ABSTRACT

AHN, MIHYE. Random Effect Selection in Linear Mixed Models. (Under the
direction of Dr. Hao Helen Zhang and Dr. Wenbin Lu.)

The selection of random effects in linear mixed models is an important yet chal-
lenging problem in practice. We propose a robust and unified framework for au-
tomatically selecting random effects and estimating the covariance components in
linear mixed models. A moment-based loss function is constructed for the covariance
parameters of random effects and then a sandwich nonnegative garrote penalty is
imposed for the selection of random effects. Compared to typical approaches, the
new estimator does not require any distribution assumptions on random effects or
the error terms. Large sample theories show that the resulting estimator is consistent
for both random effects selection and variance components estimation. Due to the
nature of variance-covariance matrix of random effects, our procedure involves two
challenging computation problems: nonlinear semidefinite programming and nonlin-
ear programming with a linear inequality constraint. Computational strategies are
suggested to tackle these issues as well as the model tuning. Furthermore, we pro-
pose a natural way to incorporate the selection of fixed effects for the procedure after
choosing random effects. Simulation studies reveal that a better selection of random
effects can yield efficiency gain for the estimation of fixed effects. We use numerous
examples to illustrate the behaviors of the proposed approach and compare it with
existing ones.

In addition, we propose two alternative methods for speeding up computation



and approximating to the original method. Since the objective function in the origi-
nal method has up to fourth order terms and it makes the computation tedious, we
suggest using a linear approximation to the penalized variance-covariance matrix. It
reduces the objective function up to second order, and then the approximate function
can be solved by the quadratic programming in some statistical softwares. We show
that the approximate methods also perform well and often outperform the original
method. Furthermore, the computation speed is remarkably improved in the approx-
imate methods. We finally apply these approaches to a data set from the Amsterdam
Growth and Health Study.
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Chapter 1

Introduction

1.1 Background

Over the years, variable selection methods have received much attention and been ap-
plied to various fields. Using uninformative variables not only wastes money or time
but also reduce estimation efficiency or prediction accuracy. Selecting an appropriate
set of important variables helps to reduce the variances of parameter estimates. By
deleting some noise variables, we might improve the precision of the estimates. More-
over, a simpler model can enhance model interpretation, and are therefore helpful for
understanding the underlying regression relationship.

When we have p variables, the total number of possible models is 2P. With a large
number of variables, identifying the optimal model within the large model space can
be computationally burdensome. Sequential procedures, such as forward selection
and backward elimination, can be used for variable selection with relatively less com-

putation. However, these selection procedures are discrete in that one variable is



either added or deleted at a time, and hence provide unstable results. (Breiman,
1995)

For continuous selection process, penalized likelihood methods have been devel-
oped recently, including nonnegative garrote (Breiman, 1995), LASSO Tibshirani
(1996), Fan & Li (2001), Zou & Hastie (2005), Adaptive LASSO (Zou, 2006; Zhang
& Lu, 2007; Wang et al., 2007), group LASSO (Yuan & Lin, 2006), LSA (Wang &
Leng, 2007), and OSCAR (Bondell & Reich, 2008). In the following Section 1.3,
we will review these methods which are designed for selecting fixed effects. Many
model selection criteria have been proposed, including the Akaike information crite-
rion (AIC) (Akaike, 1973) and Bayesian information criterion (BIC) (Schwarz, 1978).
In the following, we present a detailed description of several selection criteria.

In many simple settings, we assume that the observations are independent and
identically distributed. However, in more complex settings where data are repeatedly
measured on a subject or taken over time on the same unit, the observations within
each subject might be no longer independent. To capture the variation within each
subject, Laird & Ware (1982) developed a linear mixed model containing both fixed
effects and random effects. In practice, this model is useful for modeling longitudinal
data, spatial data, panel data, or clustered observations.

Assume that the number of subjects is m and the number of measurements on

subject i is n;. A general linear mixed model can be written as

yz'jZXiTjﬁ—i-ij’yﬂ—eij (1=1,2,...,m;5=1,2,...,n;), (1.1)

where y;; is the response, X;; = (Xjj1,...,X;jp)" are the fixed-effect covariates for



the jth observation of the ith subject, 8 = (f1,...,8,)" is the p x 1 vector of fixed-
effect coefficients, Z;; = (Zij1, ..., Zijq)" are the random-effect covariates for the jth
observation of the ith subject, v, = (7i1,-..,%q)" is the subject-specific ¢ x 1 vector
of random-effect coefficients, and ¢;;’s are the error terms. Furthermore, we assume
that -y; have mean 0 and variance-covariance matrix X = [o;;] with 1 < j,k < g, the
error €; = (&1, ...,&in,)" have mean 0 and variance-covariance matrix o2L,,, and €;’s
are independent of the ~;’s.

An important problem in applying (1.1) is how to choose important fixed and
random effects. Here, important fixed effects refer to those with nonzero coefficients,
and important random effects refer to random effects whose coefficients truly vary
among subjects. The selection of random effects plays a crucial role in model esti-
mation and inference for (1.1). If some important random effects are missing from
the model, the covariance structure would be underfitted. On the other hand, if too
many unimportant random effects are included in the model, the covariance matrix
of random effects could be singular and cause numerical unstability of the estimates.
Furthermore, choosing an appropriate set of random effects would capture the data
variability more effectively, lead to efficiency gain in the fixed effect estimation, and
eventually improve prediction accuracy for future data.

In the context of mixed-effects models, variables selection methods need to be
modified to identify nonzero random effects. However, the selection method for ran-
dom effects is challenging due to the nature of variance-covariance matrix of random
effects. Unlike fixed effects selection, there exist the only few methods for selecting

random effects (See Chen & Dunson (2003), Cai & Dunson (2006), Kinney & Dunson



(2007), Jiang et al. (2008), Bondell et al. (2010), and Ibrahim et al. (2010)). These
approaches assume that the random effects and the error terms follow a normal dis-
tribution. In addition, there have been efforts to modify selection criteria in order
to be used properly in mixed effect models (Wolfinger (1993), Diggle et al. (1994),
Vaida & Blanchard (2005), Pu & Niu (2006), and Ibrahim et al. (2008)). In Section
1.4, we will review these existing methods and selection criteria in detail.

In this chapter, we first review traditional methods and selection criteria for com-
paring and assessing candidate models, which were originally developed for linear
models. We then describe penalized regression, such as Lasso and SCAD, which has
been recently developed and is a continuous shrinkage method. In linear mixed mod-
els, we motivate the need for random effects selection. We review existing methods

for random effects selection.

1.2 Classical Methods for Fixed Effects Selection

Consider a linear regression model

y=XB+e¢,

where y is an N x 1 vector of responses, X is an N X p design matrix, 3 isap x 1
vector of unknown regression coefficients, and € is an N x 1 vector of random errors
with € ~ N(0,0%Iy). In general, the method of least squares is used to estimate the
regression coefficients from the data.

In practice, various model selection criteria have been proposed to compare candi-



date models and to select the best model. Different criteria have different motivations
and perform better for some problems in practice. We give a brief review on those
widely used criteria in this following. Hocking (1976) extensively reviewed selection

criteria with some examples.

1.2.1 Selection Criteria

Residual Mean Square: MSE

The residual mean square is defined as

N PRV
MSE = 2im Wi =0 _ RSS
N-—p N-—p
where p is the number of variables in the fitted model, RSS is the residual sum of
squares and 7; is the fitted value of y;. This is widely used to evaluate how well the
model is fitted to the data. We prefer the candidate model with the minimum MSE.

For small data sets, the MSE might not work effectively.

Coefficient of Determination: R?
The coefficient of determination has been widely used as a measure of the capability

of the model to fit the data, and defined as
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where ¥ is the overall mean of y, SSR = Zfil@\l —¢)? is the regression sum of squares
and SST = S°N (y; — 7)? is the total sum of squares. This can be viewed as the
ratio the explained variance to the total variance. As the number of parameters used
in the model increases, R? increases. Therefore, R? achieves the maximum when all
variables enter in the model. Based on R?, we select the candidate model having the

largest R?. As a result, the chosen model might be overfitted.

Adjusted R?
The drawback of R? leads to the modification of R%. The adjusted R? is defined as

, . RSS/(N—p)  (N—1MSE _ (N-—1 ,
Radj—l_m—l—%—T—l—<N—_p>(l—R). (1.2)

The Rgdj penalizes bigger models. As seen in (1.2), the minimum MSE and the max-

2

imum R; dj

yield the same model selection. That is, comparing models in terms of
MSE is identical to that in terms of RZ .
Mallows’ C,

The statistic C,, proposed by Mallows (1973), is defined as

RSS
C, = = — N + 2p,

where 62 is the residual mean squares in the full model. The C), was motivated as an
unbiased estimate of prediction accuracy of the candidate model. If the model with p

variables is proper, E(C)) is approximately equal to p. Therefore, we find points close



to the C), = p line on the plot of C, versus p. Also, it might be good to select points
below the C), = p line due to random variation. As a result, we prefer choosing the
candidate model with small C}, value about equal to p. Generally, many statistical
software packages select the model having the smallest C),. Mallows (1995) studied
the property of a C), plot when p is large and there exist many weak effects. Some

modified versions of Mallows’ C), are described with some examples in Miller (2002).

Information Criteria
Akaike Information Criterion (AIC) is originally proposed by Akaike (1973) to con-
sider the number of parameters as a standard comparing the candidate models. His
idea is to impose a penalty for model complexity to the log likelihood. In general,
the AIC is defined as

AIC = —2log(likelihood) + 2p.

Hurvich & Tsai (1989) showed that AIC brings about overfitting in the small sample,

and suggested using AIC¢, a corrected version of AIC,

20+ 1)(p+2)

AlCe = AIC +

For several variants of AIC, see McQuarrie & Tsai (1998). Another information

criterion is the Bayesian Information Criterion (BIC), proposed by Schwarz (1978),

BIC = —2log(likelihood) + plog N.



BIC is motivated in the Bayesian approach to model selection. Schwarz (1978) made
an appropriate modification of maximum likelihood using the asymptotic behavior
of Bayes estimators. We desire the model with smaller AIC or BIC. Miller (2002)
stated that using AIC tends to choose a little larger models than using Mallows” C,,.
Information criteria and C, statistic consider the trade-off between o? and p. We
cannot say which criterion is better than the others. However, we can consider the
behavior of these criteria as follows. When N > e? BIC penalizes larger models
more heavily, and hence it prefers simpler models. Moreover, BIC is asymptotically
consistent for model selection. That is, the probability that BIC yields the correct
model approaches 1 as N — oo. Contrary to BIC, AIC tends to select more complex
models as N — oo. BIC also has disadvantages; BIC often chooses too simple models
for finite samples. Hurvich & Tsai (1989) showed that BIC may poorly perform in
small samples. Haughton (1988) showed that BIC is consistent when the true model
is fixed. If the dimensionality of the true model increases with NV, AIC is also consis-

tent (Shibata, 1981).

PRESS

Allen (1981) proposed the prediction sum of squares (PRESS) which is defined as

N

PRESS = Z —Tw)” =Y _ el

i=1 =1

where 7;) denotes the predicted value of the ith response when the model is fitted
without using the ¢th observation. PRESS provides detailed information about the

stability of the candidate models. However, PRESS requires an excessively greedy



computation. Breiman & Spector (1992) showed that non-resampling estimates in-
cluding PRESS statistic lead to inaccurate estimates of the mean squared error of pre-

diction. To overcome this problem, they used cross-validation and bootstrap methods.

K-fold Cross-Validation: CV

Cross-validation is a method that uses part of data to fit the model and the rest part
to test the performance of the fitted model. We first divide the data into K parts
randomly. For k = 1,--- |, K, two sets ®; and ®, consist of the kth part and the
remaining parts, respectively. We fit the model to ®,, and compute the prediction
error of the fitted model with ;. When K is equal to NN, this method is called
‘leave-one-out cross-validation (LOOCV)’. In fact, PRESS statistic uses the LOOCV
method. LOOCYV has low bias but can have high variance. Moreover, the compu-
tational burden can be excessive. Breiman & Spector (1992) showed that fivefold

cross-validation is better than leave-one-out cross-validation in model selection.

Generalized Cross-Validation: GCV
Craven & Wahba (1979) proposed the generalized cross-validation (GCV) as a com-

putational shortcut for LOOCV. The GCV approximation is defined by

N ~ 2
_ 1 Yi — Yi
Gev = NZ (1 —tr(S)/N> ’

=1

where y = Sy and tr(S) is the effective number of parameters. For linear models, we



have

RSS 1
CV = ) 1.
R N (YA )
By Taylor expansion,
RSS 2 P
~——— + 207 .
GCV N + 20 N

Since % — 0% as N — oo, GCV yields the same result as AIC and Mallow’s C,
asymptotically. Various GCV-style statistics have been proposed, and they will be

described in Section 2.3.2.

1.2.2 Computational Methods

If we have p variables, there exist 2P candidate models. As the number of variables
increases, the number of computations needed rapidly increases. For efficient and
effective computation, many algorithms have been proposed. In this section, we will

go over traditional procedures that are in common use.

All Possible Regressions

All possible regressions are in fact to compare 2P candidate models. However, it
requires considerably greedy computations. Furnival & Wilson (1974) proposed the
leaps and bounds algorithm to perform all possible regression efficiently. They em-
ployed the lexicographic algorithm and also performed an exhaustive search. The
algorithm is quite useful in linear models with p < 40. The idea of the algorithm
is to use information obtained from previous steps. As a result, we can reduce the

computational burden. Their algorithm offers the best m models of each size, where

10



m is set by the user. They provided the Fortran subroutine which is available in
many statistical softwares. When we find the best subset by the leaps and bound
algorithm, C,, R?, and dej, described in Section 1.2.1, are available as a criterion
for comparing candidate models. The best subset selection is to choose the best one

among all possible subsets. It tends to result in a model with too many variables,

and the final model would be very unstable.

Forward Selection

For forward selection, the procedure starts with no variables in the model. First, for
all variables not included in the model we check which variable has the largest partial
F-statistic. If the partial F-statistic is greater than a pre-determined F' value, the
variable is added to the model. The pre-determined F' value is often called ‘F-to-
enter’. The above procedure is continued until new variable cannot be added to the
model any more. Roecker (1991) showed that forward selection can provide slightly

smaller prediction error and less bias compared to all possible regressions.

Backward Elimination

Backward elimination is the simplest procedure for variable selection and works in the
opposite direction of forward selection. At first, the procedure begins with all vari-
ables in the model. We then compute the partial F-statistic for each variable out of
the model. If the smallest partial F-statistic is less than a pre-determined F' value, the
variable is excluded from the model. This pre-determined F' value is sometimes called

‘F-to-remove’. The backward elimination also stops when the partial F-statistics for

11



variables not belonging to the model are all greater than F-to-remove. Forward selec-
tion and backward elimination are more economical than the all possible regressions.
Since we start with all variables in the model, backward elimination can be performed

only when p < N.

Stepwise Regression

The stepwise regression can be thought as a combination of forward selection and
backward elimination. At each step, one variable may be either entered or removed.
Therefore, the same variable can be again added to the model after excluded. Note

that this procedure allows the move of only one variable at one step.

These methods described above are easy to understand and perform, but the
selection results are unstable. Because the selection procedure is discrete; that is,
variables are either remained or dropped from the model, even small changes in the
data might lead to quite different results for variable selection. This can also result
in worse prediction accuracy. In next section, we review penalized approaches which

are continuous selection procedures.

1.3 Penalized Regression for Fixed Effects

The main idea of penalized approaches is to impose a certain type of penalty to
the regression coefficients, such that they are shrunk towards zeros, and some small
coefficients will become exactly zero, achieving the purpose of variable selection. As a

continuous variable selection procedure, the penalized method gives better prediction
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and small variance than traditional searching methods when the model is properly

tuned. In general, the penalized likelihood function is of the form
—2log(likelihood) + Py(B),

where Py(f3) is the penalty and A > 0. As X increases, the penalty term also increases
and and impose more shrinkage on the coefficients. We can select the proper value of

A by using the variable selection criteria described in Section 1.2.1.

1.3.1 Ridge Regression

When multicollinearity is present, the ordinary least squares estimates might behave
very poor. The variances of the estimates are considerably inflated, and the estimation
is quite unstable. Hoerl & Kennard (1970b,a) introduced ridge regression which
produces a little biased estimator of regression coefficients. They allow a small bias
to achieve a smaller variance. The ridge estimate minimizes the penalized residual

sum of squares with L2 penalty term:

N

B:argmﬁin{z(yi—Zﬁjwij)2+)\Zﬁj2}, (1.4)
j=1 =1

=1

where A > 0 is often referred to as a shrinkage parameter and X is in standardized
form. We assume y is centered, so the intercept can be omitted from the model. The
ridge estimator can be viewed as a slight modification of the normal equations and

is expressed as B = (XX + M)~ 'X"y. The ridge estimator shrinks the ordinary

least squares estimator toward the origin. In addition to the ridge estimator, other
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biased estimators that will be described later are also called shrinkage estimators.
Even though the ridge regression is more stable process, it is not appropriate for
variable selection because it does not make any of coefficients zero. For variable
selection, many approaches have considered the use of different penalties which make

coeflicients shrink toward zero.

1.3.2 Nonnegative Garrote

Breiman (1995) introduced the nonnegative garrote that is used to do subset regres-
sion. Suppose that X is standardized and y has mean zero. The nonnegative garrote
minimizes

N P " 9 b4

Z (yZ — chﬂjxij) subject to ¢; > 0, ch <t, (1.5)

i=1 j=1 j=1
where ¢t > 0 is a tuning parameter and gj’s are the ordinary least squares estimates.
As t decreases, the garrote becomes tighter. As a result, many c;’s are set to zero
and the rest of coefficients are shrunken. Breiman (1995) stated that the nonnegative
garrote is stabler than subset selection and is scale invariant, while ridge regression is
not scale invariant. Similar to ridge regression, the nonnegative garrote has smaller
prediction error. Moreover, the nonnegative garrote is consistent in variable selection
(Zou, 2006). The nonnegative garrote’s drawback is that the estimates depend on the
ordinary least squares estimates. Due to this property, the nonnegative garrote may
behave poorly when variables are highly correlated or the model using the ordinary

least squares estimates is overfitted. In addition, the nonnegative garrote results in a
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more complex model than subset regression in general. Miller (2002) showed that the

nonnegative garrote gives similar results to backward elimination with a real data.

1.3.3 LASSO

Tibshirani (1996) proposed a new regression method for ‘least absolute shrinkage and
selection operator’, called the lasso. It also shrinks some coefficients to zeros. The

Lasso estimate is defined by

N p p
B = arg mﬁin { Z (yZ — ;5]-%]-)2} subject to Z 1B < t, (1.6)

i=1 j=1

where ¢ > 0 is a tuning parameter.

Leng et al. (2004) have shown that the Lasso solution is not consistent in variable
selection. Zou (2006) studied a necessary condition so that the Lasso variable selection
is consistent. Zhao & Yu (2006) also provided an almost necessary and sufficient
condition for consistent Lasso solution. In other words, the Lasso is not always
consistent. Besides, the Lasso might shrink coefficients more than expected, and this
leads to asymptotically biased estimates.

Furthermore, the Lasso cannot choose more predictors than N. When there is a
group of variables and their correlations are quite high, the Lasso does not identify
the group. When predictors are highly correlated, the Lasso has even the worse

performance than ridge regression.
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1.3.4 SCAD

Even though the Lasso provides both variable selection and shrinkage, it might shrink
large coefficients more than is expected. To overcome this drawback, Fan & Li (2001)
proposed the ‘smoothly clipped absolute deviation (SCAD)’ penalty which imposes
different penalties to regression coefficients depending on their magnitudes. That
is, the idea is to penalize uninformative variables heavily and informative variables

lightly. The SCAD estimates can be expressed as

i=

N D p
B = arg min { > (yi - Zﬁjl‘z‘j>2 + Zq/\(|6j|)}7
1 j=1 j=1

where ¢, is a penalty function. For more detailed description, see Fan & Li (2001).
They also introduced the concept of the ‘oracle properties’. Assume that A, and
A; which are lists of indice of zero and nonzero coefficients, respectively. Then, the

oracle procedure satisfies the following properties.

1. Selection consistency: Identify A; correctly; i.e. BJ = 0 for all j € Ay and
B; #0forall j € A

2. Optimal estimation: \/N(,[A‘BA1 — B%,) — N(0,X*) in distribution, where 8" is
the true values of B and X* is the covariance matrix when assuming we know

the true model in advance.

Fan and Li (2001) showed that the Lasso does not satisfy the oracle properties. In
contrast, the SCAD enjoys the oracle properties. However, the SCAD is compu-

tationally difficult to implement since its penalty is not a convex function and not
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differentiable at zero.

1.3.5 Elastic Net

To resolve the drawbacks of the Lasso, Zou & Hastie (2005) introduced an elastic net

penalty which is a mixture of L1 and L2 penalties. The elastic net estimate is

=1

N p p p
B = argmﬁin { Z (yz - Zﬁj%‘j)Q + M Z |5j| + A2 Zﬂ?}
j=1 j=1 j=1

Contrary to the Lasso, the elastic net performs well when N < p. In addition, the

elastic net can identify groups of variables and often outperform the Lasso.

1.3.6 Adaptive Lasso

Zou (2006) proposed the ‘adaptive lasso’ which is a modified version of the Lasso. He
derived a necessary condition for the inconsistency of Lasso solution. He also showed
that the nonnegative garrote is consistent in variable selection. Assume that B is a

V' N consistent estimator. The adaptive Lasso estimate is defined by
N N P 9 P
B = argmin { > (yz - Zﬁj%) + Azaﬂﬁﬂ},
i=1 j=1 j=1

where A > 0, 0; = 1/ EJP is a data-dependent weight, and ~ is a fixed constant. This
imposes different weights to each of coefficients.
The adaptive Lasso satisfies the selection consistency and enjoys the oracle prop-

erties. In addition, the adaptive Lasso is computationally easier than the SCAD
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because the penalty of the adaptive Lasso is a convex function. That is, the adaptive

Lasso overcomes the drawbacks of the Lasso and the SCAD.

1.3.7 OSCAR

Bondell & Reich (2008) proposed the ‘Octagonal Shrinkage and Clustering Algorithm
for Regression’(OSCAR). The OSCAR estimate is given by

N

8= arg min { > (yi - Zﬁszj)? + A 1B+ A2 Y max (|8, \W)}-
j=1 j=1

i=1 j<k

When there exist some groups of correlated variables, it might be required to identify
the group because of the same influence to the response variable. That is, all variables
belonging to the same group are either chosen or removed at the same time. Bondell
& Reich (2008) showed that the OSCAR has good performance when there are high

correlations between variables.

1.4 Variable Selection in Linear Mixed Models

In Section 1.3, we reviewed a variety of penalized approaches which have been recently
developed. All the methods mentioned above can be directly applied to the selection of
fixed effects in model (1.1). However, the selection of random effects has received little
attention in the literature. Since it is not straightforward to estimate the variance-
covariance matrix due to the implicit form of random effects, the selection of random

effects is much more challenging than selecting fixed effects.
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1.4.1 Selection Criteria

Vaida & Blanchard (2005) showed the general definition of AIC is not appropriate
in mixed effects model. They proposed the conditional AIC, cAIC. There are several
versions of cAIC; using either maximum likelihood or restricted maximum likelihood
estimation, and the asymptotic version and finite-sample corrected version. The

general form of cAIC is given by

cAIC = —2log g(y|B(y), ¥(y)) + 2p,

where g is the approximating model for fitting the data and p is the effective degrees
of freedom. Pu & Niu (2006) extended the generalized information criterion (GIC),
proposed by Rao & Wu (1989), which is a generalization of AIC and BIC. There
are two stages for selecting both fixed and random effects: first, only fixed effects
are selected and then random effects are selected. Ibrahim et al. (2008) used ICq
criterion given by

1Cq(A) = —QQ(@\@O) + Cn(a\),
where @) is the penalized likelihood function , 50 is the unpenalized maximum likeli-

hood estimate, ¢,(#) is a function of the data and the fitted model.

1.4.2 Penalized Approaches

Chen & Dunson (2003) proposed a Bayesian approach for selecting random effects,

using a modified Cholesky decomposition to reparameterize the linear mixed effects
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model:

var(y,;) = X = ATTTA,

where A = diag()q,...,\,) is a nonnegative ¢ x ¢ diagonal matrix and I" is a ¢ X ¢
triangular matrix with 1’s in the diagonal entries. If \; = 0, the /th column and row
of X are all zero. This means that the [th random effect is not important. They
select a prior with point mass at zero for the random effects variances. The posterior
is computed by Markov chain Monte Carlo algorithm. However, they did not provide
any theoretical properties of their estimator. Cai & Dunson (2006) and Kinney &
Dunson (2007) extended this approach to the generalized linear mixed model and the
logistic mixed effects models, respectively.

Recently, Bondell et al. (2010) proposed a likelihood-based method which jointly
selects both fixed and random effects. They also adopted the modified Cholesky
decomposition instead of using innate covariance matrix. After reparameterization,
the penalized log-likelihood function subject to an L1 penalty with adaptive weights
is minimized via the constrained EM algorithm to obtain the estimates of both the
coefficients of fixed effects and the variances of random effects. They also showed the
proposed estimator enjoys the Oracle properties. Ibrahim et al. (2010) proposed to
minimize the penalized likelihood with the SCAD and adaptive Lasso penalties. For
selecting the proper values of tuning parameters, they used ICq statistic proposed
by Ibrahim et al. (2008). They showed that the resulting estimator has desirable
properties; consistency, sparsity properties, and asymptotic normality.

All of these approaches require the normality assumption for the random effects

and the error terms, and therefore the validity of their inferences heavily depends
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on the distribution assumption. This motivates us to develop a more robust and
flexible approach, without assuming any distributions, for random effects selection
in linear mixed effects model. Different from existing methods, we propose to first
construct a moment-based loss function for variance components and then achieve
random-effect selection by minimizing the penalized loss. Therefore, our estimator is
robust against non-normality of data, and its inference does not rely on any distri-
butional assumption on the random effects or the errors. We further prove that the
new estimator has good theoretical properties such as selection consistency, root-m
consistency, and asymptotic normality. The estimator is also easy to implement and
enjoys computational advantages over some competitive methods. To more speed up
the computation, we also propose two alternative methods which are approximate to
the original method and computationally efficient. The step for selecting fixed effects
can be easily added to our algorithms by applying adaptive lasso penalty for the
fixed effects coefficient. To be appropriate for the moment-based method, we suggest
modifying selection criteria such as GCV and BIC used in general. We examine the

performance of selection criteria and the proposed methods via simulation studies.
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Chapter 2

Random Effects Selection

2.1 New Methodology

Alternatively but equivalently, in matrix form, model (1.1) can be written as

where vy, is the n; x 1 response vector for observations of subject i, X; is the n; X p
design matrix for the fixed effects, and Z; is the n; x ¢ design matrix for the random
effects, and g; is the n; x 1 vector of errors for observations of subject 7. Note that
var(y;) = 021, + Z;XZ7 for i = 1,...,m, which naturally incorporates heterogeneity
among subjects. A large body of literature to estimate the parameters in (2.1) are on
maximum likelihood (ML) and restricted maximum likelihood (REML) estimations
by assuming that ,’s and €;’s are all normally distributed. See Laird & Ware (1982),

Jennrich & Schluchter (1986), and Lindstrom & Bates (1988). In this dissertation, we
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develop an alternative moment-based approach to estimating the model parameters,
which does not require any specification on the distributions of the random effects
and errors.

Denote the total number of observations by N = " n;. To further facilitate

the following presentation, we now express (2.1) in a compressed form

y=XB+Zvy +e¢,

where y = (y7,...,y5)" isa N x 1 vector, X = (XT,..., X" )" is a N x p matrix,
Z = diag(Zy,...,Z,,) is a N x mq block diagonal matrix, v = (v],...,v5)" is a
mq x 1 vector, and € = (e7,...,er )" is a N x 1 vector. The ‘diag’ operator is defined

as follows: diag(A) is a vector of diagonal elements of A if A is a matrix, a diagonal

matrix with elements of A along the diagonal if A is a vector, and a block diagonal

matrix whose submatrices along the diagonal are Aq, ..., A, if A consists of matrices
A, ..., Ay
Define
Yije = (Yij — 2;8) (Yix — T3:); (2.2)

where y;; is the jth entry of y, and @;; is the jthrow of X; (i = 1,...,m;j =1,...,n;;

k =j,...,n;). Its expectation is the second-order cross-moment of Z;y, + €; :
E(yijr) = E[(Z;Fﬂ’z + &) (27 + €in)] (2:3)
B 25Xz + 0l if j =k
z;szzik otherwise,
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where z;; is the jth row of Z;. If 3 were known, a moment estimator for 3 can be

obtained by minimizing the squared-error loss function

m n;—1 ny

Z Z Z <yijk - Z%Ezz’k)z-

i=1 j=1 k=j+1
Since B3 is generally unknown, we propose to obtain an unbiased initial estimate E
first. A natural choice would be the ordinary least squares estimate from a ‘naive’
linear regression model y = X3+ n by assuming working independence. Substituting
B into (2.2), we can obtain the estimate of Yijk BY Yije = (Yij — w;FjN)(ylk - w;ka),

which consequently yields an objective function to estimate 3 by minimizing

m n;—1 n;

L= Y (gjk - zjjzzik)Q. (2.4)

i=1 j=1 k=j+1
Let 3 = (0] be the solution to (2.4). For large samples, 3 satisfies positive semidef-
initeness, i.e., a*Xa > 0 for all a € R?. However, for small samples, > is not
guaranteed to be positive semidefinite, thus we require a constraint 3 > 0 to (2.4).
The minimization problem subject to this constraint is asymptotically equivalent to

the minimization of (2.4). In practice, we hence propose to minimize

m n;—1 n;

2
Ly(X) = Z Z Z (ﬂijk — zijzik> subject to X = 0. (2.5)

i=1 j=1 k=j+1

By plugging ¥ into the squared-error loss function S7", 37 ik Wign — 20,8z — 02)2

£

which is obtained from (2.3) and minimizing the quantity with respect to o2, we have
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the estimate o2. Since the variance should be nonnegative, we instead take

m  n;
02 = max ( 0, %Z Z@m — zfjiz”))

i=1 j=1
Our main goal is to identify important random effects for model (1.1). Note that
if the Ith (1 <1 < g) random effect is not important, then var(v;) = 0 for all ¢, which
is equivalent to setting all the elements in the /th column and the /th row of 3 to be
zero. Since the moment-based estimator & does not have a sparse structure, we now
propose a penalized approach to produce a sparsity estimate from it. In particular,

we suggest to minimize the following objective function

m n;—1 n;

QrD) = 333 (i~ 2}DEDzy ) +>\Zd (2.6)

i=1 j=1 k=j+1

n;—1

m q
= Z Z (yzjk’ - Z Z Zijrziksarsdrds>2 +A Z di?
=1

i=1 j=1 k=j+1 r=1 s=1

subject to all d; > 0, where D = diag(dy,...,d,), 2 is the kth element of z;;, 0,
is the (4,7)th entry of 3, and A > 0is a tuning parameter. Let D= diag(c/l\l, o ,c/l\q)
denote the minimizer of Qr(D). As A becomes larger, d’s tend to be shrunk to-
wards zero more. The subscript ‘R’ in Qgr(D) refers to random effect selection. The
reason we impose the matrix D on both sides of 3 is due to the property of a covari-
ance matrix, which should be positive semi-definite and symmetric. The sandwich
structure of DXD yields a matrix that satisfies these properties. In addition, when
d; = 0, not only the ith diagonal element of DXD but also the ith column and row

become to have the value of zero. That is, the variance of the ith random effect and
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the corresponding covariances with other random effects are all zero. The penalty in
the second term on the right-hand side of (2.6) is inspired by a nonnegative garrote
penalty (Breiman, 1995). For illustration with the structure of DXD, let us assume
that there are four random effect factors, and the first two factors are important.

Then, DD gives
d%O’H d1d20'12 0 0

d1d20'12 d%O'QQ 0 0
0 0 00

0 0 0 0

The third and fourth diagonal elements corresponding to unimportant random effect
factors have the value of zero, and the corresponding covariances are also zero. Hence,
this is a desirable penalty on X yielding a positive semidefinite and symmetric matrix.

Once we obtain ]3, the final estimate of 3 is given by > =D2D. In addition, we
estimate o2 by minimizing the squared-error loss function Y ;" | 3 ik (”y]]k —z%izik —

2

O¢

2 : )
) . To preserve the nonnegativeness of the variance, we take

1 m uz Y
~2 7
0. = max (O, N Z Z(yijj - Z;szzij))-

i=1 j=1

2.2 Asymptotic Properties

In this section, we will study the asymptotic properties of the proposed estimator s
At first, we establish some lemmas to show that the initial estimates 3 are root-m
consistent and asymptotically normal. All proofs of Lemmas and Theorems are given

in the Appendix.
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Lemma 1 shows that the estimator ,5’ is asymptotically normal. Throughout the
paper, we use the script ‘0’ on parameters to denote the true values of corresponding

parameters.

LEMMA 1. Under some reqularity conditions, the ordinary least squares estimator

B satisfies that
Vm(B —8,) — N(0,AT'B,ATY)  in distribution,

where Ay = limy, 00 > 5y XIXi/m and By = limy, 00 Yooy X7 (2,227 +021,,) X /m.

To facilitate the following technical results and proofs, we reformat X into its vector
form as k = vech(X), the vector consisting of ¢(q + 1)/2 elements that are on and

above the diagonal of 3. Then we can rewrite Lo(X) as a function of Kk

m n;—1 n;
Low) = Y3 S (5~ 25k)

i=1 j=1 k=j+1

*

where Zj;, is a q(q + 1)/2 x 1 vector consisting of z;; and 2, and expressed as

*

ijk T (Zz‘mzz‘jl, Zik1Zij2 t Zik1Zijls - - - Zik1Zijq T ZikqZijl,

T
Zik2Zij2, Zik2%ij3 T Zik3Zij2s - - s Zik2Zijq T ZikqZij2s - - - > ZikqZijq) -

That is, the component of Z7;; corresponding to oap 1S ZikaZija if @ = b, and zigeziz +
ZikbZije Otherwise.
We define e;jr = yi(B,) — Zjji k0 With i (8,) = (yi; — T3;8,) (Yix — 23.8,). Also,

let e; be a column vector consisting of e;;1's (j = 1,...,n, — 1; k = j+1,...,n;).
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Then Lemma 2 shows the root-m consistency and asymptotic normality of K.

LEMMA 2. Under some reqularity conditions, there exists a local minimizer )y of

(2.4) which has the asymptotic normality:
vm(k — K,) = N(0,A;'ByA;")  in distribution,

where Ag = lim,, o0 Y Z:/m, By = lim,, oo o Zi"var(e;)Z;/m, and Z

1,7,k l]k ijk

is a matriz whose column vectors are Zi; s G=1,....ni— 1, k=75+4+1,...,n).
From Eij = 5ZJCZ(3;, we have (Z = ((/7\“/5”)1/2, where Eij is the (Z,j)th entry of i

Hence, 7;; can be expressed as 6,;(5,,05;)'/%/(G:i0;;)"?. Accordingly, Qr(D) can be

reparameterized as a function of diag(X) = (o011, ...,04); i.e.

Qr(011,...,04) = ZZ(%J’“ Zzzljrzlksari:ngisim ) +AZ(Z:)

i=1 j<k r=1 s=1 =

In this representation, 0;; has the value of 0/0 when ;; or 5;; = 0. Here we define
0/0 as 0.

1/2

To further shorten notations, we denote o; = 0;/” and 0; = 51»1/ “fori=1,...,q,

and o* = (01,...,0,)". Then we have

4q *
ZZ <y7,]k ZZZ”TZZ]%N 580':0':)2—‘—)\;;—1

i=1 j<k r=1 s=1

Note that the quantity Qz(c*) involves & = vech(X), and both Ui and K de-
pend on B To emphasize these aspects, we write kK = T{(B) and denote Qgr(o™*) by

Qr(c*;%(8),B). Then, the objective function Qr(D) in (2.6) can be equivalently
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represented as

q *
Qr(e*;R(B). B) = La(o":7(B).B) + A Y_ =
i=1 '
In our proofs given in the Appendix, we will use the notation Qg(o™; E(E), B) Let
6" denote the minimizer of Qr(c*;%(8),8). Note that & = diag(c.)%,...,5:°),
where 0;;’s are the diagonal elements of s
Using the asymptotic normalities of the initial estimates B and f], we can establish
the theoretical properties of the final estimator. We assume that the first b diagonal
elements of 3, are nonzero and the remaining ¢ — b elements are zero; i.e. diag(%,) =
(01,0")", where o9 is a b x 1 vector with nonzero entries. Accordingly, write o =
(o3r,0")" and 6" = (6] ,0, )". For amatrix A, let || A|| denote the Euclidean norm
of the vector vech(X). In the following, Theorem 1 proves the root-m consistency
of fl, and Theorem 2 shows that selection consistency of random effects and the

asymptotic normality of the estimated nonzero variance components.

