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Chapter 1

Intr oduction to Optimization

Thegoalof anoptimizationproblemis to find a pointz* in thedomainof the objectivefunction f
suchthat f (z*) is “optimal” “Optimal” canmeaneithera minimumor maximumof f. However,
amaximumof f is aminimumof — f, sowe canexpressevery optimizationproblemasa search
for aminimumof somef. Thereforetheoptimalpointz* is givenby

f(") = min f(z) (1.1)

where D is the setof pointsnearz* and f is the objectve function. If D is boundedin some
way, we call (1.1) a constrainedoptimizationproblem. If D is R", (1.1) is an unconstrained
optimizationproblem.

1.1 BasicSolution Strategy

Let's considera very simpleoptimizationproblemwith f(z) = z2. We will call ourfirst guessat
asolutionzy. Subsequenthopefullyeducated!)guessestthe solutionwill definea sequencef
iterates{zx}, k£ > 0.

Clearly f hasa minimumat z* = 0. Thesolutionto a seriousoptimizationwill rarely beso
obvious. Theinitial iteratex, is usuallyagenuineguessperhap®asediponagraphof f shaving
the approximatepositionof the solution,perhapgaseduponnothingatall. Let’s pretendwe are
ignorantaboutthelocationof theminimumandchooser, = 2.

Now we needa way to getfrom z, to ;. We would like to move towardsthe minimum, so
it would be goodif f(z1) < f(x). Thederiative of f atz,, f'(z), tells uswhich way to go
from z, to reducethe objective function. If f'(x,) is negative, moving to theright will reducethe
functionvalue. If f'(zq) is positve, moving to theleft will reducethe functionvalue.In general,
moving alongthe x-axisin thedirectionof — f’(z,) will reducethe objective function. — f'(z,) is
thereforecalleda descentirection

How far shouldwe movein this descentlirection?The simplestthing would beto set

$1:$0—f,(.’170):2—2'2:—2

Thisis unproductve, becausef (zo) = f(x1) andwe areno betteroff thanwhenwe started.The
solutionis to multiply f'(z¢) by afactor\ € (0, 1]. A is calledthesteplength Thenz; is givenby

1 =Ty — )\fl(l'o)

3



4 CHAPTER1. INTRODUCTIONTO OPTIMIZATION

We cantry differentvaluesof A, startingwith A = 1, until wefind anzx; thatproducesnacceptable
valueof f(x;). Thisprocesss calledalineseach.
Two questionsmmediatelyarise:

1. “What sequencef valuesshouldbe usedfor \?” and
2. “Whatis an‘acceptableValuefor f(z;)?”
Often,thefirst questions answeredy taking
A =",m=0,1,2,... (1.2)

where( < < 1. More sophisticatedvaysto choosea sequencef A’swill bediscussedater.

Answeringthe secondquestionrequireghatwe definethe concepiof suficientdecease This
meansestablishinga criteriato checkthat f(z,) is "sufficiently” smallerthan f(z,). Onesuch
criteriais f(x1) < f(xo). Thisis calledsimpledecease Usingthe simpledecreaseondition,we
would take asthe steplengththefirst \; suchthat

f(zo = Xif'(20)) < f(zo)
Unfortunately simple decreases usuallytoo simple. It canleadto taking very small steps

thatcausedheiterationto stagnateat onepoint. We will usea morecomplicateddeaof sufiicient
decreasealledthe Armijo rule. Thisrequiresthat

flzo — Af'(0)) — flxo) < —aA|f' (o)

where0 < a < 1. Typically o = 107*.

Sofar we have looked at a problemonly in onedimension,to make the basicsolutionplan
easierto follow. We wantto be ableto solve problemswherez € R™. Generalizingwhat we
have doneso far to n dimensiongs fairly straightforvard. The N-dimensionalkequialentof the

derivativeis thegradient,
v/ - <<9f of <9f>'

81‘1’833‘2’.”’8331\/

—V f givesadescentlirectionfor f in N dimensiongustas f’ doesin onedimension.TheArmijo
rule for sufficientdecreasén N dimensionss

fl@e = AVf(ze) — flze) < —ad||V f(z)|” (1.3)

Usingthegradientwe cangeneralizeéhe abose methodfor usein N dimensionsWe will also
introducethe notationz, to representhe currentpointin theiterationandz, to representhe next
pointin theiteration. This yields the Methodof SteepesbescentgivenhereasAlgorithm 1. A
few refinementshatimprove Steepesbescenwill beintroducedn thefollowing sections.
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Algorithm 1 Steepesbescent

Pick z.

Setx, = x;

while f(z.) is nottheminimumof f do
Find A suchthat(1.3)is satisfied.
Setx; =z, — AV f(z,)
Setr, = .

endwhile

1.2 Termination Criteria

OneissueAlgorithm 1 dodgess how to know when f(z.) is the minimumof f. Two theorems
will give usnecessarandsuficient conditionsto know that . is anoptimalpoint. For proofsof
thesetheoremsseeg[6].

Beforegiving thosetheoremswe mustdefinesomemoreterms.We let V2 f (z) representhe
Hessiarof f, where

0*f
2 L. =
(V f)” 8301835] '

We alsodefinethe termspositive semi-definite positive definite,andsymmetricpositive definite
(spd).

Definition 1 A matrix A is positivesemi-definitef 27 Az > 0,Vox € RY. A is positivedefinite
if z7Azx > 0,Vo € RN,z # 0. If A hasboth positiveand negative eigervalues,we say A is
indefinite IF A is symmetriand positivedefinitewesay A is spd.

Now we canpresenthetwo theoremsvhich give theterminationcriteriafor Algorithm 1.
Theorem 1 Letz* bealocal minimizerof f. ThenV?f(z*) is positivesemidefinitand
Vf(z*)=0.

