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1. INTRODUC TION

The subject of estimating variance components in
unbalanced designs has generated considerable discussions in
the literature. However, little research has been done in
the area of testing variance components. The main problems

concerning variance component testing in unbalanced designs

are:

1. The mean squares in the analysis of variance table,
with the exception of error mean square, do not have
chi-square distributions in general.

2. The mean squares are not in general mutually
independent.

3. It is unlikely to find a pair of mean-squares which
have the same expected values under the null

hypotheses usually postulated.

Therefore, an exact F test is not usually available for the
unbalanced designs. There are, however, several procedures
which suggest approximate F +tests. The commonly wused
procedures are based on the synthesis of mean square
technique introduced by Satterthwaite [1941 and 1946]. In
these procedures, the nonindependence and nonchi-squareness
0of the mean squares are ignored and a synthetic, approximate
P <test 1is performed by constructing a numerator mean

square {(MSN) and a denominator mean square (MSD) using
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single or linear combinations of the mean squares from the
analysis of variance table so that both MSN and MSD have the‘
same expected values under the null hypothesis being tested.

A linear combination of mean squares is assumed to have
approximately a chi-square distribution with its degrees of
freedom computed by +the Satterthwaite's formula. An
approximate F statistic is then obtained as the ratio of MSN
to MSD. It is assumed to follow approximately an P
distribution with the two computed degrees of freedom.
Numerous tests based on different linear combinations of
mean squares from different types of analyses can be found

in this fashion.

A conventional P test involving the ratio of two mean
squares can bpe used as an aljsernative %o the synthetic P
test mentioned above, provided that their expected values‘

under the null hypothesis are only slightly different.

The analysis of unweighted means provides another
alternative to the synthetic F test. The cell mean of each
subclass is considered as the only observation in the cell,
and the mean squares are computed as 1if the data were
balanced. The computations involved are very simple, and
for the two-way crossed designs, there 1is no need to
synthesize mean squares because the appropriate numerator
and denominator mean squares have the same expected values

under the null hypothesis.
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The approximate F statistic does not usually follow the F
distribution for obvious reasons. Attempts to find +the
exact distribution of this statistic were successful.only

under limited conditions.

The purpose of +this research is to <find a more
generalized expression for the exact distribution of <the
approximate F statistic, to evaluate the performances of the
various approximate F tests under different conditions, and

to provide guidelines for choice among these procedures.

We will confine our efforts to the random, unbalanced,
two-way crossed designs with no missing cell, and to avoid
complications, to the linear combinations of mean squares

with positive coefficients.

Chapter 3 reviews the sums of squares, the estimable
functions and the hypotheses associated with three different

typres of analyses.

Chapter 4 describes Satterthwaite's formula and seven
test procedures that are based on different linear
combinations of mean squares. The performances of <these

test procedures are evaluated in Chapter 6.

Chapter 5 deals with the distributional aspects of the
approximate F statistic. PFirst, we derive the distribution

of a quadratic form in normal variates. Then, the

distribution of the ratio of two independent quadratic forms
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is obtained. Finally, the distribution of the approximate F

statistic is derived. .

The evaluation of the performances of}the test procedures
is treated in Chapter 6. FPifteen two-way designs -with
different dimensions and cell frequencies are selected, nine
different combinations of values for the variance components
are used, and the power functions of each test procedure is

computed at three different significance levels.

Chapter 7 provides a summary of this study and some

suggestions for future research.



2. REVIEW OF LITERATURE

When %testing variance components in a random model with
unbalanced data, the exact P test in the form of a ratio of
two independent mean squares does not usually exist.
Nevertheless, we can always find a ratio of two 1linear
combinations of mean squares as an approximation to the
exact F statistic using the synthesis of mean square
technique. This technique was first introduced by
Satterthwaite [1941 and 1946], who showed that a 1linear
ccmbination of mean squares can be approximated by a chi-
square variate whose degrees of freedom is a function of the
expected values and degrees of freedom of the component mean
squares. This technique was later employed in computing
synthetic or approximate F statistic Dby synthesizing
numerator and denominator mean squares (see Searle [1971] ).
Howe and Myers [1970] suggested an approximate F test which
involves a single mean square in the numerator and a2 linear
combination of mean squares in the denominator. Gaylor and
Hopper [1969] investigated  the performance of the
Satterthwaite's formula when some of the coefficients in the
linear combination of mean squares are negative. Hudson and
Krutchkoff [1968] studied the sizes and powers of
approximate F +tests which involve addition as well as

subtraction of mean squares.

Tietjen [1974] showed that if the expected values of two
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mean squares from an unbalanced design are reasonably close.
to each other wunder +the null hypothesis, +then the
conventional P test provided by the ratio of these two mean

squares may be more favorable than the synthetic F test.

The analysis of unweighted means was first introduced by
Yates [1934] for its simplicity in computation. Gosslee and
Iucas [1965] used it in testing hypothesis for two way fixed
model. Hirotsu [1968] and Webster [1968] extended it to
testing varince components in random model. Their results
indicated that the approximate I statistic obtained in this

analysis follows the F distribution very closely.

All of +the approximate F statistics in these test
procedures involve ratios of correlated quadratic forms
which are not distributed as chi-square variates in general.‘
Cochran [1934] showed that these quadratic forms, by way of
orthogonal transformations, can be expressed as linear
combinations of 1independent chi-square random variates.
Box [1954] showed that the ratio of two quadratic forms can
be +transformed into a ratio of +two independent 1linear
combinations of chi-square random variates, and that <the
exact distribution of this ratio iz 2 finite series for some
limited cases. It can be shown that the exact distribution
function of this ratio is an infinite weighted sum of 7
distribution functions as suggested by Robbins and

Pitman [1949] and Laha [1954]. .



3. THE ANALYSIS

3.1 The Model

Consider the random model:

Y=-'Xo,43,o-l-.lz< X;8; + e (3.1)
i=1
where
Y is an nx! vector of observations,
Xo is an nx! vector of 1's,
X (i=1,2,...,k) are nxm; known matrices,
Bo is an unknown constant,
each Bi (i=1,2,...,k), representing the ith  random
effect, is an mix1 vector of uncorrelated random
variates assumed to be distributed as N(O, ci Imi),
B4 s B3 (ixj) and e are independent of each other, and
e iIs an nx! vector of uncorrelated random variates
assumed to be distributed as N(O, ci In)‘
Thus, ¥ is distributed as N(xogo, V), where

2

k Vo
V= i :\i‘{i Ui + I o‘e

i=1
This model can also be represented in matrix form as:
YT =X8 +e (3.2)

where



Xs[XOIX}_[...ka] (3-3).
and
-Eg.
g = |2 (3.4)
5

3.2 The Sum of Squares and Its Expected Value

The usual way of computing the sum of squares in a random
model is to treat B8 as if it were fixed, and compute the
quadratic function of Y associated with testing a linear

function LB, where
L = [LOILl[ ...!Lk] . (3-5)‘

The column dimension of L is the same as that of X in
equation (3.3), and it has a row rank of ny. Then the sum

of squares corresponding to testing (H.: LB=0) is:

o
SSL = (Lb) "(L(X'D) L)L (Lb) - (3.8)

where
b = (X'X)°X'Y

and (X'X)~ is a generalized inverse of X'X.

It is obvious that SSL is a quadratic form in Y:

SSL = ¥'X(X'®)L'(LEX'®D LY L@ TRy 5.1¢@
= ¥QY,



and the matrix of quadratic form is:

Q = X(X'X) L' (LE'D LY x| (3.8)

Thus the expected value of SSIL is:

E(SSL) = E(Y'QY) K '
- BOX;QXOBO + iil tr(XiQXi)cl.z_ + tr(Q)cg . (3.9)

The corresponding mean square, MSL, and its expected value
can then be obtained by dividing SSL and E(SSL) by the

degrees of freedom ny .

Goodnight and Speed [1978] developed the following
theorem to compute the expected value of SSL when LB is an

estimable function.

Thecrem 2.2.1 If L is from the row space of X with full row

rank ny, and SSL is defined as in equation (3.7), then there
exists a matrix C = [CO[CII,,, }ck] of the same dimensions

as L, such that

(a) C = (U')'lL

-

It = o 2 2
(b)  E(SSL) = 8,C,C3,+ 5 55Q(C;)a’ + nyos (3.10)

where U is the upver triangle of the Cholesky Decomposition
of L(X'X)-L', and SSQ(Ci) is the sum of squares of the

elements of the Ci submatrix.