THEOREM 1 (RoOT-m CONSISTENCY). If \/y/m — 0 as m — oo, then the

estimator 3 satisfies ||§] — 3,/ = 0,(m~Y?).

THEOREM 2 (SELECTION CONSISTENCY AND ASYMPTOTIC NORMALITY). Assume
that the tuning parameter satisfies A\//m — 0 and X — oo as m — oo. Then, with
probability tending to 1, the root-m consistent estimator ()", a, )" must satisfy:

(a) Sparsity : 5 =0;

(b) Asymptotic normality : \/m(e] — o%,) — N(0,T) in distribution as m — oo,
where T is defined in (A.26) in the Appendiz.
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Algorithm 1 Exact moment-based method for random effects selection

1. (obtain initial estimate of 3):
Fit a linear regression model y = X3 + 1,
and then obtain an initial estimate E
2. (obtain initial estimates of ¥ and o?):
Compute yijr = (yij — wfj~)(yzk - zc;FkB) for all 4, j, k.
Obtain 3 by minimizing Lo(X), and compute 2.
3. (obtain final estimates of ¥ and 02):

Obtain D by minimizing Qr(D), and compute 3 = DED and 52

£

2.3 Computation & Tuning

2.3.1 Algorithm

The estimation procedure of (,52) can be summarized as Algorithm 1. Assume X
is fixed. In the algorithm, we need to tackle two minimization problems and both of
them are challenging. In Step 2, the minimization of (2.5) is a nonlinear semidefinite
programming problem. In general, the ‘semidefinite programming’ implies to mini-
mize a linear objective function subject to the semidefiniteness constraint. Though
several software packages have been developed to solve linear semidefinite program-
ming problems, there exist very few methods for solving nonlinear semidefinite pro-
gramming problems. In this study, we use a free MATLAB toolbox YALMIP, which
is a modeling language for rapid optimization (Lofberg, 2004). In YALMIP, all of

semidefinite programming problems can be defined in a common format. That is,
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YALMIP is an interface to convert various problems into the common form. Due to
such a flexible interface, it is convenient to implement a number of solvers and com-
pare their results. We chose to use SeDuMi that is the most commonly used solver in
YALMIP. SeDuMi was developed by Sturm (1999) for optimization over symmetric
cones, and is publicly available as well.

The minimization of (2.6) in Step 3 is a nonlinear programming problem subject
to a linear inequality constraint. For this problem, some statistical softwares are
available; for example, ‘optim’ function in R and ‘fmincon’ function in Matlab. For
faster computations, we here use a MATLAB toolbox TOMLAB for optimization
(Holmstrom, 1999). After comparing the speed and accuracy of various solvers in
TOMLAB, we decided to use the TOMLAB base module solver ‘clsSolve’ which treats
a nonlinear least squares problems and has seven optimization algorithms. Among
them, we select the structured MBFGS method (Wang et al., 2010) because it is
known as theoretically best and expected to be best in practice. These MATLAB
toolboxes provide ready-to-use functions to implement the new procedure, which can
greatly save the programming effort of users. In our numerical examples, these solvers

show stable and feasible performance in various settings.

2.3.2 Tuning

We need a selection criterion for comparing and assessing candidate models. To select
the optimal A in the penalty method, information criterion like BIC is widely used for
choosing an appropriate model. For example, Zou (2006) suggested the use of BIC

for selecting A for the adaptive Lasso.
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Since we use the moment-based approach instead of likelihood function for esti-
mation, we need to modify the traditional criteria for model selection. To note that
s changes over A\, we henceforth use the notation by A- Two modified versions of GCV

are given as follows:

GCV1g(N) = — (1Lj(§f>)m)2
and R
_ Lo(=y)
GOV =yt N

where df is the number of nonzero (Z’s. The standard definition of GCV in a linear
model is given in (1.3). We note that when an estimate of ¥ is provided, L, can be
viewed as having the form of the residual sum of squares (RSS). According, Ly(Z»)
can be seen as the RSS in the selected model with A. Hence, we use Lo(i ) in place
of the RSS in the selected model.

We also modify the traditional BIC as follows:

_ Ly() | log(m)

BIC1g(A) Lo(fl) + - x df
and R
_ Lo(Xy) | log(NV)
BIC2R(\) = LE N % df

In the same way, Lo(X) can be seen as the RSS in the full model. In addition, o

in
the standard definition of BIC for normal data can be estimated by the mean squared
error in the full model. Hence, we replace the mean squared error in the full model

by Lo(32). Some simple algebra calculation will lead to BIC1z and BIC2g. In Section
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2.4, we will examine the performance of these criteria.

2.4 Simulation Studies

2.4.1 Setting

In this simulation, we consider two settings: one setting is simpler and the other
one involves a larger number of variables and is hence more challenging. For each
setting, we design five cases corresponding to different design structures of the input
covariates and the error term distributions. We assume that none of a fixed intercept
and a random intercept is not included in the model.
e Setting 1: we have five variables, 3 = (1,2,2,0,0)",
3, 0ox3 1 05

and X = with 3, =
O3x2 O3x3 05 1

e Setting 2: we have ten variables, 3 = (1,-1,0,0,0,0,0,0,0,0)",

1 05 O 0
Yo  Ouxe 05 1 0 0

and 3 = PO with 3, =
Osxa Ogxe 0 0 0.8 0

0 0 0 06

For each setting, we consider five cases as follows:

e Casel: € ~ N(0,02Iy), cov(X)=L,, X = Z (Normal error, independent X)

e Case2: € ~ N(0,02Iy), cov(X) has the compound symmetry form with con-
stant variance 1 and constant covariance 0.5, X = Z (Normal error, compound

symmetry X)
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e Case 3: € ~ N(0,0%Iy), cov(X) has the AR(1) structure with p = 0.5; that
is, the covariance between the ith and jth variables is 0.5/, X = Z (Normal

error, AR(1) X)

e Cuase 4: € has t distribution with 5 degrees of freedom, cov(X)=L,, X = Z (t

error, independent X)

e Case 5: € ~ N(0,021y), cov(X)=I,, X # Z (Normal error, independent X,
X #£7Z)

For each case, we generate the data as follows:

1. Generate ~, from N(0,X) and €; from the distribution specified in each case for

all 7
2. Generate x;; from N(0, cov(X)) for all ¢, j

3. For cases 1-4, set z;; = x;; for all ¢, j

For case 5, generate z;; from N(0,Iy) for all 4, j
4. Generate y,; by summing up X;3, Z;7,, and g; for all ¢

2 =1and n; = 5 for all i. With

In all the examples, we set the error variance o

regard to the number of subjects, we consider m = 50,100,200 and 300 for both
settings. In each example, 100 data sets are simulated from the model and the
average performance is reported.

For random effects selection, we consider four criteria: GCV1gr, GCV2g, BIC1g,

and BIC2z. The “Oracle” model assumes the knowledge of the true underlying

34



model. We report some measures for assessing the selection performance. “CZ”
means the number of zero coefficients correctly estimated to be zero, “IZ” means
the number of coefficients incorrectly set to zero, “C” is the frequency of selecting
correctly coefficients, “U” is the frequency of under-selecting coefficients, and “O” is
the frequency of over-selecting coefficients. We also report the following performance

measures:

(G5 — 045)?
Errorl = \/Z ! J)
> 2 =i(Tij — 0ij)?

Error2 = \/ q+1

Error3d = Z Z |8U - Uij|

i=1 j=1

Errord = max |0;; — 0y
1<4,5<q

2.4.2 Results

Tables 2.1-2.10 show the results of random effects selection for each setting and case.
Standard errors are given in parentheses. In setting 1, GCV1g seems to work well
for overall cases. For small m, BIC1g tends to select sparse models, while for large
m, BIC1r works the best. For most cases, GCV2g prefers larger models; that is, it
is too conservative. In terms of ‘C’, BIC2x performs worse than GCV1g and BIC1pg.
However, since GCV1g and BIC1p select sparser models, there is possibility to miss

some of important random effects. From a point of view of covariance estimation, it
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is better to select larger models than to miss important random effects. Therefore, we
see that BIC2p is overall a good criterion for selecting and estimating random effects.
Tables 2.6-2.10 present the results of setting 2, which is a more challenging example.
Similar to the results from setting 1, BIC2x shows reasonable performance in choosing
random effects. In terms of selection accuracy, GCV1g, BIClg, and BIC2g have all
good performance; but we recommend the use of BIC2; because larger models are

preferred than too sparse models which might lose some important information.
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Table 2.1: Random effects selection and estimation results for Setting 1 and Case 1

Error 9
2 | 3 | 4 ’¢
50 | GCV1g | 294 | 0.11 | 0.139 0.163 1.274 0.511 1.257 84 | 11 5
(0.006) | (0.008) | (0.073) | (0.024) | (0.036)
GCV2g | 1.22 | 0.00 | 0.154 0.170 2.329 0.454 0.888 | 14 | 0 | 86
(0.005) | (0.006) | (0.113) | (0.017) | (0.041)
BIC1g | 2.98 | 0.29 | 0.155 0.183 1.382 0.589 1.376 | 69 |29 | 2
(0.008) | (0.009) | (0.076) | (0.030) | (0.045)
BIC2r | 2.55 | 0.04 | 0.141 0.162 1.535 0.483 1.131 | 63 | 4 | 33
(0.006) | (0.007) | (0.097) | (0.020) | (0.039)
Oracle | 3.00 | 0.00 | 0.125 0.145 1.095 0.457 1.001 | 100 | O 0
(0.005) | (0.006) | (0.052) | (0.020) | (0.036)
100 | GCV1g | 2.90 | 0.00 | 0.101 0.119 0.951 0.371 1208 | 91 | O 9
(0.005) | (0.005) | (0.064) | (0.016) | (0.029)
GCV2g | 1.19 | 0.00 | 0.119 0.132 1.807 0.354 0.941 16 | 0 | 84
(0.004) | (0.005) | (0.089) | (0.014) | (0.032)
BIC1g | 2.98 | 0.08 | 0.105 0.125 0.939 0.398 1.273 | 90 | 8 2
(0.006) | (0.007) | (0.059) | (0.022) | (0.031)
BIC2r | 2.66 | 0.00 | 0.105 0.122 1.102 0.366 1.153 | 74 | 0 | 26
(0.005) | (0.005) | (0.075) | (0.015) | (0.031)
Oracle | 3.00 | 0.00 | 0.092 0.108 0.810 0.340 1.050 | 100 | O 0
(0.004) | (0.005) | (0.042) | (0.016) | (0.028)
200 | GCV1g | 2.85 | 0.00 | 0.077 0.090 0.754 0.273 1.177 | 88 | 0 | 12
(0.004) | (0.004) | (0.054) | (0.013) | (0.022)
GCV2g | 0.88 | 0.00 | 0.093 0.101 1.494 0.261 0.930 3 0| 97
(0.003) | (0.003) | (0.064) | (0.011) | (0.021)
BIC1g | 2.99 | 0.00 | 0.073 0.086 0.653 0.267 1211 | 99 | 0O 1
(0.004) | (0.004) | (0.035) | (0.013) | (0.018)
BIC2r | 2.56 | 0.00 | 0.082 0.094 0.915 0.274 1.130 | 73 | 0 | 27
(0.004) | (0.004) | (0.066) | (0.012) | (0.023)
Oracle | 3.00 | 0.00 | 0.070 0.081 0.613 0.254 1.033 | 100 | O 0
(0.003) | (0.004) | (0.032) | (0.011) | (0.019)
300 | GCV1g | 2.85 | 0.00 | 0.062 0.073 0.597 0.224 1.176 | 87 | 0 | 13
(0.003) | (0.003) | (0.034) | (0.010) | (0.018)
GCV2g | 0.84 | 0.00 | 0.073 0.079 1.174 0.205 0.938 0 0 | 100
(0.002) | (0.003) | (0.046) | (0.008) | (0.017)
BIC1g | 3.00 | 0.00 | 0.060 0.071 0.528 0.220 1.207 | 100 | O 0
(0.003) | (0.003) | (0.026) | (0.010) | (0.015)
BIC2r | 2.49 | 0.00 | 0.066 0.076 0.722 0.226 1.110 | 61 | O | 39
(0.003) | (0.003) | (0.038) | (0.009) | (0.021)
Oracle | 3.00 | 0.00 | 0.054 0.062 0.466 0.198 1.019 | 100 | O 0
(0.002) | (0.003) | (0.024) | (0.009) | (0.016)

m | Criterion| CZ | 1Z ‘ C U O
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Table 2.2: Random effects selection and estimation results for Setting 1 and Case 2

Error 9
1 [ 2 [ 3 [ 4 ¢
50 | GCV1g | 2.84 | 0.15 | 0.168 0.198 1.624 0.604 1.229 71 115 | 14
(0.008) | (0.009) | (0.103) | (0.028) | (0.047)
GCV2g | 1.31 | 0.01 | 0.207 0.228 3.275 0.585 0848 | 14 | 1 | 85
(0.009) | (0.010) | (0.203) | (0.024) | (0.048)
BIC1r | 299 | 042 | 0.189 0.227 1.675 0.723 1.448 | 58 | 42| 0
(0.009) | (0.010) | (0.083) | (0.034) | (0.050)
BIC2p | 2.48 | 0.05 | 0.178 0.204 2.021 0.594 1.091 | 56 | 5 | 39
(0.008) | (0.009) | (0.145) | (0.025) | (0.052)
Oracle | 3.00 | 0.00 | 0.147 0.172 1.268 0.553 0978 | 100 | 0 | O
(0.007) | (0.009) | (0.065) | (0.028) | (0.044)
100 | GCV1gr | 2.83 | 0.01 | 0.126 0.149 1.194 0.464 1169 | 8 | 1 | 14
(0.007) | (0.008) | (0.091) | (0.026) | (0.036)
GCV2g | 1.27 | 0.00 | 0.168 0.185 2.690 0.479 0.893 | 18 | 0 | 82
(0.009) | (0.009) | (0.193) | (0.024) | (0.038)
BIClp | 298 | 0.13 | 0.133 0.160 1.173 0.510 1.265 | 8 | 13| 2
(0.008) | (0.010) | (0.086) | (0.030) | (0.041)
BIC2r | 2.57 | 0.00 | 0.133 0.154 1.442 0.464 1.100 | 68 | 0 | 32
(0.007) | (0.008) | (0.114) | (0.025) | (0.037)
Oracle | 3.00 | 0.00 | 0.111 0.131 0.954 0.421 1.036 | 100 0 | O
(0.006) | (0.007) | (0.049) | (0.024) | (0.035)
200 | GCV1g | 2.71 | 0.00 | 0.095 0.110 0.959 0.341 1131 | 76 | 0 | 24
(0.005) | (0.005) | (0.070) | (0.016) | (0.026)
GCV2g | 097 | 0.00 | 0.130 0.140 2.205 0.349 0.892 7 0|93
(0.005) | (0.006) | (0.128) | (0.014) | (0.027)
BIClp | 296 | 0.01 | 0.091 0.108 0.799 0.347 1200 | 95 | 1 | 4
(0.004) | (0.005) | (0.045) | (0.018) | (0.025)
BIC2r | 2.37 | 0.00 | 0.105 0.118 1.294 0.338 1.070 | 61 | 0 | 39
(0.006) | (0.006) | (0.124) | (0.016) | (0.030)
Oracle | 3.00 | 0.00 | 0.081 0.094 0.701 0.305 1.022 | 100 0 | O
(0.004) | (0.004) | (0.034) | (0.014) | (0.023)
300 | GCV1g | 2.64 | 0.00 | 0.078 0.090 0.830 0.269 1112 | 73 | 0 | 27
(0.003) | (0.004) | (0.059) | (0.011) | (0.024)
GCV2g | 1.00 | 0.00 | 0.104 0.113 1.730 0.279 0.911 7 01|93
(0.004) | (0.004) | (0.089) | (0.010) | (0.022)
BIClgp | 297 | 0.00 | 0.076 0.090 0.657 0.284 1.190 | 97 | 0 | 3
(0.004) | (0.005) | (0.032) | (0.017) | (0.023)
BIC2r | 2.36 | 0.00 | 0.082 0.092 0.942 0.268 1.057 | 51 | 0 | 49
(0.003) | (0.004) | (0.061) | (0.011) | (0.024)
Oracle | 3.00 | 0.00 | 0.066 0.076 0.570 0.238 1.006 | 100 0 | O
(0.003) | (0.003) | (0.026) | (0.011) | (0.019)

m | Criterion| CZ | 1Z C U | O
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Table 2.3: Random effects selection and estimation results for Setting 1 and Case 3

Error 9
1 [ 2 [ 3 [ 4 ¢
50 | GCV1g | 2.89 | 0.16 | 0.165 0.195 1.555 0.604 1.234 | 74 | 16 | 10
(0.007) | (0.008) | (0.084) | (0.025) | (0.046)
GCV2gr | 1.26 | 0.02 | 0.199 0.219 3.192 0.560 0833 | 16 | 2 | 82
(0.009) | (0.009) | (0.201) | (0.023) | (0.048)
BIC1r | 298 | 0.38 | 0.185 0.221 1.655 0.705 1.372 | 60 | 38 | 2
(0.008) | (0.010) | (0.080) | (0.032) | (0.050)
BIC2r | 2.52 | 0.04 | 0.169 0.193 1.900 0.568 1.064 | 61 | 4 | 35
(0.007) | (0.008) | (0.137) | (0.022) | (0.049)
Oracle | 3.00 | 0.00 | 0.147 0.172 1.268 0.553 0978 | 100 | 0 | O
(0.007) | (0.009) | (0.065) | (0.028) | (0.044)
100 | GCV1gr | 2.86 | 0.01 | 0.123 0.146 1.144 0.457 1164 | 8 | 1 | 13
(0.006) | (0.007) | (0.070) | (0.024) | (0.036)
GCV2g | 1.31 | 0.00 | 0.157 0.174 2.446 0.459 0.897 | 20 | 0 | 80
(0.007) | (0.008) | (0.164) | (0.022) | (0.038)
BIClp | 298 | 0.09 | 0.126 0.152 1.099 0.488 1259 | 89 | 9 | 2
(0.007) | (0.008) | (0.065) | (0.027) | (0.037)
BIC2r | 2.52 | 0.00 | 0.132 0.152 1.459 0.457 1.078 | 66 | 0 | 34
(0.007) | (0.008) | (0.114) | (0.024) | (0.038)
Oracle | 3.00 | 0.00 | 0.111 0.131 0.954 0.421 1.036 | 100 0 | O
(0.006) | (0.007) | (0.049) | (0.024) | (0.035)
200 | GCV1g | 2.74 | 0.00 | 0.092 0.107 0.940 0.331 1129 | 82 | 0 | 18
(0.005) | (0.005) | (0.074) | (0.015) | (0.026)
GCV2g | 095 | 0.00 | 0.125 0.135 2.125 0.339 0.889 7 0|93
(0.005) | (0.005) | (0.120) | (0.014) | (0.027)
BIClp | 298 | 0.01 | 0.087 0.104 0.760 0.336 1205 | 97 | 1 | 2
(0.004) | (0.005) | (0.041) | (0.017) | (0.025)
BIC2r | 2.48 | 0.00 | 0.098 0.112 1.123 0.330 1.078 | 65 | 0 | 35
(0.005) | (0.005) | (0.092) | (0.016) | (0.026)
Oracle | 3.00 | 0.00 | 0.081 0.094 0.701 0.305 1.022 | 100 0 | O
(0.004) | (0.004) | (0.034) | (0.014) | (0.023)
300 | GCV1g | 2.67 | 0.00 | 0.075 0.087 0.757 0.262 1101 | 74 | O | 26
(0.003) | (0.004) | (0.050) | (0.011) | (0.023)
GCV2gr | 0.89 | 0.00 | 0.101 0.109 1.701 0.275 0.905 5 0 ]9
(0.004) | (0.004) | (0.089) | (0.011) | (0.023)
BIClp | 299 | 0.00 | 0.072 0.085 0.620 0.270 1194 | 99 | 0 | 1
(0.003) | (0.004) | (0.028) | (0.013) | (0.022)
BIC2gr | 2.48 | 0.00 | 0.077 0.088 0.839 0.260 1.070 | 60 | O | 40
(0.003) | (0.004) | (0.051) | (0.011) | (0.023)
Oracle | 3.00 | 0.00 | 0.066 0.076 0.570 0.238 1.006 | 100 0 | O
(0.003) | (0.003) | (0.026) | (0.011) | (0.019)

m | Criterion| CZ | 1Z C U | O

39



Table 2.4: Random effects selection and estimation results for Setting 1 and Case 4

Error 9
1 [ 2 [ 3 [ 4 ¢
50 | GCV1g | 297 | 0.34 | 0.172 0.205 1.555 0.664 2032 | 64 | 34| 2
(0.008) | (0.009) | (0.082) | (0.031) | (0.055)
GCV2g | 1.50 | 0.01 | 0.170 0.190 2.420 0.524 1526 | 27 | 1 | 72
(0.005) | (0.006) | (0.113) | (0.022) | (0.050)
BIC1r | 3.00 | 0.59 | 0.201 0.239 1.792 0.784 2203 | 41 |59 | O
(0.008) | (0.010) | (0.076) | (0.032) | (0.059)
BIC2p | 2.72 | 0.12 | 0.159 0.185 1.597 0.572 1.833 | 66 | 12 | 22
(0.007) | (0.008) | (0.086) | (0.026) | (0.051)
Oracle | 3.00 | 0.00 | 0.132 0.154 1.157 0.486 1.618 | 100 | 0 | O
(0.007) | (0.008) | (0.063) | (0.027) | (0.043)
100 | GCV1gr | 2.87 | 0.03 | 0.111 0.130 1.065 0.396 1.835 | 8 | 3 | 12
(0.005) | (0.006) | (0.066) | (0.019) | (0.038)
GCV2g | 1.37 | 0.00 | 0.131 0.145 1.941 0.388 1.541 14 | 0 | 86
(0.005) | (0.006) | (0.100) | (0.017) | (0.039)
BIClg | 2.98 | 0.13 | 0.118 0.140 1.052 0.444 1.937 8 [ 13| 2
(0.007) | (0.008) | (0.066) | (0.026) | (0.044)
BIC2p | 2.70 | 0.01 | 0.112 0.130 1.155 0.391 1.780 | 74 | 1 | 25
(0.005) | (0.006) | (0.073) | (0.018) | (0.039)
Oracle | 3.00 | 0.00 | 0.098 0.115 0.844 0.371 1.659 | 100 | 0 | O
(0.005) | (0.005) | (0.042) | (0.019) | (0.032)
200 | GCV1g | 2.89 | 0.00 | 0.083 0.099 0.758 0.313 1.845 | 89 | 0 | 11
(0.003) | (0.004) | (0.038) | (0.013) | (0.028)
GCV2g | 1.15 | 0.00 | 0.095 0.105 1.452 0.289 1.596 9 0|9
(0.003) | (0.004) | (0.069) | (0.012) | (0.030)
BIC1gr | 3.00 | 0.00 | 0.080 0.097 0.681 0.314 1.883 | 100 | 0 | O
(0.003) | (0.004) | (0.030) | (0.013) | (0.026)
BIC2r | 2.79 | 0.00 | 0.084 0.099 0.786 0.313 1822 | 79 | 0 |21
(0.003) | (0.004) | (0.038) | (0.013) | (0.029)
Oracle | 3.00 | 0.00 | 0.073 0.087 0.643 0.274 1.646 | 100 | 0 | O
(0.003) | (0.004) | (0.032) | (0.013) | (0.025)
300 | GCV1g | 2.82 | 0.00 | 0.071 0.082 0.690 0.251 1.792 | 84 | 0 | 16
(0.003) | (0.003) | (0.038) | (0.010) | (0.025)
GCV2g | 1.03 | 0.00 | 0.082 0.089 1.267 0.234 1.557 4 0 |96
(0.003) | (0.003) | (0.054) | (0.011) | (0.023)
BIC1gr | 3.00 | 0.00 | 0.068 0.080 0.603 0.252 1.839 | 100 0 | O
(0.003) | (0.003) | (0.027) | (0.010) | (0.021)
BIC2r | 2.60 | 0.00 | 0.073 0.084 0.769 0.249 1.742 | 66 | 0 | 34
(0.003) | (0.004) | (0.045) | (0.011) | (0.027)
Oracle | 3.00 | 0.00 | 0.053 0.061 0.462 0.196 1.655 | 100 | 0 | O
(0.002) | (0.003) | (0.022) | (0.010) | (0.020)

m | Criterion| CZ | 1Z C U | O
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Table 2.5: Random effects selection and estimation results for Setting 1 and Case 5

Error 9
2 | 3 | 4 ’¢
50 | GCV1gr | 291 | 0.09 | 0.146 0.172 1.361 0.543 1.250 | 8 | 9 6
(0.008) | (0.010) | (0.088) | (0.030) | (0.038)
GCV2g | 1.47 | 0.00 | 0.162 0.181 2.341 0.492 0896 | 22 | 0 | 78
(0.008) | (0.009) | (0.139) | (0.028) | (0.040)
BIC1g | 2.99 | 0.27 | 0.162 0.192 1.440 0.619 1381 | 72 | 27| 1
(0.009) | (0.011) | (0.088) | (0.035) | (0.045)
BIC2r | 2.43 | 0.01 | 0.148 0.170 1.692 0.503 1.080 | 60 | 1 | 39
(0.008) | (0.009) | (0.112) | (0.028) | (0.041)
Oracle | 3.00 | 0.00 | 0.132 0.155 1.150 0.486 1.010 | 100 | O 0
(0.009) | (0.010) | (0.086) | (0.032) | (0.033)
100 | GCV1g | 2.87 | 0.00 | 0.105 0.122 0.975 0.386 1.166 | 87 | 0 | 13
(0.005) | (0.005) | (0.055) | (0.018) | (0.024)
GCV2g | 1.20 | 0.00 | 0.124 0.136 1.857 0.376 0896 | 11 | 0 | 89
(0.005) | (0.005) | (0.096) | (0.018) | (0.030)
BIC1g | 2.99 | 0.04 | 0.106 0.125 0.927 0.404 1.223 95 4 1
(0.005) | (0.006) | (0.053) | (0.021) | (0.026)
BIC2r | 2.57 | 0.00 | 0.110 0.127 1.172 0.385 1.104 | 68 | O | 32
(0.005) | (0.006) | (0.076) | (0.018) | (0.028)
Oracle | 3.00 | 0.00 | 0.097 0.113 0.835 0.370 1.002 | 100 | O 0
(0.005) | (0.006) | (0.047) | (0.020) | (0.024)
200 | GCV1g | 2.94 | 0.00 | 0.073 0.086 0.650 0.277 1.170 | 94 | O 6
(0.003) | (0.004) | (0.032) | (0.013) | (0.019)
GCV2g | 0.89 | 0.00 | 0.088 0.096 1.412 0.256 0.893 0 0 | 100
(0.003) | (0.003) | (0.061) | (0.011) | (0.021)
BIC1g | 3.00 | 0.00 | 0.072 0.085 0.615 0.275 1.185 | 100 | O 0
(0.003) | (0.004) | (0.029) | (0.013) | (0.017)
BIC2r | 2.59 | 0.00 | 0.076 0.088 0.793 0.268 1112 | 69 | 0 | 31
(0.003) | (0.004) | (0.047) | (0.013) | (0.021)
Oracle | 3.00 | 0.00 | 0.067 0.078 0.589 0.247 1.007 | 100 | O 0
(0.003) | (0.004) | (0.030) | (0.012) | (0.017)
300 | GCV1g | 2.88 | 0.00 | 0.064 0.075 0.598 0.229 1.160 | 90 | O | 10
(0.003) | (0.003) | (0.032) | (0.009) | (0.017)
GCV2g | 0.77 | 0.00 | 0.072 0.077 1.169 0.197 0.919 0 0 | 100
(0.002) | (0.003) | (0.046) | (0.008) | (0.016)
BIC1g | 3.00 | 0.00 | 0.062 0.073 0.539 0.231 1.187 100 | O 0
(0.003) | (0.003) | (0.026) | (0.009) | (0.014)
BIC2gr | 2.57 | 0.00 | 0.065 0.075 0.689 0.220 1.101 | 64 | O | 36
(0.003) | (0.003) | (0.038) | (0.010) | (0.019)
Oracle | 3.00 | 0.00 | 0.052 0.061 0.464 0.188 1.011 | 100 | O 0
(0.003) | (0.003) | (0.025) | (0.009) | (0.014)

m | Criterion| CZ | 1Z ‘ C U O
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Table 2.6: Random effects selection and estimation results for Setting 2 and Case 1

m | Criterion| CZ | 1IZ T 2 Er‘ror 3T 1 o2 C U 0)

50 | GCV1g | 5.91 | 1.89 | 0.140 0.178 3.458 0.866 2.456 91 2
(0.003) | (0.004) | (0.093) | (0.018) | (0.084)

GCV2gr | 0.46 | 0.03 | 0.165 0.178 11.808 | 0.579 0.231 0 3 97
(0.004) | (0.004) | (0.350) | (0.018) | (0.040)

BIC1lgp | 5.97 | 2,51 | 0.154 0.198 3.552 0.942 2.926 0 100 0
(0.002) | (0.003) | (0.077) | (0.012) | (0.080)

BIC2r | 4.34 | 0.56 | 0.133 0.155 5.679 0.682 1.307 13 | 43 | 4
(0.004) | (0.004) | (0.370) | (0.021) | (0.083)

Oracle | 6.00 | 0.00 | 0.121 0.137 3.922 0.637 0919 | 100 | O 0
(0.004) | (0.005) | (0.128) | (0.028) | (0.046)

100 | GCV1g | 5.73 | 0.78 | 0.102 0.126 2.875 0.640 1.812 28 | 59 | 13
(0.002) | (0.003) | (0.091) | (0.020) | (0.061)

GCV2gr | 0.44 | 0.01 | 0.127 0.137 9.028 0.468 0.377 1 1 98
(0.003) | (0.003) | (0.246) | (0.018) | (0.038)

BIC1g | 5.96 | 2.03 | 0.130 0.167 2.943 0.843 2.636 2 97 1
(0.003) | (0.004) | (0.084) | (0.017) | (0.071)

BIC2r | 4.75 | 0.22 | 0.099 0.116 3.999 0.533 1.314 29 | 21 | 50
(0.003) | (0.003) | (0.263) | (0.019) | (0.060)

Oracle | 6.00 | 0.00 | 0.089 0.101 2.883 0.476 1.013 | 100 | O 0
(0.003) | (0.003) | (0.082) | (0.023) | (0.041)

200 | GCV1g | 5.62 | 0.23 | 0.073 0.089 2.324 0.451 1.460 60 | 21 19
(0.002) | (0.002) | (0.078) | (0.017) | (0.039)

GCV2g | 0.30 | 0.00 | 0.096 0.103 6.892 0.349 0.506 0 0 100
(0.002) | (0.002) | (0.141) | (0.011) | (0.033)

BIClg | 5.99 | 1.04 | 0.091 0.116 2.178 0.632 1.987 25 75 0
(0.002) | (0.003) | (0.048) | (0.018) | (0.060)

BIC2r | 4.78 | 0.06 | 0.073 0.085 2.930 0.388 1.225 44 6 50
(0.002) | (0.002) | (0.135) | (0.014) | (0.040)

Oracle | 6.00 | 0.00 | 0.065 0.074 2.114 0.347 1.029 | 100 0 0
(0.002) | (0.002) | (0.048) | (0.013) | (0.029)

300 | GCV1g | 5.64 | 0.05 | 0.058 0.069 1.882 0.337 1.335 64 ) 31
(0.001) | (0.002) | (0.052) | (0.013) | (0.028)

GCV2g | 0.18 | 0.00 | 0.079 0.085 5.620 0.287 0.628 0 0 100
(0.001) | (0.002) | (0.100) | (0.009) | (0.027)

BIC1gr | 5.98 | 0.49 | 0.069 0.086 1.809 0.464 1.657 59 | 39 2
(0.002) | (0.003) | (0.037) | (0.020) | (0.048)

BIC2r | 5.15 | 0.01 | 0.059 0.068 2.209 0.314 1.216 o1 1 48
(0.001) | (0.002) | (0.107) | (0.011) | (0.030)

Oracle | 6.00 | 0.00 | 0.053 0.060 1.693 0.284 1.055 | 100 0 0
(0.001) | (0.002) | (0.045) | (0.010) | (0.024)
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Table 2.7: Random effects selection and estimation results for Setting 2 and Case 2

m | Criterion| CZ | 1IZ i 5 Er‘ror 3T 1 o2 C U 0)
50 | GCV1g | 5.64 | 2.02 | 0.156 0.196 4.073 0.944 2.079 1 99
(0.004) | (0.005) | (0.159) | (0.026) | (0.080)
GCV2gr | 0.77 | 0.10 | 0.259 0.281 18.411 0.886 0.210 0 8 92
(0.008) | (0.009) | (0.726) | (0.034) | (0.041)
BIClgp | 5.85 | 2.36 | 0.162 0.206 3.927 1.002 2.429 0 100 0
(0.004) | (0.005) | (0.144) | (0.026) | (0.083)
BIC2r | 4.22 | 1.13 | 0.181 0.211 7.918 0.870 1.272 1 73 26
(0.008) | (0.008) | (0.723) | (0.025) | (0.080)
Oracle | 6.00 | 0.00 | 0.157 0.176 5.065 0.815 0.796 | 100 | O 0
(0.006) | (0.007) | (0.182) | (0.040) | (0.051)
100 | GCV1g | 5.44 | 1.28 | 0.129 0.159 3.731 0.776 1.662 4 88 8
(0.003) | (0.004) | (0.195) | (0.018) | (0.064)
GCV2gr | 0.35 | 0.06 | 0.214 0.230 15.921 0.698 0.248 0 6 94
(0.006) | (0.006) | (0.528) | (0.022) | (0.040)
BIClg | 5.90 | 1.83 | 0.134 0.172 3.187 0.850 2.141 0 100 0
(0.003) | (0.004) | (0.109) | (0.019) | (0.066)
BIC2r | 4.45 | 0.81 | 0.138 0.162 5.682 0.709 1.243 2 63 | 35
(0.004) | (0.005) | (0.429) | (0.017) | (0.076)
Oracle | 6.00 | 0.00 | 0.123 0.137 3.986 0.638 0.927 | 100 | O 0
(0.004) | (0.005) | (0.137) | (0.024) | (0.049)
200 | GCV1g | 5.24 | 0.80 | 0.102 0.126 3.094 0.641 1.445 16 65 19
(0.002) | (0.003) | (0.118) | (0.016) | (0.054)
GCV2gr | 0.28 | 0.00 | 0.164 0.177 12.304 0.543 0.352 0 0 100
(0.004) | (0.004) | (0.342) | (0.016) | (0.035)
BIClgp | 5.89 | 1.51 | 0.111 0.144 2.523 0.768 1.940 6 94 0
(0.002) | (0.003) | (0.068) | (0.014) | (0.051)
BIC2r | 4.19 | 0.44 | 0.109 0.127 4.623 0.579 1.124 12 | 43 | 45
(0.003) | (0.004) | (0.323) | (0.015) | (0.057)
Oracle | 6.00 | 0.00 | 0.093 0.105 2.935 0.495 1.017 | 100 0 0
(0.003) | (0.003) | (0.086) | (0.017) | (0.065)
300 | GCV1g | 5.16 | 0.41 | 0.088 0.105 2.915 0.525 1.291 22 | 38 | 40
(0.002) | (0.003) | (0.122) | (0.018) | (0.043)
GCV2gr | 0.20 | 0.00 | 0.135 0.145 10.081 0.439 0.482 0 0 100
(0.003) | (0.003) | (0.249) | (0.014) | (0.032)
BIC1gr | 5.92 | 1.20 | 0.099 0.127 2.270 0.694 1.813 16 83 1
(0.002) | (0.003) | (0.065) | (0.017) | (0.055)
BIC2r | 4.26 | 0.25 | 0.091 0.106 3.932 0.468 1.099 11 24 65
(0.003) | (0.003) | (0.258) | (0.017) | (0.043)
Oracle | 6.00 | 0.00 | 0.082 0.094 2.569 0.431 1.175 | 100 0 0
(0.003) | (0.004) | (0.080) | (0.018) | (0.086)
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Table 2.8: Random effects selection and estimation results for Setting 2 and Case 3

