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BOTATION

By and large, the notation in this thesis is explained in the
text, right at the time 1t is introduced. However, a small part of
the more standard notation is not fully explained in the text, and
so we will list these latter nctational conventioné here for the

sake of completeness:

var (x) means the varisnce of x.

cov (x,y) means the covariance of x and y.

x denotes a column vector.

x*' denotes a row vector.

If A is a matrix, then A' denotes the transpose of A.

N means normel. For example, the statement that x 1is
N(y,Z) means that x follows a multivariate normal
distribution with mean vector u and varience matrix Z.

The symbol ® on top of a parameter or a vector of parameters
denotes an estimate of the parameter(s).

Numbers in square brackets refer to the bibliography.
For example,/ 7, p. 23_/ would refer to page 23 of

Reference T in the bibliography.
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INTROPUCTION

Suppose we have m varieties of corm, n types of fertilizer,
and p pieces of land for planting the corn. Each of the p pieces of
lend is essumed to be completely homogeneous within itself, but there
mey be differences from one plege of land tq another. Suppose we
went to run an experiment to find out certain things ebout the differ-
ent corn verieties and the different fertilizers, and possibly about
the different pieces of land also.

. The simplest experimenta] design, mathematically speaking,

would be one which prescribed o total of mnp observations, one obser-
vation for each of the mnp ﬁosSible combinations of corn, fertilizer,
and land. However, there are some practical reasons why this design
might be less desirable then a deslign which ran fewer than mnp obser-

vations. Perhaps the cost of as many as mnp observations would be

- prohibitively high. Perhaps the number of degrees of freedom for

error furnished by a design with mnp observations would be unnecessarily

and wastefully large for the purposes of the experimenter. Perhaps
the size of the pieces of land would beso small that it would be
awkverd or even impossible to run as many as mn observations on each
piece of land,

Thus the need becomes evident for considering a more general

type of design, to be called a multi-dimensional incomplete block

design in analogy with the ordinary (two-dimensional) incomplete block

design which has been treated extensively in the literature. 1In



%

vii

two-dimensional designs, the two dimensions reéfer to what are
commonly called "treatments" and "blocks." For multi-dimensional
designs, we shall avoid using these two terms and shall use the word
factor instead.

Thus, in the example above, where we are dealing with a three-
dimensional design, we have the three factors corn, fertilizer, and
land. Corn msey be called the I-factor, fertilizer the J-factor, and
land the K-factor.

The word factor as we will be using 1t may carry a somewhat
different connotation from what is ordinary. For example, lend will
be called a factor (rather than a blocking effect) even though it is
an unwanted, but unavoidable, source of variation. Again, it is not
recessarily implied that two factors will interact with each other,
In fact, the model may contein no interaction terms at all and may
simply be additive in the factor effects; in other words, we may have

in our example

E(Y:gfj‘lb 2T L T T N

This model equation gives the expected yleld of an observation from
the i-th variety of corn, the j-th type of fertilizer, and the k-th
piece of land (assuming that this combination actually occurs in the
design). t is the effect of the i-th variety of corn, t.J. is

i..

the effect of the J-th type of fertilizer, and t is the effect of

Otk
the k-th piece of land., (The superscript & on Y1Jk will be explained

later, in Chapter I.)
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The m varieties of ¢orn, the I-factor, may be called the m
levels of the I-factor. Similarly, the n types of fertillzer are
the n levels of the J-factor, and the p pieces of land are the p
levels of the K-factor. Obviously, when we use the word level, we do
not necessarily imply that the levels of a factor can be measured
quantitatively, or even that they cen be ordered according to some
quantitative criterion. Thus for a factor such as temperature, the
levels (different temperatures) will be quantitative; but for a factor
such as corn, the levels (different varieties) will be strictly
qualitative, i.e.,categorical, Zflctually, the levels of a factor
cen be of four different forms: (i) quantitative and continuous
(i.e., the levels are chosen from a continuum); (ii) gquantitative
and discrete (i.e., the levels are chosen from a discrete set of
quantities); (iii) categorical with a structure, or ranking (i.e.,
no quantitative values are a priori associated with the levels, but
they can still be ranked); and (iv) strictly categorical (i.e., the
levels cannot even be ranked). /

Suppose in our example that we want to add a fourth factor -~
say, insecticides -~ to our experiment. Suppose there are q in-
secticides whose influence on corn yield we wish to study., Our model,

assuming no interaction, will be

E( ijky) = g+ tio.o + tujun + t.ok. + t..‘y

Here ¢ ¢ is the effect of the {/~th insecticide, or in different
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lsnguage, it is the effect of the f-th level bf the I-factor.

We are now dealing with a four-dimensional (i.e., four-
factor) incomplete block design. To be more gpecific, we can
define the design precisely by introducing a guantity hijk[' This
quantity hijk( is an integer_z 0 which indicates the number of times
the i-th level of the I-factor, the J-th level of the J-factor, the
k-th level of the K-factor,and the f-th level of the I-factor occur
together in the design. Clearly, hijkf is defined for all possible
nnpq combinstions of the i's, j's, k's, and {'s. Actually, hijk(
is nothing more than a generalization of the well-known incidence
metrix which occurs in two-dimensional designs.

In most practicel situations, we will be dealing with designs
where all hijkf's are either O or 1. However, we shall not restrict
our definition of multi-dimensional incomplete block designs to
exclude designs where this is not the case. Designs which have
hijkf's > 1 can be given the same theoretical treatment as those
designs where all hijk('s are < 1, it turns out.

A special trivial case of the four-dimensional incomplete
block design occurs when all hijkf' are equal; we may define this

to be a complete design. Thus complete designs ere special cases

of the incomplete design. The analysis for a complete design is
trivial, comparatively speaking.
The various concepts which have just been introduced concern-

ing the quantity hijk[ have obvious extensions to designs where the



number of dimensisns is othér than four. For example, with three
dimensions we will be dealing with a quantity hijk’ and statements
analogous to the above can be made.

So far ﬁe have discussed only designs in which the models are
completely additive -- that is, the models have no interaction terms.
The analysis for such designs will be the topic of Chepter I.

Chepter II will be concerned with designs where the models
contain interaction term(s). Let us return to our original three-
dimensionsl example with the factors corn, fertilizer, and land.
Suppose we believe or suspect that there is interaction between ferti-
lizer and corn varieties, but we know there is no lend-corn or land-
fertilizer interaction. Then we have I-J interaction, but no I-X or
J-K interaction. The model is of the form

1Jk) =g+t +u + t + t..k ’

. iJ. ede

t

or E(x{%) R PR

i)k
(The second form of this model is basically the same as the first.)
On the other hand, we might be willing to assume only (for ex-
emple) that there is no J-K (fertilizer-lend) interactionm, but we want
to consider the possibility that I-J and I-K interactions exist. 1In

this case, our model can be written

E(Y:(L?j‘}?:) =Wyt Mk

This model allows for two interection terms.
It ie the enalysis for these and other interaction models

which will be treated in Chapter II., Different interaction models
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are, of course, appropriate for different experimental situstions.
Which model to use depénds on which interactions we are willing to
assume non-existent.

Certainh special cases of multi-dimensionsl incomplete block
designs have already been treated in the literature. A very simple
exsmple of a three-dimensional incomplete block design is fhe familiar
Latin square. The Greco-latin square is & special type of four-
dimensional incomplete block design.

Not quite this simple & design is the Youden square [?12:7,
or "incomplete latin square." Other special types of three-dimensional
incomplete block designs, somevwhat more involved than Youden squares,
were considered by Shrikhande /= 11, Chapter III /.

All of these designs just mentioned are based on additive
models (with no interaction terms). The literature also includes
some materisl dealing with specislized types of multi-dimensional
designs based on models with interaction terms. Bradley and Kramer
[?9:7 discuss a certein type of three-dimensional incomplete block
design in which the model contains one interaction term. Along a
different line, the large amount of work which has been done in the
fields of confounded factorial designé and fractionally-replicated
factorial designs would technically, by our definition, fall under
the heading of multi-dimensionsl incomplete block designs in which

the model contains interaction terms.
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Chapter III gives a large number of examples of designs whose
analysis can be accomplished by using the theory developed in Chapters
I and II. Chapter III also discusses the methods used in construct-
ing some of these designs. It will be seen that the theory developed
in Chapters I and II provides means for using e much broader group of
designs than was previously possible. Thus the designs presented in
Chapter III will be considerably more varied and complicated than
thoserpresently exieting in the literature.

Strangely enough, some of the best designs given in Chapter III
were originelly duplicate bridge movements. These designs have been in
existence for years as duplicate bridge movements, but it has apparently
never been recognized before that they could be used as experimental
designs. In other words, these particular designs were developed un-
wittingly by persons who were neither methematicians nor statisticiams.
Duplicate bridge movements are discussed thoroughly in Beynon Zfé_j7.

Chapter IV covere certain miscellaneous extensions of the
theory of multi-dimensional incomplete block designs. The first
section of this chapter presents some useful matrix theorems. The
second section is concerned with variance components for certain
types of multi-dimensional designs, where some of the factor effects
are assumed to be random rather than fixed. The third section of the
chapter deals with multi-dimensional incomplete block designs in

multivariate analysis of variance.
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At the end of the thesis is a short section entitled
YFurther Comments", in which possible Puture areas of lnvestigation

in multi-dimensional incomplete block designs are briefly discussed,



CHAPTER I

ANALYSIS OF MULTI-DIMENSIONAL INCOMPLETE

BLOCK DESIGNS FOR MODELS WITH NO INTERACTION TERMS

In this chapter we shall deal only with fhose multi-dimensional
incomplete block (MDIB) designs for which there is no interaction.

MDIB designs which allow for interaction are somewhat more cémplicated
and will be considered in Chapter II.

This chapter is concerned only with the analysis, and not with
the comstruction of the designs. Chepter III discusses methods of de-
sign construction and presents actual examples of designs.

We will desl mainly in this chapter with three- and four-
dimensional incomplete block (3DIB end LDIB) designs. It will be
readily seen, however, that the methods used for analyzing 3DIB and
4DIB designs can be extended, if desired, to 5DIB and higher-dimensional
designs.

Actually, we will start this chapter off by considering 2DIB de-
signs. The analysis of these 2DIB designs has, of course, been covered
thoroughly by previous writers, at least for the case where the inci-
dence matrix contains no integers grester thean 1; see, for example,
Bose /3 /. However, this same ground will be covered again for the
purpose of presenting a somewhat different approach to 2DIB designs --
one which seems to lend itself most readily to generalization to de-
signs of higher dimensions. This approach will also be able to handle

designs in which the incidence matrix contains integers greater than 1.



1.1 Some General Preliminaries; 2DIB Designs.

In this section wé shall attempt to present a pattern for the
7»~____€nalysis of 2DIB designs which can be easily generalized and extended
to designs of higher dimensions. For 2DIB designs, this pattern will
possess no particular advantages over the patterns which have already
been given in the literature to accomplish the same purpose. However,
the pattern to Le presented here will provide invaluable short-cuts
vhen it is generalized from 2DIB designs to higher-dimensional designs --
short-cuts which other patterns would not seem to provide. For pur-
poses of expositional clarity, we will start out by applying this pat-
tern to 2DIB designs, rather than to 3DIB designs, even though none of
the results for 2DIB designs will be new (except perhaps for our use of

& more general incidence matrix).

The usual way for writing the model for a 2DIB design is

(1.1.1) E(Yg‘)) =g+t +t, .

In our development, we shall drop the g in order to simplify some phases

of the theory:
@)y .
(1.1.2) : E(Yij ) = ty o+ t.j
= 1,200,843 im 1,2,.0..,m; J= 1,2,...,0),

The notation which has been used here is as follows:

ti is the effect for the i-th level of the I-factor.

+t . ig the effect for the j-th level of the J-factor.

m is the number of levels of the I-factor.

n is the number of levels of the J-factor.



by ; is the number of times the i-th level of the I-factor
appears together with the j-th level of the J-factor
in the design. 1In other words, the'hid's are the ele-
ments of the incidence maetrix.

Yg) is the (observed) yield for the o-th observation in which
the i-th level of the I-factor and the Jj-th level of the
J-factor appear together.

The symbol E(.) denotes expectation.

g (in 1.1.1) is, as is customary, & term which refers to the
general mean.

It is also possible to write (1.1.2) in matrix notation. We
get

Byl =7 H+ 7 % |
(1.1.3) hxl  hxm mxl hxn nxl
The notation means the following:
h = ? z hij is the total number of observations in the design,
J
. ,
i - (tl.’ ty 5 eees tm.) is the vector of the I-factor
effects.
%, = (t.l"t.e’ vesy t.n)' is the vector of the J-factor
effects.
y is the vector of the b observed yields, 1Its elements
ok
are the ﬁid Se |
141 end 7, are matrices determined by the design. Their

elements are determined in such a way that (1.1.2) end

(1.1.3) will be equivalent,



We will make the usual asssumption that y is distributed
N Z:E(l), oi I /. In other words, the error terms ere normally,
independentl;fhand homoscedastically distributed. This assumption
will be made throughout the first two chapters.

In the forthcoming development it will be presumed that the
reader is fully familiar with the general theory of linear models,
This is presented, for example, by Bose /3 /.

We start out by observing that the estimetion space consists of

]

7 Y=Y (say) = (Y0 Yo eees Yy )
(1.1.4) end | '

Yo ¥ = Y, (say) = (Y‘ly Y.Q’ veey Y.n) .

These equations (l.l.4) define ¥, ¥, the Y, 's, and the ¥ J's. It

is easily verified that

n  hy
Y, =% 3 Yg)
* J=l ﬁ”’l
m i
and Y j = 3 EJ Ygg) .
Y 1=l g=l1

Now let Y be a linear function of the observations which 1is the

best estimate of some function of the I-factor effects only. In other

words, E(Y) must be free of the t.j's.
Since Y is a best estimate, it must lie in the estimation space.

In other words, we must have

1 t
Y=a0 L+ 5

lxm lxn
(1.1.5) n n
=L q ¥ +2

qQ ., Y
i=1 J=1 OJ .J )



where g = (ql.,qa.,...,qm') end g} = (q_l,q.z,...,q.n). The values of
the q's are yet to be determined.

Using (1.1.5), (1.l.4), and (1.1.3), we get that

E(Y) = E[ (a7 + 473y 7
(1.1.6) = (g§7) + a78) (7% + 75%5)
= (ai7in + Q757,08 + (4177 *+ 975705,
We thus note that E(Y) will be free of %, if
(1.1.7) 9 Hp* B Hp =
where we define

Hp=7{7; &od Hyy = 7575 «
mxn nxn

o denotes the null vector.
At this staege we shall make a simplifying assumption about the

design. Let us introduce the notation

n
Bi T P
m
and h.g = 151 hiJ .

We shall assume from now on that hi is constant for all 1 and h 3 is

constant for all J. In other words,

e
L}

h =

i. 1,2,...,m

(1.1.8)

and h .=
od

ZTNote: It is still possible to analyze a design in which the conditions

J

1,2,...,!1 *

piv Bl

(1.1.8) are not satisfied, but we shall not be concerned with such de-

signs here, /



Using (1.1.8), it now follows that

h
(1.1.9) o =g Iz
nxn
where 122 is the identity matrix. We may also define
— ]
By=nn
mxm

and then use (1.1.8) to get

. h
mxm
where I is again the identity matrix. Note that the subscripts on

11l

these various matrices and vectors are used to denote dimensions; 1 re-
fers to m, and 2 to n.
We now substitute (1.1.9) into (1.1.7) to get

h

' At
Q Bt 5% =0
or
1 - B 1

Substituting (1.1.10) and (1.1.11) into (1.1.6) gives us

_ .t /h n
(1.1.12) BY) =g GIy -g5HEply)l
where we define

H = o' = Hl

21 " 72 N T Hyp

nxm

If we define

_h n
(1.1.13) “n=zha-5lely |



then (1.1.12) can be written
]

We might note at this point that H12 = 7i 72 is nothing more than
the incidence matrix; this is easily verified. In other words, the ele-

ments of H, ere the hid's’ This means that (1.1.13) can be written in

the form

(1.1.15) ¢, =

i1 ®

Bl

nZ
11 "B J Pig Py
where ciI is the general element of’Cll, and SiI is the Kronecker delta.

Now let us substitute (1.1.11) imto (1.1.5). This gives

L] n
(1.1.16) Y=9 (Xl - & 8 IE)
1
"4 &
where we define
- - -
(1.1.17) Q = (R s Qs eres Q) =Xy ~g B Y -
Combining (1.1.14) end (1.1.16) we get
1 t
(1.1.18) L E@)=9Chs

Since (1.1.18) holds for all 9;» it follows that

(1.1.19) E(Q) =Cpp by

At this point we introduce another design assumption. We assume
that the design is such that

(1.1.20) Rank of C;; = m - 1 .



We shall define a design to be connected if (1.1.20) is satisfied, If
(1.1.20) holds, then it is easily verified that all I-factor contrasts
(contrasts of the I-factor effects) are estimable. Zfﬁote that the rank
of C11 cannot exceed m-l under any circumstances. This follows from
the fact that ¥ ¢;7 = 0 for all I.7/

Let g& El be any I-factor contrast. Then the best estimate of
lxm

' ' A A A A
zi t, is g& %l’ where %, = (tl.’te.""’tm.) is any solution of

mxl

This statement is e consequence of (1.1.19) and (1.1.20).

We may rewrite the system (1.1.21) in the form

(101022) % ciI tI. = Qin (1 = 1,2, -oo,m) I
where Cy1 is as given in (1.1.15), and where, by (1.1.17),
(1.1.23) =Y L, y

+1.23 U, N mw 3ty

Thus we have only to solve the system (1.1.21) or(l.1.22) to get the
best estimate of any I-factor contrast.

By virtue of (1.1.19) and (1.1.20), we know thet So,, which we
define to be the sum of squares (s.s.) for testing the hypothesis that
all I-factor contreste vanish, is equal to the s.s. due to Ql' To get
the s.s. due to 91' ve meke use of the following well-known theorem:

Sum of Squares Theorem, Let B' ¥y be any linear set, and let r be the
axh hxl

renk of B'. Then the s.s. due to B' y is

(101 .2“) 2_{_ B _y_ 1



where x 1is any solution of

axl
] t

(1.1.25) B Bx=3B y
This s.s. carries r degrees of freedon.,
We can now apply this theorem to find the s.s. due to 8 (which

is the same as Sil). First, we note from (1.1.17) and (1.1.1k4) that

(] n '
(1.1.26) § = (7 - pHEp 7)) ¥
= 7l_y_ L4

where we define

X B E ]
(1.1.27) Ti=7r -5 HBp 7 .
mxh
From (1.1.3) end (1.1.26) we get the result

o! A
(1.1.28) E(g_l) =N" "N _t_l + 71 ”s 32 *

(1.1.19) tells us however, that

(1.1.29) E(gl) = Cll 31 + O12 32 s
where 012 is a matrix consisting entirely of zeros. We now compare
nxn

(1.1.28) and (1.1.29) to prove that
o f - 0! =
777,56y 8ad 7 7 =0,
This puts us in a position to derive the importent result
«! -" n
(1.1.30) nhn=rnn-grniy =0 -
Hence, using (1.1.26) and (1.1.30), we see that the system

(1.1.25) ean be written

(101051) Cll ?_C- - gl .
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But (1.1.31) is exactly the same as (1.1.21). Therefore §1 is a solu~

tion of (1.1.31), and so, by (1.1.2h4),

2 _ M
(1.1.32) By = % @ .

Sﬁl carries (m-1) degrees of freedom. The mean square is therefore

2
2 _m

Our next step is to find Sg, the s.s. due to error. We will
invoke the following well-known theorem:

Conditional Error Theorem. Let S: be the error s.s. under the model

(L.1.34) E(z) =7 % .
hxl hxb bxl
Let
(1.1.35) H: B t=0
: axb bxl bxl
be some linear hypothesis which can be tested under this model. Let Sﬁ

be the s.s. for testing Ho. Let SE be the s.s. due to conditional error.

[In other words, suppose we rewrite the model (1.1.34) under the as-
sumption that the hypothesis (1.1.35) is true. The error s.s. under this

nev model

(1.1.36) B(y) = ° ° (say),
hxl hxb° bOx1

is what we mean by 6357 Then we can write the important equation

: 2 2 2
(1.1.37) 8, = 8, - 8,

We now apply this theorem to the present situation., We take Ho to

be the hypothesis that all I-factor effects are equal. Then Si = Sﬁl is
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as given by (1.1.32), and the model (1.1.36) becomes
(1.1.38) E(y) =7, t, -

The error s.s. under the model (1.1.38) is well-known to be
(1.1.39) s° =8

Hence, by (1.1.32) and (1.1.39), (1.1.37) becomes

n 2
tl 8 =¥¥-g Y-85

which means that

A
n
(1.1.k0) Se Y'Y -F Y -4 9 .

The error mean square is

2
2 _ Se
(loloh‘l) Se - h‘; ]

where the degrees of freedom due to error is

ne =hemen+1l.

Thus the appropriate statistic for teeting the hypothesis that all I-

factor contrasts vanish is, by (1.1.33) and (1.1.k1),

2
by =:—h-l-
m-l,n, 2 *
e

Finally, we discuss the variance of the best estimate of an I-

(1.1.42)

factor contrast. Let g& 31 be any I-factor contrast. Suppose we want
A
to find the variance of its best estimate, g{ El' First we note that

there must exist a vector 91 such that
mxl

(1.1.43) =4 -

Then, by (1.1.21), (1.1.26), and (1.1.43),
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A A .
o g1 et
(1.1.5%) L5=84Chnh=4=4ny -
Therefore
2
(1.1.45) var(gi l) = Var(d' 71 y) = a 71 71 4, o

where oi is the (population) error varience. Noting (1.1.30), we have

(1.1.46) var(g& tl) 41 €y & 9 &

2
= 4 Cucﬁcndl dlcnci’lcndl"g £30%:.4, %

where C{l is any conditional inverse of 011' (Conditional inverse is

defined by Bose /3, pp. 40a-kla 7/.)

This concludes the analysis of 2DIB designs. The main purpose
of this section has been to establish a pattern, or skeleton, which
can be generalized to handle the analyses in succeeding sections; the
principal results of this section are already well-known. This section

has also served to introduce much of our notation.

1.2 A Fundamentel Thecrem for MDIB Designs

In the preceding section equations (1.1.26-1.,1.32) gave us a
method for getting the s.s. due to 31' This method probably possesses
no particular advantages over the usual methods for 2DIB designs, How-
ever, for higher-dimensional designs, a generalization of the method
given in (1.1.26-1,1.32) will provide us with invaluable short-cuts
which will eliminate considerable tedious algebra. In fact, we can go
so far as to stete a general theorem which will be applicable to all of

our MDIB designs. This theorem will allow us to write down immediately
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a formula giving the value of a certain sum of squares analogous to
the B.s. due to gl in Section 1.l.

Suppose that we have a model which can be written in the form

hxl hxm mxl hxmemgxl hxm3 m3x1 hxmr mrxl

The estimation space then consists of

= ! = t = 1
.¥.]_ 71 .y.’ 22 72 X’ eoey Zr 71' ..y. b
mxl ’ m2xl mrxl

Suppose there exists a vector

(1.2.2) Q = 7 ¥
mxl mxh

vhich lies in the estimation space and which can be written

(1.2.3) @ =X % By Yot g Yz bt By Yo
mxmy mxXm X,
This means that
r
vt = yt '
(1.2.h4) 71 =714 afz Ay 75 -

Suppose, furthermore, that E(gl) is a function of v, only and is free

of Yo Y39 ooy V.
(1.2.5) E(Q_,_l) = Cyy ¥y o
mxm

We now proceed to evaluate fi fi, and to find the s.s. due to

Q. First, note that (1.2.5) can be re-written in the form

r

(1.2.5a) E(gl) =Cqy ¥y ¢+ 052 Ola Yo ?

where 0]u consists entirely of zeros. Now observe that, by (1.2.1) and

mxm
o

(1.2.2),



1k

r
= ; .'
(1.2.6) Bl =7 i+ LM% -

Comparing (1.2.5a) and (1.2.6), we get

and '}i 7a = O O = 2,3, .00,
Using (1.2.4) and (1.2.7), we get
r
$1 oy = ol v '
(2.2.8) NN=NNnt BN Y,
=Cpn

Now, by the Sum of Squares Theorem (1.1.24-1,1.25), we can say
that

(1.2.9) Sg =x' Q) ,

1xm
where we use S% to denote the s.s. due to Q0 and where x is any solu-

tion of
But, using (1.2.8), (1.2.10) reduces to
(1.2.11) Cll E = gl .

Hence we have proved the following theorem:

Fundamental Theorem for MDIB Designs. Suppose we are working with the

model (1.2.1)., Suppose there exists a vector 91 which is of the form
specified by equations (1.2.2-1.2.4k), and whose expectation is given by
(1.2.5). Then

b o =
(1.2.12) 1N Cll ’
where &l and C,, are the matrices defined by (1.2.2), (1.2.4), and

(1.2.5), end the s,.s. due to qQ 1is
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2 N
(1.2.13) So =¥ 91 ’
where ﬁl is any solution Ay of
mxl '
(1.2.1k4) Ciy ¥ =9 -

It might be remarked that, in all of our applications, the
system (1.2.14) will be the same system that will have to be solved
to get the best estimates of certain factor effects or interaction
effects; in fact, we have already seen that this is true in the case
of 2DIB designs. Thus the same equation system can be solved for two
different purposes.

The theorem we have just proved will be used for analyzing
every type of MDIB design which we will be discussing; it is in this
sense that the theorem is of a fundamental character. The theorem
will be applicable not only to the designs involving additive models
which are considered in this chapter, but it will also be applicable
to designs involving interaction models which are treated in Chapter
II. For the more complicated designs, this fundamental theorem will

save us several pages of algebraic computations.

