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Chapter 1

Intr oduction to Optimization

Thegoalof anoptimizationproblemis to find apoint ��� in thedomainof theobjectivefunction �
suchthat �������	� is “optimal.” “Optimal” canmeaneithera minimumor maximumof � . However,
a maximumof � is a minimumof 
�� , sowe canexpressevery optimizationproblemasa search
for aminimumof some� . Therefore,theoptimalpoint � � is givenby���
� � �������������� ���
��� (1.1)

where � is the setof pointsnear ��� and � is the objective function. If � is boundedin some
way, we call (1.1) a constrainedoptimizationproblem. If � is ��� , (1.1) is an unconstrained
optimizationproblem.

1.1 BasicSolution Strategy

Let’s considera verysimpleoptimizationproblem,with �����������! . Wewill call ourfirst guessat
a solution �!" . Subsequent(hopefullyeducated!)guessesat thesolutionwill definea sequenceof
iterates,#$�!%'&)(	*,+.- .

Clearly � hasa minimumat � � �/- . Thesolutionto a seriousoptimizationwill rarelybeso
obvious.Theinitial iterate�!" is usuallyagenuineguess,perhapsbaseduponagraphof � showing
theapproximatepositionof thesolution,perhapsbaseduponnothingat all. Let’s pretendwe are
ignorantaboutthelocationof theminimumandchoose�!"0�21 .

Now we needa way to get from �!" to �43 . We would like to move towardsthe minimum,so
it would be goodif ���
�435�768�����!"	� . The derivative of � at �!" , ��9��
�!":� , tells us which way to go
from �!" to reducetheobjective function. If � 9 �
�!":� is negative,moving to theright will reducethe
functionvalue. If ��9
���!":� is positive,moving to theleft will reducethefunctionvalue. In general,
moving alongthex-axisin thedirectionof 
���9��
�!":� will reducetheobjective function. 
���9
���!":� is
thereforecalledadescentdirection.

How far shouldwemovein thisdescentdirection?Thesimplestthingwouldbeto set�43��;�!"<
=� 9 �
�!"	���>1?
@1?AB1C�D
?1
This is unproductive,because�����!":�E�D�����43F� andwe areno betteroff thanwhenwe started.The
solutionis to multiply ��9��
�!":� by afactor GIHJ�K-L(�MON . G is calledthesteplength. Then �43 is givenby�43��;�!"<
=G�� 9 ���!":�

3



4 CHAPTER1. INTRODUCTIONTO OPTIMIZATION

Wecantry differentvaluesof P , startingwith P,QSR , until wefindan T4U thatproducesanacceptable
valueof V�W�T4UFX . Thisprocessis calleda linesearch.

Two questionsimmediatelyarise:

1. “What sequenceof valuesshouldbeusedfor P ?” and

2. “What is an‘acceptable’valuefor V�W
T4UFX ?”

Often,thefirst questionis answeredby takingPZY=Q�[ Y]\_^ Q�` \ R \	ab\�c�cdc (1.2)

wherèfeg[he2R . Moresophisticatedwaysto chooseasequenceof P ’swill bediscussedlater.
Answeringthesecondquestionrequiresthatwedefinetheconceptof sufficientdecrease. This

meansestablishinga criteria to checkthat V�W�T4U5X is ”sufficiently” smallerthan V�W�T!i:X . Onesuch
criteriais V�W�T4UFXje.V�W
T!i	X . This is calledsimpledecrease. Usingthesimpledecreasecondition,we
would takeasthesteplengththefirst PZk suchthatV�W
T!iml@PZknV�o
W�T!i	X5X0epV�W
T!i:X

Unfortunately, simpledecreaseis usually too simple. It canleadto taking very small steps
thatcausetheiterationto stagnateat onepoint. We will usea morecomplicatedideaof sufficient
decreasecalledtheArmijo rule. This requiresthatV�W�T!i<l@P�V�o�W
T!i:XFX�l=V�W
T!i	X0e2lrq�P�stV�o
W�T!i:X$s u
wherèfevqJe�R . Typically qwQSR$`)x)y .

So far we have looked at a problemonly in onedimension,to make the basicsolutionplan
easierto follow. We want to be ableto solve problemswhere T{z}|�~ . Generalizingwhat we
have doneso far to n dimensionsis fairly straightforward. TheN-dimensionalequivalentof the
derivativeis thegradient, � V�Q ��� V� T4U \ � V� T u \�cdc�cd\ � V� T��C� cl � V givesadescentdirectionfor V in N dimensionsjustas V o doesin onedimension.TheArmijo
rule for sufficientdecreasein N dimensionsisV�W
T!��l=P � V�W
T!��XFX�l=V�W�T!��Xje>lrq�P�� � V�W
T!��X'�	u c (1.3)

Usingthegradient,wecangeneralizetheabovemethodfor usein N dimensions.Wewill also
introducethenotationT!� to representthecurrentpoint in theiterationand T�� to representthenext
point in the iteration. This yields theMethodof SteepestDescent, givenhereasAlgorithm 1. A
few refinementsthatimproveSteepestDescentwill beintroducedin thefollowing sections.
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Algorithm 1 SteepestDescent
Pick �!� .
Set �!���.�!�
while �����!��� is not theminimumof � do

Find � suchthat(1.3) is satisfied.
Set �����p�!���=���7���
�!���
Set �!���;��� .

endwhile

1.2 Termination Criteria

OneissueAlgorithm 1 dodgesis how to know when ���
�!��� is theminimumof � . Two theorems
will give usnecessaryandsufficient conditionsto know that �!� is anoptimalpoint. For proofsof
thesetheorems,see[6].

Beforegiving thosetheorems,we mustdefinesomemoreterms.We let ���	���
��� representthe
Hessianof � , where ��� � �����t�E� � � �� ��� � � ��¡
We alsodefinethe termspositive semi-definite,positive definite,andsymmetricpositive definite
(spd).

Definition 1 A matrix A is positivesemi-definiteif �Z¢�£]�.¤¦¥L§�¨��.©.ª¬« . £ is positivedefinite
if �Z¢�£r�S­®¥L§�¨��{©{ª¬«¯§F�±°�²¥ . If £ hasboth positiveand negativeeigenvalues,we say £ is
indefinite. IF £ is symmetricandpositivedefinitewesay £ is spd.

Now wecanpresentthetwo theoremswhichgivetheterminationcriteriafor Algorithm 1.

