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In the situation indicated by the title s p-variate body of dets arranged
in a gq~way classification will formelly look like a body of deta srranged
in & (p + q)-way tablé, dbut the fundementel distinction between & so-
called "variate" end a so-called "way of classification"” is thet along
the direction of a "variate," the merginal frequencies are fixed or pre-
scribed. The hypotheses of "no tatsl correlstion,” "no multiple corre-
lation,” "no partial correlation,” "no cenonicel correlation,” "no mein
effect,"” '"no interaction," etc., are transleted into hypotheses on the
structure of the probabilities over the different cells or cat;ggries, end,
with large semple assumptions, these hypotheses are tested by with
appropriate degrees of freedom. No exact test in terms of the originel
multinomial distribution is ettempted in this paper.



A GENERALIZATION OF ANALYSIS OF VARIANCE AND MULTIVARIATE
ANALYSIS TO DATA BASED ON FREQUENCIES IN QUALITATIVE
CATEGORIES OR CLASS INTERVALSl

by

S. N. Roy and Marvin A. Kastenbaum?

l. S y. In the situation indicated by the title a p-variate body of data
arranged in a g-way classification will formally look like a body of data arranged
in a (p + q)-way table, but the fundamental distinction between a so-called "variate"
and a so-called "way of classification" is that along the direction of a "variate,"
the marginai frequencies are stochastic variates, while along & "way of classifica-
tion," the marginal frequencies are fixed or prescribed. The hypotheses of "no
total correlation,” "no multiple correlation," "no pertial correlation,” "no canoni-
cal correlation,” "no main effect," "no interaction," etc., are translated into
hypotheses on the structure of the probabilities over the different cells or cate-
gories, and, with large sample assumptions, these hypotheses are tested by X2 with
exvropriate degrees of freedom. No exact test in terms of the original multinomial

&lilstribution is attempted in this paper.

2. Notation and Preliminaries. To fix our ideas, consider a pmensmiamt sample

mﬁmgﬁﬂﬁ%&dwuatMumwtnhinmmsd,htmaumefthmm
ment, three varlates. Let niJk denote the observed frequency, and piJk’ the proba-
r1lity under any given hypothesis of having an observation in the (ijk)-th cell,

vhere 1 = 1, 2, 4ee, T3 J =1, 2, eoe, 85 K =1, 2, s0s, t. Also let the marginals
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be denoted by L n Zn Zn =n Ln.. =n n,

=0 .., =n, ., .y ;y XL .
1 ijk ojk j ijk iok Kk ijk ijo i,j ijk ook i,k ijk
= . = = i i
nojo’ nijk nioo, L nijk n(say). Let the corresponding summations over
J,k 1,3,k .
Pijk be denoted

by pojk’ Piok? pijo’ Pook’ pojo’ Pi00° Pooo® Since the categories are mutually ex-

clusive, it is easy to see that these are, in fact, the corresponding marginal pro-

babilities, so that Pyooo = l. The generalization to more than three variates would

be obvious. The total number n is, in any case, supposed to be fixed. The likeli-

hood function, which in this case is also the probability of the n_. 's, is given by

ijk
(0 l) ¢(n 'S) = ¢ (say) _ nt IT . niJk II P nijk
. N | - : | :
- N L3, 19

The last expression on the right side of (2.1) is the one we shall need when we are
interested in finding the maximum likelihood estimates of the p's.

We have E(n = npijk’ from which it is easy to see, by taking summation, that

1Jk)

- N . .
L‘nido) = 0By 40 E(n, )= Dp; .o+ ©tc., and, in general, for any linear function of

ioco
n*s the same type of relationship will hold for the p's. Starting from (2.1), we

next observe that the conditional probabilities of the n 's, given, say n 's

ik ioo

(i=1,2, ¢ou, r), Or say niJo's (L =1, 2, vee, *; =1, 2, 4se, 8),will be given

respectively by

n n
' te) = nt ijk né ioo
(2.2)  Pnygts |nyp0te) = 53 m ot s Pidk o, T TP
Jk* 1,4,k ilo0” 1
1,4,k 1
and
(23)  Bloggts |nore) = qpRi o m g WE /B g
* ijk ijo TOIT o %, ijk IT n, ! ijo :
1,9,k ijk® 1,J,k 1,3 ijo® 1,
If now the nioo's are held fixed, or say the nijo's are held fixed, we shall

have & self consistent set up if we put Pioo = Moo / n, or, in the second case,

Pijo = Pyjo / n, and also take the right sides of (2.2) and (2.3) to be the actual



probabilities of the n, 's in the two different situations. The generalization to

Jk
more general types of linear constraints on the n's is obvious. Notice that if, for
example, the nijo's are held fixed, and if we want to estimate the p's by, say, the
maximum likelihood method, we do not have to estimate the pijo's since they are al-
ready given by pijo = niJo/n' For this purpose, therefore, it is enough to replace
(2.3) vy

n,.
(2.4) g~ I opg
1,3,k

and obtain the maximum likelihood estimates of the pijk's subject to & PiJk being
k
fixed (with i =1, 2, «su, T; j =1, 2, .ss, 8). Likewise when the n,  's are held

fixed, it is enough to replace (2.2) by (2.4t) and obtain the maximum likelihood esti-

mates of the P,

' ' s -
ke subJect to .Z‘ Py 5ic being fixed (with i = 1, 2, .es, r). The

,k

generalization of this to other linear constraints on the n's is also obvious. No-
tice that any linear constraint on the n's will imply a similar linear constraint on

the p's, but it is not the other way around.

3, Hypotheses of Independence between "i" and "J" in a Two-Way Table. [72,4,5 7

(3.1) Hot Pij = Pio Poy against H: Pyj # Pio Poy (Por 1 =1, 2, eeep T

and j =1, 2, cee, 8).