The proof of +the +theorem 1is given below so that
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intermediate results may be used later: ‘

If L is in the row space of X, then
L=LE'X°XX
or = [ - 4 (3-11)
Li L(X'X) X Xi ]

Substituting equation (3.11) into equation (3.8), we have

! :' 1"v"1
xiQXi Li(L(X H LY Li . (3.12)

This is a submatrix of L'(L(X'X)'L')'IL,
If we form the matrix

[L(X'XY) L' L] (3.13)

and perform the Cholesky Decomposition on the left hand
matrix, then it becomes [U|C] where U is the upper

triangular matrix such that

U'U = ('YL,
Thus
c=(u) iy
and
C'C =L (LX) L) Ly |

It follows from equation (3.12) *hat

XiQXi = Cici for 1 =1, 2, ..., &
and
! 1 k 1 2 2
E(SSL) = SOCOCOBo + iEl t:r(CiCi)ci - tr(Q)ce

: ®

= 3,C_C3,+ I $SQ(C )07 + 2,0

m o
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As can be seen from inspection of equation (3.10), a
direct consequence of this theorem is that if any submatrix

L: of L is zero, then the expected value of SSL will not

1
involve the ith effect.

3.3 The Type II Analysis

This Analysis is based on the type II estimable function

of SAS-GIM procedure (see SAS User's Guide, 1979 edition).

Por the two-way classification, the model in equation

(3.1) can be rewritten as:

= (3.14)
where i=1,2,...,a , j=1,2,...,b,
k=1,2,.. ,nij H and

n; ;>0 is the number of observations in the (i,j)%h cell,
u is a constant,
Ay Bj’ Yij and eijk are row, column, interaction effects

and random error. They are independent random variates from

normal populations with zero means and variances ci, J%, ciB
and di respectively.
The type II estimable function for row effect A is:
-¢1 -
2}
?2-1
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where
5. = b c a n,.my
Lt et - F T s
a
and ay = oy (see Searle [1971] p.304).
) 1-1 3

L, can also be obtained from the associated rows of the
Forward Doolittle of X'X for the model which has Dbeen
rearranged so that all effects which do not contain A (i.e.
column effect B) are put before A. The columns of L2 are
then rearranged back to the original order (see

Goodnight [1980])

The corresponding sum of squares

SSAZ =- SS(HO:LZB = Q)

is equivalent to R(A|u,B), the reduction in total sum of

squares due to fitting A after u and B.

The type Il estimable function for the interaction effect

AB is:
¥
12
Lig8 = | . for N L.2, » a-1 (3.16)
‘J.J J = 112) B b‘l
] @
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where
1.”00 = . o - o9 -
1] YlJ Tib Ya.j T Yapb

Notice that wij involves only the interaction effects. The

corresponding sum of squares

SSAB = SS(HO:LABB = Q)

is equivalent to R(AB|u, A, B), the reduction in total sum

of squares due to fitting AB after u, A, and B.

The matrices of quadratic form and the expected values of
SSA, and SSAB can be computed using equations (3.8) and

(3.10).

3.4 The Type III Analysis

This analysis is based on the type III estimable function
of SAS-GIM procedure. It is the same as the ¢type 1II
estimable function for the balanced design. For two-way
classification, the type III estimable function for row

effect, A, is:

-¢l -
)
L33 = - (3.17)
7a-1
L o
where
e A C R ?a.)
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and

<4
]
Lo ol

b
T Y.
j=] IJ

Notice that 9. does not involve the column effect and it is
independent of the cell frequencies, nij's. The

corresponding sum of squares
SSA3 = SS(HO:L38 = Q)

and its expected value can be computed using equations (3.7)

and (3.10).

The type III estimable function for the interaction

effect, SSAB, is the same as that of type II analysis.
The error sum of squares, SSE, is: "
Y (I-X(X'X)-X")Y
for both type II and type III analyses.

It can be shown that the type III estimable function for

A in equation (3.17) is orthogonal to the type II estimable

function for AB in equation (3.16).

SSA2 and SSA3, the sums of squares for A in type II and
type III analyses, are usually different from each other.
However, it can be shown that if every cell in each row has
the same number of observations (the number may be diffvrent.

in different rows), then *he hypothesis (Ho: L25=O) can be
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reduced to (HO: L33=O), and the two types of sum of squares

will be equal.

3.5 The Unweighted Mean Analysis

The Unweighted Mean Analysis was first introduced by
Yateé [1934] as a simple analysis. The mean of each cell is
treated as the only observation in the cell, and a balanced
analysis of variance is performed as if there was one
observation per cell. later Gosslee and ILucas [1965],
Hirutsu [1968], Webster [1968], and ILevy, Narula and

Abrami [1975] extended its use to testing of hypothesis.

Por the model in equation (3.3), we define the mean of

the (i,j)Th cell as:
. .
. ;J yijk

X,. = v,

1]

fwr

and the means of x.:I as:

- b x a x;
i x; =z L x,= ¢ =il
j.l b ’ J {=1 a ,
b x , a x,
X = § =l = 7 f&;
R L j=1 2

In addition, let H be the harmonic mean of 211 cell

frequencies and

% = x L 3 7 1 (3.18)

(see Searle [1971] p.366).
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The sums of squares for row and interaction effects are:
SS b g 2
A = T (x; -x )
u f=l] E- T

a
b I if_ - ab 72

a b vy..
1 (r FhHo2.
i=1 j=1 “ij 1=l j=1 ™ij
= Y'(Ql - Q4)Y

= ¥'Q,Y

1 -
Lany
{9}
1 0
ﬁl:4
'-‘.
<
N

and

a b : 2
SSAB = Z Z X.. - -u - X . + X
u i=1 J=1 ( 1] xl. x._] x..)

a b b
= I f x,,-a ¢ x° -b £ x
jml jal =J jal - jw] -

= ¥'(Q3 - Q - Qp + QY
= Y'QABY

such that

Y'QlY = % g (¢ .ii;)‘

(3.19)

where




o )
841 By A1
A 5}].'_2 Ri2 'ALZ'
1 : Ay ;
L1 “1p
("ib PBip | ¢
and 1ni' is an (nijx1) vector of 1's;
i
’ a y..
T'Q¥ =z £ (f ily?
=1 i=1 Bij
= = BB'
where
B = (3,13, ,
511
B
B, = 31p
3
21 M
. 3 =‘l if
: 3 L0
Bab
: (Ziis
Y'Q.Y = I :
3 nij

j=x
j#K

17

(3.20)

(%3.21)



where

and

where

) .
Al
412
- A
13
L Aab - y

a b

vQr et (1§ il

i=l j=l P43

L e
‘:B.DD
r ha
Ayq
A
12
D=|,-
Ay

Notice that if we form the matrix

U = [D|A|B|C]

(%.22)

and the matrix X in equation {%.2) is partitioned as:

X = [X,]%) /X, X,q]

X1, Xz, and X3 correspond

to the mean,

row,

‘18 ¢
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column, and interaction effects, then U will be identical to

X if we change the values of all its non-zero elements to 1.

The expected values of SSAu and SSABu can be coﬁputed
using equation (3.9). But, before we do that, we need to

compute

:r'(X;_QAXi) - (X (— -2 ]

1 DAt L /v nn
- ; tr(XiAA Xi) ~ 36 t-(XiDD Xi)
- Lssqia) - L ssqx.D)
5 i ab i (3.23)
Similarly,
“wn ' = ' 1 ' "
- Lssqex.B) + L $SQ(X.D) (3.24)
a i ao i . )
It can be shown that
] ] t
OA = b la ’ XlA = b-xa ’
XOB = a-lb ’ XIB = Jab ’
' ' t a.+ t
D= a | XD=bDb'1, , (3.25)
' , a
XoA = J_. Xa =2 I
= ab ’ 3 ]_al b ’

Iy X3 = 1,@1,
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XpC = 1, @ L, X3C = I

!

XzD "a'lb X3D = lab

where

-~ -l - -
L "
St a Ly L,L®I, = I,
RN A ® Iy b
i=] . —
f—
lb i b.

- . ’ ]

1y is a (bx1) vector of 1's,

Ib is an identity matrix of order b, and

Jg,p 18 2an (axb) matrix of 1's.

Substituting equation (3.25) 1into equations (3.23) and.

(3.9), we get

2(SS4y) = (a-Limy of + (a-1) a5 + (a-1ybo?

Similarly,

2

E(SSaB,) = (a-1)(b-L)ny o2 + (a-1) (b-1) o

The =xpected mean squares can be obtained by dividing the
expected sums of squares vy their respective degrees of

freedom.