Error 9
1 [ 2 [ 3 | 4 ’¢
50 | GCV1g | 5.78 | 1.92 | 0.155 0.195 4.037 0.924 2.186 3 19| 2
(0.003) | (0.004) | (0.148) | (0.018) | (0.085)
GCV2g | 0.35 | 0.03 | 0.254 0.273 | 18.919 | 0.841 0.123 0 3| 97
(0.007) | (0.008) | (0.642) | (0.027) | (0.031)
BIC1g | 597 | 2.48 | 0.162 0.206 3.802 1.003 2.717 2 198 0
(0.003) | (0.004) | (0.121) | (0.019) | (0.086)
BIC2r | 4.52 | 0.90 | 0.168 0.196 7.092 0.832 1.333 6 | 64| 30
(0.006) | (0.006) | (0.580) | (0.022) | (0.084)
Oracle | 6.00 | 0.00 | 0.152 0.171 4.937 0.816 0.822 | 100 | O 0
(0.005) | (0.005) | (0.153) | (0.033) | (0.050)
100 | GCV1g | 5.62 | 1.11 | 0.122 0.151 3.352 0.754 1.766 9 | 79| 12
(0.003) | (0.004) | (0.143) | (0.019) | (0.070)
GCV2g | 0.40 | 0.02 | 0.195 0.210 | 14.651 | 0.633 0.266 1 2 | 97
(0.005) | (0.006) | (0.467) | (0.021) | (0.041)
BIClp | 595|191 | 0.135 0.174 3.103 0.875 2.367 1 199] 0
(0.004) | (0.004) | (0.105) | (0.021) | (0.062)
BIC2r | 4.39 | 0.55 | 0.135 0.157 6.053 0.678 1.215 | 12 | 48 | 40
(0.006) | (0.006) | (0.581) | (0.019) | (0.074)
Oracle | 6.00 | 0.00 | 0.116 0.131 3.755 0.615 0.942 | 100 | O 0
(0.004) | (0.004) | (0.122) | (0.024) | (0.048)
200 | GCV1g | 5.34 | 0.49 | 0.094 0.113 2.986 0.569 1.370 | 27 | 45| 28
(0.002) | (0.003) | (0.124) | (0.018) | (0.049)
GCV2g | 0.27 | 0.00 | 0.148 0.159 | 11.153 | 0.481 0.370 1 0 [ 99
(0.003) | (0.004) | (0.290) | (0.016) | (0.036)
BIC1lr | 594 | 1.39 | 0.106 0.137 2.455 0.733 2.031 7T 193 0
(0.002) | (0.003) | (0.068) | (0.014) | (0.052)
BIC2gr | 4.47 | 0.28 | 0.101 0.116 4.264 0.527 1.116 | 22 | 27 | 51
(0.003) | (0.003) | (0.307) | (0.017) | (0.055)
Oracle | 6.00 | 0.00 | 0.086 0.097 2.753 0.455 0.966 | 100 | 0 0
(0.002) | (0.003) | (0.074) | (0.016) | (0.040)
300 | GCV1g | 5.31 | 0.17 | 0.075 0.089 2.527 0.428 1.274 | 42 | 17 | 41
(0.002) | (0.002) | (0.082) | (0.015) | (0.039)
GCV2g | 0.10 | 0.00 | 0.122 0.131 9.189 0.399 0.487 0 0 | 100
(0.002) | (0.002) | (0.183) | (0.011) | (0.031)
BIC1r | 5.88 | 0.92 | 0.090 0.113 2.203 0.619 1.749 | 21 | 71| 8
(0.002) | (0.003) | (0.053) | (0.018) | (0.054)
BIC2r | 4.78 | 0.12 | 0.079 0.091 3.118 0.412 1.146 | 32 | 12 | 56
(0.002) | (0.003) | (0.184) | (0.015) | (0.040)
Oracle | 6.00 | 0.00 | 0.073 0.083 2.322 0.382 1.060 | 100 | O 0
(0.002) | (0.003) | (0.062) | (0.014) | (0.049)

m | Criterion| CZ | 1Z C U O
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Table 2.9: Random effects selection and estimation results for Setting 2 and Case 4

m | Criterion| CZ | IZ ‘ Error 52 C U O

1 2 | 3 | 4 ¢
50 | GCVlg | 5.85 | 2.22 | 0.153 | 0.193 | 3.753 | 0.920 | 3.175 | 0 | 98 | 2
(0.003) | (0.004) | (0.145) | (0.016) | (0.093)
GCV2g | 0.66 | 0.02 | 0.174 | 0.189 | 12200 | 0.623 | 0.587 | 0 | 2 | 98
(0.005) | (0.005) | (0.408) | (0.023) | (0.070)
BICl | 6.00 | 270 | 0.162 | 0.208 | 3.727 | 0.982 | 3.690 | 0 [100 | 0
(0.002) | (0.002) | (0.064) | (0.009) | (0.082)
BIC2z | 470 | 0.93 | 0.144 | 0171 | 5521 | 0.755 | 2.044 | 11 | 53 | 36
(0.004) | (0.005) | (0.369) | (0.024) | (0.111)
Oracle | 6.00 [ 0.00 | 0.133 | 0.150 | 4.257 | 0.705 | 1555 | 100 | 0 | 0
(0.005) | (0.006) | (0.157) | (0.034) | (0.066)
100 | GCV1g | 588 | 1L.09 | 0.110 | 0.137 | 2.877 | 0.692 | 2.674 | 23 | 72 | 5
(0.003) | (0.004) | (0.083) | (0.021) | (0.066)
GCV2g | 0.50 | 0.00 | 0.134 | 0.146 | 9.600 | 0.487 | 0.811 | 0 | 0 | 100
(0.003) | (0.003) | (0.260) | (0.015) | (0.057)
BIClp | 6.00 | 2.36 | 0.141 | 0.81 | 3.130 | 0.892 | 3553 | 3 | 97 | 0
(0.003) | (0.004) | (0.083) | (0.015) | (0.069)
BIC2p | 4.78 | 040 | 0107 | 0126 | 4180 | 0577 | 2.009 | 25 | 35 | 40
(0.003) | (0.003) | (0.283) | (0.016) | (0.078)
Oracle | 6.00 | 0.00 | 0.093 | 0.106 | 2.991 | 0.498 | 1706 | 100 | 0 | 0
(0.002) | (0.003) | (0.085) | (0.017) | (0.046)
200 | GCV1g | 5.63 [ 0.22 | 0.080 | 0.095 | 2.603 | 0.467 | 2.008 | 56 | 21 | 23
(0.002) | (0.003) | (0.116) | (0.017) | (0.048)
GCV2g | 0.41 | 0.00 | 0.106 | 0.115 | 7.504 | 0.390 | 0.972 | 1 | 0 | 99
(0.003) | (0.003) | (0.201) | (0.014) | (0.043)
BIClp | 5.96 | 130 | 0.104 | 0.132 | 2495 | 0.695 | 2748 | 18 | 82 | 0
(0.003) | (0.004) | (0.085) | (0.020) | (0.074)
BIC2p | 4.99 | 0.12 | 0.081 | 0.094 | 3.155 | 0436 | 1796 | 37 | 12 | 51
(0.003) | (0.003) | (0.205) | (0.016) | (0.054)
Oracle | 6.00 [ 0.00 | 0.069 | 0.078 | 2.239 | 0.366 | 1.639 | 100 | 0 | 0
(0.002) | (0.002) | (0.064) | (0.012) | (0.033)
300 | GCV1g | 5.59 | 0.07 | 0.062 | 0.073 | 2.095 | 0.343 | 1.984 | 66 | 7 | 27
(0.001) | (0.002) | (0.072) | (0.013) | (0.035)
GCV2g | 0.28 | 0.00 | 0.087 | 0.093 | 6.249 | 0303 | 1152 | 0 | 0 | 100
(0.001) | (0.002) | (0.129) | (0.010) | (0.035)
BIClp | 5.96 | 0.87 | 0.081 | 0.102 | 2015 | 0543 | 2.534 | 39 | 59 | 2
(0.003) | (0.004) | (0.049) | (0.024) | (0.065)
BIC2; | 5.02 | 0.04 | 0.063 | 0.072 | 2452 | 0.322 | 1.856 | 49 | 4 | 47
(0.001) | (0.002) | (0.109) | (0.012) | (0.037)
Oracle | 6.00 [ 0.00 | 0.055 | 0.063 | 1.767 | 0.295 | 1.664 | 100 | 0 | 0
(0.002) | (0.002) | (0.050) | (0.011) | (0.031)
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Table 2.10: Random effects selection and estimation results for Setting 2 and Case 5

m | Criterion| CZ | 1IZ T 2 Er‘ror 3T 1 o2 C U 0)
50 | GCV1g | 5.81 | 1.90 | 0.140 0.178 3.537 0.864 2.402 ) 91
(0.003) | (0.004) | (0.134) | (0.016) | (0.083)
GCV2gr | 0.40 | 0.01 | 0.171 0.187 | 12.271 0.628 0.206 0 1 99
(0.005) | (0.005) | (0.405) | (0.023) | (0.035)
BIC1gp | 5.98 | 2.58 | 0.153 0.197 3.519 0.949 3.007 0 100 0
(0.002) | (0.003) | (0.078) | (0.012) | (0.070)
BIC2r | 3.97 | 0.62 | 0.141 0.164 6.396 0.709 1.235 12 | 39 | 49
(0.005) | (0.005) | (0.469) | (0.022) | (0.087)
Oracle | 6.00 | 0.00 | 0.118 0.136 3.716 0.650 1.022 | 100 | O 0
(0.004) | (0.005) | (0.117) | (0.028) | (0.052)
100 | GCV1g | 5.71 | 0.79 | 0.102 0.126 2.890 0.642 1.736 27 | 60 | 13
(0.003) | (0.003) | (0.101) | (0.021) | (0.066)
GCV2g | 0.57 | 0.03 | 0.127 0.139 8.862 0.472 0.357 1 3 96
(0.003) | (0.003) | (0.251) | (0.018) | (0.046)
BIClg | 5.94 | 1.99 | 0.128 0.165 2.965 0.837 2.556 ) 94 1
(0.003) | (0.004) | (0.085) | (0.016) | (0.079)
BIC2r | 4.69 | 0.29 | 0.099 0.117 3.916 0.527 1.244 22 28 50
(0.003) | (0.003) | (0.232) | (0.020) | (0.063)
Oracle | 6.00 | 0.00 | 0.088 0.101 2.805 0.481 1.004 | 100 | O 0
(0.003) | (0.003) | (0.079) | (0.020) | (0.042)
200 | GCV1g | 5.37 | 0.18 | 0.073 0.087 2.470 0.415 1.317 41 17 | 42
(0.002) | (0.002) | (0.100) | (0.015) | (0.044)
GCV2g | 0.25 | 0.00 | 0.097 0.105 6.920 0.353 0.437 0 0 100
(0.002) | (0.002) | (0.161) | (0.013) | (0.035)
BIClg | 5.96 | 1.12 | 0.093 0.120 2.164 0.649 2.018 24 76 0
(0.002) | (0.003) | (0.053) | (0.019) | (0.060)
BIC2r | 4.64 | 0.04 | 0.074 0.085 3.065 0.376 1.116 31 4 65
(0.002) | (0.002) | (0.160) | (0.013) | (0.045)
Oracle | 6.00 | 0.00 | 0.065 0.074 2.074 0.355 0.975 | 100 0 0
(0.002) | (0.002) | (0.063) | (0.015) | (0.034)
300 | GCV1g | 543 | 0.04 | 0.058 0.068 2.047 0.317 1.226 o7 4 39
(0.002) | (0.002) | (0.101) | (0.011) | (0.034)
GCV2g | 0.13 | 0.00 | 0.082 0.088 5.929 0.288 0.505 0 0 100
(0.001) | (0.002) | (0.115) | (0.009) | (0.030)
BIC1gr | 5.96 | 0.51 | 0.068 0.085 1.752 0.464 1.632 54 | 45 1
(0.002) | (0.003) | (0.045) | (0.021) | (0.047)
BIC2r | 4.83 | 0.01 | 0.060 0.068 2.436 0.299 1.119 44 1 55
(0.002) | (0.002) | (0.137) | (0.009) | (0.037)
Oracle | 6.00 | 0.00 | 0.053 0.060 1.707 0.287 0.985 | 100 0 0
(0.001) | (0.002) | (0.050) | (0.009) | (0.027)
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Chapter 3

Both Fixed and Random Effects

Selection

3.1 Methodology and Algorithms

In previous sections, we focused on the estimation of (f), 02) and the selection of
random effects for (1.1). Now we add one more step to select an important set of
fixed effects and estimate the coefficients. With the knowledge of 3 and o2, more
efficient estimator of 3 rather than B is the generalized least squares estimator, which

is obtained by minimizing the weighted residual sum of squares

(y — XB)"(ZXZ" + ol1y) " (y — XB).
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The inverse matrix of (ZXZ" + 021y) can be decomposed into Q*Q, where Q is an

upper triangular matrix. Then, the weighted RSS being minimized can be written as

Lp(B|%,02) = (y" = X"B8)"(y" — X'B), (3.1)

where y* = Qy and X* = QX.

2

In practice, since 3 and o7

are generally unknown, we propose using their esti-
mators (fl, 02) in (3.1). This yields the generalized least squares estimator BG by
minimizing Ly(8 | £,52). Note that minimizing Lp(3 | £ = 0,02 = 1) yields the or-
dinary least squares estimate B To achieve sparsity in the estimate of 3, we propose
minimizing

QF(ﬁ) :LF(/6 | i,b\'z)‘f‘Tij’Bj‘, (32)
j=1

where 7 > 0 is a tuning parameter and w;’s are data-dependent weights used in
the adaptive lasso penalty (Zou, 2006). Here the subscript ‘F’ refers to fixed effects
selection. In case of w; = 1, it gives the lasso estimate (Tibshirani, 1996). We can
also use good estimators such as B or BG for different weights w;’s; that is, w; can
be 1/| B]] or 1/ ]BGJI In summary, in order to select both random and fixed effects,
we add the step of solving (3.2) into our algorithm proposed in Section 2. Then, the

procedure for both fixed and random effects is summarized in Algorithm 2.
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Algorithm 2 Moment-based method for both effects selection

1. (obtain initial estimate of 3):
Fit a linear regression model y = X3 + 1,
and then obtain an initial estimate E
2. (obtain initial estimates of ¥ and o?):
Compute ¥, = (yij — w2;~)(yzk — @) for i, j k.
Obtain 3 by minimizing Lo(X), and compute 2.
3. (obtain final estimates of ¥ and 02):
Obtain D by minimizing Qr(D), and compute 3 = DED and o2
4. (obtain final estimate of (3):

Obtain B by minimizing Qr(3).

3.2 Selection Criteria

To select a proper 7 for (3.2), we can use selection criteria such as CV, GCV and
BIC. Here we suggest modifying GCV and BIC in a similar way to criteria defined in

random effects selection procedure. Specifically, we consider

Le(B,1£.52) | log()

BIC1p(1) = ——— X d,
O s v
and
33 52
BIC24(r) = Lr(B-2.02) | 1og(N)
F(Be|X,02) N
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where df is the number of nonzeros in BT. In the same way as BICkg, LF(BG|§J,3€2)
plays a role of the RSS in the full model, while LF(BT@, 72) is that for the selected
model with 7.

We can modify GCV for fixed effects selection in a similar way to BICp and

GCVg. R
L 3,52
GCVi(r) = Nﬁ(ﬁ_TLz ; }]UVE))Q (3.3)

We also consider four versions of df in (3.3) as follows:
L df = r{X(X"™X 4+ 7W7) X"}
2. df = the number of nonzero coefficients
3. df = tr{X(X"X + 7W{)'X"} — the number of zero coefficients
4. df = tr{X(X"X + 7W;)'X"} — the number of zero coefficients

where W; = diag(|BT|), W, = diag(2|BT|) and W~ denotes a generalized inverse

matrix of W. We will examine the performance of these criteria in Section 3.3.

3.3 Simulation Studies

In this simulation study, we employ the same settings used in Section 2.4. In Section
2.4, we found that it is good to use BIC2y to choose the best A for parameter tuning
in random effects selection. Therefore, we only report the results using BIC2y in this
section. For selecting fixed effects, we tried three different weights: w; =1, 1/| Bj|, and

1/ |BG]| We denote these methods ‘Lasso’, ‘ALassol’, and ‘ALasso2’, respectively.
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For parameter tuning in fixed effects selection, we considered seven criteria BIC1p,
BIC2p, GCV1p, GCV2p, GCV3p, GCV4p, and CV illustrated in Sections 1.2.1 and
3.2.

We evaluate the performance in four aspects: random effects selection, fixed effects
selection, median of model error (MME), and computation time. The model error

(ME) is computed as

~ ~

ME = (B, — B)"cov(X)(8, — B),

where 7 is selected by a criterion given in Section 2.3.2. We report its median over
100 simulated data sets. “Both” is a performance measure, which is the frequency of
selecting both random and fixed effects correctly. In each example, 100 data sets are
simulated from the model and the average performance is reported.

For each weight and criterion, the simulation results are summarized in Appendix
B. For random effects selection, we used BIC2g statistic. Among seven criteria
for fixed effects selection, BIC2r yielded the best performance. Hence, the results
presented in this section are obtained from using BIC2p.

Tables 3.1 and 3.2 show the performance of Lasso, ALassol, and ALasso2 for
each setting. ALassol and ALasso2 are obviously better than Lasso in all cases. In
addition, they tend to select nearly correct models as m increases. Moreover, ALasso2
has better or comparable performance because it uses BG which is a better estimate
of 3. For all the results, see Appendix B.

In Tables 3.3 and 3.4, we summarize the biases, standard errors, and MME for the

estimates of important fixed effects in each case under both settings. In order to show
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Table 3.1: Comparison of Lasso, ALassol, and ALasso2 for fixed effects selec-
tion in Setting 1

Case# \ m \ method \ CZ \ 1Z \ MME\ C \ \ O \ Both
Case 1l | 50 Lasso 1.07 | 0.02 | 0.069 | 30 69 23
ALassol | 1.94 | 0.01 | 0.048 | 93 6 60

ALasso2 | 1.91 | 0.01 | 0.045 | 90 9 57

Oracle | 2.00 | 0.00 | 0.038 | 100 0 100

100 Lasso 1.07 | 0.00 | 0.051 | 31 69 26
ALassol | 1.95 | 0.00 | 0.028 | 95 5 70

ALasso2 | 1.97 | 0.00 | 0.027 | 97 3 71

Oracle | 2.00 | 0.00 | 0.022 | 100 0 100

200 Lasso 1.12 | 0.00 | 0.023 | 35 65 29
ALassol | 1.98 | 0.00 | 0.010 | 98 2 71

ALasso2 | 1.98 | 0.00 | 0.010 | 98 2 71

Oracle | 2.00 | 0.00 | 0.009 | 100 0 100

300 Lasso 1.12 | 0.00 | 0.014 | 35 65 25
ALassol | 1.99 | 0.00 | 0.007 | 99 1 60

ALasso2 | 1.99 | 0.00 | 0.006 | 99 1 60

Oracle | 2.00 | 0.00 | 0.006 | 100 0 100

U
1
1
1
0
0
0
0
0
0
0
0
0
0
0
0
0
3
3
3
Oracle | 2.00 | 0.00 | 0.049 | 100 | O
2
2
2
0
0
0
0
0
0
0
0
0
6
)
)
0
3
3
3
0
0

Case 2 | 50 Lasso 1.20 | 0.06 | 0.093 | 33 64 17
ALassol | 1.89 | 0.06 | 0.055 | 88 9 52
ALasso2 | 1.91 | 0.06 | 0.059 | 90 7 52

0 100

100 Lasso 1.08 | 0.04 | 0.041 | 30 68 24
ALassol | 1.97 | 0.02 | 0.032 | 95 3 66
ALasso2 | 1.95 | 0.03 | 0.031 | 93 5 65
Oracle | 2.00 | 0.00 | 0.028 | 100 0 100

200 Lasso 1.15 | 0.00 | 0.016 | 36 64 22
ALassol | 1.98 | 0.00 | 0.012 | 98 2 59
ALasso2 | 1.98 | 0.00 | 0.010 | 98 2 59
Oracle | 2.00 | 0.00 | 0.009 | 100 0 100

300 Lasso 1.16 | 0.00 | 0.013 | 38 62 20
ALassol | 1.96 | 0.00 | 0.007 | 97 3 50
ALasso2 | 1.99 | 0.00 | 0.006 | 99 1 50
Oracle | 2.00 | 0.00 | 0.010 | 100 0 100

Case 3 | 50 Lasso 1.16 | 0.10 | 0.082 30 64 20
ALassol | 1.92 | 0.08 | 0.062 | 89 6 57
ALasso2 | 1.91 | 0.08 | 0.061 | 88 7 56
Oracle | 2.00 | 0.00 | 0.049 | 100 0 100

100 Lasso 1.15 | 0.07 | 0.046 | 33 64 22
ALassol | 1.97 | 0.05 | 0.036 | 95 2 64
ALasso2 | 1.97 | 0.05 | 0.033 | 95 2 64
Oracle | 2.00 | 0.00 | 0.028 | 100 0 100

200 Lasso 1.19 | 0.00 | 0.023 | 39 61 23
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Table 3.1 Continued

Case# \ m \ method \ CZ \ 1Z \ MME \ C \ U \ O \ Both
ALassol | 1.98 | 0.00 | 0.013 | 98 | 0 | 2 63
ALasso2 | 1.98 | 0.00 | 0.011 | 98 | 0 | 2 63
Oracle | 2.00 | 0.00 | 0.009 | 100 | 0 | O 100

300 Lasso 1.30 | 0.00 | 0.016 | 46 | 0 | 54 30
ALassol | 1.97 | 0.00 | 0.007 | 98 | 0 | 2 59
ALasso2 | 1.99 | 0.00 | 0.006 | 99 | 0 | 1 59
Oracle | 2.00 | 0.00 | 0.010 | 100 | O | O 100

Case 4 | 50 Lasso 1.23 | 0.00 | 0.087 | 40 | 0 | 60 25
ALassol | 1.96 | 0.00 | 0.054 | 96 | 0 | 4 63
ALasso2 | 1.98 | 0.00 | 0.054 | 98 | 0 | 2 65
Oracle | 2.00 | 0.00 | 0.044 | 100 | 0 | O 100

100 Lasso 1.22 1 0.00 | 0.061 | 42 | 0 | 58 31
ALassol | 1.93 | 0.00 | 0.032 | 94 | 0 | 6 69
ALasso2 | 1.94 | 0.00 | 0.031 | 94 | 0 | 6 70
Oracle | 2.00 | 0.00 | 0.029 | 100 | 0 | O 100

200 Lasso 1.22 1 0.00 | 0.026 | 37 | 0 | 63 31
ALassol | 1.98 | 0.00 | 0.018 | 98 | 0 | 2 77
ALasso2 | 1.98 | 0.00 | 0.017 | 98 | 0 | 2 7
Oracle | 2.00 | 0.00 | 0.017 | 100 | O | O 100

300 Lasso 1.27 1 0.00 | 0.019 | 40 | O | 60 30
ALassol | 1.98 | 0.00 | 0.008 | 99 | 0 | 1 66
ALasso2 | 1.99 | 0.00 | 0.007 | 99 | 0 | 1 65
Oracle | 2.00 | 0.00 | 0.010 | 100 | 0 | O 100

Case 5 | 50 Lasso 1.50 | 0.00 | 0.035 | 58 | 0 | 42 38
ALassol | 1.88 | 0.00 | 0.018 | 89 | 0 | 11 53
ALasso2 | 1.90 | 0.00 | 0.018 | 90 | 0 | 10 54
Oracle | 2.00 | 0.00 | 0.014 | 100 | 0 | O 100

100 Lasso 1.70 | 0.00 | 0.014 | 75 | 0 | 25 49
ALassol | 1.93 | 0.00 | 0.007 | 93 | 0 | 7 64
ALasso2 | 1.96 | 0.00 | 0.007 | 96 | 0 | 4 65
Oracle | 2.00 | 0.00 | 0.006 | 100 | 0 | O 100

200 Lasso 1.74 1 0.00 | 0.008 | 78 | 0 | 22 58
ALassol | 1.97 | 0.00 | 0.005 | 97 | 0 | 3 68
ALasso2 | 1.98 | 0.00 | 0.004 | 98 | 0 | 2 68
Oracle | 2.00 | 0.00 | 0.004 | 100 | 0 | O 100

300 Lasso 1.75 1 0.00 | 0.005 | 76 | 0 | 24 48
ALassol | 2.00 | 0.00 | 0.002 | 100 | O | O 64
ALasso2 | 2.00 | 0.00 | 0.002 | 100 | O | O 64
Oracle | 2.00 | 0.00 | 0.002 | 100 | 0 | O 100
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Table 3.2: Comparison of Lasso, ALassol, and ALasso2 for fixed effects selec-
tion in Setting 2

Case# \ m \ method \ CZ \ 1Z \ MME \ C \ U \ O \ Both
Case 1l | 50 Lasso 6.59 | 0.12 | 0.197 | 36 8 | 56 6
ALassol | 7.34 | 0.05 | 0.094 | 62 4 | 34 8
ALasso2 | 7.44 | 0.09 | 0.081 | 66 | 6 | 28 10
Oracle | 8.00 | 0.00 | 0.038 | 100 | O | O 100

100 Lasso 6.95 | 0.02 | 0.080 | 45 1 |54 16
ALassol | 7.59 | 0.02 | 0.029 | 78 1|21 24
ALasso2 | 7.75 | 0.02 | 0.027 | 83 1 |16 23
Oracle | 8.00 | 0.00 | 0.018 | 100 | O | O 100

200 Lasso 7.2310.00 | 0.045 | 49 | 0 | 51 23
ALassol | 7.79 | 0.00 | 0.014 | 8 | 0 | 14 39
ALasso2 | 7.91 | 0.00 | 0.015 | 92 0 8 41
Oracle | 8.00 | 0.00 | 0.010 | 100 | O | O 100

300 Lasso 7.34 |1 0.00 | 0.024 | 54 | 0 | 46 33
ALassol | 7.91 | 0.00 | 0.008 | 95 01| 5 49
ALasso2 | 7.99 | 0.00 | 0.007 | 99 | O 1 51
Oracle | 8.00 | 0.00 | 0.006 | 100 | O | O 100
Case 2 | 50 Lasso 6.31 | 0.20 | 0.189 | 24 | 15 | 61 0
ALassol | 7.15 | 0.03 | 0.103 | 58 | 2 | 40 0
ALasso2 | 7.27 | 0.09 | 0.103 | 59 | 6 | 35 0
Oracle | 8.00 | 0.00 | 0.053 | 100 | O | O 100

100 Lasso 6.48 | 0.08 | 0.081 | 27 | 7 | 66 1
ALassol | 7.40 | 0.02 | 0.039 | 70 | 2 | 28 2
ALasso2 | 7.51 | 0.06 | 0.034 | 71 5 |24 2
Oracle | 8.00 | 0.00 | 0.018 | 100 | O | O 100

200 Lasso 6.89 | 0.00 | 0.043 | 43 | 0 | 57 7
ALassol | 7.87 | 0.00 | 0.019 | 89 | 0 | 11 11
ALasso2 | 7.87 | 0.00 | 0.018 | 87 | 0 | 13 12
Oracle | 8.00 | 0.00 | 0.012 | 100 | O | O 100

300 Lasso 7.02 | 0.00 | 0.023 | 41 0 | 59 4
ALassol | 7.83 | 0.00 | 0.008 | 88 | 0 | 12 11
ALasso2 | 7.91 | 0.00 | 0.007 | 95 0 5 11
Oracle | 8.00 | 0.00 | 0.005 | 100 | O | O 100
Case 3 | 50 Lasso 6.07 | 0.18 | 0.202 13 | 12 | 75 1
ALassol | 7.25 | 0.09 | 0.112 | 51 7 | 42 3
ALasso2 | 7.27 | 0.10 | 0.102 | 55 7 | 38 4
Oracle | 8.00 | 0.00 | 0.044 | 100 | O | O 100

100 Lasso 6.13 | 0.12 | 0.090 | 20 | 9 | 71 2
ALassol | 7.35 | 0.03 | 0.038 | 69 | 2 | 29 10
ALasso2 | 7.45 | 0.09 | 0.031 | 71 7T 122 11
Oracle | 8.00 | 0.00 | 0.017 | 100 | O | O 100

200 Lasso 6.37 | 0.00 | 0.047 | 20 | 0 | 80 6
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Table 3.2 Continued

Case#\ m \ method \ CZ \ 1Z \MME\ C \

ALassol | 7.81 | 0.00 | 0.022 | 87
ALasso2 | 7.80 | 0.00 | 0.017 | 85

Oracle | 8.00 | 0.00 | 0.013 | 100 0 100

300 Lasso 6.99 | 0.00 | 0.025 | 41

ALassol | 7.86 | 0.00 | 0.008 | 91

ALasso2 | 7.96 | 0.00 | 0.007 | 96
Oracle | 8.00 | 0.00 | 0.006 | 100

9 29
4 31
0 100

Case 4 | 50 Lasso 6.76 | 0.09 | 0.193 | 37
ALassol | 7.36 | 0.03 | 0.098 | 60
ALasso2 | 7.38 | 0.08 | 0.094 | 60

Oracle | 8.00 | 0.00 | 0.041 | 100 0 100

100 Lasso 6.85 | 0.02 | 0.097 | 40
ALassol | 7.77 | 0.01 | 0.033 | 83
ALasso2 | 7.74 | 0.01 | 0.031 | 82

Oracle | 8.00 | 0.00 | 0.023 | 100

58 12
16 23
17| 24
0 100

200 Lasso 7.17 |1 0.00 | 0.056 | 50
ALassol | 7.84 | 0.00 | 0.020 | 89 11 34
ALasso2 | 7.90 | 0.00 | 0.018 | 95 5 35

50 | 20

300 Lasso 7.43 | 0.00 | 0.036 | 59 41 29
ALassol | 7.92 | 0.00 | 0.012 | 92 8 47
ALasso2 | 7.94 | 0.00 | 0.011 | 94 6 47

Oracle | 8.00 | 0.00 | 0.008 | 100 0 100

Case 5 | 50 Lasso 6.42 | 0.00 | 0.073 | 45
ALassol | 6.72 | 0.00 | 0.029 | 62
ALasso2 | 7.04 | 0.00 | 0.031 | 61

Oracle | 8.00 | 0.00 | 0.014 | 100

38 11

0 100

100 Lasso 6.95 | 0.00 | 0.027 | 61
ALassol | 7.40 | 0.00 | 0.011 | 82
ALasso2 | 7.58 | 0.00 | 0.009 | 89

Oracle | 8.00 | 0.00 | 0.006 | 100

39 14
18 21
11 22
0 100

200 Lasso 7.52 | 0.00 | 0.012 | 70
ALassol | 7.68 | 0.00 | 0.005 | 85
ALasso2 | 7.78 | 0.00 | 0.005 | 91

Oracle | 8.00 | 0.00 | 0.003 | 100

30 | 24
15 30
9 30
0 100

300 Lasso 7.67 | 0.00 | 0.007 | 78
ALassol | 7.79 | 0.00 | 0.003 | 89
ALasso2 | 7.87 | 0.00 | 0.003 | 95

Oracle | 8.00 | 0.00 | 0.002 | 100

22 37
11 43
5 43

U
0
0
0
0
0
0
0
7
3
)
0
2
1
1
0
0
0
0
Oracle | 8.00 | 0.00 | 0.013 | 100 | O | O 100
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0|0 100
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that the efficiency of the weighted least squares estimates can be improved by random
effects selection, we compare three methods as well as the Oracle procedure. The first
two methods fit the model without random effects selection: the OLS is based on the
ordinary least squares estimate, and the generalized least squares estimate GLS1 is

computed using the initial estimates > and 2. The third method, GLS2, uses > and

2
€

o2 which are computed after selecting random effects with BIC2z. Tables 3.3 and
3.4 show that GLS2 is more efficient than OLS and GLS1 and gives a smaller MME.
Here the Oracle’s MMEs serve as a baseline for comparison. These results confirm
that a proper random effects selection in linear mixed models can lead to efficient
gain in the estimation of fixed effects.

Now we compare our proposed method to the MLE-based method of Bondell et al.
(2010) (denoted by BKG in the tables). When implementing the method of Bondell
et al. (2010), we set the options ‘t.fracs’ to the default value and ‘eps’ to 0.001, since
the computation was extremely slow if a default value is used for ‘eps’. Tables 3.5
and 3.6 compare the performance of mixed-effects selection in our proposed method
and BKG method.