Theorem 1 Let ��³ bea local minimizerof � . Then �f�:������³_� is positivesemidefiniteand�7����� ³ ���2¥ ¡
Theorem 2 Assumethat ��������³	�´�µ¥ and that ���¶������³	� is positivedefinite. Then ��³ is a local
minimizerof � .

Fromthesetwo theorems,it is clearthatwe would like to stopwhen �������!���r�/¥ . However,
it is very unlikely thatwe will be lucky enoughto landexactlyon theminimum. Even if we do,
it might take a very largenumberof iterations,many of which would only move �!� a very small
distance.Sowewill simplystopwhen �7���
�!��� is “close” to zero.Wecanuse ·O�������!���$· , thenorm
of �������!��� , to measurehow closeto zero �7���
�!��� is. Oneway to checkthatthegradientis “close”
to zerois to seeif ·O�7�����!���'· is significantlysmallerthan ·O�7���
�!�:�'· , i.e.·O�������!���$·?¸º¹:»¼·O�������!�:�$·
where ¥º¸¦¹:»I¸²½ . However, if ·O�7�����!�:�'· is very small, it may not be possibleto satisfy this
conditionwith floatingpointnumbers.Sowe addanabsolutetolerance,¥�¸=¹d¾¿¸�½ :·O�������!���$·?¸=¹O»À·O�������!�¶�'·�Á@¹O¾ ¡ (1.4)
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This algorithmmight fail to find a minimum or take a very long time to find a minimum.
Therefore,it is usefulto limt thenumberof iterationsthealgorithmwill go through.Fromnow on,
ouralgorithmswill incorporatea limit, ÂbÃ¬ÄÀÅ , on thenumberof iterations.

1.3 Refining the DescentDir ection

We have beenusing Æ�Ç7È�É
Å!Ê�Ë as the descentdirection. The linesearchmethodbecomesmore
generalif wereplaceÆ�Ç7È�É
Å!Ê�Ë with ageneraldescentdirection, Ì . With thischange,thesufficient
decreasecondition,1.3,becomesÈ�É
Å!Ê4ÍºÎ�Ì Ë�Æ=È�É
Å!Ê�ËjÏpÐ�Î�Ç7È�É�Å!Ê�ËÒÑ�Ì!Ó (1.5)

We will considerdescentdirectionsbasedon quadratic modelsof È . Justasquadraticmodels
of functionsin ÔIÕ requireinformationaboutthesecondderivative,quadraticmodelsof functions
int Ô¬Ö requireinformationabouttheHessian.Wewill usemodelsof theformÃ×É
Å�Ë�Ø>È�É�Å!ÊÙËÚÍgÇ7È�É�Å!Ê�ËÙÑ�É
Å�ÆhÅ!Ê5ËÚÍÜÛÝ É�Å7ÆhÅ!Ê5ËÙÑ�Þ´Ê	É
Å�ÆhÅ!Ê�Ë (1.6)

where Þ´Ê is anapproximationto the Hessianof È calledthe modelHessian. Þ´Ê is usedinstead
of the actualHessianbecause1.) the Hessianof È may not be known or may be too costly to
calculate;and2.) Þ´Ê is requiredto bespd,a requirementthat the actualHessianmaynot meet.
Thereasonfor this requirementis discussedlater.

Minimizing Ã is, in general,easierthanminimizing È becausewe have a simpleexpression
for Ã . Settingthegradientof Ã equalto zerogivesÇ�Ã×É
Å�ß5Ë�Ø�Ç7È�É
Å!Ê�ËÚÍºÞ´Ê:É�Å�ßàÆhÅ!Ê�Ë�Ø2á (1.7)

whereÅ ß is theminimumof È . Notethat Å ß is only a minimumof È if ÞfÊ is positivedefinite(see
Theorem2). Wewantto movefrom Å!Ê to Å ß becausetheminimumof È is likely to becloseto the
minimumof Ã . Soweset ÌâØãÉ�Å ß ÆäÅ!Ê�Ë , or, using(1.7)ÌâØSÆ�Þ×å ÕÊ Ç7È�É
Å!Ê�Ë (1.8)

(1.8)maynot givea descentdirectionif Þ´Ê is not spd[6]. To insure Þ´Ê is spd,we usuallyletÞ´æ beaclearlyspdmatrix (suchastheidentity)andthenuseoneof two methodswhichguarantee
symmetricpositivedefinitenessto updateÞ´Ê astheiterationprogresses.If we let ç?ØpÅ�è�Æ�Å!Ê andé Ø�Ç7È�É
Å�èêË�Æ@Ç7È�É
Å!Ê�Ë , thenthefirst updateformula,calledBFGSupdate,isÞfèëØ2Þ´Ê�Í é é Ñé Ñ ç Æ ÉnÞfÊ�ç'ËOÉKÞ´Ê�ç'Ë Ñç Ñ Þ´Ê�ç Ó (1.9)

Thesecondupdateformula,SR1,isÞfèIØ;Þ´Ê4Í É é Æ@Þ´Ê�ç'ËOÉ é ÆJÞ´Ê�ç'Ë ÑÉ é Æ@Þ´Ê�ç'Ë Ñ ç Ó (1.10)

Bothof thesetechniquescanbeadaptedto updatetheinverseHessianinsteadof theHessianitself.
This is moreusefulsincewe only needÞ å ÕÊ , not Þ´Ê , to find Ì . Optimizationmethodsthatupdate
anapproximationto theHessianastheiterationprogressesarecalledQuasi-Newtonmethods.
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1.4 Refining the linesearch

Wecanmakethelinesearchmoreefficient. Givenenoughinformationabouttheobjectivefunction,
wecanmodel ì�í�î�ï�ð2ñ�í
ò!ó4ôºî�õ ï
with a polynomial. Then,insteadof using(1.2) to define

î
, we canchoose

î
to minimize

ì!íKî�ï
.

Severalpossiblepolynomialmodelsarediscussedin [6]. Here,it is enoughto saythatwe will be
usingsometypeof polynomialmodelto determinethesteplengthfrom now on.

We alsoneedto modify thelinesearchby puttinga limit on thenumberof times
î

is reduced.
Becauseof thenew sufficientdecreasecriterion,(1.5),it is possiblethatthelinesearchwill notfind
apoint thatmeetssufficientdecrease.Therefore,if thelinesearchdoesnotfind anacceptablepoint
after öë÷2ø ò reductionsin

î
, thelinesearchwill indicatefailure.How thatfailureis dealtwith will

beexplainedlater.
Combiningall theserefinementsto Algorithm 1 leadsto Algorithm 2.

Algorithm 2 ModifiedSteepestDescent
Pick

ò!ù
.

