ABSTRACT

TTAN, CHUAN. Density Functional Investigation of the Electronic Structures of Some
Transition Metal Magnetic Solids and Statistical Methods on Drug Discovery. (Under
the direction of Dr. Mike Whangbo, Lexin Li, and Wenbin Lu).

We studied the electronic structures of several transition-metal magnetic solids on
the basis of density functional theory (DFT) calculations to account for their physical
properties. Our study is focused on two subjects. One is concerned with the ferro-
electric polarization induced by a spiral-spin order in magnetic solids. A spiral-spin
order arises from spin frustration and removes inversion symmetry, thereby leading
to ferroelectric polarization. The spiral-spin along one crystallographic direction can
be cycloidal as found in MnWOQy or helical as found in MnSbsS,;. We examined the
spin frustration leading to these spiral-spin structures and calculate the ferroelectric
polarizations of these compounds. The second subject is concerned with how the elec-
tron localization in transition metal ions is affected by their chemical environments.
At the current level of DF'T, the electron correlation associated with transition metal
nd states is treated by DFT plus onsite repulsion U (DFT+U) calculations in which
U acts as an empirical parameter. In general, with increasing the spatial extension of
the nd orbital, the associated electron correlation should decrease, thereby decreas-
ing their on-site repulsion U. An apparent exception to this expectation is found in
the magnetic solids RbMn[Fe(CN)g] and SroMOsOg (M = Cu, Ni). We explored the
cause for this seemingly puzzling observation.

Statistical modeling on drug discovery data, the first step of a new drug develop-
ment process, is very important from both chemistry and statistics perspectives. From
the chemistry perspective, it is very costly and almost impossible to select new drug

candidates via huge amount of experiments, even with the help of new techniques in



high throughput screening and combinatorial chemistry. From the statistics perspec-
tive, drug discovery data modeling has been challenging because it is difficult to build
regression model giving the three features of the data, i.e., high dimensional, imbal-
ance, and mixture regression. In this dissertation, we focus on statistical modeling
of drug discovery data. Corresponding to the challenges of modeling drug discovery
data, we propose two methods, i.e., the sufficient dimension reduction (SDR) based
clustering and the weighted boosting based classification, to model drug discovery
data. SDR reduces the dimension of the descriptor set without loss of regression
information. The reduced space is constructed by the information that differentiates
the different clusters as well as the underlying regression structure of each cluster.
Ranking along the dimension reduction direction is proposed to cluster drug discovery
data and found to have the best performance in our simulation studies in terms of
mean within group error rate. Classical clustering methods are applied in both the re-
duced space and the original space finding that the SDR based clustering has smaller
error rate than clustering in the original space. Two weighted boosting algorithms
are proposed, and one of them is implemented for unbalanced data classification.
Both the classification rules are proved satisfying Bayes rule, however, only one has
closed-form solutions. These classification results are compared to a benchmark ex-
isting method, Adaboost, in both simulated data and real data, and we find that
the weighted boosting based classification has smaller mean-within-group error rate.
This research work provides a theoretical improvement and sheds a light on future

research directions in statistical modeling on drug discovery data.
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Part 1

Density Functional Investigation of
Spin-Orbit Coupling Effects on the
Magnetic Properties of Some

Transition-Metal Magnetic Oxides



Chapter 1

Introduction

In this Chapter we briefly review some of the fundamental concepts that are needed in
understanding the electronic structures of magnetic insulators. In our study the electronic
structures of the magnetic solids studied in our work are generated by density functional
theory (DFT). Thus, we also briefly describe the essential aspects of DFT as well as the

computational methods employed in our work.

1.1. Spin exchange interactions

The energies of a magnetic solid are generally described by using a spin

Hamiltonian H

spin !

Hspin = _Z ‘]ijSi 'Sjv (1)

i<j

which is defined as a sum of spin exchange interactions between adjacent spin sites i and j,

A

-J;S;-S;, where S; and S; are the spin operators at the sites i and j, respectively, and Jj; is

the associated spin exchange parameter. With the sign convention of Eq. 1, Jj is
antiferromagnetic (AFM) when J; < 0, but is ferromagnetic (FM) when J; > 0. This
Hamiltonian expresses excitation energies of a magnetic solid in terms of a set of spin

exchange parametersJ;. The geometrical pattern of these parameters (i.e., the spin lattice)

determines the topology of the excitation energy spectrum. Provided that the spin sites i and j



are represented by the magnetic orbitals ¢; and ¢;, respectively, the sign and magnitude of the

spin exchange parameter J; are determined by the interaction between ¢; and ¢;.

In analyzing experimental results (e.g., magnetic susceptibility, specific heat and spin

wave dispersion) in terms of H (Eq. 1), the spin exchange parameters J; are numerical

spin

fitting parameters needed to reproduce these results. Consequently, the signs and magnitudes

of these “experimental” J; parameters depend on the spin lattice chosen for the spin
Hamiltonian, and two different sets of J; values may provide an equally acceptable fitting [1].

Interesting but irrelevant interpretations for a given magnetic solid often result when the spin
lattice is chosen by merely inspecting the geometrical pattern of the magnetic ion
arrangement or by seeking the novelty of the physics the chosen model generates, as found
for (VO),P,07, [2] NazCu,SbOgs and Na,Cu,TeOs, [3] and BisCusV,014, [4] Azurite
Cu3(C0O3)2(OH),, [5] and Cus(P2060H),. [6] Since the magnetic orbitals of a given magnetic
solid are highly anisotropic in shape, the relative strengths of their spin exchange interactions
do not necessarily produce a pattern that resembles the geometrical pattern of the magnetic
ion arrangement. It is essential to examine the electronic structure of a magnetic solid to

obtain a relevant spin lattice. [1]

1.1. 1. Qualitative aspect
For a spin dimer made up of two equivalent spin sites with one electron per site,
suppose that the two spin sites 1 and 2 are described by the magnetic orbitals ¢; and ¢,,

respectively. The interaction between ¢; and ¢, leads to the molecular levels y; and w; of the



dimer separated by Ae in energy (Fig. 1.1). The allowed spin states of this spin dimer are the
singlet and triplet states with the energy difference between them as AE = Es — Et. This
energy spectrum is reproduced by the spin Hamiltonian,

H,, =-J5,-S,, )

spin
if with J = AE. When the spin sites 1 and 2 are described by the magnetic orbitals ¢1 and ¢,
respectively, then the J parameter is written as [1,7]

Ae)®
J:JF+JAF:2K12_(U—ef)f' (3)

The FM component Jg is proportional to the exchange integral K, which increases with
increasing the overlap density ¢:1¢,. The AFM component Jag is proportional to (Ae)? and is
inversely proportional to the effective on-site repulsion U*. Since Ae is proportional to the

overlap integral (¢, |¢,), the magnitude of Jar increases with increasing (¢, |¢,). Therefore, a
spin exchange becomes AFM when the overlap integral <¢l|¢2> is large and the overlap
density ¢1¢, is small, but becomes FM when the overlap integral (¢,[¢,) is small and the

overlap density ¢14, is large.

In magnetic solids made up of MO, polyhedra, the interaction between spin sites, say,
M1 and M2, takes place through the superexchange M1-O-M2 path or through the super-
superexchange M1-O...0-M2 path. The magnetic orbitals of MO, have the M nd orbitals

combined out-of-phase with the O 2p orbitals. Therefore, the overlap density ¢142 and the

overlap integral <<|>l |<|>2> between the magnetic orbitals ¢; and ¢, are governed primarily by



their O 2p orbitals located on the bridging O atom in the case of the M1-O-M2
superexchange and by those lying on the two O atoms in the case of the M1-O...0-M2
super-superexchange. Namely, the sign and magnitude of a spin exchange interaction
between two spin sites is determined primarily by the tail parts (i.e., the O 2p orbitals) of
their magnetic orbitals lying only in the region between them. [1] This is the reason why a
spin Hamiltonians defined in terms of only pair-wise spin exchange interactions can provide
a good description for the excitation energy spectrum of a given magnetic solid.

It is important to recall that, for magnetic solids consisting of both M-O-M
superexchange and M-O...0-M super-superexchange paths, spin exchange interactions that
occur through super-superexchange paths with short O...O contact distances (i.e., around the
van der Waals distance and shorter) can be much stronger than those through M-O-M paths,
and hence should not be neglected. [1] In particular, for a M1-O...0-M2 super-

superexchange path in which the O...O contact is linked through a d° cation M"™ (e.g., V",

Mo®" and W°®") to form an O...M'...O linkage, the empty d-orbitals of M’ can overlap
effectively with the magnetic orbitals of both M1 and M2 and hence dramatically enhance or
reduce the spin exchange interaction between M1 and M2, [8,9] depending on the symmetry
of the linkage. Even when the O...O contact is linked through an alkaline earth cation A%*
(e.g., Sr**) to form an O...A...O linkage, whether the M1-O...A...O-M2 spin exchange is

FM or AFM can be influenced by the virtual d-orbitals of A%*.[10]



1.1. 2. Quantitative evaluation by energy-mapping

Spin exchange parameters are quantitatively evaluated by performing the energy
mapping analysis based on DFT+U calculations. Suppose one identifies a set of N spin
exchange paths to consider for a given magnetic solid. To evaluate the values of the
associated spin exchange parameters Ji, J,, ..., Jn, the energy-mapping method determines
the electronic energies Egjec Of the N+1 ordered spin states (i.e., broken-symmetry states) (i =
1, 2, ..., N+1) by DFT+U calculations so as to obtain N relative energies AEg. For these
calculations, it is important to make sure that all ordered-spin states are magnetic insulating

states. The total spin exchange energies Egin Of the N+1 ordered spin states can be

determined by using the spin Hamiltonian H (Eqg. 1) defined in terms of Ji, J, ..., In

spin
(namely, Jij = J1 — Jn) so as to determine N relative energies AEspin expressed in terms of N
parameters J; — Jy. In writing the expression of the total spin exchange energy for an ordered
spin state in terms of J; — Jy, we employ the energy expressions for the FM and AFM
arrangements of a general spin dimer whose spin sites i and j possess N; and N; unpaired
spins (hence, spins S; = Ni/2 and S; = N;/2), respectively. [11] Given J;; as the spin exchange
parameter for this spin dimer, the FM and AFM arrangements of this spin dimer lead to the
spin exchange energies

FM arrangement: —NiNJii/4 = =SiSjJ;j

AFM arrangement:  +NiN;J;j/4 = +S;S;J;; 4)
Thus, the total spin exchange energy of an ordered spin arrangement is obtained by summing

up all pair-wise interactions. Then, by mapping the N relative energies AEgec. onto the N



relative energies AEsin, We obtain the values of J; — Jn. In determining N spin exchanges Ji,
J2, ..., In, One may employ more than N+1 ordered spin states, hence obtaining more than N
relative energies AEeiec and AEgpin for the mapping.[1] In this case, the N parameters J; — Jn
can be determined by performing least-squares fitting analysis. In comparing the relative
strengths of spin exchange parameters Jjj involving spin sites with different numbers of

unpaired spins, it is necessary to use the effective spin exchange parameters ijﬁ that

incorporate the values of the associated spins S; and S;, namely,

3T =88,; (5)

The energy-mapping method described above is objective in that, once a set of spin
exchange paths is chosen for a magnetic solid, it does not presume whether the associated
spin exchange parameters should be FM or AFM. This method simply maps the electronic
energy spectrum of DFT+U calculations onto the energy spectrum of the spin Hamiltonian
defined by a set of spin exchange parameters. However, the values of the resulting spin
exchange parameters depend on what set of exchange paths one selects. In identifying the
spin lattice appropriate for a magnetic solid under consideration, therefore, energy-mapping
analysis should be carried out for a set of spin exchange paths large enough to include all
important ones. In particular, for magnetic solids consisting of both M-O-M and M-O...0-M
spin exchange paths, those M-O...O-M paths with short O...O contact distances should not
be omitted in the energy-mapping analysis.

When a set of spin exchange parameters are evaluated by performing DFT+U

calculations as a function of U, it is generally found that the values of AFM spin exchanges



become smaller in magnitude with increasing U.[3c,4a,12] For magnetic systems with well
localized electrons, for which increasing U does not increase the moment on each spin site,
this is expected because the AFM component Jar of a spin exchange decreases in strength
with increasing the effective on-site repulsion U*™, i.e., Jar = —(Ae)?/U*™. Given several sets
of spin exchange parameters calculated for a magnetic solid from DFT+U calculations with
various U values, the relative strengths of the spin exchange parameters are not strongly
affected by U, hence predicting an identical spin lattice for the magnetic system. To check
the proper range of U values, one may calculate the Curie-Weiss temperature 6 in the mean-
field approximation, which is given by [13]

_S(s+1)
0= 3, iziJi, (6)

where the summation runs over all nearest neighbors of a given spin site, z; is the number of

nearest neighbors connected by the spin exchange parameter J;, and S is the spin quantum

number of each spin site.

1.1. 3. Spin frustration

The spin Hamiltonian, Eq. 1, expresses the total energy of a magnetic system as a
sum of pair-wise spin exchange interactions. Each individual term —Jijéi -éj forces the spins
§i and §j to be collinear; the energy-lowering is maximum when the two spins are

antiparallel and parallel if Ji is AFM (J;; < 0) and FM (J;; > 0), respectively. A collinear spin

arrangement is energetically unfavorable for a certain spin lattice composed of several



different spin exchange paths, if the spin lattice generates either triangular or linear spin
frustration. An archetypal example of triangular spin frustration is found for a triangular
lattice made up of nearest-neighbor AFM spin exchange paths (Fig. 1.2a), [14,15] and the
minimum-energy spin configuration for such a triangle is given by a non-collinear
configuration (Fig. 1.2b). An archetypal example of linear spin frustration is found for a 1D

chain in which, for example, the nearest-neighbor exchange J,, is FM while the next-nearest-

neighbor exchange Jyn, is AFM (Fig. 1.3a). [9b,16,17] When | 3| < 4130l [9a, 18] the
1D lattice adopts a non-collinear configuration in which the spins spiral along the chain (Fig.
1.3b). When the classical spin approximation is used to describe the 1D chain defined by Ju,

and Jnnn, the periodicity q of the spiral-spin order is given by

1 J
= —arccos| ——"— |. 7
a 2 { 4] ] ()

T nnn

It should be noted that the non-collinearity dictated by spin frustration deals only with the
relative spin arrangement, and has nothing to say about the preferred spin orientation in space.
For example, the spin-spiral plane in the spin-frustrated chain can be perpendicular to the
chain (helical) or parallel to the chain (cycloidal) as depicted in Fig. 1.3b. What determines
the preferred spin orientation in space is spin-orbit coupling (SOC) [19] and/or magnetic
dipole-dipole (MDD) [20] interaction, which will be discussed in the next section. The
electronic structures of non-collinear magnetic states are described by non-collinear spin-
polarized DFT+U calculations.

For an AFM system with spin frustration, its Curie-Weiss temperature 6 is large in

magnitude compared with its Néel temperature Ty (i.e., the 3D AFM ordering temperature).
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Some extent of spin frustration exists in most AFM systems, so that Ty is typically lower
than |0]. Experimentally, an AFM system with the ratio f = |6|/Ty greater than 6 is often
regarded as spin frustrated.*® For a magnetic system with high degree of spin frustration, its
magnetic ground state is highly degenerate because a large number of different spin
arrangements have the same energy. On lowering the temperature, such a system tends to
lower its energy by undergoing a slight structural distortion and hence reducing the extent of

spin frustration.

1.2. Spin-orbit coupling in magnetic materials

The energy states of a magnetic system are commonly described in terms of crystal
field splitting, spin exchange interaction, and spin-orbit coupling. In general, crystal field
splitting and spin exchange interactions are stronger than SOC interactions. Nevertheless,
SOC plays a crucial role in determining the magnetic properties of compounds with unpaired
spins, which include several important physical properties, such as uniaxial magnetism, spin
orientation in space, and multiferroicity.

The SOC of a magnetic ion is discussed in terms of the Hamiltonian

Heoe =AL-S , (8)

where 2 is the SOC constant of the ion, and L and S are the orbital and spin angular
momentum operators of the magnetic ion, respectively. For a transition-metal ion with lower
than d° electron count, A > 0, so the orbital and spin moments couple antiparallel to each

other to produce the lowest-energy angular momentum state J = —L + S. For a transition-
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metal ion with higher than d° electron count, A < 0, so the orbital and spin moments couple
parallel to each other to produce the lowest-energy angular momentum state J =L + S. For a
high-spin d> metal ion, L = 0, to a first approximation (i.e., in the sense of free transition-

metal ion), so the effect of SOC is expected to be weak.

1.2.1. Multiferroicity

Multiferrioc materials exhibit more than one ferroic properties, (e.g. ferromagnetism,
ferroelectricity, ferroelasticity, antiferromagnetism, and ferrimagnetism), simultaneously [21].
Multiferrocity can be induced by several different mechanisms. The multiferroicity driven by
charge ordering usually occurs in a compound containing ions of mixed valence and with
geometrical or magnetic frustration [22]. As found for LuFe,O, [23], the arrangement of
these ions may form a ferroelectric (FE) structure (i.e., a structure with no inversion
symmetry), hence leading to FE polarization. These ions form a polar arrangement, causing
improper ferroelectricity (i.e. no ionic displacement). With magnetic ions, a magnetic order
can also occur and may be coupled to the ferroelectricity. The multiferrocity driven by
magnetic ordering often occurs when a magnetic system made up of identical magnetic ions
possess geometric spin frustration. Such materials may relieve their spin frustration by
adopting a non-collinear spin arrangement (e.g. spiral spin arrangement), as we discussed in
previous section, which has no inversion symmetry and hence lead to FE polarization. The
magnetic order driven multiferroicity can also occur with collinear spins as found in
CazCoMnOg, when an up-up-down-down (TT{)) spin order occurs in one-dimensional (1D)

chain systems that are made up of two different magnetic ions alternating along the chain
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because the T spin order in such systems removes inversion symmetry. The lone pair
driven multiferrocity is found in certain perovskites ABOs, in which corner sharing BOg
octahedral form a three-dimensional (3D) lattice with every Bg cube containing one A cation
carrying a lone pair (e.g. Pb*, Bi**) . The lone pair formation at the A-site cations leads to
FE distortion in the 3D lattice while the partially filled states of transition metal at the B-site
contribute to a magnetic ordering.

For a 1D chain of identical magnetic ions with spin-spiral order, Katsura, Nagaosa
and Balatsky (KNB) showed that its FE polarization arises from the effect of SOC [24]. In
essence, the SOC induces mixing between the occupied and unoccupied magnetic states
(obtained in the absence of SOC effects), and the electronic structure resulting from this
mixing loses the lattice inversion symmetry even if the ions of the lattice do not move from

their centro-symmetric positions [24].

Given §i and §j as the spin moments at the adjacent spin sites i and j of a 1D chain

of magnetic ions, respectively, and €; as the vector connecting the two spin sites, the FE

polarization P is related toé, §i and §j as [24,25,26]

ij?
I30céij><(§i><§j), (8)
which is known as the KNB model. As illustrated in Fig. 1.4 [25,26], the spins of a 1D chain
might undergo one of the three kinds of spiral spin order, i.e., cycloidal, sinusoidal and
helical. According to the KNB model, only the cycloidal spin order leads to a nonzero FE

polarization.
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1.2.2. Spin orientation in space

In a magnetic solid the magnetic moment of each spin site results from the spin

N

moment interacting with the unquenched orbital moment under the SOC Hamiltonian, Hy, =

A

AL-S. An important consequence of this interaction is that each spin site gets a preferred

orientation in space with respect to the crystal lattice. Typically, the term L-S is written as

(§=038+08,+08 =08+I08 +108,
2 2

This expression does not provide any information concerning how to think about the spin

(9)

orientation in space. This is so because it employed an identical coordinate system (X, y, z)
for both the orbital and spin angular momentum operators.

A more informative expression of L-S is obtained if we use one coordinate system (X,
y, z) for the orbital angular momentum operator and another coordinate system (x', y’, z') for
the spin angular momentum operator. Suppose that the z’-axis of the spin angular momentum

is aligned along the ﬁ(9,¢) direction with respect to the z-axis of the orbital angular
momentum, §; =§Z,, §; :§X,+i§y,, and S’ :éx, —iéy,. Then, the L-S term is written as
[27]

~ arl r© 1" —ig i l" i¢ i

L-S = S, L20056+EL+e sm6+EL_e singd

ar A r -i¢-249 rLig 29

Si|-L,sin6—-L.e"sin E+ L e'”cos 5] (10)

§L[— L, sing+L,e™" coszg— L e sinzgj
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This equation shows how SOC affects the spin direction, and hence provides information
about what spin direction is energetically favored by SOC for a given spin in a magnetic
solid. To determine the easy-axis direction of a magnetic solid on the basis of DFT
calculations, its total energy including SOC interactions should be calculated as a function of
the spin direction [28]. Then, the easy-axis direction is the spin direction with the lowest total
energy. Experimentally, neutron diffraction refinements at a very low temperature provide
information about the magnitudes and orientations of the moments at the spin sites of a

magnetic solid.

1.3. Magnetic insulating versus metallic state

The electronic properties of crystalline magnetic solids are commonly discussed on
the basis of density functional theory (DFT) electronic band structure calculations. There are
several different ways of doing DFT calculations for crystalline solids, namely, the non-spin-
polarized DFT, the spin-polarized DFT, and the spin-polarized DFT+U, where U refers to the
on-site repulsion on magnetic ions. In the non-spin-polarized DFT method, each energy level
of a given band accommodates two electrons (i.e., up-spin and down-spin electrons) so that a
given band consists of up-spin and down-spin subbands degenerate in energy (Fig. 1.5a).
Consequently, any solid with partially filled bands has no energy gap between the highest-
occupied and the lowest-unoccupied band levels, and is therefore predicted to be a non-
magnetic metal. However, a solid with partially-filled bands can be a magnetic insulator,
[29,30] in which up-spin and down-spin subbands differ in energy such that an energy gap

(i.e., a band gap) occurs between the highest-occupied and the lowest-unoccupied subbands
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(Fig. 1.5b). It should be recalled that the presence of partially-filled bands is only a necessary
condition for a system to become either a metal or a magnetic insulator. The failure of the
non-spin-polarized DFT method in describing magnetic insulators is partly remedied by
employing the spin-polarized DFT method, which allows up-spin and down-spin subbands to
have different spatial orbitals and hence differ in energy. For most magnetic insulators,
however, this splitting of up-spin and down-spin subbands given by the spin-polarized DFT
method is not large enough to produce a band gap. Currently, this deficiency of the spin-
polarized DFT method is empirically corrected by using the spin-polarized DFT+U method,
[31] which adds on-site repulsion U on the magnetic transition-metal atoms to enhance the
spin polarization of their nd orbitals (see below, Fig. 1.6).

At the current level of DFT, it is unfortunately impossible to predict whether a solid
with partially-filled bands will be a metal or a magnetic insulator. Nevertheless, once such a
solid is experimentally known to be a magnetic insulator, it is always possible to generate its
magnetic insulating states in terms of spin-polarized DFT+U calculations by gradually
increasing the value of U. For most cases, this empirical approach is successful. However, it
is an unsettled question when to stop increasing the U value. In short, the spin-polarized
DFT+U method, currently employed to describe magnetic insulating states, is empirical
because U is an empirical parameter. In describing a magnetic insulator by this method,
therefore, it is important to first establish a range of U values producing a band gap and then
explore their chemistry and physics on the basis of consistent trends resulting from such U

parameters.
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1.4. Charge transfer in magnetic materials

Charge transfer (CT) between different atomic sites in a given system can be induced
by photo-excitation, temperature change or pressure change. Pressure-induced CT occurs
when spin and charge states are strongly correlated with the lattice, as found in (n-
CsH11)aN[Fe'"Fe'"'(dto)s] [32]. Photo-induced CT, which constitutes the scientific basis of
photography, electro-photography and many biological processes, has been widely
investigated [33]. Temperature-induced CT may induce spin-crossover or intermolecular

electron transfer [34,35,36].

1.5 Computational Method

Physical properties of discrete molecules and extended solids can be explained in
terms of their electronic structures determined from density functional theory (DFT)
calculations. In this section, we briefly review the essence of DFT and the computational

methods used in our calculations.

1.5.1 Introduction to Density Functional Theory
In quantum mechanics, the electronic structure of a system is obtained by solving the

Schrédinger equation,

H\P(r,ﬁ): E\P(F,ﬁ), (11)

where ‘P(F,ﬁ) is the wave function of the system and H is the Hamiltonian
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(12)

In the above expression, r and R are the electron and nuclear coordinates, respectively, and M
and m. refer to the nuclear and electron masses, respectively. In Eqg. 12, the first term is the
kinetic energy of the electrons, the second term the electron-electron repulsion, the third term
the kinetic energy of the nuclei, the fourth term the repulsion between nuclei, and the last
term the attraction between the electrons and the nuclei.

According to the Born-Oppenheimer approximation, the Hamiltonian is simplified as

o, 1 e’
H(r’R):_ZTmV"+§Z\n . Z‘r R‘ (13)

which contains electronic kinetic energy, electron-electron repulsion and electron-nucleus
attraction. In the DFT [37], the Hamiltonian of a system at external potential Ve can be

written as

Z v2+v 12 ¢ (21)

25 r—rj‘

and the associated energy Ey at the ground-state electron density oy is

E,=E [po]:f[po]"'v_m[/?o]"'v_ee[po]
_J.po dr+T[p0]+V :00 Ipo )dl’—H:[po],

where E, emphasizes the dependence of E, on the external potential v(r), T V_andV

are the electronic-kinetic energy, electron-nuclear attractions, and electron-electron

repulsions, respectively. F[po] is an unknown functional independent of the external
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potential. Thus, if we know the ground-state electron density p, , it is possible in principle to

calculate all the ground-state molecular properties without having to find the wave function.

However, no practical solution is provided to calculate E, from p,, nor does it provide a way
to find p, without first finding the wave function.

The Kohn-Sham theory [38] proposes to use the energy expression of the kinetic
energy and the electron-electron repulsion of the noninteracting system, and put the energy

difference between the interacting and the noninteracting system together, as the exchange-
correlation energy functional, E, [ p,]=AT[p,]+AV..[p,], to solve. Thus the many-body

exchange correlation interactions are all included in the exchange correlation term, and the
accuracy of the DFT result depends on the exchange correlation energy.

The two commonly used approximations for the exchange correlation integral are the
local spin density approximation (LSDA) [39] and the generalized gradient approximation
(GGA) [39]. LSDA is widely used when the exchange correlation interaction is a local effect,
such as in solid state where the exchange interaction is a short-range interaction. The LSDA
can also be used when the electron density varies extremely slowly in space. The LSDA uses
the local exchange correlation interaction in homogenous electron gas to replace the
interaction in non homogenous electron gas. However, when the electron density varies
gradually, such as electron density between two atoms reduces to 0 with the distance
increasing, the LSDA is not a good approximation. The GGA is used in situations where the

electron density varies with position globally. The exchange correlation integral in the GGA

is a function of the electron density p(r)and the density gradient‘Vp(r)‘. The GGA
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improves the estimation of the exchange correlation in atoms and molecules. The exchange

correlation integral of the LSDA and GGA are given as follows.
Ex 10", p 1= [0 (7 (7). 27 (F)) o(F)dF (30)

ES[p”, p”1 :_[ f (p“ (F),pﬂ (F),Vp“ (F),Vpﬂ (F))dF (31)

1.5.2. Computational Method

In this dissertation, we employ the DFT encoded in the Vienna Ab-initio Simulation
Package (VASP) [40] in electronic band structure calculations for magnetic solids. For the
exchange-correlation functional, we employ either the LSDA or the GGA. [39] For magnetic
solids containing typically 3d transition metals, DFT calculations with LSDA or GGA
invariably predict metallic electronic structures (i.e., electronic structure with partially filled
bands) even if spin-polarized DFT calculations are performed as we discussed in 1.3. To
remove this deficiency of DFT calculations, one typically employs the DFT plus on-site
repulsion U (i.e., DFT+U) method [41], in which U of certain value is added to the transition
metal atoms to ensure a large split between their up-spin and down-spin states so that the
resulting electronic structure has a band gap. It is noted that DFT+U calculations are
empirical because U is an empirical parameter. In our report, DFT + U calculations with
LSDA and GGA are referred to as LSDA+U and GGA+U calculations, respectively. In
addition, when these calculations include SOC effects [42], they are referred to as

LSDA+U+SOC and GGA+U+SOC calculations, respectively. The values of ferroelectric
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polarizations in this article were calculated by using the Berry phase method [43,44] encoded

in the VASP.

1.6. Dissertation outline

In the following we present results of our research concerning the structure-property
relationships in the magnetic systems MnWQO,, MnSb,S,;, Sr;MOsOs (M = Cu, Ni) and
RbMn[Fe(CN)g], which we explore on the basis of first principles DFT calculations. These
studies were all published in the literature. Our studies on the mutiferroic compounds
MnWOQO, and MnSh,S, are presented in Chapters 2 and 3, respectively. Our investigations on
the magnetic systems Sr,MOsOg (M = Cu, Ni) and RbMn[Fe(CN)¢] are described in

Chapters 4 and 5, respectively.
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Figure 1.1. Orbital interaction between two spin sites described by the magnetic orbitals ¢;

and ¢, leading to the dimer levels y; and , separated by the energy gap Ae.
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Figure 1.2. Triangular spin frustration and non-collinear spin arrangement in a triangle of

spin sites described by the nearest-neighbor AFM spin exchange J (< 0): (a) Spin frustration
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that occurs when the spins are collinear. (b) Compromised non-collinear spin arrangement

that minimizes the total spin exchange interactions.