1.3 3DIB Designs

An example of a practical application of 3DIB designs was
given in the introduction, where we discussed an experiment involving
the three factors corn, fertilizer, and land. In this section we

shall deal with the analysis of 3DIB designs with additive models.
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The model we shall be considering cen be written

@)y .
(1.3.1) E(Yyg) =%, vt 5 %% &
(a=l’2,...’hijk; i'-"l,a,ooum; J=1,2,-oo,n; k=l’2,ooo,p)
or
(1.3.2) E (}’_) =" _t_l * 7 E‘.Q + 73 33 ‘

hxl hxm mxl hxn nxl hxp pxl
Note that (1.3.1) is @analogous to (1.1.2), and (1.3.2) is analogous
to (1.1.3). The meaning of the notation in (1.3.1) and(1.3.2) is the
seme a8 before, with certain obvious extensions:
t..k is the effect of the k-th level of the K-factor,
P is the number of levels of the K-factor.
Ysgi is the (observed) yield for the c-th observation
in which the i-th level of the I-factor, the J-th
level of the J-factor, end the k-th level of the
K-factor appear together.
33 = (t..l’ LINCYRRTEY t..p)' is the vector of the
K~-factor effects.
The rest of the notation should be apparent from the context, and by
comparing with (1.1.2) and 1.1.3).

The estimation space consists of

7y=Y (say) = (Y 5 Y ., eeer ¥y )Y
(1.3.3) Ty =Yy (88y) = (Y35 Y¥p, cen ¥ 00
and 7% ¥= .¥_3 (say) = (Y..l’ Y..E’ ooy Y..p)':



These equations (1.3.3) define Y15 Yo 23, the Yi”‘s, the Y.J.'s:and

the Y k’s. It is easily verified thet

b sk
g y(©)
.. %55 Eﬂ%l ik
z 2 @
Yy, =% 3z 2%
(1.3.1) vde 401 keloey B ?
h
i
and Y =2 & % y\@

Now let Y be a linear function of the observations which is
the best estimate of some function of the I-factor effects only. In

other words, E(Y) must be free of %, end 3'._3.

17

Since Y is & best estimate, it must lie in the estimation space.

In other words, we must have

(1.3.5) Y=g ¥ +g I+ g‘B I,
where g = (@) s Gp, 0 vees Gy, ) Bp = (A0 Qs eees Q)Y
and 9 = (@ 15 @ o1 oo q..p)" The values of the gq's are yet to
be determined.
Using (1.3.5), (1.3.3), eand (1.3.2), we get
B(Y) =B [Ty 7+ 2 75+ & 75017
=GNt LY H R TE)
(1.3.6) =@ Nt NN BNy
Hay 7 Tt G T Vot A 75 MR)Ey
+(a 7 73+ 95 75 V3t G5 75 V3)bs

Thus E(Y) will be free of t, and 33 if
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9 Fpt iyt gy =0

mxn nxn pxn  lxn
(1.3.7)
and ' ' ' oAt
4 H13 + <P Hé} + 33 H33 =0 s
mxp nxp Pxp 1lxp

where we use the notation

(1.3.8) Bp = 7% 7g (=E'g,) for b, B = 1,2,3,
Note that equations (1,3.7) are the analogue of (1.1.7).

Let us now infroduce the notation

E byg by =FF By Box=
h

oz
1 4k By ™ 3 Big

b, =%
J
(1.3.9)
o= z
iJ. k
It is then easily verified that the hiJ's are the elements of 312’ the

3 1
hi.k s are the elements of 313’ and the h.Jk s are the elements of H23.

We now make a simplifying design assumption which is analogous

to (1.1.8). We shall assume henceforth that

h _h b
(1.5.10) B Byt ad b =5
From (1.3.10) we can deduce that
h h 1
(1.5.11) B3 T Bp =g Iny end Hyp = I
mxm nxn pED

Before we get a solution to the system (1.3.7), however, we will
heve to make still further design assumptions. In fact, there is more
than one possible set of design assumptions which we cen meke in order

to find a solution of (1.3.7). Corresponding to each set of design
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assumptions we will have a desigp class; in other words, a given set

of design assumptions will be considered to define a clase of designs.
In the case of the 3DIB designs being treated in this section, two
different design classes will be presented.

These two design clesses will be referred to as Design Class 1
and Design Class 2. The analysis will be different for the two design
classes, and so they will be discussed separately. A given 3DIB de-
sign may satisfy the assumptions of both design classes, of exactly one
design class, or of neither design class. Obviously, a design which
does not belong to either design class cannot be analyzed by the methods
to be presented here.

Design Clase 1. This design clase consists of all designs which

satisfy the following assumptions [ in addition to those of (1. 3.10) _7:

1° 1°
1,3.12 Zh,, h T —— d Zh .h —
(1.5.12a) 3710,k Tmp %Y g 1.k T mmp
or, in matrix notation,
1® b?
mxp mxn
Bere we are using JfB to denote a matrix all of whose elements are l1l's.,

The subscripts b and B indicate the dimensions of the matrix, using

the same pfinciple as for the H matrices; that is, the subscript 1

stends for m dimensions, 2 for n dimensions, and 5 for p dimensions.
The derivation of the constant Egg'which appears in (1.3.12)

should be explained. Actually, (1.3.12) is assuming merely that

= constant and Zh = constant.

PRI 2hy P
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Let us consider only the first of these, since the development for the

second is exactly enalogous. We have

? hij.h.jk = ¢ (for all i and k),
and we will show that c must equel EES . We get
=X
TE (hygb g) = IE ()
i.e., 2h2 = mpc,
. J ndo
2
h
or n(-g) = mpc.
n
h2
(1.3.13) Hence c = oD H

this is the method for showing that (1.3.12) is consistent and that the
constant 1s the correct one.
We are now ready to show how (1.3.7) can be solved. First note

that, using (13.11), we can re-write (1.3.7):

(1.3.14)

t

"B +2q '+ q'® 0
g Yot 4 32‘_
H

t h
q Hys+ % o3ts L =0

Now we observe that

1 ' T

_ 'n 1
D=5y Bpo*sy 12
(1.3.15) o pay

B =Ry "3

is a solution of (1.3.14). This can be verified by direct substitution;

for the first equation of (1.3.1k) we have



el

t h n 1 1 P ot
G Btz e Bty d)r (F5 g BalEg,
=8 ¢ P! ha Vi
"m4 NiTeh (m"ﬁ'p' J10) Loy (1.3.12)..7,

=0

For the second equation, we have

' n 1 1o h D!
g B3+ (59 By ; 4 12) Hea *5 (58 B3
= E % (:"n? 13) qL1 Tip By [Py (13127
= 0'

Notice that (1.3.15) is a solution of (1.3.1%) for all values of 9.

Substituting (1.3.15) into (1.3.6) gives us

1
(1.3.16) E(Y) =g Cpy by &
where
- n i bl
(1.3.17) Cip = Hyy *+ (- g Hyp+ 5 J55) * (- § Hy5) By
=1 n p h_
=zt "B Hy -y Eyt " I3

[y (1.3.10) snd (1.3.11) /

Observe that (1.3.17) is analogous to (l.1.13). We can also write an
equation for 4y the genersl element of 011‘
h n h
(1.3.18)  cyr=z 81 "% f Byg. Pra. - _gg‘hi.k hx,k * o2
(1.3.18) is analogous to (1.1.1%).
Now let us substitute (1.3.15) into (1.3.5). This gives

(1.3.19) Y=g9 9 ,
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where

(1.3.20) Q = LH-BEL v I Lt (- B E;) Y,

mxl n o 1
L -5 B -gE3is*t g Y

O
8

R R

Here we use éa to denote a vector containing all l's; the subscript

: mxl
is an indicator of the number of elements in the vector (m). Y is

the grand total of all the observations:

y =xzzzy® .
on e idka iJk

(1.3.20) cen also be written in the form

Zh

£hy ¥

2 1
-I-EY

=g

- n -
(1.5.21) Q.. = Y., -8 ¥ By, Y. "

Note that (1.3.21) is the analogue of (1.1.23), and (1.3.20) is ana-
logous to (1.1.17).

Comparing (1.3.16) and (1.3.19), we get
[ 1
(1.3.22) 9 B (9) =g Oy &y
Furthermore, (1.3.22) holds for all g;+ Hence
(1.3.23) BE(Q)=Cp b -

We now introduce a further design assumptiony,one which is

analogousto (1.1.20). We assume that

(1.3.24) Renk of C,, =m = 1

11

If (1.3.24) holds, we define the design to be connected with respect

to the I-factor.
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Let KS El be any I-factor contrast. Then it follows, under
the assumption (1.3.24), that gi t; is estimsble. This result is
similar to one stated in Section 1.1, but this time we will discuss

more fully the method of proof. First, note that

(1.3.25) Ciy 4 =m§1
and
(1.3.26) C13 = C4; ¢
Now let

O .
(1.3.27) ¢ = [Cy 4T

mxm+1
Then
(1.3.28) ¢ 3= 0,
o+ 1x1

which implies that
(1.3.29) Rank of ¢° <m - 1.
But, by (1.3.24),
(1.3.30) Renk of ¢° >m - 1 .
A compsrison of (1.3.29) and (1.3.30) then gives
(1.3.31) Rank of C® = m - 1

= Rank of Ciy -
By & well-known matrix theorem, it now follows from (1.3.31) that there

exists a vector 21 which is a solutlon of the system
mxl

(1.3.32) ¢, &, =4 -
Hence, from (1.3.23), we get
(1.3.33) E(Qi Ql)

]
40 Y

£y
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This proves that g& %, is estimsble, and its best estimate is &) Q.

A
Now let El be any solution of
(1)3-3“) Cll El = -Q-l ¢
Then
t A 1] a
- ) -
(1.3.35) 4 =841 Cp =M%,

which proves that g& gl is the best estimate of g& El' Thus, in order
to get the best estimate of any I-factor contrast, we have only to
gsolve the system (1.3.34).

Our next task is to evgluate Sgl, the s.s. for testing the hy-
pothesis that all I-factor effects are equal. This becomes very simple
once we note that we can apply the Fundamental Theorem for MDIB De-
signs (Section 1.2). We observe first that all of the conditions of
this theorem are satisfied. (1.2.1) corresponds to (1.3.2), (1.2.3)
corresponds to (1.3.20), and (1.2.5) corresponds to (1.3.23). Hence,
by the theorem (1.2.13-1.2.1h4), it follows that
(1.5.3?) S.s. due to @, = gi e
where t, is any solution of (1.3.34),

Next we observe that the s.s. due to 91 is nothing more than
&2 .
for testing the hypothesis

For, by (1.3.23), we can say that the s.s. due to @, is the s.s.

(1¢3057) Cll El = _9 .

mxl
From (1.3.24) it then follows that the hypothesis (1.3.37) is the same
as the hypothesis that all I-factor effects are equal; this is shown

by using the argument presented in (1.3.25-1.3.32). For every vector
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g& such that £3 H=0 there exists a vector Ql such that (1.3.32)
holds. Hence (1.3.37) implies that
(1.3.38) 4 Cy 8= gi =0
for every 2& such that 23 4=
Conversely, (1.3.38) obviously implies {1.3.37), as can be seen by
noting (1.3.25). Hence we conclude that (1.3.37) and (1.3.38) are
equivelent. This means that
2 _ _ A

(1.5.32) 8,; = 8e8. due to @) = 34
where t, is any solution of (1.3.34). By (1.3.24), Sﬁl carries (m-1)
degrees of freedom.

Now we find SE, the error s.s. To do this, we use the Condi-

tional Error Theorem (1.1.34-1,1.37). (1.1.34) corresponds to (1.3.2),

and we let (1.1.35) correspond to (1.3.37) or (1.3.38). Now consider

the model
and note that (1.1.36) corresponds to (l.5.h0). Let Sil be the condi-

tionsl error 5.s. - i.e., the error s.s. under the model (1.3. ho)
Note that, since (1.3.40) is essentially the same as (1.1.3), S_, can
be computed by the methods of Section 1.l lﬁformula (1.1.40) in par-
ticular 7.

We then see that (1.1.37) becomes
2 2 2

(1.3.41) Syq = 851 - S

Using (1.3.39), we can write (1.3.41) in the form
2 _ 2 &

(1.5.1»_2) Sg =8, -t &

Let n, be the number of degrees of freedom carried by Sz. In general,
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the value of n, will be determined by the rank of the matrix

(1.3.43) 7 =Ll i i
hxm-n+p

However, most ordinery designs will be such that
(1.3.L44) n,=h-m-n-p+2.

It was stated above that the quentity Sil’ which eppears in the
formula (1.3.42), can be computed by the methods of Section 1l.1.
Strictly speaking, Section 1.1 deals only with designs which satisfy a
certain rank assumption (1.1.20). Actually, Sil can be computed even
though the design specified by (1.3.40) does not satisfy (1.1.20).
However, we shall not concern ourselves very extensively -~ either here
or in later discussions -- with freak designs which feil to satisfy
elementary rank assumptions. We shall mgke it a practice to devote
our attention primarily to the more ordinary designs which do satisfy
the rank assumptions; it is these designs which are of practical im-
rortance. |

We might also comment here that the computation for Sgl Just
degcribed points up one of the major reasons why we considered it es-
sential, in Section 1.1, to develop the analysis using a more general
incidence matrix than is customary -- an incidence matrix which might
contain integers other than O or 1. The matrix H23, whose elements are
the h.jk's’ is the incidence matrix for the design specified by

(1.3.40). If H,, contains integers larger than 1, as it will in the

23
case of many 3DIB designs, then the customary theory using a less
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general incidence matrix would not be adequate for computing Sgl’ the
error s.s. of (1.3.40).

Thus we see a major reason why it is necessary, in the case of
2DIB designs, not to restrict ourselves to designs in which a given
combination of factors camnot occur more than once. Actually, the
situation is similar for designs for higher dimensions, and for the
same type of reason. For example, in thé case of 3DIB designs which
we are now considering, we do not require that the hijk's (which can
be considered as elements of a generalized incidence matrix) be <1.
The model (1.3.2) will be used in later designs for computing certain
conditional error s.s.'s, in the same way that the model (1.1.3)

[i.e., (1.3.40) 7 was used above for computing Sf Thus, for all

1I
the designs we will be considering, of whatever dimension, we will make
no restrictive assumption about the number of times a given combination
of factor effects may occur together.,

Now that we have computed Sﬁl and Sg, ve can turn our attention

to computing other sume of squares. ILet Sia be the s.s. for testing
the hypothesis that all J-factor effects are equal, and let S§3 be the
8.8, for testing the hypothesis that all K-factor effects are equal.
(We are assuming implicitly that these hypotheses are testable.)

For many designs Sﬁa and S§5 can be computed simply by permuting
the indices (subscripts) in (1.3.2) and then applying the 3DIB analysis
to the new model with permuted indices. However, this may not always

be possible, since the new model with permuted indices mey not neces-

sarily satisfy the proper design assumptions., For this reason, we
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present a general method for finding Sﬁe and S§5; for any given design

in which it is possible to use either method, the general method may

or may not be simpler than the method which involves permuting indices.
The general method utilizes the Conditional Error Theorem

(1.1,34-1.1.37). Let 852 denote the error s.s. under the model

(1.3.45) B(y) =7 5 + 75 255,
and let SE} denote the error s.s. undervthe model
(1.3.46) E() =7 b5+ 75 B -

Note that, since (1.3.45) and (1.3.46) are both of the same form as
(1.1.3), Sie and 355 are both readily computed by the methods of

Section 1.1. Now, applying (1.1.37), we obtain the formulas

2 _ 2 2
(l'jnh,?) Sh2 - Sc2 - Se
and

2 _ .2 2
(1.3.48) Spz = Sc3 - B »

where Si is given by the formula (l.3.h2). S§2 will carry n-l degrees

of freedom (d.f.), while S§3 will carry p-1 4.f.

We have now obtained three different hypothesis sums of squares
(Sil, Sie, and S§3) as well as the error s.s. In general, Sﬁl, Siz,
and S§3 will not of course be orthogonal to each other. We can test
the three hypotheses in the usual way -- by using F-tests. F 1s ob-
teined by dividing the hypothesis meen square by the error mean square;
the procedure is similar to that given in (1.1.33) and (1.1.41-1.1.k2).

We have previously obtained the best estimate of any I-factor

contrast 11 t), but ve have yet to find the best estimate of a J-factor
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contrast g% t, or of a K-factor contrast 2% ;. For many designs,

the indices in the model (1.3.2) can be permuted, and the new model
can be analyzed to obtain the best estimates of the desired contrasts.
This procedure was already mentioned in connection with the discussion
52 and 833.
will give a general method for obteining the best estimates which we

of S However, since this procedure may not always work, we
want. Thie general method may or may not be simpler computationally
than the permﬁtation—of—indices method in the case of designs where both
methods are possible.

Consider the model equation (1.3.2). We can re-write it as
(1.3.49) E(y) = 7 &,
where y is defined by (1.3.43), and where

(1.5.50) t=/t
k2
)

The normal equations are then

(1.3.51) vrE=7ry.

But, using (1.3.43), (1.3.50), (1.3.8), and (1.3.3), we can re-write
the system (1.3.51) in the form

H t + H

11 - 12 -2 13 35
(1.3.52) Hoy 8 + Hyp bo + Hys 25 = X,

H,. t. + H

31 51 321: + H =

33 85 = 13 -

Now recall that we have already solved this system for t., for

1
A
any solution El of (1.3.34) must also be a possible solution of
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(1.3.52); this is a consequence of the theoteéem which states that a best
estimate is unique. Hence the only unknowns in (1.3.52) are 32 and 33,

and we can write the system in the form

A

Blelo* B3l = Li-fnh

(1.3.53) Hpp By + Hyz &5 = Y5 - Hy %1
Hptp* Bysty = L3-8yl -

Now consider only the last two of these three equations (1.3.53).

We can write these as

(1.3.54) Hpp to* Hps &5 = 4
Bp Lo * B33 85 = Z5
where
A
(1'3-55) -&b = _Y_b - H'bl ..t‘l ’ b = 2}3 .

We observe that the system (1.3.54) ie precisely the set of normal
equations for the model (1.3.40), with the exception that in the normal
equations we would have IQ instead of §2 and 15 in place of 23. Hence
we can find solutions gg and gﬁ of (1.3.54) by applying the methods of
Section 1.1, since the model (1.3.40) is the same as (1.1.3). In using
the formulas of Section 1.1, we would of course have to replace Zb by
-Z-b (b = 2,3).

Since it will always be possible to permute the indices in the
model (1.1.3) without disturbing the design assumptions, and since
these design assumptions will always hold, we have a perfectly general

A A

: A
method for getting the solutions 32 and 33. We can get 32 from one

A
permutation of (1.1.3), and %5 from the other permutation. Another
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A A
possible technique is to obtain, say,‘jg, and then get 33 by using

the second equation of (1.3.54):

(1.3.56) :s =3 (2 - 532 .

Needless to say, the computation of t2 and t5 can be carried on in
conjunction with the computation of Sil, since in both computations
we will have to find the conditional inverse of the same matrix.

The reason why the first equation of the trio (1.3.53) was
dropped was that it was superfluous. To prove that it 1s superfluous,
note that the rank of the system (1.3.5&) is n + p - 1 (assuming the
design is not degenerate). But the rank of the entire system (1.3.53)
must also be n + p - 1. Hence the first equation of the trio (1.3.53)
is superfluous and can be discarded.

We deal finally with the problem of finding the variance of
Xi-gl’ the best estimate of the I-factor contrast li-zl' We will use
‘an argument just like that presented in (1.1.43 - 1.1.46). First, we

use (1.3.32) and (1.3.35) to write
A
(1.3.57) ver (fj %) = ver (4 §)-

Now, 1if we defineh;% by the equetion

(1.3.58) =7y

then it follows from the Fundamental Theorem (1.2.12) that

(1.3.59) 7i 7 =Cy
Hence

A .
. 2
1 t ! -~
(1.3.60) ver (gl tl) = d; 71 var (y 7, 8 =4 Oy 4 o
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Now let C:l be any conditional invetrse of cll' Then
A *
ver ({7 &) =8 Cy; €3 Cyy & %
(1.3.61) t ¥
AN az by (1.3.32)

Suppose thaet we want to find the variance of g% ge or gg gﬁ’
the best estimate of a J-factor contrast 2% 32 or of a K-factor con-
trast 2% ts» respectively. If the indices in the model (1.3.2) can
be suitably permuted in such a way that the design assumptions of
either Design Class 1 or Design Class 2 will hold, then the desired
veriances can be found for the design with permuted indices by using
& procedure Jjust like that presented in (1.3.57 - 1.3.61). If such
a permutation of indices is not possible, however, the computation of
var (fg ge) or var (fg 23) is somewhatrmore complicaeted and will not
be dealt with here,

This completes the discussion of Design Class 1. Much of this
discussion had to be presented in great detail in order to introduce
some of the new ideas. When some of these same ideas are used in
succeeding discussions, however, they will not be given the same de-
tailed treatment, since fhe present discussion has slready served to
lay the ground.work.

Design Class 2., This second design class consists of all de-

signs for which the following holds Zfin addition to (1.3.10):7:

(1.3.628) ? B g B g = M+ B (s-2)
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or, in matrix notation,
(1.3.62b) Hzp 323 = A J33 + (8-)\) I53 .

In other words, the sum of squares of any row of H52 must equal s,
while the sum of the cross-products of any two different rows of

H,,. must equal A. Any matrix H32 which satisfies a relation of

32
the form (1.3.62) Z:End vhich also conforms to the restrictions
onh , end b, indicated by (1.3.10) 7 will be defined to be a

matrix of BIB structure.

Note that (1.3.62) implies a certain relation between the

constants s and A. Summing (1.3.62) over k, we get, using (1.3.10),

that
12
(1.3.63) 7 - PA+ S =N

We now want to find a solution to the system (1.3.7) [or,
more specifically, to the system (l.3.lh)_7'under the assumption
(1.3.62). Consider the first equation of the pair (1.3.14). This cen

be re-written
t _E ! - E U
(1.3.64) Lg% B g% 8 -
Now substitute (1.3.64) into the second equation of the pair (1.3.14).

We get
t (b n _ .1
‘(1.3.65) 25 (5 153 % H52 H23) = Q4 (E Hl2 HQB - Hli) .

But
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la‘

b n -
(1.3.66) 2 5 Is3 -5 %8s Bp3= 5 133" 9537 & (8-2)I55 [Py (1.3.62) 7
A

[>]

n . -
Iz =g M sz /Dy (1.3.63)_7.

1

33
HBence {1.3.65) can be re-written

t h t n
(1.3.67) G By By - By t3L s

But now note that

' h

(1.3.68) &= (5 Hyp Boy - H

13)
satisfies (1.3.67); in other words, (1.3.68) is a solution of
(1.3.67) for gé. This can be shown by substituting (1.3.68) into

(1.3.67), and by verifying that

n -
This gives us a solution for g%. To obtain a solution for

_g_é, substitute (1.3.68) into (1.3.64):

t . n l .
(1.3.70) @ = -5 & Fip - 5% &1 (§ Fio Bos - Fa3) Bxp

Hence, re-copying (1.3.68) and (1.3.70), we get that

v n 1 1 N
(1.3.71) L= -F% Hp - & §He s - B3 By

.o .
35 = gox & (f Fip Hps - Hys)

is & solution of (1.3.14) /T i.e., (1.3.7)_/.

Strictly speaking, the argument just presented is not a
rigorous proof that (1.3.71) is a solution to (1.3.1k), The develop-
ment we have just given was designed to indicate the motivation

and method of solving the system (1.3.14), rather than to serve as
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a proof. In order to prove that (1.3.71) satisfies (1.3.14), we
would have to reverse the above argument and substitute (1.3.71)
into (1.3.1k).

When meking this substitution, we can see immediately that
the first equation of the pair (1.3.14) is satisfied. To check that

the second equation is satisfied, we write

(1.3.72)
QH, . + QH,, + 2 gt = g'H qH - @ 13)8
Gy + Bz + 535 = Y5 - | Qo803 - ox S8 Fiofes - 3p8p3
ne n
+ q! (= H B,z -~ H.)
npe)\ 21'‘h “12723 13
2

) 1

g (By5= gH)Hps) (1 % 9 (Hy 5 oHps)

-[mﬁ + (s-x):[ﬁ_'_'/ . [y (L.3.62)_7

b s-h -

= O [by (1.3.63) /.

We are now ready to substitute (1.3.71) into (1.3.5) and (1.3.6).

We end up with the result

(1.3.73) YE(Q)=9Cht
where

n l n -
(13.74) @ =Y - [EHE* 55 (e B3 - B3l /1

h n
* an (g Hip Hpz - Hy3) Y3

and
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(1.3.75) €y "’72 I,- L FBp *%X T Hyplps - Hi5)Bp 7 By
+'h%i (3 Hyplps = Hyz) By

Note thet (1.3.73) is the analogue of (1.3.22), (1.3.T4) is analogous
to (1.3.20), and (1.3.75) is analogous to (1.3.17). The analogues of
(1.3.21) and (1.3.18) can also be written down,if it is desired to
have (1.3.74) and (1.3.75) in summation notation instead of matrix
notation.

From here on the analysis of Class 2 designs follows exactly
the same lines as the analysis of Class 1 designs. We first note

that, since (1.3.73) holds for all g1, we cen write

(1.3.76) E(g) =Cy %

which is analogous to (1.3.23). We now follow through with the entire
remaining discussion of Class 1 désigns, encompassed by equations
(1.3.24 - 1.3,61), and starting with the rank assumption (1.3.24).
This entire discussion is just as valid for Class 2 designs as for
Class 1 designs; it will of course not be necessary to repeat it hgre.
Examples of both Class 1 and Class 2 designs will be presented
in Chapter IIT. It has already been pointed out that a given 3DIB de-
sign may belong to both Design Class 1 and Design Class 2. With such
a design, we have a choice between two methods of analysis. Generally
speaking, it would appeer that a Class lvanalysis would be computation-
ally simpler than a Class 2 analysis, since the equations for‘g1 and

C,., seem to be simpler for Class 1 than for Class 2.

11
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Class 1 is not a special case of Class 2, and neither is Class
2 a special case of Class 1. This is proved in Chapter IIT, vhere ex-
amples are given of designs which belong to one design class but not to
the other.

It should be pointed out that the class(es) to which e design
belongs depend on the particular permutsthon of the indices which is
being assumed in the model (1.3.2). There are 6(=3!) possible permu~
tations of these indices. The design may belong to different class(es)

for different permutations. This is because, for both design classes,

the design assumptions are not symmetrie in the three indices.