The fact that the expected mean squares of A and AB ame‘.
2
identical when :7§ is equal %o zero makes this analysis even

more attractive when the design is unbalanced.
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4. THE TEST PROCEDURES

4.1 Introduction

In this Chapter, we will discuss seven test procedures
which will be evaluated by their performances on a selected
set of designs based on the model in equation (3.14). The
null hypothesis, which we will refer to0 hereafter, 1is

2
(HO: GA.=O).

In each procedure, the numerator and denominator mean
squares (MSN and MSD) are constructed using one or two mean

squares in the form of
MS = T-MS1 + (1-T)-:MS2 : (4.1)

whers C £ T < 1. The corresponding degrees of freedom (DFN
and DFD) are computed by *he Satterthwaite's formula (see
Satterthwaite [1941 and 1946]).

Thus the degrees of freedom for the MS in equation (4.1) is:

(2Ms) 2

(T-EMs1?  [(1-1)-EM52]3 (4.2)
dl B d2

£ =

where T, d1, d2, and EMS, EMS1, IMS2 are *the degrees of
freedom and the expected values of MS, MSt, MS2,

respectively. Notice +that ZMS, EMS1 and EMSZ2 are unknown
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quantities in practice; therefore, they will be replaced by.

their observed values.

An approximate F statistic is then computed as

. o MSN
F' = w0

This statistic 1is assumed to have approximately an F
distribution with DFN and DFD degrees of freedom. Once the
statistics F', DFN, and DFD are known, we will follow the
usual procedure. That 1is, the null hypothesis will be
. . v s » .
rejected if P is greater than FpPN, DFD 0 at a given

significance level a.

The degrees of freedom and the expected values of mean
squares are shown in Table 4.1 where Ki, K2, K3, K4, and X5
are the sums of squares of different submatrices Cis defined‘
in equation (3.10), and ny is the reciprocal of the harmonic
mean of the cell frequencies defined in equation (3.18).
Only the mean squares needed for testing the null hypothesis

are shown here.
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Table 4.1 The Degrees of Freedom and Expected Values of Mean

Squares for model (3.14).

(a) The Type II Analysis

Mean Square D.F. Expected Mean Square
2 2 2

MSA2 a~-1 K1 g, + K2 Oap + Gez
MSAB (a=1)(b=1) K3 o2 + 9
MSE n-ab ci

~(b) The Type III Analysis

Mean Sguare D.F. Expected Mean Square
2 2 2

MSA.5 a-1 K4 oy + K50, + 0’3
MSAB (a=1)(b=1) K3 °§B + g
MSE n-ab cz

(¢) The Unweighted Mean Analysis

Mean Square D.F. Expected Mean Square
2 2 2
MSAu a-1 b oy + SN + 10,0
2
I"[SABu (a=1)(b=1) GAB + my Te
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4.2 Procedure A

This procedure is based on the Type II Analysis.

_ K2 1
(1). Let T= 3% , S= .

(2). If T>1 then
MSN:S‘MSA2 + (1-~S)*MSE , MSD=MSAB,

DFN is given by (4.2) , DFD=(a-1)(b=1);
otherwise
MSN:MSA2 , MSD=T-MSAB + (1-T)-MSE,
DFN=(a-1) , DFD is given by (4.2).
4.3 Procedure B .

This procedure involves the conventional F test based on
the mean squares from the Type II Analysis.
MSN:MSA2 s MSD=MSAB,
DFN=(a-1) , DFD=(a-1)(b=1).

4.4 Procedure C

This procedure is based on the Type III Analysis.

(1). Let T:% . S= = .

(2). If T>1 then
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MSN=S'MSAs + (1-8)-MSE  ,  MSD=MSAB,

DFN is given by (4.2) , DFD=(a-1)(b-1);
otherwise

MSN=MSA 5 ,  MSD=T-MSAB + (1-T)-MSE,

DFN=(a-1) , DFD is given by (4.2).

4.5 Procedure D

This procedure involves the conventional F test based on
the Mean squares from the Type III Analysis.
MSN:MSA3 , MSD=MSAB,
DFN=(a-1) , DFD=(a-1)(b~1).

4.6 Procedure E

This procedure involves both type II and +type III
analyses. MSN is constructed as a linear combination of
MSA2 and MSA3. However, it is meaningless to do so unless
K2 is not equal to K5 and the value of K3 lies between that
of K2 and XS5.

(1). Let T= :‘{SZKE
(2). MSN=T-MSA, + (1-T)-MSA; ,  MSD=MSAB,

DFN is given by (4.2) , DFD=(a-1)(b-1).
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4.7 Procedure F

This procedure is a modified version of procedure E. MSN
is constructed the same way as it is done in procedure E.
But instead of computing DFN from equation (4.2), we simply

use the degrees of freedom for A.
(1). Let T:%

(2). MSN=T-MSA, + (1-T)°MSA3 , MSD=MSAB,
DFN=(a-1) , DFD=(a-1)(b-1).

ol

4.8 Procedure G

This procedure is based on the Unweighted Mean Analysis.
MSN=MSA, ,  MSD=MSAB,, .
DFN=(a-1) , DFD=(a-1)(b=-1).
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5. DISTRIBUTION OF APPROXIMATE F STATISTICS

In Chapter 4, we have discussed the various ways to
construct MSN and MSD using linear combinations of the mean
squares from three types of analyses. Since these mean
squares are quadratic forms in Y, MSN and MSD, being linear
combinations of mean squares, are also quadratic forms in Y.
However, in the unbalanced designs, MSN and MSD are not
usually independent, nor do they have chi-square
distributions. Therefore, the test statistic F', the ratio
cf two correlated quadratic forms, could not follow an F

distribution.

In this Chapter, we will show thét the exact distribution
of F' is actually an infinite weighted sum of F distribution

functions.

5.1 Distribution of Quadratic Porms

We know that the mean squares from the unbalanced designs
do not, 1in general, have chi-square distributions. The
following theorems will show the exact distribution of the

individual or linear combinations of the mean squares.

Definition 5.1.1 If Y is distributed as N(Xou, V), then the

quadratic form Y'AY is said to be translation invariant if

, * *
Y'AY = (¥ - Xy ) TA (Y-Kou )
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: %*
for any arbitrary u . This is equivalent to the restriction

1]
on A that XOAXO=O.

Theorem 5.1.1 If Y is distributed as N(O,V), and A is

any real symmetric matrix of rank r, then Y'AY 1is
T

distributed as W = ¢ AyZ4 where zi(i = 1,2, ..., ) are
i=l

independent, central chi-square random variates each with 1
degree of freedom, and li (i =1, 2, ..., r) are the real
non-zero eigenvalues of +the matrix product VA (see

Cochran [1934] and Ruben [1962]).

Procof: This is achieved by the linear transformation
Y=LPX

where L is the lower triangular matrix such that .
Vv=LL',

and P is the orthogonal matrix of the eigenvectors of L'AL

such that
P'L'ALP=D

where D is the diagonal matrix of eigenvalues of 1'AL, or

equivalently of VA, and ;s are the diagonal =lements of D.
P

Thus Y'AY is distributed like W = El /\ixz% where x; are
independent unit normal (N¥(0,1)) variates. This implies that
Y'AY is distributed 1like W o= § kizi where zZ; are.
independent chi-square variates ;:gh with 1 degree of

‘freedom.
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Corollary 5.1.1 If Y is distributed as N(Xou, V), and A
is any real symmetric matrix of rank r such that Y'AY is
translation invariant, then Y'AY is distributed as

r
W= . X;2, where 2, (L =1, 2, ..., r) are independent,
j=1 L1 i
central vchi-square random variates each with 1 degree of
freedom, and Ai (i =1, 2, ..., ) are the real non-zero

eigenvalues of AV.

Corollary 5.1.2 1If the matrix product AV in the above

corollary has m distinct eigenvalues each with multiplicity

rj such'that Ty +To+e . +T =T, then Y'AY is distributed as
; o
W = L A;X, where x. are independent, central chi-square
j=1 J .
random variates each with rj degrees of freedom.

Theorem 5.1.2 If Y is distributed as N(Xou, V), then any

.

mean square from the type II or type III analysis is

distributed as W= £ .z, where z, (i =1, 2, ..., r)are
jm=] L1 i

independent, central chi-square random variates each with 1

degree of freedom, and A; (L =1, 2, ..., r) are the

eigenvalues of the matrix product VA for some matrix A.

Proor: Since any mean square from the *ype II or type III
analysis is a quadratic form Y'QY with Q defined by (3.8),
and it is associated with an estimable function L8 where L
is in fthe row space of X with row rank Ny, 2ll we need %o
show is that Y'QY is +ranslation invariant, i.e.,XéAXO=O.