Cagse I: Both "i" and"j" are "variates"; or in other words, the hypothesis is a com-

posite one, where the p, 's and p .'s are the free or nuisance parameters, subject
’ io 0J ’

to Z Pio = L Poj = 1. We shall see that in this situation (r + s - 2) independent and
i J

free parameters have to be eventually estimated from the observations., There is
also one linear constraint on the n's which is T nij = n. (3.1) is the analogue of
i,J

"no correlation" for a bivariate normal population.



Case II: Either "i" or "j", say "i", is a "way of classification", while "j" is a

"variate", In other words the nio's are fixed but the n_,'s are stochastic variates.

oJ

In this case Pio = nio/n, but, of course Pyj # nod/n. Thus the only free and nui-

sance parameters are the poj's subject to X Poj = 1, so that (s - 1) free parameters

J

have to be eventually estimated from the data, and we have n o's (i=1, 2, vesy 1)

i

all fixed; that is, we have r linear constraints on the n Physically, H, of

]
iy 5° 0
(3.1) in this case means testing the hypothesis that r observed frequency distribu-

tions with fixed marginal totals, n, 's, have come from the same parent frequency

io
distribution. This is easily seen to be one natural generalization of the hypothe-
sis of the equality of means for a one-way classification in the analysis of variance,
when we remember that HO:§1= €,=...= £ for N(gi, 02) (i=1, 2, +e., r) would imply
that the r distributions are the same, For the normal distribution the class of al-
ternatives is supposed to be H # HO under the model N(gi, 02), but here the class of

alternatives is, of course, much more general. The case "i" being a "variate" and

"J" a "way of classification" is exactly similar, and need not be considered sepa-

rately.
Case III: Both "i" and "J" are "ways of classification". Here the sets of nio's
and noJ‘s are both fixed so that there are (r « 1) + (s - 1) + 1 independent linear

constraints on the n,,'s, while p, = nio/n and p, = noj/n, 50 that no parameter
has to be estimated, all of them being prescribed. This is the case usually given
in the textbooks, and this is exactly the case which is most difficult to visualize,
unless we think in terms of a hypothetical sub-population having the same fixed mar-
ginals as the ones we have observed, which is anyway a highly artificial concept.
However, for an r x r case, an extension of Fisher's "tea-tasting" experiment would
provide a realistic example of fixed marginals both ways. But, it will be shown

later, that, in all three cases we end up with the same test of H. of (3.1). This

0
is a highly interesting result.



:
4. Hypotheses issociated with a Three-Way Table: ['6_7 Features of the three-way

table which, by considering the marginals, can be easily seen to be identical with
those of a two-way classification, are not of so much interest. We shall, therefore,
restrict ourselves mainly to those hypotheses which have no analogue in a two-way
table. Also, out of the possible cases (I) "i", "J", and "k" all being "variates";
(I1) any two of them being "ways of classification" and the remaining one a "variate";
(III) any one of them being a "way of classification", and the remaining two "vari-
ates"; (IV) all of them being "ways of classification", we shall discuss, in the
present paper, (I) and (II), these being of greater physical interest than the others.
Mathematically, however, it will turn out that each hypothesis will have the same

test for all the different cases.

4.1 Hypotheses of Conditional Independence hetween "i and J"i "k". It is easy to

see that the conditional probability of "i and §" {"k" = Py 5k /Pook’ and the condi-

tional probebilities of "i"|"k" and "J"i“k" are respectively piok/p and p

ook ojk/pook'

Thus the hypothesis of conditional independence between "i and j"|"k" is

(%.1.1) g Zigk _ Piok Pogx _ PiorPok
o 0" »p P P Pigk © "o )
ook ook ook 00k

(for 1 =1, 2, see, r; J =1, 2, o0s, 8; k=1, 2, ,o., t). The alternative class

is, of course, H # HO. In (4.1.1) adding up over i and j respectively we have

(k.1.2) pojk = poJk and Piok ~© piok,

which are merely two consistency conditions. Adding up over k, we have

P, .P
(4.1.3) Py, = g ok ojk
J k pook

If on (4.1.1) we superimpose the conditions of independence between "1i" and "k"

and "j" and "k", i.e.,



‘ (b.1.1) Piok = Pioofook and Pojk = PojoPook,
we have
(4.2.5) Pi§k = pioopojopook ’

which is the condition of complete independence of "i", "j", and "k". Notice that
(4.1.1) will not imply (4.1.4), and (4.1.4) by itself will not imply (%.1.5).

Now consider for (4.1.1) the Case I, where "i", "J", and "k" are all variates.
The Ho of (4.1.1) is now easily seen to be the analogue of "no partial correlation"
between the first two variates, in the case of a three-variate normal population.
Now if we want to test (4.1.,1) we must eventually estimate the nuisance parameters
k=1, 2, veey t), and

‘s, and Py ‘s subject to & Dok = % P,

i J
1. It is easy to check that this leaves us withrt + st + t - t « t - 1,

' =
Piok ©° pojk ok Jk Pook (
Zp
k

‘ that is t(r + 8 - 1) - 1 free parameters to estimate., We have just one linear con-

ook =

straint on the n's, namely £ n = n (fixed).

. jk
1,5,k
If we start out to test (4.l1.5), we would have to estimete, eventually, the

nuisance parameters Pioo's’ P

1 t =2 =
030 s, and Pook 8 subject to Z P00 pojo L Pook =1,

i 3 k

i.e., (r+ 8+ t ~ 3) independent perametiers. There is also the szme one linear
constraint on the n's, as stated above in the case of (4,1.1).