Theorem?2 Assumeéhat Vf(z*) = 0 andthat V2f(z*) is positivedefinite Thenz* is a local
minimizerof f.

Fromthesetwo theoremsit is clearthatwe would like to stopwhenV f(z.) = 0. However,
it is very unlikely thatwe will belucky enoughto land exactly on the minimum. Evenif we do,
it might take a very large numberof iterations,mary of which would only move z. a very small
distance Sowe will simply stopwhenV f(z.) is “close” to zero.We canuse||V f(z.)||, thenorm
of V f(xz.), to measurdow closeto zeroV f(z.) is. Oneway to checkthatthe gradients “close”
to zerois to seeif ||V f(z.)|| is significantlysmallerthan||V f (zo)]|], i.e.

IV ()l <7V f (o)l

where0 < 7, < 1. However, if |V f(zo)|| is very small,it may not be possibleto satisfy this
conditionwith floatingpointnumbers Sowe addanabsolutgolerancef < 7, < 1:

IV (@)l <7V f (o)l + Ta (1.4)
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This algorithm might fail to find a minimum or take a very long time to find a minimum.
Thereforeijt is usefulto limt thenumberof iterationsthealgorithmwill gothrough.Fromnow on,
our algorithmswill incorporatealimit, kmaz, onthe numberof iterations.

1.3 Refining the DescentDir ection

We have beenusing —V f(z.) asthe descentirection. The linesearchmethodbecomesamore
generalf wereplace-V f(z.) with ageneraldescentirection,d. With this changethesufiicient
decreaseondition,1.3,becomes

f(xe+ M) — f(z.) < aAV f(z.)"d. (1.5)

We will considerdescentlirectionsbasedn quadmatic modelsof f. Justasquadratiomodels
of functionsin R! requireinformationaboutthe secondderivative, quadrationodelsof functions
int RN requireinformationaboutthe Hessian We will usemodelsof theform

(@) = () + VI @) (@ = 20) + 5 (0 = ) Hola ~ 2.) (16)

where H, is anapproximatiorto the Hessianof f calledthe modelHessian H. is usedinstead
of the actualHessianbecausel.) the Hessianof f may not be known or may be too costly to
calculate;and2.) H. is requiredto be spd,a requirementhatthe actualHessianmay not meet.
Thereasorfor thisrequirements discussedater.

Minimizing m is, in general.easiethanminimizing f becausave have a simpleexpression
for m. Settingthe gradientof m equalto zerogives

vm(z') = Vf(z,) + H(z! —2.) =0 (1.7)

wherez! is theminimumof f. Notethatz! is only aminimumof f if H, is positive definite(see
Theoren?). We wantto move from z,. to z becaus¢he minimumof f is likely to becloseto the
minimumof m. Sowesetd = (' — z.), or, using(1.7)

d=—H,'V(z.) (1.8)

(1.8) maynot give a descentirectionif H, is notspd[6]. To insureH, is spd,we usuallylet
H, beaclearlyspdmatrix (suchastheidentity) andthenuseoneof two methodsvhich guarantee
symmetrigpositive definiteness$o updateH, astheiterationprogressedf welets = x, — z. and
y =V f(z;) — Vf(z.), thenthefirst updateformula,calledBFGSupdatejs

yy” (Hcs)(Hcs)T'

H,=H.+ s sTH.s (1.9)
Thesecondupdateformula, SR1,is
- Hc - Hc T
H, =H, + (y = Hes)(y — Hes)” (1.10)

(y - HCS)TS

Both of theseechniquesanbeadaptedo updateheinverseHessiarninsteadof theHessiaritself.
This is moreusefulsincewe only needH !, not H,, to find d. Optimizationmethodshatupdate
anapproximatiorto the HessiamastheiterationprogressearecalledQuasi-Nevtonmethods
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1.4 Refiningthe linesearch

We canmalethelinesearchmoreefficient. Givenenoughinformationaboutthe objectivefunction,
we canmodel
§(A) = f(zc + Ad)

with a polynomial. Then,insteadof using(1.2) to define\, we canchoose\ to minimize £(\).
Severalpossiblepolynomialmodelsarediscussedn [6]. Here,it is enoughto saythatwe will be
usingsometypeof polynomialmodelto determinghe steplengthfrom now on.

We alsoneedto modify thelinesearclby puttinga limit onthe numberof times A is reduced.
Becaus®f thenew suflicientdecreaseriterion,(1.5),it is possiblethatthelinesearctwill notfind
apointthatmeetssufiicientdecreaseT hereforejf thelinesearchdoesnotfind anacceptabl@oint
aftermMaz reductionsn A, thelinesearctwill indicatefailure. How thatfailureis dealtwith will
be explainedlater.

Combiningall theserefinementso Algorithm 1 leadsto Algorithm 2.

Algorithm 2 Modified SteepesbDescent
PiCkl'().
Setz, = z¢oandk =0
Calculatef (z.) andV f(x.).
while ||V f(z.)|| > 7|V f(20)]| + 7, @andk < kmax do
Calculatethedescentlirection,d = —H, 'V f(z.).
form=0...mMaz do
Let A = \p,.
if \ satisfieq1.5)then
Exit FORloop.
elseif m = mMax then
Signalfailure.
end if
endfor
Setr, =x.— Ad.
Calculatef (z.) andV f(x.).
Updatethe modelHessianH,. usingeithertheBFGS(1.9)or SR1(1.10)update.
Setz, = z.
Setk =k + 1.
endwhile




Chapter 2
Noisy Problemsand IFFCO

Sofar, | have dealtonly with “smooth” problems. The methodswe have describedcanfail if
appliedto noisyproblems problemswith mary smallperturbation@andmary local minima. More
specifically whatwe will call noisy objectve functionsare madeup of a smoothfunction plusa
noisefunctionof muchsmallermagnitude We represensucha functionby

f(x) = fs(z) + ¢(2) (2.1)

wheref,(z) is theunderlyingsmoothfunction,and¢(x) is thelow-amplitudenoisefunction. ¢(x)
is a distractionto the real problem,which is to find a minimumof f(x). We would like to filter
outthenoiseandleavejust f,(z). Thiswould be easyif we knew ¢(z) explicitly, but we do not.