1.k L4DIB Designs.

Most of the basic concepts involved in the analysis of 4DIB
designs with additive models are the same as for 3DIB designs. Hence,
in this section we shall rely & great deal on the discussion of the
preceding section; certain matters which were treated carefully in
the section on 3DIB designs can be treated with less detail in this
section. Almost all of the notation in this section will be exactly
analogous to that of the preceding sections. No explanations of no-
tation will be made except where there is a marked departure from
previous notation conventions.

The model equation for 4DIB designs can be written

()
(A1) B(Yygu) =y, *b 5, v *E g

k=l,2,oco,p; (=1,2,0;0,q) '
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or

(Lh2) By =7 b+l t7sts vl -
hxl hxm mxl hxn nxl hxp pxl hxq gxl

The estimation space consists of

(3 Ay Ty () = (Y e Yy )
1y =Yy (sey) = (Y3 5 Yo 5 eees Y )

7y =Y (eay) = (Y 1, Y 55 eees ¥ o)

and 7) y = ¥ (say) = (Y...l’ Y s eees ¥ )

* e

We can easily verify that

(1.4.4) Y“.=§.§?§Y§.§?{{( ,
Y. <FEFEUm

Y PRFEUS

Y g P3ERYa

Now let Y be a linear function of the observations which is
¢he best estimate of some function of the I-factor effects only.
.Since Y is a best estimate, it must lle in the estimation space:
(1.4.5) Y=gl ¥) +op Yy +g5 Y5 +al Y -

Using (1.k.5), (1.4.3), and (1.4.2), we get

E(Y) =(ajy] + 3 75 + 575 + M) (738 + 7% + 73t + Nty
=(g) By +95 By +95 By +9 By) &y
+ (g Bip +93 Bop + 95 Hxp +9f Byp) by

+(gy By + 9 Hpy + g5 Byg + 9 By) £
+(g) By +9p By + g By ) By by

Thus E(Y) will be & function of %, only, if

0.k4.6)
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(1.4.7) q) Hyp + gé Hpp + gé H52 +9, Bp,=0
Q) Hyz+ @5 Hos + 33 Heg + Q) Bz =0
and gy By + g5 By + a3 By + g By, = 0 .
Note that the equatioms (1.4%.1 - 1.4t.7) are analogous to (1.3.1 -
1.3,7) respectively. The analysis of 4DIB designe will continue to be
quite similar to the 3DIB design analysis.

We have used the notation
(1.4.8) RbB - 7{3 73 (aH_éb) for b, B=1,2,3,k4.

It is easily verified that (for example) the elements of Hl2 are the

1
hij.. 8, where

Z xh, . . .
k f igky
Analogous statements can be made about all the other HbB's (v#B) .

We will meke a design assumption which is analogous to (1.3.10):

h _h =1 =B
(14.9) By =g B, =g B, =3yesdbh =g .

(1.4.9) implies

h

I

_ h _ h
(l.ll--lO) Hll =& *11? H22 = - I 002 H33 35- and Hh—h = E Ihh .

Substituting (1.4.10) into (1.4.7) gives us the analogue of (1.3.14):

(1.4.11) q] Bp* g q2 + q5 3 ¥ Q B,y =0
Y 15*32H23+%9-5+Ehﬂh5'9
ﬂiﬁm"&éﬂeu*&éﬁau*‘g&;‘@

(1.4.11) is the system we have to solve. To do this, we will

need to introduce additional design assumptions. There will be more
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than one possible set of design assumptions under which a solution to
the system (1.4.11) can be found, and, as in the case of 3DIB designs,
each such set of design assumptions will be considered to define a de-
sign class. The analysis will be different for each design class. Ve
will present a total of three design classes for 4YDIB designs.

Design Class 1. This design class consists of all designs which

satiefy the following assumptions éfin addition to those of (l.h.9);7;

h2 h2 hE

1.4.12 Zh h = Zh h 2 e 3% h, D e
( a) 3 id.. Tk mnp ’j ije. “.3.f mma 'k “i.k. ..kﬁ mpq ’

5 n® o2

k By k. h.Jk.""’f AN WA TR R B AN mpq

or, in matrix notation,

b° n® n®
(1.h.12b) Hy, Hyz = o5 315 Hyp By = o dyi s Fyz By = 5pg Jyy 0
he h2 h°

B3 Bz = g5 J100 By Hup = 555 Y120 Huy B3 * @pg 13

An argument similar to the one presented in deriving equation (1.3.13)
2 2

can be used to show that the constants 555, b

h
TG and —— which appear

mpa
in (1.4.12) are the proper ones.

Under the assumptions (1.4.12), the following is a solution of

(1.b,11):
[ n 2 !
(1.4.13) L5y Bpotgy Ip
[ - P !
3= -84 B3
q| = - q ? H
9, B By,

That (1.4.13) actually is a solution can be verified by substitution.

The proof is similar to that given for the solution (1.3.15) in the
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preceding section,

We now substitute (1.4.13) into (1.4.5) and (1.4.6) to obtain

where
= n _P .9 2
and
=08 n P a b_ '
(1.k.16) Ci3 =g %3y "Ry g HsHsy g Hy B *+2 = Jyy

Since (1.4.14) holds for all 4,, ve have

(1.4.17) E(Q) =04t

From this point on, the analysis develops in roughly the same

way as for Class 1 3DIB designs. We first make the design assumption

(1.4218) | Remk of C; =m -1

if (1.4.18) holds; the design may be said to be connected with respect

to the I-factor. It follows from (1.4.18) that every I-factor contrast
%{ %, is estimsble. In fact, the best estimate of g& %, is ﬂ{ t,, vhere

El is any solution of

(1.4.19) Ci1 5 =8 .

Next we évaluate Sil, the 8.s., for testing the hypothesis thaf
all I-factor effects are equal. This is equal to the s.s. due to gl.
But the s.s. due to Ql can be obtained by invoking the Fundamental
Theorem, since all of the conditions of this theorem are ciearly

satisfied. We thus end up with the formula
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A
(1.%.20) 2 -tlq (@f.=m-1) ,

which is analogous to (1.3Q39).

e

e? the error s.s., we use the Conditional Error

To obtain S
Theorem to obtain a formula which is analogous to (1.3.42%:

A
(1.4.21) Si = Sil- Ei Qy (.f. = h-m-n-p-q + 3 ordinarily).

Here Sil is used to denote the error s.s. under the model

(1.4.22) E(y) = Yo bp + 73 35 L T
The design corresponding to this model (1.4.22) is of course specified

'
by the h 's, not the hijk( 5.

sy

At this point we must introduce an additional design assumption.
In order to obtain Ssl’ the error s.s. for (1.4.22), we have to use
the methods of Section 1.3. But in order for these methods to be usable,
the design corresponding to the model (1.4,22) will have to belong to
either Design Class 1 or Design Class 2 of 3DIB designs. In other words,
we will have to assume that the design specified by the h.jky's belongs
to at least one of these two design classes.

This assumption will have to be made not only for Design Class 1
of 4DIB designs, but also for Design Classes 2 and 3 of UDIB designs.
This is because, for Design Classes 2 and 3, Sg is obtained in the same
way as for Design Class 1. It might be pointed out that we are at some
liverty in choosing among different permutations of indices (factors) in

order to get a 4DIB design for which the h JkV'S satisfy the necessary

assumption.
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It may be desired to obtain Sie, SﬁB’ and Sih’ the sums of
squares for testing the respective hypotheses that all J-factor, K-
factor, and L-factor contrasts vanish. One way of getting any one of
these sums of squares is to permute the indices in the model (1.4.2)
and then run an analysis on the new model with permuted indices.
However, this method will work onlj 1f the design corresponding to
the new model belongs to one of the three design classes for 4DIB de-
signs.

An alternative method makes use of the Conditional Error Theorem.

We can write formulas analogous to (1.3.47 - 1.3.48):

2 2 2 -
(loh’aE}) Sh2 = Sc2 - Se (dof- =n = 1)
2 _ .2 2 ‘ _
Sh3 - Sc3 - Se (dnfo - p - 1)
2 — 2 2 (d.ft = q - 1) .
Spi = Se ~ Se
82 is given by (1 4.,21) 82 82 and Sa are the error sums of
e sTeERlc P22 Se?? chk
squares under the models
(1.b.24) E(y) = 718+ 73 35 +, b

Bp)=7 b+t b
and E(y) = 71 El + 75 t, + 73 35
respectively.
There is a design corresponding to each of the three models
(1.h.24), Thesevthree designs are specified by the hi.kf’s’the hij.y's,
and the h ‘s respectively. If some one of these designs does not

ijk.
belong to either Design Class 1 or Design Class 2 for 3DIB designms,
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then of course it will not be possible to compute the corresponding
conditional error sum of squares Sg. This means it will not be possi-
ble to use (1.4.23) to compute the corresponding hypothesis sum of
squares Si.
permutations of one of the models (1.4.24) belongs to either of the

However, if the design corresponding to any of the six

two design classes for 3DIB designs, thenthe corresponding hypothesis
s.8. can be computed by using the appropriate equation of (1.4.23).

Thus we have found methods of computing Sil, Sﬁz, Sﬁ}’ and
Sﬁh s @ssuming that the design is of a certain form. 1In order to
test the hypotheses corresponding to these sums of squares, we can
make F-tests in the ususl manner.

We turn now to the problem of finding the best estimates of
EE, 33, and Eh -- or, more correctly, of contrasts of the form z% Ee,
ﬁ% 35, and 2& 1)+ The method we will use is analogous to that pre-
sented in the discussion encompassing equations (1.3.49 - 1.3.56) for
Class 1 of 3DIB designs.

As in the case of 3DIB designs, we may be able to obtain our
estimates of Ee, 35, or Eh by permuting the indices in the model
(1.4.2) and then running an analysis of the data under the new model
with permuted indices. However, this will be possible only if the de-
sign corresponding to the new model with permuted indices belongs to
one of the three design classes for UDIB designs.

Hence we will present an alternative method which is more

general., First note that the normal equations for the model (1.4k.2) are
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(1.%.25) By §3 + Hyp b+ Hyz b5+ Hl

oy s
Hyy By + Hyp B+ Bpg 85+ By 8y, = Y
51 5 * Hgpp by + Hyg By + Hy Fy =

By L v B S+ B 5+ Hy b5 =%

12 -~

(1.4.25) is analogous to (1.3.52)., Now observe that any solution
A v
%, of (1.4.,19) must also be a solution of (1.4.25). Thus we can

re-write the system (1.4.25) in the form

A

(1.4.26) RERR TR TR S Tt
Pelet Py Lt By Bt t iy &y

Hap Lp * Hyz B3 + By, 8, = X5 < By 2}

Hp Sp+ Bz S5+ ) &) =Y, -H, % .
(1.4.26) is analogous to (1.3.53). Now we drop the first eguation of

the set (1.4.26) to obtain the system

(1.4.27) H

22 tpt Hps b5+ By by, = 2

23 =3

H 't+H t+H3h

2 2+ H3z L3 &
Myp o+ Hyz 3+ By 5, =25,

where

A
We see that (1,4.27) is the analogue of (1.3.54).
Now note that (1.4t.27) is precisely the set of normel equations

for the model (1.4t.22) /[with the exception that the right-hand side

of (1.4.27) consists of Z's rather than 2'3;7. Furthermore, we have
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already assumed that the design corresponding tq the model (1.4.22)
belongs to one of the two design classes for 3DIB designs. Since the
model (1.4.22) is the same as (1.3.2), it means that we can use the
methods of Section 1. 5 to solve the system (1.4.27). In this way, we

A
can get the estimates t L, t3’ and Eh As a matter of fact, these esti-

mates cen be obtained in comjunction with our computation of Sgl,

since the same conditional inverses can be used in both computations.
Pinally, we might want to find the variance of ]3 gl’ the best

estimate of the I-factor contrast 23 El' To do this, we use an argument

which is exactly similar to that indicated by equations (1.3.57 - 1.3.61).

We end up with the result

(1.4.29) var ({1 1) N AL

This completes the analysis of Class 1 4DIB designs. Msany of
the equations just presented are applicable to Class 2 and Class 3
designs in addition to Class 1 designs, as will be pointed out.

Design Class 2., A design which satisfies the following re-

strictions Zfin addition to those of (l.h.9):7‘belongs to this design

class:
(1.4.30) BB = b° ma 13 Bl ™ ang b &lh, S E%; Tpss
2
o3 Hy), = ngq ol
and
(1.k.31) o) 323 SR Hyy By = A Jop + (s-2A) Ipp o

Note that (1.4.31) implies a relation between s and Ay
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(1.%.32) 2=—=ni+s-N ,
which is analogous to (1.3.63). Observe also that a sufficient con-
dition for (1.k.31) to be satisfied is that Hyz and Hy), both be matrices
of BIB structure.

We now want to find a way to solve the system (1.4.11) under
the assumptions (1.4.30 - 1.4,31). Firet, note that if we take

'=_£ 1 l ' l L
(1.4.33) 95" 5 (9 Bz * B Hxs) + 39 15+ 7% I3

: : .2 1
snd gi=-y (g Hy + & By)
then the last two equations of the trio (1.4.11) are satisfied for all

values of q, and q,. This can be verified by direct substitution; the

proof is similar to previous proofs of this sort.
Now substitute (1.4.33) into the first equation of the trio

(1.k.11). We get the result

(1.1.34) ay = - g (a] Bjp* gf Hyp + g Hyp)

- § L3 @y, - § By By - § By, B+ 5 I15 Hsp)
+ ) (- B Hpy Hp - § By By + 5 J232H52):/

%2 9y (- h B, + pHygHyp+ g By By - o= 1)

nk(lz-h) gy Tpp+ (;\_g. - %) ab Jpp LBy (1.4.31)7.

+

Note that, by (1.4.32),

2.2
n(s-A) _ amn -h
(loh‘.}j) l - 2 - 2

h h
Hence, applying (1.4.35) to (1.4.34), we get




L8

2
h
(1.4.36)  gb = 2 oz g (-hHy, + pHySH,0 + By - 22 J50)

*E % Jppe

Note the analogy between (1.4.36) and (1.3.67). After verifying that
h2
(1.4.37) (=hiy, + PHysHsp + QHH S = o0 J15) Jpp = Opp,

we can state that
2

- b
(1.k.38) g5 = ~ _he gy (-bHy, + pH H,, + aHyHy, - 22 J355)

constitutes a solution of (1.4.36) for - (1.%.38) ie analogous to

(1.3.68), and (1.4.37) is analogous to (1.5.69).
Combining (1.4.33) and (1.4.38), and substituting (1.4.38) into

(1.4.33), we get the following solution of (1.4.11):

(1.4.39) gé = gi Ale
9 = g A3

9 =9 Ay,

where
n h2
(1.4.40) Ap = 2 h2 ( hH + pH13H32 + quhHh? - = Jle)
p 1
Ayz = - g (B + Ay oHos) + 2 055
. q
Ay = - “(4+Ameﬁ

Strictly speeking, the discussion encompassing equations (1.%.33 - 1.4.38)
has not proved that (1.4.39) is a solution of (1.4t.l1). Rather, this
discussion has served to indicate the method by which the solution is

obtained. In order to prove rigorously that (1.4.39) actually is a
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solution, we could substitute (1.4.39) into (1.4.11) and show that
(1.4.11) is satisfied. However, an easier method of proof consists
simply of observing that the srgument presented by équations (1.4.33 -
1.4.38) ie reversible. Specifically, if 2, is given by (1.4.38) and
D) end g, are given by (1.4.33), then it is easy to see that (1.k.3h)
[ which is the same as the first equation of the set (1.k.11) 7 is
satisfied. Furthermore, we already know that the last two equations
of the trio (1l.4.11) are satisfied for any value of PY when 23 and
g, are given by (1.4.33).

We now substitute the solution (1.4.39) into (1.4t.5) and (1.4.6)

to obtain
(1.h.41) 9 B() =gy 8
where
(1.4.42) Q@ =n AL Lt A YA Y,
and
_h
(1.4.43) Ciy =5 Iy * Ao By + A5 By + 4y Hy .

(1.4.41) is analogous to (1.4.1L4), (1.k.42) is analogous to (1.k.15),
and (1.4.43) is analogous to (1.4.16).

From this point on, the analysis for Class 2 4DIB designs follows
exactly the same lines as the analysis for Class 1 UDIB designs. That
is, the entire discussion encompassing equations (1.k.17 - 1.L4.29) is

Just as applicable to Class 2 designs as to Class 1 designs.
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Design Class 3. This final design class consists of all de-

signe satisfying the following restrictions Zrin addition to those of
(1.4.9) 7
(1.b.54) Hzp Hps = A T35+ (8-1) I35 and
1 /h - _0
B Hy, + 3% (5 Bys - Byplps) (8 - Haply )=n0y2 (£-X) 1.

The assumptions (1l.4.h4) imply that

h2
(1.k.45) =P A+ 8 ~ A\
2
and %E = q AP + s° - AP ’

We must now go about finding a solution to (1.4.11) under the
assumptions (l.k.44). Pirst, note that the first equation of (1l.4.11)

can be re-written in the form
1 _ 1 1 1 1
Now substitute (1.4.46) into the middle equation of (1.4.11) to obtain

, n . h
(1.0.47) gf (Hy5- 5 oHp5) + g (Hys ~Fiofas) = - 8f (Gl55 - EHspHps)
mph .,z

"E BT 5 53
Loy (L.hbb - 1.b.45)7,

Observe that

(1.4.48)  glwecis /Al (B -2 H H,.) + af (Bx - 2 B H,) 7
o =37 "mpa L= Y137 ER Y1723’ T A V43 T R Thete3

ig & sdlution of (1.4.47) for 35. This follows from the fact that

n -
(1.k.19) (B)3 - § Hyolas) I35 = Oy

- n -
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Now substitute (1.4.48) into (1.4.46) to obtain

f = 1 /— D 1 n
(1.4.50) Q=9 [-5Hpt = (Hl?j - 5 512523)332_7

- n 1
+ o [ Fe * i (s - Hilps)Esp /-
substitution of (1.4.48) and (L.4.50) into the third equation of (1.4.11)

yields

= n 1
9 [Hy -§E, By + 55 (B - £ oHp5) (Hapbp), - '2351&)-7

(1.4.51) n 1 n h, -
L- g Byp By, + 55 (Bys - EHu2325)(Hseﬂeh'x;!H5h)+a L

=-g
: 2
= %.%L'L '_'XO J)_‘_ll, + (50")\0)11“4 - 'E‘a Il}l{.] Lby (1.)4-.11-14-)_7
ngr’ o, on’ v (Lobk
=% Lt*TE A [y (L.b45) 7.
Since
n

and (H32H2’+ - %H3’+) Jll-)-l- = 03)4_ ’

it follows that

1 - 1
—5 9 /L (BHy - '?Iﬂlh) + % (Bpofps - %HIB)

(1.4.53) ¢
L ar
*(HgoBoy - %H3h)-7

is a solution of (1.k.51) for Q-
To obtain the entire solution of (1.4.11) for [PY) 23, end Qs We
nov simply substitute (1.4.53)into (1.4.50) and (1.4.48). The final

result is
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(1.k.54) ' = gl
L=y Ayp

] 1
93 = § A3
Q=9 Ay o
where

1 1 B -
(1.4.55) 4, = 20 L (8y 08y, - %Hlu) + ox (HypHps - 78 5) (HspHy), - %HBLL-.)./

I h h
Az = ox LUH)gBps - D Ey3) + Ay (Bp Bys - 3 Hy3) /

=.2
Ajp = - g (Hyp + AysHqp + ApB,) -
Strictly speaking, the argument which uses equations (L.h .46 - 1.4.,55)

does not prove that (1.4t.54) is a solution of (1.4t.1l). However, we

can obtain a reigorous proof if we note that this argument is reversi-

ble.

We now substitute the solution (1.%.54) into (1.%.5) and (1.4.6)
to obtain
(1.4.56) 4GB =g Cnl
where
(14.57) G =L tAphr A LAY,
and

_h

(1.4.58) Cpp =@ oy * Ao Hyy *+ Ay5 Hoprdly) By -

From this point on, the analysis for Class 3 designs follows exactly
the same lines as the analysis for Class 1 and Class 2 designs. The

entire discussion encompassing eguations (1.4.17 - 1.4.29) is applicable



53

to Class 3 designsyjust as it was applicable to Cless 1 and 2 designs.
This chapter will not discuss the analysis of 5DIB or higher-

dimensional designs. However, it can be seen that most of the methods

and techniques which have been developed for 3DIB and 4DIB designs can

be readily extended to desigmsof higher dimensions. The discussion

of the present chapter furnishes the tools which are necessary for

making an analysis of 5DIB and higher-dimensional designs.



CHAPTER II

ANALYSIS OF MULTI-DIMENSIONAL INCOMPLETE

BLOCK DESIGNS FOR MODELS WITH INTERACTION TERMS

As explained in the Introduction, there are certain experimental
gituations where the assumption of an additive model is not appropriate,
and where a model containing one or more interaction terms needs to be
used. This chapter will be concerned with the analysis for designs in-
volving such models. We will be dealing mostly with 3DIB and LpIB
designe, but we will start out with the simplest case, that of 2DIB de-
signs. We will also confine ourselves mainly to two-factor interactions;
models with three-factor and higher-order interactions are not only
harder to hahdle, butrare of considerably less practical importance.

It was remarked in the Introduction that confounded factorial
designs and fractionally-replicated factorial designs constitﬁte special
cases of MDIB designs using interaction models. These designs, which
have been treated extensively in the literature, are usually character-
ized on the one hand by a large number of factors or dimensions (larger
than 3 or 4), and on the other hand by having the same number of levels
for each factor. This is in contrast to the types of designs with which
this chapter is concerned. The latter are characterized by only 3 or 4
factors, and by allowing different factors to have different numbers of
levels. It might also be pointed out that the designs to be presented
here necessarily use a more complicated technique of analysis than that
employed in other factorial designs; this technique is based on the same

kind of ideas as were presented in Chapter I,
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In the analysis of ordinary factorial designs in which, say,
two-factor interactions but no higher-order interactions are being
allowed for, it is customsry to compute the following quantities:

1. Error sum of squares.

2. Best estimates of interaction effects.

3. Sums of squares for testing hypotheses of no interaction.

L, Best estimates.of mein effects.

5. Sums of squares for testing hypotheses of equality of main

effects.

The analyses to be presented in this chapter will concentrate primarily
on the computation of only the first four items in this list. The
fifth item will be omitted altogether, except for 2DIB designs. For
3DIB and higher-dimensional designs, certain difficulties arose in the
attempt to find workable formuless for the sums of squares for testing
hypotheses of equality of main effects., The problem of rumning tests
on the main effects will be discussedvmore fully in the first section

of the chapter,

2.1 2DIB, 3DIB, and UDIB Models with One Interaction Term.

The simplest kind of interaction model is one which has only one
(two-factor) interaction term. Such a model assumes that there may be
interaction between two certain factors (the I-factor and the J-factor,
say), but that the remaining factors (if any) do not interact either
with each other or with the first two factors. The total number of fac-

tors in the design may be any number greater than one. In this section
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we shall treat 2DIB, 3DIB, and 4DIB designs whose models have a single
interaction term.

We shall start out with 2DIB designs since they are the simplest.
The model for 2DIB designs may be written in one of several forms, the

most customary of which is

(2.1.1) E(Y(O‘)) g+t, +t ,+u

i, oJ 1J
(a=l’2’...’hid; i=l’2,..l,m; J=l’2,.O.,n).
Por our purposes, however, it will suffice to write the model in the

form

(2.1.2) E(Y(O‘)) =u,

(2.1.2) can aleo be written in matrix form:

(2.1.3) E(y) = 7% g%
hxl hxmn mnxl

It will be assumed that all hiJ's are > 1, since otherwise not
all uij's would be estimable. We will also assume that h = £ § hiJ
is >mn, since without this there would be no degrees of freedom for
error.

Perhaps the most important practical application of the theory %o
be developed for the model (2.1.2) occurs for 2DIB designs in which some
hij's are 1 and others are 2. By using such designs, an experimenter
can obtain information about interaction by running fewer than 2mn obser-

vations. If be-were touse the ordinary methods, he would have to run at

least 2mn observations in order to test the hypothesis of no interaction.



57

Let us use the notation

hij
(2.1.4) Yy, =2 Yf%) .
=l
Then the best estimate of uij is clearly
Y
A ij
(2.1.5) u P L)
iJj hiJ
The error s.s. is
2 Y 2
(201.6) S = y' y - 2 Z i'j F] dof. = h"'m].
NS U B
id
Now let Sﬁle be the s.s. which tests the hypothesis of no
interaction. We use the Conditlonal Error Theorem to evaluate Sﬁla'
Let 8512 be the error s.s. under the model
@)y -
(2.1.7) E(YiJ ) = ti. + t.J ’

i.e., E(y) = LB .

Then we have the formula

2 2 2
Sp1o = Sc1p = 8¢ 2

dofa = (m"l)(n"l) L

Sg is as in (2.1.6), Note that, since the model (2.1.7) is the same
as (1.1.2) or (1.1.3), 5312 is easily evaluated by the methods of
Section 1.1 Z:assuming that the design restrictions (1.1.8) are

satisfied /.

Suppose that we re-write (2.1.2) in a different manner:

(2.1.8) E(Yfg)) =u,
= (uiJ-Eio-ﬁbJ+ﬁoo)+(ﬁio - 'GOO)+(E'Oj - GOO)+EOO
=fij+fi.+f.j+f.. P
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where
(2.1.9) Qo=%§um
T.=25u
03 & &%y
%00 = 5 % Uy
and
(2.1.10) : fij = Uy EiO Eo,j + Eoo
£y, = Uy - Ugg
£ 3= 805~ Yoo
£, = g y

Then we may make the following definitions:
fiJ is the IJ interaction effect for the i-th level of the
I-factor and the j-th level of the J-factor,
fi. is the I-factor main effect for the i-th level of the
I-factor.
f.J is the J-factor main effect for the Jj-th level of the
J-factor.
These definitions are of course somewhat arbitrary, but they are not
inconsistent with what is generally meant by the terms "interaction
effect" and"main effect."