It will be seen in sections 5, T, and 8 that it is unrealistic to try to test
(¥.1.1) for the Case II, where "i" and "j" are "ways of classification" and "k" 1is

a "variate".

4.2 Hypothesis of Indeperdence between "(i,j)" and "k", that is, the hypothesis of

multiple independence, Consider

‘ (h.2.1) HO: Pisk = pijopook (for i =1, 2, eao, T'; J =1, 2, cce,8;
k = l’ 2, se0y t),



the alternative being, of course, H f Ho. It is easy to check, by summing over i

and J respectively that (4.2.1) implies

(4.2.2) and

Piok ~. PiooPook Pojk = PoJopook‘

Summing over k we have merely the consistency condition

(4.2.2.1) = p

Pis0 1jo

Notice that although (4.2.1) implies (4.2.2), the condition (4.2.2) will not, in
general, imply (4.2.1). However, for a normal population (4.2.2) implies (%.2.1).
Let us ask ourselves what set of conditions is there which, when superimposed on
(4.2.2) will, together, be exactly equivalent to (4.2.1). One possible set might
appear to be

P4 P b
i!'!o iok“ o jk (fOI‘ 1 =21, 2, vee, T3 J=1, 2, c00y

(4.2.3) H.:
pioopo.jopook

0 Pijk
k=1,2, vee, t)a

Check that (4.2.3) does not imply (4.2.2), but that if on (4.2.3) we superimpose
(#.2.2), we have (4.2.1) all right. But (4.2.3) would be mathematically most diffi-
cult to handle, in that the parameters on the right side of this equation are subject

to sets of side conditions, typical among them being

P;; . P. . P
(4.2.4) Zp.. = P = I ijo"iok~ojk
k MY J x PiocoPojoPook
or
P okPo jk
k Pook PiooPo jo’

and other such sets obtained by permuting the subscripts. In fact, (4.2.3) was
tried, and was found to be intractable.
Physically a less natural and more abstract, but mathematically a much easier

set of conditions seems to be



94 30210k%0 5k
q1ooqo.joqook

H (L =1, 2, cauyr; J=1, 2, «0u,8

k=l, 2, ce o) t),

o' Pijk

(k.2.5)
@

where we 4o not assume that q_ etc., nor even that q =%q
ijo ’ io0

J
Equation (h.2.5), after elimination of the q's, leads to a number of constraints on

= Pij0 1jo0? €tC

the p's themselves, and it is easier to try to estimate the p's subject to these

constraints and to &
1,3,k

only role of the q's and of the hypothesis (4,2.5) is one of yielding certain con-

pijk = 1, rather than to try to estimate the q's., The

straints on the p's themselves. It will be shown in sections 8 and 9 that (4.2.5)
is equivalent to just (r - 1) (s - 1) (t - 1) constraints on the pijk‘s’ which,

together with 2
i,d,k

Notice that in this case we do not have constraints like (4.2.4) which, in practice,

Py g = 1, make just (r - 1) (s - 1) (t - 1) + 1 constraints,

turn out to be quite awkward. Now we lay down the ruﬁ; which is physically rather

. abstract, but mathematically quite straightforward, that if (4.2.2) is true, that
is, if the hypothesis (4.2.2) is tested and accepted, we shall substitute in (4.2.5)
pijo’Piok’ etc, for qijo’ 9 ok’ etc,, and P00 for %00 and so on, and superimpose
(4.2.2), and end up with (4.2.1). Notice that if in (4.2.5) we were to replace
(i,3,k) by (x,y,2), then (4.2.5) would be found to imply

fl(x,Y) fa(x’z) f}(y)z)

(4.2.6) £(x,y,2) = F,(x) F(3) Fyl2)

with nothing else connecting fl, f2, fi’ Fl’ FQ’ F3 among themselves or with f.
We shall now consider cases I and II, each in relation to (4.2.1) and (4.2.5).

4.3 Case I. "i", "3", and "k" are all "variates": In this case, (4.2.1) is the

natural analogue of the hypothesis of "no multiple correlation" between "(1,J)" and
"k". We have to estimate the nuisance parameters piJo's and pook's subject to

. L p,, = 2P, =1, vhich leaves us with (rs - 1) + (t - 1) free parameters to be
1,j 190 o0



estimated. There is, of course, the linear constraint on the n's, namely

L n = n (fixed),
. 13k
1,3,k 1

Turning now to (4.2.5) as applied to Case 1 we notice that this does not have
any analogue in multivariate analysis based on the normal population. We shall find,
in the next subsection on Case II, where "i" and "j" are "ways of classification" and
"k" is a "variate", that (4.2,5) is really the hypothesis of "no interaction".

For Case I, we can thus regard (4.2.5) as a contribution to multivariate analysis
made by analysis of variance, From the remarks on the constraints on the Pijk's
following from (4.2.5), we note that the number of free parameters to be estimated is
ret - /(r -1) .(s -1) (t - 1) + 1 7, and ve have the usual linear constraint on

the n's, namely X n
i,J,k

i =0 (£ixed).,

L.h Case II., "i" and "j" are "ways of classification" and "k" is a "variate". In

this cage the nijo,s are fixed by the conditions of the experiment, which means that
Pijo = —2%9 , and thus the pijo,s do not have to be estimated from the data. (k4.2.1),
in this case, will thus be the hypothesis of equal (population) frequency distribue-
tions, in terms of the "variate" "k" over the r x s categories. To test (4.2.1),
there are pook's to be estimated subject to ﬁ Pook = 1, which means that we have

t - 1 free parameters to estimate. We have also r x s linear constraints on the n's,

by virtue of the n o's being given.

iJ
Turning now to (4.2.5) as applied to Case II, we note that if

(hk.1) HO: Pijok = PiooPook and HO: Pojk = po.jopook

are tested and accepted, that is, if in the (ij) classification, the marginal i's
(i=1, 2, +ss, r) have the seme frequency distribution in terms of "k", and so also
the marginal j's (J =1, 2, ..., 8), then substituting pijo's, etc. for qido's etc.

in (4.2.5) and then superimposing (4.4.1) on (4.2.5) we have
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‘ (k.k.2) Pisk = PijoPook

(over all i, j, k).
This means that in every (ij)-cell there is the same frequency distribution in terms
of "k".