In this chapter will describenow to adaptthe methodsve have alreadydevelopedto work on
suchfunctionsby effectively filtering outthe noise. This stratgy is calledimplicit filtering. At the
endof this chapterl will describelFFCO, a codefor solving noisy optimizationproblemsusing
Implicit Filtering.

2.1 DifferenceGradients

Sofar, we have usedV f(z) oftenbut ignoredwhereit camefrom. Gradientinformationfor the
functionswe are interestedn optimizing is not usually available. Many of the functionscome
from complex modelsinvolving differentialequations.They canbe very costly or impossibleto
differentiate.

We approximateV f(z) with differencegradients representedby V, f(z). Therearethree
typesof differencegradients.Theith componenbf the centeredlifferencegradientis

f(z + he;) — f(x — he;)

(Vif(z))i = oh

where(V, f(z)); is theith componendf V,, f(z) ande; is the unit vectorin the directionof the
ith componentf z. If z — he; is notin thedomainof f(z), D, aforwarddifferencegradientmay

beused:
f(x+ he;) — f(ac)

(Vif(z))i = Y
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Figure2.1: A noisyfunction

If = + he; iIsnotin D, abackwarddifferencegradientmaybeused:

f@) = f(x — hey)
; :

Thecenteredlifferencegradientis the preferredmethodandis alwaysusedif possible.

(Vif(z))i =

2.2 The Sizeof h

Obviously the size of h is very important. As h becomesvery small, the differencegradient
approachesghe actualgradient. If A is not smallenough the differencegradientwill not give a
very goodestimateof theactualgradientof f.

Insteadof beinga problem,largervaluesof # areactuallypartof the solutionto filtering low-
amplitudenoiseout of noisyobjective functions.Considerthefollowing noisyfunction:

f(z) = 2% + (.1)sin(157z). (2.2)

In this example, f,(z) = z? and¢(z) = (.1)sin(157z). Figure2.1is agraphof f(z).

Becausef the noisein this problem,accurategradientinformationcanleadour optimization
algorithmthewrongway. If theinitial iterateis onthewrongsideof oneof thesmalloscillations,
the descentirectioncould very easily point away from the global minimumat z* = 0. Evenif
thedescentirectionis theright one,the algorithmwill likely becomerappedn oneof thelocal
minimabeforeit reaches* = 0.

However, if we usea differencegradientwith arelatively large i, we canignorethe low-level
noise. By usinga grosserapproximationto the gradient,we effectively filter out the relatively
smalleffectof ¢(z). Take,for example,zo = —.95 andh = .25. Thecenteredlifferencegradient
Vif(x) is —2.1, which makesthe descentirection positive andfairly large. This meansthe
linesearclshouldtake a goodsteptowardsthe globalminimumatz = 0.
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Obviously, we will not geta very goodsolutionif we leave h = .25 in subsequenterations.
It hassened its purposen letting the iteration move towardsthe global minimum, but oncewe
getin the neighborhoof z*, the large h will only causeproblems. We would like to have an
increasinglyaccurategradientastheiterationprogresseand(hopefully) getscloserandcloserto

theglobalminimum.
Thesolutionis to let h goto zeroastheiterationprogressesWe choosea sequencef hy, for
instance,
h,

ho = '5ah’k—|—1 = E

Implicit Filtering is anoptimizationalgorithmfor noisyfunctionsbasedn theideaof filtering
outnoiseby changingh astheiterationprogressesdt is very similarto Algorithm 2 with difference
gradientsh is reducedi.e. h; is replaceddy h;. 1, whenoneof threethingshappens:

1. ThelinesearcHails.
2. Morethankmaz iterationsaretaken.
3. Thenew terminationcriterion,basednthesizeof A, is met. This criterionis:

IVif (@) < Th

for somer > 0.

Algorithm 3 summarize$mplicit Filtering.

2.3 IFFCO

IFFCO(Implicit Filtering for Constrainedptimization)is theimplicit filtering algorithmusedfor
thework describedn therestof this paper It is basedn Algorithm 3 andimplementedn Fortran.
IFFCOwasoriginally written by Paul GilmoreandTim Kelley. It waslatermodifiedby Tony Choi

andOwenEslinger
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Algorithm 3 Implicit Filtering

PiCk.’Eo.
Setz, = 9, k = 0, andhg = .5.
Calculatef (z.) andV, f(z.).
while h > hMin do
while ||V f(z.)|| > 7h andk < kmaz do
Calculatethedescentlirection,d = —H_ 'V, f(z.).
form=0...mMax do
Let A = \,,.
if A satisfieq1.5)then
Exit for loop.
elseif m = mMaz then
Signalfailure;reduceh andgoto the next iterationof the outerwhile loop.
endif
endfor
Setr, =x.— Ad.
Calculatef (z.) andV, f(z.).
UpdatethemodelHessianH, usingeithertheBFGS(1.9) or SR1(1.10)update.
Setz, =z,
Setk =k + 1.
endwhile
Seth = L.
endwhile




Chapter 3

Application of IFFCO to Optimization of
Natural GasPipelines

The naturalgasusedin our homesandbusinessess usuallytransportedhrougha highly devel-
opedsystemof cross-countrpipelines[7]. A schematiadiagramof a simplifiedgastransmission
network is shovnin Figure3.1. At pointsin thenetwork, partof thegas(usuallyestimatedatthree
to five percen{2]) is burnedto drive enginesatcompressostations.Thesecompressorpressurize
thegasin orderto driveit throughthe pipeline. The costof thegasusedto power the compressors
accountdor 25 to 50% of a typical gastransmissiorcompan’s operatingbudget[7]. At 1998
U.S.prices,thecostof thegasburnedin thisfashionwasabouttwo billion dollarsperyear|[2]!