In Setting 1, we observe that the proposed method gives a smaller MME in most
cases and a comparable MME in the rest of cases. With regard to fixed effects
selection, in all the cases our method consistently performs better than BKG by
showing a higher frequency of identifying the correct model structure for the fixed
effects. In terms of random effects selection, the proposed method shows much better

performance than BKG in cases 1, 4, and 5, where the variables are uncorrelated or

the error term is non-normal distributed data. The results for case 4 is not surprising,
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Table 3.3: Biases and standard errors of the estimated fixed-effect co-
efficients in Setting 1

Case#| m | method Mean of biases Standard error MME

B1 B2 B3 B1 B B3
Casel | 50 OLS 0.030 -0.010 0.004 | 0.199 0.174 0.110 | 0.089
GLS1 0.035 -0.014 0.014 | 0.285 0.168 0.079 | 0.063
GLS2 0.016 -0.008 0.011 | 0.177 0.152 0.072 | 0.055
Oracle | 0.018 -0.008 0.014 | 0.169 0.155 0.068 | 0.038
100 OLS 0.015 -0.010 0.001 | 0.126 0.133 0.074 | 0.039
GLS1 0.008 -0.004 0.007 | 0.128 0.123 0.060 | 0.032
GLS2 0.008 -0.005 0.008 | 0.123 0.123 0.056 | 0.030
Oracle 0.008 -0.006 0.010 | 0.121 0.122 0.055 | 0.022
200 OLS 0.011 0.003  0.000 | 0.093 0.090 0.050 | 0.020
GLS1 0.008 0.007 0.004 | 0.079 0.084 0.038 | 0.013
GLS2 0.007  0.007 0.004 | 0.080 0.084 0.037 | 0.012
Oracle | 0.007 0.006 0.005 | 0.081 0.085 0.036 | 0.009
300 OLS 0.011 0.000 0.001 | 0.070 0.078 0.043 | 0.015
GLS1 0.009 0.002 0.002 | 0.062 0.068 0.034 | 0.008
GLS2 0.010  0.002 0.002 | 0.062 0.069 0.033 | 0.008
Oracle | 0.010 0.001 0.003 | 0.063 0.068 0.033 | 0.006
Case2 | 50 OLS 0.025 -0.015 0.007 | 0.228 0.203 0.143 | 0.097
GLS1 0.009 -0.025 0.019 | 0.202 0.183 0.106 | 0.072
GLS2 0.005 -0.018 0.013 | 0.198 0.171 0.093 | 0.064
Oracle | 0.018 -0.013 0.008 | 0.181 0.166 0.081 | 0.049
100 OLS 0.021 -0.008 0.003 | 0.146 0.160 0.094 | 0.043
GLS1 0.006 -0.010 0.011 | 0.138 0.142 0.080 | 0.043
GLS2 0.004 -0.012 0.009 | 0.130 0.136 0.070 | 0.036
Oracle | 0.008 -0.011 0.010 | 0.124 0.131 0.066 | 0.028
200 OLS 0.010  0.006  0.005 | 0.110 0.108 0.061 | 0.025
GLS1 0.004 0.002 0.004 | 0.084 0.089 0.048 | 0.014
GLS2 0.002 0.001 0.005 | 0.085 0.088 0.046 | 0.013
Oracle 0.005 0.002 0.007 | 0.081 0.088 0.043 | 0.009
300 OLS 0.011 0.000  0.005 | 0.093 0.087 0.056 | 0.016
GLS1 0.006 -0.001 0.003 | 0.069 0.072 0.041 | 0.008
GLS2 0.007 -0.002 0.003 | 0.069 0.072 0.040 | 0.008
Oracle 0.009 -0.001 0.004 | 0.067 0.071 0.040 | 0.006
Case3 | 50 OLS 0.030 -0.014 0.004 | 0.227 0.194 0.149 | 0.097
GLS1 0.017 -0.026 0.015 | 0.196 0.188 0.110 | 0.072
GLS2 0.012 -0.013 0.010 | 0.192 0.171 0.094 | 0.060
Oracle 0.021 -0.014 0.008 | 0.179 0.170 0.076 | 0.049
100 OLS 0.019 -0.010 0.002 | 0.138 0.153 0.096 | 0.043
GLS1 0.012 -0.010 0.009 | 0.131 0.145 0.080 | 0.043
GLS2 0.012 -0.011 0.011 | 0.126 0.137 0.070 | 0.036
Oracle 0.011 -0.012 0.010 | 0.122 0.133 0.062 | 0.028
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Table 3.3 Continued

Mean of biases

Standard error

Case#| m | method 3, 3, 3, 3, 3, 3, MME
200 | OLS 0.008 0.003 0.003 | 0.101 0.101 0.063 | 0.025
GLS1 | 0.007 0.003 0.002 | 0.080 0.090 0.050 | 0.014
GLS2 | 0.006 0.003 0.003 | 0.081 0.089 0.047 | 0.012
Oracle | 0.007 0.001 0.006 | 0.081 0.089 0.040 | 0.009
300 | OLS 0.010 -0.002 0.003 | 0.080 0.083 0.056 | 0.016
GLS1 | 0.009 -0.001 0.001 | 0.064 0.071 0.041 | 0.008
GLS2 | 0.009 -0.002 0.001 | 0.064 0.072 0.040 | 0.008
Oracle | 0.010 -0.002 0.003 | 0.065 0.072 0.037 | 0.006
Cased | 50 OLS | -0.022 0.009 0.022 | 0.184 0.182 0.114 | 0.082
GLS1 | -0.019 0.004 0.008 | 0.173 0.169 0.092 | 0.070
GLS2 | -0.018 0.005 0.013 | 0.171 0.167 0.099 | 0.062
Oracle | -0.016  0.008 0.013 | 0.168 0.169 0.095 | 0.044
100 | OLS | -0.009 -0.013 -0.005 | 0.170 0.152 0.087 | 0.059
GLS1 | -0.013 -0.015 -0.003 | 0.146 0.135 0.073 | 0.038
GLS2 | -0.013 -0.015 -0.003 | 0.144 0.137 0.071 | 0.038
Oracle | -0.014 -0.015 -0.002 | 0.140 0.137 0.070 | 0.029
200 | OLS | -0.014 0.011 -0.011 | 0.111 0.106 0.065 | 0.028
GLS1 | -0.005 0.010 -0.011 | 0.098 0.092 0.052 | 0.021
GLS2 | -0.006 0.012 -0.011 | 0.097 0.092 0.052 | 0.022
Oracle | -0.006 0.011 -0.011 | 0.098 0.092 0.052 | 0.017
300 | OLS 0.001 -0.002 0.005 | 0.080 0.078 0.051 | 0.018
GLS1 | 0.001 -0.003 0.003 | 0.070 0.067 0.039 | 0.011
GLS2 | 0.000 -0.002 0.003 | 0.070 0.068 0.038 | 0.011
Oracle | 0.000 -0.002 0.002 | 0.069 0.069 0.038 | 0.008
Caseb | 50 OLS |-0.025 0.007r 0.003 | 0.104 0.110 0.113 | 0.059
GLS1 | -0.004 0.014 0.007 | 0.083 0.081 0.084 | 0.029
GLS2 | -0.008 0.009 0.004 | 0.077 0.078 0.078 | 0.030
Oracle | -0.012  0.009 -0.002 | 0.073 0.075 0.078 | 0.014
100 | OLS | -0.024 -0.001 0.003 | 0.079 0.073 0.080 | 0.025
GLS1 | -0.008 -0.005 0.002 | 0.056 0.051 0.051 | 0.013
GLS2 | -0.007 -0.003 0.004 | 0.053 0.048 0.049 | 0.012
Oracle | -0.006 -0.001  0.003 | 0.053 0.044 0.050 | 0.006
200 | OLS | -0.014 0.004 0.000 | 0.061 0.054 0.059 | 0.013
GLS1 | -0.005 0.002 0.005 | 0.044 0.037 0.042 | 0.007
GLS2 | -0.005 0.002 0.004 | 0.042 0.036 0.041 | 0.007
Oracle | -0.004  0.002 0.004 | 0.042 0.034 0.040 | 0.004
300 | OLS | -0.011 0.005 -0.002 | 0.049 0.046 0.044 | 0.009
GLS1 | -0.004 0.003 0.001 | 0.036 0.029 0.032 | 0.004
GLS2 | -0.004 0.003 0.002 | 0.035 0.028 0.031 | 0.004
Oracle | -0.004  0.003 0.002 | 0.034 0.028 0.031 | 0.002
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Table 3.4: Biases and standard errors of the estimated fixed-effect co-
efficients in Setting 2

Case#| m | method Mean of biases | Standard error MME

B1 B2 B1 B2
Casel | 50 OLS 0.000 -0.017 | 0.202 0.198 | 0.249
GLS1 | -0.004 -0.016 | 0.357 0.304 | 0.539
GLS2 | -0.014 -0.011 | 0.232 0.209 | 0.172
Oracle | -0.004 -0.014 | 0.155 0.170 | 0.038
100 OLS 0.009 -0.005 | 0.131 0.141 | 0.117
GLS1 | -0.021 -0.022 | 0.217 0.228 | 0.103
GLS2 0.004 -0.002 | 0.111 0.129 | 0.076
Oracle 0.003 0.007 | 0.103 0.123 | 0.018
200 OLS -0.002 -0.009 | 0.093 0.108 | 0.061
GLS1 | -0.010 -0.010 | 0.092 0.102 | 0.044
GLS2 | -0.007 -0.004 | 0.084 0.092 | 0.040
Oracle | -0.008 -0.002 | 0.081 0.088 | 0.010
300 OLS -0.001 -0.011 | 0.085 0.083 | 0.040
GLS1 | -0.002 -0.011 | 0.072 0.065 | 0.023
GLS2 | -0.003 -0.010 | 0.070 0.066 | 0.022
Oracle | -0.003 -0.009 | 0.069 0.063 | 0.006
Case2 | 50 OLS -0.014 -0.022 | 0.235 0.259 | 0.292
GLS1 0.096 -0.079 | 0.751 0.859 | 0.824
GLS2 0.017 -0.044 | 0.319 0.276 | 0.176
Oracle | 0.032 -0.031 | 0.167 0.182 | 0.053
100 OLS 0.012 -0.002 | 0.162 0.186 | 0.136
GLS1 | -0.037 -0.019 | 0.490 0.340 | 0.195
GLS2 0.009 -0.017 | 0.166 0.166 | 0.085
Oracle | 0.000 0.023 | 0.117 0.132 | 0.018
200 OLS 0.003 -0.015 | 0.125 0.135 | 0.068
GLS1 0.025 -0.030 | 0.193 0.223 | 0.053
GLS2 | -0.007 -0.007 | 0.102 0.114 | 0.036
Oracle | -0.007 0.002 | 0.092 0.096 | 0.012
300 OLS 0.000 -0.016 | 0.106 0.107 | 0.039
GLS1 0.008 -0.005 | 0.118 0.091 | 0.028
GLS2 | -0.003 -0.010 | 0.095 0.072 | 0.021
Oracle | -0.002 -0.008 | 0.077 0.067 | 0.005
Case3 | 50 OLS 0.007 -0.015 | 0.220 0.247 | 0.289
GLS1 0.032 -0.051 | 0.378 0.641 | 0.721
GLS2 0.001 -0.021 | 0.262 0.230 | 0.183
Oracle | -0.002 -0.005 | 0.162 0.185 | 0.044
100 OLS 0.018 0.003 | 0.144 0.176 | 0.133
GLS1 | -0.007 0.027 | 0.288 0.274 | 0.169
GLS2 0.027  0.001 | 0.193 0.195 | 0.079
Oracle | -0.005 0.020 | 0.112 0.134 | 0.017
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Table 3.4 Continued

Mean of biases

Standard error

Case#| m | method 3, 3, 3, 3, MME
200 | OLS 0.007 -0.013 | 0.113 0.128 | 0.067
GLS1 | 0.011 -0.030 | 0.139 0.139 | 0.053
GLS2 | 0.000 -0.008 | 0.102 0.119 | 0.038
Oracle | -0.009  0.002 | 0.089 0.097 | 0.013
300 | OLS 0.004 -0.015 | 0.096 0.103 | 0.041
GLS1 | 0.000 -0.017 | 0.102 0.096 | 0.028
GLS2 | -0.005 -0.008 | 0.077 0.069 | 0.023
Oracle | -0.005 -0.006 | 0.075 0.067 | 0.006
Cased | 50 OLS | -0.012 -0.027 | 0.235 0.209 | 0.238
GLS1 | 0.031 -0.023 | 0.344 0.307 | 0.354
GLS2 | -0.007 -0.027 | 0.220 0.208 | 0.194
Oracle | -0.011 -0.031 | 0.192 0.157 | 0.041
100 | OLS | -0.001 0.009 | 0.128 0.136 | 0.115
GLS1 | -0.008 0.013 | 0.150 0.159 | 0.110
GLS2 | -0.004 0.010 | 0.112 0.137 | 0.096
Oracle | 0.001 0.012 | 0.108 0.128 | 0.023
200 | OLS 0.007  0.028 | 0.116 0.097 | 0.064
GLS1 | 0.002 0.022 | 0.103 0.092 | 0.051
GLS2 | 0.003 0.021 | 0.097 0.088 | 0.048
Oracle | 0.002 0.019 | 0.098 0.088 | 0.013
300 | OLS 0.010  0.002 | 0.092 0.074 | 0.044
GLS1 | 0.000 0.007 | 0.084 0.070 | 0.034
GLS2 | 0.002 0.006 | 0.084 0.068 | 0.031
Oracle | 0.002  0.005 | 0.082 0.069 | 0.008
Caseb | 50 OLS | -0.012 -0.010 | 0.118 0.147 | 0.178
GLS1 | -0.010 -0.049 | 0.215 0.249 | 0.325
GLS2 | -0.010 -0.032 | 0.157 0.155 | 0.130
Oracle | 0.000 -0.016 | 0.084 0.097 | 0.014
100 | OLS | -0.010 -0.003 | 0.080 0.092 | 0.082
GLS1 | -0.010 -0.011 | 0.119 0.151 | 0.086
GLS2 | -0.006 -0.002 | 0.100 0.087 | 0.045
Oracle | -0.001  0.003 | 0.062 0.068 | 0.006
200 | OLS | -0.005 -0.003 | 0.058 0.073 | 0.039
GLS1 | 0.009 -0.006 | 0.088 0.091 | 0.029
GLS2 | 0.007 0.003 | 0.049 0.059 | 0.021
Oracle | 0.005  0.002 | 0.045 0.050 | 0.003
300 | OLS | -0.008 -0.004 | 0.051 0.053 | 0.026
GLS1 | 0.009 -0.001 | 0.078 0.051 | 0.016
GLS2 | 0.001 -0.004 | 0.041 0.041 | 0.013
Oracle | 0.002 -0.002 | 0.038 0.038 | 0.002
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as the MLE method depends on the normal assumption for the error term. In cases 2
and 3 where input variables are moderately correlated, our method produces slightly
better selection for m = 50 and 100 while BKG method performs slightly better when
m = 200 and 300.

In Setting 2, the proposed method shows a smaller or comparable MME in all the
cases. In terms of random effects selection, our method shows better performance in
cases 1, 4, and 5 and worse performance in cases 2 and 3. In terms of fixed effects
selection, the new method gives an overall significantly better performance than BKG.

The above results imply that when variables are correlated and the error term
is normally distributed, BKG could be a better choice in terms of random effects
selection. However, BKG does not work well for fixed effects selection even though
BKG was developed for selecting both effects simultaneously. In practice, when the
variables are somewhat uncorrelated with each other or the data are not guaranteed to
follow the normal distribution, the proposed method can be a reasonable alternative
for selecting both random and fixed effects and model prediction.

Table 3.7 compares the computation times for implementing our proposed method
and BKG method for each setting and case. We note that the computation time of
the new method is substantially shorter than that of BKG in setting 1. For setting
2, the difference is even more significant, especially when m is large. This is a big

advantage of the new method.
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Table 3.5: Selection and estimation results of both effects for Setting 1

Random effect

Fixed effect

Case#| m | method 7 17 c ol ez 17 c 0 MME | Both
Casel | 50 Our 255 004 63 33191 0.01 90 9 | 0.0450 | 57
BKG | 230 0.00 40 60| 189 0.00 89 11| 0.0562 | 37

Oracle | 3.00 0.00 100 O | 2.00 0.00 100 O | 0.0382 | 100

100 Our 266 000 74 261|197 0.00 97 3 |0.0269 | 71

BKG | 240 0.00 52 48|18 0.00 86 14 | 0.0328 | 49

Oracle | 3.00 0.00 100 O | 2.00 0.00 100 0 | 0.0225 | 100

200 Our 256 000 73 27198 0.00 98 2 | 0.0100 | 71

BKG | 259 0.00 69 31|17 000 75 25/ 0.0245| 54

Oracle | 3.00 0.00 100 O | 2.00 0.00 100 O | 0.0088 | 100

300 Our 249 0.00 61 39]1.99 0.00 99 1 | 0.0063 | 60

BKG | 278 0.00 82 18| 179 000 79 21 |0.0242 | 63

Oracle | 3.00 0.00 100 O | 2.00 0.00 100 0 | 0.0057 | 100

Case2 | 50 Our 248 0.05 56 391|191 0.06 90 7 | 0.0594 | 52
BKG | 244 0.00 51 49| 187 0.00 89 11 | 0.0583 | 49

Oracle | 3.00 0.00 100 O | 2.00 0.00 100 0 | 0.0490 | 100

100 Our 257 000 68 32195 0.03 93 5 |0.0311| 65

BKG | 255 0.00 59 411|189 0.00 89 11 | 0.0357 | 56

Oracle | 3.00 0.00 100 O | 2.00 0.00 100 0 | 0.0275 | 100

200 Our 237 0.00 61 39]1.98 0.00 98 2 | 0.0100 | 59

BKG | 264 0.00 70 301|187 0.00 87 13| 0.0304 | 63

Oracle | 3.00 0.00 100 0O | 2.00 0.00 100 0 | 0.0090 | 100

300 Our 236 000 51 49199 0.00 99 1 | 0.0062 | 50

BKG | 279 0.00 80 20| 180 000 80 20| 0.0193 | 60

Oracle | 3.00 0.00 100 O | 2.00 0.00 100 O | 0.0058 | 100

Case3 | 50 Our 252 004 61 35|191 0.08 8 7 | 0.0606 | 56
BKG | 242 0.00 51 49| 187 0.00 88 12 0.0619 | 47

Oracle | 3.00 0.00 100 O | 2.00 0.00 100 O | 0.0490 | 100

100 Our 252 000 66 341|197 0.0 95 2 |0.0333| 64

BKG | 250 0.00 57 43 |189 0.00 90 10| 0.0321 | 54

Oracle | 3.00 0.00 100 O | 2.00 0.00 100 0 | 0.0275 | 100

200 Our 248 0.00 65 351|198 0.00 98 2 | 0.0106 | 63

BKG | 273 0.00 78 22|18l 000 81 19| 0.0279 | 63

Oracle | 3.00 0.00 100 O | 2.00 0.00 100 0 | 0.0090 | 100

300 Our 248 0.00 60 40| 1.99 0.00 99 1 | 0.0063 | 59

BKG | 282 0.00 84 16| 182 0.00 82 18] 0.0245 | 67

Oracle | 3.00 0.00 100 O | 2.00 0.00 100 O | 0.0058 | 100

Cased | 50 Our 272 012 66 221|198 0.00 98 2 | 0.0545 | 65
BKG | 218 0.02 35 631|190 000 90 10 | 0.0633 | 33

Oracle | 3.00 0.00 100 O | 2.00 0.00 100 0 | 0.0442 | 100

100 Our 270 001 74 25|194 0.00 94 6 | 0.0314 | 70

BKG | 247 0.00 53 47| 188 0.00 89 11 |0.0363 | 49

Oracle | 3.00 0.00 100 O | 2.00 0.00 100 0 | 0.0292 | 100
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Table 3.5 Continued

Random effect

Fixed effect

Case#| m | method 7 17 C ol ¢z 17 C o MME | Both
200 Our 279 000 79 21198 0.00 98 2 |0.0174 | 77

BKG | 246 0.00 55 45| 1.81 0.00 81 19 | 0.0231 | 47

Oracle | 3.00 0.00 100 0 | 2.00 0.00 100 O | 0.0172 | 100

300 Our 260 0.00 66 34199 0.00 99 1 |0.00713| 65

BKG | 2.75 0.00 &80 20| 1.75 0.00 75 25| 0.0212 | 59

Oracle | 3.00 0.00 100 0 | 2.00 0.00 100 O | 0.0083 | 100

Caseb | 50 Our 243 0.01 60 39190 0.00 90 10| 0.0175 | 54
BKG | 238 0.00 41 59 |1.71 0.00 74 26 |0.0210 | 31

Oracle | 3.00 0.00 100 0 | 2.00 0.00 100 O | 0.0143 | 100

100 Our 257 0.00 68 32196 0.00 96 4 | 0.0067 | 65

BKG | 251 0.00 56 44| 1.72 0.00 72 28 | 0.0081 | 36

Oracle | 3.00 0.00 100 0 | 2.00 0.00 100 0O | 0.0060 | 100

200 Our 259 0.00 69 31198 0.00 98 2 | 0.0042 | 68

BKG | 283 000 &8 14 | 1.83 0.00 83 17 | 0.0063 | 71

Oracle | 3.00 0.00 100 0 | 2.00 0.00 100 0O | 0.0037 | 100

300 Our 257 0.00 64 36200 0.00 100 0 | 0.0023 | 64

BKG | 249 0.00 51 49| 1.80 0.00 &80 20 | 0.0036 | 33

Oracle | 3.00 0.00 100 0 | 2.00 0.00 100 0 | 0.0022 | 100
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Table 3.6: Selection and estimation results of both effects for Setting 2

Random effect

Fixed effect

Case#| m | method 7 17 c ol ez 17 c 0 MME | Both
Casel | 50 Our 434 056 13 44 | 744 0.09 66 28| 0.0806 | 10
BKG | 488 0.04 22 741|727 001 48 51| 0.0676 | 13

Oracle | 6.00 0.00 100 O | 800 0.00 100 O | 0.0377 | 100

100 Our 475 022 29 50| 775 0.02 8 16 | 0.0270 | 23

BKG | 465 0.02 16 82| 761 000 67 33 |0.0268 | 15

Oracle | 6.00 0.00 100 0 | 800 0.00 100 0 | 0.0181 | 100

200 Our 478 006 44 50| 791 0.00 92 8 | 0.0152 | 41

BKG | 4.63 0.00 16 84| 742 0.00 51 49| 0.0164 7

Oracle | 6.00 0.00 100 O | 800 0.00 100 O | 0.0096 | 100

300 Our 515 0.01 51 48799 0.00 99 1 | 0.0067 | 51

BKG | 5.11 0.00 43 571|736 000 46 54 | 0.0106 | 19

Oracle | 6.00 0.00 100 0 | 800 0.00 100 0 | 0.0056 | 100

Case2 | 50 Our 422 113 1 26| 727 0.09 59 35| 0.1027 0
BKG | 483 0.07 20 74| 742 0.03 53 44| 0.0907 | 15

Oracle | 6.00 0.00 100 0 | 800 0.00 100 0 | 0.0529 | 100

100 Our 445 081 2 35| 751 0.06 71 241 0.0336 2

BKG | 479 0.04 25 711|756 000 65 35| 0.0306 | 20

Oracle | 6.00 0.00 100 O | 800 0.00 100 O | 0.0181 | 100

200 Our 419 044 12 45| 787 0.00 87 13| 0.0180 | 12

BKG | 487 0.00 28 72| 765 000 68 32| 0.0200 | 22

Oracle | 6.00 0.00 100 0 | 800 0.00 100 O | 0.0117 | 100

300 Our 426 025 11 65791 000 95 5 | 0.0066 | 11

BKG | 5.30 0.00 51 49 | 745 0.00 54 46 | 0.0099 | 22

Oracle | 6.00 0.00 100 O | 800 0.00 100 0 | 0.0055 | 100

Case3 | 50 Our 452 090 6 30| 727 0.10 55 38| 0.1019 4
BKG | 479 0.01 20 79| 750 004 60 37 |0.0734 | 12

Oracle | 6.00 0.00 100 O | 800 0.00 100 O | 0.0445 | 100

100 Our 439 055 12 40 | 745 0.09 71 22 0.0306 | 11

BKG | 470 0.01 16 83| 760 000 69 31 |0.0297 | 13

Oracle | 6.00 0.00 100 0 | 800 0.00 100 0 | 0.0170 | 100

200 Our 447 028 22 51| 780 0.00 8 151 0.0171 | 20

BKG | 477 0.00 24 76| 753 000 61 39 |0.0175 | 16

Oracle | 6.00 0.00 100 O | 800 0.00 100 0 | 0.0127 | 100

300 Our 478 012 32 56796 0.00 96 4 | 0.0072 | 31

BKG | 5.27 0.00 52 48 | 741 0.00 53 47| 0.0115 | 30

Oracle | 6.00 0.00 100 0 | 800 0.00 100 0 | 0.0060 | 100

Cased | 50 Our 470 093 11 36| 738 0.08 60 35| 0.0939 9
BKG | 497 034 15 66 | 763 004 68 28| 0.1280 | 11

Oracle | 6.00 0.00 100 O | 800 0.00 100 0 | 0.0411 | 100

100 Our 4.78 040 25 40| 7.74 0.01 8 17| 0.0310 | 24

BKG | 454 019 9 791|756 000 65 35| 0.0406 4

Oracle | 6.00 0.00 100 O | 800 0.00 100 0 | 0.0229 | 100
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Table 3.6 Continued

Random effect

Fixed effect

Case#| m | method 7 17 C ol ¢z 17 C o MME | Both
200 Our 499 0.12 37 51790 000 95 5 |0.0177 | 35

BKG | 4.59 0.06 12 83| 7.50 0.00 60 40 | 0.0209 9

Oracle | 6.00 0.00 100 0 | 800 0.00 100 O | 0.0131 | 100

300 Our 5,02 0.04 49 47| 794 0.00 94 6 | 0.0106 | 47

BKG | 4.67 001 23 761|724 000 45 55| 0.0110 | 10

Oracle | 6.00 0.00 100 0 | 800 0.00 100 O | 0.0077 | 100

Caseb | 50 Our 397 062 12 49| 7.04 0.00 61 39| 0.0314 9
BKG | 4.67 0.09 11 82| 7.42 0.00 60 40 | 0.0307 6

Oracle | 6.00 0.00 100 0 | 800 0.00 100 O | 0.0135| 100

100 Our 4.69 0.29 22 50| 7.58 0.00 &89 11 | 0.0085 | 22

BKG |4.53 003 12 85| 7.60 0.00 70 30| 0.0104 8

Oracle | 6.00 0.00 100 0 | 800 0.00 100 0O | 0.0064 | 100

200 Our 464 004 31 65778 000 91 9 | 0.0046 | 30

BKG | 471 000 24 76| 7.42 0.00 53 47 ]0.0049 | 12

Oracle | 6.00 0.00 100 0 | 800 0.00 100 O | 0.0034 | 100

300 Our 4.83 0.01 44 551|787 0.00 95 5 | 0.0026 | 43

BKG | 5.14 0.00 46 54| 7.38 0.00 57 43 0.0031 | 22

Oracle | 6.00 0.00 100 0 | 800 0.00 100 0O | 0.0016 | 100
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Table 3.7: Comparison of computation times (min/run) for each setting and case

Setting 1 Setting 2
m=50 m=100 m=200 m=300 m=50 m=100 m=200 m=300

Case# method

Casel Our 0.4 0.8 4.7 8.1 0.8 5.3 12.0 19.6
BKG 2.9 9.0 294 56.4 7.4 22.9 139.1 560.3
Case2 Our 0.4 2.2 5.0 8.0 0.9 5.5 13.9 23.5
BKG 4.3 11.9 27.9 84.6 9.7 28.1 189.0 506.2
Case3 Our 0.4 2.8 5.8 8.2 0.8 5.4 16.4 19.0
BKG 3.7 10.0 27.6 82.4 12.0 26.6 193.1 499.6
Cased Our 0.3 0.7 1.4 7.7 2.5 6.2 11.9 19.6
BKG 34 5.6 26.7 7.2 11.3 17.6 146.8 460.3
Caseb Our 0.3 0.7 4.8 8.9 0.8 1.6 13.0 17.9
BKG 1.4 3.3 10.4 29.7 6.5 23.9 109.4 286.5

3.4 Real Example

3.4.1 Description

For illustration, we consider a real data example: the Amsterdam Growth and Health
Study (Kemper, 1995). The goal of this study is to investigate the relationship be-
tween lifestyle and health in adolescence and young adulthood. This data consists of a
response variable y, which is the total serum cholesterol measured over six time points,
and five explanatory variables x; to x5. In particular, x; is fitness level at baseline
measured as maximal oxygen uptake on a treadmill, x5 is body fatness estimated by
the sum of the thickness of four skinfolds, z3 is smoking behavior (0=no,1=yes), x4

is gender (O=female, 1=male), and x5 is the measurement time coded as (1,2,...,6).
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Figure 3.1: Boxplot of a response variable over subjects
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The number of subjects is 147, and the total number of observations is 882. Figure
3.1 is the boxplot of the response over 147 subjects. It shows heterogeneity among
subjects.

Twisk (2003) analyzed this data using various techniques for longitudinal data,
and the dataset is available from his website. Azari et al. (2006) studied this data for
selecting a set of fixed effects in a linear regression model, and they included some
quadratic and interaction terms as fixed effects. Here we consider the linear mixed
effects model for the data with all the five covariates for both fixed and random
effects. We center the response variable y and standardize xy, x5, and x5 before
fitting the new procedure. Thus, we exclude an intercept from fixed effects of the
model, while a random intercept is allowed. The BIC2r and BIC2r were used to
choose the tuning parameters for random and fixed effects, respectively. In Step 4,
we used the generalized least squares estimates BG for constructing the weights in
(3.2). For comparison, we also fitted the full model by including all explanatory
variables as fixed and random effects. We used the 1mer function from 1me4 package
in R, which used the restricted maximum likelihood (REML) estimation based on

normality assumption by default.

3.5 Results

In Figure 3.2, we plotted the diagonal elements of D and 3 as functions of s = > 1d;.
The optimal value of s, 2.38, was chosen by using BIC2z. When s = ¢, all of c@’s are
1 which means all effects are important. The resulting estimates for random effects

are presented in Table 3.8. We observe that the new methods selected x1, x4 plus a
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Figure 3.2: Profiles of variance matrix estimates for random effects as s = Y 1d; is
varied. A vertical line is drawn at s = 2.38, the optimal value chosen by BIC2p
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Figure 3.3: Profiles of coefficients for fixed effects for the Amsterdam growth and
health study data. A vertical line is drawn at s = 0.37, the optimal value chosen by
BIC2p

random intercept as important random effects. Due to a smaller random effects in the
final model, the remaining unexplained variance is absorbed into the error variance,
and therefore the error variance given by the new method is a little bigger than that
in the REML estimation.

Figure 3.3 shows the profiles of coefficient for fixed effects as s = > 7| BJ|/ | §G7j|
ranges from zero to one. Table 3.8 also displays the estimates of fixed effects obtained

from our proposed method. The proposed method selected x5 and x5, which is con-
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Table 3.8: Mixed effects selection results for the Amsterdam Growth and Health
Study data: Comparison of estimates from REML and the proposed methods. Stan-
dard errors are given in parentheses

Random effect

Variable REML estimates Our estimates

var(vo;i) 0.522 0.347
var(y1;) 0.014 0.006
var(7ya;) 0.042 0
var(ys;) 0.073 0
var(7s;) 0.961 0.624
var(ys;) 0.037 0
var(g;)=02 0.197 0.253

Fixed effect
Variable REML estimates Our estimates

1 -0.027 (0.050) 0
o 0.190 (0.035) 0.165
T3 -0.106 (0.060) 0
24 0.126 (0.072) 0
s 0.169 (0.023) 0.167

sistent with the results from the REML estimation. Specifically, the REML estimates
of x5 and x5 have t-statistics of 5.50 and 7.26, respectively, which are the only two

highly significant fixed effects.
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Chapter 4

Computationally Efficient Methods
for Random Effects Selection in

Linear Mixed Models

4.1 Motivation

In Section 2, we proposed a moment-based method which is used for selecting ran-
dom effects in linear mixed models. The main step in random effects selection is to
minimize a fourth order objective function (2.6). This is a nonlinear programming
problem subject to a linear inequality constraint. Some algorithms have been recently
developed to solve such an optimization problem. However, most of them are not pub-
licly available, and highly depend on initial values. That is, if the initial value is too

far from the true one, it might fail to converge. Moreover, it requires computationally
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intensive tasks and is hence time-consuming as shown in Table 3.5 and 3.6. In this
section, we propose two alternative methods which are computationally efficient and
even perform better.

In order to obtain the initial estimates of ¥ and 02, we minimize Ly in (2.5),
which is a nonlinear semi-definite programming problem. As in Section 2, SeDuMi
(Sturm, 1999) can be used for dealing with the semi-definiteness constraint. Given
the initial estimates, Qr(D) is minimized to produce sparse solutions of D. However,
the minimization includes the fourth order function in d;’s, which makes the com-
putation slow. Instead of the complicated function, we propose using approximate
methods that are quadratic programming problems. The quadratic programming can
be easily implemented in some statistical softwares such as Matlab and R. For fixed
effects selection, we use the same procedure which proposed in Section 3 and is com-
putationally easy to be implemented. For choosing tuning parameters we recommend

BIC2g; and BIC2p in fixed and random effects selection, respectively.

4.2 Alternative Efficient Methods

4.2.1 Iterative Approximation Method

The basic idea to speed up the exact method is to replace DXD in (2.6) with a linear
function of d;’s. Let D be the initial guess for D. In a matrix Taylor expansion,

the first order approximation for DXD at D = D© is given by

DXD ~ DXDO® + DOYD — DOZDO,
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Algorithm 3 Iterative approximation method

1. (obtain initial estimate of 3):

Fit a linear regression model y = X3 + n,

and then obtain an initial estimate ,B
2. (obtain initial estimates of ¥ and o?):

Compute y;jx = (yij — ZBZTJ~)(yzk — ivfkfi) for i, 7, k.

Obtain 3 by minimizing Lo(X), and compute 52,
3. (obtain final estimates of 3 and o?):

3.1 Start with D© =1,

3.2. For s =1,2,---, obtain D®) by minimizing

m n;—1

> Z (gjk — 2 (DEDC) + DEVED — D(sDiD(sU)zik)Q

i=1 j=1 k=j+1

q
+)‘Zdi’ subject to all d; > 0
i=1

3.3. Repeat step 3.2 until convergence, and obtain D in the last iteration
3.4. Compute the final estimate & = DD and o2
4. (obtain final estimate of 3):

Obtain 3 by minimizing Qr(3).
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Using this approximation, we can replace (2.6) by

m n;—1 n;

q
XN (ﬂjk — 2L (DED + DOSD — D<°>§D(0>)zik>2 +AYd.
=1

i=1 j=1 k=j+1

This is a quadratic function in d;’s. Hence, minimizing can be simply performed by a
quadratic programming. Iteratively, we can update D by using the current estimate

in place of D). In other words, at the sth iteration we have
DOYDE) ~ DOEDEY L DE-LUyPG) — pE-LpE-1),

However, it is not guaranteed that the resulting matrix from the right-hand side is
positive definite. Hence, we instead report the matrix on the left-hand side as the
resulting expression for the final estimate 3. The complete procedure for replacing the
minimization of (2.6) is described in Algorithm 3, called the ‘iterative approzimation

method’ .

4.2.2 One-step Approximation Method

In this section, we propose more simplified algorithm which is approximate to the

exact method. We set the initial guess for D as I,. From the linear approximation

for DXD at D = I, we have

DD ~ DX + XD - X.

5



Algorithm 4 One-step approximation method

1. (obtain initial estimate of 3):
Fit a linear regression model y = X3 + 1,
and then obtain an initial estimate B
2. (obtain initial estimates of ¥ and o?):
Compute ¥, = (yij — :cfj~)(yzk — @) for i, j, k.
Obtain 3 by minimizing Lo(X), and compute 2.
3. (obtain final estimates of ¥ and 0?):

3.1 Obtain D by minimizing

~ o~ ~ 2 1
> (e — 25 (DS + D = £)z ) +AY_ di subject to all d; > 0
ix:k i=1
3.3. Compute the final estimate 3 = DXD and 52
4. (obtain final estimate of 3):

Obtain B by minimizing Qr(3).
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Then, the objective function in (2.6) is changed to

m n;—1 n; q
> > (@jk—zg(Di+iD—i)zik>2+AZdi,
i=1 j=1 k=j+1 =1

with the same constraints d; > 0 for all . We call this procedure the ‘one-step
approximation method as described in Algorithm 4. For the same reason as in the

iterative approximation method, we report DD as the final estimate of 3.