Going back to the usual model of analysis of variance for a two way classifica-
tion, and assuming, for simplicity, equal frequencies, say u, over the different (1J3)

cells, we recall that if x be the A-th observation in the (ij)-th cell (A =1, 2,

150
. - 2
ves; U), we assume that Xy g 18 N/ E(xijk)’ o~ 7, and

(L.4.3) E(xm,‘) = Moot Byo t Moyt Bygs
where Ly = Lu = Ly, ,= Ly = Q.
1 io j oJ 1 id 3 ij

The condition of "no interaction" is usually expressed as
‘ (kb k) ui,j =0 (1=1,2, s, 75 §=1, 2, 200, 8) ,

and the condition for "no main *it-effect" as

(k.4.5) My = O (i

o l, 2’ sevy r),

and that for "no main !'j'-effect" as

(k.5 .6) p,=0 (3

04 1, 2, «v., 8).

If all these hold, then we have

2
(4.ho7) xij)s: N(uoo, a”)

b

for all i,Jj, and A, which means that every (iJ) cell has the same frequency distri-
bution in terms of the variate x, the distribution in this case being normel. It is

‘ easy to see that (4.4.2) is a proper generalization of (4.4.7). It is now easy to
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’ check that none of the three conditions (4.4.4), (4.4.5), and (4.%.6) implies the
other two, and no two of these imply the third, and also that none or no two of them,
separately, will imply (4.4.7). All of these have to be true in order to lead to
(4.4.7). Assuming now any "k" interval to be the interval between x and x + dx, and

remembering that piJo = u/n = ufurs = 1/rs, we have in general

(4.4.8) Psgu/Pyjo = (1/0V/2) exp [F2/20” {x- E(x)} Fax,

or

Py = (1/rso /2x) exp‘[:1/202-{X- E(x)} ?_7dx,

where E(x) is given by the right side of (4.4.3). If now (4.4.4) and (4.%4.5) hold,
but not necessarily (4.4.6), then substituting from (h:h.h) and (4.4.,5) in (4.4.3),

and summing the two sides of (4.4.8) over j, we have

O

‘ (4.4.9) Piok = (1/rso \/-2?{) )jexp [:1/202 {x ol O “od) e _7dX.

Notice that this is independent of "i", which means that in every "i"-cell there is
a distribution in terms of "k" or x which is the same for all "i". It is obvious
that there is a similar result for "j" after summing over "i". Notice now that
(4.4.1) is a generalization of these. Thus we can regard (4.4.l) as one analogue of
"no main effects" and (h.e.s) as one analogue of "no interaction". The reader will
ensily perceive that this generalization does not retain all the detailed features
0° analysis of variance as we know it in the case of the highly structured normal

poralesions. But we believe that some important features are retained.

5. Large Sample Tests in terms of xe. /"%, 57 1t is well known that if (i)

there is a total of n observations distributed over s cells such that the number of

. ohservations in the j-th cell is n, (J=1, 2, eeo, 8), and if (41) the nJ's are

subject to the linear constraints

8
(5.1) Jfl Aijnj =My (1=1,2, ..., T <8),
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. where AM(r x s) is of rank r, and if (iii) the probability P, (J=1, 2, ve., 8) OF
an observation in the J-th cell be of the form Pj(gl’ 02, cevy Gt), where r + t < s,
and if (iv) the Gk's are estimated by the modified minimum X2 method (which has
been shown to be the same as that of maximum likelihood), and if (v) +this leads to
a unique solution in the pJ's, to be called, say gd's, then for reesonably large nJ's,

8 Ao A
(5.2) I, (=5 - ey e,
is approximately distributed as a X2 with degrees of freedom equal to 8 - r - t.,
That is to say, the degrees of freedom of X2 are equal to the number of cells minuse
the number of independent linear constraints on the nJ's, minus the number of free

purauneters to be estimated from the data. Notice that (5.1) includes the condition

% nj = n, Notice also that every linear comstraint on (5.1) will imply a similar
J [ 1
‘ sounstraint on the p J's (although the reverse is not true), and will thus reduce the

nurber of free parameters Ok's. Notice further that customarily the role of any

hypothesis (that we test by X2) is to give a structure of pJ's in terms of Ok'a,

which then have to be estimated from the data.

6. Applications of the X2-test to Section 3. Starting from (3.l1) and taking

intn account the remarks of section 2, we write the likelihood function as

D43 "0 Y
(€.1) p ~ 11 p , that is, § ~ IIp IIp .
1,4 iJ oy io j oJ

Now let us consider the three cases separately.

Casc_I. We must estimate both the p,,'s and the poj's, subject to Zp, = L Poy = 1.
i J

. Introducing the usual Lagrangian multipliers A and y, and taking the logarithm of the
right side of (6.1), we have as the meximum likelihood equations for the pio's and

the pod‘s
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n
' (6'2) _!"o_ + A = 0 (i = l, 2’ sy r), and
Pio
%
(6.3) 2d . b = 0 (=1, 2, veuy 8)s
poJ

Multiplying both sides of (6.2) by P;, &nd summing over i, and using the side condi-
tion that L Pip = 1, and also multiplying both sides of (6.3) by pOJ and summing over
i

J, and using the side condition ™ poj = 1, it is immediately seen that
J

(6.4) A = u = «n;

80 that vwe have the maximum likelihood estimates of Pyq and poJ given by

A A
{6.5) Py, = nio/n and Poy = noj/n.

