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ABSTRACT

This paper deals with data uncertainties and with model uncertainties of a nonlinear dynamical system
subjected to seismic loads. The nonparametric prtibdb model of random uncertainties recently published and
extended to nonlinear dynamical system analysis is used in order to model random uncertainties induced by the
model errors which concern the linear part of the finit element model. The nonlinearities are due to restoring forces
whose parameters are uncertain and are modeled by thm@i@approach. Jayne’s maximum entropy principle
with the constraints defined by the available informatilboves the probabilistic model of such random variables to
be constructed. Therefore, a nonparametric-parametric formulation is developed in order to model all the sources
of uncertainties in such a nonlinear dynamical system. Finally, a numerical application for earthquake engineering
analysis is proposed and concerned a reactor coolanhsygth data and model uncertainties subjected to seismic
loads.
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INTRODUCTION

This paper deals with the transient response of a nonlinear dynamical system with random uncertainties.
The source of random uncertainties is induced by the model uncertainties (or the model errors) and the data
uncertainties (errors on the parameters of the model). For the problem under consideration, data uncertainties
concern the local parameters of the finite element madd the parameters of theonlinear forces. Usually,
parametric approaches are used to model data uncertainties [1,2] for evaluating and analyzing the response of
structures with uncertain parameters under seismic loads, like piping and equipement, power plant installations and
industrial structures [3-7]. Nevertheless, such apphes do not allow model uncertainties to be taken into account.
It should be noted that model uncertainties can omlyrindeled by using a nonparametric approach. Recently, a
nonparametric model of random uncertainties has been introduced for linear dynamical system analysis [8,9]. This
nonparametric model has also been extended to the transient response of nonlinear dynamical system [10] without
having random uncertainties on the nonlinear part. This n@mpetric model is constructed by the use of Jayne’s
entropy principle which consists in maximizing the probabilistic uncertainties with the constraints defined by the
available information (for instance, related to algebraic properties of the finite element matrices). Nevertheless,
this nonparametric formulation does not allow the uncertainties related to the nonlinear restoring forces to be
modeled. This is the reason why a nonparametric-parametric formulation is proposed for analyzing nonlinear
dynamical systems subjected to seismic loads with datentsinties for the nonlineties. An application to a
multisupported reactor coolant system subjected to seismic loads is presented.

MEAN NONLINEAR DYNAMICAL SYSTEM

We consider a nonlinear dynamical system constituted of a damped structure subjectedkti@rministic
time-dependent dirichlet conditions corresponding to seismic loads applied to the supports of the structure. The
nonlinearities are due to stops with high stiffness, installed with a given gap at given points of the structure. Let
my be the number of degrees of freedom of the mean finite element model of this nonlinear dynamical system. Let
z be theR™s-vector of the total displacements, including ttisplacements of the supports. We are interested in
the transient response— z (t) from [0, T] into R™/. Let[M], [D] and[K] be the mass, damping and stiffness
matrices of the linear part of the mean finite element model. It is assumed that the structure with fixed supports has
no rigid body modes. Consequenlyt], [D] and[K] are positive-definite symmetrie » x my) real matrices. The
real-valued vectoz (t) is rewritten as (t) = (z(t), z,(t)) in whichz,(t) € R™= is the vector of the constrained
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DOFs at the supports and whea¢) € R™ is the vector of then unconstrained DOFs witlh = my — m,. The
block splitting of matricegM], [D] and[K] relative toz (t) = (z(t), z,(¢)) are introduced,
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Since[M], [D] and[K] are positive-definite matrices, thpi, [D] and[K] are also positive-definite symmet(ie x

m) real matrices. Consequently, the inverse mdijx! exists and thém x m;) real matrix[R] = —[K] 7' [K,,]

andthe relative unconstrained DOFs vegi@) = z(t)—[R] z, (t) belonging tdR™ can be defined. Lets fo<a<n

be the eigenfrequencies of the corresponding structural maglel < o< such thafK]e, = w2[M]e,. Lety™(t)

be the projection of(t) on the subspace 8™ spanned by, }o<a<n With n < m such thay™(t) = [®,,] g (¢),

in which[®,] is the(m x n) real matrix whose columns are vectdrs,, }o<a<» and whereg"(t) is the vector of
the generalized coordinates belongingRta Let the positive-definite symmetrie. x n) real matrice$M,,], [D,,]
and[K,,] be the generalized mass, damping and stiffness matrices of the nonlinear dynamical system such that