4.3 Simulation Studies

In this section, we compare the performance of the proposed methods and the exact
method. We use the same simulation settings as in Section 2. Two settings are
considered: One is a simple example and the other is a harder one with a large
number of variables. For each setting, we consider five different assumptions about
the error term distribution and covariance structure of X. In tables, we denote
the proposed method in Section 2 by ‘Exact’, Iterative approximation method by
‘Iterative’, and One-step approximation method by ‘One-step’. The process times (in
seconds) required to implement each method are averaged over 100 data sets.
Tables 4.1-4.5 show the results of random effects selection in Setting 1. In Cases
1, 4, and 5 with independent X, all of three methods have quite similar performance.
In Cases 2 and 3 where variables are correlated, One-step approximation method
shows even better or similar performance to other methods. Tables 4.6-4.10 give the
comparison of Exact method and approximation methods. Similar to Setting 1, One-

step approximation method is comparable or slightly better than the others. In Cases

7



2 and 3, One-step approximation method shows much better performance than the

Exact method.
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Table 4.1: Random effects selection and estimation results of the exact method and
two approximate methods for Setting 1 and Case 1

- Error ~9
m | Criterion| CZ 17 T ‘ 5 ‘ 3 )

50 | Exact | 255004 | 0.141 | 0.162 | 1.535 | 0483 | 1131 | 63 | 4 | 33
(0.006) | (0.007) | (0.097) | (0.020) | (0.039)
Tterative | 2.57 | 0.02 | 0.139 | 0.159 | 1.554 | 0.458 | 1.037 | 66 | 2 | 32
(0.006) | (0.007) | (0.108) | (0.019) | (0.039)
One-step | 2.54 | 0.01 | 0.140 | 0.161 | 1.539 | 0476 | 1.097 | 70 | 1 |29
(0.006) | (0.007) | (0.101) | (0.018) | (0.042)
Oracle |3.00 | 0.00 | 0.125 | 0.145 | 1.095 | 0.457 | 1.001 | 100 | 0 | 0
(0.005) | (0.006) | (0.052) | (0.020) | (0.036)
100 | Bxact | 2.66 | 0.00 | 0.105 | 0.122 | 1.102 | 0.366 | 1.153 | 74 | 0 | 26
(0.005) | (0.005) | (0.075) | (0.015) | (0.031)
Tterative | 2.65 | 0.00 | 0.105 | 0.120 | 1.129 | 0.353 | 1.067 | 70 | 0 | 30
(0.005) | (0.005) | (0.078) | (0.015) | (0.030)
One-step | 2.65 | 0.00 | 0.105 | 0.122 | 1.110 | 0.367 | 1.151 | 74 | 0 | 26
(0.005) | (0.005) | (0.076) | (0.015) | (0.031)
Oracle | 3.00 | 0.00 | 0.092 | 0.108 | 0.810 | 0.340 | 1.050 | 100 | 0 | 0
(0.004) | (0.005) | (0.042) | (0.016) | (0.028)
200 | Exact | 2.56 | 0.00 | 0.082 | 0.094 | 0.915 | 0274 | 1.130 | 73 | 0 | 27
(0.004) | (0.004) | (0.066) | (0.012) | (0.023)
Tterative | 2.54 | 0.00 | 0.082 | 0.093 | 0.937 | 0.267 | 1.052 | 66 | 0 | 34
(0.004) | (0.004) | (0.064) | (0.012) | (0.021)
One-step | 2.59 | 0.00 | 0.083 | 0.095 | 0914 | 0276 | 1.132 | 75 | 0 | 25
(0.004) | (0.004) | (0.065) | (0.012) | (0.023)
Oracle | 3.00 | 0.00 | 0.070 | 0.081 | 0.613 | 0.254 | 1.033 | 100 | 0 | 0
(0.003) | (0.004) | (0.032) | (0.011) | (0.019)
300 | Exact | 2.49 | 0.00 | 0.066 | 0.076 | 0.722 | 0226 | 1.110 | 61 | 0 | 39
(0.003) | (0.003) | (0.038) | (0.009) | (0.021)
Iterative | 2.66 | 0.00 | 0.064 | 0.072 | 0.668 | 0.218 | 1.060 | 70 | 0 | 30
(0.003) | (0.003) | (0.039) | (0.009) | (0.019)
One-step | 2.54 | 0.00 | 0.067 | 0.076 | 0.716 | 0.227 | 1.109 | 65 | 0 | 35
(0.003) | (0.003) | (0.039) | (0.010) | (0.022)
Oracle | 3.00 | 0.00 | 0.054 | 0.062 | 0.466 | 0.198 | 1.019 | 100 | 0 | 0
(0.002) | (0.003) | (0.024) | (0.009) | (0.016)
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Table 4.2: Random effects selection and estimation results of the exact method and
two approximate methods for Setting 1 and Case 2

- Error ~9
m | Criterion| CZ 17 T ‘ 5 ‘ 3 )

50 | Exact | 248005 0.178 | 0.204 | 2021 | 0594 | 1.091 | 56 | 5 | 39
(0.008) | (0.009) | (0.145) | (0.025) | (0.052)
Tterative | 2.44 | 0.06 | 0.188 | 0.213 | 2.227 | 0.611 | 0958 | 55 | 6 | 39
(0.009) | (0.010) | (0.176) | (0.025) | (0.050)
One-step | 249 | 0.03 | 0.177 | 0203 | 2.011 | 0597 | 1.041 | 61 | 3 | 36
(0.008) | (0.009) | (0.154) | (0.024) | (0.048)
Oracle | 3.00 | 0.00 | 0.147 | 0.172 | 1.268 | 0.553 | 0.978 | 100 | 0 | 0
(0.007) | (0.009) | (0.065) | (0.028) | (0.044)
100 | Bxact | 2.57 | 0.00 | 0.133 | 0.154 | 1.442 | 0.464 | 1.100 | 68 | 0 | 32
(0.007) | (0.008) | (0.114) | (0.025) | (0.037)
Tterative | 2.56 | 0.00 | 0.141 | 0.162 | 1.582 | 0.474 | 0989 | 70 | 0 | 30
(0.008) | (0.009) | (0.131) | (0.025) | (0.039)
One-step | 2.62 | 0.00 | 0.131 | 0.152 | 1.396 | 0459 | 1.082 | 73 | 0 | 27
(0.007) | (0.008) | (0.112) | (0.025) | (0.038)
Oracle |3.00 | 0.00 | 0.111 | 0.131 | 0.954 | 0421 | 1.036 | 100 | 0 | 0
(0.006) | (0.007) | (0.049) | (0.024) | (0.035)
200 | Exact | 2.37 | 0.00 | 0.105 | 0.118 | 1.294 | 0.338 | 1.070 | 61 | 0 | 39
(0.006) | (0.006) | (0.124) | (0.016) | (0.030)
Tterative | 2.52 | 0.00 | 0.105 | 0.119 | 1.239 | 0.346 | 1.000 | 68 | 0 | 32
(0.006) | (0.006) | (0.118) | (0.015) | (0.028)
One-step | 2.50 | 0.00 | 0.101 | 0.115 | 1.206 | 0.333 | 1.050 | 72 | 0 | 28
(0.006) | (0.006) | (0.121) | (0.015) | (0.028)
Oracle | 3.00 | 0.00 | 0.081 | 0.094 | 0.701 | 0.305 | 1.022 | 100 | 0 | 0
(0.004) | (0.004) | (0.034) | (0.014) | (0.023)
300 | Exact | 2.36 | 0.00 | 0.082 | 0.092 | 0942 | 0268 | 1.057 | 51 | 0 | 49
(0.003) | (0.004) | (0.061) | (0.011) | (0.024)
Iterative | 2.64 | 0.00 | 0.082 | 0.093 | 0.891 | 0273 | 1.015 | 73 | 0 | 27
(0.004) | (0.004) | (0.067) | (0.011) | (0.022)
One-step | 2.67 | 0.00 | 0.079 | 0.091 | 0.848 | 0.269 | 1.056 | 78 | 0 | 22
(0.004) | (0.004) | (0.066) | (0.012) | (0.023)
Oracle | 3.00 | 0.00 | 0.066 | 0.076 | 0.570 | 0.238 | 1.006 | 100 | 0 | 0
(0.003) | (0.003) | (0.026) | (0.011) | (0.019)
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Table 4.3: Random effects selection and estimation results of the exact method and
two approximate methods for Setting 1 and Case 3

- Error ~9
m | Criterion| CZ 17 T ‘ 5 ‘ 3 )

50 | Exact | 252004 0.169 | 0.193 | 1.900 | 0.568 | 1.064 | 61 | 4 | 35
(0.007) | (0.008) | (0.137) | (0.022) | (0.049)
Tterative | 2.57 | 0.03 | 0.170 | 0.193 | 1.942 | 0.561 | 0.986 | 65 | 3 | 32
(0.008) | (0.009) | (0.154) | (0.023) | (0.047)
One-step | 247 [ 0.03 | 0.170 | 0.195 | 1.953 | 0.570 | 1.047 | 60 | 3 | 37
(0.007) | (0.008) | (0.139) | (0.022) | (0.049)
Oracle | 3.00 | 0.00 | 0.147 | 0.172 | 1.268 | 0.553 | 0.978 | 100 | 0 | 0
(0.007) | (0.009) | (0.065) | (0.028) | (0.044)
100 | Bxact | 2.52 | 0.00 | 0.132 | 0.152 | 1.459 | 0.457 | 1.078 | 66 | 0 | 34
(0.007) | (0.008) | (0.114) | (0.024) | (0.038)
Tterative | 2.67 | 0.00 | 0.127 | 0.146 | 1.345 | 0.440 | 1.036 | 73 | 0 | 27
(0.007) | (0.008) | (0.102) | (0.023) | (0.036)
One-step | 2.61 | 0.00 | 0.129 | 0.150 | 1.385 | 0452 | 1.104 | 75 | 0 | 25
(0.006) | (0.007) | (0.107) | (0.024) | (0.039)
Oracle |3.00 | 0.00 | 0.111 | 0.131 | 0.954 | 0421 | 1.036 | 100 | 0 | 0
(0.006) | (0.007) | (0.049) | (0.024) | (0.035)
200 | Exact | 2.48 | 0.00 | 0.098 | 0.112 | 1.123 | 0.330 | 1.078 | 65 | 0 | 35
(0.005) | (0.005) | (0.092) | (0.016) | (0.026)
Tterative | 2.47 | 0.00 | 0.101 | 0.113 | 1.201 | 0.325 | 1.009 | 65 | 0 | 35
(0.005) | (0.006) | (0.099) | (0.016) | (0.026)
One-step | 247 | 0.00 | 0.099 | 0.113 | 1.162 | 0.331 | 1.078 | 68 | 0 | 32
(0.005) | (0.005) | (0.098) | (0.015) | (0.027)
Oracle | 3.00 | 0.00 | 0.081 | 0.094 | 0.701 | 0.305 | 1.022 | 100 | 0 | 0
(0.004) | (0.004) | (0.034) | (0.014) | (0.023)
300 | Exact | 2.48 | 0.00 | 0.077 | 0.088 | 0.839 | 0260 | 1.070 | 60 | 0 | 40
(0.003) | (0.004) | (0.051) | (0.011) | (0.023)
Iterative | 2.65 | 0.00 | 0.079 | 0.090 | 0.838 | 0.265 | 0992 | 72 | 0 | 28
(0.004) | (0.004) | (0.057) | (0.012) | (0.024)
One-step | 2.67 | 0.00 | 0.078 | 0.090 | 0.825 | 0.267 | 1.087 | 78 | 0 | 22
(0.003) | (0.004) | (0.062) | (0.012) | (0.024)
Oracle | 3.00 | 0.00 | 0.066 | 0.076 | 0.570 | 0.238 | 1.006 | 100 | 0 | 0
(0.003) | (0.003) | (0.026) | (0.011) | (0.019)
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Table 4.4: Random effects selection and estimation results of the exact method and
two approximate methods for Setting 1 and Case 4

- Error 9
m | Criterion | CZ 17 T ‘ 5 ‘ 3 ‘ 1 o C U | O

50 | Exact |272]012] 0.159 | 0.185 | 1.597 | 0.572 | 1.833 | 66 | 12 | 22
(0.007) | (0.008) | (0.086) | (0.026) | (0.051)
Tterative | 2.74 | 0.13 | 0.157 | 0.181 | 1.595 | 0551 | 1.722 | 65 | 13 | 22
(0.007) | (0.008) | (0.092) | (0.026) | (0.052)
One-step | 2.57 | 0.03 | 0.163 | 0.192 | 1.779 | 0570 | 1.782 | 70 | 3 | 27
(0.009) | (0.010) | (0.145) | (0.029) | (0.056)
Oracle |3.00 | 0.00 | 0.132 | 0.154 | 1.157 | 0.486 | 1.618 | 100 | 0 | 0
(0.007) | (0.008) | (0.063) | (0.027) | (0.043)
100 | Bxact | 270 | 0.01 | 0.112 | 0.130 | 1155 | 0.391 | 1.780 | 74 | 1 | 25
(0.005) | (0.006) | (0.073) | (0.018) | (0.039)
Tterative | 2.68 | 0.01 | 0.114 | 0.131 | 1.218 | 0.386 | 1.684 | 72 | 1 |27
(0.006) | (0.006) | (0.081) | (0.018) | (0.040)
One-step | 2.80 | 0.00 | 0.111 | 0.131 | 1.046 | 0.419 | 1.789 | 84 | 0 | 16
(0.005) | (0.006) | (0.062) | (0.019) | (0.037)
Oracle |3.00 | 0.00 | 0.098 | 0.115 | 0.844 | 0.371 | 1.659 | 100 | 0 | 0
(0.005) | (0.005) | (0.042) | (0.019) | (0.032)
200 | Exact | 2.79 | 0.00 | 0.084 | 0.099 | 0.786 | 0313 | 1.822 | 79 | 0 | 21
(0.003) | (0.004) | (0.038) | (0.013) | (0.029)
Tterative | 2.78 | 0.00 | 0.081 | 0.095 | 0.799 | 0.291 | 1.744 | 79 | 0 | 21
(0.003) | (0.004) | (0.045) | (0.012) | (0.030)
One-step | 2.75 | 0.00 | 0.078 | 0.091 | 0.782 | 0282 | 1.749 | 82 | 0 | 18
(0.004) | (0.004) | (0.054) | (0.013) | (0.027)
Oracle | 3.00 | 0.00 | 0.073 | 0.087 | 0.643 | 0.274 | 1.646 | 100 | 0 | 0
(0.003) | (0.004) | (0.032) | (0.013) | (0.025)
300 | Exact | 2.60 | 0.00 | 0.073 | 0.084 | 0.769 | 0249 | 1.742 | 66 | 0 | 34
(0.003) | (0.004) | (0.045) | (0.011) | (0.027)
Iterative | 2.71 | 0.00 | 0.071 | 0.080 | 0.738 | 0.237 | 1.686 | 73 | 0 |27
(0.003) | (0.004) | (0.044) | (0.011) | (0.025)
One-step | 2.73 | 0.00 | 0.063 | 0.073 | 0.624 | 0225 | 1.743 | 76 | 0 | 24
(0.003) | (0.003) | (0.038) | (0.010) | (0.025)
Oracle | 3.00 | 0.00 | 0.053 | 0.061 | 0.462 | 0.196 | 1.655 | 100 | 0 | 0
(0.002) | (0.003) | (0.022) | (0.010) | (0.020)
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Table 4.5: Random effects selection and estimation results of the exact method and
two approximate methods for Setting 1 and Case 5

- Error ~9
m | Criterion| CZ 17 T ‘ 5 ‘ 3 )

50 | Exact | 24300l 0.148 | 0.170 | 1.692 | 0.503 | 1.080 | 60 | 1 | 39
(0.008) | (0.009) | (0.112) | (0.028) | (0.041)
Tterative | 2.54 | 0.01 | 0.147 | 0.168 | 1.642 | 0.489 | 1.003 | 63 | 1 | 36
(0.008) | (0.009) | (0.105) | (0.028) | (0.039)
One-step | 249 | 0.01 | 0.147 | 0.169 | 1.640 | 0.503 | 1.080 | 63 | 1 | 36
(0.008) | (0.009) | (0.108) | (0.029) | (0.041)
Oracle |3.00 | 0.00 | 0.132 | 0.155 | 1.150 | 0.486 | 1.010 | 100 | 0 | 0
(0.009) | (0.010) | (0.086) | (0.032) | (0.033)
100 | Bxact | 2.57 | 0.00 | 0.110 | 0.127 | 1.172 | 0.385 | 1.104 | 68 | 0 | 32
(0.005) | (0.006) | (0.076) | (0.018) | (0.028)
Tterative | 2.57 | 0.00 | 0.111 | 0.125 | 1.203 | 0.374 | 1.020 | 63 | 0 | 37
(0.005) | (0.005) | (0.075) | (0.017) | (0.027)
One-step | 2.53 | 0.00 | 0.110 | 0.126 | 1.190 | 0.384 | 1.083 | 66 | 0 | 34
(0.005) | (0.006) | (0.081) | (0.017) | (0.028)
Oracle | 3.00 | 0.00 | 0.097 | 0.113 | 0.835 | 0.370 | 1.002 | 100 | 0 | 0
(0.005) | (0.006) | (0.047) | (0.020) | (0.024)
200 | Exact | 2.59 | 0.00 | 0.076 | 0.088 | 0.793 | 0.268 | 1.112 | 69 | 0 | 31
(0.003) | (0.004) | (0.047) | (0.013) | (0.021)
Tterative | 2.67 | 0.00 | 0.075 | 0.085 | 0.772 | 0.260 | 1.041 | 69 | 0 | 31
(0.003) | (0.004) | (0.044) | (0.012) | (0.020)
One-step | 2.59 | 0.00 | 0.076 | 0.087 | 0.783 | 0.270 | 1.104 | 69 | 0 | 31
(0.003) | (0.004) | (0.047) | (0.013) | (0.022)
Oracle | 3.00 | 0.00 | 0.067 | 0.078 | 0.589 | 0.247 | 1.007 | 100 | 0 | 0
(0.003) | (0.004) | (0.030) | (0.012) | (0.017)
300 | Exact | 2.57 | 0.00 | 0.065 | 0.075 | 0.689 | 0220 | 1.101 | 64 | 0 | 36
(0.003) | (0.003) | (0.038) | (0.010) | (0.019)
Iterative | 2.71 | 0.00 | 0.062 | 0.071 | 0.644 | 0.209 | 1.056 | 74 | 0 | 26
(0.003) | (0.003) | (0.039) | (0.009) | (0.018)
One-step | 2.61 | 0.00 | 0.064 | 0.074 | 0.677 | 0.221 | 1.110 | 67 | 0 | 33
(0.003) | (0.003) | (0.040) | (0.009) | (0.020)
Oracle | 3.00 | 0.00 | 0.052 | 0.061 | 0.464 | 0.188 | 1.011 | 100 | 0 | 0
(0.003) | (0.003) | (0.025) | (0.009) | (0.014)
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Table 4.6: Random effects selection and estimation results of the exact method and
two approximate methods for Setting 2 and Case 1

- Error ~9
m | Criterion | CZ 17 T ‘ 5 ‘ 3 1

50 | Exact | 4.34 | 056 | 0.133 | 0.155 | 5.679 | 0.682 | 1.307 | 13 | 43 | 44
(0.004) | (0.004) | (0.370) | (0.021) | (0.083)
Tterative | 4.73 | 043 | 0.136 | 0.154 | 5.806 | 0.640 | 0.885 | 18 |35 | 47
(0.004) | (0.004) | (0.344) | (0.020) | (0.065)
One-step | 4.32 | 0.32 | 0.132 | 0.153 | 5.905 | 0.657 | 1.279 | 23 | 24 | 53
(0.004) | (0.004) | (0.426) | (0.020) | (0.082)
Oracle | 6.00 | 0.00 | 0.121 | 0.137 | 3.922 | 0.637 | 0.919 | 100 | 0 | 0
(0.004) | (0.005) | (0.128) | (0.028) | (0.046)
100 | Bxact | 4.75 | 022 | 0.099 | 0.116 | 3.999 | 0.533 | 1.314 | 29 | 21 | 50
(0.003) | (0.003) | (0.263) | (0.019) | (0.060)
Tterative | 5.11 | 0.17 | 0.100 | 0.113 | 4.033 | 0.498 | 0.987 | 37 | 16 | 47
(0.003) | (0.003) | (0.230) | (0.020) | (0.051)
One-step | 4.79 | 0.10 | 0.098 | 0.115 | 3.972 | 0520 | 1.315 | 41 | 10 | 49
(0.003) | (0.003) | (0.253) | (0.018) | (0.063)
Oracle | 6.00 | 0.00 | 0.089 | 0.101 | 2.883 | 0.476 | 1.013 | 100 | 0 | 0
(0.003) | (0.003) | (0.082) | (0.023) | (0.041)
200 | Exact | 4.78 | 0.06 | 0.073 | 0.085 | 2.930 | 0.388 | 1.225 | 44 | 6 | 50
(0.002) | (0.002) | (0.135) | (0.014) | (0.040)
Tterative | 5.06 | 0.02 | 0.075 | 0.085 | 3.122 | 0.363 | 0.973 | 47 | 2 | 51
(0.002) | (0.002) | (0.148) | (0.012) | (0.040)
One-step | 5.02 | 0.02 | 0.072 | 0.085 | 2772 | 0392 | 1.269 | 51 | 2 | 47
(0.001) | (0.002) | (0.129) | (0.012) | (0.039)
Oracle | 6.00 | 0.00 | 0.065 | 0.074 | 2114 | 0.347 | 1.029 | 100 | 0 | ©
(0.002) | (0.002) | (0.048) | (0.013) | (0.029)
300 | Exact | 5.15 | 0.01 | 0.059 | 0.068 | 2209 | 0314 | 1.216 | 51 | 1 | 48
(0.001) | (0.002) | (0.107) | (0.011) | (0.030)
Iterative | 5.28 | 0.00 | 0.060 | 0.068 | 2.344 | 0.292 | 1.042 | 55 | 0 | 45
(0.002) | (0.002) | (0.104) | (0.010) | (0.031)
One-step | 5.30 | 0.00 | 0.059 | 0.069 | 2.173 | 0317 | 1.239 | 66 | 0 | 34
(0.001) | (0.002) | (0.103) | (0.011) | (0.029)
Oracle | 6.00 | 0.00 | 0.053 | 0.060 | 1.693 | 0.284 | 1.055 | 100 | 0 | 0
(0.001) | (0.002) | (0.045) | (0.010) | (0.024)
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Table 4.7: Random effects selection and estimation results of the exact method and
two approximate methods for Setting 2 and Case 2

- Error ~9
m | Criterion | CZ 17 T ‘ 5 ‘ 3 1

50 | Exact |4.22 | 1.13] 0.181 | 0211 | 7.918 | 0.870 | 1272 | 1 | 73] 26
(0.008) | (0.008) | (0.723) | (0.025) | (0.080)
Tterative | 4.54 | 1.13 | 0.196 | 0.228 | 8.445 | 0934 | 0908 | 0 |69 |31
(0.008) | (0.009) | (0.739) | (0.029) | (0.080)
One-step | 3.87 | 0.65 | 0.188 | 0.217 | 9.360 | 0.847 | 1.034 | 4 |47 |49
(0.008) | (0.008) | (0.807) | (0.027) | (0.087)
Oracle | 6.00 | 0.00 | 0.157 | 0.176 | 5.065 | 0.815 | 0.796 | 100 | 0 | 0
(0.006) | (0.007) | (0.182) | (0.040) | (0.051)
100 | Bxact | 4.45 | 0.81 | 0.138 | 0.162 | 5.682 | 0.709 | 1.243 | 2 |63 |35
(0.004) | (0.005) | (0.429) | (0.017) | (0.076)
Tterative | 4.68 | 0.70 | 0.158 | 0.183 | 6.924 | 0.761 | 0882 | 7 |56 |37
(0.007) | (0.007) | (0.595) | (0.022) | (0.070)
One-step | 4.26 | 0.43 | 0.146 | 0.169 | 6.947 | 0.695 | 1.082 | 20 | 35 | 45
(0.006) | (0.006) | (0.643) | (0.019) | (0.077)
Oracle | 6.00 | 0.00 | 0.123 | 0.137 | 3.98 | 0.638 | 0.927 | 100 | 0 | 0
(0.004) | (0.005) | (0.137) | (0.024) | (0.049)
200 | Exact | 4.19 | 044 | 0.109 | 0.127 | 4.623 | 0579 | 1.124 | 12 | 43 | 45
(0.003) | (0.004) | (0.323) | (0.015) | (0.057)
Tterative | 4.77 | 0.42 | 0.119 | 0.137 | 5.007 | 0.598 | 0.844 | 19 | 37 | 44
(0.004) | (0.004) | (0.384) | (0.019) | (0.056)
One-step | 4.91 | 0.25 | 0.104 | 0.122 | 4.098 | 0565 | 1.155 | 36 | 23 | 41
(0.003) | (0.004) | (0.322) | (0.016) | (0.055)
Oracle | 6.00 | 0.00 | 0.093 | 0.105 | 2935 | 0.495 | 1.017 | 100 | 0 | ©
(0.003) | (0.003) | (0.086) | (0.017) | (0.065)
300 | Exact | 4.26 | 0.25 | 0.091 | 0.106 | 3.932 | 0468 | 1.099 | 11 | 24 | 65
(0.003) | (0.003) | (0.258) | (0.017) | (0.043)
Iterative | 4.69 | 0.18 | 0.099 | 0.113 | 4.450 | 0.467 | 0818 | 37 |17 | 46
(0.004) | (0.004) | (0.319) | (0.016) | (0.046)
One-step | 4.92 | 0.14 | 0.087 | 0.102 | 3.509 | 0462 | 1.109 | 42 | 13 | 45
(0.003) | (0.003) | (0.262) | (0.016) | (0.043)
Oracle | 6.00 | 0.00 | 0.082 | 0.094 | 2569 | 0431 | 1.175 | 100 | 0 | 0
(0.003) | (0.004) | (0.080) | (0.018) | (0.086)
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Table 4.8: Random effects selection and estimation results of the exact method and
two approximate methods for Setting 2 and Case 3

- Error ~9
m | Criterion | CZ 17 T ‘ 5 ‘ 3 1

50 | Exact | 452090 | 0.168 | 0.196 | 7.092 | 0832 | 1.333 | 6 | 64 |30
(0.006) | (0.006) | (0.580) | (0.022) | (0.084)
Tterative | 4.84 | 0.69 | 0.178 | 0.203 | 7.603 | 0.826 | 0.927 | 11 |53 |36
(0.007) | (0.007) | (0.611) | (0.024) | (0.076)
One-step | 4.27 | 0.53 | 0.170 | 0.195 | 7.910 | 0.799 | 1.203 | 8 |39 |53
(0.007) | (0.007) | (0.645) | (0.023) | (0.089)
Oracle | 6.00 | 0.00 | 0.152 | 0.171 | 4.937 | 0.816 | 0.822 | 100 | 0 | 0
(0.005) | (0.005) | (0.153) | (0.033) | (0.050)
100 | Bxact | 4.39 | 055 | 0.135 | 0.157 | 6.053 | 0.678 | 1.215 | 12 | 48 | 40
(0.006) | (0.006) | (0.581) | (0.019) | (0.074)
Tterative | 4.90 | 0.38 | 0.139 | 0.157 | 6.045 | 0.662 | 0.871 | 24 |37 |39
(0.006) | (0.006) | (0.534) | (0.019) | (0.062)
One-step | 4.18 | 0.23 | 0.140 | 0.160 | 6.995 | 0.649 | 1.094 | 29 | 21 | 50
(0.006) | (0.006) | (0.642) | (0.020) | (0.077)
Oracle | 6.00 | 0.00 | 0.116 | 0.131 | 3.755 | 0.615 | 0.942 | 100 | 0 | 0
(0.004) | (0.004) | (0.122) | (0.024) | (0.048)
200 | Exact | 447 | 0.28 | 0.101 | 0.116 | 4.264 | 0.527 | 1.116 | 22 | 27 | 51
(0.003) | (0.003) | (0.307) | (0.017) | (0.055)
Tterative | 5.05 | 0.14 | 0.101 | 0.114 | 4.212 | 0489 | 0.878 | 41 | 14 | 45
(0.003) | (0.004) | (0.268) | (0.017) | (0.050)
One-step | 4.50 | 0.12 | 0.100 | 0.115 | 4.530 | 0.503 | 1.109 | 39 | 11 | 50
(0.003) | (0.004) | (0.351) | (0.016) | (0.058)
Oracle | 6.00 | 0.00 | 0.086 | 0.097 | 2753 | 0.455 | 0.966 | 100 | 0 | 0
(0.002) | (0.003) | (0.074) | (0.016) | (0.040)
300 | Exact | 4.78 | 0.12 | 0.079 | 0.091 | 3.118 | 0412 | (1.146) | 32 | 12 | 56
(0.002) | (0.003) | (0.184) | (0.015) | (0.040)
Iterative | 5.39 | 0.09 | 0.080 | 0.090 | 3.034 | 0392 | 0971 | 53 | 9 |38
(0.002) | (0.003) | (0.164) | (0.014) | (0.037)
One-step | 5.07 | 0.04 | 0.078 | 0.090 | 3.043 | 0408 | 1.174 | 52 | 4 | 44
(0.002) | (0.003) | (0.207) | (0.013) | (0.040)
Oracle | 6.00 | 0.00 | 0.073 | 0.083 | 2322 | 0.382 | 1.060 | 100 | 0 | 0
(0.002) | (0.003) | (0.062) | (0.014) | (0.049)
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Table 4.9: Random effects selection and estimation results of the exact method and
two approximate methods for Setting 2 and Case 4

- Error ~9
m | Criterion | CZ 17 T ‘ 5 ‘ 3 1

50 | Exact | 4.70 | 0.93 | 0.144 | 0.171 | 5521 | 0.755 | 2.044 | 11 | 53 | 36
(0.004) | (0.005) | (0.369) | (0.024) | (0.111)
Tterative | 4.80 | 0.78 | 0.149 | 0.171 | 5.995 | 0.725 | 1.545 | 8 |49 |43
(0.004) | (0.005) | (0.366) | (0.024) | (0.108)
One-step | 3.85 | 0.46 | 0.150 | 0.173 | 6.987 | 0.713 | 1.669 | 9 | 33|58
(0.005) | (0.006) | (0.468) | (0.025) | (0.117)
Oracle | 6.00 | 0.00 | 0.133 | 0.150 | 4.257 | 0.705 | 1.555 | 100 | 0 | 0
(0.005) | (0.006) | (0.157) | (0.034) | (0.066)
100 | Bxact | 4.78 | 040 | 0.107 | 0.126 | 4.180 | 0.577 | 2.009 | 25 | 35 | 40
(0.003) | (0.003) | (0.283) | (0.016) | (0.078)
Tterative | 5.23 | 0.31 | 0.105 | 0.121 | 4.001 | 0.538 | 1.674 | 35 |27 |38
(0.003) | (0.003) | (0.229) | (0.017) | (0.069)
One-step | 4.62 | 0.14 | 0.107 | 0.126 | 4.363 | 0.571 | 1.826 | 36 | 12 | 52
(0.003) | (0.004) | (0.245) | (0.025) | (0.077)
Oracle | 6.00 | 0.00 | 0.093 | 0.106 | 2.991 | 0.498 | 1.706 | 100 | 0 | 0
(0.002) | (0.003) | (0.085) | (0.017) | (0.046)
200 | Exact | 499 | 0.12 | 0.081 | 0.094 | 3.155 | 0436 | 1.796 | 37 | 12 | 51
(0.003) | (0.003) | (0.205) | (0.016) | (0.054)
Tterative | 5.17 | 0.07 | 0.084 | 0.094 | 3.349 | 0.413 | 1.522 | 44 | 7 | 49
(0.003) | (0.003) | (0.195) | (0.015) | (0.050)
One-step | 4.89 | 0.03 | 0.077 | 0.090 | 3.036 | 0415 | 1.870 | 39 | 3 | 58
(0.002) | (0.002) | (0.169) | (0.014) | (0.047)
Oracle | 6.00 | 0.00 | 0.069 | 0.078 | 2239 | 0.366 | 1.639 | 100 | 0 | 0
(0.002) | (0.002) | (0.064) | (0.012) | (0.033)
300 | Exact | 5.02 | 0.04 | 0.063 | 0.072 | 2452 | 0322 | 1.856 | 49 | 4 | 47
(0.001) | (0.002) | (0.109) | (0.012) | (0.037)
Iterative | 5.11 | 0.01 | 0.067 | 0.074 | 2.719 | 0.306 | 1.616 | 46 | 1 |53
(0.002) | (0.002) | (0.119) | (0.010) | (0.037)
One-step | 5.21 | 0.00 | 0.064 | 0.075 | 2.407 | 0.346 | 1.881 | 59 | 0 | 41
(0.002) | (0.002) | (0.149) | (0.010) | (0.044)
Oracle | 6.00 | 0.00 | 0.055 | 0.063 | 1.767 | 0.295 | 1.664 | 100 | 0 | 0
(0.002) | (0.002) | (0.050) | (0.011) | (0.031)
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Table 4.10: Random effects selection and estimation results of the exact method and
two approximate methods for Setting 2 and Case 5

Error 9
1 | 2 | 3 4
50 Exact 3.97 | 0.62 | 0.141 0.164 6.396 0.709 1.235 12 139 | 49
(0.005) | (0.005) | (0.469) | (0.022) | (0.087)
Iterative | 4.46 | 0.50 | 0.143 0.165 6.319 0.689 0.902 14 | 36 | 50
(0.005) | (0.005) | (0.404) | (0.024) | (0.080)
One-step | 3.78 | 0.44 | 0.144 0.168 6.887 0.701 1.214 9 |30 61
(0.005) | (0.005) | (0.508) | (0.022) | (0.102)
Oracle | 6.00 | 0.00 | 0.118 0.136 3.716 0.650 1.022 | 100 | 0 | O
(0.004) | (0.005) | (0.117) | (0.028) | (0.052)
100 Exact 4.69 | 0.29 | 0.099 0.117 3.916 0.527 1.244 22 | 28 | 50
(0.003) | (0.003) | (0.232) | (0.020) | (0.063)
Iterative | 4.98 | 0.18 | 0.102 0.116 4.080 0.492 0.890 31 | 17 | 52
(0.003) | (0.003) | (0.199) | (0.019) | (0.059)
One-step | 4.44 | 0.08 | 0.099 0.116 4.211 0.509 1.155 32 | 7 |61
(0.003) | (0.003) | (0.238) | (0.018) | (0.066)
Oracle | 6.00 | 0.00 | 0.088 0.101 2.805 0.481 1.004 | 100 | 0 | O
(0.003) | (0.003) | (0.079) | (0.020) | (0.042)
200 Exact 4.64 | 0.04 | 0.074 0.085 3.065 0.376 1.116 31 | 4 | 65
(0.002) | (0.002) | (0.160) | (0.013) | (0.045)
Iterative | 4.97 | 0.04 | 0.077 0.087 3.181 0.363 0.898 35 | 4 | 61
(0.002) | (0.002) | (0.154) | (0.014) | (0.042)
One-step | 4.58 | 0.02 | 0.076 0.087 3.214 0.382 1.112 | 46 | 2 | 52
(0.002) | (0.002) | (0.186) | (0.013) | (0.048)
Oracle | 6.00 | 0.00 | 0.065 0.074 2.074 0.355 0975 | 100 | 0 | O
(0.002) | (0.002) | (0.063) | (0.015) | (0.034)
300 Exact 4.83 | 0.01 | 0.060 0.068 2.436 0.299 1.119 | 44 | 1 | 55
(0.002) | (0.002) | (0.137) | (0.009) | (0.037)
Iterative | 5.09 | 0.01 | 0.062 0.069 2.549 0.290 0949 | 43 | 1 | 56
(0.002) | (0.002) | (0.123) | (0.009) | (0.036)
One-step | 4.83 | 0.00 | 0.060 0.069 2.489 0.305 1.112 50 | 0 | 50
(0.002) | (0.002) | (0.155) | (0.010) | (0.040)
Oracle | 6.00 | 0.00 | 0.053 0.060 1.707 0.287 0985 | 100 0 | O
(0.001) | (0.002) | (0.050) | (0.009) | (0.027)

m | Criterion | CZ 17
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Tables 4.11 and 4.12 provide the results of fixed effects selection. As recommended
in Section 3, we used the adaptive lasso penalty with the weight w = 1/| BG| In most
cases, the three methods have almost the same results in both settings. In setting 2,
One-step approximation method has much better performance in Cases 2 and 3, and
it is due to better random-effects selection.

