso, and automatic relevance detection (ARD). Parameter
plots are separated in (a), (b), and (c) by interaction distance with parameters indicated as
k.i.j for an ij pair in shell k.
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Table 5.3: Fitting and cross validation scores for the tested linear regression methods. For
each parameterization, the maximum number of independent parameters are given to account
for coupled parameters and fitted model intercepts. Errors given in meV/atom.

Model Parameters (ind.) RMSE BIC LOOCV 5-fold CV
OLS 90 (61) 0.971 592.5 1.064 1.082
Bayesian Ridge 90 (61) 0.971 592.5 1.060 1.068
Lasso 30 (31) 1.819 186.4 1.696 1.523
ARD 28 (29) 1.113 172.7 1.250 1.220

insight into potential ordering in the bulk. Nb-Nb, Nb-Ta, and Ta-Ta pairs in the first shell

along with Hf-Zr and Zr-Zr pairs in the second shell exhibit strong positive interaction terms

corresponding with unfavorable mixing, while Nb-Ti, Ta-Ti, and Ti-Zr first-shell pairs and

Hf-Ta, Nb-Zr, and Ta-Zr second-shell pairs exhibit the largest negative interaction terms

(favorable mixing). The models also indicate relatively large interactions in the fifth shell

for Hf-Nb (negative), Nb-Zr (negative), Ta-Ti (positive), and Zr-Zr (positive) pairs. The

relationship between the largest interaction parameters of each model supports a physical

interpretation of the models that relies on strong interactions exhibiting large interaction

coefficients.

Contrasting with the early results for vacancy interactions, this regressor comparison

fails to provide evidence that a sparse parameter set is necessarily better for modeling bulk

pair interactions. Given the excess degrees of freedom in the parameterizations of the pair-

interaction models, it is unclear if a reduction in parameters provides the benefits that one

might expect. Metrics such as the BIC, which heavily penalizes larger parameterizations, rely

on an assumption of independence and do not capture the interactions of mathematically

coupled parameters. As such, the BIC may not always be a reliable tool for finding the

optimal parameter subset in these systems.

To further explore the strength of the sparse parameterizations, the individual 5-fold

cross validation splits are presented in Table 5.4. With the lasso algorithm optimizing the

parameterization of each training split with respect to the BIC, it is apparent that the cross
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Table 5.4: 5-fold cross validation results for lasso regression and automatic relevance deter-
mination. Fitting and cross validation root mean squared errors for individual splits of cross
validation given in meV/atom.

Model Parameters Training Error CV Error

Lasso

21 2.925 2.759
31 1.396 1.356
45 1.106 1.114
50 0.997 1.051
53 0.962 1.312

ARD

26 1.157 1.129
26 1.120 1.162
27 1.130 1.112
26 1.133 1.230
34 0.996 1.302

Figure 5.5: Number of parameters included in the BIC optimized lasso regression for each
training split of leave-one-out cross validation.

validation scores of lasso regression are not evidence of overfitting, but rather the result of a

correlation between model dimension and model precision. The size of the parameterization

is discovered to be highly dependent on the sample split and the cross validation errors

are found to be consistent with the fitting errors. ARD regression does not improve on the

accuracy of ordinary least squares, but is found to reliably produce sparse parameterizations
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with only minimal information loss. Neither lasso nor ARD produces a unique solution for the

parameterization, introducing ambiguity into the physical interpretation of the interaction

terms.

5.2.2 Mean-Field Normalization

The complete distribution of LOOCV parameterizations is presented in Fig. 5.5 and shows

that the the model dimension varies from 14 to 58 parameters with only a single sample

omitted from the training set in each split. The multi-modal nature of the distribution could

suggest a grouping behavior of the parameters where the inclusion of certain interaction

terms must coincide with a set of coupled terms to maintain a balance in the mean-field

interaction. In total, 111 of the 873 LOOCV lasso models contain � 25 parameters. These

111 models consist almost exclusively of first- and second-shell interaction terms and have

an average fitting error of 2.792 meV/atom. The parameters in the first two shells for each

model are shown in Fig. 5.6.

Two sets of interaction terms stand out in the analysis of these parameterizations. In

the first shell, the Ta-Ta interaction is either zero or large and, by its inclusion, results in

an increase in the Nb-Ta, Hf-Ta, Ta-Ti, and Ta-Zr interaction terms. This same effect is

present in the second shell for the Zr-Zr interaction acting on Hf-Zr, Nb-Zr, Ta-Zr, and Ti-Zr

in the same way. The highly unstable nature of BIC optimized lasso regression makes it

unreliable for producing a consistent physically interpretable model. Further, it is clear that

any reduction of the parameter space interferes with a direct interpretation of individual

parameter values.