To get the best estimates of the £, .'s, fi 's, and f J's is a

id
simple matter. We have

A A A A A
(2.1.11) fij =y - Uig - uOJ + Uy
A8 A
= u, - 0
Ai. AlO AOO
.57 Y3 ™ Yoo )
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where
. ] 1.
(2.1.12) Yo = ? uij
A 1 N
Uy, = = 2 u, .,
0§ mi i
§ -Lsry
00 mnyy il !
A
Uy g being given by (2.1.5).
Let Sil be the s.s. for testing the hypothesis that all I-factor

main effects are equal (to zero), i.e., that

A A
(2-1.15) fl. - f2. = ewe = fm. (=O) .

Evaluating this s.s. due to main effects is not too easy even for 2DIB

designs. First note that 82 is equal to the s.s. due to the linear

hl
A

A A
set consisting of fl.’ f2.’ ceey fm.' This linear set, to be denoted
by th, is of rank m~l1 and hence carries m-1 4d.f.

A A
Now let Ll denote the linear set consisting of u 10? Ypg? **e?

fal
u o If 82 is the s.s. due to L,, then we can write
m0 1 2 1
(2.1.14) 6 =z J10 , d.f. = m
8y = 121
(=i 7)
n i}
Letv us define
Ao A
(2.1.15) u = % & Yo 2
where
1
(2.1.16) a, = g.;k. .
hiJ R
Observe that th, which carries m-1 d.f., and uo, which carries 1 d4.f.,

A

each lie in the space generated by the set L Furthermore, u° is

l'



orthogonal to every member of the set th. To prove this, we note

that
(@) (@)
£ —lzz-—-—Yij -Lzzz—yij
i. n'jahi.j mnijahij
2.1.1 and
(2.1.17) (@)
¥ =lryre i
nija ihij
A Ao
Orthogonality of fi and u then follows from the fact that
a a
1 i 1 i
Z (=) ( ) -T2 E( ) ( )
?:]a nhij nhij i%a mnhiJ nhi:j
1 1 1 1
- —_— o — ) i
2% %n 2¢% 95,
(2.1.18) n 1313 mn)f J Fig
L l l
7 - =g @
n mn
= 0 .

We thus conclude that we may divide up Si into two orthogonal

parts:
A
(2.1.19) S? = Sil + (s.s. due to 5 T
- o) (e )’
A u Za.u
o _ §a1 i0 _ i71i0
27 i 2
iJ
where
5 A A A

Hence, from (2.1.19) we get the formula

60
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A
Sil = Si - (s.8.due to,uo)
A2
(2.1.22) rp  (3agu,)
= ?ai uio - §ai [ d.fo = m'l »

This gives us our formula for the I-factor main effect sum of squares.
Obviously this same formula can be used to obtain the J-factor main
effect sum of squares; we need only to trade the I-factor and the
J-factor,

We are now ready to turn to 3DIB designs. OQur model, which

contains one interaction term, can be written in the form

E(Y&){ e

(Olﬁl,a,...,h k; i=l,2,...,m; J’l,a’.o.’n; k=l,2,...,p)

. i3
(2.1.23) or
B(y) = 7% _q%+ 73 &3 .
hxl hxmn mnxl hxp pxl
First, note that the model (2.1.23) is formally the same as (1.1.2) or
(1.1.3). Hence we can use the methods of Section 1.1 in order to get
certain estimates and sums of squares. Actually, of course, the
methods of Section 1.1 apply only to designs satisfying certain assump-
tions represented by (1.1.8) and (1.1.20). Designs which do not satisfy
these assumptions can still be analyzed, as was previously mentioned,
but this requires slightly more general methods than those of Section
l.1; for an indication of these methods, see, e.g., Bose 4;3;7. Note

that, for the model (2.1.23), the assumptions (1.1.8)must be written

(2.1.24) h,, =



62

Thus we are in a position to compute the following quantities:

1. Sg, the error s.s. Sg carries n, = h-m-p+1

d.f., assuming that the design is not degenerate.

, the s.s. for testing the hypothesis that all ¢ 's

2
Sp3 X

are equal., This s.s. carries p - 1 d.f.
3. The best estimate of any K-factor contrast -- i.e., of any
function g% 33 such that z% g5 = 0,

L. The best estimate of any contrast in the u,, 's -- i.e.,

ij.
of any function { u, where fl 4y = 0.

2 2 , 2 2
1xmn mnxl lxmn mnxl
To get Sile » the s.s. for testing the hypothesis of no IJ interaction,

we use the Conditional Error Theorem. Let 3512 be the error s.s. under

the model
(2.1.25) E(Y%){) =t Lt Ea Ttk
or E(y) =7 L+ttt sty
Then
(2.1.26) Stp = Sop - 8e s duf. = (m-l)(n-1).

Note that, since (2.1.25) is the same as (1.3.1) or (1.3.2), 3512 can
be evaluated by the methods of Section 1.3, provided that the proper
design assumptions are satisfied. This will be the case if, e.g.,
the conditions (2.1.24) hold, for the conditions (2.1.24) imply that
the design belongs to Design Class 1 of 3DIB designs with additive

models (provided that the proper permutation of indices is used).
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Now let us re-write (2.1.23) in a different form:

= (u4, - Uyp, - Yoy, * Ugo (g, - Ugo W (Ugy, - Ugp.)

(2.1.27) - -
(b % Hge, Y E )
= fiJ. + fi.. + f.J. + f..k+ f'.. ,
where
- 1
%o, " @ § Y.
- 1
Yoj. =@ T %43,
(2.1.28) 1
u ==L L u
OOc mn i j iJo
- 1
Yo stk
and
£13. % %3, " Y40, " Yoy. * Yoo.
£ .. % %0, - Yoo0.
(2.1.29) £.3. = Yo3. " Yoo,
Fx=t x"%..0

Note that equations (2.1.27 - 2.1.,29) are analogous to (2.1.8 - 2.1.10).

We may define the f,, 's to be the interaction effects, and the fi 's

iJ .
and j ‘s to be the main effects., We shall not, however, define the
f . 's as K-factor main effects.

..k
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.

Now observe that the fij '8, fi 's, and 3 's are all contrasts

in the u,, 's, and the f ,'s are contrasts in the t k's. Therefore

iJ k
these quantities (the f's) are all estimable, and their best estimates,
to be denoted by the symbols gij.’ Qi.., ?-J-’ and 9..k’ are obtained
by the methods previously indicated.

Suppose we want to test the hypothesis that all I-factor mein
effects, or all J-factor main effects, are equal (to zero). To do this,
‘s, or Sﬁe s the

A
we would need to find 32 the s.8. due to the f

hl’ i..
s.8. due to the 9,3.'5’ respectively. Unfortunately it is rather
difficult to find formulas to compute these main effect sums of squares;
this matter was mentioned in the introduction to the chapter, where it

wag stated that no formulas for main effect sums of sqguares would be
presented except for 2DIB designs. Actually, it is theoretically

possible to evaluate either Sﬁl or Sﬁa by applying the Sum of Squares
Theorem to the linear set consisting of the gi_.'s, or the ?.J.'s, re-
spectively. However, it would seem that this method would usually be
rather laborious, and not of too much praétical use.

In lieu of Sﬁl and Sﬁe, 1t might occur to us to compute certain
other sums of squares which could serve roughly the same purpose. One
possible idea would be to treat the design as though the model were
additive szf the form(1.3.2):7 and then use the formulas of Section 1.3
to get the sums of squares for testing equality of I-factor effects and of

J-factor effects. These sums of squares could then be tested for signifi-

cance, by using the ordinary F-statistics with the denominator based, of
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course, on the error s.s. under the model (2.1.23). This approach has
a certain heuristic appeal, but it would be diffiéult to know how to
interpret the results.

Rather than using the error s.s. under the model (2.1.23) in
the denominator of these F-statistics, we might comsider the possibility
of using, instead, the error s.s. under the model (1.3.2). This would
amount to testing the hypothesis of equality of I-factor effects, or of
J-factor effects, under an entirely different modelnfrom the one we
started with, For this reason, such an approach would appear to be
somewhat lacking in rigor, so long as we are étill admitting the possi-
bility of the existence of some IJ interaction as indicated in the
original model (2.1.23),

Another possible approach proceeds along somewhat different

2
hi2

significance. If it turns out that this s.s. is significant, indicating

lines, Suppose that we first test S .., the interactiomn s.s., for

the existence of interaction, then we might argue that, in most ex-
perimental situations, there would be no point in running any tests
on the main effects as long as it is already known that interaction

exists, If on the other hand 32 turns out to be not significant,

nl2

then we might compute
2 - 2 - . _

(2.1.30) 81,12 = 51,12 - Se [d.£. = (m-1)n_7
2 a2 2 _ )
she’12 =S.510 - 5 [d.f. = n(n-1) 7,
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2 2 '
where Scl,le and Sc2,12 are the error s.s.'s under the models
() _
(2.1.31) E(Yijk) = t.g. + t..k

and E(Yi(&):) =tttk

2
respectively. Then shl 12 would be the s.s. for testing the hypothesis
H
that the I-factor has no influence whatever on the yield, and Sga 12
2
would be the s.s. for testing the hypothesis that the J-factor has no

2 2
influence whatever on the yield. Actually, Shl,12 and Sh2,12 can be

computed even though Sile is significant, but there would be little
point in this since S§1,12 and SiQ,lQ wouid almost always be signifi-
cant also.

The remarks of the preceding four peragraphs will be applicable,
with appropriate modifications, to the rest of the designs to be discussed
in this chapter. In the analysis of these remaining designs we shall
not give any further discussion of main effect sums of squares (and
possible substitutes therefor) but rather will rely on the remarks Jjust
presented.

It should not be supposed that Sﬁl and Sge, the main effect sums
of squares, are prohibitively difficult to calculate for all >DIB de-
signs whose models are of the form (2.1.23). For certain specific
designs it may be possible to find these s.s.'s without too much trouble.
As a case in point, we may consider the type of designs which were dis-

cussed by Bradley and Kramer in 1;9_7; These designs are special types

of 3DIB designs, and their model is of the form (2.1.23). Bradley and
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Kramer, using their own methods, derive formulas for (among other

2 2
nl and Sh2'

as well) for these designs

things) the s.s.'s which we have called S

2 2 2
nl and Sh2 (and Sh12

rather easily by using some of our own methods instead of theirs,

It is also possi-

ble to evaluate S

but we shall not dwell om this point.
We turn now to consideration of 4DIB designs. The analysis of
these designs will be similar in many ways to that of 3DIB designs

Just presented. We first write down our model, which takes the form

E(Yﬁﬁy) ULt Rkt Ly

(a=l’2,nou’hijk¢; i=l’2’ o..,m" j=1’2,oov.,n§ k=l,2,oon,p;

ysl’e, L ] ”q_)
(2.1.32) or

E(z)=7% Bt Lok,
2
hxl  hxmn mnxl hxp pxl hxq gxl

We note immediately that (2.1.32) is formally the same as (1.3.l) or
(1.3.2). Hence all the techniques of Section 1.3 may be applied to
advantage here, provided that the appropriate design assumptions are
satisfied, If these assumptions (which are specified in Section 1.3)
hold, we have a means of computing the following quantities:

1. Sg, the error s.s. SE carries n, = h-mn-p-q+2

d.f. (provided that the design is not degenerate),
2. S§5 (d.f. = p~1) and Sﬁh (d.f. = g-1), the s.s."'s for testing

the hypotheses that all t ‘s and all t y's, respectively,

..k.
are equal.
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- 3. The best estimate of any K-factor contrast, or of any L-factor
contrast.

4., The best estimate of any contrast in the uij 's.

We can define the I-factor and J-factor main effects (fi 's

and £ j 's) and the IJ interaction effects (fiJ 's) by using a

technique similar to that indicated by equations (2.1.27 ~ 2.1.29) for

3DIB designs. It will then be true, as before, that the fi 's,

f.J_"s, and fij..'s are all contrasts in the uij..'s, and hence are
estimable, The best estimates ?i...’ Q.J'., and $13.. can thus be
calculated.
To find SilE’ the s.s. which tests the hypothesis of no I1J
' interaction, we use the formula
(2.1.33) 312112 = 3212 -s? 5 4d.f. = (m-1)(n-1),
- c e
where 8512 is the error s.s. under the model
(2.1.34) E<Y§°§ﬁ¢) R PO TR T S S

or E(y) = n El + 7 22 + 75 25 + 7, LT

Since (2.1.34) is the same as (1.4.1) or (1.4.2), we may use the
methods of Section 1.4 to evaluate 3312, provided that the appropriate
design assumptions are satisfied. These assumptions will be satisfied
as long as the desigp (using any permutation of the factors) meets the
- requirements of Design Claes 1, 2, or 3 of UDIB designs with additive

models.
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- 2,2 3DIB and 4DIB Models With Two Interaction Terms

In this section we shall consider designs whose models have two
interaction terms. We shall treat both 3DIB and UDIB designs. The
methods to be used here will bear a strong resemblance to the methods
propounded in Chapter I.

For 3DIB designs, let us write our model in the form

E(Yﬁi) =yt Yy

(agl’a’...’hi i=1,2'...,m; J=l,2,...,n; k=l’2’...,p)

Jk;
(2.2.1) or

E(y) = 4! 5% Y Y
3 5
hxl hxmn mnxl hxmp mpxl
’ This model equation (2.2.1) assumes that no JK interaction exists, but
it allows for the existence of IJ and IK interaction.

We observe first that the estimation space consists of

t —
ni=y
2 2
(2.2.2) mnx1
and yPy=3
l - -l ’
3 3
mpxl
1
where z% consists of YiJ. 8 and X% consists of Yi_k's. We write
- (@)
(2.2.3) Yi;}. Eé Yijk

- (@)

Now let Y be a linear function of the observations which is the best

estimate of some function of the uij 's only. Since Y is a best estimate,

® /
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it must lie in the estimation space:

= g! 1

Y=g Z& + 9 Y
2 2 3

1xmn 1xmp

(2.2.4)

=Py Ny PRt
Observe that all of the notation being used here is analogous to that
of Chapter I and of the first section of this chapter.
Using (2.2.4), (2.2.2), and (2.2.1), ve get
E(Y) = (g% 7% +.g% 7%)(71 u ¥+ 7% U )
2 2 3

- . 1
(@rn+ryrnm+r@Qrnrn+rygrnny -
2 2 2 3 3 2 2 2 2 3 3 3 3 3

Hence E(Y) will be a function of L only, if
2

(2.2.5)

(2.2.6) SRR A
2 2 53 3 3

> 1xmp

We can verify that (2.2.6) is the same as

(2.2.7) I

J qij. hijk + qi.k hi.k = 0 (i=l,2,...,m3 k=l,2’ooo,p)o

Solving (2.2.7) for qa; 4 gives

1

(2.2.8)
by x

9 x = - Py P
Substitution of (2.2.8) into (2.2.4k) gives

Y= Py Yy,

= ‘% 3% s
mnxl

(2.2.9)



where

h
~ i Jk
(2.2.10) @, = Y1y, - & B, . ik
E(Y) will be free of u, for all possible values of 9;+ There are
> 2

several ways in which we can easily show that

h, . h

_ 14k 17k

(2.2.11) E(QIJ-) = hi,j. uij. - EE—T:I:—— uiJ. .

(2.2.11) can also be written in matrix notation:

(2'2.12) (for i=1,2,'.‘,m).

B9y ) =Cy oo Y o
nxl nxn nxl

The notation in (2.2.12) ie new. We will write

(2.2.13) Q.0 = (@35 Qup s +oes Qpp )
= '
and  uy 5= (Ugy 5 Byp s eees Uy ) Y
The (Jj,J) element of C, op can be written
2
h, . h
13k 17k
2.2.1k = h,, -p-—=g=2d%
( ) C1,30 = Bys Bay, - £ B

At this point we introduce a design assumption:

(2.2.15) Rank of Cy =1 -1 (for all i).

)22
Under this assumption, every contrast of the form
' = t =
(2.2.16) 2& 40 § Qﬁ Uy, (where g% b 0)
1xn

A
is estimeble., Let Y o be any solution of the system
e

(2.2.17) Ci,00 832790
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A

3 t t
Then the best estimate of lé Yoo is z& Yy o The proof of all this
follows the same lines as the argument presented in connection with

equations (1.3.25 - 1.3.35) in Chapter I.

2
h2,12

Noting that all the conditions of the Fundamental Theorem for

Let S be the s.s. due to the Qij 's, i.e., due to 91'

MDIB Designs are satisfied, we use this this theorem to obtain the

formula
(2.2.18) 82 =X G' Q = @ Q a.f. = m(n-1)
e 2,12 - £ 2,224,289 e ’

where

A A' A A'

= [ '
(2.2.19) u (31,2 Up pr tees Em,a) .
2

lxmn

2

Sh2 12 is the s.s. for testing the hypothesis that the J-factor has no
2
influence whatever on the yield. DNow let Sie 12 be the error s.s. under
2

the model
@)y -
B(Yype) = Uy i

(2.2.20) or
E(y) =7 1y
3 5

It is a well-known result that
2

(2.2.21) g2 =y'y - ZE:E d.f. = h
sla o c2’12 - z z %Ehi k ) ek @ = "mpn

Hence, using the Conditional Error Theorem, we obtain a formula for

Sg, the error s.s.:

2 2 2
(2.2.22) S =8 - Sh2,12 2

e 02,12 dlfl = h‘mp‘mn‘.‘m.
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We can use the Condltional Error Theorem twice again to evaluate

2 2
Sh12 and Sh15

action and no IK interaction respectively. (Note that Sﬁg 109 the s.8.
2

, the s.s.'s for testing the hypotheses of no IJ inter-

due to Q,, is not the proper s.s. for testing the hypothesis of no 1IJ

1
2 2 2
interaction.) Let S

cl2 aend Sc13 be the error s.s.'s under the models
(@) _
(2.2.23) E(Yijk) =W g + t.J.

orB(y) =yt Nl

3
and
(2.2.24) E(Yi%&) =ug, +b
or E(y) = 7, u
R

respectively. Since (2.2.23) and (2.2.24) are both the same as

2 2
(2.1.23) [which is the same as (1.1.2) or 1.1.3)_7, Sg1p 80d 5 ;5

can be evaluated by the standard methods. Thus we get the formulas

2 2 2

(2.2.25) Sp1p = So1p - Sg » Gf. = (m-1)(n-1)
2 2 2

and Sh13 = Sc15 - Se , 4., = (m-1)(p-1).

If we trade the J-factor and the K-factor in the discussion
which embraces equations (2.2.4 - 2.2,17), we obtain a means for
finding the best estimate of any contrast of the form

(2.2.26) Z% 21,5 = ]:% yk Uy (where Ké g3= 0).
1xp pxl



T

We need to make a non-degeneracy assumption analogous to (2.2.15):
(2.2.27) Rank of C = pel (for all 1i).
1,33
(i=1,2,...,m) is & pxp matrix which is analogous to Ci oo We
s

C1,33
might note that the assumption (2.2.27) Z:Elong with (2.2.15);7 ensures

that the degrees of freedom indicated in formulas (2.2.21), (2.2.22),
and (2.2.25) are correct.

Now let us re-write the model equation (2.2.1):

(@)y .
B(Yyg) = Yy, * Yk

4.0 " Yo,k * U0

= (u 1.0

13.” %10.” Yo3. * oo M (uy i -
(2.2.28) + (g + Gy o)-(8g0, * To,0) / + (Bgy, - Bgp.)

+(uy o = Yo, 00 (Bgg, * Yo o)

T VUL IRV PR SO TS S N

where

-~ 1

Y30, % 7 5 “i4.

- 1

Uos. =& T i,

- 1

Y00, * mm § 3 i3
(2.2.29) _ L

%.0°5 L Y.k

- 1

Uk "3 T Yk

|

Yo @5 T E Y%k



™

and
£33, = Y3, " U0, - Yoz, * Yoo,
£ = %k - 9.0 " Yok * Y0.0
£y, (g, + 8y o) - (g, + T o)
(2.2.30) f,J, - ﬁbj, ) Eoo,
£ &= Y%.x " %.0
f =u.,, +u

1
We may define the fij. g8 and the fi.k

the £, 's, j 's, and f k'8 to be main effects.

's to be interaction effects, and

Now observe that the fij 's and £ , *s are sums of contrasts of

the form (2.2.16), and the £, ,'s and f i '8 are sums of contrasts of

i'k

the form (2.2.26)., Thus these quantities are all estimable. The best

A A A
estimates fiJ.’ f.g.’ t

A
and f can be obtained by the methods

i.k’ Ok

previously indicated.

Obtaining estimates of the f, 's, the I-factor main effects, is

i..
not quite so simple a matter. First we will show that the fi 's are
estimable, From (2.2.28) we get
o
(2.2.31) fy=lugy v uyp) - fyy =T om0

where

(2.2.32) £y V%o, * %0
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Since all five terms on the right of (2.2.31) are estimable, it
follows that fg must also be estimable. Therefore

o
i1

B+

(2.2.33) ? =f, -

is estimable.
A
We have already shown how to obtain quantities uiJ which
satisfy the systems of the form (2.2.17), and we have indicated that

A
similar quantities u; g can be obtained which satisfy systems analo-

gous to (2.2.17), of the form

(2.2-3)"') 01’33 21,3 = gi,} .

A A
One might be tempted to use the values of the uiJ 's and uy k's thus
obtained for estimating the £y 's. This will not work, however, be-

A A
cause these two sets (the uy 4 's and the ui~k's) will not, in general,

satisfy the normal equations simultaneously.

To remedy this situation, we proceed as follows. First note

that the normel equations for the model (2.2.1) are

(2.2.35) hij.uij. + E hijkui.k = Yij. (mn such equations)

§ hijkuij. + By et Yy (mp such equations).

A A
Now let u, be any solution of the systems (2.2.17). Then u,, whose

3 A

2
elements are the uij 's, must also be a solution of the normal equations

A
(2.2.35). We can thus substitute Yy into the second set of equations

A 2
(2.2.35) to get a solution u,:

1
A 3

6) u, L o= e (Y -Zh, ., W) .
(2.2.3 s B, (e FRaw vy)
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A

A
3 1
Since the uij. s and these new ui.k

the normal equations (2.2.35) simultaneously, we may use these quantities

's [given by (2.2.36) / will satisfy

for estimating fi » which we already know to be estimable. In fact,

we get

A A A

_fo 1 (o]
(2'2.57) fi.. - fi ‘E%fi )
where
A A A A A
o _ = < R . 1

(2.2.38) B = %0, * Y0 Y%y PP E Yk

We may note an incidental result of the argument just presented.
The equation (2.2.36) provides us with a new way for estimating the
ui.k's Zror, more properly, for estimating contrasts of the form

A
(2.2.26) / once the u, ,'s have been found.

J

A couple of other general observations are in order. Let us
consider the equation (2.2.17). There are m separate systems of the
form (2.2.17), one for each value of i. The solution of these m systems
is a fundamental part of the analysis of the experimental results, and
there are certain ways of meking these m systems easy to solve by
choosing the design Judiclously.

Observe that any of the m systems of the form (2,2.17) is almost
exactly comparable to (1.1.21). In other words, our equations are of
the same form as those for a 2DIB design, except that there are m
separate systems to solve instead of just one,

Thus the systems (2.2.17) can be rendered easy to solve by the

same means by which (1.1.21) can be made easy to solve -- i.e., by the
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use of BIB and PBIB designs, Let H denote the nxp matrix which

1,23

contains all the hi k's for a certain specified value of i. Then if,

J

for each i, is the incidence matrix for some standard 2DIB design

By 03
(such as a BIB or PBIB design), the equation systems (2.2.17) will be
eagy to solve.

The material presented so far in this section may actually be
considered to be a generalization of Section l.l. For, let m=1 in the
material Just presented. Then the whole thing reduces to the develop-
ment of Section 1.1 for 2DIB designs, with the exception that no
assumption comparable to (1.1.8) has been made in this section. In
's were necessarily

this section we did not assume that the hi 's and hi

Je X
constant. TFor the special case m=l, this means that we have obtained,
incidentally, an analysis for 2DIB designs which does not depend on
any assumptionof the form (1.1.8).

We are now ready to turn to UDIB designs whose models have two

interaction terms. The model for such a design can take one of two

different forms, the simplest one of which we shall consider first:

(@) y _
B(Yigep) = Wy, * U, kg

(=1,2,...,9)
(2.2.39) or

E(y) =7, w, + 7, u
=% 3 K 7R
hxl hxmn mnxl hxpq pgxl



9

This model (2.2.39) allows for the possibility of IJ interaction and
of KL interaction.

First observe that, since (2.2.39) is formally the same as
(1.1.2) or (1.1.3), we can use the standard methods for 2DIB designs
in our present analysis. We cen thus obtain Sz, the error s.s., which
carries ne=h-mn-pq+l d.f. (for a non-degenerate design). We can also

obtain the best estimate of any contrast of the form

(2.2.&0) 1% El = % § Q&J uij.. (where 23 gl = 0)
) 2

2
or of the form

(2.2.41) Zé P‘E = % )é ¢k¢ u..ky (where ‘Zé "‘j'é = 0).
More specifically, we can obtain the best estimates of the two inter-

action effects

(2.2.h2) fi5.. = Yy.. " %o.. " Yoy, * Yoo,

Loy = xy %0 Yoft Y00

and of the four main effects

B, © Y0.. " Yoo..
£ 5.0 = %35, "~ Yoo..
(2.2.43) P

ko T TLkO «.00

L= %.0f %00
since these six quantities are all contrasts of the form (2.2.40) or
(2.2.41). Note that the definitions of the interaction effects

(2.2.42) and of the main effects (2.2.43) are analogous to previous
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definitilons of this sort; also the notation used in (2.2.42) and

(2.2.43) is analogous to previous notation.

Now let SilE be the s.s. for testing the hypothesis of no
I1J interaction, and let SiBh be the s.s. for testing the hypothesis
of no KL interaction. Let Se and 82 be the error s.s.'s under
cl2 c3h

the models

5 (@) y .
(2.2.4k) By =407 b T Sy

or E(y) = T by + 72 EE
and
(o) B

(2.2.45) B(figeg) = Mg, Y bk T Yy

or E(y) =17 E% 75 85t ty
2

respectively. Then
2 2 2
nie ~ Seip S

(2.2.46) s clo - Sev
2
and Sh5’+ = SCB"" - Se) d.f.= (p‘l)(Q'l) .

d.f.= (m-1)(n-1)
2 2

Note that (2.2.44) and (2.2.45) are both the same as (1.3.1) or

(L.3.2). Hence the methods of Section 1.3 may be used to evaluate

2
cl2

satisfied.