In conclusion, the one-step approximation method has a good alternative to the
exact method which has better or similar performance. Though the iterative approx-
imation method repeated until D converges, it does not give better selection and
estimation for random effects. In terms of computation speed, the exact method can
be implemented faster than BKG method as seen in Section 3. However, the two
approximate methods are executed even faster than the exact method because the
objective function is of second order. Even when variables are somewhat correlated,

the approximate methods work well.
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Table 4.11: Fixed effects selection and estimation results of the exact method
and two approximate methods for Setting 1

Case# | m | method | CZ [ 1Z [MME | C [U | O [ Both | Time (sec/run)
Case 1 | 50 Exact 1.91 | 0.01 | 0.045 | 90 1 9 57 21.3
Iterative | 1.91 | 0.02 | 0.048 | 89 | 2 | 9 61 6.5
One-step | 1.91 | 0.01 | 0.046 | 90 1 9 64 2.0
Oracle 2.00 | 0.00 | 0.038 | 100 | O | O 100 -
100 Exact 1.97 1 0.00 | 0.027 | 97 | 0 | 3 71 45.7
Tterative | 1.97 | 0.00 | 0.025 | 97 | 0 | 3 67 10.9
One-step | 1.98 | 0.00 | 0.027 | 98 | 0 | 2 73 2.0
Oracle 2.00 | 0.00 | 0.022 | 100 | O | O 100 -
200 Exact 1.98 | 0.00 | 0.010 | 98 | 0 | 2 71 281.7
Tterative | 1.98 | 0.00 | 0.010 | 98 | O | 2 65 20.3
One-step | 1.98 | 0.00 | 0.010 | 98 | 0 | 2 73 24
Oracle | 2.00 | 0.00 | 0.009 | 100 | O | O 100 -
300 Exact 1.99 1 0.00 | 0.006 | 99 | 0 | 1 60 486.9
Iterative | 1.99 | 0.00 | 0.006 | 99 | O 1 69 30.0
One-step | 1.99 | 0.00 | 0.006 | 99 | O 1 64 3.0
Oracle | 2.00 | 0.00 | 0.006 | 100 | O | O 100 -
Case 2 | 50 Exact 1.91 | 0.06 | 0.059 | 90 | 3 7 52 22.8
Iterative | 1.89 | 0.10 | 0.066 | 84 | 6 | 10 49 20.8
One-step | 1.91 | 0.06 | 0.060 | 90 | 3 | 7 56 1.4
Oracle | 2.00 | 0.00 | 0.049 | 100 | O | O 100 -
100 Exact 1.95 1 0.03 | 0.031 | 93 | 2 | 5 65 134.9
Iterative | 1.97 | 0.07 | 0.029 | 93 | 4 | 3 68 12.0
One-step | 1.95 | 0.03 | 0.032 | 93 | 2 ) 70 2.1
Oracle 2.00 | 0.00 | 0.028 | 100 | O | O 100 -
200 Exact 1.98 | 0.00 | 0.010 | 98 | 0 | 2 59 301.5
Tterative | 1.98 | 0.00 | 0.010 | 98 | 0 | 2 66 21.4
One-step | 1.98 | 0.00 | 0.010 | 98 | 0 | 2 70 2.4
Oracle 2.00 | 0.00 | 0.009 | 100 | O | O 100 -
300 Exact 1.99 | 0.00 | 0.006 | 99 | O 1 50 479.7
Tterative | 1.99 | 0.00 | 0.006 | 99 | 0 | 1 72 30.3
One-step | 1.99 | 0.00 | 0.006 | 99 | 0 | 1 77 3.2
Oracle | 2.00 | 0.00 | 0.010 | 100 | O | O 100 -
Case 3 | 50 Exact 1.91 | 0.08 | 0.061 88 | 5 7 56 21.3
Tterative | 1.91 | 0.10 | 0.057 | 87 | 6 | 7 61 6.1
One-step | 1.91 | 0.09 | 0.060 | 88 | 5 | 7 55 14
Oracle | 2.00 | 0.00 | 0.049 | 100 | O | O 100 -
100 Exact 1.97 1 0.05 | 0.033 | 95 | 3 2 64 166..7
Iterative | 1.95 | 0.05 | 0.030 | 93 | 3 | 4 70 11.3
One-step | 1.96 | 0.03 | 0.032 | 95 | 2 | 3 72 1.8
Oracle | 2.00 | 0.00 | 0.028 | 100 | O | O 100 -
200 Exact 1.98 | 0.00 | 0.011 | 98 | 0 | 2 63 345.6
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Table 4.11 Continued

Case# | m | method | CZ [ IZ [MME | C [U | O [ Both | Time (sec/run)
Iterative | 1.97 | 0.00 | 0.011 | 97 | 0 | 3 63 20.9
One-step | 1.98 | 0.00 | 0.011 | 98 | 0 | 2 67 24

Oracle | 2.00 | 0.00 | 0.009 | 100 | O | O 100 -
300 | Exact | 1.99 | 0.00 | 0.006 | 99 [ 0 | 1 59 491.3
Iterative | 1.99 | 0.00 | 0.006 | 99 | 0 | 1 71 88.7
One-step | 1.99 | 0.00 | 0.006 | 99 | 0 | 1 77 2.6
Oracle | 2.00 | 0.00 | 0.010 | 100 | 0 | O | 100 -

Case 4 | 50 Exact | 1.98 | 0.00 | 0.054 | 98 | 0 | 2 65 20.1
Iterative | 1.98 | 0.00 | 0.052 | 98 | O | 2 64 6.3
One-step | 1.95 | 0.02 | 0.067 | 95 | 1 | 4 69 1.9

Oracle | 2.00 | 0.00 | 0.044 | 100 | O | O 100 -
100 Exact 1.94 | 0.00 | 0.031 | 94 | O | 6 70 42.2
Tterative | 1.93 | 0.00 | 0.032 | 93 | 0 | 7 68 10.7
One-step | 1.96 | 0.00 | 0.028 | 96 | 0 | 4 80 2.0
Oracle | 2.00 | 0.00 | 0.029 | 100 | 0 | O | 100 -
200 | Exact | 1.98|0.00 | 0.017 | 98 | 0 | 2 77 85.9
Iterative | 1.98 | 0.00 | 0.018 | 98 | 0 | 2 7 19.4
One-step | 1.95 | 0.00 | 0.017 | 95 | 0 | 5 7 2.6
Oracle | 2.00 | 0.00 | 0.017 | 100 | 0 | O | 100 -
300 | Exact | 1.99 | 0.00 | 0.007 | 99 [ 0 | 1 65 459.1
Iterative | 1.99 | 0.00 | 0.007 | 99 | 0 | 1 72 29.0
One-step | 2.00 | 0.00 | 0.010 | 100 | 0 | O 76 3.2
Oracle | 2.00 | 0.00 | 0.010 | 100 | O | O 100 -

Case 5 | 50 Exact | 1.90 | 0.00 | 0.018 | 90 | 0 | 10 | 54 20.8
Iterative | 1.90 | 0.00 | 0.018 | 90 | O | 10 | 57 6.3
One-step | 1.90 | 0.00 | 0.017 | 90 | 0 | 10 57 1.8

Oracle | 2.00 | 0.00 | 0.014 | 100 | O | O 100 -
100 | Exact | 1.96 | 0.00 | 0.007 | 96 | O | 4 65 41.5
Iterative | 1.96 | 0.00 | 0.007 | 96 | 0 | 4 60 10.4
One-step | 1.96 | 0.00 | 0.007 | 96 | O | 4 63 2.0
Oracle | 2.00 | 0.00 | 0.006 | 100 | O | O 100 -
200 Exact 1.98 | 0.00 | 0.004 | 98 | O | 2 68 290.9
Iterative | 1.97 | 0.00 | 0.004 | 97 | 0 | 3 67 19.0
One-step | 1.98 | 0.00 | 0.004 | 98 | 0 | 2 68 24
Oracle | 2.00 | 0.00 | 0.004 | 100 | 0 | O | 100 -
300 Exact 2.00 | 0.00 | 0.002 | 100 | O | © 64 531.7
Iterative | 2.00 | 0.00 | 0.002 | 100 | O | O 74 30.0
One-step | 2.00 | 0.00 | 0.002 | 100 | O | O 67 3.1
Oracle | 2.00 | 0.00 | 0.002 | 100 | 0 | O | 100 -
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Table 4.12: Fixed effects selection and estimation results of the exact method
and two approximate methods for Setting 2

Case#\ m \ method \ CZ \ 1Z \MME\ C \

O [ Both | Time (sec/run)

U
Case 1 | 50 Exact 744 1 0.09 | 0.081 | 66 | 6 | 28 10 49.0
Iterative | 7.23 | 0.13 | 0.103 | 62 | 8 | 30 15 10.9
One-step | 7.40 | 0.07 | 0.085 | 65 | 6 | 29 19 2.2
Oracle | 8.00 | 0.00 | 0.038 | 100 | 0 | O 100 -
100 Exact 7.75 1 0.02 | 0.027 | 8 | 1 | 16 23 317.7
Iterative | 7.71 | 0.01 | 0.027 | 82 | 1 | 17 29 17.6
One-step | 7.71 | 0.02 | 0.025 | 83 | 1 | 16 35 2.5
Oracle | 8.00 | 0.00 | 0.018 | 100 | 0 | O 100 -
200 Exact 791 | 0.00 | 0015 | 92 | O | 8 41 719.5
Iterative | 7.83 | 0.00 | 0.014 | 88 0 | 12 42 32.1
One-step | 7.92 | 0.00 | 0.015 | 93 | 0 | 7 51 3.1
Oracle | 8.00 | 0.00 | 0.010 | 100 | O | O 100 -
300 Exact 7.99 | 0.00 | 0.007 | 99 | 0 | 1 51 1174.2
Iterative | 7.98 | 0.00 | 0.007 | 98 | 0 | 2 55 47.1
One-step | 7.99 | 0.00 | 0.007 | 99 | 0 | 1 66 3.9
Oracle | 8.00 | 0.00 | 0.006 | 100 | 0 | O 100 -
Case 2 | 50 Exact 727 10.09 | 0103 | 59 | 6 | 35 0 53.1
Tterative | 7.02 | 0.27 | 0.151 | 48 | 20 | 32 0 11.7
One-step | 7.05 | 0.19 | 0.131 | 51 | 14 | 35 3 2.2
Oracle | 8.00 | 0.00 | 0.053 | 100 | O | O 100 -
100 Exact 751 1 0.06 | 0034 | 71 | 5 | 24 2 331.9
Iterative | 7.12 | 0.17 | 0.052 | 61 | 12 | 27 6 20.0
One-step | 7.35 | 0.08 | 0.046 | 68 | 6 | 26 18 2.5
Oracle | 8.00 | 0.00 | 0.018 | 100 | 0 | O 100 -
200 Exact 7.87 1 0.00 | 0.018 | 8 | O | 13 12 836.6
Iterative | 7.56 | 0.08 | 0.020 | 80 | 6 | 14 19 34.8
One-step | 7.81 | 0.02 | 0.018 | 88 | 2 | 10 32 3.2
Oracle | 8.00 | 0.00 | 0.012 | 100 | O | O 100 -
300 Exact 7.91 | 0.00 | 0.007 | 95 | O | 5 11 1412.6
Iterative | 7.84 | 0.01 | 0.007 | 91 1] 8 37 50.4
One-step | 7.82 | 0.00 | 0.006 | 92 | 0 | 8 41 4.0
Oracle | 8.00 | 0.00 | 0.005 | 100 | 0 | O 100 -
Case 3 | 50 Exact 7.27 | 0.10 | 0.102 | 55 | 7 | 38 4 48.6
Iterative | 7.02 | 0.19 | 0.115 | 53 | 12 | 35 9 11.2
One-step | 7.20 | 0.13 | 0.117 | 57 | 9 | 34 8 2.3
Oracle | 8.00 | 0.00 | 0.044 | 100 | 0 | O 100 -
100 Exact 745 10.09 | 0.031 | 71 | 7 | 22 11 323.0
Iterative | 7.28 | 0.09 | 0.035 | 64 | 6 | 30 20 18.9
One-step | 7.36 | 0.10 | 0.039 | 73 | 7 | 20 29 2.6
Oracle | 8.00 | 0.00 | 0.017 | 100 | O | O 100 -
200 Exact 7.80 | 0.00 | 0.017 | 8 | O | 15 20 984.7
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Table 4.12 Continued

Case# \ m \ method \ Cz \ 1Z \ MME \ C \ U \ (@) \ Both \ Time (sec/run)

Tterative | 7.66 | 0.04 | 0.019 | 84 | 2 | 14 | 38 95.8
One-step | 7.71 | 0.02 | 0.019 | 83 | 2 | 15| 38 3.4
Oracle | 8.00 | 0.00 | 0.013 | 100 | O | O | 100 -
300 Exact 7.96 | 0.00 | 0.007 | 96 | O | 4 31 1141.8
Iterative | 7.92 | 0.00 | 0.007 | 96 | 0 | 4 53 50.8
One-step | 7.92 | 0.00 | 0.007 | 95 | O | 5 50 3.5
Oracle | 8.00 | 0.00 | 0.006 | 100 | O | O | 100 -
Case 4 | 50 Exact 7.38 | 0.08 | 0.094 | 60 | 5 | 35 9 150.4
Tterative | 7.39 | 0.10 | 0.082 | 62 | 7 | 31 7 10.9
One-step | 7.40 | 0.03 | 0.095 | 62 | 2 | 36 7 2.2
Oracle | 8.00 | 0.00 | 0.041 | 100 | O | 0 | 100 -
100 Exact 7.74 | 0.01 | 0.031 82 1117 24 374.1
ITterative | 7.74 | 0.00 | 0.026 | 83 | 0 | 17 | 33 18.0
One-step | 7.81 | 0.00 | 0.045 | 82 | 0 | 18 | 32 2.5
Oracle | 8.00 | 0.00 | 0.023 | 100 | O | O | 100 -
200 Exact 790 | 0.00 | 0.018 | 95 | O | 5 35 715.2
Tterative | 7.94 | 0.01 | 0.018 | 94 | 1 | 5 42 33.2
One-step | 7.93 | 0.00 | 0.015 | 94 | O | 6 37 3.2
Oracle | 8.00 | 0.00 | 0.013 | 100 | O | O | 100 -
300 Exact 794 1000|0011 | 94 | O | 6 47 1175.8
Tterative | 7.93 | 0.00 | 0.012 | 93 | 0 | 7 44 46.9
One-step | 7.87 | 0.00 | 0.012 | 91 | O | 9 54 3.7
Oracle | 8.00 | 0.00 | 0.008 | 100 | O | 0 | 100 -
Case 5 | 50 Exact 7.04 | 0.00 | 0.031 | 61 | 0 | 39 9 47.6
Tterative | 6.70 | 0.01 | 0.034 | 60 | 1 | 39| 12 10.9
One-step | 6.78 | 0.00 | 0.032 | 61 | 0 | 39 8 2.3
Oracle | 8.00 | 0.00 | 0.014 | 100 | O | O | 100 -
100 Exact 7.58 | 0.00 | 0.009 | 89 | O | 11 | 22 96.5
Iterative | 7.40 | 0.00 | 0.008 | 81 | 0 | 19 | 30 57.7
One-step | 7.65 | 0.00 | 0.009 | 8 | 0 | 15| 30 2.8
Oracle | 8.00 | 0.00 | 0.006 | 100 | O | 0 | 100 -
200 Exact 778 1 0.00 | 0.005 | 91 | O | 9 30 777.8
Tterative | 7.74 | 0.00 | 0.005 | 89 | 0 | 11 | 35 32.0
One-step | 7.73 | 0.00 | 0.005 | 87 | 0 | 13 | 44 3.2
Oracle | 8.00 | 0.00 | 0.003 | 100 [ O | O | 100 -
300 Exact 7.87 1 0.00 | 0.003 | 95 | O | 5 43 1076.7
Tterative | 7.90 | 0.00 | 0.003 | 95 | 0 | 5 41 45.4
One-step | 7.84 | 0.00 | 0.003 | 96 | O | 4 49 3.5
Oracle | 8.00 | 0.00 | 0.002 | 100 | O | O | 100 -
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4.4 Real Example

In this section, we apply our proposed methods to the Amsterdam Growth and Health
Study data and compare the results from the three methods. Figures 4.1 and 4.2 show
the profiles of the diagonal elements of D and ¥ as functions of s = >-1d;, using the
iterative approximation method and the one-step approximation method, respectively.
The optimal values of s were chosen by BIC2g. Figure 4.3 presents the coefficients for
fixed effects using two approximation methods. As for well-known lasso estimates, the
profiles are piece-wise linear. Table 4.13 presents the resulting estimates for random
effects obtained from the proposed methods. The three proposed methods selected
x1, x4 plus a random intercept as important random effects. Table 4.13 also shows the
results of fixed effects selection from the Exact method and approximation methods.
All of the three methods selected x5 and x5, and this result is consistent with REML
estimation in Section 3.5. In conclusion, two approximate methods provided very

similar estimation and selection when compared to the exact method.
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Figure 4.1: Profiles of variance matrix estimates for random effects as s = >_{d; is
varied, using the iterative approximation method. A vertical line is drawn at s = 2.94,
the optimal value chosen by BIC2g
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Figure 4.2: Profiles of variance matrix estimates for random effects as s = Y 1d; is
varied, using the one-step approximation method. A vertical line is drawn at s = 2.58,
the optimal value chosen by BIC2p

96



0 ——____-— ------------------
‘_! ] ’
o , n
S - ok
2
%) o // ...... 2
E , Bs
QL Qo . &
S o ’ Ba
= p
& 8 s
o
o
]
o | e
[
I I I I I I
0.0 0.2 0.4 0.6 0.8 1.0
S
o ’_‘_,,—— ----------------
‘_! - ’
o ’ A
/7
o )/ By
— - , - "2
o /
’ N
ﬂ 7 [ B
c w0 , 3
QL Qo ’ N
S o K @\4
=
g o / Bs
o O — VAR S0 SO0 U S S S A S GO
o
o
]
? ...................
I I I I I I
0.0 0.2 0.4 0.6 0.8 1.0
S

Figure 4.3: Profiles of coefficients for fixed effects using the iterative approximation
method and one-step approximation method. A vertical line is drawn at s = 0.37,
the optimal value chosen by BIC2p
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Table 4.13: Mixed effects selection results for the Amsterdam Growth and Health
Study data: Comparison of estimates from REML and the proposed methods. Stan-
dard errors are given in parentheses

Random effect

Fixed effect

Variable Exact  Iterative One-step | Variable Exact  Iterative One-step
method method  method method method  method
var(yo;) 0.347 0.413 0.380
var(y14) 0.006 0.021 0.010 1 0 0 0
var(vz;) 0 0 0 T 0.165 0.157 0.161
var(ys;) 0 0 0 x3 0 0 0
var(ya;) 0.624 0.703 0.663 x4 0 0 0
var(ys;) 0 0 0 x5 0.167 0.170 0.169
var(e;)=c2  0.253 0.214 0.232
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Chapter 5

Conclusion and Future Work

We propose a robust method for random and fixed effects selection in linear mixed
models. Our theoretical and numerical results suggest that the proposed method is a
promising tool for the analysis of correlated data in practice. The proposed method
depends on two challenging optimization problems. Though we have identified some
good strategies and solvers for computing the solution, there is much room for a
further improvement of computation efficiency.

One possibility could be linear approximation to the original nonlinear objec-
tive function used in random-effect selection. Then, the objective function can be
solved by quadratic programming. We have considered two approximation methods;
One is an iterative method and the other is simpler one-step approximation method.
Through simulation studies, we found that the approximation can greatly speed up
the computation for our procedure. Moreover, the approximate methods perform as
well as or better than the exact moment-based method. In particular, the approx-

imate methods overcome the limitation of the exact moment-based method in that
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they show good performance even when variables are moderately correlated.

We might extend our approach to the generalized linear mixed model in order to
be used for binary or count data. We remain this extension for further study. In
addition, we might make some modifications to better identify random effect factors

even in case of correlated variables. We leave this topic for future research as well.
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Appendix A

Asymptotic Properties

A.1 Proof of Lemma 1

The ordinary least square estimator B minimizes Yo Z] 1 (yij — :I:Z-Tjﬁ)Q, and hence

satisfies

ZZ Yij — Ty :BZJ—O-

=1 j5=1
Thus, 3 is an M-estimator which satisfies > U1;(B) = 0 with ¢;(8) = > iy (i —

z;:3)x;; = 0. Then, we have

i)

By the law of large numbers,

A, 5 A= lim — ZXTX as m — 00.

m—oo 17
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We also have
- — Z DBV (B Z XInmi X,

where n, = Z;v, + €; as defined in Step 1 of our Algorithm. By the law of large

numbers,

m

1
By, B, = —ZE X:inmn; X as m — 00
m

= lim — 7. T 2 ,
— nlliléomle (Z;2Z7 + 0°1,)X;,

since var(n,) = var(Z;y; + ;) = Z; X727} + o21,,.
We assume that A, is nonsingular and By is finite. Using 8 = (X™X) 1 X"y =
(X™X) I XT(XB +Zy +¢) = B+ (X*X) ' X", we have

m —1

VB - B = VEXX) X = (L)X Y X

i=1

where 1 = Z~ + €. The Lindeberg’s central limit theorem yields
1« D

—ZX;Fnl — N(0,B;) as m — 0.

vm i=1

Putting this all together, by Slutsky’s theorem, we have

vm(B - 3,) BN N(0,A'BIAY) as m — oo. (A.1)
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A.2 Proof of Lemma 2

Because k((3) minimizes Lo (n(fﬁ')), we have

0
a—nLo(R = —2; Uik — ZWR(B))Z, = 0. (A.2)
Define
1 0 1 .
Gm(’i(ﬁ)’ﬁ) - _% <%LO (K/(IB))) - E Z (yiﬂf Zz]k”’(ﬁ))zwk
ijk

Hence, G,, (%(B), B) = 0. In M-estimation approach, we can also define wgi(l@(ﬁ)) =
Z Zk 7+1 (yljk Zz]kn(lg))zjﬂc That iS? Gm (K’(/@)? 16) = % eril 77Z}2i (l{(,@))

Then, we have

Ay, = %Z { - %%i(ﬁ?(ﬁ)) e

108



and

B, = —ZW B3)) 5 (R(B))
BN %%OEZE(/(#QZ(RO)Q#;;I(KO))

25 lim — ZZ*Tvar e;)Z; = B, (A.4)

m—o0 17

since Yo;(Ko) = 35, (Bijk(B,) — Zijiko) 7y, = > ik Cigk Ly, = Zi"e;. We assume that
A, is nonsingular and Bs is finite.

By the Lindeberg’s central limit theorem, we have

\/ﬁGm(Kfo;Bo) = \/— Z ymk Zz]k’(‘"o) Z:]k

ijk
1 m
= _ZZrT i
Vim
2, N(0,B,) (A.5)

= Gulwif) + (GO (RBRB)| ) (R(B) )
+ (ronmBB)_)(B-8)
t (5acOnBB®B)| ) (2B V(BB +oplm ). (A)
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n (A.2), R(B) satisfies Dk (Giji — lekli(,ﬂ))zz}-k = 0. Taking derivative with

respect to ﬁ, it follows that

a ~ *T ~ (72 *
0 = —5 Z (yijk - Zz]k’q’(/g))zijk

B ik
0 0 . ~
- sz ~Tyljk ZrkaTk ’VTH(ﬂ) :
”Zk( J PYe ki 0B )

Then, we have

A - o
8= (Sazi) (D)

aﬁ 1,7,k 1,5,k

In the right-hand side of (A.7), we have

- Z Zzgkz ~T y’t]k

zgk

Bo zyk

1
— — Z ijk( — X Nik — mz‘knz‘j)

i7j7k:

50,
since by the law of large numbers

i=1 j=1

By (A.3) and (A.8), (A.7) becomes
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z58))

= - Z Z”k< wz] Yik — ZTI{;B) — Lk (ym -

B,

(A.8)

(A.9)

(A.10)



Using (A.3), (A.10) and the fact that -+ > i @i 250, it follows that

0 ~ = o _ ~
9 e m@B)| = L zzk( O G-z ~T%<ﬁ>)
0B ko, 2; ’ T8 ko,
= —ZZU;€ —Ti ik — Tikij)
0,4,k
-5 0. (A.11)

Rearranging (A.6) with (A.3), (A.5), (A.10), (A.11), and Lemma 1, we have that
Vm(R(B,) — ko) — N(0, A;'ByA Y. (A.12)

Putting (A.10) and Lemma 1, the Taylor expansion around B = 3, yields

R(B) — R(B,)+ (%%@)LO)(E—@”%(%)
- 58+ =)

and thus /m(R(3) — k,) —> N(0,A;'ByA5Y).
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A.3 Proof of Theorem 1

To prove theorem 1, it is sufficient to show that for any given € > 0, there exists a

large constant C' such that

pr| inf  Qr(0"R(B).B) > Qr(osiR(B).B)| = 1-c  (A13)

o*€Bm(C)

where the C-ball B,,(C) = {o* : 0* = o + u//m, ||u| < C}. The derivatives of

Qr and Ly with respect to o* or K(3) are the right derivatives because o is defined
in the set of nonnegative real g-vectors, denoted by R?*.

From the Taylor expansion of Ly around o* = o}, we have

Qr(os + %ﬁ; R(B),B) — Qr(a’: #(B), B) (A.14)

= Lo’ + %;R(B),,@) — Lp(o;K(B),B) + A; (M _ U_>

= (%)TSR(O'Z; %(E),B) + %(%)TVSR(U:; IZ(B),E)(

s =

. and VSg(a; R(B),B)

o

where Sg(o%; %(E),B) = %LR(U*; E(BLB)

= st Lr(o:(B). B)],.

Note that by the law of large numbers

1
— Z eiji — 0. (A.15)

i7j7k
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Therefore, we can obtain

o o~
~ (o Sl %(8). B)

m

) )
K/Ovlao

and

(- sulo R (B). B

m\93

K'Oaﬂo

where E is a ¢ X ¢(¢ + 1)/2 matrix.

(A.16)

(A.17)

Using (A.10), (A.16), (A.17), Lemmas 1 and 2, the first-order Taylor expansion

around %(B) = K, and B = 3, yields

Sr(osR(B),B) = Sr(oy;keB,) + (8&

0 o~
(g Sale:R(B).B)

K'Ovﬁo

0 e o~
+<8—ETSR(0'Z; k(8),8)

""107ﬁo

+0,([R(B) = Koll) + 0,118 = B,

9 Sulos7(P).P)
) (5=

)(B-8,)

= Sr(05; K0, B,) + 0,(m)Op(1/v/m) + 0,(m)0,(1)Op(1/v/m)

+0p(m)Op(1/v/m) + 0p(1/v/m) + 0,(1/v/m)

= Sg(0}; Ko, B,) + 0p(v/m)

and

VSr(ay;k(B), B) = VSr(ay; ko, B,) + 0p(v/0).
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The tth component of Sg(o}; ko, B,) is

q
Otlo
-2 E €ijk E (2ijt2iki +Zijlzikt)a_>

ik =1 t
where oy, is the (¢,[)th element of 3,. Hence, Sg(o}; ko, 3,) can be expressed in a

form of >~ W;i"e;, where e; is a column vector consisting of e;;;’s. By the central

limit theorem, we have

1
—Sg(0}; Ko, 3,) BN N(0,F) as n— oo, (A.20)

vm

where F = lim,,, % S E(WiTeieiTWi) = lim,, 0o % S, Witvar(e;) W and a
q X ¢ positive semidefinite matrix. This implies Sg(o}; Ko, B,)/v/m = O,(1).

In addition, by the law of large numbers, it follows that
1 *
EVSR(U'OQ Ko, B,) = H+0,(1), (A.21)

where H is a ¢ x ¢ positive semidefinite matrix.

Then, using (A.18) and (A.19), the first and second terms of (A.14) become

(%)T(sw:; Ko, B,) + 0p(v/) ) + %(%)T(vwz; Ko, B,) + 0p(v/) (%)

=u' (Op(l) + Op(1)> + %UT (H +0p(1) + Op(m_l/Q))u

— W O,(1) + Sut (H + 0y(1))u. (A.22)

2
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We assume that the first b diagonal elements of 3, are nonzero. For i = 1,2,...,b,

we have

Hence, if \/y/m = O,(1), then

SHES
v

ﬂ\

| g

q b b 1 1 b
; ; ;u<0 v op(ﬁ» _ ;u@pu). (A.23)

ﬂ\

Combining (A.22) and (A.23), it follows that

Qr(s+—=:1K(8),B)—Qr(o5;:K(B),8) = u"Oy(1)+5u" (H+o,(1 u+z u;0

24

If we choose a sufficiently large constant C, the second term dominates the other
terms. Therefore, (A.13) holds. This means that /m(c; — o7,) = O,(1). By

the Delta method, it is easy to show that /m(c; — 04,) = O,(1). Since 7;; =

Oij \/ 0105/ \/ 04,044, Toot-m consistency also holds for the off-diagonal elements of s

Hence, /m(G:; — 04j0) = Op(1) fori,j =1,...,q.
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A.4 Proof of Theorem 2

We first prove that &, = 0 with probability tending to 1. It is enough to show that

for any sequence o} satisfying ||o} — 07| = O,(m~/?) and for any constant C,

Qr((01,0);K(8),8) = min  Qg((07,03);K(B),B8)-

o3| <Cm=1/2

From (A.18), (A.19), (A.21), and the second-order Taylor expansion around o* = o,

we obtain

La(o":%(B).B) = LaloyR(B).B) + (0" — 02)"Su(osiku. B,)
50" — ) VSa(07 Ko B,) (0" — 03) + 0, (1)
Fort=0b+1,...,q,

0
do

Qu(o"FBLB) = - Lu(a"R(B).B) + A~

doy o

= [Sr(o}; ko, B,)]t + [VSRr(0}; Ko, B,)]07 + @

0,01
A
= V(00 + i)

where [A]; denotes the tth element if A is a vector, and the tth row vector if A is

a matrix. Since A — oo, %QR(J*;%(E),B) > 0. Hence, QR((U’{,O);T{(,B),B) <

Qr((o7,0%); %(B), 3). This completes the proof.

Next we show part (b) of Theorem 2, which is asymptotic normality of 7. Define

Sir(o*; %(B), B) be the first b elements of Sk(o*: %(3),3). From part (a), we can
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~%T

write 6" = (] ,0")". Hence, we have

0 = L Qulo":R(B).B)]

*
Jo;

o= (5T 0T)T
e~ 1 1\*
- SlR(" a’{(/@)vﬁ>+A(~_77~_> .

(o} gy

From the first-order Taylor expansion around (&, E(,@), ,@) = (o}, Ko, B,), we have

(&T - Uio)

51(6: R (B). ) = Sunloss o) + (o S1(6”:R(B). B)

do;"
+(%sm<a*; %(D).D) (R(8,) - ko)
+(8%Tsm<a*; %(B),B)

0'37"‘30”80>

szno”Go)
mﬁo) B-B,)

(sue BB ) (w0

5 )(B=8,) +o,(vm).
Since A/y/m — 0 and &; == 03, # 0 for i = 1,...,b, we have

1 1y
/\<~—,...,~—> N (A.24)
01 Oy

L
Jm

Putting (A.10), (A.16), (A.17), (A.20), (A.21), (A.24), Lemmas 1 and 2 into (A.24),

we have, by Slutsky’s theorem,

Vm(&; — aty) = N(0,7T), (A.25)

where T = H{Y(F, + E;A;'BoAS'ENH;! with E;, F;, and H; being the first

bxq(g+1)/2,bx b, and b x b submatrices of E, F, and H, respectively.
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By the Delta theorem, we have
\/E(E'l - 0'10) i) N(O, Tg), (A26)

where Ty = 4diag(\/o19) Tdiag(\/o10).
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Appendix B

Simulation Results

B.1 Fixed effect selection results: Comparison of

selection criteria
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Table B.1: Fixed effect selection and estimation results for Setting 1 and Case 1
when applying the Lasso

m \ Criteriong \ CZ \ 17 \ MME \ C \ U \ O \ Both
50 BIC1 1.22 | 0.12 | 0.076 | 33 | 5 | 62 25
BIC2 1.07 | 0.02 | 0.069 | 30 | 1 | 69 23

GCV1 0.47 | 0.02 | 0.059 1 11|98 1

GCV2 0.69 | 0.02 | 0.060 | 14 | 1 | 85 11

GCV3 1.02 | 0.02 | 0.063 | 27 | 1 | 72 20

GCV4 1.02 | 0.02 | 0.063 | 27 | 1 | 72 20

Ccv 0.39 | 0.02 | 0.060 6 1193 6

Oracle 2.00 | 0.00 | 0.038 | 100 | O | O 100

100 BIC1 1.17 | 0.00 | 0.052 | 36 | 0 | 64 31
BIC2 1.07 | 0.00 | 0.051 | 31 | 0 | 69 26

GCV1 0.40 | 0.00 | 0.034 1 0|99 0

GCV2 0.67 | 0.00 | 0.034 | 12 | 0 | 88 10

GCV3 0.83 | 0.00 | 0.039 | 16 | 0 | 84 13

GCV4 0.83 | 0.00 | 0.039 | 16 | 0 | 84 13

cv 0.31 | 0.00 | 0.033 3 0|97 1

Oracle 2.00 | 0.00 | 0.022 | 100 | O | O 100

200 BIC1 1.19 | 0.00 | 0.024 | 38 | 0 | 62 32
BIC2 1.12 | 0.00 | 0.023 | 35 | 0 | 65 29

GCV1 0.37 | 0.00 | 0.013 3 0|97 2

GCV2 0.64 | 0.00 | 0.015 | 11 | 0 | 89 8

GCV3 0.86 | 0.00 | 0.017 | 16 | O | 84 13

GCV4 0.88 | 0.00 | 0.018 | 18 | 0 | 82 15

CV 0.33 | 0.00 | 0.013 3 0|97 2

Oracle 2.00 | 0.00 | 0.009 | 100 | O | O 100

300 BIC1 1.18 | 0.00 | 0.015 | 39 | 0 | 61 28
BIC2 1.12 | 0.00 | 0.014 | 35 | 0 | 65 25

GCV1 0.34 | 0.00 | 0.009 3 0|97 3

GCV2 0.62 | 0.00 | 0.010 | 15 | 0 | 85 9

GCV3 0.86 | 0.00 | 0.012 | 19 | 0 | 81 13

GCV4 0.89 | 0.00 | 0.011 | 20 | 0 | 80 14

CV 0.28 | 0.00 | 0.008 5 0195 5

Oracle 2.00 | 0.00 | 0.006 | 100 | O | O 100
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Table B.2: Fixed effect selection and estimation results for Setting 1 and Case 1
when applying the ALassol

m \ Criteriong \ CZ \ 17 \ MME \ C \ U \ O \ Both
50 BIC1 1.95 | 0.11 | 0.051 | 90 | 5| 5 58
BIC2 1.94 | 0.01 | 0.048 | 93 | 1 | 6 60

GCV1 1.27 | 0.01 | 0.050 | 39 | 1 | 60 24

GCV2 1.60 | 0.01 | 0.048 | 64 | 1 | 35 39

GCV3 1.83 | 0.01 | 0.044 | 83 | 1 | 16 52

GCV4 1.87 | 0.01 | 0.049 | 8 | 1 | 13 55

Ccv 0.84 | 0.00 | 0.057 | 22 | 0 | 78 13

Oracle 2.00 | 0.00 | 0.038 | 100 | O | O 100

100 BIC1 1.97 1 0.01 | 0.028 | 96 | 1 | 3 72
BIC2 1.95 1 0.00 | 0.028 | 95 | O | 5 70

GCV1 1.24 | 0.00 | 0.029 | 35 | 0 | 65 25

GCV2 1.68 | 0.00 | 0.030 | 70 | O | 30 55

GCV3 1.88 | 0.00 | 0.028 | 88 | 0 | 12 65

GCV4 1.88 | 0.00 | 0.028 | 88 | 0 | 12 65

cv 0.81 | 0.02 | 0.031 | 14 | 2 | &4 12

Oracle 2.00 | 0.00 | 0.022 | 100 | O | O 100

200 BIC1 1.98 | 0.00 | 0.010 | 98 | O | 2 71
BIC2 1.98 | 0.00 | 0.010 | 98 | O | 2 71

GCV1 1.11 | 0.00 | 0.010 | 28 | O | 72 18

GCV2 1.64 | 0.00 | 0.011 | 71 | 0 | 29 52

GCV3 1.79 | 0.00 | 0.011 | 80 | O | 20 57

GCV4 1.86 | 0.00 | 0.011 | 8 | 0 | 14 62

CV 0.78 | 0.00 | 0.012 | 16 | 0 | 84 10

Oracle 2.00 | 0.00 | 0.009 | 100 | O | O 100

300 BIC1 2.00 | 0.00 | 0.007 | 100 | O | O 61
BIC2 1.99 | 0.00 | 0.007 | 99 | 0 | 1 60

GCV1 1.09 | 0.00 | 0.006 | 29 | 0 | 71 16

GCV2 1.65 | 0.00 | 0.007 | 72 | 0 | 28 44

GCV3 1.89 | 0.00 | 0.007 | 8 | 0 | 11 50

GCV4 1.89 | 0.00 | 0.007 | 8 | 0 | 11 50

CV 0.62 | 0.00 | 0.008 | 13 | 0 | 87 7

Oracle 2.00 | 0.00 | 0.006 | 100 | O | O 100
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Table B.3: Fixed effect selection and estimation results for Setting 1 and Case 1
when applying the ALasso2

m \ Criteriong \ CZ \ 17 \ MME \ C \ U \ O \ Both
50 BIC1 1.97 | 0.11 | 0.048 | 92 | 5 | 3 59
BIC2 191 | 001 | 0045 | 90 | 1 | 9 57

