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ABSTRACT

The finite element method of analyzing an anlsotropic viscoelastoplastic shell is des-
cribed herein. A relaxation kernel in the form of exponential series is used and conve=
niently expanded into a numerical time integration process. At each integration time
increment, viscoelastic displacement and stress fields are determined; and these are
subsequently used to iterate through incremental plastic loadings based on the Huber-Mises
yield criterion and Prandtl-Reuss flow rule., For the successive time increments, the
identical procedure is repeated with each step dependent on the results of the previous time
increment. The anisotropic parameters are calculated and introduced into the yield function.
These parameters are to be considered constant within an increment but may vary from one
increment to another. Yielding of various points through the thickness of a shell is checked
so that an appropriate treatment for the transition and unloading elements may be provided.
Both perfect plastic and strain hardening behavior based on the isotropic hardening theory
is considered in the analysis, It is demonstrated that the finite element technique is
efficient and convenient for not only obtaining the necessary equations but also for solving
iteratively and incrementally these equations with matrix arrays. Shells of various
configurations, axisymmetrical and nonaxisymmetrical, subjected to arbitrary loadings,
distributed and concentrated can be treated. To demonstrate the theory and procedures, a

numerical example of a spherical cap under uniformly distributed loads is presented.

1.  INTRODUCTION

The mechanical behavior of meterials with memory has attracted a considerable attention
in recent years. Notably, Green and Rivlin [1] and Green, Rivlin, and Spencer [2] developed
an isothermal theory of viscoelasticity based on the approximation of the stress functional.
Coleman [3], sl presented the thermodynamic theory of materials with memory derived in terms
of general functionals.

Recently, Chang, White, Oden, Malone, and Cost [5], (6], [7], [8], and (9] among others
used the finite element method to solve problems in viscoelasticity. Scattered attempts
have been made to deal with the subject of viscoplasticity. However, rigorous numerical
applications to solve complex structural systems with viscoelastoplastic behavior have not
received much attention, The present paper proposes one such technique. Specifically, the

finite element method is utilized to analyze viscoelastoplastic response of an arbitrary
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anisotropic shell.

In the present study, a relaxation kernel in the form of exponential series is used and
conveniently expanded into a numerical time integration process. At each integration time
increment, viscoelastic displacement and stress fields are determined and these are sub-
sequently used to iterate through incremental plastic loadings based on the Huber-Mises yield
criterion and Prandtl-Reuss flow rule. For the successive time increments, the identical
procedure is repeated with each step dependent on the results of the previous time increment.

The anisotropic parameters are calculated and introduced into the yield function. These
parameters are to be considered constant within an increment but may vary from one increment
to another. Yielding of various points through the thickness of a shell is checked so that
an appropriate treatment for the transition and unloading elements may be provided. Both
perfect plastic and strain hardening behavior based on the isotropic hardening theory is
considered in the analysis.

The numerical examples include a uniformly loaded axisymmetric shell undergoing visco-
elastoplastic deformations.

2. THE FINITE ELEMENT EQUATIONS OF AN ANISOTROPIC ELASTOPLASTIC SHELL

Applications of the finite element method to structural mechanics are well known
(see 2ienkiewicz and Cheung, and Oden {10], {11)). FPollowing the usual procedure, we
approximate the local displacement fields over the element, so that the {.th generalized

displacement coordinate within the element may be given by
a; s hu(x)e" (1)

where ¥ n(x) is the normalized local interpolation function (Chung and Bandy [15], and
®% is the component of generalized displacements at all nodes of the element, N being summed
from 1 to N,, the total number of element nodal generalized coordinates.

The equilibrium equation of a shell may be given by

3y,
of "of
fd J LN dA = Py (2)
A
where Py represents the generalized forces at node N, and the total stress tensor 005 is
given by
of aBip h® _afle
o s hE " ey, + 5 B Xy (&)
Here h is the thickness, L) and xﬂﬂ are the membrane and bending strain tensors,
respectively; E“a)‘“ is the array of elastic constants, and the total strain tensor yaﬁ
is given by
Yop = Cop *+ Pap (CY)

where z is the thickness coordinate, and
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xorﬂ = '“loﬁ - u).‘Bba - andlB + bduu‘ﬂ + bBbWu (6)
Note that nonlinear terms in the bending strains equation (5) are excluded in the present
study. Here standard tensor notations are used for strain-displacement relationships.
Introducing equation (1) into equation (5) and equation (6), we have
€ = Awse“ + c""“ee"e" (45
X8 = Byop®" ®
Here Aucﬁ’ Cuuaﬂ represent results of the differentiation implied in equations (5) and (6).