Jnn
>
(a) ® ® '3 ®
'lnnn

(b)

Figure 1.3. (a) Linear spin frustration in a 1D chain of spin sites described by the nearest-
neighbor and next-nearest-neighbor spin exchange (Jnn and Jnnn, respectively). A typical
case occurs when Jnn > 0) and Jnnn < 0. (b) Spiral spin arrangement that minimizes the total

spin exchange interactions.
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Figure 1.4 Schematic illustration of three types of spin-spiral magnetic structures in a 1D

chain of magnetic ions: (a) cycloidal, (b) sinusoidal, and (c) screw (or helical).
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Figure 1.5. Two electronic states that a system with a half-filled band can have: (a) Non-

magnetic metallic state, in which both the up-spin and down-spin states are half-filled. (b)
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Magnetic insulating state, in which the up-spin band is completely filled, but the down-spin

band, separated from the up-spin band by a band gap, is empty.

¢T — ¥ —¢T $T— ¥ — ¢l
t 1 td

*— *—e

(a) FM (b) AFM
Figure 1.6. Split patterns of the up-spin and down-spin levels (¢T and ¢, respectively) for
the two extreme cases of spin arrangements for a 1D chain with one orbital per site: (a) FM
state in which all sites have up-spins. (b) AFM state in which up-spin and down-spin sites

alternate. Only two adjacent spin sites of the chain are shown for simplicity.
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Abstract

The ordered magnetic states of MnWO, at low temperatures were examined by
evaluating the spin exchange interactions between the Mn®* ions of MnWO, on the basis of
first principles density functional calculations and by performing classical spin analysis with
the resulting spin exchange parameters. Our work shows that the spin exchange interactions
are frustrated within each zigzag chain of Mn** ions along the c-direction and between such
chains of Mn®" ions along the a-direction. This explains the occurrence of a spiral-spin order
along the c- and a-directions in the incommensurate magnetic state AF2, and that of a TTI4
spin order along the c- and a-directions in the commensurate magnetic state AF1. The
ferroelectric polarization of MnWO, in the spiral-spin state AF2 was examined by
performing Berry phase calculations for a model superstructure to find that the ferroelectric

polarization occurs along the b-direction, in agreement with experiment.
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I. Introduction

Manganese tungstate MnWO, is made up of MnOs octahedra with high-spin Mn**
(d°) ions and WOg octahedra with diamagnetic W®* (d°) ions [1-3]. The MnOs octahedra
share their cis edges to form zigzag MnO, chains along the c-direction (Fig. 2.1a). Similarly,
the WOg octahedra share their cis edges to form zigzag WO, chains along the c-direction
(Fig. 2.1b). These MnO,4 and WQ, chains share their octahedral corners to form the three-
dimensional structure of MnWO, (Fig. 2.1c). As a result, layers of Mn?* ions parallel to the
bc-plane (hereafter, the //bc-layers of Mn?* ions) alternate with layers of W®* ions parallel to
the bc-plane along the a-direction. The neutron diffraction study by Lautenschléger et al. [3]
established that MnWO, undergoes three magnetic phase transitions below 14 K, namely, the
paramagnetic to the AF3 state at Ty (13.5 K), the AF3 to the AF2 state at T, (12.3 K), and
the AF2 to the AF1 state at T; (8.0 K). The magnetic structures of the AF3 and AF2 states
are incommensurate with the propagation vector (-0.214, 0.5, 0.457), while that of the AF1
state is commensurate with the propagation vector (-0.25, 0.5, 0.5). Ehrenberg et al. [4]
analyzed the spin wave dispersion curves of the magnetic state AF1 of MnWO,, determined
from inelastic neutron scattering measurements [4], in terms of nine spin exchange
parameters (Fig. 2.2, Table 2.1); the exchanges J; and J, in the zigzag chains of Mn?* ions
along the c-direction (hereafter, the //c-chains of Mn?* ions), the exchanges J; and J; between
adjacent //c-chains of Mn?* ions in each //bc-layer of Mn®* ions, and the exchanges Js — J
between adjacent //bc-layers of Mn®* ions along the a-direction. So far, it has not been tested
whether the values of J; — Jg extracted by Ehrenberg et al. [4] are consistent with other

magnetic properties and the electronic structure of MNWO,.
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Recently, MnWO, has received much attention due to the finding that it exhibits
ferroelectric (FE) polarization in the AF2 state [5-7], because this state has a spiral-spin order
[6,7] and hence has no inversion symmetry [8-10]. It was found that the spin spiral of the
AF2 state propagates along the //c-chain direction as well as along the interlayer direction
(i.e., the a-direction) [7]. This implies that MnWO, has spin frustration in the exchange
interactions within each //c-chain and between the //c-chains along the a-direction, because
noncollinear spin arrangements occur generally to reduce the extent of geometric spin
frustration [11-15]. Indeed, MnWO, has been known to be a moderately spin frustrated
system with the frustration parameter is f = —6/Ty = 5, where the Curie-Weiss temperature 0
is approximately —75 K and the Néel temperature Ty is 13.5 K [5,16]. In the spin exchange
values of Ehrenberg et al. (Table 2.1) [4], the nearest-neighbor intrachain exchange J; is
antiferromagnetic (AFM) while the next-nearest-neighbor intrachain exchange J, is
ferromagnetic (FM). The latter means that the spin exchanges within each //c-chain are not
spin-frustrated, which is inconsistent with the occurrence of spiral-spin within each //c-chain
[7]. The incommensurate (AF2 and AF3) and the commensurate (AF1) states have a common
feature in their propagation vectors, i.e., the magnetic order along the b-direction is AFM.
The reason for this commensurate component is unclear, although one might speculate if it is
a consequence of spin exchange interactions other than J; and J4 because the latter two are
quite weak according to Ehrenberg et al. [4]. One drawback of spin exchange parameters
deduced from experiment is that the physical data of a given magnetic system (e.g., magnetic
susceptibility, inelastic neutron scattering and heat capacity data) are often fitted equally well

by more than one set of exchange parameters, as found, for example, for (VO),P,0O7 [17,18],
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NazCu,SbOg and Na,Cu,TeOg [19-23], and BisCusV,014 [24-27]. Ultimately, the correct set
of exchange parameters should be consistent with the electronic structure of a magnetic
system under consideration because it is the electronic structure that determines the magnetic
energy spectrum [28-31]. In view of the fact that the magnetoelectric properties of MNWQO,
have attracted much attention in recent years, it is important to investigate the spin exchange
interactions and the FE polarization of MnWO, in terms of electronic structure calculations.
In the present work, we examine the magnetic and FE properties of MnWO, on the
basis of first principles density functional theory (DFT) electronic structure calculations. We
first evaluate the nine spin exchange parameters of MnWO, by carrying out mapping
analysis based on DFT calculations [29]. Then, we perform classical spin analysis [30] with
the resulting spin exchange parameters to probe the incommensurate magnetic structure of
MnWOQO,. Finally, we evaluate the FE polarization of MnWQ, by using the Berry phase

method [32,33].

I1. Computational details
Our calculations employed the Vienna ab-initio simulation package [34-36], the
generalized gradient approximations (GGA) for the exchange and correlation corrections [37],
the plane-wave cutoff energy of 400 eV, 196 k-points for the irreducible Brillouin zone, and
the threshold of 10° eV for the self-consistent-field convergence of the total electronic
energy. To properly describe the electron correlation of the Mn 3d states, the GGA plus on-
site repulsion U (GGA+U) method [38] was employed with an effective U = 4 and 6 eV on

the Mn atom. The nine spin exchange parameters were evaluated by performing GGA+U
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calculations for a number of ordered spin states of MnWQ, (see below). On the basis of the
resulting spin exchange parameters, we examined the magnetic structure of MnWO, by
performing classical spin analysis as described elsewhere [30]. For the ferroelectricity driven
by a magnetic order, it is essential to take into consideration spin-orbit coupling (SOC)
effects in electronic structure calculations [13-15]. Thus, to estimate the FE polarization of
MnWOQ, in the AF2 state, we performed GGA+U+SOC calculations for a model spiral-spin
state of MNWO, (see below), which is designed to simulate the AF2 state of MNnWQ,. Then,

the FE polarization was calculated by using the Berry phase method [32,33].

I11. Spin exchange parameters

In the magnetic state AF1 the TT{ spin order occurs along the c- and the a-
directions, and the T4 T\ spin arrangement along the b-direction. In addition, the phase of the
™I arrangement along the a-direction is shifted such that four different TT{
arrangements occur (i.e., TV T, LU, LT, TM). Consequently, the propagation vector
of the AF1 state becomes (-0.25, 0.5, 0.5). In general, the TT4{ arrangement along a certain
direction occurs when there is geometric spin frustration, as found for the CuO, ribbon
chains of LiCuVO, and LiCu,0; [13]. The propagation vector of the incommensurate states
AF2 and AF3, (-0.214, 0.5, 0.457), is slightly different from that of the AF1 state. To gain
insight into the occurrence of the ordered magnetic states AF1 and AF2 of MnWO,, we

evaluate its spin exchange parameters J; — Jg and discuss their trends.
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A. Mapping analysis
To evaluate J; — Jg, we examine the 10 ordered spin states defined in Figs. 3-5. The
relative energies of these states determined from our GGA+U calculations are summarized in
Table 2.2. To extract the values of the spin exchange parameters J; — Jo, We express the total
spin exchange interaction energies of the 10 ordered spin states in terms of the spin

Hamiltonian,

A

H=-% 35S, 1
i<j
where Jij (= J1 — Jo) is the spin exchange parameter for the spin exchange interaction between

the spin sites i and j, while §i and éj are the spin angular momentum operators at the spin

sites i and j, respectively. Then, by applying the energy expressions obtained for spin dimers
with N unpaired spins per spin site (in the present case, N = 5) [39,40], the total spin

exchange energies of the 10 ordered spin states (per two formula units) are written as

Erm = (=20, -2), -2, 2], —2J, — 2], —2J, - 2], — 2], )(N? / 4)

Ear1 = (+2J,—2),+2],—2), —2), + 2], + 2], +2J + 2], )(N? / 4)

Ear2 = (+2],-2J, —2J.)(N?/4)

Ears = (20, —2), + 21, +2), —2), + 23, + 2], =23, —2J,)(N? / 4)

Eara = (=20, —2), 21, = 2], +2) + 23, + 2], +2J, + 2], )(N? | 4)

Ears = (3], -3),-J,-J, ). —J, —J, —Js —J)(N?/8)

Ears = (3], -3J,-3J, -3, -3J, —3.5J, 3], —3J, —3J,)(N*/8)

Earr = (-3), —3J,-3J, 3], —3J, —3], —3], —3.5], —31,)(N?/8)
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Ears = (3], -3J,-3J,-3J, -3J, —-3.5], —3.5], —3J, —3],)(N?*/8)

Earo = (~3J, 3], —3J, —3J, —3J, —3J, —3], —3J, —3.5J,)(N?/8) )

Thus, by mapping the relative energies of the 10 ordered spin states determined by the
GGA+U calculations onto the corresponding relative energies determined from the above

spin exchange energies, we obtain the values of J; — Jg summarized in Table 2.1.

B. Trends in the spin exchange interactions
Let us first comment on the values of J; — Jg calculated in the previous section. In the
mean field theory [41], which is valid in the high-temperature paramagnetic limit, the Curie-

Weiss temperature 0 is related to the spin exchange parameters of MnWO;, as follows:

Yz, ©)

where the summation runs over all nearest neighbors of a given spin site, z; is the number of
nearest neighbors connected by the spin exchange parameter Ji, and S is the spin quantum
number of each spin site Mn** (i.e., S = 5/2 in the present case). Thus, according to the spin

exchange paths defined in Fig. 2.2, 0 is expressed as

2000, 4, +I 4+, g+ I+, g+ )
= ™

0 4)

From the J; values from the GGA+U calculations (Table 2.1), the Curie-Weiss temperature is
found to be 6cy = —357 and —-232 K for U = 4 and 6 eV, respectively. The experimental

Curie-Weiss temperature is Bexp = —75 K, so that 6cy is greater than 6e, by a factor of
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approximately 3 — 5. The latter means that the calculated J; values are overestimated by a
factor of approximately 3 — 5, which is consistent with the finding that DFT electronic
structure calculations generally overestimate the magnitude of spin exchange interactions by
a factor of approximately 4 [39,42-44]. In terms of the J; values of Ehrenberg et al. [4]
(Table 2.1) the Curie-Weiss temperature is calculated to be —32 K, so that their J; values are
underestimated by a factor of approximately 2.5 as far as the Curie-Weiss temperature is
concerned.

Our calculations (Table 2.1) show that both J; and J, are AFM, and J,/J; >> 0.25, so
that geometric spin frustration exists within each //c-chain. This finding accounts for the
occurrence, in each //c-chain, of the spiral-spin order in the AF2 state and the TT{ spin
order in the AF1 state. To see if there exists spin frustration along the a-direction, we
consider four commensurate spin arrangements of MnWO, generated by using the //c-chains
with T4 spin order as the building units (Fig. 6). In the AF1 state (Fig. 2.6a), the //c-
chains have a TVT{ order (i.e., an AFM coupling) along the b-direction and a TT4{ spin
order along the a-direction. The AF4 state (Fig. 6b) differs from the AF1 state, only in that
the //c-chains have a TV T4 order along the a-direction. The AF5 (Fig. 6¢) and AF6 (Fig.
2.6d) states differ from the AF1 and AF4 states only in that the //c-chains have a TT7171 order
(i.e., an FM coupling) along the b-direction, respectively. Per spin site, these four
commensurate spin arrangements give rise to the interchain spin exchange energies listed in
Table 2.3. The exchange parameters J; — Jo of Ehrenberg et al. as well as those obtained from

our GGA+U calculations predict that the AF1 state is the most stable state of the four. The J;
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— Jg values from the GGA+U calculations show that the //c-chains with TT{{ spin order
prefer to have a ™74 order rather than a TTT1 order along the b-direction, in agreement
with experiment. Furthermore, the J; — Jg values from the GGA+U calculations predict that
the AF4 state (i.e., a TN T4 order along the a-direction) is close in energy to the AF1 state
(i.e., a ™ML order along the a-direction). In other words, along the a-direction, the
interaction between the //c-chains with the T4 spin order is effectively frustrated because
the spin order can be either TN or TN T, the extent of which may be reduced by an

incommensurate spiral-spin order along the a-direction. This topic will be discussed further

in the next section.

IV. Classical spin analysis

To examine the occurrence of the incommensurate magnetic structure (i.e., the AF2
and AF3 states) in MnWQ,, we calculate the total spin exchange energy of MnWO, by using
the Freiser method [30,45]. This approach assumes that spins adopt all possible directions in
space (i.e., the classical spin approximation), and the spin exchange interactions are isotropic
(i.e., a Heisenberg description). These assumptions are appropriate for MnWO,, because the
local magnetic anisotropy of the high spin Mn?* (S = 5/2, L = 0) ions is very small. Indeed,
MnWO;, is well described as a Heisenberg antiferromagnet, as shown by the very small
anisotropy of the paramagnetic susceptibility [5]. This also means that the complex low-

temperature magnetic properties of MnWO, do not arise from a competition between the



38

local anisotropy and the spin exchange interactions, but from the frustration of the spin
exchange interactions.

In a long-range ordered magnetic state of a magnetic system, the spin sites p (= 1,
2, ..., m) of its unit cell located at the coordinate origin (i.e., the lattice vector R = 0) have

the spin moments cﬁ. For a magnetic solid with repeat vectors a, b and c, the ordered spin

arrangement is described by the spin functions o, (k),

6, (K) = ﬁ; o exp(ik - R), (5)
where M is the number of unit cells in the magnetic solid, k is the wave vector, and R is the
direct lattice vector [46]. The ordered magnetic state y, (k) (i =1 —m) is then expressed as a
linear combination of the spin functions o, (k),

v, (K) = Cy(K) 0,(K) + Cy(k) 0,(K) + ... + Cpy(K) 0, (K). ©)
To determine the energy E;(k) of the state y; (k) and the coefficients C (k) (n =1 -m),
one needs to evaluate the spin exchange interaction energies &,.(K) between every two spin
functions o, (k) and o (k),

(k) == 23, (R)exp(ik-R). ™

where Juv(R) = J1, o, J3, Ja, J5, Js, J7, Js, OF Jo. The resulting interaction matrix Z(K) is given

by
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Eu(k) (k) ... En(k)

ao = | 5100 Gl o G| ©
Emi(K) Ena(K) . Epn(k)

We obtain E, (k) of the state y, (k) by diagonalizing this matrix. This method predicts the

superstructure of a magnetic system by finding the wave vector at which its global energy

minimum occurs [30,45].

There are two Mn?* ion sites in a crystallographic unit cell of MnWOQ, (Table 2.3a),
so that m = 2 in Eq. 8. The spin exchanges J; — Jg occur for various pairs of spin sites (u,v)
within a unit cell located at [0, 0, 0] as well as between adjacent unit cells [0, 0, 0] and [n, Kk, 1]
(n, k, I =-1, 0, +1), as summarized in Table 2.3b. Consequently, we obtain the following

matrix elements &,,(K) (u, v=1, 2),

E11(K) =y (K) = —J,[exp(-i2mx ) + exp(+i2nX,)]
—J,[exp(-i2nx,) + exp(+i2nx,)]
—J.[exp(-i2nx, ) + exp(+i2nX,)]

15 (K) = &y (K)* = —3,{L+ expli2n(—x,)]}
—J{expli2n(+x,)]+exp[i2n(+x, — x.)1}
—Je{expli2n(+x, + X, — X/ )]+ expli2n(—x, + X, )1}
—J{exp[i2n(—x, + X, — X/ )]+ exp[i2n(+x, + x,)1}
—Jg{expli2rn(+x, — X, )] +exp[i2n(-x,)1}
—Jo{expli2n(+x,)]+expli2n(—x, — X )1}

(9)

where X,, Xp and X are dimensionless numbers [46].
Thus, at any given wave vector Kk, one can determine the numerical values of &,(k)

(w, v =1, 2) by using the J; — Jg values listed in Table 2.1 and hence diagonalize the E(Kk)
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matrix to obtain E,(k) (i = 1, 2). Then, the propagation vector g of the incommensurate

magnetic state is determined as the k value at which the lower energy E;(k) has the minimum,
Our calculations show that q = (-0.29, 0.5, 0.44) from the J; — Jg values of Ehrenberg et al.,
and (-0.35, 0.5, 0.49) and (-0.36, 0.5, 0.48) from the calculated J; — Jg values with U =4 and
6 eV, respectively. These results are in qualitative agreement with the appearance of the
incommensurate AF2 state with q = (-0.214, 0.5, 0.457). From this finding and our
discussion in the previous section (Fig. 2.6), it is clear that the AFM coupling along the b-
direction both in the incommensurate state AF2 and in the commensurate state AF1 arises to
lower the energy associated with the spin exchange interactions other than the weak
interchain exchanges Js; and Js.

The observation of the collinear commensurate state AF1 as the magnetic ground
state below 8 K is due most likely to a weak local magnetic anisotropy of Mn®*, which is not
included in the Heisenberg model. Since the entropy is greater in the spiral-spin
incommensurate state AF2 than in the collinear commensurate AF1 state, the AF2 state
would be energetically favored over the AF1 state at temperature higher than 8 K. It is
interesting to note that doping the Mn?* sites of MnWO, with a small amount of Fe** (d°, S =
2) ions stabilizes the AF1 state [47], which is due to the large local magnetic anisotropy of

the high-spin Fe?* ions.
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V. Ferroelectric polarization

In this section, we examine the FE polarization of the spiral-spin state AF2 of
MnWO,. The spin-spiral plane is perpendicular to the ac-plane and is tilted away from the a-
axis by 35° (Fig. 2.7). The incommensurate propagation vector of the AF2 state is (-0.214,
0.5, 0.457), the closest commensurate approximation of which is (-0.25, 0.5, 0.5). The latter
requires the use of the supercell (4a, 2b, 2c) for our GGA+U+SOC calculations of FE
polarization. Fig. 2.8 shows the AFM and FM arrangements, along the b-direction, of the //c-
chains with spiral-spin order. In both the AFM and the FM arrangements, each //c-chain has
the same chirality of spin spiral, and hence leads to a same sign of FE polarization. In
addition, the interchain exchange interactions J; and J, are very weak, as already mentioned.
Thus, for the purpose of FE polarization, we assume the FM ordering of the //c-chains along
the b-direction and hence employ the supercell (4a, b, 2¢) for our calculations. In making the
spiral-spin arrangement with the (4a, b, 2c) supercell, we employed the plane of the spin
spiral defined in Fig. 2.7 so that the spins spiral along the a- and c-directions. In our
GGA+U+SOC calculations (with U = 6 eV) for the electronic structure of this model spiral-
spin state, the atom positions of the (4a, b, 2c) supercell were not relaxed. Our subsequent
Berry phase calculations show that the FE polarization is along the positive b-direction with
Py = 17.2 nC/m Experimentally, Py is found to be smaller than ~50 nC/m? [5].

It is of interest to examine the calculated FE polarization from the viewpoint of the

Katsura-Nagaosa-Balatsky (KNB) model [48], which predicts that the FE polarization P of a
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spiral-spin chain with spins S; and S; at the adjacent spin sites connected by the vector &, is
given by
Pocg;x(S xS), (10)

according to which FE polarization arises only from spin-spiral chains of cycloidal type (i.e.,
those chains whose spin-spiral planes contain the chains). In the (4a, b, 2c) superstructure
with the (-0.25, 0, 0.5) spiral-spin order, the spiral-spin propagation along the a-direction has
a cycloidal component when the spins are projected on the ab-plane (Fig. 2.10a), while that
along the c-direction has a cycloidal component when the spins are projected on the bc-plane
(Fig. 2.10b). It is reasonable to assume that the sign of the coefficient in Eq. 10 for the ab-
plane is the same as that for the bc-plane. Then, the cycloidal component in the ab-plane
gives a positive FE polarization along the b-direction (Fig. 2.10a), whereas that in the bc-
plane gives a negative FE polarization along the b-direction (Fig. 2.10b). Since the angle
between the ab- and the spin-spiral planes is 35°, the FE polarization arising from the ab-
plane cycloidal component is greater than that from the bc-plane cycloidal component. As a
consequence, the net FE polarization is along the positive b-direction, as found from our

GGA+U calculations.

V1. Concluding remarks
The spin exchange interactions of MnWO, extracted from the present GGA+U
calculations reveal that the spin exchange interactions are frustrated within each //c-chain of

Mn®* ions and between such //c-chains along the a-direction. This finding is in agreement
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with the experimental observation that a spiral-spin propagates along the c- and the a-
directions in the incommensurate state AF2, and a TT\{ spin arrangement occurs along the
c- and a-directions in the collinear magnetic state AF1. The classical spin analysis with the
extracted spin exchange parameters leads to an incommensurate state with propagation
vector in qualitative agreement with that found for the AF2 state. The AFM coupling
between the //c-chains along the b-direction does not result from the weak interchain
exchanges J; and J4 but from the combined effect of other strong spin exchange interactions.
The Berry phase calculations for a model (4a, b, 2c) superstructure with spiral-spin order

show FE polarization along the b-direction, in agreement with experiment.
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Table 2.1 Mn...Mn distances (in A) associated with the spin exchange paths J; — J of
MnWO, and the values of J; — Jg (in kgK) determined by Ehrenberg et al. [4] from their

neutron scattering study and by the present GGA+U calculations.

GGA+U GGA+U
Mn...Mn Ehrenberg et al.
(U=4eV) (U=6¢eV)
Ji 3.283 -0.195 -2.343 -1.856
J2 4.992 +0.414 -4.222 -2.691
J3 4.398 -0.135 -0.174 -0.186
Ja 5.753 +0.021 -0.418 -0.209
Js 4.823 -0.423 -2.714 -1.775
Js 6.561 -1.273 -2.378 -1.334
J7 6.492 +0.491 -0.638 -0.360
Js 5.873 -0.509 -3.364 -2.146
Jo 5.795 +0.023 -1.601 -1.032




Table 2.2 Relative energies (in meV per two formula units) of the ordered spin states of

MnWO, determined by the present GGA+U calculations.

U=4eV U=6eV

FM 0.00 0.00

Al -22.62 -14.88
A2 -20.42 -13.24
A3 -7.75 -4.49
A4 -23.04 -14.32
A5 -10.88 -6.91
A6 -4.72 -3.07
AT -4.49 -2.94
A8 -4.35 -2.83
A9 -4.59 -2.98
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Table 2.3 Four arrangements of the //c-chains with TT\{ spin order and their interchain spin

exchange energies, E, per spin site.

E (kgK per Mn) #
II'b /Ila E (per Mn)
Case A Case B Case C
AFL | N | ™ML | +3=3r+Jg=Jg +J4 -2.75 -3.92 -2.30
AF4 | NI | N +Js +J; -0.40 -3.13 -1.98
AF5 | ™ | ™I | =g+ +05=J9— 4 +1.21 +0.40 +0.07
AF6 | ™1 | NN +Js — Jy —0.44 -2.30 -1.57

% Case A: Calculated from the J; — Jg by Ehrenberg et al.

Case B: Calculated from the J; — Jg of the present GGA+U calculations with U =4 eV.

Case C: Calculated from the J; — Jg of the present GGA+U calculations with U = 6 eV.
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Table 2.4 (a) Fractional coordinates of the spin sites in MnWQ,, (b) Pairs (u,v) of the spin
sites (u,v =1, 2) leading to the spin exchanges J; — Jg in MNWO, within a unit cell at [0, 0, 0]

as well as between unit cells [0, 0, 0] and [n, k, 1].

Spin site Mn X y z

1 Mn(1) 05 | 06853 | 0.5

2 Mn(2) 05 | 03147 | 0.75
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Path  Within Between [n, k, 1]
Ji (1,2) (1,2) [0, 0, -1]
(2,1) (2,1) [0,0, 1]

J2 (1,1) [0,0,-1] &[0, 0, 1]
(2,2 [0,0,-1] &[0, 0, 1]

J3 (1,2 [0,1,0] &[0, 1,-1]
(2,1) [0,-1,0] &[0, -1, 1]

Ja (1,1) [0,1,0] &[0, -1, 0]
(2,2 [0,1,0] &[0, -1, 0]

Js (1,1) [1,0,0] &[-1,0, 0]
(2,2) [1,0,0] &[-1,0,0]

J (1,2 [1,1,-1]1&[-1,1,0]
(2,2) [-1,-1,1] & [1,-1, 0]

J7 (1,2) [-1,1-1] &[1, 1, 0]
2,1) [1,-1,1] & [-1,-1,0]

Js (1,2 [1,0,-1] &[-1,0,0]
(2,1) [-1,0,1] &[1, 0, 0]

Jo 1,2 [1,0,0] &[-1,0,-1]

(2,1) [-1,0,0] &[1,0, 1]
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O
~

Figure 2.1 Perspective views of (a) a zigzag MnO, chain, (b) a zigzag WO, chain, and (c) the

The Mn, W and O

three-dimensional arrangement of the MnO4 and WO, chains in MnWO,.

atoms are represented by large, medium and small spheres, respectively.



(a)
Figure 2.2 (a) Four spin exchange paths J; — J, in MnWO, within each //bc-layer of Mn**

ions. (b) Five spin exchange paths Js — Jo between adjacent //bc-layers of Mn?* ions in

MnWO,. The numbers 1 — 9 refer to the spin exchange paths J; - Jo, respectively.
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Figure 2.3 Ordered spin arrangements in each //bc-layer of Mn2+ ions in the FM, A1, A2 and

A3 states of MNWO4. The up-spin and down-spin Mn2+ sites are represented by filled and

unfilled circles, respectively.



(b) A5

Figure 2.4 Ordered spin arrangements in two successive //bc-layers of Mn?* ions in the A4
and A5 states of MNWO,. The up-spin and down-spin Mn?* sites are represented by filled

and unfilled circles, respectively.

54



55

SA SN AR A SR SRS

WY Y YWY T Y YN Y
A S Y AN NN
(b) A7

A ALY SN SN

(c) A8

AARY S &VW%W%
(d) A9
Figure 2.5 Ordered spin arrangements in four successive //bc-layers of Mn?* ions in the A8,
A7, A8 and A9 states of MnWO,. The up-spin and down-spin Mn?* sites are represented by

filled and unfilled circles, respectively.
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Figure 2.6 Spin arrangements of the (a) AF1, (b) AF4, (c) AF5 and (d) AF4 states of

MnWOy,, which are generated in terms of the //c-chains with the TT.{ spin order.

35°

b

Figure 2.7 Plane of spin spiral found in MnWO..
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Figure 2.8 Two arrangements of the //c-chains of Mn?* ions with spiral-spin order along the
b-direction: (a) AFM and (b) FM. The zigzag chains are represented as straight chains to

emphasize the spin spiral order.