It is not surprising,then, that a commonoptimizationproblemin the industryis, giventhe
supplyanddelivery flows, to minimize the amountof gasburnedby the compressorsl applied
IFFCOto threeproblemsof this type. Figures3.2, 3.3, and 3.4 shav the problems,which will
be referredto, respectrely, asProblemsA, B, andC. The vertical axisis the amountof gas(in
thousandcubic feet per day) usedfor fuel in a compressostation. The horizontalaxesare two
flow variables.Theflow variablesmaybeinlet or outletflows or aKirchoff Law representationf
possibleflow splitsbetweeralternatve paths.

Evaluatingthe objective functionfor a combinationof the flow variablesinvolvesoptimizing
pressuresettingsthroughoutthe network to achieve thoseflows. This is accomplishedby solving
a large combinatoricproblemusing non-sequentiatlynamicprogramming[2]. For someflow
settingsthis problemdoesnot have a solutionandthe objective functionwill fail to returnavalue.

2%  Compressor Station

o Supply f Delivery Point

Figure3.1: Schematiof a SimpleGasTransmissiomNetwork [7]

12
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Figure3.4: ProblemC

Thisis thecasen Figures3.2,3.3,and3.4in areaverwhich no surfaceis plotted. This situation
is discussedh moredetailin Chapter.

Thediscretevariablesembeddedh thesgoroblemgiveriseto someof thediscontinuitiesn the
landscapeft]. Therealitiesof the compressostationsthemselesleadto more. The compressor
stationsconsistof from oneto more thantwenty compressors Sometimeghe compressorare
of differenttypesinstalledover the years. Even whenthey are of identical manufcture,they
rarely operatewith the samecharacteristicsjueto unevenwearandtearover theyears[1]. The
compressorsanbeturnedon andoff in differentcombinations.

Thediscontinuitieof ProblemsA (Figure3.2)andB (Figure3.3)areprobablydueto individ-
ual compressors stationsturning on andoff andthe discontinuousontrolsfor certaintypesof
engines.Thediscontinuitiesof ProblemC (Figure 3.4) arelikely causedyy the factthat shutting
down andrestartinga stationcancostasmuchasrunningit for severalhours.

In studyingtheseproblems,| worked with linear interpolationsof dataprovided by Richard
G. Carter LeadResearclScientistat StonerAssociates|nc., in Houston, Texas. | worked with
interpolateddataratherthan actually evaluatingthe function to protectproprietarydataandto
make it easyto distributethe problemso thewider community It alsogreatlyreducedheamount
of time requiredto evaluatethe objective function.



Chapter 4

Hidden Constrants

Theproblemd studiedcontainechiddenconstraintsandthis poseda problemfor IFFCO.In this
chapter| describeniddenconstraintshow they appeain theseproblemsandwhatproblemshey
presenfor IFFCO.Thenl presentwo waysof dealingwith hiddenconstraints.

4.1 Definition

Recallthatthegoalof a constraineptimizationproblemis to minimizeafunction f in adomain
D c RY. IFFCOfindslocal minimizersfor suchproblems A localminimizeris z* € D suchthat

f(z*) < f(x) forall z € D nearz*

TheconstraintonthedomainD canbegivenassimpleboundconstraintspon-linearconstraints,
or hiddenconstraints Simpleboundconstaintsgive a rectangulaareain RY. The generafform
of simpleboundconstraintss

a; <£CZ' < bZ,Z: 1,2,...,N

Non-linearconstaintsboundthe valuesof atleastoneof thecomponent®f = by anon-linear
equation An exampleof anon-linearconstrainion (z), in R? is

(@) < (@) <1

The constrainton D arenot alwaysknown. In this casethey arecalledhiddenconstaints
Hidden constraintsmay be simple boundconstraintsor non-linearconstraintsor they may not
conformto ary rule which is easyto write dowvn. The only thing to do in a domainwith hidden
constraintgs to try evaluatingthe objectve function f atapointz. If f returnsavalueatz, x
is in the domainandis calleda feasiblepoint Otherwise,z is not in the domainandis termed
infeasible

Importantly hiddenconstraintscan be discontinuous.This meansit is not safe,in general,
to assumef is definedeverywherebetweentwo feasiblepoints. For example,if f : R! — R!
is definedat z = 2 andx = 3, it is not necessarilythe casethat f is definedfor z € [2, 3].

15
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Discovering x to be feasibleonly giveslimited information. It tells us thatthereis a (possibly
very small) neighborhooaf feasiblepointsaroundz, but thereis noway to know how large that
neighborhoods.

The problemsl studiedcontainhiddenconstraints. Recall that the domainof optimization
consistsof valuesfor two flow variables. Evaluatingthe objectve function involvesoptimizing
pressuresettingghroughouthe systento achiere thoseflows. For someflow settingsthis cannot
be done,andthe objectve function fails to returna value. The combinationsof flow settings
for which the objectve functiondoesnot returnaretheinfeasibleregionsin theseproblems.The
natureof themachineryinvolvedmakestheinfeasibleregionsdisconnectednddifficult to predict.
However, in the threeproblemsl studiedthe feasibleregion wasgenerallysurroundedy alarge
infeasibleregion,andsometimegontainedther muchsmaller infeasibleregions. Theinfeasible
regionsarevisible in Figures3.2,3.3,and3.4 asareasover which no surfaceis plotted.