S and Sﬁjh’ provided that the appropriate design assumptions are

We now consider the second type of model for a 4pIB design with

two interaction terms. This model, which takes the form
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()
. B ) ® Yag.. T Mkl * Ry

@3=l’2""’hijk¢5 i=1,2,000,m5 J=1,2,.000,05 k=1,2,004,D;

f51,2,004,4)
(2.2.47) or

E(yy =7 9 + 7 % +N X
2 2 5 3 ’
bxl hxmn mnxl hxmp mpxl hxq gxl

provides for the possibility of IJ imteraction and of IK interaction.
The apnalysis for the model (2.2.47) is considerably more complicated
than that for (2.2.39).

We shall first list for reference the normal equations for the

model (2.2.47):

(2.2.48a) LY %hijk.ui.k.+ ?hij.ﬂt...fzzyij.. /o suchequations/

(2.2.580) Zhy g Wiy * By e M PP T, [mp such epations/

4
(2.2.48¢c) g R P ITE RY T B At SO
/a such equatio:_7/.
We will use these equations later on. The notation in (2.2.48) is
analogous to that used previously.
Now let Y be some linear function of the observations which

lies in the estimation space:

Y= 3; X% + 9 X% + oq )
(2.2.49) lxmn mnxl lxmp mpxl  1lxq gxl

" =X Zq,, +ZZz + .
13 943.. Yi,j.. & 4.k, i k. ? q..fly...f
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We can calculate its expectation to be

BY) = 2% lagy Bygo* £ Gk Pl * ?q...{(hij.y) 5.,
(2.2.50) TEE Gy, Bkt Y, hi.k. A ARWARV RN
*? (F5ayy,. Byt 22 %, Prgt g ...{/) t...(/'

Note that E(Y) will be a function of the Uy 's only, if

T R LW AR A A equations/
(2.2, 51%
Lz

13.. ij. ( qi.k.hi.k(J* q Qh'-.( = 0 Z§ such equations/.

E(Y) will be a function of the t V'B only, if

(2.2.52) q_ij“hij" qu.k 13k, %q."(/hij.¢=0/_@nsuchequationg

PR TR St s ISl N B A fip such equations /.

If either the system (2.2.51) or the system (2.2.52) has a fairly
simple solution, we will have a means for developing the analysis. We
shall present a total of five design classes, the first three of which
lead to a solution of (2.2.51), and the last two of which lead to a
solution of (2.2.52).

Design Class 1. Any design satisfying the following conditions

will be said to belong to this design class:

h2

h
2.2. h = - h = - Zh,
( 53) ik, wmp oo @k idk. .ky o npq

/For all pairs (i,I), including

h
7Pty T menpq
those where i = 1:7.
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We might observe in passing that the conditions (2.2.53) imply

h h _h _h
(2.2.54) hi'.¢ = hij_. =
Now note that, under the conditions (2.2.53), the following is

a solution of (2.2.51):

z

(2.2.55) Yx, *"F § U, Pig.

1
T T AR T R

D"bﬂ D‘Ig

z
i

L..0= "

Substitution of (2.2.55) into (2.2.49) end (2.2.50) gives us

a! B(Q,) = g Cyq 1
=1 21 Y1l =
2 % 2 22 %

mnxl mnxmn

(2.2.56) 1i.e.,
1517 %13..

where

- q
(2.2.57)  Qy =Yy ~ T £k, Y1k, "8 ? P RATRVAR I

and
(2.2.58) ¢ =5, 5, L .3, —3 h, h
1570 = %180 @ " %1 T £ Pigk. Piok. -5 AT E &N Al
Since (2.2.56) holds for all values of gy, it follovs that
2
\ ==
(2.2.59) E(Ql) Cyp Yy .
2 22 2

Let us make a non-degeneracy assumpticn about thz design:

(2.2.60) Rank of Cyy = m(n-1) .

22
It follows from (2.2.60) that every function of the form



8l
Ly .
1l =1 f § { 3 %5,
(2.2.61) where

- t - 1
b g&d = 0 for all i, 1i.e., {i Ky, o',
J 2 3
mnxm lxm

A A
is estimeble, and hes as its best estimate 23 ) where Yy is any

2 2
solution of

(2.2.62) cll b - %

Here we have used K11 to denote a matrix whose m columns each contain
n 1l's, appropriatel% placed in those rows for which the value of i
is the same as the number of the column, and the rest zeros.

The proof of the statement in the preceding paragraph follows

roughly the same lines as the discussion encompassing equations

(1.3.25-1.3.35). PFirst, note that

(2.2.63) = 0
ll 1 1
55 Bt 21
mnxm
and
- (1t
(2.2.6k4) Ci1 =C1p -
22 22
Now let
(2.2.65) =[c 67 -
mnxmnt 1 22: 2
Then )
0! -
(2.2.66) C Kll = 0 ’



which implies that

(2.2.67) Renk of C° <mn-m .
But, by (2.2.60),

(2.2.68) Renk of ¢° > mn-m .
Comparing (2.2,67) and (2.2.68), we get

(2.2.69) Rank of C°

m(n-1)

1

Rank of cll

22
By a well-known matrix theorem, it now follows from (2.2.69) that there

exlsts a vector gl wvhich is & solution of the system

2
mnxl

(2.2.70) ¢, &4 = 4
2 2

1
2 2

Hence, using (2.2.59), we get

(2.2.71)
= {1 u .

1l ~1

2 2
This proves that g& Y is estimable, and has as its best estimate

2 2
A A

(2.2.72) are =alc,uw=fu ,

-1 X - 11 =1 1 =1
A 2 % 2 22 2 2 2
vhere u,satisfies (2.2.62).

1
2
Now let 82 be the s.s., due to Q,. Then we can use the
h2,12 —%
2
Fundamental Theorem to evaluate Sh2,12‘
2 A
(2.2.73) Sh2,12 =49 d.£. = m(n-1) .
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2
Sn2,12

J-factor has no influence whatever on the yield; this follows from

is, of coursé¢, the s.s. for testing the hypothesis that the

the fact that Cll oY) the expectation of g%, is equal to O if and
22 ¢

only if every u is a function of i only. Hence we can evaluate

ij..
Sg, the error s.s., by the formula

2 _ &2 2 _
(2 02 c7"") Se - 302,12 - sha’le, d uf o""h"mn"mp"'m-q"' l,
where 82 is the error s.s. under the model

c2,12

E(Yﬁiy) =kt by

(2.2.75) or
E(Z)=7121+7LI_E)_'_ .
3 3

Since (2.2.75) ie the same as (1.1.2) or (1.1.3), S§2 12 is easily
2

computed by the methods of Section 1.l.

2 82 an
hl2? “h13’

hypotheses that there is no IJ interaction, that there is no IK inter-

let S d Sih be the s.s.'s for testing the respective

sction, and that all ¢ V'S are equal. Suppose that SilE’ SSlB’ and

Siu are the error s.s.'s under the models

(@)
(2.2.76) BV g =Wt bty
or B e=rnyutrrnitnl |
3 3
(@)
(2.2.77) B(ygg) = ¥y, t bk vty

or E(y) 7y Yt s 35 +n b

2 2

Y55.. 7 Yk,

(2.2.78) eand E(Y%){ 7

or E(y) =7y utr Yy ’
3% 373
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respectively., Since (2.2.76) and (2.2.77) are both the same as (1.3.1)
or (1.3.2), 8512 and 8515 can be calculated by methods previously given
(assuming that certain design assumptions are satisfied). We alsoc know
how to evaluate Ssh’ since (2.2.78) is the same as (2.2.1). We end up

with the following formulas for the hypothesis s.s.'s:

2 2 2

Sp1p = So10 - 8o d.f. = (m-1)(n-1)

82 = 82 - S2 d.f. = (m-1)(p-1)
(2.2.79) n13 = Sc13 " Pe 2 L.

Sih = Sih - Sg ) d.f- = q"l .

We have already explained how to obtain the best estimates of

a function of u, of the form (2.2.61). We will nov indicate briefly a
2

method for obtaining the best estimate of any estimeble function of the

$ \ 1 t
s, of the t...¢ s, or of some combination of the uij.. 8, U; 1 '8y

Y4 k.
and t y's.

Consider the normal equations (2.2.48). Note that any solution

A
y, of (2.2.62) must also be a possible solution of (2.2.48). Let us
2

A
substitute u, for u, in (2.2.48), and let us drop (2.2.48a) (which is

2 2
superfluous), retaining only (2.2.48b) and (2.2.48c). This gives us

the system
(2.2.80) hi.k.ui.k. + ?hi.kf’...f =2J L. / mp such equations_/
% % hi.kwi.k. + h. [ ] .yt. “( = Z. ® .y [q suCh equationsj,

where



| A
(2.2.81) 21, = Vi, 7 3 Pk, Y.,
A

N AR TN AT I
Now observe that the left-hand side of the system (2.2.80) has precisely
the same form as the normal equations for a design with model (1.1.2) or
(1.1.3). Hence the methods of Section 1.l can be used to obtain solu-

A A
tions u, and %) which satisfy (2.2.80).

A A

A
We can thus get values u,, u,, and 1, which satisfy (2.2,48)

l,
simultaneously., We can use thege vglues to get the best estimate of
any estimable linear function of Yy Uy and Eh’ including interaction
effects and main effects. Interac%ion effects and main effects for
the model (2.2.47) may be defined in a manner analogous to that indi-
cated by equations (2.2.28 - 2.2.30); they will all be estimable
assuming that the design is not degenerate.

The argument given in the last two paragraphs is analogous to
the argument which encompasgses equations (1.3.53 - 1.3.56), but it is
presented somewhat more briefly. The steps in the last two paragraphs
which are not fully explained can be Justified by using the same sort

of reasoning which was given in the previcus development.

Design Class 2. This design class conslsts of all designs for

which
(2.2.82) h,, =3 p =58 h = N+ B, (8-N).
ik, mp’ ... @ P g i.kfhi.kL L
The following relation between s and A is implied:
h2
(2-2.83) -——’-‘q}\."'s-)» .

mpq
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We now want to find a solution of (2.2.51) under the assumptions

(2.2.82). TFirst let us re-write the first equation of the pair (2.2.31):

m
(2.2.84) Y xS F oy im. * 9 S Prxg
Substituting (2.2.84) into the second equation of the pair (2.2.51), aend

using (2.2.82), we get

(2.2.85) A

h L q-onL ‘00

We are novw in a position to see that

h np
o géi.y mah B Ly qij..hi,jk RV AR R L TR TN
mp

U E Yy B, t g T3 7 %9, Pry

mp
"B FYEY U, I;)K.hI.K(/hi.k()

constitutes a solution of (2.2.51); the proof of this follows the same
lines as previous proofs of this sort, as, €.8., that used in connection
with Design Cless 2 in Section 1.3,

Substitution of (2.2.86) into (2.2.49) and (2.2.50) enables us
to get an equation which is the same as (2.2.56), except that this

time the Qij ‘s and the ciJIJ's are given by the formulas

_ mp
(2.2.87) @y =Yy cm Ehig Yy * qk fﬁf B Pk fb .
- TE R 7 Prk Bk Pracf e, q7~. B 7P Py

" mpaA f 13080y
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and

5 mth

(2.2.88) iT B 1k Pk,

Cigrs = B1r®ysPey.. -
@ F 7 PPt
By L 3 7 P P xPreProx,

% 13 xPrang - mqu}@ 1.1,

“’I
’d

+
>I"

From this point on, the analyels for Cless 2 designs is the same as
for Class 1 designs. The entire discussion enveloping equations
(2.2.59 - 2,2.81) is just as applicable to Class 2 as to Class 1 de-
signs. Zfﬁote, however, that (2.2.63) must of course be proved again
for the new C,,. o/

22
Design Class 3. This design class consists of all designs which

satisfy the following:

h B
T = - "}i
(2.2.89) Bk, Tmpe B 37 FPraPrag” T O O (M

The parameters s and A\ necessarily satisfy the relation

2

h
(2.2.90) ;ﬁﬁ-q- mp)& + S = A .

Designs belonging to Design Class 3, like those belonging to
Clagses 1 and 2, are such that the system (2.2.51) can be readily
solved. To obtain this solution in the present case, let us first

re-write the second equation of the pair (2.2.51):

,c

(2.2.91) L™ s U Byt FE G Prg)
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Substituting (2.2.91) into the first equation of the pair (2.2.51),
and using (2.2.89), we get

4
(2.2.92)  Zagy Pyge, "B FFY 4. o Pikg B NER 9k,

-h a -,
vo, Ll § T 0,

We are now in a position tc see that

- b 4 i
Y.k, " mpax & L5 7 95,515, ¢P1 kg " F Y. Pige.)
(2.2.93) a i .
TP s Pyt (B 5 E Uy P Py

q

RPFYEE Y. Byl

constitutes a solution of (2.2.51).
Substitution of (2.2.93) into (2.2.49) and (2.2.50) enables us

to get an equation which is the same as(2.2.56), with the Qij 's and

the cijIJ's this time being given by the formulas
(2.2.94) q =Y +i s>z “E__ sy Y
i,joo idoo mp A I 13 flnky I. k. mpq)\ k ijka i.k.
q 1
-&>h #4=—23X3h . h . ¥
h? 1J.¢Y...{( mpA k? ik, 1.k oo
q
R R A AT E e &t B N
and
(2.2.95)  Cyyry = By105P44., * mp?s. £ 7 Pus Prafron.

n
i Tpax ¢ Pk Piok. T 3 AT NN

1
*aen b 7 P PrProng
g
" EmpX § ¢ 7 P1duL PpaatpukfPIa.y

-8
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From this point on, the analysis for Class 3 designs is the seame as
that for Class 1 and 2 designs.

Design Claess 4. This design class consists of all designs for

vhich
b
Bidu., hi.k. = I 2
(2.2.96) Zh h h h
, *
13k, kg = B B3, fijk. -

For this design class, and for Design Class D also, we shall find a

solution of (2.2.52), rather than of (2.2.51) as in the case of the

first three design classes. This will give us a Y whose expectation
is a function of the t..'y's only.

Now note that, under the conditions (2.2.96), the following is

e solution of (2.2.52):

(2.2.97)

q...{(hij.¢+ Eli ? ..
{(hi.k(/

Substitution of (2.2.97) into (2.2.49) and (2.2.50) gives us

9% 3.

M‘Qt“-l

”‘l'u all:

.k, ©

9, B(Qy) =g Oy by ’
axl axq

T A LIl N SN A

(2.2.98) 1i.e.,
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and

(2.2.100) C, =5, 2-Brrn -2 rzh + B
-2 =% 3 F IiMePua T E PEMafret 2

Since (2.2.98) holds for all values of Q,» it follows that

(2.2.101) E(Q,) =Cy, &, -

Let us make the assumption that
(2.2.102) Rank Of Chh = q"l .

Then every contrast of the form gg 5, (where gﬁ Qu = 0) is estimable,
A

A
and has as its best esthmate'Z'h Eh,where Eh is any solution of

The s.s., due to Qu is the s.s. for testing the hypothesis that all
t y's are equal. It is denoted by Sih and can be evaluated by the

Fundamental Theorem:
2 A
(2.2.10"“) Shh‘ = E’l gh’ dcfu = q-l .

In order to obtain Sz , we apply the Conditional Error Theorem.
We can use the formula

(2.2.105) Si = Sih - Siu, d.f. = h-mp-mprm-q+l

where 334 is the error s.s. under the model (2.2.78). If we wan® to

. 2
obtain Shlz

respectively, we can use the seame formulas which were previously given

and Sil}’ the s.s.'s which test for IJ and IK interaction

/the first two equations of the trio (2.2.79) 7.
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Suppose wa went to obtain the best estimates of certain esti-
mable functions of vy and Yy, such as interaction effects or meln effects.

2 3 A A A
We then need to obtain values u, and u,, which, along with %), satisfy

2
the normel equations (2.2.48). >

To do this, we proceed in a manner analogous to that described
in the discussion encompassing equations (2.2.80-2.2.81). We substi-
A
tute t), for t) in (2.2.48), and we drop (2.2.48c), retaining only

(2.2.48a) and (2.2.48b). We end up with the system

(2,2.106) h,, u * by U =2y [ mn such equations_/

ijee 1idee  k
Bk gt Bl ik, T Pk, [mp such equations 7/,
where
A
(2.2.107) Zig., =Yg T PPty
A

2y, = Vi, T Mgty

Observe that the left-hand side of (2.2.106) is exactly the same as

the left-hand side of the normal equations for a design with model

A

A
(2.2.1). Hence solutions b, end u, of (2.2.106) can be obtained by

2 3 A
previous methods. These solutions‘{_x‘1 and uy can then be used for computing

2
best estimates of wvarious functions of u, 2nd.gl.
| 5 3
Design Class 5. This final design class consists of all designs

which eatisfy the following:

h h

(2.2.108) by T a3 B, < Ep’ §hijk.hi3K‘ = n+ B (8-A).
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The parameters s and A satisfy the relation

hE
2
m np

As a first step in obtaining a solution of (2.2.52) under the

(2.2.109) =pA+ s - A

assumptions (2.2.108), let us re-write the first equations of the pair

(2.2.52):
(2.2.110) q = -2 (Zq b +Lq ).

TR i S R A oolPiseg
Substituting (2.2.110) into the second equation of the pair (2.2.52),

end using (2.2.108), we get

(2.2.111) ? a th k(" f ,,thj.ghijk. - %E A E %.x.

(35 - ‘;;_n (s-AJ7= O.

°'I§

* Yk,

We are nov in a position to see that

Y k. = h‘gﬁ (& R AN TN Y ?q...(hi,ky)
(2.2.112) Yy, " f' 9. Pt %X (E %, Pri g Pras.
""' FE7 O PPt 1k.)
constitutes a solution of (2.2.52).
Substitution of (2.2.112) into (2.2.49) and (2.2.50) enables

us to get an equation which is the same as (2.2.98), except that this

time the Q ¢Fs and CQL'S are given by the formulas
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mn 1
. [] = F— h . + z h -
(22130 Q= pE T st P E Bt Yag..
mn
B R Rt Nt R R I
1 B
*R T T E Py P Y vk ey §E Pk,
and
mn 1
Py~ = . sm— Z N bl h
(2.2.11%) ey =8yb - m Py Pignt 5 P T E Befia by
-2 rTsEh h,, h
Bon § 37 E PP P Py
!
Lsssn n
S AR at 1oL - oox P E BkPraa

From this point on, the analysis for Class 5 designs is the same as
that for Class 4 designs. This analysis is described in the discussion
enveloping equations (2,2,101 - 2.2.107).

This rather lengthy treatment of designs having the model
(2.2.47) has served not only to indicate methods of analysis for this
particular model, but it has also served to illustrate the fact that
a wide variety of methods (with a particular method corresponding to
a particular set of design restrictions) is often available for
effecting the analyéis of MDIB designs. Some of the ideas and methods
Just presented are appliceble, with appropriate modifications, to other

types of MDIB designs.

2.3, 3DIB and 4DIB Models with Three Interaction Terms

This last section will discuss the analysis of certain designs

whose models contain three two-factor interaction terms. We will start



97

out with a treatmgpt of 3DIB designsy affer this we will, consider a
cartain model for MDIB demigns which will further illustrate our
methods, The discussion in this sestion will be vather brief in
places, since many of the principles to be used ere ones yhich haye
been previgusly explained,

For a 3DIB design, a madel conteining three interectdon terms

obyiously gan teke only qne form:

E(fﬁi) =gt Ut Y g

(d = 1’2,.'.,hijk; i=l,2,--.,m; 3=1’2,000,n;

k=1,2,-.o,p)
(243.1) or
B(y) =7, ¥ + 7 YV U .
3 % 3 5

: 3.3
hxl hxmn mnxl hxmp wpxl hxnp npxl
This model allows for the possibility of all three interactions -- 1J,

1K, 2nd JK.
Suppose we let Y be some linear function of the observations
which lies in the estimation space:
t . [}
Y=9 Y + g %5 * 9 Z%

2 2 3 p) 3
lxmn muxl 1xip mpxl lxnp npxl

(2'5’2) = b
Pt PEuatit i Gt

We can readily caslculate ita expectation to be
(@:3.3) B(Y) = E% (ayy by, + 2o by g+ Bagbgluy,

YEE Gyt yatiat § Latidtix
YRRyt Uati Lptad ok
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Thue E(Y) will be a function of Y only, if
3
(2.3.4) § qu.hiJk +ay byt ? q.jkhijk = 0 /mp such equations_/

§ qij.hijk + f qi.khijk + q.jkh.Jk = 0 /np such equations /.

We want to find a solution to the system (2.3.4)., To do this,

we must first introduce some désign assumptions:

h h
(2.3.5) Bk " @ Dok T § Pagdhige T M Byu(eh)
(2.3.5) implies that
. g
(203.6) 2=n)~.+8-7\. .
mop

We might observe that the type of design specified by the restrictions
(2.3.5) can be thought of in terms of a set of p matrices of BIB
structure (one mxn matrix for each value of k) stacked on top of each
other.,

As a first step in finding a solution of the system (2.3.4)
under the assumptions (2.3.5), we may re-write the first equation of

the pair (2.3.4):
(2.3.7) @ .= -22(Sq. b, +%a b )
. ik B 'Y %455k § JJkigk’

Substituting (2.3.7) into the second equation of the pair (2.3.%4),

end using (2.3.5), we get

: mp - h . bp
(2.3.8) - Fayybig -5 PR s Piadie m B M T L

v a g0 L

]

- %B (s-h)i? = 0.



We are now in a position to see that

(2.3.9)

=.£._(
q.,jk mnpa

9 .k

mp
—EZ
h {7

'
18
HM
€. 1

constitutes a solution of (2.3.4).

99

UglinPige - T 9By

mp 1
TR AR TR DT

Z arg B gy g

Substitution of (2.3.9) into (2.3.2) and (2.3.3) gives us the

equation

(2.3.10)

where

(2.3.11)

and

(2.3.12)

9y E(Q%) =9 Cpy 1y
2 22 2
mnxl mnxmn

i.e.,

EZa, BQu)=ZXaq,y ZZ%

i4

¢i519%13.

BygeYik * ER 2 BigpPrakTix

- . op 1
U Yy TE L
mp
- mmn ¢ 7 E BigPigPronts
- mmpn & PogeY. g

517 = B41%30Pus."

1

P
" bnn g

mp
i1 R f{‘ 13k

1xPradroe T £ B

By seBiakPrartrox

1
x T FE PPtk

h
Bk~ Oi5 dmpm £ PoapcPrk

ijk iJk IJk)
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since (2.3.10) holds for all values of g,, it follows that
2

(2.3.13) E(g_%) =Cy 4 .
22 2

Let us assume that

(2.3.14) Rank of Cyy = (m-1)(n-1) .
22

Under this assumption (2.3.1h4), everyfunction of the form
1 =
Bfm =75y, )
2 2

(2.3.15) where
? Q;J = 0 for all i and % yij = 0 for all j,

iueo, .Z% K%(l‘i'a) = 9' »
mnxmFn - lxmbn

A A
is estimable, and has as its best estimate 2& Uy where Y is any
2 2 2
solution of
(2.3.16) Ciy 3y =9 .

22 2 2
The proof of this statement follows the came lines as the discussion en-
compassing equations (2.2.60 - 2.2.72), the only important differences
being that we should substiute Kl(l+2) for K%l, and (m-1)(n-1) for
m(n-1). We are using Kl(l+2) here to denote an mnxmtn matrix whose
' 2
first m columns are the same as Kll, and whose last n columns are con-
2
structed analogously to K1l with the roles of the i's and the j's
switched. The rank of K%(l+2) is of course min-l.
The interaction effects and main effects for the model (2.3.1)

may be defined along the same lines as for earlier models in this
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chapter [see, e.g., equations (2.2.28 - 2.2.30) /. An IJ interaction

effect, for instance, may be written

(2.3.17) £15. = Y4, " %40, - Y0y, * Y00,

and a J-factor main effect may be defined by

(2.3.18) 'f.a.. = (Eog. + E.go) - (aoo. + 3.00) .

Other interaction effects and main effects may be defined similarly.
The notation used here is analogous to that used eerlier in the chapter.

Note that f (2.3.17) is of the form (2.3.15). Hence, its

ide

, A
best estimate £ may be obtained in the manner already indicated. To

ij.

get the best estimates of other interaction effects or of main effects,
however, we need to get a solution of the normal equations. First, we
list these normel equations:

(2.3.198) hy +Zh

1d. R 138 * Z h = Yij. /mn such equations /

iJk «Jk

+Zh mp such equations_/

by kMt 3 i3k gk~ Y1k L

(2.3.19b). Zhi,jk 13, +

(2319C)Ehjki .+Zhljkik+ .Jku.,jk=

Yok /-np such equations /.
A —

Let us substitute w, [ any solution of (2.3.16)_/ for y, in (2.3.19),
2 2

and let us drop (2.3.19a), reteining only (2.3.19b) and(2.3.19c). We

end up with the system

(2.3.20) By U+ 3"3 hi,jk gk = 2, [ mp such equations_/

Z. h Z.Jk / np such equations_/,

TR TR L
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where
A
(2.5.21) Zik = Yk " '33 By k%,
A
Zoge = Yo - T By,

We note that the left-hand side of (2.3.20) has the same form as
the left-hand side of (2.2.35), which is the set of normal equations
for the model (2.2.1). Hence we may use previous methods to obtain

A A
values u, and u, which satisfy (2.3.20), We thus end up with quanti-

ties gl,ag, and%@e which constitute a solution to the normsl equations
(2.3.13). These guantities can be used for obtaining the best esti-
mates of estimable linear functions of Y, Yy, and u_, including
interaction effects and main effects (prgvidgd they are estimable).