NS
/“ >4 \ 7

Figure 2.9 Perspective view of the commensurate spiral-spin arrangement of MnWQO, within
a (4a, b, 2c) supercell, which was employed for the GGA+U+SOC calculation of FE
polarization. The plane of the spin spiral is defined as in Fig. 2.7, so that the spins spiral

along the a- and c- directions.
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Figure 2.10 Cycloidal components of the spiral-spin state with the (4a, b, 2¢) superstructure
used to simulate the spiral-spin ordered state AF2. (a) The projection view of the spiral-spin
propagation along the a-direction on the ab-plane. (b) that along the c-direction on the bc-
plane, where the zigzag chain was represented as a straight chain to emphasize the spin spiral

order. The polarization direction is represented by red arrows.
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Abstract

Monoclinic MnShb,S,; consists of MnS, chains made up of edge-sharing MnSg
octahedra and adopts a (0, 0.369, 0) magnetic superstructure below 25 K. This ordered
magnetic structure, in which the spins of each MnS, chain possess a helical spin arrangement,
has C,’ symmetry. On the basis of density functional calculations, we explored the origin of
the observed noncollinear spin arrangement of MnSh,S, by evaluating its spin exchanges to
find that spin exchanges are frustrated not only within each MnS, chain but also between
adjacent MnS, chains. Our analysis predicts that MnSh,S, is a multiferroic with ferroelectric
polarization of ~14 uC/m? along the chain direction, and a field-induced reversal of the
ferroelectric polarization of MnSh,S, can occur by reversing the direction of the helical spin

rotation in each MnS, chain.
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1. Introduction

For a crystalline solid to have ferroelectric (FE) polarization, it should not possess
inversion symmetry.>? A magnetic solid that exhibits FE polarization is commonly referred
to as a multiferroic. In principle, a noncentrosymmetric magnetic solid can have FE
polarization independent of its magnetic structure. A centrosymmetric magnetic solid can
lose inversion symmetry either by cooperative second-order Jahn-Teller distortion or by
chiral magnetic order.’® For a one-dimensional magnetic chain, Katsura et al. showed that a
cycloidal spiral-spin order (in which the propagation vector of the chain lies in the plane of
the spin rotation) leads to FE polarization, but neither a helical spiral-spin order (in which the
propagation vector of the chain is perpendicular to the plane of the spin rotation) nor a
sinusoidal spiral-spin order does.* However, if chains with helical spiral spin order interact
strongly to form a three-dimensional (3D) magnetic structure whose overall symmetry is C,
(two-fold rotational symmetry) or C,' (i.e., C, plus time reversal), then FE polarization
occurs along the rotational axis.” A further symmetry analysis ® showed that FE polarization
also occurs even when the magnetic structure has no symmetry other than identity if it is
composed of building blocks with symmetry m (mirror-plane symmetry) or m’ (i.e., m plus
time reversible), with the FE polarization lying in the mirror plane. So far, the phenomenon
of magnetic-order-induced FE polarization has been found predominantly among transition
metal magnetic oxides. To our knowledge, the layered disulfide AgCrS, ’ is the only reported
example of a multiferroic not based on transition metal oxides. It is of interest to find more

examples of non-oxide-based multiferroics induced by chiral magnetic order.
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Manganese diantimony sulfide MnSb,S, occurs in two different polymorphs, i.e.,
orthorhombic® and monoclinic® phases. Both polymorphs consist of MnS, chains that are
made up of edge-sharing MnSg octahedra. In each MnS, chain of the monoclinic phase, every
shared S atom plus its two adjacent unshared S atoms make a SbS; trigonal pyramid leading
to a MnSh,S, chain (Fig. 3.1a), and such MnSh,S, chains are packed together to form the 3D
lattice of monoclinic MnSh,S, (Fig. 3.1b). In the orthorhombic phase, the ShS; trigonal
pyramids are made within each MnS, chain as well as between MnS, chains to make strongly
corrugated MnSh,S, layers, which are packed to form the 3D lattice of orthorhombic
MnSh,S, (Fig. 3.1c). Matar et al."® examined the electronic structures of both MnSh,S,
phases on the basis of density functional calculations within the local spin density
approximation. Their study showed that both phases are antiferromagnetic (AFM)
semiconductors, in agreement with the available experimental results.” ** However, the
magnetic structure of monoclinic MnSh,S, below its 3D AFM ordering temperature Ty = 25
K is not collinear but exhibits a helical arrangement along each MnS, chain (see below).*

The magnetic properties of monoclinic MnSh,S, arise from the high-spin Mn?*(S =
5/2) ions. With the Curie-Weiss temperature 6 = —63 K and the Néel temperature Ty = 25 K.’
the spin frustration in MnSb,S, is moderate because the ratio f = |0)/Ty is considerably
smaller than 6. Nevertheless, the ordered magnetic structure of monoclinic MnSh,S, below
Tn, determined by powder neutron diffraction,** shows a noncollinear spin arrangement that
is typically observed from magnetic systems with strong spin frustration; the spins of each
MnS, chain have a helical rotation along the chain (i.e., along the b-direction) with

propagation vector g = (0, 0.369, 0) while the spins between adjacent chains have a
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ferromagnetic (FM) arrangement along the c-direction but have a ~70°-rotated arrangement
along the a-direction (Fig. 3.1d)."* The noncollinear spin arrangements along the b- and a-
directions indicates the existence of spin frustration not only along each MnS, chain but also
between adjacent MnS, chains. Furthermore, the overall symmetry of this magnetic structure
is C,’ with each MnS, chain as the rotational axis. This suggests that monoclinic MnSh,S; is
a non-oxide-based multiferroic with its FE polarization along the chain direction. In the
present work, we verify this suggestion and analyze the noncollinear magnetic order of
monoclinic MnSh,S, causing FE polarization on the basis of density functional electronic

structure calculations.

2. Computational details

To analyze the magnetic structure of monoclinic MnSh,S,, it is necessary to
determine its spin exchanges. We evaluate the five exchanges J; — Js of MnSh,S, defined in
Fig. 3.2 by performing density functional calculations for the six ordered spin states
constructed with a (a, 5b, ¢) supercell (Fig. 3.3). In our calculations the experimental crystal
structure® of monoclinic MnSh,S, was employed with no further structure optimization. Our
density functional calculations employed the frozen-core projector augmented wave method
encoded in the Vienna ab initio simulation packages,”® and the generalized-gradient
approximation (GGA)™ with the plane-wave-cut-off energy of 400 eV and a set of 6 k-points
for the irreducible Brillouin zone. To properly describe the effect of electron correlation in
the Mn 3d states, the GGA plus on-site repulsion method (GGA+U)™ was used with the

effective Uesr = U - J values of 4 and 6 eV, typical values used for Mn.*°
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To simulate the electronic structure of the ordered magnetic state of MnSh,S, below
Tn, We approximate its q = (0, 0.369, 0) incommensurate structure with the g = (0, 1/3, 0)
commensurate one, and carry out GGA+U calculations with spin-orbit coupling (SOC)
interactions included. The resulting electronic structure is used to calculate the FE
polarization of MnSh,S; by employing the Berry phase method.!” The observed magnetic
structure is chiral, i.e., the helical spin rotation in each MnS, chain is right-handed along the
positive b-direction. Thus, we approximate the observed magnetic structure by the q = (0, 1/3,
0) commensurate structure with the helical rotation angle ¢ = +120°. We also consider the g
= (0, 1/3, 0) commensurate structures with ¢ = 0° and —120° to see if the FE polarization of

MnSh,S, can be reversed in sign by changing the direction of the helical rotation angle ¢.

3. Spin exchanges and magnetic structure

Among the five spin exchanges defined in Fig. 3.2, J; and J; are the spin exchanges
along each MnS, chain, and J; — Js are the interchain interactions between adjacent MnS,
chains. The Mn...Mn distances associated with these exchange paths are summarized in
Table 3.1. The relative energies of the six ordered spin states determined by GGA+U

calculations are summarized in Fig. 3.3. In terms of the spin Hamiltonian,
H= _Z ‘]ijéi 'éj' (1)
i<j

where Jjj = J1 — Js, the total spin exchange energies per formula unit (FU) of these states are

obtained as



65

FM:(-4J, -4, -8),-4J, -8J.)(N*/ 4)
AFL: (-4J, +12J, - 26J, — 4], — 26J.)(N?/ 20)
AF2:(+12J, - 4), -6J, — 4], — 6J,)(N?/20)
AF3: (-4, -4, +8),—-J, +8J,)(N?/4)
AF4: (-4), —4J,)(N*/ 4)

AF5: (—4J, —4), +8J,+ 4, —8J.)(N*/ 4)

()

by applying the energy expressions obtained for spin dimers with N unpaired spins per spin
site (in the present case, N = 5).'® Thus, when the relative energies of the six ordered spin
states determined by the GGA+U calculations are mapped onto the corresponding relative
energies determined from the above spin exchange energies, we obtain the values of the J; —
Js summarized in Table 3.1. The spin exchanges calculated with the larger U are smaller in
magnitude than those with the smaller U, as is generally found for other magnetic
solids.®*** In terms of these exchanges, one can calculate the Curie-Weiss temperature 6 of
MnSh,S, in the mean field approximation,®

2000, + 9, +3;+3, + )
Kg ’

0

(3)

to obtain 6 = —142 and -57.8 K by using the spin exchanges determined from GGA+U
calculations with Ue = 4 and 6 eV, respectively. These values are in reasonable agreement
with the experimental value of -63 K. Thus, our GGA+U calculations with Ue = 4
overestimated the spin exchanges by a factor of approximately 2. In general, GGA+U
calculations are known to overestimate the spin exchanges of magnetic oxides.'**%

Table 3.1 shows that the nearest-neighbor and next-nearest-neighbor intrachain

exchanges (J; and J,, respectively) are both AFM, so the spin exchanges along each MnS,
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chain are frustrated as found for the CuO, ribbon chains of LiCuVO, and LiCuO,** and for
CuClj ribbon chains of CuCl,.?* The spins of these CuO, and CuCl, ribbon chains (of edge-
sharing CuO, and CuCl, square planes, respectively) have a cycloidal spiral-spin
arrangement in their ordered magnetic states, while those of the MnS, chains have a helical
spiral-spin arrangement in their ordered magnetic states. The spiral-spin order of cycloidal or
helical type occurs to reduce the spin frustration generated by J; and J,, which occurs when
Ji1>0and J; <0 or when J; <0 and J; < 0. In terms of the classical spin approximation for an
isolated one-dimensional chain defined by J; and J,, the propagation vector q of the spiral-

spin structure is related to the J1/J, ratio as**

1 J,
q = 2— arccos| — H
" 2/, @)

from which we find g = 0.281 and 0.262 by using the J;/J, values obtained from the GGA+U
calculations with Uess = 4 and 6 eV, respectively. These values are somewhat smaller than the
experimental value of 0.369. The discrepancy should not be surprising, because the
interchain spin exchanges J; — Js are not taken into consideration in this analysis.

Of the three interchain spin exchange J; — Js, J3 is nearly as strongly AFM as the
intrachain exchange J, whereas J, and Js are weakly FM (Table 3.1). As depicted in Fig. 3.1c,
the adjacent chains along the c-direction have an FM arrangement but have a ~70°-rotated
arrangement along the a-direction. The noncollinear spin arrangement along the a-direction
indicates that the interchain spin exchanges along the a-direction are frustrated. Indeed, the
spin exchanges in the (J1, J3, J3), (J1, Js, Js) and (Js, Ja, Js) triangles, which occur between

adjacent MnS, chains, are frustrated (Fig. 3.2). The spins have an FM arrangement along the
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c-direction in the observed magnetic structure, which can be related to the minimization of
the spin frustration in the (Js, J4, Js) triangles. Every J, magnetic bond makes two different (Js,
Js, J5) triangles, and the Js is weaker than J4 by a factor of approximately 2 (Table 3.1) so that
the FM spin arrangement along the c-direction minimizes the interchain interaction energy,
2J3 + Jg + 235, per two (Js, J4, Js) triangles.
4. Ferroelectric polarization

In general, the polarization P of an FE compound below a certain temperature Ty is a
relative value, namely, the polarization below Ty minus that above Ty. In addition, the
polarization of an FE compound should reverse its sign when the applied electric field E is
reversed in direction below Ty. This is explained in terms of a double-well potential energy
curve as a function of E for the transformation from one FE structure with P > 0 through a
paraelectric (PE) structure with P = 0 to an alternative FE structure with P < 0. In the absence
of the helical magnetic order along each MnS, chain (i.e., ¢ = 0°), the magnetic structure of
monoclinic MnSh,S, is centrosymmetric. Therefore, when the sign of the electric field E is
switched, the polarization of monoclinic MnSb,S,; might reverse its sign by reversing the
sense of the helical spin rotation along each MnS, chain, as has been considered for the
multiferroic BasNbFesSi,O14 with helical spiral spin order.?

To confirm the above points, we perform GGA+U+SOC calculations for the (0, 1/3, 0)
superstructures of MnSh,S, with the helical spin rotation angle ¢ = +120°, 0° and —120°. The

relative energies of the three structures are 13, 26 and 0 meV per Mn for ¢ = —120°, 0° and

+120°, respectively. Namely, the right-handed helical spin rotation (¢ = +120°) is
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energetically more stable than the left-handed helical spin rotation (¢ = —120°). This is
consistent with the experimental observation,™ and reflects the effect of the interchain spin
exchange interactions. The (0, 1/3, 0) superstructure with ¢ = 0° is less stable than those with
¢ = —120° and +120°, because of the intrachain spin frustration. Our subsequent Berry phase
calculations for the (0, 1/3, 0) superstructures show that P = —14.2, 0, and 12.3 uC/m? for ¢ =
+120°, 0°, and —120°, respectively. (Here the positive and negative polarizations are directed
along the positive and negative b-directions, respectively). Thus, the (0, 1/3, 0) superstructure
with ¢ = 0° represents the PE structure of MnSh,S,, and the FE polarization of MnSb,S, is
approximately —14 uC/m2 and can change its sign by reversing the direction of the helical
spin rotation.
5. Concluding remarks

Our GGA+U calculations reveal that the spin exchanges of monoclinic MnSh,S, are
frustrated not only within each MnS, chain but also between adjacent MnS, chains. This
explains the occurrence of the helical spin arrangement in each MnS, chain and the
noncollinear spin arrangement between adjacent MnS, chains along the a-direction. MnSh,S,
is predicted to be a multiferroic with FE polarization P ~ —~14 pC/m? along the MnS, chain
direction. A field-induced reversal of the FE polarization of MnSh,S, is expected to occur by
reversing the direction of the helical spin rotation in each MnS, chain. It should be noted that
the spin exchanges between adjacent MnS, chains are substantial in MnShb,S,;, which
explains why MnSh,S, can be a multiferroic in spite of a helical spiral spin order in each

MnS, chain.
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Table 3.1 Mn...Mn distances (in A) associated with the spin exchange paths J; — Js of
monoclinic MnSh,S, and the values of Ji/kB — Js/kB (in K) determined from GGA+U

calculations with Uess = 4 and 6 eV.

Mn...Mn(A) | Uer=4eV Uerr = 6 €V

Ji/ke 3.799 -2.18 -0.44
Jolke 7.598 -2.80 -1.43
Jalks 6.651 -2.54 -1.31
Jalks 7.553 0.28 0.19

Js/ks 7.890 0.15 0.10




73

Figure 3.1 Crystal and magnetic structures of MnSb,S,: (a) MnSh,S, chain of monoclinic
MnSh,S4, which results from a MnS, chain of edge-sharing MnSg octahedra capped with
SbS; pyramids. The pink, purple and yellow spheres (the large, medium and small circles),
respectively. (b) Projection view of MnSh,S4 chains in monoclinic MnSh,S, along the b-
direction. (c) Projection view of MnSh,S, layers in orthorhombic MnSh,S, along the b-
direction, where SbS; pyramids cap each MnS, chain and interconnect between adjacent
MnS, chains. (d) Spin arrangment of the MnSh,S4 chains in monoclinic MnSh,S,4. The chain
are represented by showing only the Mn atoms. The unshaded and shaded circles,

representing the Mn atoms, differ in their b-axis height by b/2.
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Figure 3.2 Five spin exchange paths J; — Js of monoclinic MnSb,S,. For simplicity, only the
Mn atoms are shown as circles. The circles joined by cylinders represent the MnS, chains

along the b-direction. The numbers 1 — 5 refer to the spin exchange paths J; — Js, respectively.

/"’ L = papeeay e?P, 3
C
OO e [__BEpey 5 3 P
FM (0, 0) AF1 (-17.0, -7.5) AF2(-21.1,-8.4)
ont® e ont®
L aadossst o ane D gyeel

AF3 (-20.6,-10.4)  AF4(-9.7,-4.8)  AF5(-20.7,-10.5)

Figure 3.3 Six ordered spin states of monoclinic MnSb,S, defined in terms of the (a, 5b, ¢)
supercell, where the unshaded and shaded circles represent the up-spin and down-spin Mn?*
sites, respectively. The numbers in each parenthesis (from left to right) refer to the relative
energies (in meV per 4 FUs) determined from GGA+U calculations with Ues = 4 and 6 eV,

respectively.
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Synopsis

Monoclinic MnSbh,S,; consists of MnS, chains made up of edge-sharing MnSg
octahedra and adopts a (0, 0.369, 0) magnetic superstructure below 25 K in which the spins
of each MnS, chain possess a helical spin arrangement. On the basis of density functional
calculations, we predict that MnSh,S, is a multiferroic with ferroelectric polarization of ~14
uC/m? along the chain direction, and a field-induced reversal of the ferroelectric polarization

should occur by reversing the direction of the helical spin rotation in each MnS, chain.
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Chapter 4

On the Magnetic Insulating States, Spin
Frustration and Dominant Spin Exchange
of the Ordered Double-Perovskites
Sr,CuOsOg and Sr,NiOsOgq:  Density
Functional Analysis
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Abstract
The ordered double-perovskites Sr,MOsOg (M = Cu, Ni) consisting of 3d and 5d
transition-metal magnetic ions (M?* and Os®*, respectively) are magnetic insulators; the

magnetic susceptibilities of Sr,CuOsOg and Sr,NiOsOg obey the Curie-Weiss law with
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dominant antiferromagnetic and ferromagnetic interactions, respectively, and the zero-field-
cooled and field-cooled susceptibility curves of both compounds diverge below ~20 K. In
contrast, the available density functional studies predicted both Sr,CuOsOg and Sr,NiOsOg to
be metals. We resolved this discrepancy on the basis of systematic density functional
calculations. The magnetic insulating states of Sr,MOsOg are found only when a
substantially large on-site repulsion is employed for the Os atom although it is a 5d element.
The cause for the divergence between the zero-field-cooled and field-cooled susceptibility
curves in both compounds and the reason for the difference in their dominant magnetic
interactions were investigated by examining their spin exchange interactions.
1. Introduction

The ordered double-perovskites Sr,CuOsOs* crystallizing in a tetragonal space group
14/m, consists of corner-sharing CuOg and OsOg octahedra such that the CuOg and OsOg
octahedra alternate in all three crystallographic directions with each Cu,sOs,4 cube containing
a Sr®* cation. The Cu-O-Os bridges in the layers parallel to the ab-plane (hereafter the //ab-
layers) are bent (Fig. 4.1a) but those along the c-direction are linear (Fig. 4.1b). In
Sr,CuOsOs, the Cu and Os atoms are present as Cu?* (d°, S = 1/2) and Os®* (d? S = 1) ions,
respectively. Each CuOg octahedron exhibits a strong Jahn-Teller distortion associated with
the (t25)°(eg)* electron configuration of the Cu®* ion, with two long Cu-Og bonds along the c-
direction and four short Cu-Oeq bonds in the ab-plane [i.e., Cu-Oax = 2.315 (x2) A, Cu-Ogq =
1.994 (x4) A]. Each OsOg octahedron displays a weak Jahn-Teller distortion associated with
the (tag) electron configuration of the Os®* ion, with two long Os-O,, bonds along the c-

direction and four short Os-Ogq bonds in the ab-plane [i.e., Os-Oa = 1.928 (x2) A, 0s-O¢q =
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1.888 (x4) A]. As a consequence, the Cu-Og and Os-Og bonds of the Cu-Oeg-Os
superexchange (SE) paths are considerably shorter in the //ab-layers than the Cu-O.x and Os-
Oax bonds of the Cu-O.-Os SE path along the c-direction. In the 10 K structure of
Sr,NiOsOg * each OsOg octahedron is axially elongated [i.e., Os-Oa = 1.957 (x2) A, 05-O¢q
=1.907 (x4) A] whereas each NiOg octahedron shows a very weak axial elongation [i.e., Ni-
Oux = 2.040 (x2) A, Ni-Ogq = 2.023 (x4) A] although the Ni** (S = 1) ion is not Jahn-Teller
active.

The magnetic susceptibility of Sr,CuOsOs * above 100 K is well described by a
Curie-Weiss law with the Curie-Weiss temperature 6 = —40 K, which shows the presence of
dominant antiferromagnetic (AFM) interactions. The field-cooled (FC) and zero-field-cooled
(ZFC) magnetic susceptibility curves of Sr,CuOsOg diverge below ~20 K suggesting the
presence of spin frustration. Sr,NiOsOg exhibits somewhat different magnetic properties;” the
magnetic susceptibility of SroNiOsOg above 150 K is well described by a Curie-Weiss law
with the Curie-Weiss temperature 6 = 27 K, suggesting the presence of dominant
ferromagnetic (FM) interactions. Nevertheless, the magnetic susceptibility shows a slight
AFM downturn around 50 K and a deviation between the FC and ZFC susceptibility curves
below ~20 K. All these magnetic properties reveal that both Sr,CuOsOg and Sr,NiOsOg are
magnetic insulators. Contrary to these experimental observations, the density functional
theory (DFT) calculations by Song et al.** found both Sr,CuOsOg and SroNiOsOg to be

metals.
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A system with a partially-filled band can be a metal or a magnetic insulator
depending on whether or not the width of the partially filled band is greater than the on-site
repulsion U.>® Unfortunately, it is not possible at present to predict if such a system will be a
metal or a magnetic insulator on the basis of first principles DFT electronic structure
calculations. The latter predict a magnetic insulator to be metallic when spin-polarization is
neglected, and is often predicted to be a metal even if spin polarization is taken into
consideration. To correct this failure, DFT calculations are carried out by adding the on-site
repulsion U on the magnetic ions to enhance their spin polarization.” In such DFT plus U
(DFT+U) calculations, the effective U value (Uess = U — J, where J is the Stoner intra-atomic
parameter) is an empirical parameter; systematic DFT+U calculations are necessary to
establish the range of U leading to a magnetic insulating state. For certain solids that have
magnetic ions with spin-orbit coupling (SOC) located at high symmetry sites, DFT+U plus
SOC calculations are necessary to find a magnetic insulating state.®™*°

Sr,CuOsOs has two different magnetic ions (Cu®* and Os®*), and so does Sr,NiOsOg
(Ni** and Os®*). Therefore, as found for the high-temperature magnetic structure of
RbMn[Fe(CN)e] with Mn®* (S = 5/2) and Fe** (S = 1/2) ions,** predicting a magnetic
insulating state for SrMOsQOg (M = Cu, Ni) by DFT+U calculations is a nontrivial task. In
the present work, we perform systematic DFT+U calculations to find the U values of both
M (= Cu, Ni) and Os [hereafter Uy and Ugs, respectively] necessary for reproducing the

magnetic insulating states of Sr,MOsQOg. Subsequently, we evaluate the spin exchange

interactions of Sr,CuOsOg and Sr,NiOsOg to probe if the divergence between their FC and
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ZFC susceptibility curves below ~20 K arises from the presence of spin frustration and why

the dominant spin exchange interactions of the two compounds are opposite.

2. Magnetic insulating state and its implication

Our DFT calculations for Sr,MOsOg (M = Cu, Ni) employed the frozen-core
projector augmented wave (PAW) method encoded in the Vienna ab initio simulation
packages (VASP),*? and the generalized-gradient approximation (GGA) ** with the plane-
wave-cut-off energy of 400 eV and a set of 16 k points for the irreducible Brillouin zone. To
examine the effect of electron correlation in the M 3d and Os 5d states, the DFT+U method’

was employed with Uy =3, 4, 5and 6 eV and Ups =2, 3and 4 eV.

A. Sr;CuOsOg

The magnetic orbital of a Cu®* ion is an ey orbital (i.e., x*-y* due to the axial
elongation of the CuOg octahedron) while those of an Os®* (d?) site are the tog orbitals (i.e., xz
and yz due to the axial elongation of the OsOg octahedron). In Sr,CuOsOg, therefore, the
overlap between the magnetic orbitals of the Cu** and Os®* sites is zero for the linear Cu-Oa,-
Os SE paths or practically zero for the bent Cu-Oey-Os paths. Thus, to a first approximation,
one might expect the Cu-Oax-Os and Cu-Og-Os spin exchanges to be FM rather than
AFM.*® Thus, the G-type AFM structure (referred to as the AF1 state, Fig. 2a) used for
Sr,CuOsOs by Song et al. in their DFT calculations,® in which every Cu-O-Os exchange has

an AFM coupling, may not be appropriate.
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An AFM spin exchange can arise from the Cu-O...0-Cu and Os-0...0-Os super-
superexchange paths within each //ab-plane layer and from the Os-O...0-Os super-
superexchange paths between adjacent //ab-plane layers (see Fig. 4.1), because the magnetic
orbitals in these exchange paths can overlap across their O...O contacts.* (The Cu-O...0-Cu
interactions between adjacent //ab-plane layers are not considered, their overlap through the
0...0 contact would be negligible.) These interactions can lead to the A-type AFM structure
(referred to as the AF2 state, Fig. 4.2b) in which the Cu?* and Os®* spins are
ferromagnetically coupled within each //ab-plane layer and such layers are
antiferromagnetically coupled. Alternatively, the Cu®* and Os®* spins are ferromagnetically
coupled within each layer parallel to the (110)-plane and such layers are
antiferromagnetically coupled, leading to another A-type AFM structure (referred to as the
AF3 state, Fig. 4.2c). It is important to see if the A-type AFM state is more stable than the G-
type AFM state and whether the A-type AFM state is magnetic insulating.

We examine the aforementioned questions in terms of DFT+U calculations for
Sr,CuOsOg. For various magnetic oxides of Cu®* ions, the Uc, values of 4 — 6 eV have been
used to describe their magnetic properties. In general, the orbitals of a 5d element are much
more diffuse than those of a 3d element, so that one might expect the Uos value to be smaller
than that of Cu. Thus, in our DFT+U calculations for the AF1, AF2 and AF3 states of
Sr,Cu0sOg, we varied Ugs from 2 — 4 eV with Ug, fixed at 3, 4, 5 and 6 eV. Results of our
calculations, summarized in Table 4.1, show that these states are all metallic when Ugs is
smaller than 4 eV. With Ugs = 4 eV, the AF1 state remains metallic but both AF2 and AF3

states become magnetic insulating. In addition, the AF2 state becomes more stable than the
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AF1 and AF3 states. The need to use a substantially large Uos in producing a magnetic
insulating state for Sr,CuOsOs indicates that the d electrons of the Os®* ions of Sr,CuOsOg
are strongly localized, which in turn means that the Os 5d orbitals are contracted due to the
high oxidation state of the Os®* ions. This reasoning is consistent with the fact that the Os-O

bonds are considerably shorter than the Cu-O bonds in Sr,CuOsOg [i.e., Os-O = 1.888 (x4),

1.928 (x2) A vs. Cu-O = 1.994 (x4) and 2.315 (x2) A].

B. SraNiOsOg

The positive Curie-Weiss temperature of Sr,NiOsOg shows the presence of dominant
FM interactions, but the magnetic susceptibility downturn below ~50 K indicates the
presence AFM interactions. To identify the preferred spin arrangement for Sr,NiOsOg, we
examined the FM structure as well as three AFM structures, namely, the G-type, the A-type
(the AF2 state), and the C-type (in which the FM chains made up of the Ni-O-Os exchange
paths along the c-direction are antiferromagnetically coupled). Results of our DFT+U
calculations with Uy; = 3 — 6 eV and Ugs = 4 eV are summarized in Table 4.2, which shows
that the FM spin arrangement is most stable among the four states examined. This finding is
consistent with the positive Curie-Weiss temperature of Sr,NiOsOg, but does not explain the
magnetic susceptibility downturn below ~50 K. To examine a possible cause for the latter as
well as the difference between Sr,NiOsOg and Sr,CuOsOg in their dominant spin exchange
interactions, it is necessary to evaluate the spin exchange interactions of Sr,NiOsOg and

szCUOSOe.
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3. Spin exchange interactions

To better understand the magnetic properties of Sr,MOsOg (M = Cu, Ni), we examine
the seven spin exchange interactions J; — J; defined in Fig. 4.1. The geometrical parameters
associated with these exchange paths are listed in Table 4.3. To evaluate these interactions,
we consider the relative energies of the eight ordered spin states, i.e., the AF1 — AF7 states
(see Fig. 4.3) in addition to the FM state. The relative energies of these states calculated by
performing DFT+U calculations with Uy = 6 eV and Ugs = 4 eV are summarized in Fig. 4.3.

To extract the values of J; — J;, we express the total spin exchange interaction

~

energies of the eight ordered spin states in terms of the spin Hamiltonian, H = —Z .S, -S

i<j TUTE T

where Jij = J1— J7 is the spin exchange constant for the interaction between the spins éi and

A

S; at the sites i and j, respectively. By applying the energy expression obtained for spin

dimers consisting of two spin sites with N3 and N unpaired spins (i.e., Ny = 1 for Cu®** and
N, = 2 for Os®*, and N; = N, = 2 for Ni?* and Os®),"" the total spin exchange energies, per

two formula units (FUs), of the eight ordered spin states are written as

Ery = (-4, —43)(N? 1 4) + (-4, — 43, —8J,)(N2/4) + (-8, —4J,)(N,N, /4)
Enp = (43, —43.)(N?/4) + (-4J, -4, —81,)(N2/4) + (+8], +4J,)(N,N, / 4)
Eae, = (-4, —43.)(NZ/4) + (-4J, —4), +8J,)(N2/4) +(-8], +4J,)(N,N, /4)
E s = (43, =43 )(N?14) + (41, =43, )(N3 1 4) + (43 ,)(N,N, / 4)

Enre = (=21, = 23)(NZ /4) +(—4J, — 4, —8J,)(N2/4) +(-6J, —33,)(N,N, /4)
E s = (43, =43, ) (N2 /4) + (41 )(N2 1 4) + (4], - 21,)(N,N, / 4)

Ears = (=23,) (N7 /4) +(=23,)(N5 /4) +(-43,)(N, N, / 4)

E e = (=23, —23.)(N?/4) + (=23, — 23, +4J.)(N2/4) + (+2], — 2J,)(N,N, / 4)
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Thus, by mapping the relative energies of the eight ordered spin states determined from
DFT+U calculations onto the corresponding relative energies determined from the above
expressions, we obtain the values of J; — J;. It should be noted from the energy expression for
the FM state that there occur two J; and J; exchanges for every one of the remaining spin
exchanges. This has an important consequence, as will be discussed below.