At this point we induce a perturbation or an increment, 58"-@"

waﬂ = (Ayp + cm‘ase" + zBNaB)Q“

¥y
6 (ﬁ) ° cunﬂagu

With these results, the incremental form of the finite element equations of equilibrium

so that

becomes
By
&( a‘mﬂ 'Sél"a' day= 8P,
A
or
f:"’ac“ma A @ 4 fsa“B(AW,, ¥ Conop® + 2B,qg) dA = 6 ®
A A

Here 600(9 may be related to elastoplastic behavior such that (12]

Al
8% o °® Moy, (10)
aBY0 AudT
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in which E(p)=da/d3(p) is the instantaneous plastic tangent modulus, dC represents the
incremental equivalent yield stress, and zas is related by the Prandtl-Reuss flow rule [12]

(p)_ _Of - =
6Yn’ﬂ -a?a-bk Zog de(p) (12)

where fnf(oas) is the Huber-Mises yield function and A is the normality parameter, and dE(p)

is the incremental equivalent yield strain.

Substituting equation (1) and equation (8) into equation (9) gives

Kw@ = 6,

(13)

Ko = KR+ REED 4 k{HID

Here KS}) is the linear stiffness matrix, KS}I) is the geometric stiffness matrix, and
~K(£EI)15 the incremental plastic tangent stiffness matrix, and 8Py is the applied load,

kP = ﬁaa)‘““naaﬁmdﬂ + -[zasam‘“nwﬂaxwu (14)

A

0P0% dA

(II) afin q oBAn
Knn = fE C"qaaA“me dA + h JE Cupﬂﬁcug A

h® aBip ?
+ 3 f:-: CurapBans®” A (15)
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pu— 7 9261150'3‘{9567]?\#!-
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s ()7 T et

in which all terms associated with Cﬂma in KS}) and KS}II) are neglected.

In matrix notation, (13) may be written
Re=F 17
If the shell is anisotropic, we simply modify the form of Huber-Mises yield function,
(@ =P =l ag

where A is an array of anisotropic parameters determined in terms of yield stresses (see



- 81 -~
Chung and Eidson [12]).

3.  VISCOELASTOPLASTIC BEHAVIOR

The use of relaxation kernel in the exponential series appears to be most convenient for
an application of the finite element method to the viscoelastoplastic problems (Chang, White,
Malone [5], [6], (8]). The constitutive relationship based on such model may be of the form

n
afyis 1
+ 2By D 8)

i=l

of _ afs aBhu,
0" = E Ym-#'n ™

oBip afip
where 1 and E )

are arrays of viscous and spring constants, respectively, and

i ‘(t‘tT)/T;_
O =f ¢ i YM* daTt (19)

0

Here T, is the relaxation time, and ?Ml may be considered to vary linearly between the
discrete time increment, At, so that

Yo = ule-tn) + TR 3 1) - 4, (e-0t)) (20)

Substituting equation (16) into equation (15) gives

q{t)(t) - A“)x{t}c,c-tsc) + B(i)"fw(t-At) + c“)w'lm(:) 21)

where At

A we T(

T
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3w Ca + =812 1y)

T
1) _ ¢ S PR € 5)
c Tyl 0 1., My)

mie-1
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x{p) (t,t-8c) = z ab ), (@Dae) - aby @se)- a¥y, [(@-1)8e])
m-1
mit
z ac . .
+ m [Ym(mbt) - Ym[(m-l)At]]
m=1
. nbc mAr B¢
a =e Ty , bm =T, e Tt (1-e T‘)
mit At _ bt

Here m represents the increment number.
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Substituting equation (18) and equation (21) into equaton (2) gives the finite element
analogue of the anisotropic viscoelastoplastic shell in the form

C8+k8=p (22)
Here
: c= 'Q(I) + 9_(n)

in which Qﬁl) and Q(II) are identical to equation (14) and equation (15), respectively,
except that E is replaced by

n

naﬁku " :E:Edﬂlu
i=l
E=E+L

where

L= Ly -fANuB(L‘g) + L"('g))dA

A
n

o aBAe (1) (1) _
o * 2E WO e
i=sl
n

R YR
L) 213 @® a(Ete
{=

In equation (22), C may be regarded as the viscosity matrix. As noted earlier K
containg the linear elastic stiffness matrix, geometric stiffness matrix, and the plastic
tangent stiffness matrix. We also note that P consists of both applied loads and viscosity
loads which are related to the viscoelastic stress histories of the previous time step. It
is convenient to place the geometric stiffness matrix and the plastic tangent stiffness
matrix to the right hand side of the equation and treat them as load vectors by multiplying

the displacements obtained in the previous time step. Thus, we have
hd T
c@+kPe-p" @3

where zf') is given by

E(t) s R+ &(IH) 81+ &(IH) €1 (24

Here t-l indicates displacements in the previous time step.

4.,  STEP-BY-STEP TIME INTEGRATION

The viscoelastoplastic shell equilibrium equation (23) may be solved most efficiently
by the step-by-step time integration method. Assuming a linear variation of displacements
within the time increment, we can show that a recurrence formula takes the form (Chung and
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Bhutwala [14],

R& , =¥ (23)
el
2
where
R= —- C+K (26)
=M +tce 27

and 0 At is the displacement vector at the mid-interval,
Initially, 6, is zero. Thus, equation (24) becomes

-p (28)

which can easily be solved for 9 At . This result will then be used to replace 9 in
equation (27) for the follouing time step. This will permit calculation of the second term
of equation (27) and the last two terms of equation (24) so that the solution of equation
(25) can be carried out,

In each time step, which advances half interval at a time, a complete viscoelastoplastic
solution is obtained. The viscoelastic displacements are first calculated without the

plastic effect, K‘III).

we calculate Kﬁl D

With these displacements and corresponding viscoelastic stresses,
according to the yield criterion and associated flow fule. This requires
determination of equivalent yield stresses at various points through the shell thickness

(4 to 8 layers), and any contribution to the second term of naﬂhu equation (11) is
determined. Unloading layers and elements are distinguished and accordingly assigned

elastic properties.