If we consider the pair interaction terms as the difference in the enthalpy contribution of

atoms in a given pair compared with the mean-field interaction for each, it becomes apparent

that the reduction of a parameter space only serves to place the dropped terms at a fixed
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Figure 5.6: (Hf,Nb,Ta,Ti,Zr)C pair interactions in the first two neighbor shells for leave-one-
out cross validation splits of the BIC optimized lasso regression with � 25 parameters.

distance from the mean-field energy. Assigning a mean-field energy

EMF
ik =

1

m

∑
j

Eijk (5.8)

for the average interaction in an m-component system of each atom i with the atoms in shell

k, we can define pair interactions E�ijk relative to the mean-field as

E�ijk = Eijk � (EMF
ik + EMF

jk �
∑
x

EMF
xk ), (5.9)

representing the difference in energy between and ij pair and the average ix and jx pairs on

a disordered lattice, with x as the global composition. The equivalent interaction parameters
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E�ijk are defined with a fixed physical reference such that

E�MF
ik = 0 (5.10)

for all i. The shifts in mean-field energy are captured by a corresponding shift in the intercept

of the model, given as

E�0 = E0 +
1

mk

∑
i,k

EMF
ik . (5.11)

We can now compare the regression model coefficients at the converged zero mean-field

solution to isolate the energy contribution of each pair, finding that all regression algorithms

yield nearly identical parameterizations, as shown in Fig. 5.7. BIC optimized lasso regression

and ARD omit certain long-range interaction shells entirely (fifth- and sixth-shell interactions,

respectively), which is retained in the corresponding zero mean-field parameterizations. Within

the remaining shells, however, the interaction coefficients for ARD, Bayesian ridge regression,

and ordinary least squares all converge to approximately the same values. Interestingly, the

initial solution to Bayesian ridge regression produces a similar result to the zero mean-field

converged result, but still underestimates the largest positive and negative interactions. This

can be explained intuitively by the L2 regularization penalty driving the parameters to a

solution where the mean-field is close to zero, but this diverges when interaction energies at

either extreme incur too large a penalty.

Based on these findings, mean-field normalization of any pair-interaction model is presented

as a necessary step before applying any regularized regression technique, as the regularization

penalty must be tied to a physically meaningful reference state. The parameter space

optimizations from Bayesian ridge, lasso, and ARD regression do not meaningful improve the

model fit and distort the pair energies based on objective functions tied to arbitrary interaction

parameter values rather than direct fitting of pair interactions. Further optimization of a

physics-informed optimization function that incorporates this mean-field normalization is left

for future research.
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(a)

(b)

(c)

Figure 5.7: (Hf,Nb,Ta,Ti,Zr)C pair model parameter subset comparison between models
fit with ordinary least squares (OLS), Bayesian ridge regression (BR), lasso, and automatic
relevance detection (ARD) followed by mean-field convergence. Parameter plots are separated
in (a), (b), and (c) by interaction distance with parameters indicated as k.i.j for an ij pair
in shell k. The initial Bayesian ridge regression model BR0 is included for comparison.
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Table 5.5: Pair interaction energies calculated from the zero mean-field convergence of OLS
regression. Pairs indicated as k.i.j represent an ij pair in shell k

Pair Interaction E 0ijk (meV)

1.Ta.Ti -90.4
1.Nb.Ti -78.0
1.Ta.Zr -63.6
2.Ta.Zr -53.7
1.Hf.Ta -50.2

Pair Interaction E 0ijk (meV)

1.Ta.Ta 116.2
1.Nb.Ta 88.0
1.Ti.Zr 78.7
2.Zr.Zr 67.0
2.Hf.Zr 65.0

For the high-entropy carbide composition, the zero mean-field interaction energies can

now be used directly as pair affinities in a given shell to give insight into potential ordering

behavior. The five highest and lowest interaction parameters are given in Table 5.5. The

large negative interaction energies in Ti-Ta, Nb-Ti, Ta-Zr, and Hf-Ta pairs indicate enthalpic

mixing between group IVB and VB carbides, while the self-interactions between Ta-Ta and

Nb-Nb pairs carry the largest energy penalty. Interestingly, the parameterization still features

relatively large interactions between Nb-Zr, Ta-Ti, Hf-Zr, and Zr-Zr pairs in the fifth shell. It

is unclear if this is a physically significant interaction, or an artifact of the small supercells

used for the training configurations.