The two magnetic ions Cu®* (S = 1/2) and Os®* (S = 1) of Sr,CuOsOg have different

spin moments. Thus, in comparing the relative strengths of the spin exchanges between

different spin sites, it is more meaningful to use the effective spin exchanges ij“ = SiSiij =
NiNJii/4, where Jij = J; — J7. For SraNiOsOg, Ji" = Jj because S; = Sj = 1 for Ni*" and Os®".
The J™ — )¢ values of Sr,CuOsOg and Sr,NiOsOg are listed in Table 4.4.

The 32" — 3¢ values of Sr,CuOsOg show that the spin exchanges within each //ab-
layer are dominated by the Cu-Ogq-Os exchange J5', which is FM. Although Ji" is slightly
greater than J" in magnitude, the effect of J5" is stronger than that of J¢" because there are
two J§" interactions for every one J" interaction. This leads to an FM spin order in each

/lab-layer. The spin exchanges between adjacent //ab-layers are dominated by J5", which is

AFM. The latter gives rise to an AFM coupling between adjacent //ab-layers. Consequently,
Sr,Cu0sOg; is expected to adopt the A-type AFM structure, AF2, as the most stable ordered
spin arrangement. Nevertheless, from Fig. 4.1 and Table 4.4, we note the presence of
significant spin frustration in the (J;, J3, J3) and (J2, J3, Js) triangles, in the (Js, J3, Js5) segments

within each //ab-layer, and in the (Js, J7, J;) triangles between adjacent //ab-layers. This
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suggests that the divergence of the ZFC and FC magnetic susceptibility curves of Sr,CuOsOg

below ~20 K is caused by spin frustration.

In Sr,NiOsOs the Ni-Oa-Os spin exchange J¢" is by far the strongest, hence forming
FM chains along the c-directions. Between adjacent FM chains, there occur the Ni-Og-Os
exchange JZ, which is very strongly FM, and the Os-O...0-Os exchange J&", which is
AFM. The next-nearest-neighbor FM chains interact by the Ni-O...O-Ni exchange J",

which is strongly AFM. The effect of J™ cannot overcome that of Ji', because J" is

stronger than J{" in magnitude and there occur two J" interactions for every one J:
interaction. The susceptibility downturn of SroNiOsOg below 50 K might be related to the
presence of the strong AFM interactions J¢" and J" between the FM chains made up of J¢" .

Fig. 4.1 and Table 4.4 show the presence of significant spin frustration in the (J3, J3, Js)
segments within each //ab-layer and in the (J3, Js4, J7) triangles between adjacent //ab-layers.
This suggests that the cause for the divergence of the ZFC and FC magnetic susceptibility

curves of Sr,NiOsOg below ~20 K is spin frustration.

4. Discussion

The striking differences between the spin exchanges of Sr,CuOsOg and SroNiOsOg

are found for the M-Ogq-Os and M-O4-Os spin exchanges. Namely, J3" = 2.84 meV and J¢"
=-1.56 meV in Sr,Cu0sOg, whereas J5" =5.55 meV and J$" = 8.70 meV in SroNiOsOg. As

already pointed out, J5™ and J5™ involve the eg-orbitals of M** and the tyg-orbitals of Os®*, so
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that they are expected to be FM, to a first approximation.**'® However, the Cu-Og-Os
exchange J{ of Sr,CuOsOg is slightly AFM, whereas the Ni-O,-Os exchange JS" of
SraNiOsOg is strongly FM. In contrast, the M-Oe-Os exchange Ji' is FM for both
Sr,Cu0sOg and SrNiOsOg, but is stronger for SroNiOsOg. To account for these differences,
we note that a spin exchange J between two spin sites i and j, described by the magnetic
orbitals ¢; and ¢;, respectively, is written as J = Jr + Jae. The FM component Je becomes

stronger with increasing the overlap density distribution ¢i;, while the AFM component Jar
becomes stronger with increasing the overlap integral <¢i |(|)j>. The magnetic orbitals of the

Cu?*, Ni*" and 0s®* ions of Sr,MOsOg (M = Cu, Ni) are depicted in Fig. 4.4. Each Cu?* ion
has the magnetic orbital x*>-y? (Fig. 4.4a), each Ni** ion has the magnetic orbitals x*-y? and z2
(Fig. 4.4a,b), and each Os®* ion has the magnetic orbitals xz and yz (Fig. 4.4c,d). In the €g
magnetic orbital(s) of each M?*, the metal 3d orbitals make o*-antibonding interactions with
the 2p orbitals of its first-coordinate O atoms. In the tyy magnetic orbitals of 0s%, the metal
5d orbitals make n*-antibonding interactions with the 2p orbitals of its first-coordinate O
atoms. For the M-O¢-Os and M-O,-Os exchange paths, therefore, the overlap integrals of
the e, magnetic orbital(s) of M** with the t,; magnetic orbitals of Os®* are zero, so that the
Jar components of their exchanges ( J3" and J¢ , respectively) are zero to a first
approximation. Thus we need to examine only their J- components.

Let us first consider Sr,CuOsQOg. For the sake of simplicity, it will be assumed that the
Cu-O¢q-Os exchange path is linear along the x-direction. Then, the J- component of the Cu-

Oeq-Os exchange is given by the x*-y?/xz and x*-y?/yz overlap densities. For the x*-y?/xz
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interaction, both the x?-y? and xz magnetic orbitals have an O 2p orbital contribution at the
bridging atom Ogq (Fig. 4.5a), so that the x2-y?/xz overlap density is nonzero hence making Jg
nonzero. For the x*y%lyz interaction, the x*y® magnetic orbital has an O 2p orbital
contribution at Ogq but the yz orbital does not (Fig. 4.5b), so that the x2-y?lyz overlap density
is zero hence making its Jr zero. For the Cu-Oa,-Os exchange, both the x%-y?/xz and x?-y?/yz
interactions have no overlap density because the x*y? magnetic orbital has no O 2p
contribution at the Oa atom (Fig. 4.5c, d). Thus, the Jr term is nonzero for the Cu-Oey-Os

exchange, but is zero for the Cu-Ox-Os exchange. This explains why the Cu-Oes-Os

exchange J3" is FM but the Cu-Ox-Os exchange J¢™ is not in Sr,CuOsQOs.

For each Ni?* ion of Sr,NiOsOs, the z* orbital is also a magnetic orbital. Thus, in
examining the J- components of the Ni-Og-Os and Ni-Oa-Os exchanges in SroNiOsOg, it is
necessary to consider the z%/xz and z%/yz overlap densities in addition to the x*-y?/xz and x*-
y?lyz overlap densities discussed above. For the Ni-Oeq-Os exchange, the Z°/xz interaction
has a nonzero overlap density but the z*/yz interaction does not (Fig. 4.6a,b). For the Ni-O-
Os exchange, both the z%/xz and z%/yz interactions have a large overlap density because the z°
magnetic orbital has a large O 2p contribution at O. (Fig. 4.6c,d). By considering the

overlap densities arising from both the x*y® and z? magnetic orbitals, it is understandable

why the Ni-Oa-Os exchange Ji" is more strongly FM than the Ni-Og-Os exchange J5" in
Sr,NiOsOs (8.7 vs. 5.55 meV) and also why the Ni-Ogq-Os exchange Ji" of SroNiOsOg is

more strongly FM than the Cu-Ogq-Os exchange J5" of Sr,CuOsOs (5.55 vs. 2.84 meV).
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Finally, we comment on why the Cu-Oa-Os exchange J5" of Sr,CuOsOs is not FM
but slightly AFM. As discussed above, both the Jr and Jar terms of this J5" exchange are

practically zero so that one might expect J" to be nearly zero. However, it is calculated to

be slightly AFM. The latter is possible if the Cu?* ion of the Cu-O4-Os path interacts with
the Os®* ion indirectly through those Cu-Oeq...Sr2+...Oeq-Os paths in which the magnetic
orbitals of both the Cu** and Os®* ions have nonzero O 2p contributions on the O, atoms of
the Oeq...Srz"...Oeq linkage. In such paths, which involve the four Sr** cations surrounding
each linear Cu-O,-Os path, the empty 4d orbitals of Sr®* can overlap with the magnetic
orbital of Cu?* and also with that of Os®*. This is akin to the finding in Cs,CuCl,,*® in which
the Cs 6p orbitals of the Cs* ions strongly influence the spin exchange between two (CuCl,)*
ions when the two (CuCl,)* anions and the Cs" cations lying between them have an
inversion or a mirror plane of symmetry. We confirm the above possibility by calculating the
plots of the projected density of states (PDOS) for the Os 5d, Cu 3d and Sr 4d orbitals in the
AF2 state of Sr,CuOsQOg, which are shown in Fig. 4.7. In the PDOS plot of the Os 5d states
(Fig. 4.7a), the states representing the magnetic orbitals of the Os®* ion occur as two merged
peaks immediately below the Fermi level. In this energy region of the Os®* 5d states, the Sr
4d states appear as two merged peaks (Fig. 4.7b), and so do the Cu 3d states (Fig. 4.7c,d).
Furthermore, the Sr 4d and Cu 3d contributions in this energy region are comparable in
magnitude. These observations are in support of the reasoning that the Cu®* ion magnetic
orbital of the Cu-O.-Os path interacts with the Os®* ion magnetic orbitals by overlapping

with the Sr** ion 4d orbitals of the Cu-Og...Sr*"...O¢q-Os paths.
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5. Concluding remarks

To describe the magnetic insulating states of Sr,CuOsOg and Sr,NiOsOg by DFT+U
calculations, it is necessary to employ a substantially large Uos value. This indicates that the
5d orbitals of the Os®* ion are strongly contracted due to the high oxidation state. The
magnetic structure of Sr,CuOsQOg is best approximated by the A-type AFM arrangement
(AF2), and that of Sr,NiOsOg by the FM arrangement. However, significant spin frustration
exists within each //ab-layer and between adjacent //ab-layers in both compounds. The latter
is most likely responsible for the divergence of their ZFC and FC magnetic susceptibility
curves below ~20 K. The crucial difference between the magnetic properties of Sr,CuOsOg
and SroNiOsOg lies in their M-Og-Os and M-O4x«-Os spin exchanges, which arises ultimately
from the fact that the Cu** ion has only magnetic orbital (i.e., x>-y®) while the Ni** ion has
two (i.e., x>y* and z%). The Ni-O.-Os exchange of SroNiOsOs is strongly FM due to the
Z°Ixz and z%/yz overlap densities. In contrast, the Cu-Ox-Os exchange of Sr,CuOsOg is
slightly AFM, which suggests indirect exchange interactions between the Cu** and Os®* ions

through the Cu-Ogg...Sr*"...0gq-Os paths.
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Table 4.1 Relative energies AE (in meV per two FUs) of the three ordered spin states of
Sr,CuOsOg determined from the DFT+U calculations as a function of the Ucy and Ugs values
(in eV). Whether each state is metallic (no band gap) or magnetic insulating (nonzero band
gap) is also indicated, where “No” and “Yes” refer to the absence and presence of a band gap,

respectively.

G-type (AF1) A-type (AF2) A-type (AF3)

(Ucu, Uos) AE Gap AE Gap AE Gap
(4,2) 0 No 120 No 133 No
(5,2) 0 No 55 No 140 No
4,3) 60 No 0 No 26 No
(5,3) 0 No 57 No 87 No
(3,4) 23 No 0 Yes 45 No
4,9 37 No 0 Yes 52 No
(5,4) 50 No 0 Yes 45 Yes
(6,4) 60 No 0 Yes 48 Yes
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Table 4.2 Relative energies AE (in meV per two FUs) of the four ordered spin states of

Sr,NiOsOg determined from the DFT+U calculations as a function of the Uy; and Ugs values

(in eV). Whether each state is metallic (no band gap) or magnetic insulating (nonzero band

gap) is also indicated, where “No” and “Yes” refer to the absence and presence of a band gap,

respectively.

G-type AFM A-type AFM C-type AFM FM
(Uni, Uos) AE Gap AE Gap | AE Gap | AE | Gap
(3,4) 220 Yes 87 Yes 132 Yes 0 Yes
4,4) 198 Yes 52 Yes 115 Yes 0 Yes
(5,4) 178 Yes 59 Yes 99 Yes 0 Yes
(6, 4) 159 Yes 45 Yes 85 Yes 0 Yes
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Table 4.3 Geometrical parameters associated with the spin exchange paths J;; = J; — J7 (in

meV) of Sr,MOsOg (M = Cu, Ni).

Sr,Cu0sOg Sr,NiOsOg
i | M-0...0-M 0...0=2.670(x2) A 0...0=2.697(x2) A
J, | 0s-0...0-0Os 0...0=2.820(x2) A 0...0 =2.860(x2) A
J3 | M-0-Os Z/Cu-0-Os = 158.1° ZNi-0-Os = 162.7°

Cu-0=1.994 A, 0s-0 =1.888 A

Ni-O =2.023 A, 0s-0 =1.907 A

J | M-O...0-M 0..0=3.775 A 0..0=3815A
Js | 0s-0...0-Os 0...0=3.988 A 0...0=4.045 A
Ji | M-O-Os /Cu-0-0s = 180.0° /Ni-O-Os = 180.0°

Cu-0=2.315A, 0s-0 =1.928 A

Ni-O =2.040 A, 0s-0 =1.957 A

J; | 0s-0...0-0s 0...0 =3.055(x2) A

0...0 =2.860(x2) A




Table 4.4 Spin exchange parameters ij“ = §;SjJjj of Sr,CuOsOg and SroNiOsOg (in meV),
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where J;; = J1 — J7, determined from the DFT+U calculations with Ug, = 6 eV and Ugs = 4 eV.

Exchange path Sr,Cu0sOg | SroNiOsOg
N -0.97 -0.23
Jeft -1.42 -0.70

Within Jeff 2.84 5.55
3

/[ab-layer
Jef -2.87 -3.35
Jeft -0.60 0.00
eff -

Between | Ja 1.56 8.70

/lab-layers I 1.07 272




Figure 4.1 Schematic representation of the double-perovskite Sr,CuOsQOg: (a) A projection
view, along the c-direction, of an isolated //ab-layer of corner-sharing CuOg and OsOg
octahedra. (b) A perspective view of two //ab-layers of corner-sharing CuOg and OsOg
octahedra. The blue, red and white circles represent the Cu, Os and O atoms, respectively.

The numbers 1 — 7 refer to the spin exchange paths J; — J7, respectively.
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Figure 4.2 Schematic representations of the G-type and A-type antiferromagnetic spin
arrangements of the double-perovskite Sr,CuOsOg using the ordered spin arrangements of an
isolated //ab-layer of Cu®* and Os®* ions: (a) In the G-type arrangement AF1, the given layer
repeats antiferromagnetically along the c-direction. (b) In the A-type arrangement AF2, the
given layer repeats antiferromagnetically along the c-direction. (c) In the A-type arrangement
AF3, the given layer repeats ferromagnetically along the c-direction. The filled and unfilled

large circles represent the up-spin and down-spin magnetic ion sites, respectively.
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Figure 4.3 Spin arrangements in the AF1 — AF7 states of Sr,MOsOg (M = Cu, Ni) used to
evaluate the J; — J; values. In each state, the two //ab-layers with the given ordered spin

arrangements alternate along the c-direction. In the AF3 state, the two //ab-layers have the
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same spin arrangement. In the FM state (not shown), the //ab-layer with the FM spin
arrangement repeats ferromagnetically along the c-direction. In each state of Sr,MOsOg (M =
Cu, Ni), the number in the parenthesis refers to the relative energies with respect to the FM
state (in meV per two FUs), which was obtained from the DFT+U calculations with Uy = 6

eV and Ups =4 eV.
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Figure 4.4 Schematic views of (a, b) the eg-type magnetic orbitals of the M** ion and (c, d)

the t2g-type magnetic orbitals of the Os®* ion in Sr,MOsOg (M = Cu, Ni).
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Figure 4.5 Orbitals involved in (a, b) the x2-y2/xz and x2-y2/yz spin exchange interactions of
the M-Oeg-Os path and (c, d) those of the M-Oax-Os path in Sr,MOsOg (M = Cu, Ni). For

simplicity, the orbital contributions unrelated to the exchange paths are not shown.
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Figure 4.6 Orbitals involved in (a, b) the z2/xz and z2/yz spin exchange interactions of the
Ni-Oeg-Os path and (c, d) those of the Ni-Oax-Os path in Sr,NiOsOg. For simplicity, the

orbital contributions unrelated to the exchange paths are not shown.
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Figure 4.7 PDOS plots calculated for the (a) Os 5d, (b) Sr 4d and (c, d) Cu 3d orbitals in the

AF2 state of Sr,CuOsOg, where the horizontal axis is in units of eV, and the vertical axis in

states/eVV/atom. The spin-up and spin-down states are represented by black and red curves,

respectively, and their PDOS values are represented by positive and negative numbers,

respectively. Fig. 7d is a zoomed-in view of the circled region of Fig. 7c.
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Synopsis

The double-perovskites Sr,MOsOg (M = Cu, Ni) consisting of 3d and 5d transition-
metal magnetic ions (M?* and Os®*, respectively) are magnetic insulators. Density functional
calculations reproduce this observation only when a substantially large on-site repulsion is
employed for the Os atom. We examined the spin exchange interactions of Sr,MOsOg (M =
Cu, Ni) to explain why their zero-field-cooled and field-cooled susceptibility curves diverge
below ~20 K and why their dominant magnetic interactions are opposite (i.e.,

antiferromagnetic and ferromagnetic for M = Cu and Ni, respectively).
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Chapter 5

n-Backdonation Effect of the Cyanide
Ligands on the Electron Correlation and
Charge Transfer in Prussian Blue
RbMn[Fe(CN)¢]

A paper published in Inorganic Chemistry

Inorg. Chem., Vol. 49 (7), 3086, 2010

Chuan Tian, Erjun Kan, Changhoon Lee and Myung-Hwan Whangbo*

Department of Chemistry, North Carolina State University, Raleigh, North Carolina 27695-

8204

Abstract

The temperature-induced charge transfer between the Mn and Fe sites in RoMn[Fe(CN)s]
was analyzed by density functional calculations. Our analysis suggests that the extent of
electron correlation (equivalently, the pairing energy or the on-site repulsion) is much greater
for the Mn™ ion than for the Fe"" (n = 2, 3) ion. We believe this surprising and

counterintuitive finding is a consequence of the n-backdonation effect of the CN ligands.
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Intense research efforts have been devoted to structural and physical properties that
can be controlled by changing the valency of their transition-metal ions.* In Prussian blues
consisting of two different transition metal ions,?* charge transfer between them, and hence a
change in their valency, can be induced by temperature,* photoexcitation,® pressure® and
electric field.” Such materials with controllable charge-transfer are potentially important in
multifunctional device applications. Among Prussian blues, RbMn[Fe(CN)g] is unique
because it is stoichiometric and hence suitable for precise structure analyses. This compound
consists of Fe(CN)s and Mn(NC)s octahedra, which share their CN ligands to form the
double-perovskite framework with the Fe-CN-Mn linkages (Fig. 5.1). The Rb" ions occupy
every second MnyFe,; cubes such that the Rb™ ions form a three-dimensional network of
edge-sharing Rby tetrahedra (Fig. 5.1b).

RbMn[Fe(CN)g] undergoes a structural transition from the high-temperature (HT)
cubic phase to the low temperature (LT) tetragonal phase at 231 K on lowering temperature,
while the LT phase is converted to the HT phase at 304 K on raising temperature.*® In the
HT cubic phase, both the Fe(CN)s and the Mn(NC)g octahedra are regular in shape [Mn-N =
2.012 (x6) A, and Fe-C = 2.170 (x6) A].* In the LT tetragonal phase, each Mn(NC)g
octahedron shows a strong axial-elongation [Mn-N = 1.991 (x4), 2.268 (x2) A], and each
Fe(CN)s octahedron a slight axial flattening [Fe-C = 1.886 (x4), 1.831 (x2) A].*
Experimental studies reveal that the LT phase has high-spin (HS) Mn** (d*, S = 2) and low-
spin (LS) Fe** (d°, S = 0) ions, while the HT phase has HS Mn?* (d°, S = 5/2) and LS Fe** (d°,
S = 1/2) ions.*® Namely, the temperature-induced phase transition involves a charge transfer

between the Mn and Fe sites.
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The HS Mn**/LS Fe?* configuration of the LT phase has been confirmed by
electronic structure calculations,®® but there has been no such report concerning the HS
Mn?*/LS Fe*" configuration of the HT phase. In discussing the charge-transfer phenomenon
of RbMn[Fe(CN)g], it is essential that the electronic structures of both the HT and LT phases
be equally well described under a given theoretical analysis. This need prompted us to carry
out a systematic density functional study of the HT and LT phases. In the present
Communication, we report surprising results of our investigation, which reveal that the extent
of electron correlation is much greater for the Mn"™ ion than for the Fe™ (n = 2, 3) ion in
RbMn[Fe(CN)g], and this counterintuitive finding is a consequence of the w-backdonation
effect of the CN ligands.

Our spin-polarized density functional calculations employed the projector augmented
wave method implemented in Vienna ab initio simulation package'® with the generalized
gradient approximation (GGA)", the plane-wave cutoff energy of 400 eV, a set of 3x3x3 k-
point set*?, and the threshold 10 eV for energy convergence. Density functional calculations
often predict magnetic insulators of 3d transition metal elements to be metallic because the
strong electron correlation associated with their 3d states is not well described. In our work
this deficiency was corrected by using the GGA plus on-site repulsion U (GGA+U)
method.*® Since RbMn[Fe(CN)g] has two different transition elements Mn and Fe, it is not a
trivial task to find their U values (Uwn and Uge) appropriate for GGA+U calculations
especially when both atoms possess unpaired spins as found for the HT phase. In their
elemental state Mn has less contracted 3d orbitals than does Fe so that Ug. and Um, would be

comparable in magnitude with Umn < Uge. Thus we begin our GGA+U calculations for the
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HT phase with Uge = Upmpy = 4 eV, typical values used for oxides of Mn and Fe. Fig. 5.2a
shows the projected density of states (PDOS) plots calculated for the up- and down-spin 3d
states of the Mn and Fe atoms. Each Fe has the t,4T and tpg states fully occupied, while each
Mn has the t,4T states fully occupied and the e, states half occupied. The spin moments of
the Mn and Fe sites are calculated to be pvn = 3. 88 ug and pre = 0.04 pg (Table 5.1a).
Namely, our calculations for the HT cubic phase with Ug, = Um, = 4 €V does not converge to
the HS Mn?*/LS Fe** configuration, but to the HS Mn**/LS Fe?* configuration that the LT
tetragonal phase adopts, in disagreement with the experimental observations.*®

To find a range of U, and Uge that reproduces the HS Mn?*/LS Fe** configuration of
the HT phase, GGA+U calculations are carried out for various Ug. with Uw, fixed at 4 eV to
find that the condition Uge > Umpn does not improve the situation, but the condition Uge <<
Uwmn does (Table 5.1a). We verify this implication by performing GGA+U calculations for
various Uy, with Ug, fixed at 1 and 2 eV. As summarized in Table 5.1b, umn and pge increase
gradually with increasing the difference Umn — Ug, reaching the values of 4.59 and 1.09 usg,
respectively, when Uy, = 8 eV and Ug, = 1 eV. These calculated moments are close to the
values expected for the HS Mn?*/LS Fe** configuration (5 and 1 us, respectively).*® The
calculated total magnetic moments are proportionable to the difference of Uyn and Ug,
which are 22.4 pg for Uy, =8 eV and Ug. = 1 eV, and 17.8 for Uy, =4 eV and Ug, = 1 V.
The corresponding PDOS plots (Fig.5.2b) show the expected feature, i.e., each Mn has the
tng and egT states fully occupied, while each Fe has the tng states fully occupied and the

tod states partially unoccupied. Thus, the observed HS Mn®*/LS Fe** configuration of the



108

HT cubic phase is reproduced only when U, >> Ug. To check the effectivity of U values
adopted in our calculations, we have optimized the structures with such U sets. Our
calculation result on the relaxed HT structure is listed in Table 5.2. The bond length of Mn-N
is elongated with increasing U value, which is consistent with the more contracted 3d
electrons. Umn>>Ur is essential to get the HS state. However, with the elongation of the
Mn-N bond, a smaller U, i.e., 4 eV, is enough to obtain the HS state.

We note that the U, and Ug, values appropriate for the HT cubic phase are also valid
for the LT tetragonal phase. As summarized in Table 5.3, umn = 3.93 pg and pwvn = 0.07 ug
when Uy, = 8 eV and Uge = 1 eV, which are very close to those expected for the HS
Mn**/LS Fe®* configuration of the LT tetragonal phase (i.e., 4 and 1ug, respectively).*® The
PDOS plots calculated for the LT tetragonal phase with Uy, = 8 eV and Ug. = 1 eV show the
HS Mn**/LS Fe?* configuration (Fig. 5.2c). The relaxed structures excellently reproduce the
experimental distortions for the LT structure, and the magnetic moments are also in good
agreement with the experimental expectation (Table 5.4).

The HT cubic phase is calculated to be less stable than the LT tetragonal phase (by
2.4 meV per formula unit).

Our finding of Umn >> Uk, is quite surprising, and such an observation has not been
reported in densitiy functional studies on magnetic oxides of transition metal elements. In
such oxides, the ligands surrounding the transition metal ions are o-donors. In

RbMn[Fe(CN)s], the CN ligands act as c-donors to both Fe"* and Mn™ (n = 2, 3) ions. In

addition, the mcy and m*cn orbitals of the CN ligands interact with the Fe tyg and Mn tyg
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orbitals. mcy has a greater weight on the N atom, but n*cy on the C atom (Fig. 5.3).
Consequently, the (Fe tyg — m*cn) interaction is stronger than the (Fe tyy — men) interaction,
whereas the (Mn tyg — m*cn) interaction is weaker than the (Mn tyy — men) interaction. Thus,
the CN ligands act as m-acceptors to the Fe™" ions, but as n-donors to the Mn"™ ions. The n-
backdonation effect of the CN ligands on the Fe™ ion, via the (Fe t,g—m*cn) interaction,
would delocalize the electron density of the Fe"* ion into the CN ligands, hence making the
electron distribution around the Fe™ ion less contracted and reducing Ug. In contrast, the
electron distribution around the Mn™ ion would become more contracted due to the n-
donation effect of the CN ligands, hence increasing Uwp.

In their study of the experimentally-deduced charge density distribution of
RbMn[Fe(CN)g] using the maximum entropy method,™* Kato et al. found that, in the charge-
transfer transition from the HS Mn?*/LS Fe** to the HS Mn**/LS Fe*" configuration, the
transferred electron is spread over the complex [Fe(CN)g]* due to the (Fe tog—m*cn)
interaction, which is consistent with our finding described above.

Finally, we discuss the spin density distribution calculated for the LT phase,
presented in Fig. 5.4a. The formally diamagnetic Fe?* ions participate in spin distribution; the
Mn® spins are delocalized into each FeCg octahedron plus the N atoms of the two axial CN
bonds, while the four equatorial CN bonds exhibit spin polarization. Due to the strong
bonding between the N and Fe ions, the AFM distribution can be found in the spin density
plot. The ferromagnetic coupling between the Mn sites, though separated with a long

distance, arises from the spin delocalization through the intervening Fe(CN)s octahedra,
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which is caused by the (Fe t,y — m*cn) interactions. In terms of charge distribution, the
occurrence of electron delocalization between the Fe®* ion and the CN ligands can be seen
for a certain range of electron density values. An example is given in Fig. 5.4b, which shows
electron delocalization between the Fe?* ion and the axial CN ligands.

In summary, our analysis of the electronic structure of RoMn[Fe(CN)e] suggests that
the extent of electron correlation is much greater for the Mn"™" ion than for the Fe"" (n = 2, 3)
ion. We believe this finding originates from the n-backdonation effect of the CN ligands,
which delocalizes the electron density of the Fe" ion into the surrounding CN ligands. This
makes the electron distribution around the Fe™ ion less contracted, but makes that around the

Mn"™ ion more contracted. Consequently, Umn >> Ure.
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Table 5.1 Spin moments of the Mn and Fe sites obtained for

RbMn[Fe(CN)s] by GGA+U calculations.

(@) As a function of Uge with Uy, fixed at 4 eV

Ure (€V) 1 2 4 6
L (1) 401 | 391 | 388 | 3.89
tre (L) 036 | 016 | 004 | 001
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the HT structure of

(b) As a function of Uy, with Ug, fixed at 1 and 2 eV (results for Ug. = 2 eV in parentheses)

Uwmn (V) 4 6 8
twn (Ug) 4.01 (3.91) 4.30 (4.22) 4.58 (4.53)
tre (1g) 0.36 (0.16) 0.64 (0.47) 1.01 (0.89)
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Table 5.2 Bond length and spin moments Mn and Fe sites obtained for the HT structure of

Upn©eV) 1 2 4 6 8

Mn-N (&) 2.085 2.188 2.211 2.216 2.219
Fe-C (A) 2.008 1.915 1.896 1.892 1.890
C-N (A) 1.189 1.179 1.175 1.174 1.173
UM (18) 1.744 4.267 4581 4.695 4.768

uEe(ite) 0.321 0.673 0.931 0.963 0.956

Hiot(1s) 8.000 20.91 23.55 24.00 24.00

RbMn[Fe(CN)g] by GGA+U for various values of Uy, with U fixed at 1 eV.

Table 5.3 Spin moments of the Mn and Fe sites obtained for the LT structure of
RbMn[Fe(CN)s] by GGA+U calculations for various values of Uy, with Uge fixed at 1 and 2

eV (results for Uge = 2 eV in parentheses).