We now turn to the calcualtion of certain sums of squares.
Observe first that the s.s. due to 91 is the s.s. for testing the

2
hypothesis of no IJ interaction., This 8.8., which we deonte by

S§12’ can be evaluated by using the Fundamental Theorem:

o) A
(2.3-22) Sh12 = Ei _Q,. » dofo = (m"l)(n-l) .
2 2 2 2
]
We also want to find Sg» the error s.s., and Sh13 and Sh23’ the s.s.'s

for testing'the hypotheses of no IK interaction and no JK interaction

2 2 2 '
respectively. Let Sclz’ Scl}’ and 8023 be the error s.s.'s under the

models
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E(_y_) = \71 P—l + 72 32 p)
3

33 3
(2.3.23) E(y) =7, ¥y + To ¥ s
2 5%
and E(y) = Tty
2 2 3 3
respectively. Note that all three of the models (2.3.,23) are of the

' 2 2 2
same form as (2.2.1), which means that Sc12? Sc13? and S.p3 can all

be evalueted by methods previously described, We get the formula
2 2’ 2

(2.3.24) 8s = 8.1 ~ Sp102 d.f. = h-mnp+ (m-1)(n-1)(p-1),

for evaluating the error s.s., and for the two hypothesis s.s.'s

ve have
2 2 2
(205025) Shl} = SC13 - Se » Q.= (m'l)(p"l))
2 2 2
and Sh23 = Sc25 -8 5 G, = (n-1)(p-1).

We might remark in passing that the formula (2.3.24) for the
error s£.s8. has an application beyond this particular model (2.3.1).

Consider a 3DIB design with model

E<Y§§§> = Yy 5

(a=1,2’coo,hijks'-l=l,2’ -o.,m; J=l,2,ooo,n; k=1,2,ctn,P)

(2.3.26) or
E(z) = 71 El 3
2 2

3 3
hxl hxmnp mnpxl

where the design is such that h > mnp and every hijk is 2 1, Suppose
we want to test the hypothesis that there is no three-factor (IJK)

interaction. Then 85125,the s.s. for testing this hypothesis, can be
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computed by the formula

2 2 2

So1p3 - Sgr  4.f.= (m-1)(n-1)(p-1),

| (2-3-27) Sh125 =

where Si this time denotes the error s.s. under the model (2.3.26),

i.e”

2 xgak

(2.3.28) Sg =¥ ¥ -ILZg==, d.f. = h-mp,
1Jk% ik

and where 55123 is the error s.s. under the model (2.3.1), to be
computed by the formulé (2.3.24)., In (2.3.28) we are using Yijk
to denote the quantity T Y%){ .

The model (2.3.1) would appear to be one which would occur in
practice quite often. Unfortunately, however, it seems to be rather
difficult to construct designs in such a way that the system (2.3.16)
can be easily solved. A few such designs which have been constructed
- are presented in Chapter III.

We turn now to YDIB designs whose models have three interaction
terms. Our discussion in the remainder of this section will be primarily
for illustrative purposes, to illustrate further the ways in which our
tools and methods can be utilized.

For a UDIB design, a model containing three interaction terms

can actually assume one of three possible forms:



(2.3.29)

(2.3.30)

(2.3.31)
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E(Y%);y) Tyt Yk, YUkt YLy

(CX:],,Q, oc-,hijky; i=l,2, noo,m; j=l,2,...,n;k=l,2,...,p;
f=1,2,..0,a)
or )
E(z)=7% y_% +715% +7§ 2% 7, b
hkl hxmn mnxl hxap npxl hxnp npxl hxq qxl
(@) y . !
Bl gkeg) = Y., * S, kg
(a“l,e,o.o,hijky; i=1’2,.co’m; j=l’2,ooo’n$ k=l,2,ouo,P;
¢= 1,2,...,13'_)
or
E(Y) =7, u + 7 Uy + 75 Uz

2 2 3 3 &
hxl hxmn mnxl  hxnp npxl hxpg paxl

E(Yg})s PR

(a=1,2,...,hijk¢; 1=1,2,.00,m; J=1,2,...,n; kel,2,...,p;

{ =1,2,..050)

130, T Mkt Yy g

or
By =7 9 + 7y ¥y o+ o7y

2 3. 33 ko
hxl hxmn mnxl hxmp mpxl hxmg mgxl

We will not go to the lengths of presenting the snalysis for all three

of these models, but rather we will pick out one of them to analyze for

illustrative purposes.' The one we will pick is the third one, (2.3.31).

In the discussion which ensues, we will deal only briefly with those
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parts of the analysis whith are similar to previgus analyses, and
will devote our main atténtion to those points which are peculiar
to the model (2.3.31).

We can start out ip the usual menner by writing the formula
for Y, which we will allov to be some linear function of the obser-
vatione which lies in the estimation space:

Y=g Z% tay X vy X&

2 3 3k
lxmn mnxl lxmp mpxl lxmg mgxl

(2.3.32)
=ZXaq,. + L X + T . ,
i J qu-. Yi.jto_ i k qicchiok- i ?qiccyylouy

We can readily calculate its expectation to be

2.3. =22 (q. by, +5Z h,., -+

(2.3.33) E(Y) = & 5 (955, Pyg.. * £ % Pig, ’éqi..fhia.y)“i,j..
FEPE Gy Pt S T ] UL PP,
*17 TR TN AR SRR WY A UG, Py

Looking at (2.3.33), we see that E(Y) will be a function of u, only, if

2
(2.3.34) }J: Ay, B, * % x.P1 k. + %qi..ﬁ.k(/ =0

[mp such equations /

5 Yy, Bt L U Pyt Uiy =o0
/mg such equations_/.
It is this system (2.3.34) which we would like to solve. In order to
do this, we will need to meke some design assumptions. We_shall present

two different design classes, both of which lead to solutions of

(2.3.34).
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Design Clabe 1. This deslgp class consists of all designs

for which

ik, "5 ../ m

(2.3.35) p2

e
701 Prag :a':';;’ Z By ey™ nol
We might note that (2.3.35) implies
(2.3.36) By =@
Now observe that

(2.3.37) QY . = -

1
Uy Pt a U,

is a solution of (2.3.34) under the aseumptions (2.3.35). Substitution

of (2.3.37) into (2.3.32) and (2.3.33) then gives us

9 BQ) =g Chy o
2 2 2 22 2
mnxl nnxmn

(2.3.38) i.e., . CrT £
r >§- 4., B@yy, ) =Proyy F¥ ci,jIJ#IJu ’

vhere

(2.3.39) Qj.. " Y., "B L Bk 1k, B AT PN B S A
"~ and

(2.3.k0) 115 T %1 C1,30 °

c being given by

i,4d
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_ h o om mq B
(2.3.51) ©y yo= 80 mn - = EBig i, “E 7 EERET R - S

Since (2.3.38) holds for all g%, it follows that

(2.3.42) E(g%) =Cpuy -
25 2

(2.3.42) can be re-written as a set of m separate systems,

each of which has the form

(2.3.43) E(gi,Q) = Ci,22 LI (for i = 1,2,...,m),
nxl nxn  nxl

where

(2.3.14) ' Q0= (Q41.,2 Qa2 o+ Yp )’

- 1
end w5 = (Ugy o Ugp 2 v Ui, )"
and where C consists of the ¢ ‘s, Note the analogy between
i,22 1,40
the analysis being presented for the presemt model (2.3.31) end the

analysis for the model (2.2.1).

Let us assume that our design is such that
i,e2
Then every function of the form

= [ -
(2.3.16) By o ? f3uyy,,s where =9,
1xn A A
is estimable, and hgs as its best estimate z% 51,2 where 31,2 is any

solution of
(2.3.57) Ci,e0 81,0 = 84,2 °

This gives us & method for estimating, among other things, 1IJ
interaction effects and J-factor main effects. We will not discuss

these matters in detail, since the discussion would be quite similar to
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that which was given for the model (2.2.1).
1f we wish to estimate other interaction effects (IK or IL)
or other main effects (I-factor, K-factor, or L-factor), we tan rely on

the seme kind of methods used in several previous analyses. This would
A

involve substituting 21“f°r uy in the normal equations for the model
' 2 2

(2.3.31), deleting some of these equations, and then finding values

A A
uy and E& which satisfy the remaining equations. These remaining
)

equations happen to assume the some form as (2.2.35). We can thus

A A A
obtain values Yy E%, and H& which comstitute a solution of the normal

2 :
equations, and which can be used for obtaining various estimates.

A
(We have used uy in this discussion to denote a vector which contains

2
mnxl A

all the elements of the ui 2 8.)

It remains for us to compute certain sums of squares. The
5.8. due to @1’ which 1s the s.s. for testing the hypothesis that
the J-factor ﬁas no influence whatever on the yield, can be evaluated

by the formulsz

2 ) A -
(2.3.48) Spe,12 = T 8,2 84,2 = 9% » a.f.=m (n-1).
2

2
Let Sc2,12 be the error s.s. under the model

(2.3.49) E(y) = 71 u, + 7& y
which we note has the same form as (2.2.1). Then Sg can be evaluated

by the formula

2 2 2
s =8 -8

02,12 h2,12 3 dcfo = h-m (n"‘p"q‘z) .
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2 2 2 ;
Now let 8,,., Shl§’ and 8y, be s.s.'s for testing the respec-

tive hypotheses of no IJ, IK, and IL interaction. Let 3512, Silj’ and

Silh be the error s.s.'s under the respective models

(2.5.50) E(y) =7y 4y + 7y 0 + 75 8,
-
amd By =nyrnminl -
2 2 5 3

Since all three of the models (2.3.50) are of the same form as (2.2.47),
we can evaluate the three conditional error s.s.'s by previous methods,
provided that the proper design assumptions are satisfied. We can then

write the formulas

2 2 2
Sh12 = Sc12 - Se » dcfo = (m"l)(n"l)
82 = 82 - 82 d.f. = (m-1)(p-1)
(2.3.51) hl3 cl? e s i
2 - a2 2
Spih - S,clh -8, , 4.g.=(m-1)(g-1) .

Design Class 2. This design class consists of all designs for

which

_k _h _
(2:3.52) by, "mp BT my FlBiaPrac T Mt O (M)
(2.3.52) implies that

2
(2.3.53) . —g—- =g N+ B-N .

m pq
We now want to f£ind a solution of (2.3.34) under the new

assumptions (2.3.52). First let us re-write the first equation of the

pair (2.3.34):

(2.3.54) Yy =B (95, Bygx, * ?qi.'.(/hi.ky)
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Substituting (2.3.54) into the second equation of the pair (2.3.34),
and using (2.3.52), we get
mp
(2.3.55) 2y, E 56 Us Py T B MEap g
, mp _
o R eNTeo

We are now in a position to see that

<2 mp
(2.3.56) 4y = maw ZE Uy Pug By - F Uy By
mp 1
Y, " F 3 %4, P90, T X (§ 7 %3P Py

-E ¥ F 7. KP4 kg
constitutes a solution of (2.3.34).
Substitution of (2.3.56) into (2.3.32) and (2.3.33) enables us
to get an equation which is the seme as (2.3.38), except that this

's are given by the formulas

time the Qij 's and ciJIJ
L1
(2.357) Qg =Yy, -FEEBig Y +mETB b ¥ 1.k.
mp -
"o £ £ 7 Pigk PP,
1 h
Yok 7 PP T mpax p g
and
(2.3.58) C 315 = 8,1 37
where
(2.3.59) °1,3 Jth_J,, E‘hi,jk. idk, q}\.ﬁ ?hii (/thfhiJk'

'HE;K EF7 P kP,

1 h
— - —— h



112

From thié point ¢gn, the analysis for Class 2 designs is the same &as for
Class 1 designg; we mey refer to equations (2.5.&2-2.3.51) and the
accompanying discussion.

This chapter has served t{o indicate methods of analyzing some of
the simpler MDIB designs whose models contain interaction term(s).
These same methods can also be extended to more complicated designs
-- designs with 5 or more dimensions and/br designs whose models
contain more than three two-factor interaction terms. It should be
pointed out, however, thet as the number of dimensions increases, or
as the number of interaction terms in the model increases, the diffi-
culty of the analysis also increases and the equation éystems ve have to

work with become more complicated.



CHAPTER III

SOME EXAMPLES OF MULTI-DIMENSIONAL INCOMPLETE

BLOCK DESIGNS, AND METHODS OF CONSTRUCTING THEM

This chapter will present & number of specific examples of MDIB
designs which can be analyzed by using the methods developed in Chapters
I and II. The first section of the chapter will be devoted to designs
which are suitable to use when we are working with an additive (no-in-
teraction) model -- i.e., a model which is of one ofthe forms discussed
in Chapter I. The second (and final) section of this chapter will pre-
sent some designs which are suitable for some of the interaction models
considered in Chapter II.

A 2DIB design is defined by the h, .'s,which are the elements of

iJ
the incidence matrix. A 3DIB design and a 4DIB design are defined
respectively by the hiJk's and the hiJk¢'55 these quantities may be con-
sidered to be the elements of a 3- or L-dimensional incidence "matrix".
For the designs which we present in tkis chapter, we shall not only in-
dicate what the elements of the incidence "matrices" are, but in meny
cases we will also list the key constants and will give some of the more
important matrices which are used in the analysis.

Along with the presentation of the derigns, we shall discuss,
where appropriate, some of the methods which have bean used to construct
them. A wide variety of techniques has been employed in constructing
the designs, Some of these will be self-evident upon locking at the

designs, while others will require explanation. 1In constructing the

designsof this chapter, we have made extemsive use of the patteras of
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a number of existing designs, such as certain BIB and PBIB designs, and
Latin and Greco-Latin squares. Another tool which is used in the con-
struction of certain designs is difference sets.

Still other methods of design construction will become apparent
in the pages that follow, and among the more important of these is the
use of duplicate bridge movements. As was mentioned in the introduction
to the thesis, duplicate bridge movements constitute a valuable source
of MDIB designs. A number of duplicate bridge movements can be used
intact as MDIB designs, while other movements will make suitable MDIB
designs after sppropirate modifications. This close connection between
MDIB designs and duplicate bridge movements has apparently never been
realized before; the men who have constructed duplicate bridge move-
ments have apparently done so completely oblivious of the fact that
they were at the same time constructing MDIB designs. It will not be
possible to give in this chapter any detailed explanation of the exact
connection between a specific duplicate bridge movement and the MDIB
design which may be based on it, since such explanation would require us
to enter into lengthy discussions of the mechanics of duplicate bridge.
However, whenever we present a design which is based on a duplicate
bridge movement, we shall make an appropriate acknowledgment or a page
reference to Beynon /2_7/. Beynon /2 / is the standard textbook for
the subje of duplicate bridge movements, and a statistician should
have no trouble in perceiving the connection between MDIB designs and

duplicate bridge movements after reading Beynon's book.
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3.1 MDIB Designs for No-Interaction Models.

Three different additive (no-interaction) models were considered
in Chapter I: the 2-factor model (1.1.2 - 1.1.3), the 3-factor model
(1.3.1-1.3.2), and the k-factor model (i.h.l ~ 1.4.2). This section
will give specifi¢ examples of designs which are suitable for each of
these three models.

We will start out with the 2-factor model, but we will give only
one example of & désign under this model. The literature already con-
tains a huge number of examples of 2DIB designs. All these designs in
the literature, however, have incidence matrices all of whose elements
are either O or 1. The design we are about to present has an incidence
matrix some of whose elements are greater than 1; the purpose of pre-
senting this design is to illustrate this more general type of incidence
matrix.

Suppose we have a 2-factor experiment in which there are m=k
levels of the I-factor and n=6 levels of the J-factor. If we run mn=2h
observations (one observation for each possible combination of factors),
we will have 15 degrees of freedom for error. If we run 2m=48 obser-
vations, we will have 39 d.f. for error. Suppose that, from previous
experience, the experimenter knows that 15 d.f. for error is not suffi-
cient to give him the desired precision, whereas 39 d.f. for error is
unnecessarily large and therefore wasteful., Then the following design,
which has 36 observations and 27 d4.f. for error, provides an appropriate

compromise:
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Design 1. m=h, n=6, h=56, ne=27, EE = %.

1 2 3 4 5 6

i=1 hid=2 2 2 1 1 1
2 2 1 1 2 2 1

3 1 2 1 & 1 2
1 1 2 1 2 @2

In the presentation of this design, we first list the number
of levels of each factor (m and n), the total number of observations
(h), and the number of d.f. for error (ne). The quantity 53 indicates
what fraction of a complete experiement (in which all hij's are equal
to 1) we are running; in this case, we have what we may call a g
replication.

The remainder of the presentation of Design 1 consists of a
table which is the incidence matrix. The row and column headings in
this table indicate the levels of the 1-.and J-factors respectively.
In the body of the table we have the hij's.

In presenting a design, we will not ordinarily give the matrices
which are important in the analysis if they can be easily calculated.
For Design 1, for example, the matrix C11 is quite easy to calculate,
and so we would not ordinarily give it. Normally we will include
such matrices only if they are not too simple to calculate,

In the case of Design 1, however, we shall give the matrix

Cll anyway, since this will be helpful for illustration as we start

out the chapter. For Design 1, we have
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HipHpyy = 15d; + 21, .

Using (1.1.13), we get

A conditional inverse of cll is

3
Cth1 =56 111 -

Hence, for estimating I-factol contrasts, the efficiency of Design 1 is

1
ekl LR
6*2

vhen we take as our standard of ccmparison é complete design with
24 observations.

It can readily be seen that Design 1 is patterned after a
familiar BIB design. If we subtract 1 from every element of the
incidence matrix for Design 1, we get the incidence matrix of this
well-known BIB design /5, p. 329, Plan 11.1 7.

We now turn to 7DIB designs for additive models. In the intro-~
duction to the thesis, it was mentioned that certain special types of
5DIB designs already exist in the literature. The Latin square s for
example, is a very trivial type of 3DIB design in which (using the

notation of Section 1.3)

g . = 2' —3 = —
m—-n—p} h 41} 3 HIQ-J]_Q’ Hl} Jl}’ H23 - J2§ .
Akin to the Latin square and almost as trivial are designs in

which Hle’ 313, and H25 are again all flat matrices (we define a flat

metrix to be & matrix all of whose elements are equal), but in which
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m, n, and p are not all equal. As an example, consider the following:

h 1
Design 2. m=3, n=6, p=9, h=5k, ne=38, =3
By =1 #£1+ J+ k=0 (mod 3)
=0 otherwise

We have

H12 = 5Jlé’ H13 = 2Ji3, H23 = J25 .
The analysis for Design 2 can be effected without resort to the rela~
tively high-powered methods developed in Section 1.3; it is in this
sense that Design 2 is & trivial type of 3DIB design.
The Youden square is another type of 3DIB design which exists
in the literature 1:13; 5, Che. 13;7. In terms of our own notation,

a Youden square may be defined to be a 3DIB design for which
m=n; h=mp; H15 = J13, H23 = 255
and H,, is a (square)matrix of BIB structure (which implies that

H,, is also a matrix of BIB structure). It is easy to see that, for

21
all 6 (=3!) permutations of the factor indices, a Youden square de-
sign belongs to both Design Class 1 and Design Class 2 of Section 1.3.
Using the methods of Section 1.3, we can easily analyze a Youden
square not only for the I-factor effects, but also for the J-factor
and K-factor effects if desired.

Perhaps the least elementary 3DIB designs for additive models
which already exist in the literature are those developed by Shrikhande

Zfil, Chapter III.;7. Shrikhande considers four different types of
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3DIB designs; he gives a number of examples of designs, some of each

type. In all four of his design types,
(3.1.1) h = np and 525 = J25 .

The four design types also have the following individual characteristics,

in addition to (3.1.1):

Iype &« Hyy = % J15 (where % is an integer), and H,

is the incidence matrix of a BIB design.

Type b, H13 = % JlS’ and B, is the incidence matrix of

a PBIB design.

Type c. H15 is patterned after the incidence matrix of a

PBIB design with two associate classes, and HBl is a matrix of
BIB structure; H12 is the incidence matrix of a BIB design.
Type 4, Hl§ is of the same form as in Type c, and B, is

the incidence matrix for a PBIB deéign with two asscociate
classes. The assoclation scheme of H12 is exactly the same

as the association scheme of Hl}'

In his development, Shrikhande assumes that both the J-factor and
K-factor effects are unwanted but unavoidable sources of variation,
and that the I-factor is the only factor that is of any interest to
the experimenter, Hence he gives the analysis only for the I-factor.
For all four of Shrikhande's design types, we can run an
analysis (hypothesis testing and for estimation) on both the J-factor

and the K-factor, when desired, by using the methods of Section 1.3.
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Since H , = J., for all of Shrikhande's designs, the estimates of the

25 23
J- and K-factor effects (22 and 25) can be easily obtained by using
the method indicated in the discussion accompanying equations

(1.3.52 - 1.3.56), provided that gl has already been obtained.
Calculation of the s.s. for testing the hypothesis of equality

of J- or K-factor effects involves the computation of the error

8.8. for a certain 2DIB design (with incidence matrix H15 or Hy,
respectively).

In certain situations, an experimenter who uses one of
Shrikhande's designs might not be interested in the I-factor at all.
In such a case, it might be more efficient to use a different method
of analysis from that indicated above. The tools developed in Section
1.3 provide us with a wide variety of techniques for analyzing 3DIB
designs; for example, different permutations of the factor indices
are always possible, and a choice between the two design classes is
often possible.

This concludes our efforts to show how 3DIB designs (for addi-
tive models) which already exist in the literature can be considered
in the context of Section 1l.3. We have touched upon all such designs
already contained in the literature with the exception of the dupli-
cate bridge movements; these latter will be treated along with our
presentation of strictly new designs.

The new 3DIB designs which we are about to present will serve

to illustrate that the methods developed in Section 1.3 are sufficiently
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general that they can be used in connection wifth an extensive variety
of different designe. In this chapter we will rot be able to give
more than a fairly small number of designs for any specific model.
The designs which we include will be chosen for their illustrative
value and for their suitability in regard to ease of computational
enalysis. The designs which are presented in this chapter will
probably constitute only a small fraction of the total number of
3DIB or UDIB designs which are possible; there are probebly many
excellent MDIB designs which are yet to be discovered.

We now present the first of several examples of 3DIB designs
for additive models:
Design 3. m=k, n=6, p=9, h=36, n =19, 5;' . % .

h = 1 for

k=1 2 3 4 5 6 7 8 9

i=1 J3J=3 1 2 3 6 L4 5 1 2
2 5 3 1 5 4k 2 6 6 1
3 2 6 L 6 1 5 2 3 L
4 6 4 5 2 3 1 3 L 5
(and hijk = 0 otherwise)
We have

H_.=Jd

13 13

The general element of H _ is

23
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h.jk =0 if j=k (mod 3)
= 1 otherwise .
Also
2 2 2 1 1 1~1

P11 2 2 2 1

vt

Hyp Hys = 6 J)5 and Hyz Hyy = 63,
Hence the aesign belongs to Design Class 1, and, by(l.3.l7),

' - 1 1 9
C1p =9Iy g (33 +21) ~p O d)+ gy

26 13
=3I -5 I '
_3
¢ty =55 Inn .

Note that Hys is the incidence matrix for a PBIB design L%, p. 92,
Design 53;7; and H32 is the incidence matrix of another PBIB design
/%, p. 9%, Design 813 /. H,, follows the pattern of a familiar BIB
design /5, p. 329, Plan 11.1 /. These facts will come in handy in
certain phases of the analysis; we will not give any further details
of how to analyze this deSign, since the discussion of Section 1.3

is adequate to cover this.

. We now present other examples of 3DIB designs:
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Design 4. m=p=p=k, h=2L, ne._:lh, R g .

mnp
By g = 1 for
Jy=1 2 3 4
1=1 X = 3,4 4 1,2 2
2 2,3 3 1,k 1
3 1 2,k 3 N
L L 1,3 2 “%,3

We have

12

13 1 2 1 2

23 2 2 1 1

2 2 1 1

Y .

Hyp Hys = 9 Jy55 Hyz By = 9 05, a0d Hy Hy, =9 Jps
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Note that Design 4 belongs to Design Class 1 for all 6 permutations

of the factor indices, &nd it does not belong to Design Class 2 for

any of the 6 permutations of the factor indices,

Using equation

(1.3.17) (which is for Deeign 7lass 1), we get

25 -9
a _ 1 '9 25
11 6 -9 7
~T -9

We can choose
¢t =

-9
-7
25
-9

\ng—'

=7 17
-9 1 0
-9 "3 0
25 1l

A

-

o
o

i’

17

Design 4 is appropriate to use as a'compromise" design in a case

where a Latin square (h=16, n_=6) would furnish too few d.f. for

error, and where gz doubled Latin square (h=32, ne=22) would furnish

more 4.f. for error than are necessary.

1

Design 5. mel0, neB, p=6, h=120, n =98, o— = T .

hijk = 1 for

p
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k=1 =4,5 2,7 38 1,k 2,8 1,5 6,7 48 2,6 3,6

2 3,7 L4 2,3 38 1,5 2,5 1,8 6,7 k4,7 5,6
3 1,2 3,6 45 2,7 2,4, 6,8 38 1,5 6,7 4,8
L 1,4 35 6,7 2,2 1,4 71,8 5,6 3,5 1,8 2,7
5 2,8 1,0 1,2 44 3,7 4,6 2,5 6,8 3,5 17,8
6 3,6 2,8 1,b 1,5 3,6 3,7 4,7 2,7 5,8 1,5
We have
2J E J
H = 5xl4 o Sxb
12 J 1243
5xb o S5xb
h_Jk = 2 if j =k (mod 2)
=3 otherwise .
Also
B p Hys = 30 )55 By Hyp = 50 Jy5s By H13 = 30 Joz »

which means that Design 5 belongs to Design Class 1 for all per-~
mutations of the factor indices. If we use the particular permutation

which has been indicated here, the matrix Cl will be such that the

1
system (1.3.34) will be easy to solve; the system, in fact, will re-

semble that of an ordinary PBIB design with two associate classes,
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Design 6. m=l, n=p=6, h=60, ne=h6, D

By ik
k=1 2 3
j=1 =2 2,3 L
2 3,4 b 1,3
3 2,k 1,3 1
b 1 2,k 2,3
5 1, 3 e,k
6 2,5 1,2 &4
We have
1 2 2
2 1 2
2 2 1
oz = 1 2 2
2 1 2
2 2 1
2 2
3 2 2
e ™ 53 5 3
2 3 2
[2 2 2
3 3 2
H13 - 2 3 3
,3 2 3

[\

NN W

=1 for

L
1
2,k
2,3
1
1,3

3,k

2

1,3

1,k
3,k

2,k

126
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Now

H12 H23 =25 J13’ Hl5 H32 ¥ 25 J12 H

this means that Design 6 belongs to Design Class 1. We get

. T3 73
€13 =51 -39 -

Note that, since

By H13 ¢ 25 Joz s
Design 6 does not belong to Design Class 1 for other permutations of
the factor indices.