4.2 The problemwith hidden constraints

Hidden constraintgposea problemfor IFFCO’s methodof taking differencegradients. It may
happerthatoneor moreof the pointsin the differencegradientstencillie in aninfeasibleregion.
If so,IFFCO obviously cannotusethe value of the objectie function at thatpointin calculating
thegradient.We would still like to usetheinformationlFFCOhas,i.e. thevaluesof the objectve
function at feasiblepointson the stencil, to calculatesomethindik e a differencegradientwhich
will let IFFCOavoid theinfeasibleregion andhopefullymove towardsthe minimum. Whenthere
arenoinfeasiblepointson the stencil IFFCOshouldactnormally.

4.3 Method 1

Onesimplesolution,whichl will call Method1, is to settheobjectvefunctionin infeasibleregions
to an artificial value greaterthan ary expectedfunction value. This will causethe difference
gradientto pointinto the infeasibleregion, andthe linesearchdirectionto point awayfrom the
infeasibleregion (remembethattheline searchdirectionis, roughly speakingthe oppositeof the
gradient).

Method1 is easyto implementandit accomplishethegoalof keepinglFFCOaway from the
infeasibleregions. Unfortunately usingan artificially high valuecanmale the gradienttoo large.
The linesearchwill startfar away from the currentiterate, possibly even in anotherinfeasible
region! Evenif thelinesearclstartsin a feasibleregion, it could take mary function evaluations
to find a point which meetsthe sufficient decreaseequirementespeciallyif the currentiterateis
nearthe minimum.

Figure4.1 shovs how Method 1 might go to an undesirablepoint in problemB. The graph
shawvs the domainof the objective function. The gray region is feasible;the white regionis in-
feasible. IFFCO’s initial pointis the point marked A, andpoint M is the function’s minimum.
To calculatethe differencegradient,IFFCO sampleghe objectve functionat points1, 2, and 3.
Becausehe functionis infeasibleat points1 and3, it is assigneda valueof 10° at thesepoints.
Table4.1lists thefunctionvaluesMethod1 givesatthefour pointsonthe stencil.
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Figure4.1: Behavior of Methodsl and2

ThedifferencegradientFFCO calculatesisingthesefunctionvaluespointsup andto theleft,
andits normis 8.91e + 6. IFFCO’s linesearchdirection,which is the oppositeof the gradient,
pointsdown andto theright. Becauseahe gradientis solarge, IFFCO’s linesearctdirectionis the
projectionof theoppositeof thegradientontothedomainboundary Thefirst pointtheline search
triesis point B, in the lower right cornerof the domain. B is away from the minimumandin an
infeasibleregion; clearlyit is notadesirablgooint. In thiscasetheline searchs sufficientdecrease
conditionpreventsIFFCOfrom acceptingB asthe new point, sincethereportediunctionvalueat

B (10°) is muchlargerthanat A. However, IFFCO muststill wasteseveralfunctionevaluationsin
theline searcho discoverits mistale.

Table4.1: Functionvaluesfor Method1l in Figure4.1
Point| FunctionValue
4.356e + 3
1.0e +6
4.130e + 3
1.0e + 6
1.0e +6

WWN B+~ >

4.4 Method 2

A betterway to dealwith infeasiblepointsis to assignthemthe largestfunction value at ary
feasiblepointonthestencil.l will call thisMethod2. This methodalsogivesIFFCOa pushaway
from the infeasibleregion, but now the pushis proportionalto the size of the function nearthe
currentiterate.

UsingMethod2, theexamplein Figure4.1hasmoredesirablebehaior. Thelargestvalueata
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feasiblepoint on the stenciloccursat point A, sothis valueis usedfor theinfeasiblepoints1 and
3. Table4.2lists the functionvaluesMethod?2 givesat thefour pointsonthestencil.
Usingthesevalues |FFCO calculatesa muchsmallerdifferencegradientthanwith Method1.
Thehorizontalcomponenof thegradientis zero,sincethe perceveddifferencean functionvalues
betweenA and1l is zero. This meansthe linesearchdirectionis straightdown. Sincethe norm
of the gradientis muchsmaller(1.50e + 3 comparedo 8.91¢ + 6 for Method 1), the linesearch
stepis shorter andthe linesearchmovesto point C. This pointhasseveraladwantage®ver B, the
point Method1 found. Sincethefunctionat C is smallerthanat A, thelinesearctonly takesone
function evaluation. Point C is in the feasibleregion, so on the next stepIFFCO canusethree
feasiblepointsin calculatingthe differencegradient,insteadof thetwo it hadto work with atthe
initial iterate.Also, C is in thedirectionof the minimum,insteadof off to theright of thedomain.

Table4.2: Functionvaluesfor Method?2 in Figure4.1
Point| FunctionValue

A 4.356e + 3
1 4.356e + 6
2 4.130e + 3
3 4.356e + 3
C 3.981e + 3

4.5 Comparisonof Methods1 and 2

Tables4.3, 4.4, and 4.5 comparethe resultsof using Methods1 and 2 on ProblemsA, B, and
C. Thetablesshaw the initial iterate(z,), numberof function evaluations(“Functions”),andthe
minimumIFFCOfound(“Minimum?”) for eachproblem.In eachtable,thefirstinitial iterateis the
centerof the domainfor that problem. The otherinitial iteratesare nearthe edgeof the feasible
region, wherethe problemwith hiddenconstraintss mostlikely to occur

Method 2 is not superiorin every case.In ProblemA especially Method2 sometimedook
significantlymorefunctionevaluationgo find the sameminimumasMethod1 (althoughin exam-
ple 2, it interestinglyfounda betterminimum. In this casethe extra function evaluationsmay be
justified). In othercasest is only fasterif atall, by oneor two functionevaluations.In still other
casesit is clearly superior:on ProblemB, Method?2 cornvergedaboutl12.5%fasterin examplel
andabout25%fasteron example3.