Uwmn (V) 4 6 8
tun (1g) 3.70 (3.71) 3.82 (3.83) 3.93(3.93)
nre (Lig) 0.12 (0.12) 0.09 (0.09) 0.07 (0.06)




Table 5.4 Bond length and spin moments Mn and Fe sites obtained for the LT structure of

RbMn[Fe(CN)s] by GGA+U for various values of Uy, with Uge fixed at 1 eV.

Unmn(eVv) Exp 2 4 6 8
Mn-N (A)  |2.263/1.984|2.101/1.949]2.110/1.9602.208/1.978|2.207/1.984
Fe-C(A)  [1.895/2.204[1.976/1.883|1.967/1.875|1.879/1.856|1.880/1.852
C-N(A)  [1.105/1.102{1.187/1.178]1.186/1.176|1.176/1.176|1.176/1.175
B (8) 4 3.616 3.719 3.874 3.986
Hre(ts) 0 0.142 0.114 0.074 0.055
Btot(He) 16 16.00 16.00 16.00 16.00
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Figure 5.1 (a) Perspective view of the crystal structure of the HT cubic phase of
RbMn[Fe(CN)g]. The red and blue circles represent the Fe and Mn atoms, respectively, and
the yellow and turquoise circles the C and N atoms, respectively. (b) Arrangement of the Rb

atoms in the MngFe4 cubes.
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Figure 5.2 PDOS plots of the Mn and Fe 3d states of RoMn[Fe(CN)s] obtained from

GGA+U calculations for (a) the HT cubic structure with Uy, = Uge = 4 €V, (b) the HT
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structure with Uy, =8 eV and Uge = 1 eV, and (c) the LT structure with Uy, =8 eV and Uk,

= 1 eV. The up- and down-spin densities are indicated by positive and negative values,

respectively. (d) is the PDOS for optimized structure at Uy, =4 eV and Uge = 1 V.
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Figure 5.3 Interaction of the Fe t,q and Mn tyq orbitals with the (a) mcn and (b) m+cn orbitals

of the CN ligand in each Fe—CN—Mn linkage of RoMn[Fe(CN)¢].
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Figure 5.4 Plots of (a) the spin density and (b) a part of the charge density distribution
obtained for the LT phase of RoMn[Fe(CN)¢] from GGA+U calculations with Uy, = 8 eV
and Ug. = 1 eV. The large red and turquoise spheres represent the Fe and Mn atoms,

respectively.
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Synopsis

The temperature-induced charge transfer between the Mn and Fe sites in RbMn[Fe(CN)g]
was analyzed by density functional calculations. Our analysis shows that the extent of
electron correlation (equivalently, the pairing energy or the on-site repulsion) is much greater
for the Mn"™" ion than for the Fe™ (n = 2, 3) ion. This surprising and counterintuitive finding

is a consequence of the m—backdonation effect of the CN ligands.
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Chapter 6

Conclusions

In this dissertation we discussed results of our theoretical studies on the multiferroics
MnWO, and MnSh,S,; as well as the magnetic solids Sr,MOsOg (M = Cu, Ni) and
RbMn[Fe(CN)g]. Our conclusions concerning these systems are summarized as follows:

For MnWOy,, our calculations show that the spin exchange interactions of MnWO,
are frustrated within each //c-chain and between //c-chains along the a-direction, consistent
with the experimental observation that a spiral-spin propagates along the c- and the a-
directions in the incommensurate state AF2, and a T4 spin arrangement occurs along the
c- and a-directions in the collinear magnetic state AF1. The classical spin analysis with the
extracted spin exchange parameters leads to an incommensurate state with propagation
vector in qualitative agreement with that found for the AF2 state. The Berry phase
calculations for a model (4a, b, 2c) superstructure with spiral-spin order show FE
polarization along the b-direction, in agreement with experiment.

Our GGA+U calculations reveal that the spin exchanges of monoclinic MnSh,S, are
frustrated not only within each MnS, chain but also between adjacent MnS, chains. This
explains the occurrence of the helical spin arrangement in each MnS; chain and the
noncollinear spin arrangement between adjacent MnS, chains along the a-direction. MnSb,S,
is predicted to be a multiferroic with FE polarization P ~ —14 pC/m? along the MnS, chain
direction. A field-induced reversal of the FE polarization of MnSb,S, is expected to occur by

reversing the direction of the helical spin rotation in each MnS, chain. It should be noted that
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the spin exchanges between adjacent MnS, chains are substantial in MnSb,S,;, which
explains why MnSh,S, can be a multiferroic in spite of a helical spiral spin order in each
MnS, chain.

To describe the magnetic insulating states of Sr,CuOsOg and Sr,NiOsOg by DFT+U
calculations, it is necessary to employ a substantially large Uos value. This indicates that the
5d orbitals of the Os®* ion are strongly contracted due to the high oxidation state. The
magnetic structure of Sr,CuOsQOg is best approximated by the A-type AFM arrangement
(AF2), and that of Sr,NiOsOg by the FM arrangement. However, significant spin frustration
exists within each //ab-layer and between adjacent //ab-layers in both compounds. The latter
is most likely responsible for the divergence of their ZFC and FC magnetic susceptibility
curves below ~20 K. The crucial difference between the magnetic properties of Sr,CuOsOg
and SroNiOsOg lies in their M-Og-Os and M-Ogx«-Os spin exchanges, which arises ultimately
from the fact that the Cu** ion has only magnetic orbital (i.e., x>-y®) while the Ni** ion has
two (i.e., x>y* and z%). The Ni-O.-Os exchange of Sr,NiOsOs is strongly FM due to the
Z°Ixz and z%/yz overlap densities. In contrast, the Cu-Oa-Os exchange of Sr,CuOsOg is
slightly AFM, which suggests indirect exchange interactions between the Cu?* and Os®* ions
through the Cu-Ogg...Sr*"...0gq-Os paths.

Our analysis of the electronic structure of RoMn[Fe(CN)g] suggests that the extent of
electron correlation is much greater for the Mn™ ion than for the Fe™ (n = 2, 3) ion. We
believe this finding originates from the m-backdonation effect of the CN ligands, which

delocalizes the electron density of the Fe™ ion into the surrounding CN ligands. This makes
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the electron distribution around the Fe™ ion less contracted, but makes that around the Mn"*

ion more contracted. Consequently, Uyn >> Uke.
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Part 11

Statistical Methods on Drug

Discovery Data
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Chapter 7

Introduction

7.1 Drug Discovery

Drug discovery is the process by which drugs are discovered and/or designed.
The process of drug discovery involves the identification of candidates, synthesis,
characterization, screening, and assays for therapeutic efficacy. Once a compound
has shown its value in these steps, the process of drug development prior to clinical
trials will start. Despite advances in technology and understanding of biological
systems, drug discovery is still a lengthy, expensive, difficult, and inefficient process
with low rate of new therapeutic discovery [1]. It takes more than 10 years on average
and lots of efforts and processes for a new drug to come into the market. Currently,
the research and development cost of each new molecular entity is approximately 1.8
billion U.S. dollars [2].

After an objective, i.e., which disease to cure, is set up, the biologists and geneti-
cists work together to determine which tissue in the body or what type of protein or
enzyme they need to control to cure the disease based on pathology. After the protein
or enzyme in a certain organ is targeted, the chemists are involved to determine what
compounds they want to synthesize to alternate the function and cure the disease.
However, it is almost impossible to determine exactly which compound will work, or

even more basically, which types of functional groups will. They know neither how
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large the molecules are, nor what kind of polarity it requires. They synthesize tons of
chemical compounds that contain different functional groups and are different sizes.
Their interactions with the biological target will be further tested. In pharmaceutical
industry, millions of compounds are in the pool to be selected as new drug candidates.
However, only tens of them or even less are really biologically active. Although recent
technological advances in high-throughput screening (HT'S, a method for scientific ex-
perimentation using robotics, data processing and control software, liquid handling
devices, and sensitive detectors [3]) have allowed chemists to screen large numbers of
chemical compounds against specific biological targets, they are very costly and time
consuming. Experiments on all of the compounds are impossible.

Combinatorial chemistry was a central technology in generating large screening
libraries for HTC. Although it increased efficiency in chemical synthesis, no increase
in drug candidates has been found [4]. On the other hand, synthetic combinatorial
library compounds seem to cover only a limited and quite uniform chemical space [5].
In order to utilize this property, chemists work together with other specialists such
as statisticians to select drug candidates and make them final drugs. These drugs
may be tested on animals first to ensure that they are not seriously toxic. If the new
drug passed all of these preclinical stages, it will be put into clinical trials, where
for the first time the new drug is used on human beings. Four phases with different
focuses are involved in a clinical trial for a new drug application. The main objective
for Phase I clinical trial is to explore possible toxic effects of drugs and determine
a tolerated dose for further experimentations. Pharmacology of the drug, such as
pharmacalkinetics (PK) and pharmacaldynamics (PD) are explored in this phase, as
well as its interaction with other drugs, food, and alcohol. The objective for Phase II

study is screening and feasibility by the initial assessment for therapeutic effects, dose
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finding, and further assessment of toxicities. In Phase III study, the new intervention
is compared with the current standard treatment with respect to efficacy and toxicity.
The last phase is observational study for adverse effects and some safety related issues.
Statistics are widely used in each phase of clinical trials and also in the preclinical
stages where drug candidates are selected from hundreds of thousands of compounds
in the compound library.

As a result of HTS, each compound can be classified as being active (W = 1) or
inactive (W = 0) against the biological target under investigation. Here being active
usually means that the compound is able to inhibit a certain protein hence protect
the cells against the target such as a virus. In drug discovery problem, it is often
the case that hundreds of thousands of compounds are available as drug candidates,
while in these compounds, only hundreds or even less are really biologically active.
It is very costly to test the activities of all the compounds through HTS to find
just a very small percentage of active ones. Instead, people screen a proportion
of the compounds, and use the results to build a statistical model or construct a
computational method to screen the remaining compounds and identify those that
would have been tested active. Such models or methods are possible because there is
a relationship between the variation of biological activity within a group of molecular
compounds and the variation of their respective structural and chemical features,
which is the underlying assumption for structure-activity relationship (SAR) [6]. Once
the models are formulated, they can even be used to virtually screen compounds
which do not yet exist. The research goal of this dissertation is to promote new

methodologies for preclinical drug discovery.
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7.2 Statistics in Drug Discovery

Physical and chemical properties such as size, molar weights, melting points, po-
larity, and functional groups are involved in determining the interactions between the
compounds and the target. They form the descriptor set X. In order to describe
the compounds in a mathematical way, people construct atom pairs [7], weighted
burden numbers [8], and continuous BCUT numbers [9], etc. from the compound
properties. Note that, BCUT descriptors developed by [10] were designed to encode
atomic properties relevant to intermolecular interactions, and they can also be used
to define a low-dimensional chemistry space [11, 9]. Given a compound, a software,
PowerMV [8], can be used to generate these descriptor sets easily. Each of these
descriptor sets is a high dimensional data set. Sometimes, people use several of them
combined together to depict the compound information. The activity of a compound
can be directly depicted by percent inhibition or some other quantities, and these
are used as response Y. Y can be continuous, such as the percent inhibition, or
categorical, i.e., Y = 1 represents active class, and Y = 0 represents inactive class.
With all these information, we can abstract drug discovery problem into a statistical
modeling problem with activity of the drug as the response Y and chemical properties
as the descriptor set X. Then we can see that the relationship between the descrip-
tors and activity is extremely complex for HTS data, and there are several challenges
in statistical modeling. First, the potent compounds of different chemical classes
may act in different ways, caused by multiple mechanisms. In other words, there
exist heterogeneous structure-activity relationships (SARs) [12] which determine the
chemical and biological features of these drug compounds. Thus the identification

of active chemical compounds can be formulated as a mixture regression problem,
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in which a lurking categorical variable, which distinguishes multiple mechanisms but
not among the observed covariates, exists. Second, the class of inactive compounds
is dominating in size. In thousands of drug candidates, it is often the case that only
several percent of them are potential drugs. Therefore, the drug discovery data is
a highly unbalanced data. Finally, there are many predictors which are sometimes
highly correlated.

Lots of efforts have been made to uncover the relationship between the response
and the descriptor set by statistical methods, and thus to predict the active com-
pounds without experiments.

Data mining techniques have been applied to SAR analysis, such as neural net-
works [13], genetic algorithms [14], and decision trees [15]. However, they all suffer
from their limitations. Neural networks offers high accuracy but tends to have over
fitting problem in training data [16]. It also has concerns about the reproducibil-
ity of results, due to random initialization of the network, the variation of stopping
criteria, and lack of information regarding the classification produced [16]. Genetic
algorithms can suffer in a similar manner due to its stochastic nature [17]. Decision
trees [18] offer a large amount of information regarding their decisions. However they
commonly require a great deal of tuning.

Cell-based analysis is an approach proposed by Raymond to analyze compound
HTS data [19]. Cell-based analysis divides a high-dimensional descriptor space into
many small, low-dimensional cells, scores cells according to the activities of their
compounds, and uses the scores to prioritize further compounds for screening. A
concern for cell-based analysis is that it is very slow or even fails for high dimension
data set, although it works well for descriptor set with less than 10 dimensions.

Another common approach to analyze the assay data is to build a classification tree
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to predict the activity of unscreened compounds [20]. Classification tree algorithms
split the explanatory variables successively into smaller hyper-rectangles. In order
to simplify the large tree, Welch proposed a “tree harvesting” method which allows
global reorganization of the tree. However, it is common that classification tree is not
a sensitive classification method for data with only variance difference involved.

ChemModLab is a toolbox for fitting and assessing quantitative SARs written by
ECCR@NCSU [21]. It includes 16 statistical modeling methods to analyze HTS data.
They use the HT'S data to fit the model and use the model to predict unscreened data.
However, this web based modeling tool uses only sophisticated modeling methods such
as support vector machine (SVM) [22] and classification tree, rather than promotes
a new methodology that focuses on solving high dimensional data, and it does not
always work well for unbalanced settings.

One more issue, all previous methods are based on the fact that some compounds
are already identified by HTS and this information can be used as training data to fit
a statistical model. What if we have no prior information, i.e., can we directly cluster
the data just based on their similarities? It is intuitive to think that if one compound
interacts with a certain protein, then those compounds with similar polarity, molar
size, and functional groups are more likely to interact with the same protein rather
than those which have nothing in common. This is also why the cell-based analysis
works. Furthermore, if we have training set available, is there any way that we can
take class weight information into account, and come up with a method that better

resolves the unbalanced issue?
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7.3 Summary and Outline of this Part of the Dis-
sertation

Aiming at better addressing this high dimensional and unbalanced data issue, we
propose two different approaches in this dissertation. For dimension reduction based
clustering method, we combine sufficient dimension reduction (SDR) and clustering
methods to address the compound discovery problem. We choose appropriate DR
methods to reduce the dimension of the descriptor set, thus to find the reduced space
that contains all regression information. Then we find an effective clustering strategy
to cluster the compounds into different classes in the reduced space. For using this
method, we do not need previous classification information since clustering itself is an
unsupervised learning method. Another approach we propose is weighted boosting
on classification tree. Different from traditional boosting method, we assign a large
weight to the rare class, where the weight is reciprocal to the class proportion, and
get a better classification result on the rare class. We prove that this method reach
the theoretical minimal misclassification rate, i.e., it satisfies the Bayes rule.

We can depict the drug discovery problem and the methods proposed in this
dissertation by the following flow chart, Figure 7.1.

To describe our organization in detail, we propose a dimension reduction based
clustering in high dimensional unbalanced drug discovery data classification in Chap-
ter 8. Unlike classical dimension reduction methods such as principal component anal-
ysis (PCA), which reduces the dimension in the descriptor set based on its covariance
structure, we use a sufficient dimension reduction, which retains the regression infor-
mation in the data while reducing the dimension. We give a background introduction

and chapter organization in Section 8.1. We briefly review PCA and sufficient dimen-
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Drug Discovery
Data

Unbalanced,
High dimensional,
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With unknown class With known class
information information

Dimension Reduction Weighted Boosting
Based Clustering Based Classification
(Chapter 2) (Chapter 3)

Figure 7.1: Connection between chapters

sion reduction on mixture regression to discuss the theoretical reason why DR based
clustering works in drug discovery data and introduce four sufficient dimension reduc-
tion methods, i.e., sliced inverse regression (SIR), sliced average variance estimation
(SAVE), directional regression (DR), and localized sliced inverse regression (L-SIR),
in detail in Section 8.2. Two classical clustering methods used in this dissertation,
i.e., k-means and the model based clustering method, as well as ranking along the di-
mension reduction direction are discussed in Section 8.3. We briefly review evaluation
criteria in Section 8.4. Implementation and simulation studies on parameter tuning
of localized sliced inverse regression, as well as our numerical studies on simulated

drug discovery data are elaborated in Section 8.5. XUE data, a simulated data based
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on real drug information is investigated by the DR based clustering method in 8.6. In
Section 8.7, we conclude that the DR based clustering bring computation efficiency for
high dimensional drug discovery data modeling with better clustering result. Ranking
along the DR direction can be used to detect high dimensional unbalanced mixture
from Gaussian distribution with both mean and variance differences.

Our focus in Chapter 9 is on promoting weighted boosting regression tree on
unbalanced data classification. We start with a brief background introduction in
Section 9.1. We introduce Adaboost algorithm and its connection with the forward
stagewise additive modeling on minimizing exponential loss in Section 9.2. Two
weighted Adaboost algorithms are proposed in Section 9.3, and we discuss that
weighted Adaboost-2 is better than the other one because we have a closed form
weight update coefficient. We introduce gradient boosting and its weighted version
in Section 9.4. We test our algorithms on simulation and real data in Sections 9.5
and 9.6 finding that weighted boosting algorithms consistently have smaller mean-
within-group misclassification error rate than traditional boosting algorithms. Fi-
nally, we wrap up the chapter with a summary in Section 9.7.

We summarize our findings on the two new methods, i.e., the dimension reduction
based clustering and the weighted boosting based classification, in Chapter 10. Future

research directions are discussed as well.
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Chapter 8

Dimension Reduction Based

Clustering on Drug Discovery Data

8.1 Introduction

Drug discovery dataset has several features which make it difficult to set up a
statistical model. It has heterogenous structure-activity relationships which lead to
a mixture regression problem. Drug discovery data usually has high dimensional
descriptor set with correlation in it, and is extremely unbalanced, while our objective
is to detect the rare class with high efficiency. All of these challenges make the classical
clustering and classification methods fail in modeling drug discovery data.

In statistics, mixture of regressions occurs when there is an omitted categorical
predictor, such as activity of compounds in our project, and different regressions oc-
cur in each category. Previous studies indicate that sufficient dimension reduction
(SDR) and its regression graphics have been perceived as an effective way to facil-
itate high dimensional regression analysis[23]. They can suggest the presence of a
lurking variable, although they cannot identify the variable itself. SDR transforms
a high dimension problem to its low dimension projection, by providing a small set
of composite predictors on which prediction and modeling are based. SDR achieves

dimension reduction without loss of information and pre-specifying model structures,
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and it is not affected by the correlation structure in the descriptor set. SDR also
makes visualization of high dimensional data possible, and leads naturally to suffi-
cient summary plots[24], which is useful for identifying mixture of regressions in a
largely nonparametric context. All of these features of SDR make it a remedy of the
classical clustering and classification methods in high dimensional unbalanced drug
discovery data classification. In this chapter, we compare the performance of several
SDR methods under different scenarios, and discuss SDR based clustering methods
for drug discovery data classification.

The following of this chapter is organized as follows. We introduce classical and
modern dimension reduction methods, such as principal component analysis (PCA)
and sliced inverse regression (SIR) in Section 8.2. Clustering methods used in this
chapter including K-means, model based clustering method, and ranking along di-
mension reduction direction are discussed in Section 8.3. Evaluation criteria are
reviewed briefly in Section 8.4. Our simulation study and XUE data investigation are
discussed in Section 8.5 and 8.6, respectively. Finally, we wrap up the chapter by a

brief summary in Section 8.7.

8.2 Dimension Reduction Methods

To address the high dimensional data modeling problem, our first attempt is to
reduce dimension of the predictor. We discuss two types of dimension reduction
methods in this section, i.e., unsupervised dimension reduction method, which only
considers the information in the descriptor set, and supervised dimension reduction
method, which takes the response information into consideration, thus is also named

sufficient dimension reduction. We briefly review one unsupervised dimension reduc-
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tion method, and discuss sufficient dimension reduction methods in detail, since they

retain all regression information in the reduced space.

8.2.1 Unsupervised Dimension Reduction

Herein we start with one of the most commonly used classical DR methods, i.e.,
principal component analysis (PCA). PCA is concerned with explaining the variance-
covariance structure of the descriptor set through a few linear combinations of the
original variables. Although p components are required to fully reproduce the total
system variability, often much of the variability can be accounted for by a small
number, d, of the principal components. Assume X is a p-dimension random variable
with mean vector pu and covariance matrix Cov(X) = X, then PCA approaches
dimension reduction by seeking a set of orthogonal linear combinations af X ..., agX
which satisfies max; C’ov(a;rX ), where a;, Vj € 1,---,p are orthonormal vectors.
The eigenvectors of the predictor covariance matrix Cov(X), denoted by 1 > ... > 7,
corresponding to the eigenvalues A; > ... > A, in descending order are the maximizers.
Here the v;, Vj € 1,--- ,p are defined as the principal component directions, and the
linear combinations ’YJTX, Vj €1,---  pare the principal components (PCs). One can
choose the first d PCs to replace X and achieve the purpose of dimension reduction.
The number of PCs, d, to use can be determined by the scree plot, i.e., the ‘elbow’
in the graph of eigenvalues 7}s. One can also choose d such that the total explained
variation exceeds a pre-specified threshold percentage.

Assume the data xq, 9, ,x, represent n independent drawings from X. The

data yield the sample mean vector
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and the sample covariance matrix

T

"oy )

S = ;ﬁE(I —T)E(x—T) .
Then the sample principal components are defined as the linear combinations with the
maximum sample variance. The sample PCs are from eigen decomposition of S, i.e.,
Sv; = Aivi- The first d eigenvectors (91, ...,74) which correspond to the eigenvalues
):1 > .= j\d > 0 form the basis of the reduced space.

PCA has widespread applications. However, it only bases on the marginal distri-
bution of the descriptor variables while the response information is neglected com-
pletely. This drawback is remedied in the supervised dimension reduction methods,
such as sliced inverse regression (SIR) [25], sliced average variance estimation (SAVE)

[26], and directional regression (DIR) [27], by taking response into consideration in

reducing the descriptor space.

8.2.2 Supervised Dimension Reduction

The goal of a regression study is to infer the conditional distribution of the response

Y given the p x 1 vector of predictors X. Let B denote a fixed p x d, d < p, matrix
so that

Y 1L X|BTX. (8.1)

The statement (8.1) is equivalent to saying that the distribution of Y'|X is the same

as that of Y|BT X for all values of X in its marginal sample space. It implies that the

p x 1 predictor vector X can be replaced by the d x 1 predictor vector BT X without

loss of regression information, and thus represents a potentially useful reduction in

dimension of the predictor. It is clear that (8.1) holds if and only if

Y 1L X|Ps)X. (8.2)
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Thus (8.1) is appropriately viewed as a statement about S(B), which is called a
dimension-reduction subspace for the regression of Y on X[25]. Let Sy|x denote the
intersection of all dimension-reduction subspaces. Then if Sy |x is itself a dimension-
reduction subspace, it is called the central dimension-reduction subspace, or simply the
central subspace [28]. The dimension of Sy|x, d = dim(Sy|x), is called the structural
dimension of the regression. The central subspace is the unique smallest dimension-
reduction subspace such that Y 1 X|n? X, where columns of the matrix 7 form a
basis of the subspace. If Sy|x is known, then the minimal sufficient summary plots
of Y versus 7' X can be used to guide the subsequent analysis. Thus, for regression
of Y| X, SDR seeks the central subspace.

We assume that the outcome of the experiment depends on three random variables:
the scalar response Y, the p x 1 vector of predictors X, and an underlying binary
indicator W that identifies the subpopulation, with W = 1 or 0. And either of the
two subpopulations can be composed of multiple subpopulations. Let S§,U| + denote
the central subspace of the regression of Y|W = w on X|W = w, w = 0,1, and let
Sw|x denote the central subspace of W on X. Then the relation among the various

central subspaces can be expressed as in (8.3)[28].
Syix € Swix @ S?/‘X ) 531/|X (8.3)

We expect the equality to hold in (8.3). (8.3) implies that the central subspace of
regression of Y on X without knowing the subpopulation information would contain
both directions that separate the two subpopulation, as well as the directions that
describe the response-predictor relation in each subpopulation. In our compound
discovery application, we believe that the outcome variable is independent of all the

predictors for the inactive compounds. As such, we have S?,| + = 0, the origin. Thus
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(8.3) suggests that Sy|x contains information that both separates the active class
from the inactive class, as in Sw/|x, and the structure information within the active
class, as in Sll/|X' Let p, = E(X|W = w), and 3, = Cov(X|W = w), w = 0,1,
Then Span(jn — pi2, 31 —22) € Swix. Sw|x contains information from the difference
of locations and scales. If there are multiple subpopulations in the active class, le/‘ x
can be further decomposed in a sequential manner.

There are a number of dimension reduction estimators proposed to estimate the
central subspace, such as sliced inverse regression (SIR) [25], sliced average variance
estimation (SAVE) [26], directional regression (DIR) [27], local sliced inverse regres-
sion (L-SIR) [29], canonical correlation estimation [30], principal Hessian directions
(PHD) [31], and iterative Hessian transformation [32]. Most of these methods for es-
timating the central subspace Sy|x(n) require the conditional expectation E(X|y" X)
to be linear, also known as linearity condition, which requires the following formula
stands, L.e., B(X|y'X) = P,X = yy"X. Under the linearity condition, the centered
inverse regression curve is contained in the linear subspace spanned by the covariance
matrix of vXx[25], where Xx is the covariance matrix of X. The linearity condition
is satisfied when the distribution of X is elliptically symmetric, such as in normal
distribution. Thus it imposes a stringent requirement on the distribution of X. One
implication is that at the stage of data collection, we better design the experiment
so that the distribution of X will not violate the elliptic symmetry. On the other
hand, after data collection, we analyze the data closely to remove the outliers. The
good thing about the stringent is that when p is large and ¢ is fixed, the condition
is approximately true. Also, the linearity condition imposes no requirement on Y
or Y| X, thus requires no model. The general procedure for estimating the central

subspace is as follows. Suppose that we can find a consistent estimate M of a p x p?
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procedure-specific population matrix with the property that Span(M) C Sy|x, then
inference on at least a part of Sy|x can be based on M. SAVE, SIR and other
numerical procedures differ on M but have a common method of producing an es-
timate of Syx from M. Let Ay > Ay > ... > A, denote the eigenvalues of M, and
let 71, ...7, denote the corresponding left eigenvectors, then the linear combinations
WX, ...75X are the SIR or SAVE predictors depending on the method of analysis.
For example, when using SIR, VJTX is the jth SIR predictor. The number of linear
combinations d that is needed to fully capture the central subspace is determined by
the number of nonzero eigenvalues, which can be determined by sequential asymptotic
test[25], or permutation test[33]. Assuming that d = dim(S(M)) is known (d < p),
Span(M) = S(m,...74) is a consistent estimate of Sy|x.

In the following of this section, we will introduce in detail several sufficient dimen-
sion reduction methods used in our numerical studies, i.e., sliced inverse regression
(SIR) [25], sliced average variance estimation (SAVE) [26], and directional regression

(DIR) [27], as well as local sliced inverse regression (L-SIR) [29].

8.2.3 Sliced Inverse Regression (SIR)

SIR aims to estimate the central subspace Sy x based on a key observation that,
when X is elliptically symmetric, 5! E{X — E(X)|Y} belongs to Sy|x, where ¥ =
Cov(X) [25]. Further, it is assumed that whenever Span(S'E{X — E(X)|Y}) C
Sy|x, the two subspaces are equal. From the above observation, one can estimate the
central space by the eigen decomposition of the matrix CovE{X — E(X)|Y'} with

respect to Cov(X),

CovtX — B(X)[Y}y; = ACou(X)3;.5 =1+ .p. (8.4)
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Similar to PCA, the first d eigenvectors (71, - - - ,74) that correspond to the eigenvalues
(A1 = -+- > Ag > 0) form a basis of the central space, and v}s are the SIR directions.

Given n independent identically distributed data observations {(z;, v;), i =
1,--+, n}. One first obtains ¢ by slicing the range of response y into h non-overlapping

intervals, and then computes sample inverse mean and sample covariance estimator

within each slice s =1,---, h by (8.5) and (8.6),
Ba—B@i=5)= Y (a0 (8.5)
Con{Blr ~ E@)) = Y. B - B@)li = 9Bz - B@li=5).  (86)

s=1

Next we perform eigen decomposition with respect to the sample covariance estimator,

Cov{E(x — B(@)[§)}i; = \Cov{ B(@)}45, 5= 1,...p. (8.7)

Thus the first d eigenvectors (91, ...,J4) which correspond to the eigenvalues N>
.. > Ay > 0 form a basis of the sample central space. The structural dimensions that
captures the central subspace is determined by the number of nonzero eigenvalues,
which can in turn be determined by sequential asymptotic test or permutation test.

The number of slices h is a tuning parameter in SIR, but the estimation results are
not very sensitive to the choice of h, as long as h > d and the number of observations
in each slice is large enough for the asymptotic approximation. If Y takes categorical
values as in classification problems, it is natural to divide the data into different
groups by their responses. In the case of two groups, SIR is equivalent to linear
discriminant analysis in that it can only obtain one direction.