Svhetituting in the usual expression for X2, we have the modified X2 given by
6.5 5 AN o A A
(6.5) . 4 J(nij - npiopoj) /npiopoj *
3

Recelling section 5 and the observations under case I of section 3, we note that

(6.6) Las a X2-distribution withd.f. rs-1l-(r+s-2) = (r-1)(s - 1).

Cage iI. Here Py, © nio/n, and the pOJ's alone have to be estimated under the side
orcit =
corcition ? poJ

shall have only the equation (6.3), and we end up with

1. Proceeding as in the previous case, we observe that here we

A

(6.7) . P, = nio/n and Poy = nOJ/n.

.\Iot-i.ce the difference between (6.5) and (6.7). In (6.5) there are carats on both
D, 30nd Poy? vhile in (6.7) the carat appears only on Poy* Now substituting in the

wual expression for X2, we get
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6 A ) A
( '9) L (niJ - npiOpOj) /nPiOPOJ .
i,J
Recelling the observations under Case II of section 3,vwe have a X2 with d4.f.

re -r -(8=-1) = (r-1)(s - 1) .

Case 111, Here vwe have

(6.10) P, = nio/n and Py = noJ/n.

Substituting in the usual expression for X2, we get

2
(6.11) 123 (ny ;5 = BPyoBo4) / BBy PGy
)

and recalling the observations made under case III of section 3, we have e with 4.f.
rs - (r+s-1) = (r -1)(s - 1).
The femiliar text book example of "vaccinated" against "not vaccinated" one way,

and "attacked" against "not attacked" the other way is really an example of Case II;

it is neither Case I nor Case III,

7. Application of the Xe-test 4o section 4. In this section we shall use the

%2 to test all the diffsrent nypotheses in section 4 except the hypothesis (4.2.5)

which, as we have already observed in section k4, plays the role of "no interaction"
when "i" and "J" are "ways of classification" and "k" is a "variate", and a certain
ro’e, which has no analcgue in multivariate analysis when all three are "variates".
The hypothesis (4.2.5) will be considered in detail in section 8 for the special case
of r =5 =1t =2, and in seciion 9, in less detail, for the general r x s x ¥ table.

Conditional Independence. Starting from (4.1.1), and taking into account the remarks

in saction 2, we can write down the likelihood function as

Pigko L. Biok . Bodk
(7-1) ¢~ 1I P4 5k s that. is, ¢‘~ IT Py 11 Po sk I
i,k E i,k Jok Y.

Ip “Book
3 o§k.
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' Case I. "i", "j", and "k" all are "variates"., Notice that we have to estimate the

] ] 1 4
Piok 89 poJk s, and Pook ' B subJect to
(7.2) ilpiok = ?pojk = Pook (k = l, 2, seey t) and i’ Pook = 1,

Now using the same method as in section 6, and calling the associated Lagrangian
multipliers kk, My (k =1, 2, 4o, t), and v, we have the maximum likelihood equa-
tions

nook
pook

n n
(7.3) Aok, = 0; odk = 0; + + -v=0
Bok | X Fojx X e ’

with i =1, 2, see, T; J=1,2, vouy 8; k=1, 2, .0., t. Multiply the first

equation of (7.3) by Py 8nd sum over i using the side condition X Piok = Pook’
i

multiply the second equation of (7.3) by P, and sum over J using the side condition

Jk

§ pojk = pook' Now using the third equation of (7.3) we have
(7.4) N T W T Pook / Pook = V°

Multiplying the third equation by P, and summing over k using the side condition

ok

i Pook = 1, we have

(7.5) vV = -n,

Hence we have the following maximum likelihood estimates:

A n A n A n
. 1ok | _ oJk . _ ook
(7.6) Pjok n ° Pojk ™ "mn ’ Pook T Tn ’

Substituting in the usual expression for Xa we get

A A A A
 J S
K 2 K
@ v I (nyy - n—modi )t /o AREO8
1,4,k Posk Pook
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‘ Recalling the observations under Case I of sub-section 4.1, we have & X2 with d.f.
rst = 1« [t(r+s8~1)-17 = t(r=-1)(s - 1).

The question as to how far it is meaningful to investigate this "conditional
independence" for the other cases, namely, when not all are "variates", is now under
examination. However, there are additional mathematical difficulties in these situ-
ations.

Complete Independence. Starting from (4.1.5) and recalling section 2, we write

the likelihood function as

n:l.:)k %400 no.jo
(7.8) $ ~ II Py 5 , that is, § ~ II P00 II Po 30 I poox
, Lk i 3 k

n
ook

Case I, "i", "J3", and "k" all are variates. Here we have to estimate the Pioo's’

'g, and pook'a under the side conditions Z Pioo = L Poso = i Pook = 1. Intro-
i J

. ducing the usual Lagrangian multipliers, we have as our maximum likelihood equations

Pojo

n n n
(7.9) ioo+}\ - °°+u - ook+v = 0,
Pioo poJo Pook

withi=1, 2, «es, r; J=1, 2, vee, 8; k=1, 2, .se, t. Solving ve have

(7.10) N = p = Vv = -n, and thus
A n A n A n
. Moo _ Jodo ook
(7.11) Pi00 n * Fo Jo n ° Pook n ‘