It is somavhatunfair to comparghetwo methodsn thisway. Methodsl and2 follow different
iteration historieswhenthey encounteiinfeasiblepoints. That cansignificantly effect how long
IFFCO takesto find a minimum and what minimum it finds, just as choosingdifferentinitial
iteratescan sometimesddrastically changethe numberof function evaluationsor the minimum
found. Method?2 protectslFFCO from a possiblycostly error, andif it doesnot alwayscorverge
fasterthanMethodl, it atleastdoesnotconvergemuchslower. Thereforewve choseto useMethod
2.
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Table4.3: Comparisorof Methodsl and2 in ProblemA

Method1l Method2
Z Functions| Minimum | Functions| Minimum
1.(0,27.5) 55 3271 55 3271
2.(-150,150) 72 3271 92 3242
3. (150,-50) 71 3269 77 3270
4. (100,200) 79 3235 85 3235
Table4.4: Comparisorof Methodsl and2 in ProblemB
Method1 Method2
T Functions| Minimum | Functions| Minimum
1. (40,182.5) 72 3208 63 3208
2.(100,160) 62 3208 62 3208
3.(140,75) 69 3208 52 3208
Table4.5: Comparisorof Methodsl and2 in ProblemC
Method1 Method?2
o Functions| Minimum | Functions| Minimum
1. (43.5,3.06) 97 4041 97 4041
2.(160,3) 63 4063 62 4063
3.(160,3.8) 101 4063 101 4063
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Chapter 5

Computational Experiments

In this chapten describethe computationatesultswe achieved by runninglFFCO on Problems
A, B, andC.

5.1 IFFCO Parameters

IFFCOhasanumberof parametersvhichmustbe“tuned” for usewith eachproblem.IFFCOwill
generallyperform®“ok” with the default valuesfor theseparametersHowever, IFFCO’s perfor
mance measuredn termsof the numberof functionevaluationsandthe how smallthe minimum
it findsis, canbe improvedby changingthe parametersSincetheseproblemswerevery simple,
| wasableto run IFFCO multiple timeson eachproblemto determinewhich parametesettings
worked best. The bestparameter$or eachproblemarenot necessarilyhe same.Sincethe goal
wasto find parametershatwork in generalfor this classof problems] usedthe parametershat
seemedo give thebestperformanceon averageon all threeproblems.

Sincethe choiceof aninitial iteratecangreatly affect IFFCO's result,| setz, equalto the
centerof the boundingbox in eachproblemin orderto be ableto comparethe resultsacross
problems.Table5.1lists the“best” parameters$ foundfor IFFCOontheseproblems.The [FFCO
runsdescribedn the next sectionall usedtheseparametersFor a full explanationof whateach
parametemeanssee[5].

A coupleof exampleswill illustratethetype of impactthechoiceof thesegparametersanhave,
aswell astheway | madechoicesaboutwhatparameterso use.

First, considerselectingminh, the smallestvalueof 4 used.Too large a valuecancut off the
algorithmbeforeit getsvery closeto the minimum;too smalla value cancausethe algorithmto
wastefunction evaluationsfor very small improvementsin the objectie function value. | tried
minh equalto 1073, 107*, and10~°. Table 5.2 shawvs the resultsof this experimentfor each
problem.

Reducingminh to 10~* significantlyreducedhe minimumfoundin ProblemsA andB, atthe
costof morefunctionevaluations Furtherdecreasingninh substantiallyincreasedhe numberof
functionevalationsbut did not make the minimummuchbetter | decidedto setminh = 10~

Now considetthetaskof selectinganappropriatezaluefor mazcuts, thenumberof reductions
in thesteplengthbeforethelinesearctsignalsfailure. | experimentedwvith mazcuts equalto 0, 1,
2, and3. Theresultsaretalulatedin Table5.3

20
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Table5.1: “Best” parametewaluesfor usewith IFFCO

Parameter Value
fscale 10%
minh 2713
maxh D
Max iterationsat eachh 3
Max functionevaluations) 1000
restarts 0
termtol 1
maxcuts 1
Quasi-Nevton UpdateType SR1
Minimum Stratgy take min ascurrentpointatnew step

Quasi-Nevton UpdateStratgy re-initialize B if actve setchanges

Table5.2: Experimentatiorwith minh

ProblemA ProblemB ProblemC
Function Function Function
minh Evaluations f Evaluations f Evaluations f
1072 59 3270.75 47 3208.3 94 4042.07
107% 114 3269.9 74 3208.3 146 4041.19
1075 156 3269.8 121 3208.3 172 4041.18

One canseethat increasingmaxcuts beyond 1 resultedin little or no improvementin the
minimumfound andincreasedhe numberof functionevaluations.mazcuts = 1 actuallysaved
functionevaluationsover mazcuts = 0, however, sol choseto setmazcuts = 1.

Decisionson the other parametersvere madein a similar fashion. It is possiblethat other
parametersvould give slightly betterresults,or requireslightly fewer functions,but it is unlikely
thatthedifferencewould be significant.

5.2 ResultsUsing IFFCO

On ProblemA, IFFCOfounda minimum f = 3228.90 after 147 function evaluations.The con-
vergenceof IFFCOfor this problemis plottedin Figure5.2.

OnProblemB, IFFCOfoundaminimum f = 3208.30 in 66 functionevaluations.Thecorver
genceof IFFCOfor this problemis plottedin Figure5.2.

On ProblemC, IFFCO found a minimum f = 4068.09 in 69 function evaluationsusingthe
parameterfrom Table5.1. Theconvergenceof IFFCOfor this problemis plottedin Figure5.2.