5.2.3 Ordering and Phase Stability

We next apply the same regression techniques to the group IV-VI high-entropy carbide

(Hf,Mo,Ti,W,Zr)C that has been experimentally observed as a multi-phase composition [78].

Comparing the pair model coefficients between stable and unstable high-entropy compositions,

we expect to find a difference in the distribution of pair energies signifying an abundance of

enthalpically favorable and unfavorable configurations.

The model errors for bulk energy predictions in (Hf,Mo,Ti,W,Zr)C are found to be

significantly higher than for (Hf,Nb,Ta,Ta,Zr)C, with training errors on the order of 4

meV/atom as shown in Table 5.6. Some of this uncertainty is likely introduced by the lattice

distortions of the group VIB elements, with large distortions conflicting with the assumptions
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Table 5.6: Fitting and cross validation scores for (Hf,Mo,Ti,W,Zr)C using the tested linear
regression methods. As before, the maximum number of independent parameters are provided.
Errors given in meV/atom.

Model Parameters (ind.) RMSE BIC LOOCV 5-fold CV
OLS 90 (61) 4.326 595.8 4.741 4.836
Bayesian Ridge 90 (61) 595.8 4.709 4.777
Lasso 36 (37) 4.636 228.5 4.984 4.846
ARD 39 (40) 4.369 148.9 4.663 4.803

Figure 5.8: (Hf,Mo,Ti,W,Zr)C pair interactions in the first two neighbor shells for zero
mean-field adjusted linear regressions.

of a simple pair interaction model [140]. While still reduced by 35-40%, ARD and lasso

produce less sparse models than for the (Nb,Ta) composition, but the errors in this case are

consistent with ordinary least squares and Bayesian ridge regression. The zero mean-field

approach from Section 5.2.1 yields the same result here, with all four models converging to

nearly identical parameterizations. For (Hf,Mo,Ti,W,Zr)C, none of the regression methods

reject any set of interactions in the first six neighbor shells. Comparison of the first two shells

is presented in Fig. 5.8.

The largest pair interactions in (Hf,Mo,Ti,W,Zr)C are presented in Table 5.7, with the full

distribution of coefficients for each composition plotted against their percentiles in Fig. 5.9.

Similar to the (Nb,Ta) composition, the preferred atomic interactions are between unlike

atomic species, namely the interactions between group IVB and group VIB atoms. The Ti-W

pair exhibits a particularly strong affinity and, when taken alongside the strong positive
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Table 5.7: Pair interaction energies calculated from the zero mean-field convergence of OLS
regression. Pairs indicated as k.i.j represent an ij pair in shell k

Pair Interaction E 0ijk (meV)

1.Ti.W -198.7
2.W.Zr -127.8
2.Mo.Zr -107.4
1.Mo.Ti -96.0
2.Hf.W -93.9

Pair Interaction E 0ijk (meV)

1.W.W 272.0
2.Zr.Zr 184.8
2.W.W 166.1
1.Ti.Ti 151.4
2.Mo.Mo 119.2
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Figure 5.9: Comparison of (Hf,Nb,Ta,Ta,Zr)C and (Hf,Mo,Ti,W,Zr)C bulk pair interaction
distributions using parameters from zero mean-field adjusted ordinary least squares regression.

energy associated with W-W pairs in both the first and second shells, may correspond with a

tendency to form a secondary phase. The (Ti,W)C ternary system has been shown to exhibit

complete miscibility at high temperatures [153, 154], and could suggest the availability of

(Ti,W)-rich secondary phases to facilitate the segregation of W from the rocksalt structure.

Comparing to the stable (Hf,Nb,Ta,Ti,Zr)C composition, we see that the largest positive and

negative interaction parameters here are more than two times larger. Further, the distribution

is broader throughout, resulting in fewer pair interactions near the mean-field energy that

can be considered degenerate.

This surface level analysis of the bulk pair interactions is generally in agreement with the

experimental result of a multi-phase composition, but does not provide specific information or
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predictions on the degree of ordering, phase transition temperatures, or the possible availability

of metastable structures. To explore the temperature-dependent ordering tendencies of these

atomic pairs, techniques such as Metropolis Monte Carlo could be implemented to enable the

configurational evolution of a large supercell structure toward an equilibrium ordering.