Substituting this in the usual X2 expression we have

A A A A A A

. 2
(7.12) z (nijk - npioopo.jopook) / P4 00P0 joFook,

i,k

and recalling the observations under Case I of sub-section (4.l) we see that our X2

.§ has d.f. rst = L - (r+ s+ t - 3) = rat -r s -t+ 2,
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" ‘ In this case, as in section 6, it can be shown that we should have the same X2
with the same d.f. for (i) any two of "i", "j", and "k" as "variates" - say "i" and
"J" - and "k" as a "way of classification", (ii) any one of "i", "j", and "k", say
"i", as a "variate" and "J" and "k" as "ways of classification", or (iii) all three
A A

as "ways of classification". In case (i) we should have Pioo = nioo/n; Pojo = nojo/n;

A
and p nook/n; in case (ii) Pioo = nioo/n; Pojo = nojo/n; and p_ . = nook/n; and

ook ~
in case (iii) p, = nioo/n; Pojo = noJo/n; and p__ = nook/n'

Multiple independence between " (i, j)" and "k". Starting from (4.2.1) we write down

the likelihood function as

n n n n
_ ni ijo ook ijo ook
(7.13) $= II n,,!t ?I Pi.jo IIpook 11 Pijo IIpook ‘
i3,k b1 k 1,3 k
2J)

‘ Case I. "i", "3", and "k" all are "variates". We have to estimate the Pi,jo's and

's subject to the constraints & PiJo =X Pook 1. Introducing the usual La-
i,3 K

grangian multipliers, we have as our maximum likelihood equations

pook

n n
(7.14) Ao L 2 0 ema ook ., = 0o
piJo Pook

for (i=1,2, ..., r; §J=1,2, ..., 8) end (k=1, 2, ..., t). Solving,we heve

A A
(7.15) P130 © niJO/n end Pook = nook/n’

and substituting in the usual X2 expression we get

A A 2 A A

(7.16) Z BT PPy Poai) /TP 3P0k

i,d,k

which, recalling the remarks under Cese I of subsection (4.3) is & x2 with d4.f.
. rst - 1 - [(rs -1) + (¢t - l)_7 = (rg -~ 1)(t - 1). We shall end up with the seme

X2 with the seme d.f. in the cases whers (1) "i" and "J" ere '"veriates" and "X" 1s a
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"way of clessificetion" or vice versa, or (ii) "i", "J", end "k" are all "ways of

classifization". The obvious modificstions in tis casar (i) and (23 +#11 L~ n

the fect that the eppropriate p's will have cerests over them snd the rest will not.

8. "No interaction" in a 2 x 2 x 2 tabie. Consider in this case the hypothe-

sis (4.2.5), and write it out in full as follows:

(8.1) B p.. - -l07101%011 N 4210%201%011
0" "Ml 43509510901 211 9p00%910%01
o = w110%102%012 oo = Lo108e02%12
112 4;409010%02 212 9504903109002
_ Y320%01%21 _ 9220%01%21
P11 5, aa Por1 5 7 q
100%020%001 200%020%001
oo = a20h100%022 o = —220l202%020
122 4, 59%000%02 222 dpnpdpz0doo

It is easy to check that

"no interaction" constreints, which, in this case, represent Just one relation emong

by eliminating the q's, we have, what we will call, the

the p's, namely

(8.2)

P111P20)

Py12P20n

Po11Pioy

PoyoPiop

There is, of course, the other side condition on the p's:

(8.3)

Recalling again section 2, the likelihood function can be written es

(8.4)

Now consider

Case I.

z

P
ik
1,3,

n

~ 1II

P
ik
1,3,k 9

"i", "§", and "k" sll are "variastes".

The problem is to estimate the
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piJk's by meximizing ¢ subJect to the constraints (8.2) and (8.3). Introducing the

usual Lagrangian multipliers on (8.2) and (8.3) we heve the meximum likelihood

equetions
B4 9k A
(8.5) i;iL- * oyt k=0 (1Jx = 111, 221, 212, 122)
13k 13k
n

Ak 2 L L -0 (13k = 112, 222, 211, 121) .

Pyk Py 3k

Now multiplying by p and summing over i,J,k, and using (8.3), we have p = -n,

13k’
and
A
(8.6) Py = a,(n1Jk + A /n (13 = 111, 221, 212, 122)
A
Pige = Mogy -N /o (13k = 112, 222, 211, 121).

Substituting in (8.2), we have for A the cubic equation

8 (0139 MNngo* A) (n)g5- MNngop- M)
(8.1 (hpp- Ma- N~ Tag gt Majpr N )

A
Solving for A and substituting in (8.6) we have the estimated Py 's occurring in

Jk
the usual Xa. Since

(8.8) n N (ik = 111, 221, 212, 122)

A
15k ~ PPy T

A
Byg ~ OPy g = N (iJx = 112, 222, 211, 121) ,

the finel X2 is given by

2 2 A
(8.9) X2 = ‘)';'r 5. pmk'l.
i,J,k=1

This will be & xZ with d.f. = .the total number of cells (8 here) - /“the apparent

number of parameters (8 here) - the number of "no interaction" constraints (1 ,
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here) - the number of linear relations on the p's coming from the linear constraints
on the n's (1 here) / - / the number of linear relations on the n's (1 here)_/

= the number of "no interaction" constraints = 1, in this case. It is easy to see
from this that, in all cases, no matter whether "i", "J", and "k" are all "variates",
or some are"variates" and some "ways of classification", or all are "ways of classi-
fication", we are going to end up with a X2 with «. 4.f, exactly equal to the number
of "no interaction" constraints like (8.2).

Notice that in (8.5), the Lagrangian p goes with the constraint X p 1

13k

iJJ,k’
which stems from X n "no interaction"
1,J,k

constraints (8.2).