A featureof IFFCO which hasnot beenmentionedbeforeis the ability to performrestarts
Thismeangakingthefinal pointIFFCOfindsandusingit astheinitial iteratein acompletelynew
runof IFFCO.On ProblemC, usingonerestarfounda betterminimum. However, restartsarenot
generallyuseful;on ProblemsA andB arestarthadno effect.
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Table5.3: Experimentatiowith mazxcuts

ProblemA ProblemB ProblemC
Function Function Function

mazcuts Evaluations f Evaluations f Evaluations f
5 114 3269.9 74 3208.3 146 4041.2
3 108 3269.9 74 3208.3 137 4041.2
2 104 3269.9 74 3208.3 131 4041.2
1 100 3269.9 74 3208.3 125 4041.2
0 108 3269.9 74 3208.3 137 4041.2

Function Evaluations vs. Function Values
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Figure5.1: Corvergenceof IFFCOin ProblemA

5.3 A Hybrid Approach

Betterresultson theseproblemscan be obtainedat lower costin termsof function evaluations
usingahybridapproachwhichis describedn [3]. Thisapproachgivesanotheoptimizationcode,
DIRECT, a fixed budgetof functions. The bestpoint DIRECT findsis passedo IFFCO asathe
initial point. DIRECT is a goodalgorithmfor globalsearchon non-smoottunction. IFFCO has
betterlocal corvergencepropertiesthan DIRECT. Sincetheinitial point DIRECT givesIFFCO
is closeto the minimum, IFFCO cancorverge to the minimum fasterthan DIRECT alone. The
combinationof thetwo is moreefficientthateitheralone.
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Function Evaluations vs. Function Values
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Chapter 6

Parallel Computing

Parallelcomputatiorcanoffer significantspeedadwantagegor somealgorithms.Section6.1 will
explain,in asimplisticway, someof theissueof parallelcomputing.Section6.2will explainhow
IFFCOcanbeparallelized.

6.1 Overview

Mostpersonatomputersunprogramsn serial. Thismeansnstructionsareexecutedsequentially
oneafter another In a serialcomputey only one programcanrun at a time. Modernoperating
systemgreatetheillusion thatmary programsarerunningat onceby switchingrapidly from one
to another

Parallelcomputergxecutemary instructionsatonceby runningprogramsnmary processors.
A parallelcomputemayberunninga differentprogramon eachprocessqror eachprocessomay
berunningadifferentpartof the sameprogram.It might seenthat,givena parallelmachinewith
four processorspnecoulddivide a programinto four parts,run eachparton a separatg@rocessaqr
andfinish in one-fourththe time requiredfor a serialimplementation.In practice,thingsrarely
work outquitesowell.

To seewhy, considemultiplying two vectors,u. andv, of lengthfour. This requiresfour mul-
tiplicationsandthreeadditions.On a serialcomputereachoperationwould be donesequentially
andall togetheithey would take sevencycles(assumingnultiplicationandadditiontake onecycle
each).Onaparallelmachinewith four processorsll themultiplicationscanbedoneatonce,each
onaseparat@rocessqrin onecycle. Next, oneprocessocancomputeu; v; + u,v, While asecond
processocomputesisvs + ugvy. Thisalsotakesonecycle. Finally, oneof the processorsando
thefinal addition. All togetherthe parallelimplementatiorrequireshreecycles,for a speedupf
7/3. Thisis significant,but it is not one-fourththetime the serialversionrequires.

This exampledemonstrateseseralimportantconceptsf parallelcomputing.First, not every
part of a problemis fit to be parallelized. Sometimespne operationdependson the result of
anotherasthethird additionin thevectormultiplicationexampledepend®ntheresultsof thefirst
two additions.In this casethosetwo partsof theproblemcannotbeexecutedn parallelwith each
other Whensomepartof analgorithmconsistof operationsvhich canbedoneatthe sametime,
we sayit exhibits parallelism

24
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Secondthrowing more processorst a problemdoesnot alwaysreducethe time requiredto
solveit. If we hadeightprocessorso runthevectormultiplicationon,we coulddoit nofasterthan
3 cycles,sincethereis no work for the four additionalprocessorsThe problemsimply cannotbe
dividedfurther The numberof processors problemcanbe divided (or scaled)onto determines
the problems scalability.

Third, thereis the issueof load balancing We assumedhat every operationin the vector
multiplicationwould take the sameamountof time. If thisis not the case thensomeprocessors
will end up waiting, with nothingto do, while anotherprocessoffinishesa longertask. Load
balancingstratgiesaim to distribute (roughly)the sameamountof work to eachprocessosothat
idle processotime is keptto a minimum.

Finally, we mustconsidethetime requiredfor communicatiorbetweerprocessorsTheparal-
lel computingervironmentd FFCO hasrun on aredistributedmemorymachineslik e mostof the
largestparallelcomputingmachinesThis meansachprocessohasits own privatestoreof data.
If oneprocessoneedssomethinganothemprocessoknows, thetwo processorfiaze to communi-
cate.Thistakestime. Soit is nottruethatthe parallelimplementatiorof the vectormultiplication
would take only threecycles. Thereis additionaloverheador communicationCommunications
oneof thebiggestculpritsin slowing down parallelcomputation.

Therearetwo main standarddor communicationn distributed memoryparallel computing
ervironments. PVM (Parallel Virtual Machine)was the mostwidely usedstandarduntil a few
yearsago.Now, MPI (Messagdassingnterface) firstintroducedn 1994 ,haslargely superseded
PVM. The parallelversionof IFFCO usesPVM for inter-processocommunications.A port of
IFFCOto MPI sometimdn thefutureis likely.

This sectionhaspresentedh gloomy view of parallelcomputing,outlining the problemsthat
cancomeup. However, parallelcomputingtechniquegansignificantlyreduceruntimesif applied
properlyto algorithmsthataregoodcandidates$or parallelizationIFFCOis suchanalgorithm.