Set
ò!ó�ð.ò!ù

and ú ð;û
Calculate

ñ�í�ò!ó�ï
and ü ñ�í�ò!ó�ï .

while ýOü ñ�í
ò!ó�ï ý�þvÿ�� ýOü ñ�í
ò!ù	ï ý ô ÿ�� and ú � úbö¬ø ò do
Calculatethedescentdirection,

õâð����	��
ó ü ñ�í
ò!ó�ï .
for ö ð�û �
�
� öë÷2ø ò do

Let
î�ð>î � .

if
î

satisfies(1.5) then
Exit FORloop.

elseif ö ð öë÷2ø ò then
Signalfailure.

end if
end for
Set

ò���ðpò!ó��=î!õ
.

Calculate
ñ�í
ò!ó�ï

and ü ñ�í�ò!ó�ï .
UpdatethemodelHessian

�´ó
usingeithertheBFGS(1.9)or SR1(1.10)update.

Set
ò!ó�ð;ò��

.
Set ú ð ú ô��

.
endwhile



Chapter 2

NoisyProblemsand IFFCO

So far, I have dealtonly with “smooth” problems. The methodswe have describedcan fail if
appliedto noisyproblems, problemswith many smallperturbationsandmany localminima.More
specifically, whatwe will call noisyobjective functionsaremadeup of a smoothfunctionplusa
noisefunctionof muchsmallermagnitude.Werepresentsucha functionby

������������� �!���#"%$������
(2.1)

where
�&�������

is theunderlyingsmoothfunction,and
$������

is thelow-amplitudenoisefunction.
$'�!���

is a distractionto therealproblem,which is to find a minimumof
�&�������

. We would like to filter
out thenoiseandleave just

��� �!���
. Thiswouldbeeasyif weknew

$'�!���
explicitly, but wedonot.

In thischapterI will describehow to adaptthemethodswehavealreadydevelopedto work on
suchfunctionsby effectively filtering out thenoise.Thisstrategy is calledimplicit filtering. At the
endof this chapterI will describeIFFCO,a codefor solvingnoisyoptimizationproblemsusing
Implicit Filtering.

2.1 Differ enceGradients

Sofar, we have used( �������
oftenbut ignoredwhereit camefrom. Gradientinformationfor the

functionswe are interestedin optimizing is not usuallyavailable. Many of the functionscome
from complex modelsinvolving differentialequations.They canbevery costlyor impossibleto
differentiate.

We approximate( ���!���
with differencegradients, representedby (*) ���!��� . Thereare three

typesof differencegradients.The + th componentof thecentereddifferencegradientis

� (,) �'�����-�/.0� ���!�1"3254 .��'67�����8692�4 .:�; 2
where

� (,) �'�����-�/. is the + th componentof (,) ������� and
4 .

is theunit vectorin thedirectionof the+ th componentof
�
. If

�8672�4 .
is not in thedomainof

���!���
, < , a forwarddifferencegradientmay

beused: � (,) ���!���-�=.0� �����>"?2�4 .��'67���!���2 @
8
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Figure2.1: A noisyfunction

If B*C3D5E F is not in G , abackwarddifferencegradientmaybeused:

HJI,K�L�H B�M-M/FON L�H B�M�P L'H B8P7D5E F�MD Q
Thecentereddifferencegradientis thepreferredmethodandis alwaysusedif possible.

2.2 The Sizeof R
Obviously the size of D is very important. As D becomesvery small, the differencegradient
approachesthe actualgradient. If D is not small enough,the differencegradientwill not give a
verygoodestimateof theactualgradientof

L
.

Insteadof beinga problem,largervaluesof D areactuallypartof thesolutionto filtering low-
amplitudenoiseoutof noisyobjective functions.Considerthefollowing noisyfunction:L�H B�MSNTB5U�C H Q V M-W
XJY H V[Z�\ B�M Q (2.2)

In thisexample,
L�]^H B�M_N`B U and a H B�M�N H Q V MbW
XcY H VdZ�\ B�M . Figure2.1is a graphof

L�H B�M .
Becauseof thenoisein this problem,accurategradientinformationcanleadour optimization

algorithmthewrongway. If theinitial iterateis on thewrongsideof oneof thesmalloscillations,
thedescentdirectioncouldvery easilypoint away from theglobalminimumat B�e>Ngf . Even if
thedescentdirectionis theright one,thealgorithmwill likely becometrappedin oneof thelocal
minimabeforeit reachesB e Nhf .

However, if we usea differencegradientwith a relatively large D , we canignorethelow-level
noise. By usinga grosserapproximationto the gradient,we effectively filter out the relatively
smalleffectof a H B�M . Take, for example,B5ijNkP Q lmZ and DnN Q omZ . ThecentereddifferencegradientI,K�L'H B5ipM is P o Q V , which makes the descentdirectionpositive and fairly large. This meansthe
linesearchshouldtakeagoodsteptowardstheglobalminimumat BqN`f .
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Obviously, we will not geta very goodsolutionif we leave r	sutwvmx in subsequentiterations.
It hasserved its purposein letting the iterationmove towardsthe global minimum,but oncewe
get in the neighborhoodof y�z , the large r will only causeproblems.We would like to have an
increasinglyaccurategradientastheiterationprogressesand(hopefully)getscloserandcloserto
theglobalminimum.

Thesolutionis to let r go to zeroastheiterationprogresses.We choosea sequenceof r|{ , for
instance,

r|}~skt�x��pr|{�����s r|{v t
Implicit Filtering is anoptimizationalgorithmfor noisyfunctionsbasedontheideaof filtering

outnoiseby changingr astheiterationprogresses.It is verysimilarto Algorithm2 with difference
gradients.r is reduced,i.e. r|{ is replacedby r|{���� , whenoneof threethingshappens:

1. Thelinesearchfails.

2. More than ���q�my iterationsaretaken.

3. Thenew terminationcriterion,basedon thesizeof r , is met.Thiscriterionis:���,����� y�� ���?� r
for some

���T�
.

Algorithm 3 summarizesImplicit Filtering.