13k = n, and the Lagrangian N goes with the

Case II. "i" and "Jj" are "ways of classification, and "k" is a "variate", This

is the case of a two-way analysis of variance, and it is clear from the remarks

after (8.9) that ve shall end up with a X with the ssme d.f. = 1, Here

(8.10) (Pixed) with 1, §J = 1, 2.

Pijo ~ E Pijg = nijo/n

The maeximum likelihood equations for the p's subject to (8.2) and (8.10) will now be

B 3k A

+ +p,,=0 (1ik = 111, 221, 212, 122)
Pisk Pigx 1
(8.11)
Digk A
- tu =0 (igk = 112, 222, 211, 121).
Pijk Pigx J

Consider any (ij). Take sey (11), and notice that A goes with k = 1, and -\ with

k = 2, so that multiplying by piJk and summing over k = 1 and 2, we have

(8.12) n 0 or Mgy = -0, using (8.10).

130 ¥ MPi5P130

Hence substituting from (8.11) in (8.2), we have the same equation in A, and final-

A
ly the same p's, and thus the same X2 as in the previous Case I.
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. Case III. "i" is a "way of classification”, and "j" and "k" are "variates". Again
' 2
from the remarks after (8.9) we observe that we will get a X with the same d.f. = 1.

Here
(8.13) Pioo = nioo/n (fixed), with i =1, 2.

The maximum likelihood equations for the p's, subject to (8.2) and (8.13) will now be

n
ik . N L b = 0 (1Jk = 111, 221, 212, 122)
Py 5k Py ik
(8.14)
B3 5k

oWy o= 0 (1Jk = 112, 222, 211, 121),.

Py 3k Pyix

Notice that for a given i, say 1, we have A with jk = 11, 22, and -\ with Jk = 12, 21,

so that if we multiply by Py Jk and cum over Jjk, we will have

(8.15) n + P 0 or My = -n, using (8.&)\-

ioo ico

Hence substituting from (8.14) in (8.2) we have the same equations in A and finally
A
the seme p's, and thus the same X2 as in the previous Cases I and II.

Case IV, "i", "J", and "k" all are "ways of clessification" /71 /. We shall get a

Xa with the same d.f. = 1. Eere

(8.16) (fixed); p = niok/n (fixed); p

gk = no,jk/n (fixed)

Pygo = Pyyof® iok
with 1,J,k = 1,2, Nitice thait the relations in (8.16) are rot independent. In fact,
from one angle it will be sees that if we put Py = X (say), then all the other p's
will be completely given in terms of x and the fixed marginals of (8.16). Then sub-
stituting in (8.2) we can find x. From another angle (which should, of course, fi-

‘ nally give the same result) we notice, by putting n =~x and using (8.16),

111 ~ PPy13
that
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4 .

(8.17)

gk " npijk ==X for (iJk = 221, 212, 122)

n for (ijk = 112, 222, 211, 121).

1jk " PPygk T X

This means that x is exactly A of (8.5) or (8.11) or (8.14), so that we have the
same equations in x as we had in M in the previous cases. Hence we have the same

A
expressions for piJk in terms of n as we had for piJk in terms of niJk in the pre-

ijk
2
vious case. And hence we have finally the same X in terms of the nijk’s as in the

previous cases,

9. "No interactions" in an r x s x t table. Let us consider here the hypothe-

sis of "no interaction", and try to eliminate the g's. To fix our ideas, consider
first the case of a 2 x 2 x t table., Looking into the mechanics by which (8.2) is

obtained from (8.1), it is easy to see that, corresponding to (8.2) we are going to

‘I' have

(9.1) PutPoet _ Pu,e-1Peeit-1 | PuyeoPeeeen | _ PinaPeny
PortPrat  Pop,t.1F12,t-1 Po1,t-2F12,t-2 P211P121

For a general r x s x t table we can figure out that we are going to have the follow-

ing "no interaction" constraints:

p o . ? k = l, 2, seey (t"l)
(9.2) Prstpis!t = perPiJk s for J l, 2, o0y (8-1)
ist®rjt isk*rjk 1, 2, vu., (r-1).

[
]

This gives us (t-1)(s-1)(r-1) constraints on the piJk's. Checking the mechanics of
the derivation of (8.2) from (8.1), it will be seen that (9.2) yields a set of inde-
pendent and exhaustive relations among the p's by eliminating the q's from (4.2.5).
Here Prst is, as it were, a pivotal element, and r, s, and t the pivotal subscripts.
‘ We can make any other three subscripts the pivotal ones, and thus obtain another set

of independent and exhaustive relations like (9.2) which would be exactly equivalent
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. to (9.2), and so on.

Our likelihood function is

B4k

(9.3) p ~ II 1 T .

i,J,k
Looking into the mechanics by which, in the case of a 2 x 2 x 2 table, the four
cases, namely (i) "i", "J", and "k" all being "variates", (ii) any one being a
"variate" and the other two "ways of classification", (iii) any two being "variates"
and the remaining one a "way of classification", and (iv) all being "ways of classi-

fication", were shown to be mathematically equivalent (in terms of testing by Xg),

ve can verify that this will hold for the general r x 8 x t table also. In all the
cases, we have the same form of xe, distributed with d.f. (r-1)(s«1)(t-1). We dis-

cuss, therefore, only

Case I. All are "variates". Here we have to maximize (9.3) subject to the "no

interaction" constraints (9.2), and the further comstraint

(9.4) L
i,d,k

Pi,jk = 1,

Introducing for (9.1) the Lagrangian multipliers AMJk /71 =1, 2, ..., (r-1);
J=1,2, «o., (s-1); k=1, 2, .so, (t-1)_/, and for (9.4) the Lagrangian multiplier