SIR is simple to compute, and works for a variety of flexible models. However,

it fails when E(X|Y) = 0, in which case Cov{E(X|Y)} cannot provide information
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about Sy|x. The degeneracy of SIR also restricts its use in binary classification
problems, since only one direction can be obtained. SAVE addresses these issues by
using the second moment information on the conditional distribution of X given Y.

We will discuss SAVE in the following subsection.

8.2.4 Sliced Average Variance Estimation (SAVE)

Instead of using CovE{X — E(X)|Y'} as in SIR, which fails when E(X|Y) = 0.
Sy ?E[{IL, — Cou(Z|Y)}?)5y/? is used as the kernel matrix in SAVE, where Z =

Y 2{X — E(X)}. On the population level, we perform the eigen decomposition on

E[{I, — Cov(ZIY) Y]y = Ny =1, ,p, (8.8)
and obtain the first d eigenvectors (71, - -+ ,74) corresponding to the largest d positive
eigenvalues Ay > --- > A\g > 0, then Span(vi,---,7v) € Syjz. Then we transform

the eigen vectors from the Z space back to the X space, and thus
Span(X7V2y, ... 272 )) C Sy|x- (8.9)

Given n independent identically distributed data observations {(x;, v;), i =
1,---, n}, as in SIR, one first obtains § by slicing the range of response y into
h non-overlapping intervals. However, to use SAVE, it requires that the predic-
tor vector x to be standardized by 2 = L-Y2(x; — T), where T = L3 ai, and
5= L3 (2, —7)(z; — ). Thus the sample covariance estimator within each slice
s=1,---, his

CorlB(li=5)} = 3 (e~ %)z — 2" (8.10)

yiEslice s
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And the eigen decomposition is on
M = Z {1, - Cov(2|§ = s)}{I, — Cov(z|§ = s)}7. (8.11)

The first d eigenvectors (91, ..., J4) which correspond to the eigenvalues M=
Mg > 0 form a basis of the sample central space. The structural dimensions that
captures the central subspace is determined by the number of nonzero eigenvalues,
which can in turn be determined by sequential asymptotic test or permutation test.

Besides linearity condition, SAVE requires the variance to be a constant, and
is slower than SIR in computation, since it requires more parameters. However,
SAVE does not require h > d to work, which makes it suitable for solving a binary

classification problem. SAVE also works well with E(X|Y) = 0.

8.2.5 Directional Regression for Dimension Reduction (DIR)

SIR and SAVE have wide application, but they have their own limitations. DIR
combines the advantages of SIR and SAVE, and has shown substantial improvement

in accuracy over SIR and SAVE. The kernel matrix used in DIR can be expressed as

n (8.12) [27).

M = 2E{E(ZZT|Y) — Cov(Z2)}?] + 2E2[E(Z)Y)E(ZT|Y)] 512
+2E[E(ZT|Y)E(Z|Y)|E[E(Z]Y)E(ZT|Y)], |

where Z is the standardized form of X, i.e., Z = ©7Y2(X — E(X)). DIR performs

the generalized spectral decomposition, Mv; = A\jy;, j=1,---, p, where y1,---, v,
denote the eigenvectors corresponding to Ay > ... > Ay > Agy1 = --- = A, = 0. Thus
from the linearity condition, i.e., E(Z|y? Z) is a linear function of Z, Span(y1, -+ , 74)

forms a consistent estimate of the central subspace Sy;. Transforming the Z space
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back to the X space, Span(X~1/27,,- -, £7Y2~,) forms a consistent estimate of the
central subspace Sy x. Following sequential test procedure, the structural dimension
d can be determined.

From the sample level, given n independent identically distributed data observa-
tions {(z;, y;), i =1,---, n}, as in SIR and SAVE, one first obtains § by partition-
ing the feasible value space of response y into h mutually exclusive and collectively
exhaustive intervals. DIR then requires to standardize the predictor vector x by
2, =YY%, —7), where7 = 237z, and ¥ = 13" (3, — 7)(2; — 7)T. Thus the
sample mean estimator within each slice s = 1,---, h can be expressed as follows.

Ezli=s)=— > = (8.13)

s yiEslice s

BETg=s)=— S 4, (8.14)
y;Eslice s
and
. 1
E(z2" — L|j=5) = — Z zizl — I, (8.15)

5 y;Eslice s
The eigen decomposition is on

h h
N=2%" %EQ(zz — L) =s)+2] Z BBzl = )BT = s)]2

s=1

M?:

h
TLS ~ ~ ns ~ ~
+2) gE(ZT|y = 8)E(zlg =) x ), LE(zlj = S)EGT|j=s). (8.16)
s=1

s=1

The first d eigenvectors (%1, ..., 54) which correspond to the eigenvalues PV WS
0 form a basis of the sample central space Sy|z, and it can be easily transformed to
Sy|x-

DIR is a second-moment based method. It improves the accuracy of contour

regression and decreases the computing time.
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8.2.6 Local Sliced Inverse Regression (L-SIR)

L-SIR [29] extends SIR by taking into account the local structure of the explana-
tory variables conditioning on the response variable [34, 29]. In SIR we shift all the
transformed data points by the corresponding group average, and then perform a
spectral decomposition on the covariance matrix of the transformed and shifted data
to identify the SIR directions. The logic behind this approach is that if a direction
does not differentiate different groups well, the group means projected onto that di-
rection would be very close, and therefore the variance of the transformed data will
be small in that direction.

The idea of L-SIR is that Euclidean structure around a data point in R? is only
meaningful locally. From this point of view, a natural way to incorporate localization
idea into SIR is to shift each transformed data point to the average of a local neigh-
borhood instead of the average of its global neighborhood. The local neighborhoods
are often defined by the k nearest neighbors, k-NN, of a point. Now in L-SIR, it
takes into account the points in the ambient space as well as information about the
response variable due to slicing. This is helpful in our context because it is common
that compounds from the same class, or with similar activity, are closer than from
different classes.

The reduced space can be obtained similarly as in SIR from the population level,
except that the local information k is taken into consideration. Thus one can estimate
the central space by performing the eigen decomposition of the matrix CovE{X —

E(X)|Y, k} with respect to Cov(X),
CovlX = BCO)IY, K}y = ACoo(X)75,5 = 1+ . (3.17)

The first d eigenvectors (71, - ,7q) that correspond to the eigenvalues (A > -+ >
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Ag > 0) form a basis of the central space, and the ;s are the L-SIR directions.
Given a data set (z;,¥;), as in SIR, it is divided into h non overlapping slices by

response. We compute

n 1
E(ﬁlyzs,k‘):EZIL’j, (818)
JEsi

where s; = {j : z; belongs to the k nearest neighbors of x; in slice h}, and

E(z) = %sz (8.19)

The local version of kernel matrix is

n

M == [Elf=s.k) - BE@)[E|y = s,k) - E()]" (8.20)
i=1
After eigen decomposition on the kernel matrix in (8.20), one can obtain the L-SIR

directions and eigenvalues as in (8.21).
Mﬁ/j = j\jCOU(SIZ')"S/j, J=1--,p (821)

The L-SIR dimension reduction directions are defined similarly as in SIR. Besides
the number of slices h, the neighborhood size k£ in L.-SIR is a tuning parameter. When
k is sufficiently large, i.e., equivalent to or larger than the number of observations in
each slice, the kernel matrix in L-SIR is the same as in SIR and L-SIR recovers all
SIR directions. On the other hand, if k is small, e.g., equivalent to 1, L-SIR keeps
all p dimensions. Thus it is essential for us to vary k to get the best performance of
L-SIR. In other words, we need to find the optimal local information for using L-SIR.
We will discuss the choice of £ in our simulation studies in later sections.

SIR and SAVE are implemented in R dr package, and can be used directly by ”dr”
commends with method = ’sir’ and ’save’, respectively. We implement DIR and L-
SIR for our numerical studies. The performance of these DR methods on unbalanced

data clustering will be discussed with numerical results in later sections.
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8.3 Clustering Methods

Clustering is the assignment of a set of observations into subsets (clusters) so
that observations in the same cluster are similar in some sense. It is a method of
unsupervised learning, and a common technique for statistical data analysis used in
many fields.

There are a number of commonly used cluster analysis methods, such as classifica-
tion tree, k-means clustering and model based clustering by expectation maximization
(EM) algorithm. We review k-means and model based clustering in the following part
of this section. In order to better cluster our simulation data, we propose ranking

method, which sorts along the dimension reduction direction.

8.3.1 K-means Clustering

The k-means clustering method aims to partition n observations into k clusters in
which each observation belongs to the cluster with the nearest mean. Given a set of
observations (x1, s, -+, x,), where each observation is a S-dimensional real vector,
then k-means clustering aims to partition the n observations into k sets (k < n)
S = Sy, Sa,-++, Sk so as to minimize the within-cluster sum of squares (WCSS):
Y Yacs,

In general, the k-means method will produce exactly k different clusters of greatest

z; — 11 ||, where p; is the mean of ;.

possible distinctions. The best number of clusters k leading to the greatest separation
is not known as a priori and must be computed from the data. The general algorithm

of k-means is as follows.

Step 1: Choose the number of cluster, k. Randomly generate k clusters and deter-

mine the cluster centers, or directly generate £ random points as cluster centers
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(denote the cluster centers as mgl), e m,gl), (1) represent the first iterative
step).
Step 2: Assign each point to the nearest cluster center mgt), ie.
SO = fa; || 2y —m? ||| 2y — M ||, Vit =1, .k} (8.22)
Step 3: Recompute the new cluster centers.
1
t+1
m{tY = a > (8.23)

¢ ijSi(t>

Step 4: Repeat Step 2 and 3 until the assignment no longer changes.

The main advantage of this algorithm is its computational simplicity which allows
it to run on large data sets. However, it does not yield the same result from each
run, since the resulting clusters depend on the initial random assignments. Even
it minimizes intra-cluster variance, it does not ensure that the result has a global
minimum of variance. K-means is implemented in R stats package, and can be used

directly by "kmeans” commends in R.

8.3.2 Model Based Clustering Method

Model based clustering method is first proposed by Wolfe in 1965 [35]. In model
based clustering method, it is assumed that the data are generated by a mixture of
clusters where each cluster has different underlying probability distributions. Given
n observations x = (xy,--- ,z,), denote fiy(x;,0x) as the density function of an ob-
servation x; from the kth cluster, where 6 are the corresponding parameters, and G

as the number of clusters in the mixture, then the model for the composite of the
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clusters is usually formulated through the maximum likelihood approach, where the
maximum likelihood is expressed in (8.24),

n G
Ly(01,-+ 0c,p1, -+ ,pa) = [ [ D pefuli, n). (8.24)

=1 k=1

pr is the probability that an observation belongs to the kth cluster, and it satisfies
the following condition, Zszl pr = 1, and py > 0.

We are mainly concerned about the case where the underlying probability dis-
tribution is Gaussian distribution, i.e., a multivariate normal distribution, where the
parameters 6, consist of a mean vector u; and a covariance vector Y, and the density

has the form

— /2
exp{—1/2(z; — )" Sy (i — )}
fk(xz‘mlw Zk) = (27T)p/2|2k|1/2 )

(8.25)

Banfield and Raftery [36] subsumed several earlier proposals based on Gaussian
mixtures, and developed a model-based framework for clustering by parameterizing

the covariance matrix in terms of eigen decomposition as follow,
Ye = MeDpADY (8.26)

where Dy is the orthogonal matrix of eignvectors, A; is a diagonal matrix whose
elements are proportional to the eigenvalues of ¥;, and )\ is a scalar.

Iterative relocation methods for clustering via mixture models are possible through
EM algorithm [37]. EM algorithm [38, 39] is a general approach to find the max-
imum likelihood estimates of parameters in probabilistic models, where the model
depends on unobserved latent variables. EM algorithm alternates between perform-
ing an expectation (E) step and a maximization (M) step iteratively. In the E step,
an expectation of the log-likelihood with respect to the current estimate of the dis-

tribution for the latent variables is computed, while in the M step, the parameters
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which maximize the expected log-likelihood found in the E step are observed. These
parameters are then used to determine the distribution of the latent variables in the
next E step.

Assume Y is a mixture of two normal distributions, i.e., Y1 ~ N(uy,0%), Yo ~
N(pz,03), and Y = 7 x Y] + (1 — 7) x Y5, where Pr(Y = Y;) = 7. We use this

mixture distribution as an example to show EM algorithm.
Take an initial guess for py, 2, 0%, o3 and 7.

E step: compute the responsibilities:

4= 7%%2(%) Pi—= 1 9...
b (L= 7)gg, (i) + T, (vi) L

, N. (8.27)

M step: compute the weighted means and variances:

iy — 211\7]51 - ’AYi)yi7 02, — >or (1 }Wyi_ fi1)” (8.28)
Zl (1—%) 21 (1—%)

~ N A~ I
N 221 Yivi 02, — >0 Yilyi — f1);

125) N 2 ~
21 Yi 21 Vi

Repeat the E step and the M step until the result no longer changes.

, (8.29)

This illustration uses two normal distributions with different means and different
standard deviations, and only the mixture of the two normal distributions can be
observed. The goal of EM clustering is to estimate the means and standard deviations
for each cluster by maximizing the likelihood of the observed distribution. In other
words, the EM algorithm attempts to approximate the observed distribution based
on mixtures of different distributions in different clusters.

The EM algorithm for clustering is described in detail in Witten and Frank (2001).

It is implemented in R mclust package. One can use "mclust” commend in R to get
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the cluster result. In mclust, one is able to determine the number of mixtures, as well
as the underlying density distributions for different clusters to obtain good clustering

result.

8.3.3 Ranking Along Dimension Reduction Direction

Ranking along dimension reduction direction is a method we proposed to classify
data in the reduced central space. As discussed in previous section, the relation

among the various central subspaces can be expressed as in (8.30)[28],
Syix € Swix ® Sy|x @ Sy|x- (8.30)

(8.30) implies that the central subspace of regression of Y on X contains the di-
rection that separates the two classes, as well as the direction that describes the
response-predictor relationship within each class. From (8.30), one can understand
that the summary plot of the reduced space contains the direction that separates the
two classes, that is, the two classes are aligned along the first or second dimension
reduction direction. Thus if we sort the dataset along that direction, and get a cer-
tain percentage of the top and bottom of the data, we can claim them as one class,
and the rest in between can be claimed as the other class. The reason we get both
sides of that direction is that we cannot predict which direction one class distributes
without visualization. For unbalanced data classification, it is acceptable to classify
the data on both sides to be one class, since one is only getting several percent of the
noise class. The borderline between the two classes, i.e., the percentage to cut off,
is a tuning parameter in real clustering analysis. In our simulation study, we know
the percentage of active compounds, and the easiest way is to use that percentage in

ranking.
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8.4 Evaluation Criteria

In this section, we briefly review the methods used in this dissertation to evaluate

the clustering results.

8.4.1 Table of confusion

There are four possible outcomes from a binary classification problem. Assume
outcomes are labeled either as positive (p) or negative (n) class. If the outcome from
a prediction is p, and the actual value is also p, then it is called a true positive (T'P);
if the prediction is p, while the actual value is n, then it is said to be a false positive
(FP). Conversely, a true negative (T'N) occurs when both the prediction outcome
and the actual value are n, and false negative (F'N) stands for the case where the
prediction outcome is n, while the actual value is p. We use p and n represent actual
values, and use p/ and n/ represent prediction outcomes, respectively.

A table of confusion (table), is a table with two rows and two columns that reports
the number of (T'N), (FP), (FN) and (TP), shown in Table 8.1(a). We use the
percentage, i.e., each cell in Table 8.1(a) out of the total, in our discussion to evaluate

different dimension reduction methods, depicted in Table 8.1(b). From the above

Table 8.1: Table of confusion (table)

(a) Original table (b) table in percentage

p n p n
pl | TP FP pr | TP/(p+n) FP/(p+n)
nt | FN TN nt | FN/(p+n) TN/(p+n)

table, we can calculate the mean within group misclassification error rate, using the
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FpP N )

following formula, %(FP+TN + TPiEN

8.4.2 Receiver Operating Characteristic (ROC) Curve

A ROC curve is a graphical plot of the sensitivity vs. (1 - specificity) for a binary
classifier system as its discrimination threshold varies. The ROC curve can be rep-
resented equivalently by plotting the fraction of true positives, i.e., true positive rate
(TPR), TPR =TP/P =TP/(TP + FN) versus the fraction of false positives, i.e.,
false positive rate (FPR), FPR = FP/N = FP/(FP+TN). ROC analysis provides
tools to select possibly optimal models and to discard suboptimal ones independently
from the class distribution. The area under the curve (AUC) can be used to deter-
mine which method is better. The machine learning community most often uses the

ROC AUC statistic for model comparison.

8.5 Performance on High Dimensional Unbalanced

Data

8.5.1 Simulation Setup

To analyze the compound discovery data, we have the following assumptions.
There exists a relationship between response Y and the descriptor set X in the ac-
tive compounds (W=1). However, such a relationship does not exist in the inactive
compounds (W=0). In our simulation study, we have the indicator information (W).
Thus we can construct ROC curve and table to evaluate different dimension reduction
based clustering methods. We use the following two scenarios in our simulation data

generation.
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Case 1: X satisfies a univariate normal distribution. For active class (W=1), Y is
a regression on X through . While for inactive class (W=0), Y satisfies an

independent normal distribution.

Case 2: X satisfies a normal distribution with mean difference, variance difference, or
both mean and variance differences. Y is simulated as a regression on X through
B in the active class (W=1), and satisfies independent normal distribution in

the inactive class (W=0).

We choose Case 2 in the following numerical studies, since it is more reasonable that
different classes of chemical compounds have different descriptor sets. The difference
in our studies come from mean and variance in the normal distribution. We include
three types of settings, mean difference (u1 # p2), variance difference (o7 # 02), and
both mean and variance difference (u; # p9) and (07 # 02) in our discussion. Another
point of our interest is proportion variation in the active class. Since the compound
discovery data is highly unbalanced, with the inactive compounds dominating in size,
it is common to get thousands or tens of thousands dataset with only tens active
ones in it. We vary the proportion of the active class to compare the performance of
different DR based clustering methods under extreme condition.

We first run simulation studies to compare the performance of DR methods under
mean and variance difference scenarios. Dimension reduction is a new research area,
and we want to explore the features of SIR, SAVE, L-SIR, and DIR. We use ranking
along the dimension reduction direction to do clustering in the reduced space, and
plot the summary plot to visualize the separation of the two classes. Another reason
for choosing ranking method is that we need a good criterion to compare different

methods. With ranking method, we can vary the percentage to separate the two class,
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and use ROC curves and AUCs to perform model selection. We run 50 replications in
all our simulation studies to reduce statistical error and make the ROC curves smooth.
We compare the classification result of DR based clustering to those of k-means and
model based clustering method to find that DR based clustering is more efficient in
selecting the active class than the classical clustering methods. Our classification
results are also evaluated by mean within group misclassification error rate, which is

discussed in detail in Chapter 9.

8.5.2 Tune Parameter k£ in L-SIR

Before using L-SIR, we first discuss selection of the local information in L-SIR,
i.e., the tuning parameter k, through numerical studies. Our simulation setting is
as in Table 8.2. Through this chapter, we use u; and o; to denote the mean and
the standard deviation of class i. p denotes the proportion of the active class. We
run L-SIR with different k& on simulation data of size 5000 (n = 5000) 50 times
(t = 50), on both mean and variance differences. We run SIR on the same simulation
data to validate our implementation of L-SIR. From our discussion of L-SIR, it is
easy to understand that when k is sufficiently large, i.e., larger than the number of
observation in each slice, results obtained from L-SIR converges to those obtained
from SIR. We plot the ROC curves in Figure (8.2), and calculate the corresponding
AUCs, presented in Table 8.2. Our clustering results from L-SIR indeed converge
to those from SIR for large k, which indicates that our implementation is correct.
Another observation from this numerical study is that L-SIR is not very sensitive to
the selection of k, as long as k is not close to number of observations in each slice.

Since the results obtained from L-SIR are not sensitive to the choice of k, we can

choose k easily without affecting the accuracy of the results in our numerical study



Table 8.2: Selection of k£ for L-SIR with AUCs
(a) Settings 1: py = s =0; 01 =1, 09 =2.3, p=0.03, n = 5000, t =

50

k
AUC

b} 20 50 100 200 300
09736 0.9737 0.9737 0.9737 0.9737 0.9737

k
AUC

450 480 490 500 600 SIR
0.9736 0.9668 0.9070 0.7783 0.7783 0.7783

(b) Settings 2: u3 = —0.5, pa = 0.5, 04 =02 =1, p=10.03, n =

5000, ¢ = 50

k
AUC

S 20 50 100 200 300
0.9710 0.9707 0.9707 0.9707 0.9703 0.9697

k
AUC

450 480 490 500 600 SIR
0.9683 0.9684 0.9684 0.9685 0.9685 0.9685
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(b) Enlarge of a detail ROC curve from L-SIR

Figure 8.1: ROC curve of L-SIR for k equals to 5, 20,...,600 and SIR, the legend is
illustrated in the figures for Setting 1 the variance difference
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discussed in the following sections. Next we compare the performance of L-SIR to

the other DR methods in our simulation studies.

8.5.3 Performance of Dimension Reduction (DR) Methods
Mean Difference in X

Our discussions in this part focus on mean difference in the descriptor set. We
use 0 = 1 for each class, and set the rare class as 1%, and the majority class as
99% to be comparable to drug discovery data. The regression is on X only. It is
clear from the summary plot that two classes are separated along the first dimension
reduction direction X;. Thus we sort the data along that direction, and claim the top

and bottom 1% data points as one class. The rest in between are claimed as another
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class. We list the AUCs in Table 8.3, and plot the ROC curves in Figure 8.3. From
the ROC curves and the AUCs, we can see that when mean difference between the
two classes gets larger than 1, all three DR methods work well. However, DIR seems
to be more sensitive than L-SIR and SIR when the mean difference is smaller than
1. For = 0.4 case, DIR is better than the other two methods, while for ;1 = 40.6

case, the three ROC curves almost overlap with each other as seen in Figure 8.3.

Table 8.3: Mean difference settings and AUCs

AUC

Setup SIR DIR  L-SIR
= —0.4, pus =0.4|0.8070 0.9636 0.8979
= —0.5, pue = 0.5 0.9499 0.9821 0.9806
= —0.6, u2 = 0.6 | 0.9819 0.9841 0.9841

Variance difference in X

Herein we focus on variance difference in X for different classes. Our simulation
setup is 1% for active class, and 99% for inactive class with uy = ps = 0. The
regression is on X?2. Similar to the previous discussion, we sort the data along the
first dimension reduction direction, and claim the top and bottom 1% as the active
class, all others as the inactive class. The standard deviation is: o; = 1 for all cases,
and oo = 1.3, 1.6, 2, 3, 5, 7, respectively. The AUCs are listed in Table 8.4, and
the ROC curves are depicted in Figure 8.5. From the AUCs and ROC curves, we
can see that L-SIR is better than DIR and SIR on separation of variance difference.
SIR and DIR have almost no separation, even worse than random guess (diagonal on
ROC curve, and AUC is 0.5). With location information combined in the descriptor

set, it is understandable that L-SIR is sensitive to variance difference. The summary
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Figure 8.3: ROC curve of SIR, DIR and L-SIR on X with mean difference

plots of SIR, DIR and L-SIR regression on X? are illustrated in Figure 8.4. One
reason leading to the fail of SIR and DIR is the weak information of the active class.
We increase the percentage in later discussion to see whether SIR and DIR have

separation on variance difference.
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Table 8.4: Variance difference settings and AUCs

AUC

Setup SIR DIR  L-SIR
op=1, 0o =1.31]0.3860 0.3893 0.7519
o1=1, 0o =1.61]0.3819 0.3572 0.9403
op=1,00=2 |0.4191 0.3520 0.9813
op=1, 00=3 |0.4921 0.3772 0.9847
opr=1, 00=5 |0.5330 0.4101 0.9847
o1=1, 09=7 0.5442 0.4214 0.9847

Both mean and variance difference in X

A more realistic case is that the distribution of X has different means and variances
in different classes, and the regression is on X and X?2. We set 1% active class, sort
the data along the first dimension reduction direction, and claim the top and bottom
1% as one class. From the ROC curves (Figure 8.6) and the AUCs (Table 8.5), we
can see that L-SIR is better than DIR and SIR for separation of unbalanced data

when both mean and variance differences are involved.

Table 8.5: Mean and variance difference settings and AUCs

AUC

Setup SIR DIR  L-SIR
wy =0,00 =1, s =0.5,00 =2 | 0.3648 0.3354 0.9823
wy =0,00 =1, ps =0.5,00 =3 | 0.3540 0.3170 0.9847
=000 =1, up =1,00 =2 | 04082 0.3574 0.9838

To summarize our finding for 1% rare class case, of the three DR methods, DIR
regression on X works the best for mean difference alone. SIR and L-SIR are also
reasonably good when the mean difference is larger than 1. L-SIR is a promising

method to separate classes with variance difference. It brings another issue, that is
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Figure 8.6: ROC curve of SIR, DIR and L-SIR on X and X? with mean and variance
difference

when we have strong variance difference within each class, L-SIR may be the worst
since the variance difference in each subclass may cover the classification information

between classes.
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Proportion variation

We have discussed our findings on three different setups in X for 1% active com-
pounds and 99% inactive compounds. In this section, we present our simulation
results on proportion variation of the active class of the above settings. Common
sense is that the more balanced the data, the better separation we have, since we
have more information for each class.

Our simulation setup and AUCs are summarized in Tables 8.6, 8.7 and 8.8 for mean
difference, variance difference and both mean and variance difference, respectively.
The corresponding ROC curves are illustrated in Figure 8.7, Figure 8.8 and Figure 8.9,

respectively.

Table 8.6: Proportion variation for mean difference settings and AUCs

AUC

Setup SIR DIR  L-SIR
= +0.4,p=0.01 | 0.8070 0.9636 0.8979
= 0.4, p=0.03 | 0.9531 0.9601 0.9602
= 1£0.4,p=0.05 | 0.9447 0.9487 0.9507

Table 8.7: Proportion variation for variance difference settings and AUCs

AUC

Setup SIR DIR  L-SIR
op=1,00=3,p=0.010.4921 0.3772 0.9847
op=1,00=3,p=0.03 | 0.8521 0.5735 0.9742
o1=1,00=3,p=0.00 | 0.9472 0.6854 0.9631

From the Tables 8.6, 8.7, and 8.8 and ROC curves in Figure 8.7, Figure 8.8, and
Figure 8.9, we can see that when only mean difference is involved in X, L-SIR and

SIR almost overlap with DIR for higher proportion like 3%. However, when variance
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Figure 8.7: ROC curve of SIR, DIR and L-SIR on different proportion of mean
difference

difference is involved, L-SIR always exceeds SIR and DIR for small proportion less
than 5%. SIR has an increasing AUC along with percentage increasing, while DIR

completely fails.
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Figure 8.8: ROC curve of SIR, DIR and L-SIR on different proportion of variance
difference

8.5.4 Comparison to Classical Clustering Methods

We run simulation studies on several settings as in Subsection 8.5.3 on Kmeans
and model based clustering, and compare their classification results to L-SIR based

clustering in this section. Our evaluation criteria is mean within group misclassifica-



166

Table 8.8: Proportion variation for both mean and variance difference settings and

AUCs

AUC

Setup
uw=20,0.5,0=1,2,p=0.01
nw=20,050=1,2,p=0.03

SIR DIR L-SIR
0.3648 0.3354 0.9823
0.5596 0.3464 0.9717
0.7682 0.3868 0.9608

tion error rate. We list the classification results in Table 8.9. From the tables, we can

see that ranking along L-SIR direction gives the best classification results with less

than 0.1 mean within group misclassification error rate. Kmeans and model based

clustering have better classification results on the reduced space than those on the

original space for mean difference. L-SIR based ranking is the only method works on

variance difference setting. However, if we have variance difference within the inactive

class, which is a reasonable assumption in real data, L-SIR based ranking will lose its

advantages.
Table 8.9: Mean Within Group Error Rate
Setup L-SIR+rank L-SIR+Kmeans L-SIR+Mclust Kmeans Mclust
@ = £0.5
c=1 0.0729 0.2407 0.0787 0.2983  0.3229
p=0.01
o1 = 1
o9 =3 0.0279 0.6807 0.6381 0.6290  0.7105
p=0.01
w = £0.5
o=1/3 0.0295 0.6880 0.6341 0.6222 0.3814
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Figure 8.9: ROC curve of SIR, DIR and L-SIR on different proportion of mean and
variance difference

8.6 XUE Data Investigation

XUE data is constructed based on 2017 real compound information. The descrip-
tor X contains 8 compound properties and 24 WBNs. Response Y is a continuous

descriptor of the compound activity. Within the 2017 compounds, 28 of them are
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active compounds belonging to two different mechanisms (W = 1 and W = 2, 14
each). All other 1989 compounds are inactive (W = 0).

We examine the XUE data by DR based clustering. In our analysis, we use the
p = 24 WBNs as our descriptor set, and perform dimension reduction to reduce it
to two dimensions, which can be depicted by a summary plot. Then we cluster the
data into 2 classes using Kmeans and model based clustering methods, and present

the cluster result by table.

8.6.1 DR Based Clustering on XUE Data

We use SIR, DIR, and SAVE to perform dimension reduction on XUE data (the
result of L-SIR is similar with that of SIR), and depict the summary plots in Fig-
ure 8.10. We run Kmeans and model based clustering on the reduced space. The
clustering results are summarized in Table 8.10. We can see from Figure 8.10 that SIR
separates all active compounds along the first dimension reduction direction. How-
ever, DIR and SAVE put the two subclasses along each of the first two dimension
reduction directions. Thus the two subclasses have a better separation in DIR and
SAVE than in SIR. This observation is consistent with Tables 8.10, 8.11, and 8.12.