2.3 IFFCO

IFFCO(Implicit Filteringfor ConstrainedOptimization)is theimplicit filtering algorithmusedfor
thework describedin therestof thispaper. It is basedonAlgorithm 3 andimplementedin Fortran.
IFFCOwasoriginally writtenby PaulGilmoreandTim Kelley. It waslatermodifiedby Tony Choi
andOwenEslinger.
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Algorithm 3 Implicit Filtering
Pick �5� .
Set �5�����5� , �,��� , and �|������  .
Calculate¡�¢��5�¤£ and ¥*¦�¡�¢��5�¤£ .
while �¨§`�5©�ªc« do

while ¬�¥,¦�¡�¢!�5�¤£d¬�­%®5� and �°¯`��±q²m� do
Calculatethedescentdirection, ³1��´�µ·¶�¸� ¥,¦d¡�¢!�5�¤£ .
for ±¹���j�
�
�b±�©h²m� do

Let º°�hº|» .
if º satisfies(1.5) then

Exit for loop.
elseif ±¹��±�©h²m� then

Signalfailure;reduce� andgo to thenext iterationof theouterwhile loop.
end if

end for
Set ��¼½���5��´7º5³ .
Calculate¡�¢!�5�¤£ and ¥*¦�¡�¢��5�¤£ .
UpdatethemodelHessianµ*� usingeithertheBFGS(1.9)or SR1(1.10)update.
Set �5���T��¼ .
Set �8���¿¾�À .

endwhile
Set �n� ¦ Á .

endwhile



Chapter 3

Application of IFFCO to Optimization of
Natural GasPipelines

Thenaturalgasusedin our homesandbusinessesis usuallytransportedthrougha highly devel-
opedsystemof cross-countrypipelines[7]. A schematicdiagramof a simplifiedgastransmission
network is shown in Figure3.1.At pointsin thenetwork,partof thegas(usuallyestimatedat three
to fivepercent[2]) is burnedto driveenginesatcompressorstations.Thesecompressorspressurize
thegasin orderto drive it throughthepipeline.Thecostof thegasusedto power thecompressors
accountsfor 25 to 50% of a typical gastransmissioncompany’s operatingbudget[7]. At 1998
U.S.prices,thecostof thegasburnedin this fashionwasabouttwo billion dollarsperyear[2]!

It is not surprising,then, that a commonoptimizationproblemin the industry is, given the
supplyanddelivery flows, to minimize the amountof gasburnedby the compressors.I applied
IFFCO to threeproblemsof this type. Figures3.2, 3.3, and3.4 show the problems,which will
be referredto, respectively, asProblemsA, B, andC. The verticalaxis is the amountof gas(in
thousandcubic feet per day) usedfor fuel in a compressorstation. The horizontalaxesaretwo
flow variables.Theflow variablesmaybeinlet or outletflowsor aKirchoff Law representationof
possibleflow splitsbetweenalternativepaths.

Evaluatingtheobjective functionfor a combinationof theflow variablesinvolvesoptimizing
pressuresettingsthroughoutthenetwork to achieve thoseflows. This is accomplishedby solving
a large combinatoricproblemusing non-sequentialdynamicprogramming[2]. For someflow
settings,thisproblemdoesnothaveasolutionandtheobjectivefunctionwill fail to returnavalue.

Figure3.1: Schematicof a SimpleGasTransmissionNetwork [7]

12
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This is thecasein Figures3.2,3.3,and3.4in areasoverwhichnosurfaceis plotted.Thissituation
is discussedin moredetailin Chapter4.

Thediscretevariablesembeddedin theseproblemsgiverisetosomeof thediscontinuitiesin the
landscapes[4]. Therealitiesof thecompressorstationsthemselvesleadto more.Thecompressor
stationsconsistof from oneto morethantwenty compressors.Sometimesthe compressorsare
of different typesinstalledover the years. Even when they are of identical manufacture,they
rarelyoperatewith thesamecharacteristics,dueto unevenwearandtearover theyears[1]. The
compressorscanbeturnedonandoff in differentcombinations.

Thediscontinuitiesof ProblemsA (Figure3.2)andB (Figure3.3)areprobablydueto individ-
ual compressorsin stationsturningon andoff andthediscontinuouscontrolsfor certaintypesof
engines.Thediscontinuitiesof ProblemC (Figure3.4)arelikely causedby thefact thatshutting
down andrestartingastationcancostasmuchasrunningit for severalhours.

In studyingtheseproblems,I worked with linear interpolationsof dataprovided by Richard
G. Carter, LeadResearchScientistat StonerAssociates,Inc., in Houston,Texas. I workedwith
interpolateddataratherthan actually evaluatingthe function to protectproprietarydataand to
makeit easyto distributetheproblemsto thewidercommunity. It alsogreatlyreducedtheamount
of timerequiredto evaluatetheobjective function.



Chapter 4

Hidden Constrants

TheproblemsI studiedcontainedhiddenconstraints,andthis poseda problemfor IFFCO.In this
chapter, I describehiddenconstraints,how they appearin theseproblems,andwhatproblemsthey
presentfor IFFCO.ThenI presenttwo waysof dealingwith hiddenconstraints.

4.1 Definition

Recallthatthegoalof aconstrainedoptimizationproblemis to minimizea function Â in adomainÃuÄ`ÅÇÆ
. IFFCOfindslocalminimizersfor suchproblems.A localminimizeris È�ÉËÊ Ã

suchthat

Â�Ì!È ÉpÍ~Î Â�Ì�È Í for all È½Ê Ã
nearÈ É

Theconstraintson thedomain
Ã

canbegivenassimpleboundconstraints,non-linearconstraints,
or hiddenconstraints.Simpleboundconstraintsgive a rectangularareain

ÅÇÆ
. Thegeneralform

of simpleboundconstraintsis

ÏmÐ Î È Ð Î�Ñ Ð/ÒÔÓ�Õ�ÖmÒ�×�Ò
Ø
Ø
Ø^Ò�Ù
Non-linearconstraintsboundthevaluesof at leastoneof thecomponentsof È by anon-linear

equation.An exampleof a non-linearconstrainton Ì�È Í=Ú in
Å Ú

is

Û Î Ì�È ÍÔÜ�Î Ö
Ì�È Í Ú Ü Î Ì�È Í=Ú�Î Ö

Theconstraintson
Ã

arenot alwaysknown. In this case,they arecalledhiddenconstraints.
Hiddenconstraintsmay be simpleboundconstraintsor non-linearconstraints,or they may not
conformto any rule which is easyto write down. Theonly thing to do in a domainwith hidden
constraintsis to try evaluatingthe objective function Â at a point È . If Â returnsa valueat È , È
is in the domainandis calleda feasiblepoint. Otherwise,È is not in the domainandis termed
infeasible.

Importantly, hiddenconstraintscanbe discontinuous.This meansit is not safe,in general,
to assumeÂ is definedeverywherebetweentwo feasiblepoints. For example,if ÂÞÝ Å Ü*ß Å Ü
is definedat È Õ × and È Õáà , it is not necessarilythe casethat Â is definedfor ÈâÊäã ×�Ò�à&å .