When Designs 3, 4, 5, and 6 were constructed, the first step
in each case was to construct the matrices H12’ Hl}’ and H23 so that
the restrictions of the form (1.3.12) would be satisfied. In addi-
tion, these three matrices were constructed so that the systems
(1.3.34) (and also other key systems) would be easy to solve. It is
usually adventageous, for example, for a marginal matrix either to be
a matrix of BIB structure, or to be similar to the incidence matrix

of a PBIB design. (We are using the term marginal matrix to refer

to le’ Hl}’ or H23, or their transposes.) 1In the case of all four
. designs (Designs 3-6), the very last step in construction was to de-

's had to be selected in such a

termine the h s. That is, the h

t
ijk ijk
way that the desired marginal matrices would be obtained.
We now present a series of five designs (Designs 7-11), all
with very similar properties, which were inspired by duplicate bridge

movements. The first two of these designs have been in existence for
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some time as duplicate bridge movements, but until now they have
evidently not been recognized as experimental designs, Design 7

is given in Beynon's book [:é, p. 22, table labelled "Howell Master
Sheet for 8 Pairs -- k4 Tables"_?ﬁvand Design 8 appears in an earlier
edition of this book /1, p. 49 /.

Designs 9-11 are entirely new. Design 9 can be used as a
duplicate bridge movement, and in fact there is an existing duplicate
bridge movement which is of the éame form as Design 9 but which is
mathematically imperfect [:-7;7. Designs 10 and 11 cannot be used
as duplicate bridge movements, but they have properties analogous to
the properties of Designs 7-9.

Designs 7-9 are all constructed by the same method, which in-
volves a certain tricky menipulation of difference sets. This method
will be described when we present Design 7. The method used in con-
structing Design 10 is an extension and modification of the method for
Designs 7-9. Design 11, however, was constructed strictly by trial
and error.

Designs7-11 are characterized by a speclal set of properties:

(&) Certain of the design constants, for the series of
the five designs, can be expressed as a function of m. We

have m=m, n=m+l, p=2m, h=mn=m(m+1), ne=m2-5m+l, and

h _ 1 ' .
- Pm The specific values for each of the five

designs are given in the following table:
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Design m n b h ng 5%5
‘ 7 7 8 W 56 29 x
8 11 12 22 132 89 3
9 19 20 38 B0 305 3g
10 9 10 18 9% 55 Iy
11 5 6 10 30 1 g

(b) Hyp = Jy5 (for all five designs).

Cmel
13 Hap = =5~ d1p -

is a matrix of BIB structure.

{c)

(a) Hy 5

(e) H23 is a matrix of BIB structure.
. (f_) For all designs in the series except Design 10, H31

and H32 are both incidence matrices for certain PBIB de-

signs with two associate classes. The association scheme

of H,, is exactly the same as the association scheme of

31
H32.
The first of several desirable features of this series of de-

signs (7-11) is indicated by the small values of E%ﬁ given in (a).
Properties (b) and (c) ensure that the designs belong to Design Class

1 for all possible permutations of the factor indices. Property (d) im-

plies that the C,, matrix (1.3.17) will be quasi-diagonal (we define

11

a quasi-diasgonal matrix to be a matrix which can be represented as

the sum of a diagonal metrix and a flat matrix) and hence will be of

. a very simple form. Property (e) implies that, when the factor indices
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are permuted so that the J-factor takes the place of the I-factor,
the (new) dll'matrix will be guasi-diagons)., If the factor indices
are permuted so that the K-factor replaces the I-factor, property (£)
tells us that, even in this case, the resulting Cqq matrix will be
fairly simple; in fact, the system (1.3.34) will then be of the same
form es that which has to be splved for an ordinary PBIB design with
two associate classes.

The points Just mentioned show that the five designs we are about
to present possess some very valusble properties. Not only does there
exist in the marginal matrices a remarkable amount of the kind of
symmetry which results in an easy computational analysis, but also the
number of observations (h) required by the design is only a small
fraction of what would be required if we were to use a complete de-
sign with mnp observations.

Having described the salient features of this series of de-
signs, we are now ready to give the designs themselves:

. h 1

hijk = 1 for



=1 2 b i 5 6 T 8
i=1 k=1B 6 b TB T4 4B 6 1a
2 T8 2B TA SA 1B 1A 5B 2A
3 6B 1B B 1WA 64 2B 24 A
4 3 7B 2B 4B 24 TA 3B LA
5 LB 4 1B 3B 5B 34 1A 54
6 24 58 54 2B 4B 6B Lo 6@
1 5 3 6B 6A 3B 5B TB TA

1351

Note that, insteald of letting k run from 1 to 1k, we are using a
less conventional notation and are letting k = 1A, 24, ..., TA, 1B,
2B, +sey TB. The reasons for this are twofold. The first reason
is related to the method of construction of the design, which will
be explained shortly. The second reason will become apparent in
Section 3.2 when we show how this same design can be used as a 4DIB
interaction design.

The marginal matrices H13 and H23 can be easily determined
directly from the design. However, for this design only, and not
for Designs 8-11, we will actually write these marginal matrices out

in full for purposes of illustration and clarification:
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= O

o

g
|
|
|
|
1
§
i

)

fm

[ Note: The columns of both H,, and Hy, are

o O

= + o o ¥ O

|

1

«evsy TA, 1B, 2B, +u., TB._/

0

0

25

1

Observe that

H
Also

11 01

0]

1

12 = Y12

1

H13 H52

Hy3 By

0

0

Bo3 Hsp

Hp

Hyy

0

]

MY EEEEEEE RN EE R N I A A NI A N ]

MR R R R R E E R I ISR NN I B B NI

=l|.Jl
L Jyp * 4 I,

3 Ipp + 4 Inp
=8J

c 01

2 3

117 Hpy Hyp =

0

» apd hence H,, Hyz = h 139

o

1

in

T Jpn

1

the order 1A,

1

L J23.
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We now show the methpd used for constructing Design T.

The method depends on what we will call a basic generating set.

The basic generating set itself must apparently be constructed
mainly by trial and error, but once the basic generating set is
found, the rest of the desigh can be constructed at once. The

basic generating set must satisfy certein requirements: certain
sets of numbers related to it must constitute difference sets.

This should all become clearer when we consider the basic generating

set for Design T, which can be written down most conveniently in

the form

(Line k) 1 L .6 7
(Line j-aA) (8) p) 2 5
(Line 3-B) 1 6 7 L

We can obtain the following differences (mod T):
(Line D-A) 4.3=1 6-2=k T-5=2
(Line D-B) 1-1=7  46=5 6-7=6 T-k=3

Line D-A comes from subtracting Line j-A from Line k,while Line D-B
is obtained by subtracting Line j-B from Line k.
Now observe the following essential properties of the basic
generating set:
1. The numbers in Line k form a difference set (mod T).

It is this property which will ensure that Hl5 is a matrix
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of BIB structire, es will become more apparent shortly
when we show how to use the basic generating set to con-
struct the desizpd.
2. The numbers in Line D-A form a difference set (mod 7)
and the numbers ‘n Line D-B also form a difference set
(mod 7). As it turns out, this ensures that Hyy will be
a matrix of BIB structure. One can see how this works by
observing carefully the menner in which the basic generat-
ing set is used to construct the design.
It might also be néticed that the numbers in Line j-A (ex-
cluding 8) form a diffedence set (mod T7), es do the numbers in
Line j-B. This, howevef, happens to be a matter of no consequence,
at least so far as ita implications for the present design are
concerned.
We now show how the design is comstructed from the basic
generating set. Firstwe rearrange the format of the basic generating

set and rewrite it as follows:

k=14 24 3A LA 5A 6A TA 1B 2B %B 4B 5B 6B TB

.
.
.
*
L]
L]
L4
.

j=8 3 2 5 1 6 74

Next we add six more lines to this by working along the disgonals,

adding 1 (mod T) each time (except for the 8), in the following menner:
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k=14 28 3A §§ 5A 6A TA 1B 2B 3B 4B 5B 6B TB

i=1 j=8 3 25 1 6 7 4
2 6 8 y 3 i5 o2 71
3 Lk 7 8 5 2265 1
4 5 1 8 6 i 374 2
5 7 628 3 b 15
6 1 7 3 8 PoL 526
7 2 148? 5 6 3 7

This table gives the values of (i,J,k) for which hijksl' It is

in essentially the same form as is given by Bennon Zfé, P 22:7,

the main difference being that the columns appear in a different

order. It is also, of course, equivalent to the 7 x 8 table given

previously which showed the values of (i,Jj,k) for which hijk =1,

Although the previous teble is more compact and hence is of 2

better form for general use, the table just presented has a cer-

tain illustrative value and was included for this reason. For the

other designs in the series, however, a second table such as this will

not be included. Note that our 7 x 8 table given previously

could have been constructed directly from the basic generating set.
We have already mentioned that the properties of our basic

must turn out to be matrices

generating set are such that H1 and H

3 23
of BIB structure. This can best be verified by observing the manner

in which the 7 x 14 design matrix was constructed, and by noting the



the role of the difference sets. We should alsoc point out that
our method of constructing the design ensures that still another

important design property, namely, the relation

H13 H52 s L Jis 2
will hold. Thie can be most easily seen by observing the T x 8
design matrix presented earlier, and by noting that, if anyirow
and any column of this metrix are picked arbitrarily, there must
be exactly 4 values of k which appear both in the row end in the
column.
We now present Designe 8 and 9, which are constructed in

exactly the same manner as Design 7. For each of these two de-
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signs, a basic generating set l1s used. which has the same properties

as the one given above.

X h 1
Design 8. m=ll, n=12, p=22, h=132, ne=89, wp = 55

hijk = 1 for

1 2 3 k& 5 6 7 8 9 10 111 12

=1 k=1B 8B 84 11B 7B 3B 1llA 912 TA OB 3 1A

2 b4 2B 98B 9A 1B 8B 4B 1A 10A Ba 10B 2A
3 11B 54 3B 10B 104 2B 9B 5B 2A 11A 94 A
L 104 1B 6A 4B 11B 11A 3B 10B 6B 3 1A ba
5 24 11A 2B 7A 5B 1B 14 LB 11B 7B ko 5A
6 sa %A 1A 3B 6a 6B 2B 2a 5B 1B 8B f6A
7 9B 6a LA 24 4B 93 B 3B 3A 6B 2B TA
8 33108 74 54 A 5B 10a 8 4B 4 B 8
9 88 4B 11B 82 61 4 6B 11A 9B 5B 54 9A
10 60 9B 5B 1B 9A TA S5A TB 1A 1l0B 6B 10
11 7B 74 10B 6B 2B 104 8 6a 8B 2a 11B 1llA
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We have

f

H13 332 6 Jip

Hys 351 =6J,+61,,.
Hys 352 =5 Jpp+ 6 I -

The basic generating set for this design is as follows:

(Line k) 1 3 v 8 9 11
(Line j-A) (12) 11 9 3 8 7
(Line j-B) 1 6 5 2 10 b

We can obtain our differences (mod 11):
(Line D-A) 3.11=3 7-9=9 8-3=5 9-8=1 11-T=k
(Line D-B) 1-l=l 3-6=8 7-5=2 8-2=6 9-10=10 11l-L=7

It is easy to verify that the basic generating set for Design 8 has

all the desired properties.

Design 9. m=19, n=20, p=38, h=380, n_=305, E%E - %8

[Design plan for Design 9 is given on the following page./



V61

138

VLT
Vot
- VST
Wt

VET

vot
Y6
vg
Vi
. V9
VS
Vi
vE

ve

6T

anT

A

g€t
€8
:43
Vi
€2t
VS
g2
v9
Vot
VL
VLT
asT
€0T
V6

61

vg €g €t
g9T V. al
g7 4LT V9
V6T €2T €91
Y¥oT VT €1T
a1 vé VLT
€2t €91 Vg
gL gIT €51
gz €9 €0T
vE €T €S
41T V@ €61
vqH €01 VI
g1 vE €6
V6 €61 ve
VST vy €8T
v9 WHT VE
¥v9T V$ VET
/T VST W4
g6 95T AT
gT LT ot

VET

€9
Vs

5T

‘dot

Vot
L/
ant
g6
i}
agT
V61

€g

vE

ST

ve

40T
s
vy
a1
a6
V&t
V9
aeT
g
g€
LT

Vel

V6T

€91

1T

voT

a6
an

aeT
€8
V4T
Ve

gecT

g2
9T
Vit
99
vgT
€sT

V6T

€T

¥gtT

V61
Vot
g
gt

aeT

VvET
vy

€9

(43
V9T
€

VLT

4T

2ET

VLT

)

3

Ve
€01
g5
96T
a4
Vet
an
¥9T

6 uBtsaq X037 Ueld udtsaq

V6T

g€ Vet
2T VqT €T
VOT €TT VET
vL VST €oT
VLT V9 WT
Vg VoI VS
€9 VL VST
T 8 9
V6T €61 Y
0T VgT €8T
@ €6 Vit
VIT €y €9
Ve VoT €t
g6 VI V6
gy 9§ V6T
69T 9t €l
geT LT €2
V4T €2T 99T
g€ VvET 41T
9.. 6 8
203 10 Ty

€01

a6T

86 .

VET
A4
V4T
VS
;49
aLt

Vot

a2

4T
g6

Vot

g9T

€8
Vet
vE
VET
AA
ge
49T
VST

9

VL
VLT
€5
261

9T
HET
€g
V6
LT

votl

e

Vet
ve
a7
5T
VT
gs
961
v9
Vot

el

:t3

€l1

vg
€91
v6
€9
Vot

§ 3 4

€61

aHT

L]
g9t
\£

VST

wt

29T
grt
€9
VL
86T

29
V6
V61

Vot

29T
€T

€t
LT
Vi

vE
VET

gsT
€0T
€5
v9
a9t
vl
Ly

Vet
V6

V6T
A

gc

a9T

g5t

ver
€61
T
g6
X
VS

g€T

g€
Vi
YLT
vg
vQT
€91
aTT
Vot

gT =X

6T
g1
it

ST

T
£T

cl

ot

N O b © O

[La T 4

T=F



139
We have, for Design Q,
313 H52 = 10 J12 ’
H13 H3l = 10 Jll + 10 Ill .
H25 332 = 9 J22 + 10 122 .
(Line k) 1 3 4 9
(Line j-a)} (20) 15 3 19 (continued below)
(Line J-B) 1 10 5 18
11 13 1k 15 16 19
1h 9 16 Ly 11 13
8 17 12 7 2 6

We have as our differences

(Line D-A) 3-15=7 L-3=1 9-19=9
: (continued below)
(Line D-B) 1-1=19 3.10=12 4-5=18 9-18=10

11-14=16 13-G=h 14.16e17 15-k=ll 16-11s5 19-13=6

11-8=3 13-17=15 14.12=2 15-T=8 16-2=14 19-6=13

We now turn to Design 10, which is also constructed by using a
basic generating set. This time, however, the basic generating set is

of a different and more complicated form.
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hiJk = 1 for

=1 2 3 b 5 6 7 8 9 10

i=1 k=6B 24 2B 4B 94 54 5B 1B TA 84
2 84 T 3 3B 5B 1] 6a 68 2B %A
3 33 94 8B 4 L4 6B 24 74 7B 1A
b 88 4 1A 9B 54 5B 7B 33 8 2
5 A 9B 5B 28 1B 6o 6B 8B La 3
6 54 1l 1B 6B 3 28 TA B 9B ha
7 1B éa 22 2B 7B 4 3B 8 8 5
8 9B 2B TA 3A 3B 8 53 4 o &
9 1A 1B 3B 8 b 4 9B 63 5 TA

We have

Hl5 H32 =5 Jio -
H15 H31 =5 Jll +5 I,
Bys Hap = b dogn + 5 I,
The basic generating set for Design 10 consists of two subsets,

as follows:

Subset A Subset B
(Line k) 2 5 7 8 9 1 2 L 5 6
(Line j~A) 2 6 9 (10) 5

(Line J-B) 8 3 L 7 1
Our d..ferences this time are figured (mod 9) in the following manner:
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(Line D-A) 2-2=9 5-6=8 F.9=7 9-5=l
(Line D-B) 1-8=2 2-3=8 b-b=g 5.7=7 6-1=5

The design is comnstructed from the basic generating set by using
essentially the same technique as was used for Designs T-9.

Now observe the following properties of the basic generating
set, which are similar but not identical to the properties of previous
baslic generating sets:

1. Consider the 5 numbers in Line k which are in
Subset A; find the difference (mod 9) between each
of the 20 possible ordered pairs of numbers which can
be chosen from these 5 numbers. Do fhe same thing for
the 5 numbersin Line k which are in Subset B. In the
resulting set of (20+20=40) differences altogether,
each of the numbers 1,2,,..,8 will be represented ex-
actly 5 times. This will ensure that H15 is a hatrix
of BIB structure.

2. Consider the U4 numbers in Line D-A; f£ind the dif-
ference (mod 9) between each of the 12 possible ordered
pairs of numbers which can be chosen from these 4 numbers.,
Perform a similar operation with respect to the 5 numbers
in Line D-B. In the resulting set of (12+20=32) differences
altogether, each of the numbers 1,2,...,8 will be represented
exactly 4 times. This will ensure that H,.. is a matrix of

23
BIB structure.
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The basic generating set has gtill another property,one which results

in the relation

(3.1.2) H, By = 5 Jpp

being satisfied., This property,which is rather complicated, depends
on certain inter-relations between Line k end Lines D-A and D-B.
Suppose wepi ckanarbitrary integer, and add this same integer (mod 9)
to all 10 of the numbers in Line k. Consider the 5 (new) numbers in
Line k which are in Subset A; find out how many of these 5(new) num-
bers also appear in Line D-A. Let us say there are NA such numbers.
Next consider the 5 (new) numbers in Line k which are in Subset B; find
out how many of them also appear in Line D-B. Let us say there are NB
of them. Then it turns out that NA + NB will always equal 5, no
matter what integer was picked originally to add to all the numbers in
Line k. It is this property which ensures that (3.1.2) will be satis-
fied. Note that, in Designs T-9,theverification of the analogues of
(3.1.2) was a rather easy process, whereas in Design 10 it is more
difficult to see why our method of constructing the design leads to
(3.1.2) being satisfied. The reason for this difference is, of course,
that the basic generating set for Design 10 is of a more complex form
thén are the basic generating sets of Designs 7-9.

Design 11, the final design in our series, has no basic generating

set associated with it. It was constructed by trial and error.
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Design 11, m=5, n=6, p=10, h=30, neall, EEB = %6 .
hiJk = 1 for

J=1 2 p) 4 5 6
i=1 k=1 5 3 L 8 10
2 2 1 9 10 5 8
3 3 8 7 2 9 N
b 4 7 1 9 6 5
5 5 2 10 6 3 7

Here we are letting k run from 1 to 10 in the conventional fashion,

Observe that the following properties hold for Design 11:
Bz lzp=3Jdp -

Hl§ HBl =3 Jll + 3 Ill .

=2 J22 + 3 122 .

H25 H32

These three properties can be verified by inspection of the design.

We have now completed the presentation of the series of five
designs. It 1s not known whether it would be possible to construct
any other designs having exactly the same set of properties as the
designs in the series. An attempt was made to construct a design
with m=3, n=lb, p=6, and h=12, and with all the appropriate properties
analogous to those of Designs T7-11, but such a design was quickly found

to be impossible and hence could not be included in the series., How-

ever, it seems reasonable to suspect that, for other values of m,
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designs could be discovered having exactly the same properties as
Designs 7-11.

Before we leave this series of designs, we shall investigate
briefly what their efficiency is for estimating I-factor contrasts
end for estimating J-factor contrasts. Note first that, for Designs
T7-11, the relation

m+l
B3 By = == (I3 + Jy4)

holds in every case. Hence (1.3.17) becomes, when written in terms

of m only,

_ 1 2 m+l w1
Cpp = (1) Tpy - 2 (ml) 3y - = - = (Ip+dyy) + =9,

=8l -Jdy

Thus we can write

which means that

A

2
1.- 8. )=z 0 for all i /£ I.

e

Biro

A
(50103) var (t

Working in a similar manner for the J-factor, we can use the relation

m+1l mel
Hoz Hzp = 5= Inp + 5= Jpp

to derive the result

a 8 2 2
(3.1.4) var (t.J. -t 3 ) = T % for all § # J.

From (3.1.3) we can conclude that Designs T7-11 have an efficiency of

EET for estimating I-factor contreste, if a complete design with mnp
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observations is used as the standard of comparison. (3.1.4) tells us
thet Designs 7-11 have an efficiency of Eéi for estimating J-factor
contrasts.

Thus far in this section all the 3DIB designs which have been
presented have belonged to Design Class 1 of Section 1.3. Most of
these designs, after suiteble permutation of factor indices, would also
belong to Design Class 2 of Section 1.3. However, in no case was it
suggested that the formulas of Design Class 2 be used in preference
to the formulas of Design Class 1 for enalyzing a design; this is
because, apparently, the formulas of Design Class 2 are generally
more difficult to use, or at least no less difficult to use, than the
formulas of Design Class 1.

Right now we are about to present a series of four designs
(Designs 12-15) all of which belong to Design Class 2 but not to De-
sign Class 1. For these designs we will have no choice: we will be
forced to use the formulas of Design Class 2 in order to analyze the
designs., Fortunately, however, it turns out that these formulas
reduce to something surprisingly simple for this series of designs,

Designs 12-15 will all belong to Design Class 2 for sll 6 possi-
ble permutations of the factor indices, but will not belong to Design
Cless 1 for any of the permutations of the factor indices. We may
contrast this situation with Design 4, which, as we pointed out, be-
longs to Design Class 1 for all permuﬁations of the factor indices, but

does not belong to Design Class 2 for any permutation of the factor
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indices. Considering Design 4 and Designs 12-15 together, we now have
a more-than-adequate proof of the statement mede at the end of

Section 1.3 to the effecf thét Desién Class 1 is not a special case
(or a special subset) of Desigh Class 2, and neither is Design Claks 2
a speclal tase of Design Class 1, .

Designs 12-15 havé seversal things in common in addition to the
property about the desigﬂ vlsisses which haé Just been discusséd. The
fbliowihg{proPertiéé &re Gofimon to &1l ﬁoﬁr designs:

(a) tehep
(b) ﬁlﬂ “ ﬁig L ﬂas 1)

(¢) rhe napglbie) matwiees H Hy s and Hy,, and their

127
traénsposes, are all matrices of BIB structure.
(d) For all 6 possible permutations of the factor indices,

the €., matrices (1.3.75) are quasi-diagonal.

11
As a result of property (d), the computational analysis for these
designs is comparatively quite simple. Designs 12-15 also have
another important feature: for each design, the quantity 5§5 has
a small value. Thus Designs 12-15 have the same kind of valuable
properties as do Designs T-1ll.

We are now ready to present the actual designs. Design 12,
the first design, mey be thought of asalatin square with elements

added along the mein diagonal:
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Design 12. men=p=k, h=20,n =10, E‘?Tﬁ - %B .
hijk =1 for
J=1 2 3 L
i=1 k=3,1 2 1 b
2 4 1,2 2 3
3 2 3 k3 1
b 1 L 3 2,4
We have
H, = H21 = H15 = H31 = H25 = H32 =H (say) =1+ J.
By (1.3.75), using »=6, we get
o 1k T

Cip=3 I-¢g9
this seme expression for Cll holds for all 6 possible permutations of the
factor indices.
Design 13 may be thought of as a Latin square with the main

diagonal punched out:

Design 13. m=n=p=6, h=30, n, = 1k, ﬁ%ﬁ = %3 .
hijk = 1 for

i=1 k= L 2 3 6 5
2 3 6 1 L
3 6 1 5 b 2
4 5 3 6 2 1
5 i 6 1 2 3
6 2 5 L 1 p)
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We have

H.,.=H,, =H,=H,, =H.,=H =H (say) =J -1

12 2l 25 32

15

From (1.3.75), using A = 4, we obtain

31

Cp=81-%7 ;
this same expression for Cll holds for all 6 possible permutations of
the factor indices.
We might note at this stage that Designs 12 and 13 may be con-
sidered as special cases of a more general group of designs -- a group

whose distinguishing characteristic is the fact that the merginal

matrices of the designs satisfy a relation of the form

(3.1.5) Hyp=Hy =H,=Hg =H,_=§ = H(sey) = al + bJ,

31 25 32
where a and b are any integers such that b > O and a+ b > 0. It is
assumed, of course that m = n = p. Design 12 beléngs to this design
group witha =1, b = 1, m = 4; Design 13 belongs to the group with
a=-1,b=1, m= 6.

For this group of designs whose defining property is the rela-
tion (3.1.5), we may use (1.3.75) to obtein a general formula for

C..s in terms of a, b, and m. Cqy will of course be the same guasgi-

11

diagonal matrix for all 6 permutations of the factor indices. First

let us note that, using (3.1.5), we can get the formulas
(3.1.6) h=m (a+mb)

and
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2

(3.1.7) HH'=H'f=H =(2&b+mb2).]'+a21 .

(3.1.7) assures us that any design in the group belongs to Design
Class 2 for all 6 permutations of the factor indices; in fact, from

(3.1.7) we cen conclude that the relation (1.3.62) is satisfied with

(3.1.8) A=b (22 + mb).

We might remark in passing that no design in the group will belong to
Design Class 1 for any permutation of the factor indices, except of
course in the trivial case where a = 0.

Now we substitute (3.1.5), (3.1.6), and (3.1.8) into (1.3.75)

to obtain,after some calculation, the formula

_ mb(mb+3a) . _ b(mb+3a)
(3.1.9) o = a1 - B .