From equation (3.11), we have
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L(X'X)~X'X =L, (5.1) ®
=0

since the estimable functions from type II or type III
analysis do not involve the mean u. Combining equations

(3.8) and (5.1), we get

Q% = X(X'®) L' (L(X'D L' )’chx ) "K'K,
= X(X'D) L (LX) L) "
= 0

O

Thus XéAXO=O. This is also true when MS is MSE, the error
mean square. Therefore, type II and III mean squares are

not only translation invariant, but are also distributed as
T

W= zl kizi according to Corollary 5.1.1
i=

Theorem 5.1.3 If Y is distributed as N(:ou, V), then any.

mean square from the unweighted mean analysis with r degrees
T

of freedom is distributed as W = 'Xl kizi where
z; (i =1, 2, ..., r) are independent, cengi;l chi-square
random variates with 1 degree of freedomn, and
Xi(i = 1,2, ..., r) are non-zero eigenvalues of the matrix

producs VQ for some matrix Q.

Proof: Here, mean squares o0f interest are MSAu and MSABu.

Recall that

1
MSAu = T SSAu

=t 7'(0; - QY

1
a
L ¢
= o7 T'QuY
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and
MSAB . = 1 SSAB
% (a-1) (b-1) @
1 '
- Y (Q3 - Ql - QZ + Qa)Y

(a-1) (b-1)

L .
= @D -1 T'QpY

where Qq, Qo, Q3 and Q, are defined in equations (%3.19),
(3.20), (3.21) and (3.22), respectively. We only have to
show that Y'QAY and Y'QABY are translation invariant, i.e.,
X;QABXC,:}(;QAXO:O. It can be shown that if X, is an . nxf

vector of 1's, then

A1
A

12
Xy = X, = QyX, = QX , =D = | A
A21

Aab

where D is defined in equation (3.22). Thus

Uiy = Q- WX,
=0

and
QABXO = <Q3 - Ql - Q2 + Q4>KO
= (
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Therefore, Y'QAY and Y'QABY are translation invariant and,
according to Corollary 5.1.2, MSA, and MSAB, are
distributed as linear combination of independent, central

chi-square random variates.

Theorems 5.1.2 and 5.1.3 have shown that any mean square
in Table 4.1.1 is distributed as a linear combination of
independent, central chi-square random variates each with 1
degree of freedom. Since the MSN and MSD constructed in
Chapter 4 are linear combinations of these mean squares,
they are also distributed as 1linear combinations of

independent, central chi-square random variates.

We now proceed to find the distributions of 1inear‘
combinations of independent, central chi-square random
variates. Robbins and Pitman [1949] used the characteristic
functions of chi-square variates to show +hat the
distribution function of a linear combination of
independent, central chi-square random variates is an
infinite weighted sum of chi-square disftribution func*ions.

A similar result was obtained oy Laha [1954] using <he

distribution of Bessel functions.

Theorem 5.1.4 The Adistribution Ffunction of a linear

combination of independent, central chi-square random
variates with positive coefficients is an infinite weighted .

sum of chi-square distrivbution functions.
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Proof: IlLet
11=A(Alxl + Azxz + ... + Amxm)

where xj (j =1, 2, ... m) are independent, central chi-

square random variates each with fi degrees of freedom such
m

that ¢ £, = M, and without loss of generality, we can
l.l

assum% that

l < Xl < AZ < < Am
Let
£ m
P; 2 and jEl P 2

Since xj is a chi-square variate, 1its characteristic

function is:

6o () = (L - 2ig) 3
J

Thus the characteristic function of % is:

1 i “F3 (5.2)
b7, (8) = jgl (L - 243;0) .2)

m “P
= T [A(L-2i8) - (A, = 1] 3
j=1 !
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m -P; -p., ® Aps+L) ... (ps+k, -1
- UL T2 AP TRE NS RS AL (py*y-1)
j=1 J kj.Q Ryl
k. k.
(1 - 3 - 2ae) 37
b
m ® -p, L) .. L (patk, -
= 1 : xij'EleJ Do (py+ey-b)
jml k.=
h ] Q kj!
k. -(p,+k.)
(1 - d@ -2 43
; )
Letting
-p. Pi(Pi+l) ... (pitk,=1) k
—_— WhE IS Ak i M S R T (5.3)
Jj.x, J o 1 . s
J ‘j' J ‘
and
& ]
ag = z I oa; (5.4)
ke +. .+ = K j=l 3Ky ,
we have
m @ ~(p.+k.)

3 ,.(c) = 1 [ £ a, (L - 2ig) 3 4
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I %= i . (5.5)

This is a linear combination of the characteristic functions
0of chi-square variates whose degrees of freedom are M+2K

where K=0,1,..., respectively. It follows that
u -]
Pr(= < w) = ¢ F (w) (5.6)
A K= *k “M+2K

where FM+2K( ) is the distribution function of a chi-square

variate with M+2K degrees of freedom. Letting v=Aw, we have

= - v
Pr(u < v) kEO P2z (P (5.7)

If we let %=0 in equations (5.2) andi (5.5) , we get

1 8

t

; - 1 (5.8)
g=0 K '

I% can also be shown that

™~ 8

a.,&, = L
k_‘ao J ]

th
o
3]
| -
[}

.——l

~
H

«

This implies that the infinite sum in equation {(5.7) is less
or 2qual to 1. Thus, the distribpution function of 2 linear
combination of independent, <central chi-square random

variates is an infinite weighted sum of chi-square

distribution functions as given in equation (5.7).
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5.2 Distribution of The Ratio of Two Independent Quadratic .

Forms

In +this section, we are interested‘ in finding the
distribution of the ratio of two independent quadratic forms
which do not have chi-square distributions. We will limit
our discussions to quadratic forms that are non-negative
definite and translation invariant. It has been shown, in
the previous section, that a quadratic form is distributed
as a linear combination of independent chi-square variates.
Therefore, the ratio of two independent quadratic forms can

be considered as the ratio of two linear combinations of

independent chi-square variates.

Theorem 5.2.1 The distribution function of the ratio of two

linear combinations of 1independent, central chi-squame"
random variates with positive coefficients is an infinite

weighted sum of F distribution functions.

Proof: Let
_ llxl + szz +- ...+ Amxm
Slzl + 5222 + ... + Enzn
where x; (i=1,2,...,m) and z; (j=1,2,...,n) are independent,

J
central chi-square random variates each with p; and gy

-3.

degrees of freedom, respectively, such that
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q.n . n
Ip, =M, I q, =N,
1=l j=1 J

)
and without loss of generality, we can assume that kis and

ajs are all greater than or equal to unity. Then, from

Theorem 5.1.4, the distribution functions of x and z are:

G = ; F (x)
(=) = Iy Rhex

and
[- -]

H(z) = I b,F (2)
| 1=g L ¥+2L

where ag and bL are defined as in equation (5.4). Let

ew = 4
R { —"' 1.:
Thus eldt - xlt- z ic Gt
We will first derive the distributiocn of w. Its

cnaracteristic function is:

5, () -L fo eIVt 4g(x) - dH(z)

- ag f T S -%x
= T M o ¥ X e dx

K=0 2' +X ™

2 r'(*-z'—«.-i()
® N 1
® b . +L-1 -=z
© I - L j; 2~it,Z e 2 dz
L=Q % +L
2 r(‘z +L)
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M N ,
© I (s +K+it) = b, I'(3 +L-it)
.z X7 S Y o
K=Q L=0

I3 +0) r(% +L)

Applying Fourier Transformation, we get the density function

of w as:

£(w) -2]'?_[ e'i"tqaw(t) de

- 2gby,
SR erd
. 21?‘/;:3-th I‘(%I +K+i:)-1"(§- +L-it)dtc (5.9)
Let
§+ L -it=-h . | @
Thus

it-§-+L+h

The integral in squation (5.9) can be written as:

N N .
-W(. +L) o =3 = Ldim ;
%‘:e z z e~Wh r<§+x+§+r_+h)-r<-h)dh

-% L =im

-w(¥ +1) (§ +R +5 +1)

= e (L +e™ 1‘(%+K+§2‘-+L) 27 .
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(see Whittaker and Watson [1927] p.289).