15
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Discovering æ to be feasibleonly giveslimited information. It tells us that thereis a (possibly
very small)neighborhoodof feasiblepointsaroundæ , but thereis no way to know how largethat
neighborhoodis.

The problemsI studiedcontainhiddenconstraints.Recall that the domainof optimization
consistsof valuesfor two flow variables.Evaluatingthe objective function involvesoptimizing
pressuresettingsthroughoutthesystemto achievethoseflows. For someflow settings,thiscannot
be done,and the objective function fails to return a value. The combinationsof flow settings
for which theobjective functiondoesnot returnaretheinfeasibleregionsin theseproblems.The
natureof themachineryinvolvedmakestheinfeasibleregionsdisconnectedanddifficult to predict.
However, in the threeproblemsI studiedthefeasibleregion wasgenerallysurroundedby a large
infeasibleregion,andsometimescontainedother, muchsmaller, infeasibleregions.Theinfeasible
regionsarevisible in Figures3.2,3.3,and3.4asareasoverwhichnosurfaceis plotted.

4.2 The problemwith hidden constraints

Hiddenconstraintsposea problemfor IFFCO’s methodof taking differencegradients. It may
happenthatoneor moreof thepointsin thedifferencegradientstencillie in aninfeasibleregion.
If so, IFFCOobviously cannotusethevalueof theobjective functionat thatpoint in calculating
thegradient.We wouldstill like to usetheinformationIFFCOhas,i.e. thevaluesof theobjective
functionat feasiblepointson thestencil,to calculatesomethinglike a differencegradientwhich
will let IFFCOavoid theinfeasibleregion andhopefullymovetowardstheminimum.Whenthere
areno infeasiblepointson thestencil,IFFCOshouldactnormally.

4.3 Method 1

Onesimplesolution,whichI will call Method1, is tosettheobjectivefunctionin infeasibleregions
to an artificial value greaterthan any expectedfunction value. This will causethe difference
gradientto point into the infeasibleregion, andthe linesearchdirectionto point away from the
infeasibleregion (rememberthattheline searchdirectionis, roughlyspeaking,theoppositeof the
gradient).

Method1 is easyto implement,andit accomplishesthegoalof keepingIFFCOawayfrom the
infeasibleregions.Unfortunately, usinganartificially high valuecanmake thegradienttoo large.
The linesearchwill start far away from the current iterate,possiblyeven in anotherinfeasible
region! Even if the linesearchstartsin a feasibleregion, it could take many functionevaluations
to find a point which meetsthesufficient decreaserequirement,especiallyif thecurrentiterateis
neartheminimum.

Figure4.1 shows how Method1 might go to an undesirablepoint in problemB. The graph
shows the domainof the objective function. The gray region is feasible;the white region is in-
feasible. IFFCO’s initial point is the point marked A, andpoint M is the function’s minimum.
To calculatethe differencegradient,IFFCOsamplestheobjective functionat points1, 2, and3.
Becausethe function is infeasibleat points1 and3, it is assigneda valueof ç[èêé at thesepoints.
Table4.1lists thefunctionvaluesMethod1 givesat thefour pointson thestencil.
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Figure4.1: Behavior of Methods1 and2

ThedifferencegradientIFFCOcalculatesusingthesefunctionvaluespointsupandto theleft,
andits norm is ëíìïîíð[ñóò�ô . IFFCO’s linesearchdirection,which is the oppositeof the gradient,
pointsdown andto theright. Becausethegradientis solarge,IFFCO’s linesearchdirectionis the
projectionof theoppositeof thegradientontothedomainboundary. Thefirst point theline search
tries is point B, in the lower right cornerof thedomain. B is away from theminimumandin an
infeasibleregion;clearlyit is notadesirablepoint. In thiscase,theline search’ssufficientdecrease
conditionpreventsIFFCOfrom acceptingB asthenew point,sincethereportedfunctionvalueat
B ( ð[õêö ) is muchlargerthanatA. However, IFFCOmuststill wasteseveralfunctionevaluationsin
theline searchto discover its mistake.

Table4.1: Functionvaluesfor Method1 in Figure4.1
Point FunctionValue

A ÷|ìwømùêômñSò3ø
1 ðmìïõmñ~ò7ô
2 ÷|ìúð
ømõmñSò3ø
3 ðmìïõmñ~ò7ô
B ðmìïõmñ~ò7ô

4.4 Method 2

A betterway to deal with infeasiblepoints is to assignthem the largestfunction value at any
feasiblepointon thestencil.I will call thisMethod2. ThismethodalsogivesIFFCOapushaway
from the infeasibleregion, but now the pushis proportionalto the sizeof the function nearthe
currentiterate.

UsingMethod2, theexamplein Figure4.1hasmoredesirablebehavior. Thelargestvalueata
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feasiblepoint on thestenciloccursat point A, sothis valueis usedfor theinfeasiblepoints1 and
3. Table4.2 lists thefunctionvaluesMethod2 givesat thefour pointson thestencil.

Usingthesevalues,IFFCOcalculatesa muchsmallerdifferencegradientthanwith Method1.
Thehorizontalcomponentof thegradientis zero,sincetheperceiveddifferencein functionvalues
betweenA and1 is zero. This meansthe linesearchdirectionis straightdown. Sincethe norm
of thegradientis muchsmaller( ûmüwýêþmÿ���� comparedto �íü��íû[ÿ���� for Method1), the linesearch
stepis shorter, andthelinesearchmovesto point C. This point hasseveraladvantagesover B, the
point Method1 found. Sincethefunctionat C is smallerthanat A, the linesearchonly takesone
function evaluation. Point C is in the feasibleregion, so on the next stepIFFCO canusethree
feasiblepointsin calculatingthedifferencegradient,insteadof thetwo it hadto work with at the
initial iterate.Also, C is in thedirectionof theminimum,insteadof off to theright of thedomain.

Table4.2: Functionvaluesfor Method2 in Figure4.1
Point FunctionValue

A 	|ü
�mý��mÿ��
�
1 	|ü
�mý��mÿ��
�
2 	|üúû��mþmÿ��
�
3 	|ü
�mý��mÿ��
�
C �íü
���íû[ÿ��
�

4.5 Comparisonof Methods1 and 2

Tables4.3, 4.4, and4.5 comparethe resultsof usingMethods1 and2 on ProblemsA, B, and
C. The tablesshow the initial iterate( ��� ), numberof functionevaluations(“Functions”),andthe
minimumIFFCOfound(“Minimum”) for eachproblem.In eachtable,thefirst initial iterateis the
centerof thedomainfor thatproblem. Theotherinitial iteratesareneartheedgeof the feasible
region,wheretheproblemwith hiddenconstraintsis mostlikely to occur.