M,]=[2,]) M) , [D]=[e]) D@, , [K)]=[2,] K[, . )

It can be shown that generalized coordinajé¢t) is a solution of the reduced matrix model of the nonlinear
dynamical system,

[M,]G*(8) + [D,] §°(8) + [K,] 9" () + FE (8,97 (1), 4" (8); w) = E*() , t€[0,T] , ®)
with the initial conditions,
q"(0)=g"*0)=0 , 4
in whichE"(t) € R™ andF2(t,q,p ;W) € R™ are such that

E"(t) = —[2,]" (M [B] + M,,]) 2,(t) - [2,,]" (D] [B] + [D,]) 2,(¢) ()
Fe(t,p,a;w) = [@,]7 Fe(t,[2,] p +[B] 2,(t),[2,] a +[B] 2,(t);w) , (6)

wheref.(t, z(t), z(t); w) is the nonlinear forces induced by the stops whose parameters are represented by vector
w = (wy,...,w,) € R”. Hereinafter, it is assumed that the nonlinear dynamical problem defined by Egs. (3) and
(4) has an unique solutian— g™ (t) from [0, 7] into R™.

STOCHASTIC NONLINEAR DYNAMICAL SYSTEM WITH DATA AND MODEL UNCERTAINTIES

The nonparametric approach consists in substitutirgrhean generalized mass, damping and stiffness
matrices[M,,], [D,,] and[K,,] of the mean reduced matrix model by the random matfikkg, [D,] and[K].
For the problem under consideration, the parametricagar consists in substitutirparameter mean valuesof
the nonlinear forces by thR"-valued random variablé/. Consequently, the: unconstrained DOFs and the
unconstrained relative DOFs are represented byRthevalued stochastic processg%(t) andY™(t) indexed by
[0, T, respectively, such that

Z"H) =Y ") + Bz, , Y"(H) =[] Q"(#) )

where theR”-valued stochastic proce€gt) indexed by[0, T'] is the unique second-order solution of the following
stochastic nonlinear dynamical system,

[Mn] Q7(t) + [Dn] Q7(t) + [Kn] Q™(¢) + F2(t,Q™(t), Q"(t); W) = E*(t) , te€[0,T] , (8)
with the initial conditions,

Q"(0)=Q"(0)=0 , as . )



Random matricefM ,,], [D,,] and[K ] and random vectoN = (W, ..., W, ) are second-order random variables
subjected to the following constraints defined by the available information,

My], [Dxn], [Kn] € Mati(n) as , (10)

E{Mn]} =[M,] ., E{[D.)}=[D,] , E{[K.]}=I[K,] , (11)
E{IMa] 7} < 400, B{IDa] 7} < +oo , E{[IKa] IF} < 400, (12)
Wy €Dy,...,W, €D, , as , (13)

E{W}=w |, (14)

in which E denotes the mathematial expectation and whedd| » = (tr{[4] [4]T})'/2. In Eq. (10), Maf (n) is
the set of all the positive-definite symmet¢ic x n) real matrices and in Eq. (13), fordll< £ < v, D, is a subset
of R.

Let Z1(¢),...,Z,(t) be the coordinates a™(¢). Let S;(§,w) be the random normalized response
spectrum of stochastic transient respoagt) with (§,w) belonging toJe x J, C R? whereJ; = [0,1] and
Ju = [Wmin, Wmaz)- We then have

2
Si(&,w) = %maﬁem,mxj(tn : (15)

in which g is a normalization constant (for inste the gravity acceleration) and whe¥g(t) is the solution of
the linear dynamical system,

Xj+2%wX; +w’X; =2} |, te[0,T] (16)
X;(0) =X;(0)=0 . 17)

Normalized response spectruif(¢, w) is a random variable whose mean values (¢, w), second-order moment
ma;(€,w), varianceV; (&, w) and standard deviation; (£, w) are estimated by the Monte-Carlo numerical simu-
lation. The stochastic convergence of the probabilistic model is studied with respeantbwith respect to the
numbem, of samples for the Monte-Carlo numerical simulation, by introducing the rpﬁ)é?m” defined as

T
1Zm2 = BY / RO (18)

This norm is estimated byl Z7||| ~ Cony; (n,, n) with

18 (T,
2 _ 2
Conv (ny,n)? = n_s,; /0 060t (19)
whereb,, ..., 0,, denotes the, samples for the Monte-Carlo numerical simulation.