91



CHAPTER

6

CONCLUSIONS

High-entropy ceramics are a promising new class of materials with the potential for myriad

applications of their tunable structural and functional properties. In this research, it is

shown that the interactions in the local atomic environment are critical for understanding

the atomic-scale phenomena that drive materials properties, and that robust and efficient

parameterizations of the environment dependence are necessary for establishing property

distributions that span the vast range of compositional and configurational degrees of freedom

inherent to high-entropy systems.

For vacancy simulations, it was shown that a set of physical constraints applied to the

simplest form of pair interactions in the high-entropy diboride (Hf,Nb,Ta,Ti,Zr)B2 would

reduce the parameter space by over 55%. The reduced pair model proved to be robust to

overfitting and could produce reliable vacancy energy predictions with a training sample of
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fewer than 200 DFT simulations. Further the parameters from the fitting provide insight into

the pair interactions in the material, and act as a first step in understanding the ordering

tendencies of high-entropy materials.

The defect energies were shown to be a distribution based on the local environment, al-

lowing for a combinatorial solution to the total defect distribution and an accurate evaluation

of the lower tail. Because the most energetically favorable configurations will have a larger

contribution to the bulk vacancy concentration, it was shown through analysis of Boltzmann

statistics that the interactions in the lower third of the distribution contribute nearly all

of the vacancies in the bulk, even at temperatures as high as 2000 K. The vacancy energy

distribution in high-entropy materials is also shown to cause a deviation in the Arrhenius

relationship between vacancy concentration and temperature. Instead, the vacancy concen-

tration behaves as the mean of the distribution only at infinite temperature while diverging

to larger concentrations as temperature decreases.

Stacking faults in the set of group IV, V, and VI early-transition metal rocksalt carbides

can be similarly parameterized by the interactions in the environment surrounding the defect

plane. In this case, a composition-independent and configuration-agnostic parameterization

of the local composition yields a rule-of-mixtures fit with only minor empirical corrections.

The unstable stacking fault and barrier position along the h112̄if111g gamma surface slip

path were found to be well-defined with respect to the intrinsic stacking fault energy by the

Evans-Polanyi-Semenov principle. This relation is ubiquitous in studies of chemical reaction

kinetics, but had not previously been applied to the deformation mechanisms in solids.

As with vacancies, the full distribution of stacking fault energies is obtainable for all

compositions studied, with the first three distribution moments defined by empirical linear

fits to the moments of the distribution of binary energies in the composition. The relative

width of the distribution is tied to the sampling of the local environment, with samples taken

from a gamma distribution defined by the number of atoms contributing to the effective local

interaction. The full stacking fault energy distribution can then be used to estimate a lower
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bound for the equilibrium stacking fault separation, predicting positive effective stacking fault

energies and finite separations for all early-transition metal high-entropy carbide compositions

up to a valence electron concentration of 9.6.

A third pair interaction parameterization was implemented for bulk energy calculations

from the linear sum of atom pairs in one stable and one unstable high-entropy carbides.

Comparing different parameterizations of the pair terms, it was found that regularized

regression techniques did little to change the parameter space, with a “hidden” mean-field

energy retaining information from the omitted parameters. Reducing this term to zero yields

a parameter subset with a well-defined physical interpretation such that the relative pair

affinities are easily compared. Mean-field normalization of the pair-interaction model is

presented as a necessary step in order to implement regularization techniques with physically

interpretable constraints on the parameter space.

The parameterizations of the local environment for defects and bulk energies give insight

into the complexities of the high-entropy phase space. Continuing to find properties in

high-entropy materials that can be defined as a function of their local environments will

enhance understanding of the mechanisms that enable composition tuning with respect

to macroscopic properties. The stacking fault energies distributions provide insight into

barriers for dislocation motion, and can be used to inform experiment to establish meaningful

relationships between the atomic pair interactions and bulk mechanical properties. Similarly,

the bulk energy pair interactions can inform predictions of phase stability and ordering, with

the parameters themselves valuable as inputs to a Monte Carlo type annealing simulation.

Other defects or defect complexes including anion vacancies, oxygen interstitials, twins, and

grain boundaries provide additional opportunities for the implementation of local environment

models to enhance our understanding of disorder phenomena in high-entropy materials.
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