Method2 is not superiorin every case. In ProblemA especially, Method2 sometimestook
significantlymorefunctionevaluationsto find thesameminimumasMethod1 (althoughin exam-
ple 2, it interestinglyfounda betterminimum. In this casetheextra functionevaluationsmaybe
justified). In othercasesit is only faster, if at all, by oneor two functionevaluations.In still other
cases,it is clearlysuperior:on ProblemB, Method2 convergedabout12.5%fasterin example1
andabout25%fasteronexample3.

It is somewhatunfair to comparethetwo methodsin thisway. Methods1 and2 follow different
iterationhistorieswhenthey encounterinfeasiblepoints. That cansignificantlyeffect how long
IFFCO takes to find a minimum and what minimum it finds, just as choosingdifferent initial
iteratescan sometimesdrasticallychangethe numberof function evaluationsor the minimum
found. Method2 protectsIFFCOfrom a possiblycostlyerror, andif it doesnot alwaysconverge
fasterthanMethod1, it at leastdoesnotconvergemuchslower. Thereforewechoseto useMethod
2.
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Table4.3: Comparisonof Methods1 and2 in ProblemA
Method1 Method2��� Functions Minimum Functions Minimum

1. (0, 27.5) 55 3271 55 3271
2. (-150,150) 72 3271 92 3242
3. (150,-50) 71 3269 77 3270
4. (100,200) 79 3235 85 3235

Table4.4: Comparisonof Methods1 and2 in ProblemB
Method1 Method2��� Functions Minimum Functions Minimum

1. (40,182.5) 72 3208 63 3208
2. (100,160) 62 3208 62 3208
3. (140,75) 69 3208 52 3208

Table4.5: Comparisonof Methods1 and2 in ProblemC
Method1 Method2��� Functions Minimum Functions Minimum

1. (43.5,3.06) 97 4041 97 4041
2. (160,3) 63 4063 62 4063
3. (160,3.8) 101 4063 101 4063



Chapter 5

Computational Experiments

In this chapterI describethe computationalresultswe achievedby runningIFFCOon Problems
A, B, andC.

5.1 IFFCO Parameters

IFFCOhasanumberof parameterswhichmustbe“tuned” for usewith eachproblem.IFFCOwill
generallyperform“ok” with the default valuesfor theseparameters.However, IFFCO’s perfor-
mance,measuredin termsof thenumberof functionevaluationsandthehow small theminimum
it findsis, canbe improvedby changingtheparameters.Sincetheseproblemswerevery simple,
I wasableto run IFFCO multiple timeson eachproblemto determinewhich parametersettings
workedbest.Thebestparametersfor eachproblemarenot necessarilythesame.Sincethegoal
wasto find parametersthatwork in generalfor this classof problems,I usedtheparametersthat
seemedto give thebestperformance,onaverage,onall threeproblems.

Sincethe choiceof an initial iteratecangreatlyaffect IFFCO’s result, I set ��� equalto the
centerof the boundingbox in eachproblemin order to be able to comparethe resultsacross
problems.Table5.1lists the“best” parametersI foundfor IFFCOon theseproblems.TheIFFCO
runsdescribedin thenext sectionall usedtheseparameters.For a full explanationof whateach
parametermeans,see[5].

A coupleof exampleswill illustratethetypeof impactthechoiceof theseparameterscanhave,
aswell astheway I madechoicesaboutwhatparametersto use.

First, considerselecting������� , thesmallestvalueof � used.Too largea valuecancut off the
algorithmbeforeit getsvery closeto theminimum; too smalla valuecancausethealgorithmto
wastefunction evaluationsfor very small improvementsin the objective function value. I tried
������� equalto ��� � ! , �"� �$# , and �"�$� % . Table 5.2 shows the resultsof this experimentfor each
problem.

Reducing���&�'� to �"� �$# significantlyreducedtheminimumfoundin ProblemsA andB, at the
costof morefunctionevaluations.Furtherdecreasing���&�'� substantiallyincreasedthenumberof
functionevalationsbut did not maketheminimummuchbetter. I decidedto set ���&�'�)(*��� �$# .

Now considerthetaskof selectinganappropriatevaluefor �,+-�/.103254 , thenumberof reductions
in thesteplengthbeforethelinesearchsignalsfailure. I experimentedwith �,+6�/.103254 equalto � , � ,7
, and 8 . Theresultsaretabulatedin Table5.3

20
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Table5.1: “Best” parametervaluesfor usewith IFFCO
Parameter Value
fscale 9�:<;
minh =->3?A@
maxh B
C
Max iterationsateachD E
Max functionevaluations) 9�:6:6:
restarts :
termtol 9
maxcuts 9
Quasi-NewtonUpdateType SR1
Minimum Strategy takemin ascurrentpointatnew step
Quasi-NewtonUpdateStrategy re-initializeB if activesetchanges

Table5.2: Experimentationwith F�G�H'D
ProblemA ProblemB ProblemC

Function Function Function
F�G�H'D Evaluations f Evaluations f Evaluations f

9": > @ C�I E6=6J�:KB
J6C L$J E-=�:�MKB
E I�L L6:�L$=NB�:-J
9": >$; 969�L E6=�O6IKB�I J<L E-=�:�MKB
E 9�L-O L6:�LP96BQ9"I
9": > R 9SC�O E6=�O6IKB�M 9S=N9 E-=�:�MKB
E 9SJ6= L6:�LP96BQ9"M

One can seethat increasingF,T6U/VXW3Y5Z beyond 9 resultedin little or no improvementin the
minimumfoundandincreasedthenumberof functionevaluations. F,T6U/VXW3Y5Z\[]9 actuallysaved
functionevaluationsover F,T6U/VXW3Y5Z^[_: , however, soI choseto set F,T6U/V1W�Y5Z`[*9 .

Decisionson the otherparametersweremadein a similar fashion. It is possiblethat other
parameterswould give slightly betterresults,or requireslightly fewer functions,but it is unlikely
thatthedifferencewouldbesignificant.

5.2 ResultsUsing IFFCO

On ProblemA, IFFCOfounda minimum ab[cE-=�=�MKB�I6: after 9�L$J functionevaluations.Thecon-
vergenceof IFFCOfor thisproblemis plottedin Figure5.2.