GCV1 1.26 | 0.01 | 0.048 | 39 | 1 | 60 27

GCV2 1.65 | 0.01 | 0.0560 | 68 | 1 | 31 42

GCV3 1.86 | 0.01 | 0.045 | 8 | 1 | 14 54

GCV4 1.86 | 0.01 | 0.046 | 8 | 1 | 14 54

Ccv 0.86 | 0.06 | 0.070 | 13 | 4 | 83 9

Oracle 2.00 | 0.00 | 0.038 | 100 | O | O 100

100 BIC1 1.99 | 0.01 | 0.027 | 98 | 1 | 1 73
BIC2 1.97 | 0.00 | 0.027 | 97 | 0 | 3 71

GCV1 1.25 | 0.00 | 0.028 | 33 | 0 | 67 24

GCV2 1.70 | 0.00 | 0.030 | 72 | O | 28 55

GCV3 1.90 | 0.00 | 0.028 | 90 | O | 10 66

GCV4 1.91 | 0.00 | 0.027 | 91 | O | 9 67

cv 0.93 | 0.05| 0.031 | 19 | 4 | 77 13

Oracle 2.00 | 0.00 | 0.022 | 100 | O | O 100

200 BIC1 1.98 | 0.00 | 0.010 | 98 | O | 2 71
BIC2 1.98 | 0.00 | 0.010 | 98 | O | 2 71

GCV1 1.16 | 0.00 | 0.010 | 32 | 0 | 68 21

GCV2 1.66 | 0.00 | 0.012 | 72 | 0 | 28 53

GCV3 1.83 | 0.00 | 0.011 | 83 | 0 | 17 60

GCV4 1.89 | 0.00 | 0.011 | 89 | 0 | 11 64

CV 0.92 | 0.08 | 0.014 | 17 | 7 | 76 12

Oracle 2.00 | 0.00 | 0.009 | 100 | O | O 100

300 BIC1 2.00 | 0.00 | 0.006 | 100 | O | O 61
BIC2 1.99 | 0.00 | 0.006 | 99 | 0 | 1 60

GCV1 1.19 | 0.00 | 0.006 | 38 | 0 | 62 23

GCV2 1.64 | 0.00 | 0.007 | 72 | 0 | 28 44

GCV3 1.87 | 0.00 | 0.006 | 87 | 0 | 13 49

GCV4 1.89 | 0.00 | 0.006 | 8 | 0 | 11 50

CV 0.83 | 0.01 | 0.009 | 18 | 1 | 81 9

Oracle 2.00 | 0.00 | 0.006 | 100 | O | O 100
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Table B.4: Fixed effect selection and estimation results for Setting 1 and Case 2
when applying the Lasso

m \ Criteriong \ CZ \ 17 \ MME \ C \ U \ O \ Both
50 BIC1 1.27 |1 0.23 | 0.104 | 31 | 10 | 59 16
BIC2 1.20 | 0.06 | 0.093 | 33 3 | 64 17
GCV1 0.58 | 0.06 | 0.069 6 3 191 3
GCV2 0.84 | 0.06 | 0.063 | 16 3 |81 10
GCV3 1.09 | 0.06 | 0.082 | 26 3 |71 14
GCV4 1.09 | 0.06 | 0.073 | 26 3 |71 14
Ccv 0.53 | 0.06 | 0.069 6 3 191 3
Oracle 2.00 | 0.00 | 0.049 | 100 | © 0 100
100 BIC1 1.12 | 0.13 | 0.041 | 30 5 | 65 24
BIC2 1.08 | 0.04 | 0.041 | 30 2 | 68 24
GCV1 0.48 | 0.04 | 0.035 6 2 |92 5
GCV2 0.69 | 0.04 | 0.035 | 15 2 | 83 11
GCV3 0.93 | 0.04 | 0.039 | 23 2 |75 17
GCV4 1.00 | 0.04 | 0.041 | 27 | 2 | 71 21
(A 0.44 | 0.04 | 0.034 7 2 |91 4
Oracle 2.00 | 0.00 | 0.028 | 100 | O 0 100
200 BIC1 1.20 | 0.00 | 0.019 | 39 | 0 | 61 23
BIC2 1.15 | 0.00 | 0.016 | 36 | 0 | 64 22
GCV1 0.55 | 0.00 | 0.014 7 0 | 93 3
GCV2 0.79 | 0.00 | 0.014 | 19 | O | 81 12
GCV3 1.00 | 0.00 | 0.016 | 27 | O | 73 14
GCV4 1.00 | 0.00 | 0.015 | 27 | 0 | 73 14
CvV 0.48 | 0.00 | 0.016 | 11 0 | 89 7
Oracle 2.00 | 0.00 | 0.009 | 100 | O 0 100
300 BIC1 1.17 | 0.00 | 0.014 | 38 0 | 62 20
BIC2 1.16 | 0.00 | 0.013 | 38 0 | 62 20
GCV1 0.43 | 0.00 | 0.009 3 0 | 97 3
GCV2 0.73 | 0.00 | 0.011 | 18 | O | 82 9
GCV3 0.95 | 0.00 | 0.012 | 25 0|75 14
GCV4 0.95 | 0.00 | 0.012 | 25 0|75 14
CvV 0.38 | 0.00 | 0.009 5 0 | 95 3
Oracle 2.00 | 0.00 | 0.010 | 100 | © 0 100
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Table B.5: Fixed effect selection and estimation results for Setting 1 and Case 2
when applying the ALassol

m \ Criteriong \ CZ \ 17 \ MME \ C \ U \ O \ Both
50 BIC1 1.93 | 0.23 | 0.067 | 8 | 10 | 5 51
BIC2 1.89 | 0.06 | 0.055 | 88 3 9 52
GCV1 1.24 | 0.05 | 0.061 | 38 3 |59 20
GCV2 1.62 | 0.06 | 0.056 | 67 3 130 38
GCV3 1.85 | 0.06 | 0.060 | 84 3 |13 48
GCV4 1.86 | 0.06 | 0.057 | 85 3 |12 49
Ccv 0.87 | 0.06 | 0.072 | 23 3 | 74 11
Oracle 2.00 | 0.00 | 0.049 | 100 | © 0 100
100 BIC1 1.98 | 0.11 | 0.032 | 93 5 2 65
BIC2 1.97 | 0.02 | 0.032 | 95 2 3 66
GCV1 1.23 | 0.02 | 0.032 | 34 2 | 64 25
GCV2 1.72 |1 0.02 | 0.032 | 74 2 | 24 51
GCV3 1.87 | 0.02 | 0.032 | 86 2 |12 60
GCV4 1.88 [ 0.02 | 0.032 | 87 | 2 | 11 61
(A 0.77 | 0.01 | 0.038 | 20 1179 16
Oracle 2.00 | 0.00 | 0.028 | 100 | O 0 100
200 BIC1 1.98 | 0.00 | 0.012 | 98 0 2 59
BIC2 1.98 | 0.00 | 0.012 | 98 0 2 59
GCV1 1.20 | 0.00 | 0.012 | 34 | 0 | 66 19
GCV2 1.65 | 0.00 | 0.013 | 73 0 | 27 41
GCV3 1.86 | 0.00 | 0.012 | 86 0|14 50
GCV4 1.89 [ 0.00 | 0.012 | 89 | 0 | 11 53
CvV 0.75 | 0.00 | 0.016 | 18 0 | 82 11
Oracle 2.00 | 0.00 | 0.009 | 100 | O 0 100
300 BIC1 1.96 | 0.00 | 0.007 | 97 | O 3 50
BIC2 1.96 | 0.00 | 0.007 | 97 | O 3 50
GCV1 1.15 | 0.00 | 0.006 | 32 0 | 68 18
GCV2 1.64 | 0.00 | 0.008 | 71 0|29 35
GCV3 1.84 | 0.00 | 0.007 | 85 0 | 15 40
GCV4 1.86 | 0.00 | 0.007 | 87 | 0 | 13 41
CvV 0.58 | 0.00 | 0.008 | 15 0 | 85 8
Oracle 2.00 | 0.00 | 0.010 | 100 | © 0 100
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Table B.6: Fixed effect selection and estimation results for Setting 1 and Case 2
when applying the ALasso2

m \ Criteriong \ CZ \ 17 \ MME \ C \ U \ O \ Both
50 BIC1 1.95 | 0.23 | 0.060 | 87 | 10 | 3 51
BIC2 1.91 | 0.06 | 0.059 | 90 3 7 52
GCV1 1.21 | 0.05 | 0.056 | 38 3 |59 21
GCV2 1.64 | 0.06 | 0.060 | 68 3 129 40
GCV3 1.86 | 0.06 | 0.055 | 85 3 |12 48
GCV4 1.86 | 0.06 | 0.057 | 85 3 |12 48
Ccv 0.99 | 0.11 | 0.091 | 26 7 | 67 14
Oracle 2.00 | 0.00 | 0.049 | 100 | © 0 100
100 BIC1 1.97 | 0.12 | 0.031 | 92 5 3 65
BIC2 1.95 | 0.03 | 0.031 | 93 2 5 65
GCV1 1.25 | 0.02 | 0.032 | 34 2 | 64 25
GCV2 1.73 | 0.02 | 0.033 | 73 2 |25 50
GCV3 1.89 | 0.03 | 0.030 | 87 2 |11 60
GCV4 1.89 | 0.03 | 0.030 | 87 | 2 | 11 60
(A 0.79 | 0.06 | 0.041 | 17 | 5 | 78 12
Oracle 2.00 | 0.00 | 0.028 | 100 | O 0 100
200 BIC1 1.98 | 0.00 | 0.010 | 98 0 2 59
BIC2 1.98 | 0.00 | 0.010 | 98 0 2 59
GCV1 1.22 | 0.00 | 0.011 | 37 | 0 | 63 20
GCV2 1.65 | 0.00 | 0.013 | 73 0 | 27 41
GCV3 1.88 | 0.00 | 0.011 | 88 0 | 12 52
GCV4 1.90 | 0.00 | 0.010 | 90 | O | 10 54
CvV 0.90 | 0.06 | 0.017 | 19 5 | 76 11
Oracle 2.00 | 0.00 | 0.009 | 100 | O 0 100
300 BIC1 1.99 | 0.00 | 0.006 | 99 | O 1 50
BIC2 1.99 | 0.00 | 0.006 | 99 | O 1 50
GCV1 1.15 | 0.00 | 0.006 | 31 0 | 69 15
GCV2 1.68 | 0.00 | 0.007 | 75 0 | 25 37
GCV3 1.88 | 0.00 | 0.006 | 88 | 0 | 12 41
GCV4 1.90 | 0.00 | 0.006 | 90 | 0 | 10 42
CvV 0.82 | 0.04 | 0.008 | 13 4 | 83 7
Oracle 2.00 | 0.00 | 0.010 | 100 | © 0 100
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Table B.7: Fixed effect selection and estimation results for Setting 1 and Case 3
when applying the Lasso

m \ Criteriong \ CZ \ 17 \ MME \ C \ U \ O \ Both
50 BIC1 1.25 | 0.23 | 0.095 | 33 | 10 | 57 21
BIC2 1.16 | 0.10 | 0.082 | 30 6 | 64 20
GCV1 0.58 | 0.06 | 0.073 4 3 193 2
GCV2 0.86 | 0.06 | 0.067 | 20 3 |77 14
GCV3 1.11 | 0.07 | 0.080 | 27 | 4 | 69 17
GCV4 1.12 | 0.07 | 0.076 | 27 | 4 | 69 17
Ccv 0.46 | 0.06 | 0.069 7 3 190 4
Oracle 2.00 | 0.00 | 0.049 | 100 | © 0 100
100 BIC1 1.24 | 0.13 | 0.046 | 37 | 5 | 58 26
BIC2 1.15 | 0.07 | 0.046 | 33 3 | 64 22
GCV1 0.45 | 0.06 | 0.034 2 3195 1
GCV2 0.69 | 0.07 | 0.038 | 14 3 | 83 10
GCV3 0.98 | 0.07 | 0.045 | 24 3 |73 17
GCV4 0.98 | 0.07 | 0.045 | 24 3 |73 17
(A 0.43 | 0.07 | 0.037 6 3 |91 3
Oracle 2.00 | 0.00 | 0.028 | 100 | O 0 100
200 BIC1 1.25 | 0.00 | 0.026 | 42 0 | 58 26
BIC2 1.19 | 0.00 | 0.023 | 39 | 0 | 61 23
GCV1 0.43 | 0.00 | 0.014 2 0 | 98 1
GCV2 0.71 | 0.00 | 0.013 | 15 0 | 85 11
GCV3 1.01 | 0.00 | 0.020 | 27 | O | 73 18
GCV4 1.03 | 0.00 | 0.019 | 28 0|72 18
CvV 0.38 | 0.00 | 0.017 6 0 | 94 5
Oracle 2.00 | 0.00 | 0.009 | 100 | O 0 100
300 BIC1 1.33 | 0.00 | 0.016 | 48 0 | 52 31
BIC2 1.30 | 0.00 | 0.016 | 46 | 0 | 54 30
GCV1 0.47 | 0.00 | 0.009 1 0 |99 1
GCV2 0.74 | 0.00 | 0.009 | 16 0 | 84 11
GCV3 0.94 | 0.00 | 0.011 | 21 01|79 13
GCV4 0.96 | 0.00 | 0.011 | 23 0|77 14
CvV 0.42 | 0.00 | 0.009 6 0 | 94 4
Oracle 2.00 | 0.00 | 0.010 | 100 | © 0 100
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Table B.8: Fixed effect selection and estimation results for Setting 1 and Case 3
when applying the ALassol

m \ Criteriong \ CZ \ 17 \ MME \ C \ U \ O \ Both
50 BIC1 1.92 | 0.23 | 0.065 | 84 | 10 | 6 55
BIC2 1.92 | 0.08 | 0.062 | 89 5 6 57
GCV1 1.28 | 0.06 | 0.058 | 41 3 | 56 24
GCV2 1.69 | 0.06 | 0.058 | 72 3 |25 41
GCV3 1.84 | 0.06 | 0.058 | 83 3 | 14 50
GCV4 1.85 | 0.07 | 0.059 | 83 | 4 | 13 50
Ccv 0.90 | 0.06 | 0.070 | 29 3 | 68 15
Oracle 2.00 | 0.00 | 0.049 | 100 | © 0 100
100 BIC1 1.98 | 0.11 | 0.036 | 93 5 2 63
BIC2 1.97 | 0.05 | 0.036 | 95 3 2 64
GCV1 1.22 | 0.03 | 0.032 | 32 3 | 65 23
GCV2 1.71 | 0.05 | 0.034 | 72 3 125 46
GCV3 1.88 | 0.05 | 0.034 | 87 3 110 58
GCV4 1.92 | 0.05 | 0.035 | 90 3 7 60
(A 0.83 | 0.02 | 0.042 | 25 2 | 73 19
Oracle 2.00 | 0.00 | 0.028 | 100 | O 0 100
200 BIC1 1.98 | 0.00 | 0.013 | 98 0 2 63
BIC2 1.98 | 0.00 | 0.013 | 98 0 2 63
GCV1 1.14 { 0.00 | 0.012 | 29 | 0 | 71 19
GCV2 1.60 | 0.00 | 0.013 | 70 | 0 | 30 41
GCV3 1.88 | 0.00 | 0.012 | 88 0 |12 55
GCV4 1.89 [ 0.00 | 0.011 | 89 | 0 | 11 56
CvV 0.66 | 0.00 | 0.016 | 17 | O | 83 11
Oracle 2.00 | 0.00 | 0.009 | 100 | O 0 100
300 BIC1 1.97 | 0.00 | 0.007 | 98 0 2 59
BIC2 1.97 | 0.00 | 0.007 | 98 0 2 59
GCV1 1.16 | 0.00 | 0.006 | 31 0 | 69 18
GCV2 1.60 | 0.00 | 0.008 | 67 | 0 | 33 36
GCV3 1.83 | 0.00 | 0.007 | 84 | 0 | 16 49
GCV4 1.87 | 0.00 | 0.007 | 88 0 |12 51
CvV 0.61 | 0.00 | 0.009 | 16 | O | 84 8
Oracle 2.00 | 0.00 | 0.010 | 100 | © 0 100
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Table B.9: Fixed effect selection and estimation results for Setting 1 and Case 3
when applying the ALasso2

m \ Criteriong \ CZ \ 17 \ MME \ C \ U \ O \ Both
50 BIC1 1.93 1 0.23 | 0.063 | 84 | 10 | 6 55
BIC2 1.91 | 0.08 | 0.061 | 88 5 7 56
GCV1 1.26 | 0.05 | 0.056 | 41 3 | 56 24
GCV2 1.70 | 0.06 | 0.059 | 73 3 124 43
GCV3 1.85 | 0.06 | 0.057 | 84 3 |13 51
GCV4 1.87 | 0.06 | 0.057 | 86 3 |11 53
Ccv 0.97 | 0.14 | 0.076 | 25 8 | 67 18
Oracle 2.00 | 0.00 | 0.049 | 100 | © 0 100
100 BIC1 1.98 | 0.11 | 0.033 | 93 5 2 63
BIC2 1.97 | 0.05 | 0.033 | 95 3 2 64
GCV1 1.29 | 0.03 | 0.032 | 36 3 |61 23
GCV2 1.74 | 0.05 | 0.034 | 72 3 125 47
GCV3 1.89 | 0.05 | 0.030 | 87 3 110 58
GCV4 1.90 | 0.05 | 0.031 | 88 3 9 59
(A 0.91 | 0.09 | 0.049 | 21 7|72 14
Oracle 2.00 | 0.00 | 0.028 | 100 | O 0 100
200 BIC1 1.98 | 0.00 | 0.011 | 98 0 2 63
BIC2 1.98 | 0.00 | 0.011 | 98 0 2 63
GCV1 1.17 | 0.00 | 0.010 | 36 0 | 64 24
GCV2 1.65 | 0.00 | 0.012 | 73 0 | 27 45
GCV3 1.88 | 0.00 | 0.010 | 88 0 |12 55
GCV4 1.89 | 0.00 | 0.010 | 89 | 0 | 11 55
CvV 0.79 | 0.10 | 0.016 | 17 | 8 | 75 12
Oracle 2.00 | 0.00 | 0.009 | 100 | O 0 100
300 BIC1 1.99 | 0.00 | 0.006 | 99 | O 1 59
BIC2 1.99 | 0.00 | 0.006 | 99 | O 1 59
GCV1 1.18 | 0.00 | 0.006 | 33 0 | 67 21
GCV2 1.67 | 0.00 | 0.007 | 72 0 | 28 40
GCV3 1.86 | 0.00 | 0.006 | 86 0| 14 50
GCV4 1.89 | 0.00 | 0.006 | 89 | 0 | 11 52
CvV 0.76 | 0.05 | 0.008 | 13 4 | 83 9
Oracle 2.00 | 0.00 | 0.010 | 100 | © 0 100
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Table B.10: Fixed effect selection and estimation results for Setting 1 and Case 4
when applying the Lasso

m \ Criteriong \ CZ \ 17 \ MME \ C \ U \ O \ Both
50 BIC1 1.31 | 0.01 | 0.098 | 45 | 1 | 54 30
BIC2 1.23 | 0.00 | 0.087 | 40 | 0 | 60 25

GCV1 0.44 | 0.00 | 0.071 3 0|97 1

GCV2 0.79 | 0.00 | 0.071 | 15 | 0 | 85 10

GCV3 1.11 { 0.00 | 0.085 | 29 | 0 | 71 18

GCV4 1.12 | 0.00 | 0.080 | 30 | O | 70 18

Ccv 0.44 | 0.00 | 0.070 8 0|92 5

Oracle 2.00 | 0.00 | 0.044 | 100 | O | O 100

100 BIC1 1.25 | 0.00 | 0.067 | 45 | O | 55 33
BIC2 1.22 | 0.00 | 0.061 | 42 | 0 | 58 31

GCV1 0.37 | 0.00 | 0.048 2 0 | 98 1

GCV2 0.70 | 0.00 | 0.044 | 16 | 0 | 84 10

GCV3 0.97 | 0.00 | 0.055 | 22 | 0 | 78 16

GCV4 0.99 | 0.00 | 0.053 | 23 | 0 | 77 17

cv 0.33 | 0.00 | 0.042 8 0|92 6

Oracle 2.00 | 0.00 | 0.029 | 100 | O | O 100

200 BIC1 1.23 | 0.00 | 0.027 | 38 | 0 | 62 32
BIC2 1.22 | 0.00 | 0.026 | 37 | 0 | 63 31

GCV1 0.38 | 0.00 | 0.023 3 0|97 3

GCV2 0.72 | 0.00 | 0.024 | 17 | 0 | 83 16

GCV3 1.00 | 0.00 | 0.025 | 23 | 0 | 77 21

GCV4 1.02 | 0.00 | 0.025 | 25 | 0 | 75 22

CV 0.38 | 0.00 | 0.026 6 0|94 5

Oracle 2.00 | 0.00 | 0.017 | 100 | O | O 100

300 BIC1 1.29 | 0.00 | 0.019 | 40 | O | 60 30
BIC2 1.27 | 0.00 | 0.019 | 40 | O | 60 30

GCV1 0.39 | 0.00 | 0.012 1 0199 1

GCV2 0.72 | 0.00 | 0.013 | 12 | 0 | 88 10

GCV3 0.96 | 0.00 | 0.013 | 20 | 0 | 80 17

GCV4 1.01 | 0.00 | 0.013 | 24 | O | 76 18

CV 0.38 | 0.00 | 0.013 6 0|94 5

Oracle 2.00 | 0.00 | 0.010 | 100 | O | O 100
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Table B.11: Fixed effect selection and estimation results for Setting 1 and Case 4
when applying the ALassol

m \ Criteriong \ CZ \ 17 \ MME \ C \ U \ O \ Both
50 BIC1 1.97 | 0.00 | 0.057 | 97 | O | 3 63
BIC2 1.96 | 0.00 | 0.054 | 96 | 0 | 4 63

GCV1 1.28 | 0.00 | 0.055 | 41 | O | 59 28

GCV2 1.73 | 0.00 | 0.056 | 76 | 0 | 24 50

GCV3 1.88 | 0.00 | 0.057 | 88 | 0 | 12 58

GCV4 1.89 | 0.00 | 0.0564 | 89 | 0 | 11 58

Ccv 0.89 | 0.01 | 0.058 | 23 | 1 | 76 17

Oracle 2.00 | 0.00 | 0.044 | 100 | O | O 100

100 BIC1 1.95 1 0.00 | 0.032 | 96 | 0 | 4 71
BIC2 1.93 1000 | 0.032 | 94 | 0 | 6 69

GCV1 1.20 | 0.00 | 0.033 | 37 | 0 | 63 25

GCV2 1.55 | 0.00 | 0.035 | 66 | 0 | 34 48

GCV3 1.79 | 0.00 | 0.034 | 82 | 0 | 18 61

GCV4 1.80 | 0.00 | 0.031 | 83 | 0 | 17 62

cv 0.73 |1 0.01 | 0.039 | 17 | 1 | 82 14

Oracle 2.00 | 0.00 | 0.029 | 100 | O | O 100

200 BIC1 1.98 | 0.00 | 0.018 | 98 | 0 | 2 77
BIC2 1.98 | 0.00 | 0.018 | 98 | 0 | 2 77

GCV1 1.14 | 0.00 | 0.018 | 29 | 0 | 71 24

GCV2 1.64 | 0.00 | 0.019 | 69 | 0 | 31 54

GCV3 1.89 | 0.00 | 0.018 | 89 | 0 | 11 71

GCV4 1.90 | 0.00 | 0.018 | 90 | O | 10 71

CV 0.72 | 0.00 | 0.025 | 21 | 0 | 79 16

Oracle 2.00 | 0.00 | 0.017 | 100 | O | O 100

300 BIC1 1.98 | 0.00 | 0.008 | 99 | 0 | 1 66
BIC2 1.98 | 0.00 | 0.008 | 99 | 0 | 1 66

GCV1 1.18 | 0.00 | 0.010 | 31 | O | 69 23

GCV2 1.67 | 0.00 | 0.010 | 70 | O | 30 47

GCV3 1.83 | 0.00 | 0.010 | 8 | 0 | 15 57

GCV4 1.84 | 0.00 | 0.010 | 8 | 0 | 14 58

CV 0.68 | 0.02 | 0.011 | 17 | 2 | 81 14

Oracle 2.00 | 0.00 | 0.010 | 100 | O | O 100
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Table B.12: Fixed effect selection and estimation results for Setting 1 and Case 4
when applying the ALasso2

m \ Criteriong \ CZ \ 17 \ MME \ C \ U \ O \ Both
50 BIC1 1.99 [ 0.00 | 0.055 | 99 | 0 | 1 65
BIC2 1.98 | 0.00 | 0.054 | 98 | 0 | 2 65

GCV1 1.29 | 0.00 | 0.054 | 40 | 0 | 60 27

GCV2 1.74 | 0.00 | 0.055 | 76 | 0 | 24 50

GCV3 1.89 | 0.00 | 0.059 | 89 | 0 | 11 59

GCV4 1.91 | 0.00 | 0.055 | 91 | O | 9 60

Ccv 1.13 | 0.11 | 0.072 | 30 | 9 | 61 22

Oracle 2.00 | 0.00 | 0.044 | 100 | O | O 100

100 BIC1 1.96 | 0.00 | 0.033 | 96 | 0 | 4 71
BIC2 1.94 | 0.00 | 0.031 | 94 | O | 6 70

GCV1 1.16 | 0.00 | 0.031 | 34 | 0 | 66 24

GCV2 1.59 | 0.00 | 0.034 | 67 | 0 | 33 48

GCV3 1.81 | 0.00 | 0.032 | 83 | 0 | 17 62

GCV4 1.82 | 0.00 | 0.033 | 83 | 0 | 17 62

cv 0.86 | 0.04 | 0.047 | 15 | 4 | 81 12

Oracle 2.00 | 0.00 | 0.029 | 100 | O | O 100

200 BIC1 1.98 | 0.00 | 0.017 | 98 | O | 2 77
BIC2 1.98 | 0.00 | 0.017 | 98 | O | 2 77

GCV1 1.19 | 0.00 | 0.018 | 30 | O | 70 24

GCV2 1.63 | 0.00 | 0.020 | 69 | 0 | 31 54

GCV3 1.87 | 0.00 | 0.018 | 88 | 0 | 12 70

GCV4 1.88 | 0.00 | 0.017 | 89 | 0 | 11 70

CV 0.86 | 0.06 | 0.027 | 17 | 5 | 78 14

Oracle 2.00 | 0.00 | 0.017 | 100 | O | O 100

300 BIC1 2.00 | 0.00 | 0.007 | 100 | O | O 66
BIC2 1.99 | 0.00 | 0.007 | 99 | 0 | 1 65

GCV1 1.24 | 0.00 | 0.010 | 34 | 0 | 66 24

GCV2 1.66 | 0.00 | 0.010 | 69 | 0 | 31 44

GCV3 1.84 | 0.00 | 0.008 | 8 | 0 | 15 56

GCV4 1.87 | 0.00 | 0.008 | 88 | 0 | 12 57

CV 0.82 | 0.03 | 0.013 | 18 | 3 | 79 15

Oracle 2.00 | 0.00 | 0.010 | 100 | O | O 100
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Table B.13: Fixed effect selection and estimation results for Setting 1 and Case 5
when applying the Lasso

m \ Criteriong \ CZ \ 17 \ MME \ C \ U \ O \ Both
50 BIC1 1.59 | 0.06 | 0.036 | 63 | 2 | 35 42
BIC2 1.50 | 0.00 | 0.035 | 58 | 0 | 42 38

GCV1 0.53 | 0.00 | 0.025 9 0|91 5

GCV2 0.91 | 0.00 | 0.029 | 26 | O | T4 17

GCV3 1.26 | 0.00 | 0.026 | 37 | 0 | 63 24

GCV4 1.27 | 0.00 | 0.027 | 38 | 0 | 62 25

Ccv 0.55 | 0.00 | 0.030 | 15 | O | 85 10

Oracle 2.00 | 0.00 | 0.014 | 100 | O | O 100

100 BIC1 1.76 | 0.03 | 0.014 | 77 | 1 | 22 51
BIC2 1.70 | 0.00 | 0.014 | 75 | 0 | 25 49

GCV1 0.53 | 0.00 | 0.010 8 0|92 4

GCV2 1.06 | 0.00 | 0.012 | 38 | 0 | 62 23

GCV3 1.35 | 0.00 | 0.011 | 50 | O | 50 31

GCV4 1.39 | 0.00 | 0.011 | 51 | 0 | 49 32

cv 0.65 | 0.00 | 0.011 | 19 | 0 | 81 13

Oracle 2.00 | 0.00 | 0.006 | 100 | O | O 100

200 BIC1 1.76 | 0.00 | 0.008 | 79 | 0 | 21 59
BIC2 1.74 | 0.00 | 0.008 | 78 | 0 | 22 58

GCV1 0.55 | 0.00 | 0.006 4 0|96 2

GCV2 1.02 | 0.00 | 0.007 | 29 | 0 | 71 20

GCV3 1.38 | 0.00 | 0.007 | 48 | 0 | 52 37

GCV4 1.41 | 0.00 | 0.006 | 51 | O | 49 39

CV 0.65 | 0.00 | 0.006 | 16 | 0 | 84 10

Oracle 2.00 | 0.00 | 0.004 | 100 | O | O 100

300 BIC1 1.77 | 0.00 | 0.005 | 78 | 0 | 22 50
BIC2 1.75 | 0.00 | 0.005 | 76 | 0 | 24 48

GCV1 0.63 | 0.00 | 0.003 | 10 | 0 | 90 8

GCV2 0.95 | 0.00 | 0.004 | 29 | 0 | 71 19

GCV3 1.29 | 0.00 | 0.004 | 43 | 0 | 57 26

GCV4 1.34 | 0.00 | 0.004 | 47 | 0 | B3 29

CV 0.62 | 0.00 | 0.004 | 14 | 0 | 86 10

Oracle 2.00 | 0.00 | 0.002 | 100 | O | O 100
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Table B.14: Fixed effect selection and estimation results for Setting 1 and Case 5
when applying the ALassol

m \ Criteriong \ CZ \ 17 \ MME \ C \ U \ O \ Both
50 BIC1 1.91 | 0.06 | 0.015 | 91 | 2 | 7 55
BIC2 1.88 | 0.00 | 0.018 | 89 | 0 | 11 53

GCV1 1.03 | 0.00 | 0.022 | 21 | O | 79 13

GCV2 1.57 | 0.00 | 0.024 | 66 | 0 | 34 41

GCV3 1.75 | 0.00 | 0.021 | 80 | 0 | 20 49

GCV4 1.77 1 0.00 | 0.019 | 8 | 0 | 19 50

Ccv 0.65 | 0.00 | 0.027 | 13 | 0 | 87 9

Oracle 2.00 | 0.00 | 0.014 | 100 | O | O 100

100 BIC1 1.97 | 0.03 | 0.007 | 96 | 1 | 3 66
BIC2 1.93 | 0.00 | 0.007 | 93 | O | 7 64

GCV1 1.08 | 0.00 | 0.008 | 24 | 0 | 76 16

GCV2 1.68 | 0.00 | 0.009 | 72 | 0 | 28 48

GCV3 1.86 | 0.00 | 0.007 | 8 | 0 | 14 60

GCV4 1.87 | 0.00 | 0.008 | 87 | 0 | 13 61

cv 0.54 | 0.00 | 0.009 | 12 | 0 | 88 10

Oracle 2.00 | 0.00 | 0.006 | 100 | O | O 100

200 BIC1 1.97 | 0.00 | 0.005 | 97 | O | 3 68
BIC2 1.97 | 0.00 | 0.005 | 97 | O | 3 68

GCV1 0.95 | 0.00 | 0.005 | 16 | 0 | 84 11

GCV2 1.73 | 0.00 | 0.005 | 78 | 0 | 22 58

GCV3 1.84 | 0.00 | 0.005 | 8 | 0 | 14 61

GCV4 1.87 | 0.00 | 0.005 | 88 | 0 | 12 63

CV 0.55 | 0.01 | 0.006 8 11|91 5

Oracle 2.00 | 0.00 | 0.004 | 100 | O | O 100

300 BIC1 2.00 | 0.00 | 0.002 | 100 | O | O 64
BIC2 2.00 | 0.00 | 0.002 | 100 | O | O 64

GCV1 1.02 | 0.00 | 0.003 | 20 | O | 80 14

GCV2 1.69 | 0.00 | 0.003 | 73 | 0 | 27 47

GCV3 1.89 | 0.00 | 0.003 | 8 | 0 | 11 57

GCV4 1.90 | 0.00 | 0.003 | 90 | O | 10 58

CV 0.67 | 0.00 | 0.004 | 12 | 0 | 88 10

Oracle 2.00 | 0.00 | 0.002 | 100 | O | O 100
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Table B.15: Fixed effect selection and estimation results for Setting 1 and Case 5
when applying the ALasso2

m \ Criterionp \ CZ \ 1Z \ MME \ C \ U \ O \ Both
50 BIC1 1.94 | 0.06 | 0.016 | 92 | 2 6 57
BIC2 1.90 | 0.00 | 0.018 | 90 | O | 10 54

GCV1 1.08 | 0.00 | 0.022 | 25 | O | 75 17

GCV2 1.59 | 0.00 | 0.023 | 66 | 0 | 34 40

GCV3 1.76 | 0.00 | 0.020 | 79 | 0 | 21 47

GCV4 1.81 | 0.00 | 0.019 | 83 | 0 | 17 50

(A 0.76 | 0.07 | 0.027 | 14 | 6 | 80 8

Oracle 2.00 | 0.00 | 0.014 | 100 | O 0 100

100 BIC1 1.99 | 0.03 | 0.007 | 98 | 1 1 67
BIC2 1.96 | 0.00 | 0.007 | 96 | O 4 65

GCV1 1.14 | 0.00 | 0.008 | 33 | 0 | 67 22

GCV2 1.73 | 0.00 | 0.010 | 77 | O | 23 52

GCV3 1.88 | 0.00 | 0.007 | 89 | 0 | 11 61

GCV4 1.91 | 0.00 | 0.008 | 91 | O 9 62

(A 0.70 | 0.02 | 0.010 | 17 | 1 | 82 14

Oracle 2.00 | 0.00 | 0.006 | 100 | O 0 100

200 BIC1 1.99 | 0.00 | 0.004 | 99 | O 1 68
BIC2 1.98 | 0.00 | 0.004 | 98 | O 2 68

GCV1 1.02 | 0.00 | 0.005 | 16 | 0 | &4 11

GCV2 1.78 | 0.00 | 0.005 | 82 | 0 | 18 60

GCV3 1.90 | 0.00 | 0.004 | 91 | O 9 63

GCV4 1.93 | 0.00 | 0.004 | 93 | O 7 64

Ccv 0.70 | 0.04 | 0.007 | 12 | 4 | &4 9

Oracle 2.00 | 0.00 | 0.004 | 100 | O 0 100

300 BIC1 2.00 | 0.00 | 0.002 | 100 | O 0 64
BIC2 2.00 | 0.00 | 0.002 | 100 | O 0 64

GCV1 0.82 | 0.00 | 0.003 0 0 | 100 0

GCV2 1.73 1 0.00 | 0.003 | 75 | 0 | 25 49

GCV3 1.90 | 0.00 | 0.003 | 90 | O | 10 57

GCV4 1.92 | 0.00 | 0.002 | 92 | O 8 59

Ccv 0.82 | 0.04 | 0.005 | 20 | 4 | 76 16

Oracle 2.00 | 0.00 | 0.002 | 100 | O 0 100
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Table B.16: Fixed effect selection and estimation results for Setting 2 and Case 1
when applying the Lasso
m \ Criterionp \ CZ \ 1Z \MME\ C \ U \ O \Both

50 BIC1 734 | 075 | 0414 | 36 | 42 | 22 7
BIC2 6.59 | 0.12 | 0.197 | 36 | 8 | 56 6
GCV1 3.25 | 0.06 | 0.125 0 4 | 96 0
GCV2 4.35 | 0.07 | 0.132 2 5 | 93 0
GCV3 5.53 | 0.08 | 0.146 5 5 | 90 0
GCV4 5.67 | 0.09 | 0.146 8 6 | 86 1
CvV 4.79 1 0.16 | 0.152 2 9 | 89 0
Oracle 8.00 | 0.00 | 0.038 | 100 | O 0 100
100 BIC1 744 1 0.14 | 0.112 | 64 | 8 | 28 20
BIC2 6.95 | 0.02 | 0080 | 45 | 1 | 54 16
GCV1 3.11 | 0.02 | 0.050 0 11 99 0
GCV2 4.63 | 0.02 | 0.057 8 1] 91 5
GCV3 5821002 | 0062 | 14 | 1 | 8 6
GCV4 5971 0.02 | 0.063 | 14 | 1 | 85 6
Cv 4.17 1 0.06 | 0.057 | 6 3| 91 3
Oracle 8.00 | 0.00 | 0.018 | 100 | O 0 100
200 BIC1 7.63 | 0.00 | 0.063 | 70 | O | 30 36
BIC2 723 10.00 | 0.045 | 49 | O | 51 23
GCV1 3.17 1 0.00 | 0.025 0 0 | 100 0
GCV2 4.77 | 0.00 | 0.030 7 0| 93 2
GCV3 595 0.00 | 0.031 | 13 | O | 87 3
GCV4 6.15 | 0.00 | 0.032 | 16 | 0 | 84 5
Ccv 4.13 | 0.00 | 0.032 3 0| 97 1
Oracle 8.00 | 0.00 | 0.010 | 100 | O 0 100
300 BIC1 7.54 | 0.00 | 0.027 | 66 | 0 | 34 36
BIC2 7341 0.00 | 0.024 | 54 | 0 | 46 33
GCV1 3.27 1 0.00 | 0.015 0 0 | 100 0
GCV2 4.87 | 0.00 | 0.018 8 0| 92 6
GCV3 6.03 | 0.00 | 0.018 9 0] 91 7
GCV4 6.14 | 0.00 | 0.018 | 12 | O | 88 8
Ccv 4.19 | 0.00 | 0.016 5 0| 95 4
Oracle 8.00 | 0.00 | 0.006 | 100 | O 0 100
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Table B.17: Fixed effect selection and estimation results for Setting 2 and Case 1
when applying the ALassol

m \ Criteriong \ CZ \ 17 \ MME \ C \ U \ O \ Both
50 BIC1 7.58 | 0.64 | 0.201 | 48 | 36 | 16 6
BIC2 7.34 | 0.05 | 0.094 | 62 4 | 34 8
GCV1 4.51 | 0.03 | 0.107 3 2 195 0
GCV2 6.04 | 0.03 | 0.107 | 21 2 | 77 2
GCV3 6.63 | 0.04 | 0.099 | 34 3 | 63 4
GCV4 6.74 | 0.04 | 0.099 | 38 3 |59 4
Ccv 6.11 | 0.06 | 0.113 | 29 | 4 | 67 1
Oracle 8.00 | 0.00 | 0.038 | 100 | O 0 100
100 BIC1 7.71 | 0.13 | 0.032 | 82 8 | 10 24
BIC2 7.59 | 0.02 | 0.029 | 78 1|21 24
GCV1 4.00 | 0.02 | 0.046 3 1|96 1
GCV2 6.56 | 0.02 | 0.038 | 32 1 | 67 10
GCV3 7.08 | 0.02 | 0.033 | 52 1 | 47 15
GCV4 7.16 | 0.02 | 0.031 | 52 1 |47 15
(A 5.70 | 0.02 | 0.046 | 24 1|75 5
Oracle 8.00 | 0.00 | 0.018 | 100 | © 0 100
200 BIC1 7.83 |1 0.00 | 0.014 | 90 | O | 10 41
BIC2 7.79 | 0.00 | 0.014 | 86 | 0 | 14 39
GCV1 3.84 | 0.00 | 0.024 1 0 |99 0
GCV2 6.49 | 0.00 | 0.019 | 33 0 | 67 12
GCV3 7.13 | 0.00 | 0.018 | 55 0 | 45 27
GCV4 7.23 | 0.00 | 0.017 | 55 0 | 45 27
CvV 5.61 | 0.00 | 0.027 | 20 | O | 80 10
Oracle 8.00 | 0.00 | 0.010 | 100 | O 0 100
300 BIC1 7.92 | 0.00 | 0.008 | 96 | O | 4 50
BIC2 7.91 | 0.00 | 0.008 | 95 0 5 49
GCV1 4.17 | 0.00 | 0.013 3 0 | 97 3
GCV2 6.64 | 0.00 | 0.011 | 36 0 | 64 23
GCV3 7.26 | 0.00 | 0.010 | 60 | O | 40 33
GCV4 7.29 | 0.00 | 0.009 | 58 0 | 42 34
CvV 5.84 | 0.00 | 0.012 | 26 | O | T4 16
Oracle 8.00 | 0.00 | 0.006 | 100 | O 0 100
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Table B.18: Fixed effect selection and estimation results for Setting 2 and Case 1
when applying the ALasso2

m \ Criteriong \ CZ \ 17 \ MME \ C \ U \ O \ Both
50 BIC1 7.63 | 0.66 | 0.197 | 50 | 38 | 12 7
BIC2 7.44 | 0.09 | 0.081 | 66 6 | 28 10