6.2 Parallelism In IFFCO

IFFCO’s basicalgorithmgivesus a naturalway to implementparallelism.Algorithm 3 givesthe
serialalgorithmfor IFFCO.Two operationsn algorithm3 involve evaluatingtheobjectvefunction
f multipletimes:

e CalculatethedifferencegradientV,, f ()
e Performalinesearchn thedirectiond

Importantly noneof thesefunctionevaluationsaredependentntheothers.In otherwords,finding

thefirst functionvalueneededo form V,, f (z) hasnothingto do with finding the secondunction

value,andfindingthefirst valuein thelinesearchhasnothingto dowith findingthesecondlFFCO

cantake adwantageof this on a parallelmachineby sendingeachfunctionevaluationto a different
processarin the parallelimplementatiorof IFFCO, oneprocessosernesasthe master sending
instructiongo the otherprocessor$o evaluatef at certainpointsandinterpretingtheresults.The

otherprocessorsire slaves their solejob is to evaluatef at the point giventhemby the master
processar
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Evaluations to find Evaluations for
gradient linesearch

Processor 1 1 2 3 4 1 2 3

I time "
Figure6.1: SeriallFFCO Example
Evaluations to find Evaluations for
gradient linesearch
Processor 1 1 1
Processor 2 2 2
Processor 3 3 3
Processor 4 4
- >
fime

Figure6.2: ParallellFFCO Example

6.2.1 Comparisonof Serial and Parallel IFFCO

If thedomainof f is in R™, calculatingV,, f (x) requiresfrom n to 2n functionevaluations.De-

pendingon how quickly the sufficient decreaseonditionis met(if it is metatall), thelinesearch
cantake uptom = mMazx functionevaluations.So f maybeevaluatedasmary as2n + m times

in oneiterationof IFFCO.

Dependingon the application,evaluating f cantake minutesor evenhours. In fact, function
evaluationsoftentake solong comparedo therestof thework IFFCOdoesthatthetotal time for
oneiterationof IFFCO is approximatelythe sameasthe time spentdoing function evaluations.
Considera specificexamplewheren = 2, m = 3, anda function evaluationtakes aboutone
minute.In aserialimplementatiorof IFFCO,thefunctionevaluationamustoccuroneafteranother
(seeFigure6.1),takingupto (2 - 2 + 3) - 1 minute = 7 minutesfor oneiterationof IFFCO.

Now assumen = 4 processorareavailableto IFFCOin aparallelmachine Now thefunction
evaluationscanbe performedasin Figure6.2. All four function evaluationsfor the gradientare
doneat once,on four separatgrocessorsandthencombinedon oneprocessoto form V;, f ().
This takes roughly one minute. The maximumof threefunction evaluationsfor the linesearch
canalsobe performedsimultaneouslyon threeseparat@rocessorsyhich againtakesaboutone
minute. Sothe total time for oneiterationof parallelIFFCOis two minutes,comparedo seven
minutesin theserialcase.
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6.2.2 Scalability of IFFCO

Noticethatatmostmax(2n, m) processorsanbeusedatatimein this parallelimplementatiorof
IFFCO.Allocatingmorethanmaz(2n, m) processorfo IFFCOwill notspeedupits performance;
theextraprocessorsvill remainidle.

In practice we usuallyrun IFFCOon k£ + 1 processorsivherek evenly dividesn. Thismeans
thefunctionevaluationsfor the differencegradient(remembethattherearebetweem and2n of
them)canbe fairly evenly distributedbetweenthe processorsThe extra processors the master
processar

More processorsanbe utilized andperformancdurtherincreasedf the calculationof f itself
hassomesort of parallelism. In this case,eachslave processorcontrolsother slave processors
which eachdo partof thework of evaluatingf.

6.2.3 Load Balancingin IFFCO

The precedingdiscussiorhasoversimplifiedseveral points for the sale of explanation. One of
themis the assumptiorthat eachfunction evaluationtakesthe sameamountof time. In thereal
world, thetime it takesto evaluatef (x) canvary greatlydependingn z. Forinstanceg couldbe
avectorof parameterssuchasdampingconstantspassedo an ODE solver to simulatea system
involving springs.Dependingonthedampingconstantsthe systencouldtake avery shortor very
longtimeto solve.

Further we generallydon't have theluxury of oneprocessoperevaluationof f. This, plusthe
differencean time betweerevaluationsof f, leadsto loadbalancingoroblemsn IFFCO.

As a specificexample take thetaskof calculatingV,, f (x) ontwo processorsisingfour func-
tion values:f(z1), f(z2), f(z3), andf(z4). We mightfirst think of dividing thework lik e this:

Processot | ProcessoP

f(z1) f(z3)
f(x2) f(z4)

This stratgy is simple, but navely assumeshat all four function evaluationstake the same
amountof time. Supposeinsteadthat f(x;) takesthreetimesaslong asthe othersto evaluate.
The situationis depictedin Figure6.3. In this scenarioProcessoR could have evaluatedf (z3),
f(z4), and f(z5) in thetimeit took Processot to evaluatgust f(z;). FurthermoreProcesso? is
idle half thetime. Thisis a pessimistiacase but it canariseandIFFCO’s strategy for distributing
n function evaluationsto p processorss designedo guardagainstit. This stratey is givenas
Algorithm 4.

Algorithm 4 Distribute
Distributethefirst n pointsto processors .. .p
while Therearepointsleft do
Givethenext pointto thefirst processothatfinishesits assignment
endwhile
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Processor 1 fix;) “ fix,)

Processor 2 f':xg]“ fix,)

>
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time
Figure6.3: BadLoadBalancing
Processor 1 fix, )
Processor 2 ﬂ:13} f{14]“ fix,)
>

0 1 2 3 4
time

Figure6.4: GoodLoadBalancing

Algorithm 4 changeshe situationin Figure6.3to thatin Figure6.4. Thetime requiredis one
minuteless,andProcesso? is nolongeridle half thetime. Of coursethetimingswon’t normally
work outsoneatly

In the casethatall the function evaluationstake aboutthe sametime, this stratgyy doeswhat
ourintuition suggestedt thebeginning: it distributes(approximately):./p functionevaluationgo
eachprocessor
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