A
i, and maximizing (9-3), we have for Pijk the typical equations

/-
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(r-1) (s-1) (t=1)
T L =

N
(9.5) “ret , 1=} J=1 k=l ‘¥ 4+ u = 0
prst prst
(s-1) (t-1)
: L i A
Mst =1 k=) Lok + p o= 0
Pyst Pigt
(r-1) (t-1)
b A,
gt | 1=l k=1 MK s wo= 0
Prit Prit
(r-1) (s-1)
z L A,
nrsk - =l j:l 1Jk + u - o
prsk prsk
(t-1)
LA
n,. _ ik
ijt + k=1 + uo=0
Pist Pyst
(s-1)
LA
n _ ijk
isk + J=1 + u =0
Pisk Pisk
(r-1)
LA,
n _ ijk
rjk + i=1 + p o= 0
Prik Prix
n A
t0) S B +u =0

Py 5k Pk

With, Of Course, i = 1, 2, LR N ] (r‘l); J = l, 2, es 0y (s-l); k = l, 2, [ AR (t-l)o
Notice that with the pivotal subscripts (rst) goes a triple summation over the A's
and a positive sign before that expression; with just one subscript changed goes a

double summation over the A's and a negative sign before that expression; with two



25

of the subscripts changed goes a single summation over the A's and a positive sign
before that expression; and finally with all the subscripts changed, we have a single

A

15k with a negative sign before it.

As in the case of the 2 x 2 x 2, it is easy to see by multiplying both sides of
(9.5) vy Pijk and summing over i,J,k, that p = -n. Thus solving for the pijk‘s in

terms of the nijk's and hidk's, and substituting in the "no interaction" constraints

(9.2), we have for A j the following equations [for 1 =1, 2, 0., (r-1); J =1, 2,

Jk
ceey (8-1); k=1, 2, ..., (t-1)_]:

+
(nrst l'lrst n

Y (g ¥ omyge)  (Bpg - Mg) (ayg = Byg)
(nist - Pisp)

(
(Brge = Pryt) (g ¥ By (g ¥ By

(9.10)

where “rst stands for the triple summation expression in (9.5), “ist’ “rJt’ “rsk for

the double summation expressions in (9.5), M, ey H;.ny M for the single summation
7 Pijt? Tisk’ "rjk

expressions in (9.5), and By 5k is simply hijk‘ Solving equations (9.10) for the
A

's, and ultimately for the A, ., 's, in terms of the n, , 's, we can find the pijk's'

i3k 13k ijk

Substituting these values in the usual expression for X2 we have

(9.11) z

2

where i =1, 2, sae, r; =1, 2, ves, 8; k=1, 2, .o., t; and where

+1 if i)k = rst (the pivotal subscript);

Mgk =
qijk = 1 if any one subscript differs from the corresponding pivotal subscript;
nijk = +1 if any two subscripts differ from the corresponding pivotal subscripts;

753k = <1 if all subscripts differ from the corresponding pivotal subscripts.

The method of solving equations (9.10) for the uijk's and finally for the Aijk's

in terms of the nijk's on modern high speed computers will be discussed in a later

paper.
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. 10. Concluding remarks. The extension from tables of three to more than three

dimensions does not bring up any new problems eo far as concepts like "no multiple
correlation”, "no partial correlation”, etc. are concerned. A new feature with, for
example, a four-way table would be the concept of "no correlation"between "(iJ)" and
"(k£)* which can be expressed as H,: Pygxs = Pijoopookl’ and tested in & straight-
forward manner. The generalization to any number of dimensions of the concept of
independence between two sets of "variates" is obvious. Replacement of some of the
"variates" by "ways of classification” will only make the final interpretation a lit-
tle different. The concept of "no interaction", however, is not one of trivial gen-
eralization. In a four-way teble the hypothesis analogous to (4.2.5), that is, the

hypothesis of "no second order interaction", seems to be

(10.1) B By = %4 3k0%1 30410k % gk Yio00 %0 Joo Yooko oo
‘ 0 J qijooqiokoqioolqodkoqojozqook/z

In this case the hypotheses of four separate "no first-order interactions" follow
exactly the same pattern as in section 9, and need not be separately considered. The
extension of (10.1) to higher order "no interactions", in the case of tables of higher
dimensions, forms a certain pattern which has been worked out and which will be dis-
cussed in a later paper. The technique of testing (10.1) and “no interaction "hypo-
theses of higher order is essentially similar, in principle, to what has been discussed
in section 9. The details alone are more complicated. For higher order "no inter-
actions" there are, however, various intermediate cases of considerable interest
which will be discussed later.
We have discussed the hypotheses of "no multiple correlation", "no partial corre-
lation", etc., but have not introduced any measures of "multiple correlation", “par=
. tial correlation", "interaction, etc. This is now under investigation. One measure

2
might be the expected value of X vwhen the hypothesis is not true minus the expected
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‘ value when the hypothesis is true (which is & simple and well-known expression). No
exact tests, with some reasonably good properties ﬁﬁ:?‘%ﬁé class of relevant alter-
natives (to the hypotheses), have been discussed here, nor have the powers against
permissible alternatives,gs the Xe-test been !;l=====€. In several of the cases, the
power functions would be easily available from previous work by others, but in other
cases, they would have to be worked out. These will be discussed later.

We give below only six references. The sources we have drawn upon most are
L1 ], [ %], [5], [76]. For a critical review of much of the previous work on
the subject, and a reasonably exhaustive bibliography we would recommend /™2 7 and
[f§_7. The reader will perceive that this paper has some (but not much) overlap with

/"2 ] in the general sector of "independence" in a two-way table.
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