Finally, suppose we want to find the efficiency of a design in the group,
where either a Latin square or a complete design with m; obgervations is
used as the standard of comparison. Noting (3.1.9), we can write the

conditional inverse

_ mb+28,
(3.1.10) C'i‘:l = m)l-

From (3.1.,10) it is now & simple matter to verify that the efficiency of
& design in the group is

mb (mb+ 3a.)
(mb+a ) (mb+22)
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The group of designs we have just been discussing encompasses,
of course, a great many designs other than Designs 12 and 13. It
would appear that most such designs would be fairly easy to construct.

We now turn to Designs 14 and 15, which are of a somewhat

different nature from Designs 12 and 13.
h L

Design 14, me=n=p=7, h=28, n, =9, mp = 55 ¢
hiJk 1 for
J=1 2 3 L 5 6 T
i=1 =1 3 5 2
2 2 b 6 3
3 3 5 T 4
L 5 ! 6 1
5 6 5 7 2
6 3 7 6 1
T 2 L 1 7
Observe that
H o, H15 = H25 = H (say)
and
Hpy = Hyy = Hyp = H
Also

H+ H' = I+ J
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and
HH' =H' H=+2I+2J .

Either by meking use of these relations or by other techniques, we can
simplify (1.3.75) (using A = 2) to obtain, after some calculation, the

formula

Cll =371~ % J .

It can be verified, by utilizing the reletions given above or other-
wise, that Ciy will have the same formula for all 6 permutations of
the factor indices. We can thus determine an efficiency figure for this
design by comparing it with a Letin square. The efficiency turns out
to be % .

Design 1% was constructed by using the first line (i=1) to
generate the rest of the design. Once this first line had been Jjudi-
ciously chosen, the remainder of the design could be constructed at
once, by working along the diagonals and adding 1 (mod 7) each time.
Design 15 was constructed by a similer method. The method, of course,
involves the use of difference sets in selecting the first line of the
design.

Design 15. m=n=p=ll, h = 55, n, = 2y = = 121 °



i=]1

W O a9 O\ oW

10

11

Note that

and

Also

and

10

il

hiJk = 1 far
3 b 5 6 71 8 9
2 6 10
6 3 11
7 L 8 1
8 5 9 2
8 9 10
9 10 7
10 11
11 1
7 1
4 8 2
1 5 9 )
Hyp = By5 = Hyy = H (say)
Hyy = Hyy = Hyp = H'

H+H' =J -1

HE'=H H=3I+2J

10

11

11

152
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These reletions come in hapdy when we use (1.3.75) (with A = 2) to

calculate Cll' The result is

It can be verified that Qll will have this same formula for all 6
permutations of the factor indices. The efficiency of Design 15,

with the Latin square being used as the standard of comparison, is
7 ,
10 °

It is not known how many other designs might exist which have
the same form as Designs 1k and 15. One would suspect that, if
difference sets for certain values of m were manipulated in the proper
manner, more designs with characteristics analogous to those of
Designs 1% and 15 could be obtained.

It should be fairly obvious that two more designs of the form
of Designs 14 and 15 can be constructed by taking what we may call

the guasi-complement of Design 14 and the quasi-complement of Design

15. The quasi-complement of Design 14 is a design withm=n = p = 7,

h =21, and n, = 2, whose first row is given by
J=1 2 3 b 5 6 7
i=1 k= 7 b6 .

The remainder of the design is comstructed using the same technique
as was employed for Designs 14 and 15. The design is not a very

useful one, because it has only 2 d.f. for error and its efficiency is
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only % . A far more useful design is the quasi-complement of Design
15, which has m = n = p = 11, h = 66, and n_ = 35, and vhose first

rov is given by

i=l k=l 9 3 T 11 8 .

This design has an efficiency of % .

We are now finished presenting examples of 3DIB designs for
edditive models and are ready to turn to UDIB designs. We shall pre-
sent some examples of 4DIB designs which are appropriate for use under
the additive model (1.%.1 - 1.4.2) and which can be analyzed by using
the methods of Sectiom 1.4, Our examples, which have been selected
mainly for their illustrative value, will include two designs which
are analyzed by using the formulas of Design Class 1 of Section 1.k, one
design whose anaslysis is effected through Design Class 2, and tvwo de-
signs which use Design Class 3.

Apperently the only UDIB design of amy consequence which
presently exists in the literature is the Greco-Latin square, and even
it is a very trivial design except for the problems involved in its
construction. In the language of Section 1.4, a Greco-Latin square is

a design for which

2 .
men=p=q; b=m"; Hy,=dy5, Hy3=J33s By=03), Bps=dpgs ooy, Hz) =05,
A Greco-Latin squere is known to be non-existent for m=6. For

certain other values of m, such as m = 10, a Greco-Latin square has
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never been constructed and is generally believed to be non-existent,
although a proof of non-existence has never been found. The following
design is a sort of pseudo- Greco-Latin square for m=6 which may be
used in lieu of the (non-existent) genuine Greco-lLatin square:

h
Design 16, m=n=p-=q=6, h=36’ ne=15’ m—nb-q_ = 3]6' .

hiJk« = 1 for
J=1 2 3 b4 5 6

i=1 k, {=1A ec 3E LB 5D 6F
1B 2D 3A Lc 5E

)
)

5E 6éA 1c 2F 3B 4p
kp 5F 6B 1E 24 3C
3c 4YE SA 6D 1F 2B

N W W

2B 3D 4p 5C €E 1A

Note that we are letting {/ run from A to F instead of from 1 to 6.
In some of the other 4DIB designs to be presented we will also use
letters instead of integers to denote the levels of the L-factor (or
some other factor).

For Design 16, observe first that

Hyp = Jyps By5 = Jy5y By = Jy)y Hyz = Jpz, and Hy, = J;), .

The remaining marginal matrix is not flat, of course. We have
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By = 1 o

1l 1 0 1 1 2

- -4

It is apparent that Design 16 belongs to Design Class 1 (of Section
1.4) for all permutations of the factor indices. We will not give

all the details about the analysis of the design, since this is quite
simple. In fact, the only part of the analysis which is at all tricky
involves, essentially, the analysis of a 2DIB design whose incidence
matrix is H}h' The analysis of a 2DIB design with this incidence
metrix can be effected, we may note, by using the methods for PBIB
designs with two assoclate classes.

A pseudo~- Greco-Latin square of the form of Design 16 can be
constructed not only for m=6, but also for any other even value of m.
The method of construction is the same in all cases. We start out by
f1lling in the square with all the values of k so that they will form
a Latin square. To do this, we work forward Z?i.e., add 1 each time
(mod.m);7'across the rows and work backward Z:i.e, subtract 1 each
timel(mod m)_7'down the columns. We should have all 1's in the main
diagonal. The next step is to £ill in all the letters (i.e., the

values of () in the main diagonal. The firstg of these are written
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down in their proper order. Then a letter is skipped (D is the letter
which is skipped in the case of Design 16), and the remaining letters
in the diagonal are filledin in order, with the last; letter of course
being A. The final step in constructing the design is to write in
all the rest of the letters. This is done by working backwards down
each column.

The type of design whose construction has Just been described
originated as a duplicate bridge movement,and is used in duplicate
bridge tournaments in lieu of a Greco-Latin square. It is used in lieu
of a Greco-Latin square in duplicate bridge tournaments even for those
(even) values of m for which & Greco-Latin square is known, due to
certain physical advantages which are inherent in ites method of con-
struction. This suggests that an occasional experimental design situ-
ation might be set up physically in such & way that, even though m is
an even integer for which a Greco-Latin square is available, the type
of design we have Just described would be preferred to the statistically
superior Greco-Latin square due to offsetting physical disadvantages
of the latter.

The group of duplicate bridge movements which is in fact identi-
cal with the pseudp- Greco-Latin squares we have Jjust been discussing
is described by Beynon Zfé, p. 35, first four paragraphs;7. These
duplicate bridge movements are known as Mitchell movements.

Design 17 is another example of a design which is analyzed by

using the methods of Design Class 1:
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h

1

hijkﬁ =1 for
=L 2 3 4 5 6 7 8

k=1  1,J=1A 2B 3 kD

2 lA 2B 3 b
3 3B A 1D 2¢
" 1D 2¢ 3B LA

5 L 2A 3D 1B
6 3D 1B 4 2A

7 2D 3A 1c LB

8 1c LB 2D 3A

Note that

H10%2 J1p0 By579y50 By) S0y Hpsedps, 808 Hy=dp), -

We can also see that H5h is the incidence matrix for a certain PBIB
design with two associate classes Zfﬁ, p. 142, Design SR7;7. Design
17 clearly belongs to Design Class 1 for all permutations of the
factor indices. The only part of the analysis of the design that
is not completely simple comes when we have to (essentially) analyze
the PBIB design with incidence metrix H}h'

Design 17 was constructed in two stages. First the incidence
metrix of the desired PBIB design (H3h) was written down. Then two

Greco-Latin squares of order k4 were super~impdsed on this in a certain
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special manner so ag t6 yield & design with all the desired properties.
Designs 16 and 17 both ¢ould have been analyzed by using the
methods of any of the three design classes, since both designs be-
long to all three design classes if the factor indices are permuted
in a certain way. However, it was decided to analyze both designs
using Design Class 1 since this appeared to be the simplest way. We
now present a design which does not belong to Design Class 1 for any
permutation of the factor indices, and which is analyzed by using
Design Class 2:

h 1
Design 18. m=k, neh, p=6, g=6, h=36, n =19, g = 16 -

hijk( = 1 for
(=1 2 3 L 5 6

=1 i,J=1A 2C La 3D 2B 1B

2 ec 3C 1A 4B i) 38
3 ha 1A kp 1C 3B 2D
L 3D 4B ic 2B 24 3C
5 2B 1D 3B 2A 4p ke
6 1B 3A 2D 3¢ Lo 4p
We have
Bp=2dp* T |



and
[ -
l2 2 2 1 1 1
}211221
H. .=H,,=H,=H_ = .
1371k a3 ek 102 1 2 1 2
]
1 01 2 1 2 2
S o

It is easy to verify that (1.4.30) is satisfied, and that (1.4%.31)
holds with A=156. Hence Design 18 belongs to Design Class 2. The

expressions (1.4.40) become

1
Byp = 155 (J107% Iyp)

L 6
137735 fi3+ 55 13
_ 1
A7 -35 By - 16 T .

A

(1.4.43) vecomes

. 208 _ 52

‘=3 i1 -5

5 A
The rest of the analysis, which involves some use of the theory of
3DIB designs, is fairly simple. |

Note that the 6 x 6 matrix which specifies the design is
symmetric. Design 18 was constructed by utilizing the following

square:

160
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J=A B c D
i=1 1,23 16 3 b 25
2 bs 4,15 12 36
3 26 35 2,4 6 1b
L 13 24 56 3,5,6

This square operates as follows. Consider, for exszmple, the
entry "3 5" for i=3, j=B. This tells us to enter the combination
3B into the 6 x 6 design matrix at the two pointe k=3, {=5 and k=5,
{=3. The underscored elements in the Lx4 square above refer to the
diagonal elements of the 6 x 6 design matrix. The 4 x 4 square was
constructed in such a manner that the design would have all of the
desired properties.

Designs 16-18 could all have been analyzed by using Design
Class 3, but this method was not used because other, simpler methods
were availeble. The last two designs to be presented in this section,
however, belong to Design Class 3 for all 24 permutations of the
factor indices, but do not belong to Design Class 1 or 2 for any per-
mutation of the factor indices. Hence we have no choice but to
analyze them by using the methods of Design Class 3.

Design 19, which may be thought of as a Greco-Latin square
with elements added along the main diagonel, bears a certain re-
semblance to Design 12. It is, in fact, a sort of generalization

of Design 12 to 4 dimensions:



Deeign 19s m=n=p=q=k, h=20, nen7, Eﬁ%ﬁ = é% .
h, k(= 1 for
J=1 ] 3 4
i=1 X, {=3C;14 28 14 4p
2 ha ip;2B 2c 3B
3 2D % 4B; 3C 1C
b 1B he 3D 243 4D

We have

H 12-'- HEJ. 'Hla =H31 =Hl l!»=Hh-l=H2 3!lH 32=H2,+=H)+ 2=H 3 ,+=H,4- 3 =H ( say ) =T+J .
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Note that, since the relations (1.4.4k) are satisfied with A=6 and

2= %2 » Design 19 belongs to Design Class 3. The expressions

(1.%.55) become

Ay =35 (34 1)

A13=%8(J—'-I-I)

NI SO I
Hence (1.4.58) becomes

32 8
11=-.7'—I-7J .

c
This expression for cll is of course valid for every permutation
of the factor indices. The remainder of the analysis 1is not too
complex; part of it involves (essentially) finding the error s.s.

of Design 12.
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Design 19 may be used in place of a Greco-Latin square of
order ’-l-, It poesesses the advantage of having 7 d.f. for error, in
contrast to the mere 3 d.f. for error of the Greco-Latin square,

The final design to be presented in this section, Design 20,
is a sort of generalization of Design 15 to 4 dimensions:

v}

- h
Design 20. m=n=p=q=ll, h=55, ne—llk, #mpa - I °

hiJk« =1 for

1 2 3 4 5 6 7T 8 9 10 11

i=l k,f= 5F 2E 6J 10D 4B
2 € 3F 7K lE 5¢
3 6D TH ke 8 IF

. 4 TE 81 5 9B 2G

. 5 8F oJ 61 1Cc 3
6 9G 10K 77 11D LI
7 53 10H 11A 8k 1
8 er € 111 1B OA
9 10B 3¢ TA 1J 2c
10 11¢ L 88 X 3D
11 4 1D 5I &C 34

Observe that

Hyp = Hyz = H)), = Hyz = Hy, = Hy, = H (say)

and
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Bpy = Hyp =By = Hp = Fp=Hy=®

Also
H+ B'=J-1
and
HE' =H' H=31I+2J .

Now note that the relatioms (1l.4.4t4) are satisfied for all permu-
tations of the factor indices with A=2 and A= %%. HenceVDesign
20 belongs to Design Class 3 for all permutations of the factor
indices. The expressions (1.4.55) can be evaluated after going

through considerable algebra:
By = (-H-I+-6-—J)
1k 11

Al§ =

App =

(- B+ %T J)

(31-2H) .

=Jb = = =3\

These formulas for the A's will not necessarily be the same for
some other permutation of the factor indices. The matrix Cl1

(1.4.58) turns out to be of the following simple form:

1l 1
Cll =7 I- % Jd

It is conjectured that Cll will heve this same formuls for every
permutation of the factor indices; this might be rather tedious to
prove, however, In any event, though, the remainder of the analysis

can be carried out by using the methods of ?DIB designs only. The
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formules for Design 15 can be utilized'at the proper points in the
analysis.

Design 20 is constiucted by super-imposing on Design 15 a second
design which is of the satte form as Design 15. This second design
must £it together with the original design in such a way that HBh is
of the desired form.

The efficiencies of Designs 19 and 20 can be calculated by
using the Greco-lLetin square as the standard of comperison. Design

19 has an efficiency of %% » while the efficiency of Design 20 is
11 :
"3"5 .
One might conJecture that the "quasi-complement" of Design 20

only

would have a somewhat greater efficiency than Design 20. This quasi-
complement, which requires only 1l more observations than Design 20,
is a design with menep=g=11, h=66, and n=25. It is constructed by

using the first row, which is
=1 2 3 4 5 6 7 8 9 10 1
i=1  k,{=la 9K 3 T7c 1lH & ,

to generate the remeinder of the design using the same technigque as
has been discussed previously. It turns out that the quasi-complement
of Design 20 has an efficiency of %%.

Although we have presented in this section quite a few 3DIB
designe along with a somewhat smallcr number of 4DIB designs, we have

actually only scratched the surface. The main purpose of this section
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has been to illustrate the wide variety of MDIB designs for additive
models which can be handled by using the tools developed in Chapter I.
It appears that the designs given iIn this section represent only a

smell fraction of what might eventually be developed. Section 3.2,
which is concerned with interaction designs, will attempt, like the
present section, to present only enough exemples of designs to illus-
trate the power and versatility of our tools, and will egain not purport

in any sense to be an all-inclusive catalogue.

3.2 MDIB Designs for Interaction Models.

This section will present examples of designs which are
appropriate to use for the various interaction models of Chapter II.
A total of nine different interaction models were considered in
Chapter II, and the analysis for each model was discussed. In this
section we shall give at least one example of a design for each of
these nine models. The»following teble summarizes the nine inter-
action models, and indicates for each model the number(s) of the

design(s) which will be used for illustrating that model:
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Model Dimensions Interactions Designg
(2.1.2-2.1.3) 2 - 1J 21
(2.1.23) 3 1J 22-25
(2.1.32) 4 1J 26
(2.2.1) 3 1J,IK" 27-30
(2.2.39) 4 1J,KL 31-32
(2.2.47) L 1J,1IK 33
(2.3.1) 3 1J,1K,JK 34-36
(2.3.26) 3 IJK 37
(2.3.31) L 1J,IK,IL 38

We stert out by giving one example of a design for the 2DIB
interaction model (2.1.2-2,1.3):

Design 21. m=h, n=6, h=36, n_=12.

Design plan: hij is the same as for Design 1.
Although the incidence matrix is the same for Design 21 as for Design 1,
the snalysis of the two deaigne is different due to the fact that dif-
ferent models are being assumed. Thus Design 21 has 12 d.f. for
error, while Design 1 had ne=27,

Design 21 enables us to test for IJ interaction without
running the full 2mn (=48) observations which would be required if we
vere to employ the usual methods. Obviously marymore designe like
Design 21 can be constructed by taking the incidence matrix of a known

BIB or PBIB design, and then either (i) addiny 1 to each element or
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(11) subtracting each element from 2.

We now turn to 3DIB designe for ‘the interaction model (2.1.23).
It has already heen mentioned that Bradley and Kramer /9 / have de-
veloped some designs which are suitable for use with this model.
Before we present our own examples of designs for the model (2.1.23),
we shall discuss briefly how the designs of Bradley and Kramer cen
be considered in the context of Section 2.1,

All the designs of Bradley and Kramer are such that 313 is
the incidence matrix for some group-divisible PBIB design wi%h two
associate classes; this makes it easy to compute the error s.s. and
to celculate the estimates of the functions (2.1.29). We are using
the notation H%3 here to denote the mn#p matrix which contains all the
hijk's’ arranged in such a way that each column refers to a different
level of the K-factor end each row refers to a different combination
of levels of the I- and J-factors.

In order to find Sﬁla (2.1.26) for a design under the model
(2.1.23), it is necessary to evaluate 3512’ the error s.s. under the
model (2.1.25). In the case of the designs of Bradley and Kramer,
8512 is rather easy to find, thanks to the following properties which
are possessed by all of their designs:

h
(5.2.1&) h..k = -p-
h
(3.2.1p) ng = = 310

h
(3.2.1¢)  Ehyghpn =M+ By (M-A) + 840055 (G5 - M) o
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(3.2.1c) implies that

Hy3 Bz = [ma Ay + D (Mo G5 - M) T T
which, along with (3.2.1a) and (3.2.lb), leads us to conclude that
the designs belong to Design Class 1 (of Section 1.3) for all per-
mutations of the factor indices, (3.2.1c) also implies the follow-
ing relations which help to simplify the analysis:

Hys By = n° Ay Jpq * tha (A =My) + n (Eﬁ - Al):7 I,

Hyz Hap = [ma Mt B (AM-N) I+ m (%ﬁ - M) Iy .
These relations result in 8312 as well as certain other s.s.'s being
easy to evaluate. |

We now present a few design examples of our own for the model

(2.1.23) :
. h e
Design 22. m=3, n=7, p=T, h=l2, =15, T T
hiJk = 1 for
J=1 2 3 L 5 6 7

i=1 k=2,7 3,1 b2 5,3 6,4 7,5 1,6
2 3,6 b,7 5,1 6,2 7,3 1,k 2,5
3 4,5 5,6 6,7 7,1 1,2 2,3 3,4

We observe first that H31 (=Hi3) is the incidence matrix for a certain

2 2
pxmn
BIB design. This makes it easy to calculate the error s.s. and the

estimates of the functions (2.1.29)., Design 22 also has some other



desirable properties:
Bp = 2 Jpp
313 = 2 J13
B3 =93 - 13 -

Because of these relations, it will be fairly simple to evaluate

2
hle

computed by first getting 8512, the error s.s. under the model

Sila (2.1.26) as well as the s.s.'s (2.1.30). S is of course

(2.1.25) /i.e., the model (1.3.1-1.3.2) /.
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Design 22 was constructed by first selecting the first column

(J=1) eppropriately, and then using this first column to generate

the rest of the design. Note that the differences (mod 7T) between

the three pairs appearing in the first column are

2-T=2 T-2=5
36l 6-3=3
ho5=6 5-b=1

i.e., each of the numbers 1,2,...,6 15 represented exactly once.

This ensures that H . will be a matrix of BIB structure.

3l
2 h 3
Design 23. =T, =8, p=8, h=168, n =105, =58 -

hijk = 1 for
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J=1 2 3 L 5 6 T 8

i=1 k=1,2,3 2,3,4 3,4,,5 L4,5,6 5,6,7 6,7,8 T,8,1 8,1,2
h’5,7 5)6’8 6!7’1 7’8’2 811,5 lie)h 2)5}5 3’h}6
155}6 2)697 3’7)8 h)a}l 5’1)2 6’215 735’h 8)”’5

h’7’8 5,8’l 6’1’2 7,2,3 8,3,& 1’h’5 2’5,6 3’6,7

2)h,6 315,7 u’s’a 5,7’1 6,8’2 73133 8}2)h 153,5

2
3
4
5 2,3,8 3,4,1 kL,5,2 5,6,3 6,7,4 7,8,5 8,1,6 1,2,7
6
7 1,3,6 2,k,7 3,5,8 4,6,1 5,7,2 6,8,5 7,1,k 8,2,5

Observe that H

31 is the incidence matrix of o BIB design:

1 "1
I TR 33

The relations

Byjp =3 J55
and 315 = 3 J15

also help to simplify the analysis. The marginal matrix H2 does not

3
have too complicated a form, since it is patterned after the incidence
matrix of a PBIB design with two assoclate classes ZTh, p. 185, Design
R5 7.

Design 23, like Design 22, was constructed by choosing the
firgt colunn (Jj=1) in a certain manner, and then using this first
column to generate the rest of the design. The first columnof Design

23 consists of 7 triplets. From each of these triplets exactly 6

different ordered pairs of numbers can be chosen; this makes a totsl
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of (6xT7=42) ordéred pairs altegether. If we find the difference
(mod 8) between each of these ko ordered pairs of numbers, it will
turn out that, among the resulting set of 42 differences, each of
the numbers 1,2,...,7 is represented exactly 6 times. This is what
ensures that H31 is a matrix of BIB structure.

Note alsi thet the numbers 5, 7, and 8 each appear twice in
the first column (J=1), while the remaining values of k (1,2,3,k,
and 6) each appear three times, This fact results in H23 having a
PBIB-type pattern as mentioned sbove.

Designs 24 and 25, which we are sbout to present, are suitable
to use when the experimental situation‘is such that there are a
fairly large number of levels of both the J-factor and the K-factor.
Both of these designs are based on duplicate bridge movements.

h 1

Design 24, m=5, n=19, p=20, h=380, ne=266, A

Design plan: Given in Beynon Zfé, p.72:7. Beynon's table
should be interpreted in the following way in order to get the
plan for Design 24. The 19 rows of the table represent the 19
levels of the J-factor. Each row in the table is divided into
5 groups of 4 numbers each, and theseA5 groups represent the 5
levels of the I-factor. The numbers appearing in the body of
the table represent the levels of the K-factor. For each of
the 95 possible combinations of values of J and i, there are
4 values of k, indicated by the table, for which hiJk =1,

The various column headings appearing in the table should be
ignored.
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Design 24 has the following properties which simplify the enalysis:

H H%5 =3 J33 + 16 135

33

Bp =4

23 = J23

BB 088y, v+ b1,

E

Since the design plans for both Deslgn 24 and Design 25 are
presented in full as duplicate bridge movements in Beynon's book,
they have not been re-copied here. Beynon also indicates briefly
the general technique used in constructing these two designs ZTE,
pp. T0-T1, section entitled "Prime Numbers“;7. This same technique,
appropriately modified, can be used to construct a number of other
designs suitable for the model (2.1.23), a few of which (1ike De-
signe 24 and 25) are given as duplicate bridge movements in [2].

It may be that Designé 24 and 25 (the latter of which we are
about to present) can be improved upon, particularly if the estima~
tion of the fij.'s’ £...'8s and f'j.'s (2.1.é9) is g major aim of
the experiment. It is not known whether a slightly different method
of constructing these two designs would result in generally more

efficient estimation of the fi:.:s,i‘i”'s, and f.J.'s.

We now turn to Design 25, our last example design for the

model (2.1.23):
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Design 25. =6, n=2%, p=25, h=600, ng =426, h gﬁ .

Design plan: Given in Beynon /2, pp. 71&-75 /. Beynon's
teble should be interpreted in the following way in order to
get the plan for Design 25. The 25 rYows of the table represent
the 25 levels of the J-factor. Each row in the table is di-
vided into 6 groups of 4 numbers each (plus a 25th number at
the end of the row which should te ignored); these 6 groups
represent the 6 levels of the I-factor. The numbers appearing
4in the body of the table represent the levels of the K-factor.
For each of the 150 possible combinations of values of j and i,
there are 4 values of k, indicated by the table, for which hijkgl‘
The various column headings appearing in the table should be

ignored.
Design 25 has the following properties which simplify the analysis:

=3 J,,+ 2L 1
53

H3l

5 5 33

33

=h.Jl

Hio 2

Hys=b Jy5
Hpg Hyp = Hyp Hpz = 23 Jpp + Ipp -
For the model (2.1.32) we will present one example design:

. h 1
Design 26. m=T, n=2, p=T, q=8, b=56, =29, = 1%

Design plen: Seme as for Design 7, except thet the "i,"
"j," and "k" appearing in Design T should now be replaced

respectively by "k," "¢" and "1,3J". The new "i" runs from