Table 8.10 illustrates the result obtained from SIR. We can see that both Kmeans
and Mclust classify the majority class reasonably well. Mclust has higher accuracy
than Kmeans in the rare class, while both of them are around or higher than 50%.
This is successful since the XUE data has complex data structure and weak sepa-
ration information, i.e., only 1% active compounds with two different mechanisms.
Tables 8.11 and 8.12 are the results for DIR and SAVE. We perform Kmeans and
Mclust on the first two dimension reduction directions to ensure that we do not miss

any information for active classes. Mclust has slightly better result than that of
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Figure 8.10: SIR, SAVE and DIR on X of XUE data. Red dots represent inac-
tive compounds, blue and green dots represent active compounds of two different
mechanisms.

Kmeans, and they both work reasonably well. We compare DR based clustering to
clustering on original space, which is listed in Table 8.13, and find that by dimension

reduction, we gain lots of calculation efficiency without losing classification accuracy.
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Table 8.10: Kmeans and Mclust table of SIR on X along the first direction

(a) Kmeans along X (b) Mclust along X1
cid cid
W.hat 0 1 2 W.hat 0 1 2
0 0.977 0.571 0.357 0 0.952 0.357 0.286
1 0.023 0.429 0.643 1 0048 0.643 0.714

Table 8.11: Kmeans and Mclust table of DIR on X along the first two directions

(a) Kmeans along X1 (b) Mclust along X4
cid cid
W.hat 0 1 2 W.hat 0 1 2
0 0987 1.000 0.357 0 0950 0.929 0.357
1 0.013 0.000 0.643 1 0.050 0.071 0.643
(¢) Kmeans along Xgo (d) Mclust along Xgo
cid cid
W.hat 0 1 2 W.hat 0 1 2
0 0958 0.286 1.000 0 0932 0.286 1.000
1 0.042 0.714 0.000 1 0.068 0.714 0.000

Table 8.12: Kmeans and Mclust table of SAVE on X along the first two directions

(a) Kmeans along X,,1 (b) Mclust along Xq1
cid cid
W.hat 0 1 2 W.hat 0 1 2
0 0.986 1.000 0.357 0 0.933 0.857 0.357
1 0.014 0.000 0.643 1 0.067 0.143 0.643
(¢) Kmeans along Xg,0 (d) Mclust along X4
cid cid
W.hat 0 1 2 W.hat 0 1 2
0 0977 0.571 1.000 0 0948 0.357 1.000

1 0.023 0.429 0.000 1 0.052 0.643 0.000
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Table 8.13: Kmeans and Mclust table on Original Space

(a) Kmeans on XUE (b) Mclust on XUE
cid cid
W.hat 0 1 2 W.hat 0 1 2
0 0.645 0.786 0.214 0 0.654 0.071 0.357
1 035 0.214 0.786 1 0346 0.929 0.643

XUE data has three classes, and two of them are active classes with different re-
gression relationships, while our previous discussions focus on two-class situation. We
delete one active class, and analyze the rest two classes. We compare the classifica-
tion result of DR based clustering to clustering on the original space of the two-class
XUE data. We use DIR in our simulation to avoid the underlying variance differ-
ence in the subclass, and use mean within group misclassification error rate as the
comparison criterion. We sort the data along the direction with better separation,
and compare the classification result to clustering on the original space. The results
are listed in Table 8.14. From Table 8.14, we can see that DIR based Kmeans and
DIR based Mclust have better classification result than Kmeans and Mclust on the
original space. However, DIR based ranking does not obtain a similar result due to

the underlying differences in the subclasses.

Table 8.14: Mean Within Group Error Rate

Setup DIR+rank DIR+Kmeans DIR+Mclust Kmeans Meclust
class 1,0 0.3275 0.1975 0.1610 0.5695  0.2030
class 2,0 0.2555 0.1840 0.1610 0.2835  0.3800
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8.6.2 Cross Validation

We perform cross validation on XUE data to evaluate our method. There is only

1% active compounds in XUE data, thus we set up the cross-validation as follows.

1. Randomly select 50% of the noise compounds as the training set, and keep the

rest in the testing set.
2. Use all the active compounds in both training set and testing set.

We utilize three DR methods on the training set to obtain the dimension reduction
directions. Then we cluster the training set along the first two dimension reduction
directions by both Kmeans and model based clustering. Next, we apply the dimension
reduction directions and the center of each class observed from the training set on
the testing set, and obtain the classification results. We run this cross-validation 10
times to reduce statistical error. The results are summarized in Tables 8.15, 8.16,

and 8.17 for SIR, DIR, and SAVE, respectively.

Table 8.15: Cross-validation table of SIR on X along the first direction

(a) Kmeans on X1, Xso for the training

set (b) Mclust on X1, Xso for the training set
cidr cidr
W .hat 0 1 2 W .hat 0 1 2
0 0.9 0.329 0.214 0 0.756 0.407 0.379
1 0.1 0.671 0.786 1 0.244 0.593 0.621
(¢) Kmeans on X1, X0 for the testing set (d) Mclust on X7, Xso for the testing set
cids cids
W .hat 0 1 2 W .hat 0 1 2
0 0.904 0.321 0.2 0 0.747 0.4 0.386

1 0.09 0.679 0.8 1 0253 0.6 0.614
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Table 8.16: Cross-validation table of DIR on X along the first direction

(a) Kmeans on Xg1, Xg2 for the training (b) Mclust on X471, Xgo for the training
set set
cidr cidr
W .hat 0 1 2 W .hat 0 1 2
0 0.942 0.7 0.429 0 0.93 0.4 0.343
1 0.0568 0.3 0.571 1 0.07 0.6 0.657
(¢) Kmeans on X1, X4o for the testing set (d) Mclust on X1, Xgo for the testing set
cids cids
W.hat 0 1 2 W.hat 0 1 2
0 0.939 0.829 0.364 0 0.839 0.429 0.393
1 0.061 0.171 0.636 1 0.161 0.571 0.607

Table 8.17: Cross-validation table of SAVE on X along the first direction

(a) Kmeans on X1, Xsq2 for the training set (b) Mclust on Xg41, Xsq2 for the training set
cidr cidr
W .hat 0 1 2 W .hat 0 1 2
0 0.861 0.686 0.521 0 0.744 0.393 0.414
1 0.139 0.314 0.479 1 0.256 0.607 0.586
(¢) Kmeans on Xgq1, Xsao for the testing set (d) Mclust on Xs41, Xsa2 for the testing set
cids cids
W .hat 0 1 2 W .hat 0 1 2
0 0.881 0.764 0.521 0 0.916 0.414 0.357
1 0.119 0.236 0.479 1 0.084 0.586 0.643

The classification results on the testing set have higher than 60% accuracy. It is a
reasonably good result for XUE data which has complicated underlying data structure
and 1% active compounds. The cross-validation results assure that our method, which
combines dimension reduction, such as SIR, DIR, and SAVE, and clustering, including

Kmeans and model based clustering, is effective in high dimensional unbalanced data
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classification.

8.7 Concluding Remarks

Corresponding to the challenges in drug discovery data, i.e., an unbalanced mix-
ture regression problem with high dimensional correlated descriptor set, we propose
dimension reduction based clustering methods to model it. Our standing point is
that dimension reduction can reduce the high dimensional descriptor set into its low
dimension central space without losing regression information. The reduced space
contains the direction that separates the two classes as well as the direction that
describes the underlying structure in the active class. We introduce 4 sufficient DR
methods and 2 classical clustering methods. Ranking along the dimension reduction
direction is proposed to cluster the data.

Our simulation study is devoted to the following three parts. We tune parameter
k in L-SIR to find a certain range of k for good performance. We investigate the DR
methods and clustering methods to see their performance on different settings. We
also compare the performance of DR based clustering versus clustering on the original
space. Our findings of the numerical studies can be summarized in the following
points.

First, choice of k is flexible within a certain range. When set k close to the number
in each slices, L-SIR converges to SIR. The smaller k is, the more sensitive L-SIR is
to local information. By incorporating the local information in it, L-SIR is sensitive
to variance difference setting.

Second, of the 3 DR methods, i.e., SIR, DIR, and L-SIR, DIR is the most sensitive

to mean difference under extreme conditions. Here the extreme condition means less
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than 2% for the rare class or mean difference smaller than 1 while variance is 1. L-
SIR is slightly better than SIR under the extreme condition. All three methods work
well when mean difference is larger than 1. L-SIR is the only DR method that has
differentiation with variance difference setting under the Gaussian mixture model.

Third, ranking along the appropriate DR directions give the best classification
result for our Gaussian mixture model with both mean and variance differences. DR
based clustering works better in general than clustering on the original space in our
simulation study. For model based clustering method, clustering on the reduced space
is a lot faster than on the original space.

The investigation on XUE data are carried out in three parts. First we try to
understand the data structure by comparing all DR methods and clustering meth-
ods, we find that DIR works the best for XUE data due to the underlying variance
difference in the inactive class. Then we compare the DIR based clustering versus
clustering on the original space to find that DIR based Kmeans and Mclust performs
better than on the original space, while ranking along DIR direction does not have a
comparable result as that of Kmeans and Mclust. The cross validation result further
supports that DR based clustering is a good method for modeling drug discovery

data.
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Chapter 9

Boosting Method for Unbalanced

Data Classification

9.1 Introduction

Class imbalance problem can be interpreted in two aspects: the unbalanced class
distribution and the non-uniform misclassification costs. Corresponding to these two
aspects, our solution method can be described at the data level and the algorithm
level. At the data level, the objective is to re-balance the class distribution by resam-
pling the data space. At the algorithm level, existing classifier learning algorithms
are adapted to strengthen learning with regard to the small class. Data level method,
i.e., resampling the data by over sampling the rare class or under sampling the major
class, does not work well for drug discovery problem, since the rare class may only
contribute less than 5% of the total population. However, from the algorithm level,
we can increase the misclassification costs of the data in the rare class and minimize
the high cost errors. This is equivalent to increasing class weight for the rare class.

In this chapter, the focus of our research work is the development of boosting
method for solving class imbalance problem. Boosting method was first proposed
in the computational learning theory literature ([40],[41],[42]). It is an important

classification methodology. Boosting works by sequentially applying a classification
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algorithm to reweighted versions of the training data and then taking a weighted
majority vote of the sequence of classifiers thus produced [43]. This simple strategy
results in great improvements in performance for many classification algorithms.

Yanmin Sun ([44],[45]) improved Adaboost algorithms by including the misclassi-
fication costs into the weight update formula. The new method is called cost-sensitive
Adaboost, and the essence of the new method is to increase the misclassification costs
of the minority class. Even though cost-sensitive Adaboost gains efficiency in finding
the rare class, in Yanmin Sun’s paper, they did not provide a good criterion to de-
termine the best misclassification cost to add on the minority class, neither did they
pick the best way of including the misclassification costs of the three cost-sensitive
Adaboost methods they proposed. Our work in this chapter provides theoretical dis-
cussion on the best way of adding unequal class weights, and proves that if we add a
class weight reciprocal to the percentage of that class, the classification result reaches
the theoretical minimum misclassification error rate, i.e., the Bayes rule. Hereafter
we use class weight rather than misclassification cost, since it is more intuitive in
discussion, and we can easily transform class weight to misclassification cost mathe-
matically.

The following of this chapter is organized as follows. In Section 9.2, we introduce
Adaboost algorithm, and its connection with minimizing exponential loss through
forward stagewise additive modeling. The weighted Adaboost algorithm, which adds
a class weight reciprocal to the percentage of that class, is presented in Section 9.3.
We briefly introduce gradient boosting and negative binomial log-likelihood, as well
as the weighted version of gradient boosting in Section 9.4. In order to compare
the performance of Adaboost and weighted Adaboost, we run simulation studies and

a real data application in Section 9.5 and Section 9.6, respectively. Our numerical
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studies show that weighted Adaboost has good detection rate on the rare class, while
Adaboost sometimes completely fails. Finally, we wrap up the chapter by a brief

summary in section 9.7.

9.2 AdaBoost and Exponential Loss

AdaBoost procedure is first proposed by Freund and Schapire in 1996 [46] for
binary data classification. Assume training set (z1,y1), -, (zn,yn) with z;, which
is a vector valued feature, and y; = 1 or — 1. The classification rule of Adaboost is
F(z) = sign(321" m fim(z)) where each f,,(z) is a weak classifier producing prediction
taking one of the two values, {—1,1}, and «,, is a constant for each boosting step
which we will discuss in detail later. The error rate on the training set is err =
% SV (I(y; # G(x4))), and the expected error rate on future prediction is Exy =
I(Y # G(X)).

The algorithm of Adaboost can be described as follows.

1. Initialize the observation weights, w; = 1/N,i=1,--- /N

2. Form=1,--- M,

m
(2

a) Fit a classfier f,,(z) to the training data using weights w

N Iy .
b) Compute error rate err,, = iz gzlv(yfim (@)
i=1W;

c) Compute a,, = log :=¢m

errm

d) Set w™™ = w - explanI(yi # fum(x))]

3. Output F(z) = sz’gn[zi]\il A frn ()]



179

To describe the procure in detail, Adaboost first runs an equal weight classifi-

SN wil(yi# fm (24))
ZzNzl w ’

where w; is the weight on the ith observation, and m is the number of boosting steps.

cation, and gets a misclassification error rate, denoted by err,, =

Then it updates class weight by w”™ = w™ - expla,I(y; # fm(z:))] for each ob-

l—errm
errm

servation, where «,,, = log . For each boosting step, Adaboost fits a weighted
classifier, f,,(x), to the training data set using weights w!" corresponding to each
observation. The final classification rule is F(z) = sign[>21" cumfin(x)]. Adaboost
algorithm works by adding a larger weight on those data points which are classified
in the wrong class from the previous step, and reducing weight on data points which
are correctly classified. Through the iteration process, data points which are diffi-
cult to classify receive an ever-increasing influence. Each classifier thus is forced to
concentrate on those training observations which are misclassified by previous steps.

The success of Adaboost is theoretically supported by minimizing exponential loss

through forward stagewise additive modeling.

9.2.1 Additive Model

We consider the additive regression models (ARMs) (Hastie and Tibshirani, 1986)
[47]. Let the response variable y; = {1, —1} be the ith observation of n observation
units (i = 1,---,n). We assume y;s are independent. The data also consists of
p covariates {t;1,--- ,ti}. The additive regression models have the following form
yi = Bo + fi(tin) + fa(ti2) + - -+ + fo(tip) + €, where [ represents a scalar intercept,
and f;(t)'s(j = 1,---,p) are arbitrary smooth functions associated with covariates
i, respectively. The error term ¢; is usually assumed to be independent and identi-

cally distributed from normal distribution N(0,¢?). The above expression provides a

general modeling formulation, where additivity is the only assumption made for the
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relationship between the response variable and the covariates.

A common way to fit the above additive model is to minimize a certain penalized
sum of squares by an iterative fitting method, such as back-fitting algorithm and
forward stagewise additive modeling. A forward stagewise modeling approximates
the solution to an additive model by sequentially adding new basis functions to the
expansion without adjusting the parameters and coefficients of those that have already
been added. The forward stagewise additive modeling algorithm can be described as

follows ([38]):
Step 1. Initialize fo(x) = 0.
Step 2. For m =1 to M:

1. Compute (B, Ym) = argming, S0 L(yi, fin—1(2;) + Bb(xi;7)),

2. Set fun() = fru1(2) + Bub(@, ).

At each iteration, an optimal basis function b(z,,,) and the corresponding coef-
ficient f is added to the current expansion f,,_1(z). Through this iteration process,

we fit all parameters by minimizing the loss function.

9.2.2 Adaboost versus Forward Stagewise Additive Model-
ing
Denote the exponential loss as L(Y, F(X)) = exp|—-Y F(X)], where Y = {1, -1}

is the class indicator. We follow the forward stagewise additive modeling algorithm

in Section 9.2.1 to find the minimizer of the exponential loss,

N

(B X)) = arg min > exp{—pi[Fon-1(01) + B 2]} (9.1)

i=1



181

Denote the weight function of the mth step as follows,

m

wi = exp[—y; Fin_1(x;)], (9.2)
and substitute w]" in equation 9.1, we can rewrite the equation in the following format,

N

(B Jm (X)) = argagin i xpl—ysfin fn21)) (9.3)
i—

For our classification problem, y; and f(z;) are both class indicators that belong to

{1, —1}. We separate the loss function in equation (9.3) into two cases, one is that

the real class information is consistent with prediction from our classifier, the other

one is not consistent with our prediction. Then equation (9.3) can be simplified as

follows,

Zweﬁ—l—Zwe
yz—z

yi#f (i)

—Z I(y; # f(x))w! —i—Zw e . (9.4)

There are two unknown parameters, i.e., § and f(z). We minimize the loss function
in equation (9.4) by varying these two parameters. We do it in two steps. First we fix
[ and minimize the loss function by varying f(z), after we find a solution of f(z), we
take the loss function as a function of 5 alone, and find the solution for 3. We can see
that the second summation in (9.4) is not related to f,,(X). Thus we only need to
consider the first part to minimize the exponential loss. Without loss of generosity, we
assume 3 > 0, then the solution is f,,,(X) = argminy vazl wI(y; # f(x;)), which is
Bayes Rule under unequal weights which we will discuss later in this chapter. Now

we consider (9.4) as a function of 3, denoted by I(/3), then the minimizer of [(5) can
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be obtained by solving the following partial differential equation:

Ol(Bm) _ (ePn + e—ﬁm)iwm[( 2 fx) + ﬁ:wme‘ﬁm =0 (9.5)
ﬁm - i Y [ - 7 . .

We can rewrite the above equation as

N
Zizl w;"

e 1) = )
DS ST £ )
The error rate of the mth step is
w1 (y; i
v = Sl £ 1)
D Wi

then 8 only depends on the error rate of each iteration step, and is one half «, where

a is a coefficient in Adaboost algorithm,

Since y; and f,,,(x;) are both class indicators and both belong to {1, —1}, the following
equation —y; fr(z;) = 2I(y; # f(x;)) — 1 stands. Thus the weight update function

for the forward stagewise additive modeling (9.2) is

wih = wi exp[—yi B fin (2:)] = wi" explam I (y; # fu(w:))] exp[—P),

where exp[—f,,] is a constant in the mth boosting step and can be canceled out if we
normalize the weight.
From the above discussion, F'(X) that minimizes the exponential loss by forward

stagewise additive modeling is in the following format,

F(X) =) Bufm(X). (9.6)

For classification problem, the classification rule will be

F(X) = sign[) _ B frn(X)]: (97)

m=0
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Compare (9.6) and (9.7) to the AdaBoost algorithm in the previous section, we
can see that, each f,,(X) from the additive modeling is the fitted classifier using the
training data in the mth step; the coefficient in the weight update step in Adaboost
and forward stagewise additive modeling has the following relationship, «,, = 26,,;
the observation weights are updated using the same formula; finally, the final classifi-
cation rule is the same. Thus we can conclude that AdaBoost minimizes exponential
loss through forward stagewise addtive modeling.

On the other hand, we can prove the following lemma which describes the property

of the minimizer of exponential loss.

Lemma 9.1. The minimizer of exponential loss E{exp[—Y F(X)|} is one half log

odds, 1.e.,

1 [p(Y:uX)}

F(X) = argngn<E{eXp[—YF(X)]}> =318 | By = 1w

Proof.
arg n%in (E{exp[—YF(X)]}) = arg min <Ey|X{exp[—YF(X)]}> for every X

By {expl=Y F(X)]} = P(Y = 1]X) exp|=F(X)] + P(Y = —1|X) explF (X))

OBy | x{exp[-Y F(X)]}

= IF(X) = —P(Y = 1|X) exp[-F(X)] + P(Y = —1|X) exp[F(X)] = 0
= exp2F(X)] = s
= F(X)=1llog [%} .

O

Lemma (9.1) indicates that the final classifier of AdaBoost has the same sign as

that of the log odds, expressed in equation (9.8).

| when P(Y = 1|X) > P(Y = —1|X),
sign[F(x)] = (9.8)
“1 when P(Y = 1|X) < P(Y = —1|X).
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(9.8) follows the general Bayes rule.

From our discussion above, the following proposition stands.

Proposition 9.1. The classifier of Adaboost satisfies Bayes rule if the base learner

satisfies Bayes rule.

If we use a base learner which satisfies the Bayes rule, such as classification tree
and SVM, we can get a classifier that meets the theoretical minimum overall misclas-
sification error rate through AdaBoost algorithm.

The connection between boosting and minimization of exponential loss through
forward stagewise additive modeling explains the good performance of boosting as
a good classification method in general. However, the same conclusion cannot be
generalized to our drug discovery problem easily. Because of the extremely unbal-
anced nature, overall misclassification error rate fails to select the good classifica-
tion methods. Thus the Bayes rule in general case is not a good classification rule
any more. Imagine that we have a data set with 2% active compounds, such that
P(Y = 1|X) = 0.02, and P(Y = —1|X) = 0.98. In this case, from Bayes rule,
all compounds will be classified to the majority class with only 2% overall misclas-
sification error rate. Thus the overall misclassification error rate as a classification
criterion completely fails in detecting the rare class of drug discovery problem, and we
need a new criterion to compare the performance of different classification methods

on unbalanced data classification.

9.3 Weighted Adaboost

For better performance in unbalanced data classification, a different approach is

proposed to increase the weight of the rare class, i.e., cost-sensitive boosting. In
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Yanmin Sun et al.’s paper, they proposed three cost-sensitive Adaboost by including
misclassification cost inside the exponent, outside the exponent, and both inside and
outside the exponent. However, they neither gave any reasoning on why they did it
in this way, nor did they provide a way of predicting a reasonable misclassification
cost. In the following of this section, we introduce our criteria in comparing differ-
ent classification methods of unbalanced data classification. We follow the forward
stagewise additive modeling algorithm to find the minimizer of an unequal weighted
exponential loss, and propose two weighted Adaboost algorithms. In our weighted
Adaboost algorithms, we add the unequal weights in two ways, i.e., inside the expo-
nent and outside the exponent. We use a class weight reciprocal to the proportion of
that class in our sample, and prove that the weighted Adaboost using the reciprocal
class weight gives the minimized average misclassification error rate, i.e., it satisfies

Bayes rule under unequal weights.

9.3.1 Mean Within Group Error Rate

Classic classification criterion, i.e., overall misclassification error rate completely
fails in detecting the rare class, thus is not a good criterion to compare the perfor-
mance on unbalanced data classification problem. Mean within group error rate is
proposed in Xingye Qiao’s paper [48] to remedy the fail of overall misclassification
error rate on unbalanced data classification. Misclassification error rate is calculated
separately in each class, and their average is mean within group error rate. Mean
within group error rate can be calculated as (1— sensitiviy — speci ficity)/2 for binary
classification, where sensitivity and specificity can be calculated from the contingency
table. The classification rule corresponding to mean within group error rate will put

more emphasis on the rare class comparing to the classic classification criterion. The
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Bayes rule for £ class classification under the mean within group error rate criteria is

expressed as

op(x) = arg miin Z(pz(m)(s_ll)/m = arg max Z(pl(:zr))/m. (9.9)

Hereinafter we define Equation (9.9) as the weighted Bayes rule.

9.3.2 Weighted Adaboost-1

Similar to Yanmin Sun’s paper, we include the unequal class weight inside the
exponent, and name it weighted Adaboost-1. We use a class weight inversely propor-

tional to the class proportion, and define the unequal weighted loss function as

L(Y, F(X)) = exp [—YF(X) (I(Y =D = _1)” ,

T 1—m

where 7 is the proportion of Y = 1 class. Then we minimize the loss function following

forward stagewise additive modeling,

. Y Iyi=1) I(yi=-1)
(Bins fn(2)) = argnﬂl’lfn;eXp { (— — T

) [Frn1 (i) + ﬁf(xz‘)]} :
(9.10)

Similar to Adaboost, we denote weight function as

W = exp K—](yz‘ =1) n I(y; = —1)) Fm_1(9€¢)} 7

T l1—m

and replace w!™ in equation (9.10) to get
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We rewrite the above equation as follows, and solve it in two steps similar to Adaboost.

yi=—1 yi=1
= Z wfle_ffmw + Z w;”elﬁﬂ + Z w;”e’BTm + w:”eﬁTm
yi=f(z;)=-1 yi=—1,f(z:)#yi yi=f(zi)=1 vi=L1,f(%:)#Ys
= Z wy” [e_ffmﬂ Ay, = —1) fe Ay = 1)]
yi=f ()
+ Z w; - [effmﬂf(yi =-1)+ eﬂTm[(yi = 1)}
vi# f (i)

:l(ﬁm)'

Our objective is to minimize I(5,,) by varying f,,(X) and f3,,, respectively. We can

see that
N
ﬂ7"/

szm [eilfﬂl(yi =—-1)+ e_BTmI(yi =1)
i=1

is not related to f(x;). Thus if we set [ as a constant, then f(x) can be solved by

minimizing the first summation in [(3) as follows,

&H
3
Il
)
=
02
=
~ .
=
1[M]=
=
<
e
=
8
&
E
~
—~
<
Il
—_
S~—
)
d
|
[
|
3
S~—

Iy = 1)t — )] (9.11)
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(9.11) is a classifier minimizing the weighted misclassification error rate. Next, we

solve (3, from % =0.
oup m Iyi=1), bm _Bm I(y; =—1), 8m _ Bm
85 Zw fyz%f(xz))[ ( - )(ew +e )+ (1_7T )(em+e )
—Z“’ [ =) g M=) o
1—m T
=0 (9.12)
Denote
N
Sty # fule ) =D g
i=1 -7
Myi=1 _p

N J—
D Wiy # () ="
N
Zwr U _¢

=1
N
m
Supt =D _p
=1

then w™ > 0, D > B and C' > A, and (9.12) can be simplified using A, B, C, and D

as

o (1) - Cresn (22 < s (2) 4 (5 s (2) o

(9.13)
There is no close form for equation (9.13), and we can only solve the numerical

solution for 3. The weight update function for weighted Adaboost-1 is

Pt = exp |~ fule) - (T - TEEZ

T 1—m

and the final classifier is

Fo(X) = Fper(X) + B fon (X Zﬁmfm
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Following the previous discussion, a detailed algorithm is described as follows for

weighted AdaBoost-1 which we add unequal class weight inside the exponent.

Step 1. Initialize the observation weights, w; = 1/N,i =1,--- | N, and fit a classifier
yz:*l))'

1—m

f1(z) on the training data using weights <1(y;=1) + X

Step 2. Form=1,---, M,

a) Solve numerical solution of 3, from equation (9.13),

Bm

b) Fit a classifier f,,(x) = argminy Zfill(yi # fz)wl(y; = 1)(er —

e_BTm) + 1(y; = —1)(616—7"; — e_%)] to the training data using weights w}",

c) Update w;”“ = W™ exp[— P fm ;) - (I(yz:l) . I(yi=71))]‘

T 1—m

Step 3. Output F(z) = sign[>1, Bumfm(T)].

To describe the weighted Adaboost-1, we add class weight that is reciprocal to
the corresponding class proportion for each class, i.e., denote 7 the percentage of
class Y = 1, and 1 — 7 the percentage of class Y = —1, then use 1/7 as the class
weight for Y = 1 class, and 1/(1 — m) as the class weight for Y = —1 class. We
fit a classifier based on the weighted exponential loss function in each boosting step
and solve coefficient f3,, numerically. We include class weight in the weight update
function. Our final classifier is in the same format as in Adaboost. Thus we can

derive the following proposition by using the following lemma.
Proposition 9.2. The classifier of Weighted Adaboost-1 satisfies weighted Bayes rule.

Proof. We have already stated above that Weighted Adaboost-1 minimize the weighted

exponential loss through forward stagewise additive modeling, where the weighted ex-
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ponential loss can be written as:

LY, F(X) = exp {_ [](Y — DX F(X) (Y= —1); F(X)] } |

T 1-—

The minimizer of this weighted exponential loss can be derived as follows:

Fyx {exp {_ (I(Y =) x F(X) I(Y=-1)x F(X)ﬂ }

T 1—m

OBy x {GXp [— (I(Y=13TXF(X) _ I(Y=71)><F(X)>]}

1-m
=
aF(X)
PY =1 —
L PN -FOOY | PY =N RO
T T 1—m 1—m
FX) \_ PV =1X)/x
- (W < (1—- 71')) TP = 1X)/(1—7)
PY =1|X)/m
FX)=n(1-m)l 9.14
= PO = (-0 ok | e (9.14
As in Adaboost, sign|[F(x)] is our classification rule.
1 if P(Y UX) o x
sign[F(x)] = P(Y Jf)) e (9.15)
-1 if s < &5
From equation (9.15), sign[F(X)] satisfies weighted Bayes rule. O

This result can be generalized to balanced situation. One test is to assume 7 =

1 —m =1, then from (9.14), F(X) = 1 log [Y—l‘x)]

PY=—1[X)
I(Y =1)x F(X) I(Y=-1)xF(X
Ey|XeXp_( )X F(X)  I( ) X F(X)
1/2 1/2
= P(Y = 1|X) x exp[—52] + P(Y = —1|X) x exp[532]
N 9By | x {exp[—(21(Y=1)x F(X)—2I(Y=—1)x F(X))]}
OF (X)
= —2P(Y = 1|X) x exp[—2F(X)] + 2P(Y = —1]|X) x exp[2F(X)] = 0
= oxplUF(X)] = i

= F(X) = tlog(#2=))
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From the discussion above in this subsection, our weighted Adaboost-1 can achieve
the theoretical minimum of mean within group misclassification error rate by adding
unequal class weights that are reciprocal to class proportion inside the exponent. We
can implement weighted Adaboost-1 following the description in the above algorithm.
However, there is a shortcoming in this weighted boosting algorithm, that is we can
only numerically solve 3, since equation (9.13) has no close form. This shortcom-
ing can be resolved by moving the unequal class weight outside the exponent as in

weighted Adaboost-2.