Substituting this into equation (5.9), we get

M N
-w(S+1L) -Erx+3+n)
2 +e ¥y 2 2 I%%+K+§+L)

I’(%— + K)- r(% + L)

Since e” = u and

ele
ﬁzd

the distribution of u is:

N
+L+1
® agby (%)Z
f(w) = ¢ i q
K,L=0 F+K+5+L
1+d -B(§+g,J+1)

where B(.,.) is the Beta function. Iet f1=M+2K and f2=N+2L,

then
fl -1
(2) T ayb ul
E(u) = z —
K,L=OaK L i St R
Z .,°L *2

The distributicn functicn of u becomes



s AO.
f . v

1
-1
® u T
u
F(u) = g E:O aKbL f ?]_'i'f-z du .
’ o £ £
(+) 2 BGE, B

£
Making the transformation ‘l-fé v, we have
2

N S
£ fl zZ T
?le (g;) v
: L dv
F(U) = z aKbLf T +F
K,L=0 © £, '1‘7—2 £, £,
Argw T B )
: E2 o
= Z b 'F 2 u
K,L:O aK L fl,J.z f-l-
> N+2L |
" < Eo %L Fveox,weon (IR W (5.10)@)

where FM+2K,N+2L( ) is the F distribution function with M+2K

and N+2L degrees of freedom.

Thus the distribution function of the ratio of two linear
combinations of independent, central chi-square random
variates with positive coefficients is an infinite weighted
sum of P distribution functions as given in equation (5.10).
This implies that the distribution function of the ratio of
two independent, non-negative definite and translation
invariant quadratic forms is 2lso an infinite weighted sum

®

-

of P distrivbution functions.
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5.3 The Exact Distribution of Approximate F Statistics

In Chapter 4, we have shown differenf ways to construct
the numerator and denominator mean squares, MSN and MSD,
which are quadratic forms in Y. Let

MSN=Y'AY
and
MSD=Y 'BY.

The approximate F statistic is the ratio

From the discussions in Chapter 3, we know that both MSN and
MSD, being linear combinations of mean squares with positive
coefficients, are non-negative definite and translation
invariant quadratic forms. In an unbalanced design, MSN and
MSD are not usually independent, nor do they have chi-square
distributions. Therefore, P! does not follow an P
distribution. Box [1954] showed that +the distribution
function of P' is a finite series if the multiplicity of
every distinct eigenvalue of VA and VB is even, (V is the
variance-covariance matrix of Y). This condition is seldom
satisfied in a typical unbalanced design. A  more

generalized distribution function is needed.

Given any value £>0,
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Pr(F' < £) = Pr [MSN < £]

= Pr [§;§§.s £]

= Pr [Y'(A - £:B)Y < 0]
= Pr (Y'QY < 0] | (5.11)

Since MSD is a linear combination of mean squares with
positive coefficients, we are sure that Y'BY is non-negative
definite; otherwise, equation (5.11) will not hold.
Furthermore, since MSN and MSD are both +translation
invariant, so is Y'QY. Applying Corollary 5.1.2, equation

(5.11) can be written as:

o+ '
Pr(F' < £) =Pr [ Z A, 2z, £ 0]
i=1 =~

[ jn} '
= Pr T A, 2, = . V.
ijal 0+ g=1 J 7

el

o '
I A; Z,
i=l = *
= Pr [ < 1] (5.12)
Z §; Vs
j=l J 73
where z, (L =1, 2, ..., m + 1) are indevendent, central

chi-square random variatss each with Py degrees of freedom,
1

ki (L =1, 2, ..., m+n) are the non-zero, distinct

aigenvalues of VQ such that

kl > KZ > ..o > A >0 > A, > > ... > A
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PptpPy ¥ *Pp =M Py T Ppe ¥ * Ppyn = 8
and
t '
sj.-lmﬁ-j' yj-zmj for j =1, 2, , o
Letting
A’Xm, gagl’
Y .
li'rzl fori =1, 2, , o, (5.13)
and
& .
Ej--g-lzl for j=1,2, ..., n , (5.14)

Pr(F' ¢ £) = Pr[——— < 1]

in
>y
[ o— |
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Applying theorem 5.2.1, we get

-

Pl’(F' < f) = z, LsO a-Kb * M‘FZK,N"]"ZL [%] (5-15)

where FM+2K,N+2L( ) is the P distribution function with M+2K
and N+2L degrees of freedom, and ays bL are defined as in

equation (5.4).

Thus the distribution function of F' is an infinite
weighted sum of F distribution function given in equation
(5.15). This result provides us with a powerful tool to

evaluate the test procedures under different conditions.

5.4 Computation of The Distribution Function

It is obvious that we cannot compute the probability iq‘.
equation (5.15) because it is a double infinite sum. If
this infinite sum is replaced by a finite sum with K, and L,
as the upper bound of X and L, respectively, then the

truncation error is:

Kl Ll
o0 L,O P ¢ Fwror, oL
£ Ll
N=-2L) %
- I ayby +Fyiow s E%q_,zyr] +
:{=Kl+l L=O K L %T'ZK,DI'PZL MATLN) A
? ; YT oriN2D) £,
220 Lal.+l XOL'TMs2x, vl TETR L s

1



- -]
Since g = ] and
K=Q =

Frgor  ¥+2L T

equation (5.16) becomes

) Ll @ =
Es L Ioaghy + I I 3Py
K=K1+l L=0 L K=Q L-Ll+l
=Ea (l-Eb)‘*'Eb
where
-] Kl
E =

z = 1] - z
a K=K, +1 *® k=0 K
and
@ L]_

EL= I b, =1 - £ b
° LeL+l L L=g L

Equation (5.17) ©provides the upper

£§§§§§§§] <1 for X, L =0, 1, 2,

45

(5.17)

the

truncation error due to revlacing the double infinite sum in

equation (5.15) with a finite sum. This

equation

is most

helpful when we want to find the upper bounds of X and L.
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If we choose K, and L, large enough such that the right
hand side of equation (5.17) is less than the predetermined

upper 1limit of +truncation error. Then equation (5.15)

becomes
SRS
] f‘ . (N‘FZL)
Pr(Fl < B = L 15 o Rk, warltemsx! | (5-18)

Notice that an F distribution function needs to be computed
for each term of the double sum. This can be very time
consuming. It can Dbe shown that by making the

transformation

the P distribution function in equation (5.18) can be

replaced by an Incomplete Beta function, and this equation

becomes
L b, I ( ) (5.19)
Pr(F' £ £) = & I & £, f .
g=Q L=g X~ L X® Ll 72
where Ix(.,.) is the Incomplete Beta function,

-
-
b

- MR g g, = BHL

In addition, the recurrence formula ‘
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Ix(fl;fz) = x'Ix(fl‘l, fz) <+ (l"x)°Ix(fl, fz‘l)

can be used to generate most of the Incomplete Beta

functions needed in equation (5.19).

As for the coefficients ayg and bL’ they can be computed
using equations (5.3) and (5.4). Since the only difference
between ag and bL is that ag depends on the positive
eigenvalues of VQ while by depends on the negative
eigenvalues of VQ (Q defined as in equation (5.11)), we will

only discuss the computation of ag here.

We recall in equation (5.5) that

® ( ) -(%— + K)
z 1 - 2it)
K=Q *®
m ® -(p:+k.). '
=0 [z 2 (1 - 2ir) PiT ] (5.20)
j= kj=0 ']
where
o m
M
= k. = P,
. jil 3 ) z jil J

and ay, 2y, ore defined in equation (5.4) and (5.3),
respectively. If we let x=(1-2it)-!, then equation (5.20)

becomes

m o .
I apx = I ( z a,, x) (5.21)

If the upper vound 2f X is chosen to be n, then equation

PogiPe
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(5.21) becomes

n R m(n kj
z X = I z a X ) (5.22)
g=0 K j=1 ;=0 i.ky :
This is equivalent to multiplying m polynomials of degree n
such that aj Xk is the kjth coefficient of the jth
JK .
J
polynomial and agp is the Kth coefficient of the product

polynomial which is ftruncated to degree n.

When n in equation (5.22) is small, the following

algorithm can be used to compute the coefficients aK's.

Iet S be a (2x(n+1)) matrix, C be a vector of n+i
elements and I1, I2 be integers that are either 1 or 2 such
that the I1*B row of S contains the coefficients of the
product of the first j-1 polynomials, and the I2%h row of S.
contains the coefficients of the product of the first
polynomials, and the vector C contains the coefficients of

the jth polynomial.

Algorithm 1:

step 1: Set I1=1, I2=2 and j=1.

step 2: Set S(I1,K)=aj e for each K=0,1,...,n.

[a]

step 3: Set j=j+1.

step 4: 3et C(K):aj X for each X=0,1,...,n.
?
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K
gtep 5: Set S(I2,K)= g S(I1,K-i)*C(i) for each K=0,1,...,n.
i=Q

step 6: Interchange I1 and I2.
step 7: If j=m then go to step 8; otherwise go to step 3.
step 8: Set aK=S(I1,K) for each K=0,1,...,n.