LetdB(¢, w) be the random variable such th#; (¢, w) = log,,(S;(£,w)). The confidence region associ-
ated with the probability leveP, is delimited by the upper envelop!@f (§,w) and the lower envelopeB; (£, w)
suchthafroba{dB; (¢,w) < dB;(¢,w) < dBj (§,w)} > P.inwhichdB} anddB; are constructed by using the
Tchebychev inequality and which are such td&; (¢, w) = 2dBY(¢,w)— dBj (§,w) anddB; (€,w) = log;(
ma;(§,w) + a;(§,w)) inwhichdB} (€, w) = 100;4( m1;(§,w)) anda; (¢, w) = 0;(&,w)/ (V1 - F).

The probability model of random matricg¥! ], [D,] and[K,] are defined in references [8-10]. The
probability model of random variabM/ is constructed by using Jayne’s maximum entropy principle with the
constraints defined by Eqgs. (13) and (14)DIf is a bounded interval dR such thatD, = [a,, b¢] then it can be
shown that, for all < ¢ < v, the probability density functiopy, (w) of random variabléV, is written as

ke g
e MW 20
a(ke) (20)
in which 15(w) is is the indicatrix function of the set B and where the positive kgais such that(w,k, —
1) ay(ke) — keBe(ke) = 0inwhicha(k) = e~k — etk andB(k) = ape~** — by, e~ If there exists a real
a, such thatD, = [ag, +o0[, then it can be shown that

pw, (w) = ]l[ae,bz](w)

e—(w—an)/(w,—ar)

pw, (W) = g, 4oo(w) Tw—a (21)



If the additional constrainE{ (W, — a;) =2} < +oo is introduced, then the probability density functipw, (w)
is such that

W, (w) = ]]-[ag,+oo[(w) X CW[ X (UJ — al)(lféf)/(df) X e*(w*al)/((ﬂz*al)ég) , (22)
in which
~% 1
CWz = (wli 5? —y (5?) % /F((S_z) ’ (23)
¢
where the real parameté&r > 0 allows the dispersion of random variali#é, to be fixed. Letr; be the standard

deviation of random variablé,. It can be shown thal, = o,/|w, — a;|.

REACTOR COOLANT SYSTEM WITH DATA AND MODEL UNCERTAINTIES

The structure under consideration is a typical four la@astor coolant system [11]. Each loop is constituted
of a reactor vessel, a reactor coolant pump and a steamajengsee Fig. 1). These three elements are connected
to each other by three primary coolant pipes: a hot I&ictvlinks the reactor vessel with the steam generator,
a cold leg which links the reactor vessel with a reactwolant pump and an intermediate leg which links the
reactor coolant pump with the steam generator. Thegire is multisupported with 36 supports. Its supports are
constituted of anchors located under the reactor coolant pumps, the steam generators and the reactor vessel. Due to
seismic loads, the displacement field of all the 36 sup@weonstrained by time-dependent Dirichlet conditions
(mesh node$ of Fig. 1).
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Fig. 1. Finite element mesh of a steam generator (figure on the left), of one loop (figure on the middle) and of
the four loops reactor coolant system (figure on the right).
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The vibrations of each steam generator are limitedhoge elastic stops located at their connection point
with the intermediate leg and the hot leg (mesh nddelFig. 1) and by four elastic stops located at the middle of
each steam generator (mesh no2le§Fig. 1). These elastic stops induce nonlinear restoring forces. Futhermore,
each elastic stops is subjected to setsimad and consequently, at each stibyg, displacement is constrained by a
time-dependent Dirichlet condition. The mean finite edetnmodel of the reactor camit system is composed of
beam finite elements. Lgi be the DOF number corresponding to the vertical translation of the Baakich is
close to three stops (see Fig.1). latbe the DOF number corresponding to the vertical translation of the Aode
(see Fig. 1).