9.3.3 Weighted Adaboost-2

We add unequal class weight outside the exponent, and get weighted Adaboost-2.

The exponential loss for weighted Adaboost-2 is like this:

(Y

—: Y expl-yF(x) + 1 =1

LY, F(X)) = —

exp[=Y F(X)],

where 7 is the proportion for Y = 1 class. Similar to weighted Adaboost-1, we mini-

mize this weighted exponential loss function via forward stagewise additive modeling,

[H%?D+H%T;DQW%MWENMH%M@M}

(Bm, fm(X)) = arg rg’ifn 2

Denote the weight in the mth boosting step as

w;" = exp[—yi Frn—1(x;)],

and substitute w™ in the loss function to get

{H%TU+H%:_”emkmmWMM-

N
arg min w™
& B.f ; ! 1—
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Rewrite the above equation on separate summation of y; = f(z;) and y; # f(z;),

respectively, and minimize the following function in two steps.

T [I(yi:1)+1(yi: ] hn Z { yl_1)+1(yi:_1) o

yi=f(xi) m L= yiFEf(z b
- : ’ m [ Ly =1) [(yi:_l)
_;(6’3 —e P )I(yi # f(xz))wz { + 1—m }
—1—211} e Bm {[(%WI 1) _i_I(yll:ﬂ-_l)}
N (9.16)

We first minimize [(3,,) by varying f,,(X) which is only included in the first sum-

mation in equation (9.16), then f,,(X) can be written into the following equation:

Iyi=1)  I(yi= —1)} .

l(X) = axgmin 3 Iy, # (o) [ =1, (0.17)

T 1—m
fm(X) is a classifier in the mth boosting step, and from equation (9.17), it satisfies

weighted Bayes Rule. We solve (3, by setting its partial differential equation to 0 as

follows,
N _
% = (e Y Ty # flw)wl” {M} 2+ I(yf_wl)}

™

-+ Zf\il wlme_ﬁm |:I(y;_:1) + I(yliffl)]
= 0.

Equation (9.18) can be written as

Z{\il w™ [I(yizl) + I(yi:—l)]

S [ 4 2= 1y, # ()
The error rate of the mth boosting step is

S wp | M= M=) 1y, £ f(a)
SN [1<yi=1> 4 I(yi}l)] ’

™ 1—m

(625m + 1) —

err, =
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then f3,, only depends on the error rate in each boosting step,

1 1—erry
B = = log — ™
2 erTm
Thus the weight update function is
Wi = wi expl—yi B f (2:)] = i explam I (y; # fn(2:))] exp(—Fm),

and the final classifier is

F(X) = sign[y _ B fn(X

m=0

The algorithm of weighted Adaboost-2 based on loss function L(Y, F(X)) =
I(Y Y exp[-Y F(X)] + M exp|—Y F'(X)| can be written as follows.

Step 1. Initialize the observation weights, w; = 1/N, ¢ =1,--- /N.

Step 2. Form=1,--- M

Y

) fit a classfier f(x) = argming S, I(gs # fo))up L 4+ 10=20] 1

T 1—m

the training data using weights w;",

b) compute error rate

R e L)
SN wrm [I(yizn n 1(yi:—1)} ’

s 1—7m

erry, =

¢) set w!™! = wi" expl—yiBf (w:)] = Wl explaml (4 £ fon(2:))] exD(—Bi),

d) compute «a,, = log M98

Step 3. Output F(z) = sign[>S21, Bumfm(T)].

Weighted AdaBoost-2 minimizes the weighted exponential loss, i.e., L(Y, F(X)) =

I(Y Y exp[-Y F(X)]+ @ exp|—Y F(X)], through forward stagewise additive mod-

eling. Then we have the following proposition stands.
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Proposition 9.3. The classifier of Weighted Adaboost-2 satisfies weighted Bayes
Rule.

Proof. We have already stated that weighted Adaboost-2 minimize weighted expo-
nential loss through forward stagewise additive modeling. The minimizer of this loss

function satisfies weighted Bayes rule can be derived as follows.

F(X) = arg min {M

F(X)

exp[~Y F(X)] + v =-1 exp[—YF(X)]} .

T 1—7

- {exp[_YF(X)] <I(Y =1 IV = —1))}

us l—m
_ P<Y+1|X)exp[—F(X)] gt 1:__1|X ) % exp[F(X))
OBy x {eXp[_YF(X)] [I(Y7r=1) n 1(1::1)]}
~ OF(X)
=— w x exp[—F(X)] + P(le__HX) X exp[F(X)] =0
_ P =1]X)/x
= exp[2F(X)] = P = —1X)/(1—7)
_1 (Y = 11X)/7
= F(X)—§log {P(Y:—l\X)/(l—w)} (9.19)
sign[F(X)] is our classifier, i.e.,
. L if g > =,
sign[F(z)] = Y1) i (9.20)
-1 if —1|X) g
and it satisfies weighted Bayes Rule. 0

Generalize this to balanced data classification as in weighted Adaboost-1, we
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assume T = 1 — 7 = I, then from (9.19), F(X) = 1log [%].

Ey|x {(“‘f;” ™ I(Y;;l)) exp[—YF(X>]}

= 2P(Y =1|X) x exp[—F(X)] + 2P(Y = —1]|X) x exp[F(X)]

9By x { (M2 + 05 ) exp[-Y PO}
FF(X)

= —2P(Y =1]|X) x exp[-F(X)] +2P(Y = —1|X) x exp[F(X)] =0

P(Y=1|X
= exp2F(X)] = 0=t

= F(X)= %log [—Pp(g:ﬂ@)}
In theory we can reach the theoretical minimized mean within group misclassifi-
cation error rate using weighted Adaboost-2. Weighted Adaboost-2 is superior than
weighted Adaboost-1 in that it has close form solution for 5. We implement weighted

Adaboost-2 in R package following the algorithm above, and use it in our numerical

study discussed in Sections 9.5 and 9.6.

9.4 Gradient Boosting and Negative Binomial Log-

likelihood

The idea of adding unequal class weights is not limitted to Adaboost, but can
be generalized to other boosting algorithms. In this section, we introduce another
boosting method commonly used in function estimation, i.e., gradient boosting [49].
We modify the gradient boosting following similar procedure as in Adaboost to get a
weighted gradient boosting. We prove that with negative binomial log-likelihood as its
loss function, weighted gradient boosting satisfies weighted Bayes rule. The following
of this section is organized as follows. We introduce general gradient boosting algo-

rithm in Subsection(9.4.1). Gradient boosting using negative binomial log-likelihood
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as well as its weighted version is discussed in Subsection(9.4.2). Finally, we show
that binomial log-likelihood with unequal class weights satisfies weighted Bayes rule

in Subsection(9.4.3).

9.4.1 Gradient Boosting Algorithm

In order to understand how gradient boosting works, we first introduce the steepest
descent. We use f(z) to predict y, where f(z) is the classifier we get from classification
method, and y is the actual class information of our data set. Our goal is to minimize

the loss function, expressed in the following equation

N
L(f) =) Ly, f(x)). (9.21)

i=1
If we choose steepest descent gradient h,, = —p,ngm, where p,, is a scalar, and g,,

is the gradient of L(f) evaluated at f = f,,_1, and can be derived by

L)
N T I P

Then p,, is the solution to p,, = argmin, L(f,,—1 — pgm), and f,, is updated by

(9.22)

fin = fm—1— pm9m- It is straight forward to solve the steepest descent if we just want
to minimize loss on the training data. Unfortunately the gradient is only defined on
the training data, whereas the ultimate goal is to generalize f,,(z) to new data not
represented in the training set. One way to solve this problem is to fit a tree denoted
by T'(z,©,,) at each iteration whose prediction is as close as possible to the negative

gradient. We use squared error to measure the closeness, and get

N
Q) — 3 J— . —_— . 2
O,, = arg ménz;( gim — T(x;,0))2. (9.23)
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That is we fit a tree T' to the negative gradient values by least squares, which is
the gradient boosting. From the above discussion, the generic gradient tree boosting

algorithm without specification of loss function can be summarized as follows [49]:

N
Step 1. Fy(z) = arg minz L(yi, p).
p

i=1
Step 2. Form =1,--- , M,

¥ oo - (M P 1n

m aF(xZ) F(QE):Fanl(x)’ |

N

b) a,, = argmin Z[—gm(xz) — h(zy,a))?,
i=1
N

c) pm = arg minz L(yi, Fr1(2;) + ph(zi, an)),
)

i=1

d) F.(z) = Fn-1(z) + ph(zi, ap).

Step 3. End For, end algorithm.

9.4.2 Gradient Boosting Using Negative Binomial
Log-likelihood

As discussed in the previous subsection, gradient boosting can minimize the ex-
pected value of some specified loss function over the joint distribution of all (y, z)-
values. For two class classification problem, negative binomial log-likelihood, i.e.,
log(1 + exp(=2vF)) y € {—1,1}, is the common loss function used in gradient boost-
ing. Using regression tree as the base learner, the gradient tree boosting algorithm
for two class classification using binomial log-likelihood as the loss function can be
described as follows [49]:

1+79
1—3

1
Step 1. Fy(z) = §log
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Step 2. Form=1,--- | M,
_ 2y;
1+ exp2y Fo1 (2]
b) {Rjn}] = J-terminal node tree({—g,(z:), z:}1 ),
inEij _gm<$1)

C) Tim =

D aie Ry |9m(£i)|(2 = [gm(2:)])
d) Fou(z) = Fro1(z) + 37 7l (@ € Rj).

a) —gm(z) ,i=1---N,

)]:1‘]7

Step 3. End For, end algorithm.

If we change the loss function to a weighted version, as in Adaboost, we can add
unequal class weights, which is reciprocal to the class proportion, inside the exponent

and outside the log function. Then the loss function can be written as

L(Y, F(X)) = log {1 +exp [—QYF(X) x (I(Y =1 1= _1)” } . (9.24)

T 1—m
and

L(Y,F(X)) = (I(Y = I :;U) log{l +exp[—2YF(X)]},  (9.25)

T 1-—

respectively, where 7 is the proportion of class Y = 1. We only need to adjust Step

2a) accordingly in the above algorithm to get the weighted gradient boosting.

9.4.3 Minimization of Negative Binomial Log-likelihood

Through gradient boosting and weighted gradient boosting, we can get the mini-
mizer of negative log-likelihood and weighted negative log-likelihood. In this section,

we will discuss the property of these minimizers.
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Negative Binomial Log-likelihood

The property of the minimizer of negative binomial log-likelihood is descriped in

the following proposition.

Proposition 9.4. The minimizer of negative binomial log-likelithood is one half log

odds.

Proof.
F(X)=arg min B (1og{1 + eXp[—2YF(X)]}>
= arg min By |x (log{l + exp[—2YF(X)]}>, vV X
Ey|x <log{1 + exp[—2YF(X)]}>

=P(Y = 1|X)log{1 + exp[-2F(X)]} + P(Y = —1|X) log{1 + exp[2F(X)]}.

OBy x <1og{1 + eXp[—2YF(X)]}>

= OF (X)
exp|—2F (X)] B exp[2F(X)]
== POV =X ooy TP = T epmro) ~
= exp[2F (X)] = P]?;Yzz_lﬁi?),
1 P(Y =1|X)
=0 (g )

]

Since the minimizer of negative binomial log-likelihood is one half log odds, it

means that the classifier of negative binomial log-likelihood satisfies Bayes rule.

Weighted Negative Binomial Log-likelihood-1

We can add unequal weights for each class inside the exponent as in weighted

Adaboost-1. Denote 7 as the proportion of class Y = 1, then we rewrite the weighted
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negative binomial log-likelihood loss function as

L(Y, F(X)) = log {1 +exp [—QYF(X) x (I(Y =1 1= _1))} } :

T 1—m

thus
(Y =1)

!

From the following derivation, there is no close form for F/(X).

argngn £ (1og {1+ exp |2y px) (1 =2 4 L= )

F(X) = argmin E(log {1 + exp [—QYF(X) X <

T 1l—m
:arnginEy|X <log {1 + exp [—QYF(X) ([<Y7T: Y + I(}I i;l))] }), vV X
By (log {1 +exp {—QYF(X) (I<Y: b, 1(11 f:))} })
=P(Y =1|X)log {1 + M} + P(Y = —1]X) log {1 + %F;Xﬂ} :
Therefore,
OBy x (log {1+ exp [—2y F(x) (L0 4+ 10==0) )
OF(X)
_ 2P(Y = 1|X) exp[—2F(X)/7] 2P(Y = —1|X) exp2F(X)/(1 —7)]
T 1 + exp[—2F(X) /7] 1—m 1+ exp[2F(X)/(1 — )]
=0.
Therefore,
1 +exp2F(X)/n] PY =1|X)/m

exp[2F(X)/(1 = m)]5 +exp2F(X)/(1—n)]  P(Y =-1|1X)/(1—=)

Weighted Negative Binomial Log-likelihood-2

We add unequal weights outside the log function on negative binomial log-likelihood,

e, LY, F(X)) = (I(Y:” + I‘Y:‘”) log{1 + exp[—2Y F(X)]}, thus

™ 1—m
(Y =1 (Y =—
=1 I

T 1—m

F(X) = argmin B K 1)> log{1 + exp[=2Y F(X)]}| .
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Proposition 9.5. The minimizer of weighted negative binomial log-likelihood-2 is

weighted log odds.

Proof.

arg mP;nE(<I(Y: D IOZ ::1)) log{1 + exp[—2YF(X)]}>

= arngin Ey|x Iy =1 + [(}I :7:1)) log{1 + eXp[—2YF(X)]}} , VX
Eyx (I (Y: D, 1 (i f;l) ) log{1 + exp[—2Y F(X)]}

_ w log{1 + exp[—2F(X)]} + = (le__”X ) log{1 + exp[2F(X)]}

R OBy x [(I(Y:” + ’“f;”) log{1 + exp[—QYF(X)]}}
OF(X)
_ 2PV =1X) ep[2F(X)] 2P =-1X)  epl2F(X)] _
T 1 4 exp[—2F (X)] l—m 1 + exp[2F(X)]
PY = 1|X)/n

= exp[2F(X)] = P(Y =-1|X)/(1 - )

. P(Y=1|X)/7
= F(X) = 3log [P(Y:—HX)/(l—w) '

(9.27)
L]

We use sign[F(X)] as our classifier, and it satisfies Bayes rule as expressed in

(9.28).
. P(Y =1|X) ™
1 if > ,
sgnlF@) =g vy AT (9.28)

< .
PY=-1|X) 1-n
Balanced data classification is a special case where 7 =1 —7 = %, and the minimizer

of the negative binomial log-likelihood is F(X) = % log [PP( (Y=1|X)

=35 Y:——1|X)i| . The pI'OOf is as



202

follows:
argmpinE((I (Z ; D1 <Y172_1)) log{1 + exp[—2YF(X)]}>
= agin By | (FU g+ T ) el expl-2v PO v X
B | (U + 1) towtt + expl-2v )]
= 2P(Y =1|X)log{l + exp[-2F(X)|} + 2P(Y = —1|X)log{1 + exp[2F(X)]}
0By | (M2 + ") log{1 + exp[-2¥ F(X)]}
= OF (X)
_ 2PV =10X)  exp[-2F(X)] | 2P(Y =—11X)  expRF(X)]
B 1/2 P1 ;_exlp[)EQF(X)] 1/2 1 +exp2F(X)]
= exp[2F(X)] = P(; :__|1|)3)
1 P(Y =1|X)
= F(X)—ilog[PO/:_HX)}

(9.29)

Following this discussion, we can see that weighted gradient boosting satisfies
weighted Bayes rule, which will improve classification result for unbalanced data.
Implementation of weighted gradient boosting regression tree will be our future work

on this topic.

9.5 Simulation Studies

We implement Adaboost and weighted Adaboost-2, which we call Adaweight from
here on, in R 2.11.1. We use rpart package for classification tree, and the default
depth for tree in rpart is 30 steps. We use bag=0.5 as a default in our code to
reduce variance of regression tree. It has been discussed that Adaboost is usually
resistent to overfitting problem [43]. However, for better performance on extremely
unbalanced data classification, we add a very large class weight on the rare class,

which is brought into the weight update process in Adaweight. The rigorous class
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weight tends to lead to over fit problem in Adaweight. Thus we add a parameter v
in the weight update function to slow down converging process. The criteria used
to compare the performance of Adaboost and Adaweight is mean within group error
rate and the number of boosting steps, since our goal is to obtain the classification
result better and faster.

Numerical studies are performed to compare the performance of Adaboost and
Adaweight on unbalanced data classification. Our simulation data is generated based
on two scenarios, i.e., mean difference and logistic regression. We generate training,
validation, and testing data with sample size n = 10000 for each data set, and X has
p = 6 dimension. We use X, X? and X, and X? — 2X as our descriptor set.

Here is the detail information of the data construction of our 8 mean difference
and 4 logistic regression models. For our 8 mean difference datasets, denote by M1
through M8, we first generate 2% rare class Y = 1, and 98% Y = —1 majority class
using binary distribution. Then we generate descriptor set on each class using normal
distribution. Mean in normal distribution denoted by p is different in the descriptor
set for the two classes. For M1 and M2, we set n = 0.5 for Y = 1 class on each
dimension, and p = —0.5 for Y = —1 class on each dimension. In M1 we bind X?
and X together, while in M2 we use X2 — 2X to construct our descriptor set. In
M3, M4, and M5, we set mean difference 4 = +0.5 for Y =1 and Y = —1 in the
first 2 directions, and p = 0 for both classes for the rest 4 directions. Our descriptor
set in M3 is X, bind X? and X in M4, and X? — 2X in M5, respectively. For M6,
M7, and M8, X is correlated rather than independent as in the first 5 models, we
construct X with auto regression correlation 0.5, i.e., AR(0.5), with mean difference

1 = £0.5 in the first direction. Then we construct the descriptor set the same way
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as in M3, M4, and M5. The descriptor set has the following distribution.

cov(X;, X;) = 0.5079).

For the 4 logistic regression models, denoted by L1, L2, L3, and L4, respectively, we
set v = (1,-0.8,0.5,0,0,0), and we vary -y, in each model to get 2% Y =1 class. In
L1 and L2, we set p = 0.5 and p = 1 for all directions. In L3 and L4, we construct
X by AR(0.5) model with g = 0.5 and g = 1 in the first direction, respectively.

We run boosting on the training data to find classification rule, and plot the
mean within group error rate versus boosting steps for both Adaboost and Adaweight
on training and validation data. We find the boosting steps corresponding to the
minimum mean within group misclassification error rate from the validation data,
and stop boosting in that step in testing data to avoid over trained problem. Our
simulation study is run 50 times to reduce variance. We compare the performance of
Adaboost and Adaweight on the iteration number and mean within group error rate
on testing data result. The plots are depicted in Figure 9.1 through 9.12, and mean
within group misclassification error rates are listed in Table 9.1.

From our simulation studies, we can see that Adaweight converges faster on the
training and validation set comparing to Adaboost. We can get an almost error free
classification on the training data if we run boosting long enough. On the validation
data set, the optimal result of Adaweight which has the smallest mean within group
error rate is better than Adaboost in every case. Adaboost does not have any sep-
aration on several cases with mean within group error rate 0.5. Our final result on
testing data shows a similar trend as in validation data. Adaboost has worse perfor-

mance on each case with almost no separation for cases M3 through M8, since they



Table 9.1: Mean Within Group Misclassification Error Rate on Testing Data
(a) Mean Difference
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Study p(p) in X descriptor set | Adaboost(var) | Adaweight(var)
M1 +0.5(6) X2 X 0.366(0.0002) | 0.150(0.0002)
M2 +£0.5(6) X2—2X | 0.443(0.0002) | 0.187(0.0002)
M3 | £0.5(2), 0(4) X 0.495(0) 0.268(0.0002)
M4 +0.5(2), 0(4) X2 X 0.495(0) 0.273(0.0001)
M5 | 0. 5( ), 0(4) X2 - 2X 0.500(0) 0.298(0.0002)
M6 | 0.5(1), AR(0.5)(5) X 0.500(0) 0.338(0.0002)
M7 | 0.5(1), AR(0.5)(5) | X2, X 0.500(0) 0.344(0.0003)
M8 | 05(1), AR(0.5)(5) | X% -2X 0.500(0) 0.357(0.0005)

(b) Logistic Regression
Study p(p) in X v | Adaboost(var) | Adaweight(var)
L1 0.5(6) -5.449 0.5(0) 0.362(0.0004)
L2 1(6) -5.102 0.496(0) 0.297(0.0002)
L3 | 0.5(1), AR(0.5)(5) | -5.008 0.5(0) 0.360(0.0004)
L4 | 1(1), AR(0.5)(5) | -4.644 0.5(0) 0.359(0.0004)

have weaker separation information, i.e., fewer dimensions contain mean differences
comparing to M1 and M2.

Our main objective is to get a good detection rate of the rare class, since they have
the potential to become a new drug under further investigation, while the majority
class is just noise compounds in our drug discovery problem. With that said, it
is intuitive that we put more emphasis on the rare class as in Adaweight. For all
of our simulation studies, Adaweight has smaller mean within group error rate and
converge much faster than Adaboost, with a higher true positive rate on the rare
class. Adaboost tends to put all data in major class and cannot detect the rare class
when the information differentiating the two classes are not very strong. Adaweight

performs better than Adaboost for unbalanced data classification in general. However,

we can see from the plots that Adaweight are easier over-fitted than Adaboost, and we
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need to add validation data to stop the boosting process at the step with minimized
error rate.

Besides the above simulation studies that are included in our discussion. We
also perform other studies on data set with variance difference, and on data with
high dimensional descriptor set, i.e., p = 24. From our study on variance difference
data set, we find that Adaboost has no separation between the two classes, while
Adaweight can detect more than half of the rare class with a higher percentage of the
noise class. This finding is consistent with the above simulation studies. Our study
on p = 24 mean difference data shows similar classification result as p = 6.

From all our simulation studies, we can conclude that with the help of validation
data or cross validation such that we can find the optimal stopping steps, Adaweight
is consistently superior than Adaboost on unbalanced data classification. Boosting
classification tree works well on classifying correlated high dimensional data, which

makes it a good classifier for drug discovery data.

9.6 Real Data Investigation

In this dissertation, we use real data from National Cancer Institute (NCI) with
class labels added by GlaxoSmithKlein, Inc. [50]. There are 29,812 chemical com-
pounds which are measured for their ability to protect human CEM cells from HIV-1
infection. Of the 29,812 chemical compounds, only 608 are active against the HIV
virus. Each compound is described by p = 6 chemometric descriptors known as
BCUT numbers. The data is randomly split into training and testing set. Each
contains 14602 inactive compounds and 304 active compounds.

From the simulation studies in Section 9.5, we have seen that Adaweight tends
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to have over fit problem, and the mean within group misclassification error rate
increases after a certain iteration number. We need to find the boosting step with
the minimum misclassification. In order to find the stopping criteria, we run five fold
cross validation on the training set to determine when to stop the boosting process,
and apply the iteration number on the testing data set. Our results on Adaboost and

Adaweight are presented in Table 9.2 and Figure 9.13.

Table 9.2: Mean Within Group Misclassification Error Rate on Real Data

Data | Adaboost | Adaweight
Training | 0.0074 0.0332
Testing 0.4023 0.2924
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Figure 9.13: Mean Within Group Misclassification Error Rate of Real Data

Adaweight has better performance than Adaboost in terms of the mean within

group misclassification error rate and the number of iterations in finding the rare class
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in the real data. Since we put higher weight on the rare class in Adaweight, it has
better chance to be differentiated than in Adaboost. Cross validation is needed to

avoid over fitting problem.

9.7 Concluding Remarks

In this chapter, we introduce weighted boosting algorithms for two class clas-
sification and its connection with forward stagewise additive modeling to get the
minimizer of exponential loss. We propose two weighted Adaboost algorithms, i.e.,
weighted Adaboost-1 and weighted Adaboost-2, which can generate a classifier reach-
ing the theoretical minimum mean within group misclassification error rate, and claim
that Weighted Adaboost-2 is superior than weighted Adaboost-1 in terms of getting
a close-form solution for § which is a constant in each boosting step. We demonstrate
that the best class weight is reciprocal to the class proportion. We discuss the use of
validation data to find the stopping criteria, since the rigorous weight update process
in Adaweight tends to lead to over fitting problem.

The idea of adding unequal class weights for better performance of unbalanced
data classification can be generalized to other boosting methods. We introduce gra-
dient boosting and weighted gradient boosting on regression tree with negative log-
likelihood as loss function. We prove that weighted gradient boosting on negative
log-likelihood satisfies weighted Bayes rule. Implementation of weighted gradient
boosting regression tree and evaluation of its performance, as well as investigation on
other weighted boosting methods are our future research objectives on this topic.

Our numerical studies on both simulation data and real data have shown that

Adaweight gives smaller mean within group misclassification error rate for unbalanced
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data classification. Adaweight tends to converge faster than Adaboost because of its
rigorous weight update process. Adaweight is a better classifier for modeling drug

discovery data than the benchmark method Adaboost.



216

Chapter 10

Conclusions

As the first step of a new drug development, modeling drug discovery data is very
important and we can benefit a lot from a good statistical model. In this research,
we approached drug discovery data classification through two statistical methods.

The complexity of the drug discovery data is high dimensional data with correla-
tion. It is extremely unbalanced while our focus is to detect the rare class. Multiple
mechanisms are involved in determining the active class which leads to a mixture
regression problem. According to these properties of the drug discovery data, we
proposed two methods on its classification.

In Chapter 8, we proposed to use sufficient dimension reduction based clustering
methods to classify drug discovery data. The theoretical background that supports
these methods is that the central space from dimension reduction retains the regres-
sion information needed, such that we will not lose any information by clustering on
the reduced space. The reduced space was constructed by the direction that sepa-
rates the two classes as well as the underlying regression structure within each class.
Since the SDR directions contain the class separation information, we justified to
sort the data along DR directions and claimed a certain percentage on both sides of
that direction as one class. Ranking method provided a good classification result in
our simulation studies. Besides SIR, DIR, and SAVE, we implemented L-SIR and

compare its performance with the other DR methods. Our simulation studies from
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different scenarios showed that DIR is sensitive to mean difference structure, while
L-SIR is more efficient in clustering data with variance difference structure. Our
simulation study and XUE data investigation results showed that the DR based clus-
tering is better than clustering on the original space. We also obtained an improved
computation efficiency by clustering on a reduced space. However, there are some
limitations in this work. First, to satisfy linearity condition, we need to assume that
the underlying structure of the data is normal distributed, which on one side orients
the data collection in the planing stage, but on the other side may violate the foun-
dation of the sufficient dimension reduction if the data has been collected. In this
situation, we need to analyze the data first to understand the underlying structure of
the data by plotting the histogram, or some other regression methods, and may need
to delete some outliers of normal distribution, then choose the dimension reduction
and clustering method to best address the classification problem. Second, the current
SDR methods all have their own advantages and restrictions, i.e., DIR works the
best with mean difference, but completely fails in variance difference, while L-SIR
is superior in variance difference, but fails when variance difference is within class
noise information. One of the our future research objectives is to search for new SDR
methods that works better on real drug discovery data classification, where the data
structure is more complicated than in our simulation studies.

In Chapter 9, we proposed a weighted boosting based classification tree to classify
drug discovery data. Boosting worked by sequentially applying a classification algo-
rithm to reweighted versions of the training data, then taking a weighted majority
vote of the sequence of classifiers thus produced. Our work proved that if we add class
weight that is reciprocal to a proportion of the class inside or outside the exponent, we

can obtain a final classifier that meets the theoretical minimum of mean within group
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misclassification error rate. Our research focused on implementation of weighted Ad-
aboost on regression tree. Regression tree neither get affected by high dimensional
data, nor is sensitive to correlation structure. This makes boosting regression tree
a good method for high dimensional data classification, which we did not emphasis
in our simulation studies included in Chapter 9. We ran simulation study on high
dimensional data with p = 24 in the descriptor set with mean difference 1 along each
dimension and no variance difference. Our classification result was very close to the
one we discussed with p = 6, only slightly better since we have stronger information,
i.e., 24 dimensional differences.

Another point we need to discuss here is that in real drug discovery data set, it
is not always possible to have pre information of the percentage of the rare class.
The good thing is that as long as we put a large weight on the rare class, it will
improve the detection rate, and it does not require the percentage to be the same as
the reciprocal of the class proportion. From our theoretical derivation, the closer the
two, the closer to the theoretical mean within group misclassification error rate we
get. Thus we need to find a good estimate of the proportion of the rare class even
though it will not change that much if we use a wrong class weight.

The idea of adding unequal class weights on boosting method is not only limited
to Adaboost but can also be generalized to other boosting algorithms, such as gra-
dient boosting. Instead of focusing on classification, gradient boosting is a function
estimation method that minimizes a certain loss function. Thus it can be used for
both regression and classification problems. In this dissertation, we discussed gradi-
ent boosting with negative binomial log-likelihood to perform 2 class classification.
We also proved that with unequal class weights, gradient boosting can approach min-

imized mean within group misclassification error rate. We will implement weighted



219

gradient boosting with different loss functions for unbalanced data classification and
regression as an extension to our current research. Instead of performing cross vali-
dation to find the number of components M to be included in our classification rule,
regularization through shrinkage is another approach we want to utilize in the next
stage. As for the base learner, the limitation is that we have to satisfy Bayes rule.
One substitute of classification tree is support vector machine (SVM). Our future ob-
jectives include implementation and model selection of these boosting methods and
base learners, and generalization from the current 2-class classification to multiclass
classification.

Our work in this dissertation provides a theoretical improvement and sheds a light

on future research directions in statistical modeling on drug discovery data.
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