As we can see from equation (5.3) that the following

recurrence relation can be used to compute aj K’
y

P.+K-1

L =
aj,K = aj ,K-l (l - r‘:’) for K l: 21

J

where

The computing time for this algorithm is in the order of
O(nz). This can be quite costly when n is large. To find a
faster algorithm, we acknowledge the fact that +the
coefficients of the product of two polynomials are identical

to +the convolution of +the two coefficient vectors of %he

original polynomials (see Aho, Hovcroft and Ullman [1974]

p.255).
Le%
n a .
p(x) = I b(1)-13, q(x) = ¢ c(j)-::J
j=0 j=Q
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be the two original polynomials, and let b and ¢, both of.
length n+1, be the coefficient vector of p(x) and q(x)
respectively, then the elements of the coefficient vector of

the product polynomial, 4 of length 2n+1, can be computed

as:
K

d(K) = 'ZO LIGPREICSAD for K =0, 1, ..., 2n.
J’

These are exactly the components of the convolution of the

two vectors b and ¢, if we ignore d(2n+1) which is zero.

Let B be the Pourier Transform of the vector b such that

n .
B(K) = T b(j)ews for R =0, 1, ..., n (5.23)
j=0 _ °
2ri
whers w = en+I and 1 1is the square root of -t. The

elements of b can be recovered from that of B by the Inverse
Fourier Transformation
A S-SR & f=0,1, ....n
b(3) = =37 £ B(K):w for 3 =0, 1, ...,
X=(Q
Similarly, let C and D be the Fourier Transforms of ¢ and 4,

respectively.

We observe from equation (5.23) +that B(X), the K*h

coefficient of the Fourier Transform of b, is the wvalue of.

1

the polynomial p(x' at the point x=wK. This implies that
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B(K):C(K), the product of the values of p(x) and q(x) at
x=wK, should be equal to D(K), the value of the product
polynomial at the same point. The only problem is that the
product of two polynomials of degree n is a polynomial of
degree 2n. This can be solved by expanding the two
coefficient vectors, b and ¢, to length 2(n+1) and letting

their last n+1 elements be zeroes.

Theorem 5.4.1 (Convolution Theorem). The convolution of

two vectors is the Inverse Fourier Transform of the

elementwise product of the PFourier Transforms of the +two

vectors.
Proof: Ilet

b = [b(0),...,b(n),0,...,0]"
and

¢ = [e(0),...,c(n),0,...,0]"
be vectors of length 2(n+1), and let

d = [d(0),a(1),...,d(2n+1)]"
be fthe convolution of © and ¢ such that

2n+l
d(X) = '50 b(§)+c(R-3) for X =0, 1, ..., 2a . (5.24)
J=

Notice that d(2n+1)=0 and c(X)=0 if K<O.

Let 3B,C and D, all vectors of length 2{n+!1), be the
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Fourier Transforms of b,c and d, respectively. We need to.

prove that

D(L) = B(L)-C(L) for L=20, 1, ..., 2n+l .

Applying Fourier Transform to equation (5.24), we get

2n+1 2n+l L
D(L) = ¢ z b(j)c(R-j) w
K=0 j=0
for L=20, 1, ..., 2n+l ,

Interchanging the order of summation and substituting s for

K-j yields
2n+1l 2n+l-j .
D(L) = ¢ z T b(§)-c(s) -wk(SHD
jao sa_j

for L =0, 1, ..., 2a+l .

Since b{j)=0 if j>n, we can lower the upper limit of j to n,‘
and 3ince c(s)=0 if s<0 or s>n and the upper limit of s is
at least n+!1 regardless of how large j is, we can replace
the lower and upper limits of s with O and n, respectively.

Thus

a
D(L) = ¢
j=0 s

= 3(L)-C(L)

b(j).c(s).ij.st

o1

Q

for L =20, 1, ..., 2o+l

We nave shown “hat the product of the Lth zoefficient of
the Fourier Transforms of b and ¢ is she LtR coefficient of.

the Fourier Transform of 4. It follows that the convolution
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of two vectors is the Inverse Pourier Transform of the
elementwise product of the Fourier Transforms of the two

vectors.

The importance of this theorem is that when multiplying
two polynomials, the coefficient vector of the product

polynomial can be obtained by taking the Fourier Transforms
of the coefficient vectors of the two polynomials, obtaining
the elementwise product of the two +transforms, and then

performing the Inverse Fourier Transformation on the product

vector.

The following algorithm is obtained by applying theorem
5.4.1 to the polyncmial multiplications in equation (5.22).

It can be used to compute ag's when n is large.

Algorithm 2:

step 1 : Set j=1.

step 2 : Set S(k):aj,K for each K=0,1,...,n,
and S(X)=0 for each K=n+1,...,2n+1.

step 3 : Obtain Fourier Transform of vector S in place.

step 4 : Set j=j+1.

step 5 : Set C(K):aj,K for each X=0,1,...,n,

and C(X)=0 for ecach X=n+1,...,2n+1.
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step 6 : Obtain Fourier Transform of vector C in place.
step 7 : Set S(K)=S(X)-C(X) for each K=0,1,...,2n+1.
step 8 : If j<m then go to step 4; otherwise go to step 9.

step 9 : Perform Inverse Fourier Transformation on vector S

in place.
step 10: Set aK=S(K) for each K=0,1,...,n.

The Past Pourier Transform algorithm (FFT) introduced by
Cooley and Tukey [1965] can be used to compute the Fourier
Transform and its inverse in the above algorithm. The
computing time for PFT is in the order of O0(nlogn).

Therefore, time efficiency can be realized when n is large.

Notice that the above algorithm is an approximation to‘
the correct algorithm, which can be cbtained by deleting
step 9, and inserting the following three steps between

steps 7 and 8:

step 7.1: Perform Inverse Fourier Transformation on vector S

in place.
step 7.2: Set S(X)=0 for K=n+1,...,2n+1.
step 7.3: Obtain Fourier Transform of vector S in place.

What this dces 1is %o eliminate the contributions of the
nigher order coefficients of the product polynomials in the.

intermediate steps. We know that if n is large enough and
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the coefficients of the product polynomial is truncated at
the nth term, the remainder is insignificant. Therefore,
the above three steps can be ignored without 1loss of

accuracy.
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6. EVALUATION OF THE TEST PROCEDURES .

6.1 Evaluation Process

The purpose of this chapter 1is to evaluate the
performances of the seven test procedures using different

designs and different values of variance components. For a
given two-way crossed design, a given set of values of the
variance components and the null hypothesis (Ho: qi:O), the
following steps will be taken %o compute the probability of
rejecting the null hypothesis <for each of the test

procedures:

1. Construct the X matrix as in equation (3.2), and th‘

variance-~covariance matrix V.

2. Construct the matrices of quadratic forms for the mean

squares in table 4.1.

3. Compute the coefficients of the variance components in
the expected mean squares using either equation (3.10) or

equation (3.18).

4. Depending on +the particular test procedure Dbeing
investigated, construct the matrices A and B using linear
combinations of the matrices of quadratic forms constructed

in step 2 such that MSN=Y'AY and MSD=Y'BY. .
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5. Compute the degrees of freedom DFN and DFD for MSN and

MSD, respectively.

6. For a given significance level a, compute the critical

value of the approximate F statistic

f=F PN, DFD,a °

7. Construct the matrix Q=A-f*B as in equation (5.11).

]
8. Obtain Ay (i=1,2,...,m), the m distinet, positive
t
eigenvalues of the VQ, and Ej(j=1,2,...,n), the absolute

values of the n distinet, negative eigenvalues of VQ.

9. Divide the values of x;(i=1,2,...,m) by their smallest
value, , and assign the results to ki(i=1,2,...,m) as in
equation (5.13).

Divide the values of ;3(j=1,2,...,n) by their smallest
value, , and assign the results to Ej(j=1,2,...,n) as in
equation (5.14). Thus, A; and Ej are all greater than or

i
equal to unity.

10. Given K; and IL,, compute ay (K=0,1,...,K1) based on the
values of A;s and their multiplicities, and compute
by (L=0,1, ...,L1) based on the values of g;s and their
multiplicities using either of the two algorithms discussed

in Section 5.4.

11. Compute Pr(F' < f) using uation (5.18) or,

(]
}Q

squivalently, equation (5.19).
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12. Compute the probability of rejecting the null hypothesis

at the significance level a:
Pr(P' > f) =1 - Pr(F' < F).

A computer program has been written to implement the
computations in the above twelve steps. The probability of
rejecting the null hypothesis, or the power function of the
test, is a measure of the performance of this test procedure
under the given conditions. It is compared against the power
functions of <+the other +test procedures under the same
conditions, and appropriately ranked. Since we want the
power function to be as small as possible when the null
hypothesis is true and as large as possible when the null
hypothesis is false, the test procedure which has the .
largest power function will have a rank of 7 if the nﬁll'
hypothesis is true or a rank of 1 if the null hypothesis is

false.