In general, the treatment of the plastic behavior within the time increment requires
a several iteration cycles before convergence. Upon satisfactory convergence, the process
i3 moved to the next time step and identical procedures are repeated.

In this way, the viscoelastoplastic histories are carried throughout all time increments
with mechanical properties of the material properly reflected in each time step of direct
integration of the incremental equilibrium equations.

The computer program flow chart is given in Appendix.

5. APPLICATIONS
Although the theory and procedures described in the previous sections apply to shells
of any geometric configurations, we selected a spherical cap as an example. The visco-
elastic behavior is based on the Voigt model of equation (18). The material properties are:
Modulus of elasticity, E=10.5° psi
Poisson's ratio, V=.3
Voigt spring constant, Dy=10.5 X 10° psi
Voigt viscosity constant, M;=2.625 X 10° psi
Relaxation time, Ty=T,/Dy=.025 sec.
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Plastic tangent modulus, E(P)azl,ooo psi
Yield stress, °yie1da24,000 psi

The geometric data are shown in Figure 1. The integration time increment was chosen

4 X 10—3 seconds, For simplicity the anisotropic effects are neglected in this analysis.
The spherical cap is subjected to a uniformly distributed transverse load of 1,000 psi. The
dlsplacements at apex by the viscoelastic analysis and by the viscoelastoplastic analysis
are compared in Figure 2. It is interesting to note that both viscoelastic displacement

and viscoelastoplastic displacement rise to the linear elastic displacement with a lapse

of time, but the viscoelastoplastic displacemeat becomes larger and the viscoelastic
displacement smaller than the linear elastic displacement. The meridional stresses at

apex are also plotted (Fig. 3) and decay of viscoelastic stress with time are clearly

noted. The elastoplastic stress tends to approach the linear elastic stress and combined
total stress or the viscoelastoplastic stress tends to decay from above the linear elastic

stress.

6. CONCLUDING REMARKS

Extremely complicated numerical manipulations have been dealt with in this analysis
of a viscoelastoplastic shell. A relaxatioh kernel in the form of exponential series is
expanded into a numerical time integration procedure. This scheme pernitted easy adaptation
of the existing computer codes for the finite element elastoplastic analysis. Although the’
anisotropy was removed from the example problem for simplicity, such effect can easily be
. taken into account as indicated in Section 2. The preliminary results indicate that the
theory and procedures described herein are valid and efficient. However, further studies
are required in regard to the choice of adequate time increments, particularly when extended
to dynamic loadings. Patterns of occurrence of yielded regions through the shell thickness
with and without the vixcous effects are of interest, and results of complete studies will
be reported elsewhere.
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APPENDIX

Computer Program Flow Chart
———-Ueginning of new time step I

l Calculate ©, 8, o , g I
e’ _v
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Check yielding
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i
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Incremen: time |
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Check ylelding
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Opy +d9, >0

Y
I pevelop KIIT I

Solve for ©; and 8,
from recursion formula

t

a8, = 8.-8,_,

dy; =B de,,
(%), = £(8)
Gy = Gpmy + dOy.,

o, = G 4 B oy,

(dg,), = (o) = (00),_,
doy = (d9), + (do9y),

2*® = £(oy)

do; = Zaad"a

Check convergence

of dt-Jl and do2

G, = Oy-q + d02

Oy = Oyy + dog

6, =6, ét =éz

max o, if ylelded
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26.61°
= 22,27 in.
41 in,
= 10.5 X 10° psi
= .3
Dy = 10,5 X 10°% psi
M, = 2.625 X 10° psi - sec/in
T, = .025 sec.
E(,) = 21,000 pai
O je1a © 24,000 psi
P = 1,000 pai

< M ™ R
]

Figure 1. Spherical Cap Subjected to Uniform Impulsive Loads of Infinite Duration
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DISCUSSION

Y.R. RASHID, U.S. A.

Q What is the basis for the separability of the stress into so-called "viscoelastic''
and "plastic" components ? '
The usual procedure in formulating the coupled viscoelastic-plastic problem is to assume
that the strains are separable.
I believe if one uses the creep compliance kernel in the '""strain-stress'' relations instead of
the relaxation modulus in the ""stress-strain' relations one avoids having to introduce the

fictitious subdivision of the stress components into viscoelastic and plastic parts.

A T3 cHung, u.s.A

1. A piecewise linearization from time increment to time increment permits superposition
of viscoelastic stress and stresses due to material nonlinearity.

2. Use of compliance kernel would have made the present formulation different. However,
the present scheme is preferred because of easiness in numerical manipulation in the com-

puter program.