GCV1 4.30 | 0.06 | 0.109 2 4 | 94 0

GCV2 6.09 | 0.08 | 0.107 | 27 5 | 68 4

GCV3 6.76 | 0.09 | 0.098 | 41 6 | 53 5

GCV4 6.85 | 0.09 | 0.092 | 42 6 | 52 5

Ccv 6.96 | 0.12 | 0.191 | 40 9 |51 3

Oracle 8.00 | 0.00 | 0.038 | 100 | O 0 100

100 BIC1 7.77 | 0.12 | 0.026 | 85 718 27
BIC2 7.75 | 0.02 | 0.027 | 83 1|16 23

GCV1 4.08 | 0.02 | 0.047 1 1|98 1

GCV2 6.71 | 0.02 | 0.036 | 33 1 | 66 9

GCV3 7.20 | 0.02 | 0.032 | 53 1 | 46 16

GCV4 7.21 | 0.02 | 0.032 | 53 1 | 46 16

(A 6.91 | 0.04 | 0.060 | 45 3 | 52 14

Oracle 8.00 | 0.00 | 0.018 | 100 | © 0 100

200 BIC1 7.96 | 0.00 | 0.014 | 97 | O 3 42
BIC2 7.91 | 0.00 | 0.015 | 92 0 8 41

GCV1 4.01 | 0.00 | 0.025 2 0 | 98 0

GCV2 6.56 | 0.00 | 0.021 | 33 0 | 67 13

GCV3 7.27 | 0.00 | 0.018 | 58 0 | 42 27

GCV4 7.32 | 0.00 | 0.016 | 57 | O | 43 28

CvV 6.93 | 0.00 | 0.035 | 51 0 |49 25

Oracle 8.00 | 0.00 | 0.010 | 100 | O 0 100

300 BIC1 7.99 | 0.00 | 0.007 | 99 | O 1 51
BIC2 7.99 | 0.00 | 0.007 | 99 | O 1 51

GCV1 4.12 | 0.00 | 0.014 2 0 | 98 2

GCV2 6.73 | 0.00 | 0.011 | 40 | O | 60 24

GCV3 7.30 | 0.00 | 0.008 | 60 | O | 40 36

GCV4 7.36 | 0.00 | 0.008 | 60 | O | 40 37

CvV 6.88 | 0.00 | 0.026 | 52 0 | 48 25

Oracle 8.00 | 0.00 | 0.006 | 100 | O 0 100
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Table B.19: Fixed effect selection and estimation results for Setting 2 and Case 2
when applying the Lasso
m \ Criterionp \ CZ \ 1Z \MME\ C \ U \ O \Both

50 BIC1 749 | 1.41 | 1.000 | 17 | 75 | 8 0
BIC2 6.31 | 0.20 | 0.189 | 24 | 15| 61 0
GCV1 3.12 |1 0.07 | 0.125 0 5 | 95 0
GCV2 4.20 | 0.07 | 0.137 5 4 1 91 0
GCV3 5.33 | 0.10 | 0.149 8 7 | 85 0
GCV4 5.61 | 0.11 | 0.150 | 10 | 8 | 82 0
CvV 444 1 0.18 | 0.149 5 |11 ] &4 0
Oracle 8.00 | 0.00 | 0.053 | 100 | O 0 100
100 BIC1 714 | 0.55 | 0.186 | 40 | 31 | 29 2
BIC2 6.48 | 0.08 | 0.081 | 27 | 7 | 66 1
GCV1 3.00 | 0.02 | 0.058 0 11 99 0
GCV2 4.34 | 0.03 | 0.061 3 2| 9 0
GCV3 5.40 | 0.05 | 0.064 9 4 | 87 0
GCV4 5.56 | 0.05 | 0.067 | 12 | 4 | &4 0
Cv 4.32 |1 0.15 | 0.065 S 8 | 87 0
Oracle 8.00 | 0.00 | 0.018 | 100 | O 0 100
200 BIC1 739 | 014 | 0.054 | 59 | 7 | 34 10
BIC2 6.89 | 0.00 | 0.043 | 43 | 0 | 57 7
GCV1 3.24 | 0.00 | 0.029 0 0 | 100 0
GCV2 4.64 | 0.00 | 0.032 5 0| 95 0
GCV3 5.68 | 0.00 | 0.030 9 0] 91 2
GCV4 5.89 | 0.00 | 0.033 | 13 | 0 | 87 3
Ccv 4.33 | 0.01 | 0.035 2 11 97 0
Oracle 8.00 | 0.00 | 0.012 | 100 | O 0 100
300 BIC1 744 10.02 | 0.029 | 64 | 1 | 35 7
BIC2 7.02 | 0.00 | 0.023 | 41 | O | 39 4
GCV1 3.11 | 0.00 | 0.013 0 0 | 100 0
GCV2 4.69 | 0.00 | 0.015 3 0] 97 1
GCV3 5.80 | 0.00 | 0.018 | 14 | O | 86 1
GCV4 5941 0.00 | 0.018 | 15 | O | 85 1
Ccv 4.34 | 0.00 | 0.018 5 0| 95 1
Oracle 8.00 | 0.00 | 0.005 | 100 | O 0 100
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Table B.20: Fixed effect selection and estimation results for Setting 2 and Case 2
when applying the ALassol

m \ Criteriong \ CZ \ 17 \ MME \ C \ U \ O \ Both
50 BIC1 7.66 | 1.24 | 1.000 | 24 | 67| 9 0
BIC2 7.15 | 0.03 | 0.103 | 58 2 |40 0

GCV1 4.32 | 0.04 | 0.108 6 3 191 0

GCV2 5.97 | 0.04 | 0.113 | 25 3 |72 0

GCV3 6.60 | 0.04 | 0.100 | 37 | 3 | 60 0

GCV4 6.71 | 0.04 | 0.101 | 39 3 | 58 0

CvV 6.44 | 0.10 | 0.144 | 33 8 | 59 0

Oracle 8.00 | 0.00 | 0.053 | 100 | O 0 100

100 BIC1 7.56 | 0.47 | 0.079 | 59 | 26 | 15 2
BIC2 7.40 | 0.02 | 0.039 | 70 2 | 28 2

GCV1 4.00 | 0.01 | 0.051 2 1|97 0

GCV2 5.99 | 0.01 | 0.051 | 23 1|76 0

GCV3 6.56 | 0.01 | 0.042 | 37 1 |62 1

GCV4 6.69 | 0.01 | 0.039 | 38 1 |61 2

(A 6.16 | 0.10 | 0.066 | 28 7 | 65 0

Oracle 8.00 | 0.00 | 0.018 | 100 | © 0 100

200 BIC1 7921014 | 0019 | 87 | 7 | 6 12
BIC2 7.87 |1 0.00 | 0.019 | 89 | 0 | 11 11

GCV1 4.12 | 0.00 | 0.022 3 0 |97 0

GCV2 6.32 | 0.00 | 0.023 | 32 0 | 68 4

GCV3 7.13 | 0.00 | 0.021 | 55 0 | 45 6

GCV4 7.22 | 0.00 | 0.020 | 58 0 | 42 6

CvV 5.48 | 0.00 | 0.023 | 16 | 0 | &4 3

Oracle 8.00 | 0.00 | 0.012 | 100 | O 0 100

300 BIC1 7.88 | 0.02 | 0.008 | 92 1 7 11
BIC2 7.83 | 0.00 | 0.008 | 88 0 |12 11

GCV1 4.03 | 0.00 | 0.013 2 0 | 98 0

GCV2 6.60 | 0.00 | 0.012 | 36 0 | 64 1

GCV3 7.14 | 0.00 | 0.011 | 54 | O | 46 5

GCV4 7.20 | 0.00 | 0.010 | 55 0 | 45 5

CvV 5.27 | 0.00 | 0.012 | 14 | O | 86 0

Oracle 8.00 | 0.00 | 0.005 | 100 | O 0 100
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Table B.21: Fixed effect selection and estimation results for Setting 2 and Case 2
when applying the ALasso2

m \ Criteriong \ CZ \ 17 \ MME \ C \ U \ O \ Both
50 BIC1 7.65 | 1.27 | 1.000 | 22 | 71| 7 0
BIC2 7.27 | 0.09 | 0.103 | 59 6 | 35 0

GCV1 4.30 | 0.05 | 0.114 3 3 194 0

GCV2 6.11 | 0.05 | 0.115 | 29 3 | 68 0

GCV3 6.77 | 0.05 | 0.105 | 44 3 | 53 0

GCV4 6.83 | 0.05 | 0.103 | 45 3 | 52 0

Ccv 6.92 | 0.22 | 0.193 | 40 | 17 | 43 0

Oracle 8.00 | 0.00 | 0.053 | 100 | O 0 100

100 BIC1 7.62 | 0.47 | 0.075 | 61 | 26 | 13 2
BIC2 7.51 | 0.06 | 0.034 | 71 5 | 24 2

GCV1 4.16 | 0.01 | 0.050 2 1|97 0

GCV2 6.11 | 0.01 | 0.050 | 21 1|78 0

GCV3 6.85 | 0.01 | 0.036 | 35 1 |64 2

GCV4 6.89 | 0.01 | 0.035 | 36 1 |63 2

(A 6.92 | 0.16 | 0.085 | 41 | 11 | 48 0

Oracle 8.00 | 0.00 | 0.018 | 100 | © 0 100

200 BIC1 7.89 | 0.14 | 0.020 | 85 718 12
BIC2 7.87 |1 0.00 | 0.018 | 87 | 0 | 13 12

GCV1 4.20 | 0.00 | 0.023 2 0 | 98 0

GCV2 6.39 | 0.00 | 0.022 | 31 0 | 69 4

GCV3 6.93 | 0.00 | 0.020 | 44 | O | 56 6

GCV4 7.02 | 0.00 | 0.020 | 45 0 | 55 6

CvV 6.94 | 0.02 | 0.049 | 51 2 | 47 7

Oracle 8.00 | 0.00 | 0.012 | 100 | O 0 100

300 BIC1 7.94 | 0.02 | 0.007 | 96 1 3 11
BIC2 7.91 | 0.00 | 0.007 | 95 0 5 11

GCV1 4.03 | 0.00 | 0.013 2 0 | 98 0

GCV2 6.52 | 0.00 | 0.012 | 34 | O | 66 3

GCV3 7.21 | 0.00 | 0.011 | 53 0 | 47 4

GCV4 7.28 | 0.00 | 0.009 | 55 0 | 45 4

CvV 6.81 | 0.00 | 0.031 | 54 | O | 46 4

Oracle 8.00 | 0.00 | 0.005 | 100 | O 0 100
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Table B.22: Fixed effect selection and estimation results for Setting 2 and Case 3
when applying the Lasso
m \ Criterionp \ CZ \ 1Z \MME\ C \ U \ O \Both

50 BIC1 746 | 1.46 | 1.000 | 11 | 78 | 11 1
BIC2 6.07 | 0.18 | 0.202 | 13 | 12 | 75 1
GCV1 3.01 1004|0137 | O 3| 97 0
GCV2 3911005 | 0.157 | 3 4 | 93 1
GCV3 5.19 | 0.12 | 0.167 | 3 9 | 88 1
GCV4 5.29 | 0.12 | 0.175 S 9 | 86 1
CvV 4.27 1 0.19 | 0.153 2 | 11| 87 0
Oracle 8.00 | 0.00 | 0.044 | 100 | O 0 100
100 BIC1 6.98 1049 | 0.191 | 34 | 27| 39 7
BIC2 6.13 1012 ] 0090 | 20 | 9 | 71 2
GCV1 3.16 | 0.06 | 0.057 | O 4 | 96 0
GCV2 4.05 | 0.07 | 0.063 3 4 | 93 0
GCV3 5.02 | 0.12 | 0.061 3 9 | 88 0
GCV4 5.19 | 0.12 | 0.064 5 9 | 86 0
Cv 4.45 | 0.25 | 0.060 2 | 14| 84 0
Oracle 8.00 | 0.00 | 0.017 | 100 | O 0 100
200 BIC1 7.01 | 0.14 | 0.058 | 38 | 8 | 54 8
BIC2 6.37 | 0.00 | 0.047 | 20 | O | 80 6
GCV1 3.11 | 0.00 | 0.030 0 0 | 100 0
GCV2 4.10 | 0.00 | 0.034 3 0| 97 1
GCV3 5.18 | 0.00 | 0.035 5 0| 95 2
GCV4 5.41 | 0.00 | 0.036 5 0| 95 2
Ccv 4.01 | 0.03 | 0.034 0 2 | 98 0
Oracle 8.00 | 0.00 | 0.013 | 100 | O 0 100
300 BIC1 7.31 | 0.06 | 0.028 | 51 | 3 | 46 20
BIC2 6.99 1 0.00 | 0.025 | 41 | O | 59 14
GCV1 3.33 | 0.00 | 0.013 0 0 | 100 0
GCV2 4.47 1 0.00 | 0.017 | 4 0| 96 1
GCV3 5.61 | 0.00 | 0.018 5 0| 95 1
GCV4 5.84 | 0.00 | 0.019 7 0| 93 2
Ccv 4.21 | 0.02 | 0.018 2 11 97 0
Oracle 8.00 | 0.00 | 0.006 | 100 | O 0 100
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Table B.23: Fixed effect selection and estimation results for Setting 2 and Case 3
when applying the ALassol
m \Criterionp\ CZ \ 17 \MME\ C \ U \ O \Both

o0 BIC1 7.60 | 1.32 | 1.000 | 18 | 70 | 12 1
BIC2 7251 0.09 | 0.112 | 51 | 7 | 42 3
GCV1 4.05 | 0.02 | 0.124 1 1|98 1
GCV2 59210020121 | 20 | 1 |79 1
GCV3 6.65 | 0.02 | 0.107 | 32 | 1 | 67 1
GCV4 6.70 | 0.02 | 0.111 | 33 | 1 | 66 1
Ccv 6.33 | 0.09 | 0.145 | 29 | 6 | 65 1
Oracle 8.00 | 0.00 | 0.044 | 100 | O | O 100
100 BIC1 7.53 | 032 | 0.068 | 67 | 17 | 16 11
BIC2 735|003 | 0038 | 69 | 2 | 29 10
GCV1 4.07 | 0.01 | 0.051 1 1 |98 0
GCV2 6.05 | 0.03 | 0.044 | 25 | 3 | 72 1
GCV3 6.64 | 0.03 | 0.036 | 38 | 2 | 60 2
GCV4 6.73 | 0.03 | 0.035 | 41 | 2 | 57 2
Ccv 6.05 (019 | 0044 | 15 | 11 | 74 1
Oracle 8.00 | 0.00 | 0.017 | 100 | O | O 100
200 BIC1 7871012 | 0.022 | 84 | 6 | 10 19
BIC2 7.8110.00 | 0022 | 8 | 0 | 13| 21
GCV1 4.28 | 0.00 | 0.025 3 0|97 0
GCV2 6.24 | 0.00 | 0.023 | 30 | O | 70 9
GCV3 6.96 | 0.00 | 0.022 | 48 | O | 52 10
GCV4 7.02 | 0.00 | 0.022 | 50 | O | 50 11
CV 5.63 1003|0023 | 19 | 2 | 79 3
Oracle 8.00 | 0.00 | 0.013 | 100 | O | O 100
300 BIC1 790 | 004 | 0.008 | 92 | 2 | 6 29
BIC2 7.86 | 0.00 | 0.008 | 91 | O | 9 29
GCV1 4.27 | 0.00 | 0.013 ) 019 1
GCV2 6.82 | 0.00 | 0.011 | 40 | O | 60 14
GCV3 7.39 1 0.00 | 0.010 | 65 | O | 35 22
GCV4 7.38 1 0.00 | 0.009 | 62 | O | 38| 22
CV 5.61 {000 | 0013 | 16 | 0 | &4 8
Oracle 8.00 | 0.00 | 0.006 | 100 | O | O 100
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Table B.24: Fixed effect selection and estimation results for Setting 2 and Case 3
when applying the ALasso2
m \Criterionp\ CZ \ 17 \MME\ C \ U \ O \Both

o0 BIC1 7.65 | 1.31 | 1.000 | 21 | 70 | 9 1
BIC2 7271010 | 0.102 | 55 | 7 | 38 4
GCV1 4.37 | 0.03 | 0.126 3 219 1
GCV2 594 1003|0140 | 24 | 2 | 74 1
GCV3 6.70 | 0.04 | 0.110 | 37 | 3 | 60 2
GCV4 6.75 | 0.06 | 0.105 | 37 | 4 | 59 2
Ccv 6.96 | 0.18 | 0.191 | 35 | 12 | 53 2
Oracle 8.00 | 0.00 | 0.044 | 100 | O | O 100
100 BIC1 7.55 | 038 | 0.056 | 66 | 22 | 12 11
BIC2 7451 0.09 | 0.031 | 71 | 7 | 22 11
GCV1 4.36 | 0.04 | 0.051 2 3195 0
GCV2 6.14 | 0.05 | 0.045 | 21 | 3 | 76 1
GCV3 6.76 | 0.08 | 0.037 | 38 | 6 | 56 3
GCV4 6.84 | 0.08 | 0.036 | 40 | 6 | 54 3
Ccv 6.97 | 0.21 | 0.078 | 40 | 12 | 48 )
Oracle 8.00 | 0.00 | 0.017 | 100 | O | O 100
200 BIC1 7891012 | 0.017 | 86 | 6 | 8 19
BIC2 7.80 | 0.00 | 0.017 | 8 | O | 15 20
GCV1 4.20 | 0.00 | 0.025 2 0 |98 0
GCV2 6.42 | 0.00 | 0.022 | 29 | O | 71 9
GCV3 7.06 | 0.00 | 0.023 | 48 | O | 52 11
GCV4 7.10 | 0.00 | 0.021 | 48 | O | 52 11
CV 6.67 | 0.04 | 0.036 | 39 | 3 | 58 5
Oracle 8.00 | 0.00 | 0.013 | 100 | O | O 100
300 BIC1 7.98 | 0.04 | 0.007 | 96 | 2 | 2 32
BIC2 7.96 | 0.00 | 0.007 | 96 | O | 4 31
GCV1 4.21 | 0.00 | 0.014 3 0|97 0
GCV2 6.67 | 0.00 | 0.011 | 39 | 0 | 61 16
GCV3 7.31{0.00 | 0.011 | 60 | O | 40| 21
GCV4 7.35(0.00 | 0.009 | 61 | O | 39| 21
CV 6.88 001 | 0024 | 53 | 1 |46 | 20
Oracle 8.00 | 0.00 | 0.006 | 100 | O | O 100
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Table B.25: Fixed effect selection and estimation results for Setting 2 and Case 4
when applying the Lasso

m \ Criterionp \ CZ \ 1Z \ MME \ C \ U \ O \ Both
50 BIC1 7.53 | 0.54 | 0.299 | 45 | 32 | 23 5
BIC2 6.76 | 0.09 | 0.193 | 37 7 | 56 7

GCV1 3.01 | 0.02 | 0.133 0 1 99 0

GCV2 4.33 | 0.02 | 0.160 4 1 95 2

GCV3 5.44 | 0.06 | 0.158 9 4 87 2

GCV4 5.63 | 0.06 | 0.158 | 11 4 85 2

CcvV 4.15 | 0.07 | 0.161 6 4 90 1

Oracle 8.00 | 0.00 | 0.041 | 100 | © 0 100

100 BIC1 7.33 | 0.08 | 0.106 | 55 5 40 18
BIC2 6.85 | 0.02 | 0.097 | 40 2 58 12

GCV1 3.27 | 0.00 | 0.060 0 0 | 100 0

GCV2 4.78 | 0.00 | 0.066 6 0 94 2

GCV3 5.72 | 0.01 | 0.065 | 11 1 88 4

GCV4 5.86 | 0.01 | 0.067 | 12 1 87 4

Ccv 4.46 | 0.03 | 0.072 9 2 89 3

Oracle 8.00 | 0.00 | 0.023 | 100 | O 0 100

200 BIC1 7.40 | 0.00 | 0.062 | 62 0 38 23
BIC2 7.17 | 0.00 | 0.056 | 50 0 50 20

GCV1 3.18 | 0.00 | 0.030 0 0 | 100 0

GCV2 4.92 | 0.00 | 0.037 9 0 91 5

GCV3 5.76 | 0.00 | 0.041 | 12 0 88 5

GCV4 5.93 | 0.00 | 0.041 | 13 0 87 6

Ccv 4.38 | 0.00 | 0.040 7 0 93 2

Oracle 8.00 | 0.00 | 0.013 | 100 | O 0 100

300 BIC1 7.54 | 0.00 | 0.037 | 66 0 34 33
BIC2 7.43 | 0.00 | 0.036 | 59 0 | 41 29

GCV1 3.27 | 0.00 | 0.021 0 0 | 100 0

GCV2 5.05 | 0.00 | 0.024 | 11 0 89 5

GCV3 592 1 0.00 | 0.022 | 14 | O 86 5

GCV4 6.06 | 0.00 | 0.022 | 16 0 84 5

CcvV 4.47 | 0.00 | 0.025 7 0 93 5

Oracle 8.00 | 0.00 | 0.008 | 100 | O 0 100
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Table B.26: Fixed effect selection and estimation results for Setting 2 and Case 4
when applying the ALassol

m \ Criteriong \ CZ \ 17 \ MME \ C \ U \ O \ Both
50 BIC1 772 1 037 | 0.129 | 64 | 22 | 14 7
BIC2 7.36 | 0.03 | 0.098 | 60 3 |37 7
GCV1 3.89 | 0.00 | 0.128 3 0 | 97 0
GCV2 5.84 | 0.00 | 0.119 | 18 0 | 82 4
GCV3 6.62 | 0.00 | 0.101 | 35 0 | 65 5
GCV4 6.72 | 0.00 | 0.096 | 37 | O | 63 5
Ccv 6.00 | 0.06 | 0.135 | 27 | 5 | 68 3
Oracle 8.00 | 0.00 | 0.041 | 100 | © 0 100
100 BIC1 7.93 | 0.07 | 0.033 | 90 | 4 6 25
BIC2 7.77 | 0.01 | 0.033 | 83 1|16 23
GCV1 4.26 | 0.00 | 0.057 3 0 | 97 1
GCV2 6.24 | 0.00 | 0.047 | 31 0 | 69 11
GCV3 6.90 | 0.00 | 0.037 | 46 | O | 54 16
GCV4 6.91 | 0.00 | 0.037 | 45 0 | 55 15
(A 6.23 | 0.02 | 0.047 | 31 2 | 67 10
Oracle 8.00 | 0.00 | 0.023 | 100 | O 0 100
200 BIC1 7.90 | 0.01 | 0.018 | 94 1 5 36
BIC2 7.84 | 0.00 | 0.020 | 89 | O | 11 34
GCV1 4.09 | 0.00 | 0.031 4 0 | 96 2
GCV2 6.33 | 0.00 | 0.023 | 27 | O | 73 9
GCV3 7.20 | 0.00 | 0.020 | 56 0 | 44 16
GCV4 7.19 | 0.00 | 0.020 | 55 0 | 45 16
CvV 5.84 | 0.01 | 0.023 | 20 1179 6
Oracle 8.00 | 0.00 | 0.013 | 100 | O 0 100
300 BIC1 7.93 | 0.00 | 0.012 | 93 0 7 47
BIC2 7.92 | 0.00 | 0.012 | 92 0 8 47
GCV1 4.01 | 0.00 | 0.020 1 0 |99 1
GCV2 6.58 | 0.00 | 0.018 | 34 | O | 66 20
GCV3 7.16 | 0.00 | 0.014 | 55 0 | 45 30
GCV4 7.19 | 0.00 | 0.014 | 54 | O | 46 29
CvV 5.71 | 0.00 | 0.017 | 21 01|79 10
Oracle 8.00 | 0.00 | 0.008 | 100 | O 0 100
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Table B.27: Fixed effect selection and estimation results for Setting 2 and Case 4
when applying the ALasso2

m \ Criteriong \ CZ \ 17 \ MME \ C \ U \ O \ Both
50 BIC1 7.86 | 0.42 | 0.100 | 70 | 25| 5 8
BIC2 7.38 | 0.08 | 0.094 | 60 5 135 9

GCV1 4.14 | 0.02 | 0.128 2 1|97 0

GCV2 5.88 | 0.03 | 0.117 | 16 2 | 82 5

GCV3 6.80 | 0.03 | 0.094 | 36 2 | 62 8

GCV4 6.83 | 0.03 | 0.094 | 36 2 | 62 8

Ccv 6.89 | 0.13 | 0.184 | 42 | 10 | 48 6

Oracle 8.00 | 0.00 | 0.041 | 100 | © 0 100

100 BIC1 7.86 | 0.06 | 0.030 | 88 3 9 25
BIC2 7.74 | 0.01 | 0.031 | 82 1 |17 24

GCV1 4.18 | 0.00 | 0.056 2 0 | 98 1

GCV2 6.26 | 0.00 | 0.050 | 25 0|75 8

GCV3 6.94 | 0.00 | 0.038 | 47 | O | 53 17

GCV4 7.04 | 0.00 | 0.036 | 51 0 |49 18

(A 6.96 | 0.04 | 0.067 | 50 3 | 47 10

Oracle 8.00 | 0.00 | 0.023 | 100 | O 0 100

200 BIC1 7.93 | 0.00 | 0.017 | 98 0 2 37
BIC2 7.90 | 0.00 | 0.018 | 95 0 5 35

GCV1 3.91 | 0.00 | 0.028 1 0 |99 0

GCV2 6.37 | 0.00 | 0.022 | 33 | 0 | 67 12

GCV3 7.17 | 0.00 | 0.022 | 53 0 | 47 18

GCV4 7.26 | 0.00 | 0.019 | 53 0 | 47 18

CvV 6.85 | 0.01 | 0.032 | 49 1 |50 16

Oracle 8.00 | 0.00 | 0.013 | 100 | O 0 100

300 BIC1 7.95 | 0.00 | 0.011 | 95 0 5 47
BIC2 7.94 | 0.00 | 0.011 | 94 | O 6 47

GCV1 4.19 | 0.00 | 0.020 1 0 |99 1

GCV2 6.61 | 0.00 | 0.018 | 38 | O | 62 21

GCV3 7.09 | 0.00 | 0.016 | 54 | O | 46 30

GCV4 7.22 | 0.00 | 0.015 | 55 0 | 45 30

CvV 6.66 | 0.05 | 0.025 | 39 5 | 56 19

Oracle 8.00 | 0.00 | 0.008 | 100 | O 0 100
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Table B.28: Fixed effect selection and estimation results for Setting 2 and Case 5
when applying the Lasso

m \ Criterionp \ CZ \ 1Z \ MME \ C \ U \ O \ Both
50 BIC1 7.04 | 0.28 | 0.109 | 59 | 14 | 27 8
BIC2 6.42 | 0.00 | 0.073 | 45 0 55 9

GCV1 2.79 | 0.00 | 0.072 0 0 | 100 0

GCV2 4.56 | 0.00 | 0.072 | 12 0 88 1

GCV3 5.54 | 0.00 | 0.066 | 23 0 77 3

GCV4 5.61 | 0.00 | 0.066 | 23 0 77 3

CcvV 4.72 | 0.00 | 0.070 | 12 0 88 0

Oracle 8.00 | 0.00 | 0.014 | 100 | © 0 100

100 BIC1 7.49 | 0.02 | 0.040 | 86 1 13 20
BIC2 6.95 | 0.00 | 0.027 | 61 0 39 14

GCV1 3.07 | 0.00 | 0.025 0 0 | 100 0

GCV2 5.38 | 0.00 | 0.028 | 24 | O 76 4

GCV3 6.02 | 0.00 | 0.025 | 29 0 71 7

GCV4 6.20 | 0.00 | 0.025 | 32 0 68 8

Ccv 4.94 | 0.01 | 0.030 | 16 1 83 2

Oracle 8.00 | 0.00 | 0.006 | 100 | O 0 100

200 BIC1 7.67 | 0.02 | 0.013 | 84 1 15 28
BIC2 7.52 | 0.00 | 0.012 | 70 0 30 24

GCV1 3.40 | 0.00 | 0.010 0 0 | 100 0

GCV2 5.56 | 0.00 | 0.011 | 18 0 82 5

GCV3 6.38 | 0.00 | 0.010 | 31 0 | 69 11

GCV4 6.48 | 0.00 | 0.010 | 33 0 | 67 11

Ccv 5.33 | 0.00 | 0.012 | 19 0 81 4

Oracle 8.00 | 0.00 | 0.003 | 100 | O 0 100

300 BIC1 7.75 | 0.02 | 0.007 | 83 1 16 39
BIC2 7.67 | 0.00 | 0.007 | 78 0 22 37

GCV1 3.38 | 0.00 | 0.006 0 0 | 100 0

GCV2 5.53 | 0.00 | 0.007 | 14 0 86 7

GCV3 6.32 | 0.00 | 0.006 | 24 | O 76 9

GCV4 6.50 | 0.00 | 0.006 | 27 | O 73 11

Ccv 5.52 | 0.00 | 0.007 | 18 0 82 5

Oracle 8.00 | 0.00 | 0.002 | 100 | O 0 100
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Table B.29: Fixed effect selection and estimation results for Setting 2 and Case 5
when applying the ALassol

m \ Criterionp \ CZ \ 1Z \ MME \ C \ U \ O \ Both
50 BIC1 7.22 |1 0.28 | 0.030 | 67 | 14 | 19 10
BIC2 6.72 | 0.00 | 0.029 | 62 0 38 11

GCV1 3.51 | 0.00 | 0.076 5 0 95 0

GCV2 5.35 | 0.00 | 0.060 | 26 0 74 7

GCV3 6.12 | 0.00 | 0.046 | 42 0 58 7

GCV4 6.16 | 0.00 | 0.043 | 42 0 58 8

Ccv 5.60 | 0.00 | 0.054 | 19 0 81 2

Oracle 8.00 | 0.00 | 0.014 | 100 | © 0 100

100 BIC1 7.53 | 0.02 | 0.012 | 87 1 12 20
BIC2 7.40 | 0.00 | 0.011 | 82 0 18 21

GCV1 3.35 | 0.00 | 0.027 1 0 99 0

GCV2 6.03 | 0.00 | 0.016 | 33 0 | 67 8

GCV3 6.60 | 0.00 | 0.015 | 50 0 50 13

GCV4 6.69 | 0.00 | 0.013 | 51 0 | 49 13

Ccv 5.49 | 0.02 | 0.019 | 17 1 82 3

Oracle 8.00 | 0.00 | 0.006 | 100 | O 0 100

200 BIC1 7.78 | 0.02 | 0.004 | 94 1 5 31
BIC2 7.68 | 0.00 | 0.005 | 85 0 15 30

GCV1 3.85 | 0.00 | 0.012 2 0 98 1

GCV2 6.68 | 0.00 | 0.008 | 38 0 | 62 11

GCV3 6.95 | 0.00 | 0.007 | 50 0 50 14

GCV4 6.99 | 0.00 | 0.007 | 50 0 50 15

Ccv 5.60 | 0.00 | 0.009 | 18 0 82 2

Oracle 8.00 | 0.00 | 0.003 | 100 | O 0 100

300 BIC1 7.85 | 0.02 | 0.003 | 94 1 5 44
BIC2 7.79 | 0.00 | 0.003 | 89 0 11 43

GCV1 3.67 | 0.00 | 0.007 0 0 | 100 0

GCV2 6.57 | 0.00 | 0.005 | 32 0 | 68 13

GCV3 7.08 | 0.00 | 0.004 | 55 0 | 45 25

GCV4 7.17 | 0.00 | 0.004 | 55 0 | 45 25

Ccv 5.78 | 0.00 | 0.005 | 22 0 78 11

Oracle 8.00 | 0.00 | 0.002 | 100 | O 0 100
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Table B.30: Fixed effect selection and estimation results for Setting 2 and Case 5
when applying the ALasso2

m \ Criterionp \ CZ \ 1Z \ MME \ C \ U \ O \ Both
50 BIC1 7.31 | 0.26 | 0.030 | 68 | 13 | 19 10
BIC2 7.04 | 0.00 | 0.031 | 61 0 39 9

GCV1 3.68 | 0.00 | 0.077 2 0 98 0

GCV2 5.64 | 0.00 | 0.057 | 26 0 74 5

GCV3 6.32 | 0.00 | 0.049 | 39 0 61 9

GCV4 6.43 | 0.00 | 0.046 | 40 0 60 9

Ccv 6.86 | 0.02 | 0.091 | 49 2 49 5

Oracle 8.00 | 0.00 | 0.014 | 100 | © 0 100

100 BIC1 7.63 | 0.02 | 0.009 | 90 1 9 21
BIC2 7.58 | 0.00 | 0.009 | 89 0 11 22

GCV1 3.80 | 0.00 | 0.026 1 0 99 0

GCV2 6.26 | 0.00 | 0.018 | 40 0 | 60 9

GCV3 6.77 | 0.00 | 0.014 | 51 0 | 49 12

GCV4 6.78 | 0.00 | 0.014 | 51 0 | 49 11

Ccv 6.55 | 0.04 | 0.041 | 43 3 54 11

Oracle 8.00 | 0.00 | 0.006 | 100 | O 0 100

200 BIC1 7.79 | 0.02 | 0.004 | 94 1 5 31
BIC2 7.78 | 0.00 | 0.005 | 91 0 9 30

GCV1 4.10 | 0.00 | 0.012 0 0 | 100 0

GCV2 6.64 | 0.00 | 0.008 | 40 0 | 60 14

GCV3 7.05 | 0.00 | 0.007 | 54 | O | 46 17

GCV4 7.16 | 0.00 | 0.007 | 56 0| 44 18

Ccv 6.83 | 0.00 | 0.015 | 49 0 51 16

Oracle 8.00 | 0.00 | 0.003 | 100 | O 0 100

300 BIC1 7.91 | 0.02 | 0.003 | 96 1 3 43
BIC2 7.87 | 0.00 | 0.003 | 95 0 5 43

GCV1 4.03 | 0.00 | 0.007 0 0 | 100 0

GCV2 6.58 | 0.00 | 0.006 | 37 | 0 | 63 18

GCV3 7.10 | 0.00 | 0.004 | 54 | O | 46 25

GCV4 7.13 | 0.00 | 0.004 | 54 | O | 46 25

Ccv 7.07 | 0.00 | 0.024 | 55 0 | 45 24

Oracle 8.00 | 0.00 | 0.002 | 100 | O 0 100
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