The probability in step 12 was computéd so that its
truncation error defined in equation (5.19) is less than
10=2. In a few cases, where the infinite series in equation
(5.8) did not converge fast enough, +*the upper limit of
truncation error has been relaxed to 10-3 without disturbing

the ranks of the procedures.

6.2 Designs and Values of Variance Components Investigated

Fifteen two-way, unbalanced designs wers selacted for the
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evaluation of the seven test procedures. Their dimensions
range from (3x3) to (12x3). The cell frequencies of these
designs are listed in table 6.1. where the number in the
ith row and jth column of each design is the cell frequency
or the number of observations in its (i,j)th cell. The
number in parentheses on top of the design is the +total
number of observations. For each of these designs, the
following nine sets of values were assigned to the variance

components ci, O’is and di'

O
0 .25 1
0 1 1
0 4 1
.25 .25 1
.25 1 1
.25 4 1
5 .25 1
5 1 1



Table 6.1 The Cell PFrequencies of Two-Way Designs

1. (15) 2. (17) 3. (20) 4. (24) 5. (24)

111 T 11 111 4 1 2 111
222 114 134 131 3353
2 22 116 144 125 222

2 11 2 22

6. (24) 7. (24) 8. (28) 9. (32) 10. (35)

5 1 111 133 11 4 124
14 411 13 1 123 113
2 3 112 412 113 151
4 1 113 112 115 123
12 123 2 21 5 2 1 411
112

11. (42) 12. (42) 13. (48) 14. (50) 15. (50)
212 4 2 112 112 311
113 3 4 113 1 4 1 112
312 32 121 122 11
111 32 111 13 1 124
152 4 11 4 2 11 11 1
11 3 1 1 2 1 1 21 2 1 1
12 1 2 4 31 1 121 131
11 4 3 2 1 1 111 111
32 1 21 4 21 1
2 1 4 14 3 111
1 4 1
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Furthermore, for each given set of values of the variance
components, the probability that the null hypothesis is
rejected by each of the seven test procedures was computed

at three significance levels (.10, .05, .01).

The values of the coefficients of the variance components
in the expected mean squares shown in table 4.1 are listed
in table 6.2. It was found in all fifteen designs that the

inequality
K2 2 K3 > K5

held. Therefore, the ratio of X2 to K3 was always greater
than or equal to unity, and we only synthesized MSN in
procedure A. On %the other hand, the ratio of K5 to K3 was
always less than or equal to wunity, which means we only

synthesized MSD in procedure C.

The values of K2, K3 and K% are all equal when the cell

frequencies within each row are the same, i.e.
n.. = n. for i=1,2,...,a.

When this condition is satisfied, as in the case of designs
number 1 and 5, all procedures except procedure G are

identical.

~

We also noticed, in designs number 6 and 12, that the
values of X3 and X5 are equal when there are only +%wo
columns in the design. In that case, procedures T, D, E and

? are identical.



Table 6.2 Coefficients of The Expected Mean Squares

DES IGX
1

2

10
11
12
13

14

K1
4.8CCO
5.0909
6.C417
5. 2209
5.75CC
4e 3910
4. 4417

5. 2333

5.8641

5.3619
4. 9€15

Se 1422

K2
1.6000

2.4242

2.0303
1.8167
246903
17247
2.0093
2f6201
2.2472
1.9963
2.8931
1.8619
19283

1.5544

K3
1.6000
1.3333
1.8577
1.5953
1.9167
1«7013
1.3585
16120
16220
1. 5573
1.48206
2« 2441
1.3943
1. 46 10

1.2405

K4

4.8000

3.6828

447097

4.4313

5.7500

3.4C26

3.348¢4

4.4728

4. 11006

4. U882

3.9060

4.cu1s

3.5453

KS

1.6000

1.227¢

1« 5658

1. 4771

19167

1.7013

1. 2828

1.49089

1. 4707

1. 4173

1« 3702

2. 2441

1. 3020

1. 3473

1. 1818

62

a
0.6667
0.8241
0.6759
0.6903
0.5833
06033
0.7944
06833
0.6878
0.7155 @
0.7479
0.4792
0.7833
0.7639

0.8657
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When two or more procedures are identical, the rank assigned
to each of them is the mean of the ranks that would have

been assigned to them had they not been identical.

6.3 Results

The ﬁower functions of +the tests, in percent, for
different designs and different values of variance
components are listed, along with the other statistics, in
tables 9.1 through 9.15, where VA and VAB are the values of
ci and °§B’ respectively, R is the ratio of E(MSN) to
E(MSD), and P10, p0S, PO1 are the power functions of the
test at 10, 5, and 1 percent significance levels. Notice
that we have introduced a new variable R, the ratio of the
expected values of MSN to that of MSD. Although it is not
the expected value of F', it gives us a good indication of
how large the power function of the test will be. When the
null hypothesis 1is true, R is equal to unity in all
procedures except procedures B and D. When the null
hypothesis is false, R will increase as Ji increases and

2
decrease as J"\B increases.

Bor a better view of the results, the ranks of the test
procedures are shown in tables 5.3 fthrough 6.5 where VA and
VAB are the wvalues of cil,and diB, respectively. We can
see that these ranks are not random patterns. While <%he
power functions change with the designs, the ranks of the

test procedures remain very stable.
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(VA=0)

Table 6.3 Ranks Of The Test Procedures.
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Table 6.4 Ranks Of The Test Procedures. (VA=.25)
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(VA=5)

Table 6.5 Ranks Of The Test Procedures.
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These ranks show that the performance of procedure B is the
best when the null hypothesis is false and the worst when
the null hypothesis is <$rue. On the contrary, the
performance of procedure D is just the opposite. This is
expected Dbecause, when the null hypothesis is true, the
value of R is always greater than or equal to unity in
procedure B , and it is always less than or equal to unity
in procedure D. A procedure with a large R value t%tends to
reject the null hypothesis more often than it should. This
can be verified by observing that the power function of
procedure B can sometimes be twice as 1large as the
significance level even when the null hypothesis is true. A
procedure with a small R value tends not to reject the null
hypothesis as often as it should. This explains why the
performance of procedure D 1is so good when +the null

hypvothesis is true and so poor when it is false.

The performance of procedure A is the worst of the seven
procedures when the null hypothesis is false. Its R value
is generally smaller than that of fthe other procedures, and
it is less likely to reject the null hyvothesis. When the
null hyvothesis is *%rue, however, i+ts verformance seems %o
improve as the ratio of diB to ci is increased. This is
believed to be caused by the change of DFN, which decreases
ag the ratio of GAB to ci is increased. A smaller DFYN

results in a larger critical value for the avpproximate 7

statistic, and makes it 1less 1likely <for procedure A %o
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reject the null hypothesis. This effect is reflected in the °
ranks of procedure A. .

Procedure E seems to perform very well when the null
hypothesis is false. Unfortunately, it does poorly when the
null hypothesis is true. To find out the reason, we compare
its performance with that of procedure F since both of them
have the same approximate F statistics. The difference is
in the critical values for these approximate statistics. In
procedure F, the DFN is the same as the degrees of freedom
for A effect. In procedure E, the value of DFN is larger,
and is computed using the Satterthwaite's formula. This
results in a smaller critical value for the approximate F
statistic, and makes it more likely <for vrocedure E +to

reject the null hypothesis.

From the above discussions, it is Dbelieved that‘.
procedures A, B, D and E produce poor results, and they are

not suitable for testing the null hypothesis.

Of +he remaining three procedures, when the null
hypvothesis is <false, procedure C generaliy has a larger
vower function than the other two. Although the differences
are mostly less than one percent probability. When the null
hyvothesis is true, procedure C performs well when the ratio
of ciB to cz is small, but procedures F and G are better

when that ratio is large. Again, the differences in power

functions are mostly less than one vpercent probability. .
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Unlike procedure A, procedure C synthesizes the MSD using
linear combination of MSAB and MSE. Therefore, the computed
DFD is independent of oi, and remains the same whether the

null hypothesis is true or not.

It is worth mentioning that the distribution of the
approximate F statistic obtained in procedure G is amazingly
closed to an P distribution. The probabilities that this
statistic is greater than the deciles of the corresponding F
distribution have been computed for a few of the designs,
and they are all within one percent probability difference

from the actual probabilties.
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7. SUMMARY AND SUGGESTICONS FOR FUTURE RESEARCH .