OnProblemB, IFFCOfoundaminimum a,[dE-=<:6MKB�E6: in O6O functionevaluations.Theconver-
genceof IFFCOfor thisproblemis plottedin Figure5.2.

On ProblemC, IFFCO found a minimum a_[]L-:6O6MNB
:6I in O�I functionevaluationsusingthe
parametersfrom Table5.1. Theconvergenceof IFFCOfor thisproblemis plottedin Figure5.2.

A featureof IFFCO which hasnot beenmentionedbeforeis the ability to performrestarts.
Thismeanstakingthefinal point IFFCOfindsandusingit astheinitial iteratein acompletelynew
runof IFFCO.OnProblemC, usingonerestartfoundabetterminimum.However, restartsarenot
generallyuseful;onProblemsA andB a restarthadnoeffect.
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Table5.3: Experimentationwith e,f6g/h1i�j5k
ProblemA ProblemB ProblemC

Function Function Function
e,f-g/h1i3j5k Evaluations f Evaluations f Evaluations fl m�m�n o-p�q�rKs
r t<n o6p�u6vKs�o m�n6q n-u�nPm6s
p
o m�u6v o-p�q�rKs
r t<n o6p�u6vKs�o m"o6t n-u�nPm6s
p
p m�u�n o-p�q�rKs
r t<n o6p�u6vKs�o m"oNm n-u�nPm6s
p
m m�u6u o-p�q�rKs
r t<n o6p�u6vKs�o mSp�l n-u�nPm6s
p
u m�u6v o-p�q�rKs
r t<n o6p�u6vKs�o m"o6t n-u�nPm6s
p
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Figure5.1: Convergenceof IFFCOin ProblemA

5.3 A Hybrid Approach

Better resultson theseproblemscanbe obtainedat lower cost in termsof function evaluations
usingahybridapproach,whichis describedin [3]. Thisapproachgivesanotheroptimizationcode,
DIRECT, a fixedbudgetof functions.Thebestpoint DIRECT finds is passedto IFFCOasa the
initial point. DIRECT is a goodalgorithmfor globalsearchon non-smoothfunction. IFFCOhas
betterlocal convergencepropertiesthanDIRECT. Sincethe initial point DIRECT givesIFFCO
is closeto the minimum, IFFCO canconverge to the minimum fasterthanDIRECT alone. The
combinationof thetwo is moreefficient thateitheralone.
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Chapter 6

Parallel Computing

Parallelcomputationcanoffer significantspeedadvantagesfor somealgorithms.Section6.1will
explain,in asimplisticway, someof theissuesof parallelcomputing.Section6.2will explainhow
IFFCOcanbeparallelized.

6.1 Overview

Mostpersonalcomputersrunprogramsin serial.Thismeansinstructionsareexecutedsequentially,
oneafter another. In a serialcomputer, only oneprogramcanrun at a time. Modernoperating
systemscreatetheillusion thatmany programsarerunningat onceby switchingrapidly from one
to another.

Parallelcomputersexecutemany instructionsatonceby runningprogramsonmany processors.
A parallelcomputermayberunningadifferentprogramoneachprocessor, or eachprocessormay
berunningadifferentpartof thesameprogram.It might seemthat,givena parallelmachinewith
four processors,onecoulddividea programinto four parts,run eachpartona separateprocessor,
andfinish in one-fourththe time requiredfor a serial implementation.In practice,thingsrarely
work outquitesowell.

To seewhy, considermultiplying two vectors,w and x , of lengthfour. This requiresfour mul-
tiplicationsandthreeadditions.On a serialcomputer, eachoperationwould bedonesequentially,
andall togetherthey wouldtakesevencycles(assumingmultiplicationandadditiontakeonecycle
each).Onaparallelmachinewith four processors,all themultiplicationscanbedoneatonce,each
onaseparateprocessor, in onecycle. Next, oneprocessorcancomputew�yzx-y6{|w�}~x�} while asecond
processorcomputesw��~x���{�w��~x�� . This alsotakesonecycle. Finally, oneof theprocessorscando
thefinal addition.All together, theparallelimplementationrequiresthreecycles,for a speedupof�6���

. This is significant,but it is not one-fourththetime theserialversionrequires.
This exampledemonstratesseveral importantconceptsof parallelcomputing.First, not every

part of a problemis fit to be parallelized. Sometimes,one operationdependson the result of
another, asthethird additionin thevectormultiplicationexampledependsontheresultsof thefirst
two additions.In thiscase,thosetwo partsof theproblemcannotbeexecutedin parallelwith each
other. Whensomepartof analgorithmconsistsof operationswhichcanbedoneat thesametime,
wesayit exhibitsparallelism.

24
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Second,throwing moreprocessorsat a problemdoesnot alwaysreducethe time requiredto
solveit. If wehadeightprocessorsto runthevectormultiplicationon,wecoulddoit nofasterthan
3 cycles,sincethereis no work for thefour additionalprocessors.Theproblemsimply cannotbe
dividedfurther. Thenumberof processorsa problemcanbedivided(or scaled)ontodetermines
theproblem’sscalability.

Third, thereis the issueof load balancing. We assumedthat every operationin the vector
multiplicationwould take thesameamountof time. If this is not thecase,thensomeprocessors
will end up waiting, with nothing to do, while anotherprocessorfinishesa longer task. Load
balancingstrategiesaimto distribute(roughly)thesameamountof work to eachprocessorsothat
idle processortime is keptto aminimum.

Finally, wemustconsiderthetimerequiredfor communicationbetweenprocessors.Theparal-
lel computingenvironmentsIFFCOhasrunon aredistributedmemorymachines,like mostof the
largestparallelcomputingmachines.This meanseachprocessorhasits own privatestoreof data.
If oneprocessorneedssomethinganotherprocessorknows, thetwo processorshave to communi-
cate.This takestime. Soit is not truethattheparallelimplementationof thevectormultiplication
would takeonly threecycles.Thereis additionaloverheadfor communication.Communicationis
oneof thebiggestculpritsin slowing down parallelcomputation.

Thereare two main standardsfor communicationin distributedmemoryparallelcomputing
environments. PVM (Parallel Virtual Machine)was the mostwidely usedstandarduntil a few
yearsago.Now, MPI (MessagePassingInterface),first introducedin 1994,haslargelysuperseded
PVM. The parallelversionof IFFCO usesPVM for inter-processorcommunications.A port of
IFFCOto MPI sometimein thefutureis likely.