Figure 2 shows the normalized response spectra of the mean reduced matrix model of the nonlinear dynamical
system for DOF numbef4 (Fig 2 on the left) and for DOF numbgg (Fig. 2 on the right). The dispersions of
random matrice$M ], [D,] or [K,,] are controlled by parametefs;, p anddx. The stochastic convergence
analysis is performed far > 5 which yieldsng = 5. Consequently, parameteigy, dp anddx are such that

1
0 < 8ar, 0,05 < 0.9258 = | 02 (24)
ng + 5
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Fig. 2. Normalized response spectrum of the mean reduced matrix model of the nonlinear dynamical system
for DOF numberj 4 (figure on the right) and for DOF numbgg (figure on the left). The horizontal axis in
log scale correspond to the frequency (in Hz).

Data uncertainties are relative to the stiffnessethe stops whose probabilistic models are defined by
Eqgs.(22) to (23). Parametef¥/,}1<,<, correspond to the 28 stiffnesses of the 28 elastic stops. Therefore, each
parameter belongs tB, = [0, +oo[. Since the structure is multisuppadtand the number of nonlinear elastic
stops is large, then the solution is very sensitive to the value of the time-stefisif¢he time integration scheme.
Time-step size\t has the same value for alle {5, 50, 150, 200}. For each samplé, Eq. (8) is solved by using
the Euler explicit step-by-step integration scheme with= 1/25000s and for a time duratiof” = 15s. The
Monte-Carlo numerical simulation is performed with = 700 samples. Figure 3 shows the graphs of the functions
ns — log;o{Conv;, (ns,n)} for n = {5,50,150} and fordys = ép = 0x = 0.2anddé; = ... = d23 = 0.2. It
can be seen that convergence with respegatandn ; is obtained fom = 50 andn g = 60.
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Fig. 3. Graph of functioms — log;o{Conv;, (ns,n)} for n = 5 (lower dotted line)n = 50 (upper thin
solid line) andn = 150 (upper thick solid line).

Figures 4 to 6 show the confidence regions associated with the probabilityAewvel0.95 for ny, = 700,
n = 200, £ = 0.001. Figure4 correspond to a nonparametric level and a parametric level of uncertainties equal
to 0.2. Figure 5 show s the confidence regions with just a parametric level of uncertainties equal to 0.2 and with
a very low nonparametric level of uncertainties equdl.ti®002 while Fig. 6 show the confidence regions whith
just a non zero nonparametric level of uncertainties equa
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Figure 7. Confidence regions of DOF number (figure on the right) and of DOEp (figure on the left)
with a nonparametric and a parametric level of uncertainties equal to 0.2. The upper line corresponds to the
upper envelop@B; (¢,v) and the lower line corresponds to the lower envelepe (¢,»). The frequency is
represented on the horizontal axis in log scale (in Hz).
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Figure 9. Confidence region of DOF numigey (figure on the right)j g and of DOF (figure on the left) with a
nonparametric equal to 0.00002 and a parametric level of uncertainties equal to 0.2 The upper line corresponds
to the upper envelopes; (¢,») and the lower line corresponds to the lower envelepg (¢,»). The frequency

v is represented on the horizontal axis in log scale (in Hz).
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Figure 9. Confidence region of DOF number (figure on the right)j g and of DOF (figure on the left) with

a nonparametric equal to 0.2 and a parametric level of uncertainties equal to 0. The upper line corresponds to
the upper envelopeB; (¢,») and the lower line corresponds to the lower envelepg (¢,v). The frequency

is represented on the horizontal axis in log scale (in Hz).

CONCLUSIONS

A nonparametric-parametric probabilistic model afidom uncertainties has been developed for nonlinear

dynamical system in the time domain. A nonparametrabpbilistic model of random uncertainties is used for



modeling the random uncertainties concerning the linear part of the system. The random uncertainties of the
nonlinear part is modeled by the use of a parametric approach.

From the analysis of the normalized response spectra, it can be seen that a DOF not close to a stop (for
instance DOFj4) can be sensitive to the both data and model uncertainties. This result underlines that a local
data uncertaintie can be propagated in all the structure. However, the model uncertainties have not to be neglected
even if the DOF under consideration is close to a stop with data uncertainties. For instancgg Xafose to a
stop with data uncertainties but the mbdecertainties are clearly not neglide because the confidence regions of
DOF jp seem to be controlled by the nonparametric level of uncertainties. Consequently, it is necessary to model
the uncertainties for such a nonlinear dynamical system in order to allow an efficient seismic capacity assessment
of such a structure to be performed. For such a dynamical system, the nonparametric-parametric approach allows
the level of uncertainties to be extended and is well adapted to this kind of problem.
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