This sectionhaspresenteda gloomyview of parallelcomputing,outlining the problemsthat
cancomeup. However, parallelcomputingtechniquescansignificantlyreduceruntimesif applied
properlyto algorithmsthataregoodcandidatesfor parallelization.IFFCOis suchanalgorithm.

6.2 Parallelism In IFFCO

IFFCO’s basicalgorithmgivesusa naturalway to implementparallelism.Algorithm 3 givesthe
serialalgorithmfor IFFCO.Twooperationsin algorithm3 involveevaluatingtheobjectivefunction�

multiple times:

� Calculatethedifferencegradient��� �������
� Performa linesearchin thedirection �

Importantly, noneof thesefunctionevaluationsaredependentontheothers.In otherwords,finding
thefirst functionvalueneededto form ��� ������� hasnothingto dowith finding thesecondfunction
value,andfindingthefirst valuein thelinesearchhasnothingto dowith findingthesecond.IFFCO
cantakeadvantageof thisonaparallelmachineby sendingeachfunctionevaluationto adifferent
processor. In theparallelimplementationof IFFCO,oneprocessorservesasthemaster, sending
instructionsto theotherprocessorsto evaluate

�
atcertainpointsandinterpretingtheresults.The

otherprocessorsareslaves; their solejob is to evaluate
�

at the point given themby the master
processor.
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Figure6.1: SerialIFFCOExample

Figure6.2: ParallelIFFCOExample

6.2.1 Comparisonof Serial and Parallel IFFCO

If thedomainof � is in �)� , calculating����������� requiresfrom � to ��� functionevaluations.De-
pendingon how quickly thesufficient decreaseconditionis met(if it is metat all), thelinesearch
cantakeupto �¡ ��|¢d£6� functionevaluations.So � maybeevaluatedasmany as �<�¥¤¦� times
in oneiterationof IFFCO.

Dependingon theapplication,evaluating � cantake minutesor evenhours. In fact, function
evaluationsoftentake solong comparedto therestof thework IFFCOdoesthatthetotal time for
oneiterationof IFFCO is approximatelythe sameasthe time spentdoing function evaluations.
Considera specificexamplewhere �§ ¨� , �  ª© , anda function evaluationtakesaboutone
minute.In aserialimplementationof IFFCO,thefunctionevaluationsmustoccuroneafteranother
(seeFigure6.1),takingup to �&�¬«"��¤�©-�­«-® minute  d¯ minutesfor oneiterationof IFFCO.

Now assume�<�° _± processorsareavailableto IFFCOin aparallelmachine.Now thefunction
evaluationscanbeperformedasin Figure6.2. All four functionevaluationsfor thegradientare
doneat once,on four separateprocessors,andthencombinedon oneprocessorto form ����������� .
This takes roughly oneminute. The maximumof threefunction evaluationsfor the linesearch
canalsobeperformedsimultaneously, on threeseparateprocessors,which againtakesaboutone
minute. So the total time for oneiterationof parallelIFFCOis two minutes,comparedto seven
minutesin theserialcase.
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6.2.2 Scalability of IFFCO

Noticethatatmost ²,³6´¶µ�·<¸¶¹~²|º processorscanbeusedatatimein thisparallelimplementationof
IFFCO.Allocatingmorethan ²,³6´¶µ�·<¸¶¹~²|º processorsto IFFCOwill notspeedupits performance;
theextraprocessorswill remainidle.

In practice,weusuallyrun IFFCOon »½¼_¾ processors,where » evenlydivides ¸ . Thismeans
thefunctionevaluationsfor thedifferencegradient(rememberthattherearebetweeņ and ·�¸ of
them)canbe fairly evenly distributedbetweenthe processors.Theextra processoris themaster
processor.

Moreprocessorscanbeutilizedandperformancefurtherincreasedif thecalculationof ¿ itself
hassomesort of parallelism. In this case,eachslave processorcontrolsotherslave processors
whicheachdopartof thework of evaluating¿ .

6.2.3 Load Balancing in IFFCO

The precedingdiscussionhasoversimplifiedseveral points for the sake of explanation. Oneof
themis the assumptionthateachfunctionevaluationtakesthe sameamountof time. In the real
world, thetime it takesto evaluate¿�µ�´�º canvarygreatlydependingon ´ . For instance,́ couldbe
a vectorof parameters,suchasdampingconstants,passedto anODE solver to simulatea system
involving springs.Dependingonthedampingconstants,thesystemcouldtakeaveryshortor very
long time to solve.

Further, wegenerallydon’t havetheluxury of oneprocessorperevaluationof ¿ . This,plusthe
differencein timebetweenevaluationsof ¿ , leadsto loadbalancingproblemsin IFFCO.

As a specificexample,take thetaskof calculatingÀ�ÁS¿�µ�´�º on two processorsusingfour func-
tion values: ¿�µ�´�ÂÃº , ¿�µ�´�Ä1º , ¿�µ�´�ÅXº , and ¿�µ�´3ÆÇº . We mightfirst think of dividing thework like this:

Processor1 Processor2
¿�µ�´�ÂÈº ¿�µ�´�ÅXº
¿�µ�´�ÄXº ¿�µ�´3ÆÇº

This strategy is simple,but naively assumesthat all four function evaluationstake the same
amountof time. Suppose,instead,that ¿�µ�´�ÂÈº takesthreetimesaslong asthe othersto evaluate.
Thesituationis depictedin Figure6.3. In this scenario,Processor2 couldhave evaluated¿�µ�´�ÅÉº ,
¿�µ�´3ÆÇº , and ¿�µ�´�Ä1º in thetimeit tookProcessor1 to evaluatejust ¿�µ�´�Â5º . Furthermore,Processor2 is
idle half thetime. This is a pessimisticcase,but it canariseandIFFCO’s strategy for distributing
¸ function evaluationsto Ê processorsis designedto guardagainstit. This strategy is given as
Algorithm 4.

Algorithm 4 Distribute
Distributethefirst ¸ pointsto processors¾�ËÌË�Ë&Ê
while Therearepointsleft do

Give thenext point to thefirst processorthatfinishesits assignment
endwhile
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Figure6.3: BadLoadBalancing

Figure6.4: GoodLoadBalancing

Algorithm 4 changesthesituationin Figure6.3to thatin Figure6.4. Thetime requiredis one
minuteless,andProcessor2 is no longeridle half thetime. Of course,thetimingswon’t normally
work outsoneatly.

In thecasethatall the functionevaluationstake aboutthesametime, this strategy doeswhat
our intuition suggestedat thebeginning: it distributes(approximately)Í�ÎXÏ functionevaluationsto
eachprocessor.
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