7.1 Summary

We have shown seven different procedures to construct an
alternative test of variance component when the exact test
is unavailable as in the case of an unbalanced design.
Before choosing the right procedure, it 1is essential to
understand the distribution of the approximate F statistic
computed in the procedure. This research has provided an
algorithm to compute +the distribution function of the
approximate F statistic and the power function of the test,
i.e., the probability that the approximate F gtatistic -is
greater than the critical value of the test when the values‘
£ the variance components are given. It can be used +to

judge the performances of the test procedures.

The results clearly show that procedures A, B, D and E
are inferior to the other three procedures. When the null
hypothesis is false, procedure A produces an R wvalue which
is generally smaller than that of the other procedures, and
it is the least powerful procedure. Procedures B and D are
equivalent to the conventional F test. They are the only
two procedures in which the expected values of MSN and MSD
are not =2qual. Our results indicate that +his inequality‘

cannot be ignored, and both procedures should be abandoned.
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Procedure E synthesizes MSN using a linear combination of
type II and type III mean squares for factor A. The
corresponding value of DFN, computed from Satterthwaite's
formula, is larger than the degrees of freedom for factdr A.
A larger value of DFN reduces the critical value of the
approximate F statistic, and worsens the +type I error
committed by this procedure. Therefore, these four
procedures should not be wused to test the variance

components.

Although the performances of +the remaining three
procedures are all acceptable, procedure C appears to be the
best with respect to the overall performance. Since it
gynthesizes the denominator, its degrees of freedom are
independent of the value of the variance component being
tested. When the null hypothesis is false, its chance of
rejecting the null hypothesis is greater than that of
procedures F and G for the majority of the designs and
variance component combinations studied. Therefore,

procedure C is recommended over procedures F and G.

Procedure F synthesizes the numerator using the linear
combination of MSA from both tyve II and type III analyses
with DFD equal to the degrees of freedom for factor A. Its
performance is close to that of procedure C and slightly

better than that of procedure G.

Procedure G, the test from the unweighted mean analysis,

is easy to compute. There is no need to compute the degrees
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of freedom, and the approximate F statistic follows an F ’

distribution very closely. , '

In addition to the comparison of the procedures, the
results also indicate that, while the power function of each
procedure can be affected by changing the size of the
design, the relative performances of the procedures appear

to be unaffected.

7.2 Suggestions for Future Research

The 1idea of obtaining approximate F statistics by
constructing quadratic forms which are linear combinations
of mean squares can be extended to <three-way or multi-way
designs. OQur results have shown that it is better to leave
the numerator alone and construct the denominator using a
linear combination of mean squares associated with the type

IITI estimable functions.

For the two-way design, since procedureAF performs very
well and since the inequality K2 > K3 > K5 holds in all
fifteen designs as shown in Table 6.2, it is suggested that
there might be a linear combination of type II and type III
estimable functions (L's) such that the corresponding mean
square has the same expected value as that of MSAB when the
null hypothesis is true, and that the ratio of these two
mean squares may prove to be 2 Dbetter approximate F
statistic in testing the null aypothesis than any procedure.

2xamined here.
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Most of the estimates of variance components are based on
equating quadratic forms to their expected values and
solving the system of linear equations. These estimates are
naturally quadratic forms. The work presented in Chapter 5
may be modified to give the distribution of these estimates

when the true values of the variance components are known.
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Power Functions In Percent For Design No. 1.

Table 9.1
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Table 9.2 Power Functions In Percent For Design No. 2.
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Table 9.3 Power Functions In Percent For Design No. 3.
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Table 9.4 Power Functions In Percent For Design No. 4.
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Table 9.5 Power Functions In Percent For Design No. 5.
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Table 9.6 Power Punctions In Percent For Design No. 6.
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Table 9.7 Power Functions In Percent For Design No. 7.
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Table 9.8 Power Functions In Percent For Design No. 8.
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Table 9.9 Power Functions In Percent For Design No. 9.
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Table 9.10 Power Functions In Percent For Design No. 10.
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Table 9.11 Power Functions In Percent For Design No. 11.
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Table 9.12 Power Functions In Percent For Design No. 12.
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Table 9.13 Power Functions In Percent For Design No. 13.
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Table 9.14 Power Punctions In Percent For Design No. 14.

RANK

805 FO1

E1Q

pPROC DFN DFD

VAD

va

U= OM g | SN O [ NN 03mM O NZD | Oeinti 2 o eemocizn f tsemo~ e fsemotin
DIV | ODDONDNO | MONS— e I MOOD O EMNIrONM T IO N D 20T P OMANDIDON OO~
TNOONTME D=0 | NIOIMM T IO NDOMS DM § 000MODND  NNOM—=0™M IO o | OO g §F NN D
DFOTNIN I NN O =D 0OON NI OIINCIO | D=0 N [ N0 OO N[ == SN ] e~ 0D N0 NI Iy
[ I I Y LI I N ) sV 9t p 0 o "I I I N ) % ¢ gty ¢ 9 ¢t gt o o ¢ g 0 ¢ * o et g %t g F ¢ o« ¥ » P o = ¢
DO OD fOMNDOOO FONED=r D 1 0MT BTN ] T I~ Me— DN DOV LD ] QM TN | U —uY 3
- - PN F VDD | LW o
JAOMICTIM | OO | NODOWOINOM [ 0T NIIMNCIM § SO ITOO FNOMIT™AINNY AN D N1 =i O | 22 tenun
DM | OV 2 oy  ROIAT DS OMOMANILES | SO 03 FONICTIN ON | MmO CLATM | 92U M N S pod-—
DO 2NEIM | HTNONNDA [ ISOMONIND fINIRNASHOS | D= otitn F O™ 0N [Nt D00 o [ '3 TND D § O 9NN S~
7 et g s ¢ ? e 800, % 90 9 9 g 2% 09 00 ¢ [ T R * b et e ry LA L A I Y ) 8 % ot 3o T IR
FOFINT | FOVONTOTF [ FIONTONS | FNOTOON | IMOMDUNN [ SO0 D U@ | AN NN | D0~~~ | 11T Do m
- ANTIAINTENAY § e N T e T e - Lad AN NN | SONONA NS [ DS
OSSO | WO IO | NN NI § NN~ § MO DOUIM FNDNI - [ DD DM DN | DO q~ o § g NI ==
NEOPNTD Wy DU [ SO FCIFG [ = 5T JF S 9T T [y f 500U g e 0 o gD f e e
M=~ § DIOWRNSO | OMEUINDN OO IUD O OMIISD A TN NN N 1 AN 0D  —UT 0D NS
* % 00 p e [ N 2 N I A ] e 7 o 0 0 vy P s ® e o0 g s 9 p " 2 0¥, e g P P r LI I Y LI L A A ¢ 9 0T e v
CYNADINN | N IDBVe—Nn | OVNOMDWr—ON | ORS N ] NN oMU | 2O ITISINAE NDNRAN O ] OV DD | D 2 ~UY D
— - = e = gee- MITAM2 I | NI NI e N e e | NOVTLCN VLR | OYOYWUNGYON e ) DDDED
QDOONOVO [ OODXIDVO JOMDIOODIMT INNNO MO INTNE 20N~ | 0™ 0ONNIN 2 [N Dd2DOM ™M $ 00D
OIDHODD § ONONDIDD | OHOMOIDD - iNT™ 002 F I~ DMONINA | HNNAODNIN (N0 03 | DFe—0MMID (D~ n Do 0o
QIOONDDD O™ DD ONOYNDDD f oM I MO | —Fe=DO—"=§ D~ 4™~ § DO DADe~= D DD
o 0 0 0 g LN I Y N B B [ I IO I B I I LI N N BN I ] LN B I I I I ) L2 B Y N B ) P ¢ v 0 P 0 ? g 0" 0 g * 9 e 0 ¥ v -
ot e Or e e D Ot e trmamre ey e [T e [ 20N DN 2NN T 5+
T e e T e L
OONDOOD [ ODMDODO | OD2O000D | ODP2NODDO0 [ OODMODODID [ ODODDDIDJOHINDOIDD [ DOMODDVDD O D IDD
QDNDAID | OONDIOD ] D200 DO [OOINDIVDOFIDONDIDOD JIDDODIIDID[DDINDODIDI| 2D YDIDHO DU +DHITHD
L A e 9 ¢ 90 g0 T 0" 80 90 *® a0 9 g ? * gt pet o S ¢ " g8 g0 9 9 0 g8 g @ [ IR I I gt g * e
DVDODWDM | WONVIDDOE | WHROWE DD | 0000000 | DDVNOMOD VNNV §DIODVIOD § D0OVNDOD | ODI DD I
Lok ot o' Land b ud ol Lt ad el ol ot L aaal aed ol and sl and o0 d Lol mda Lot ol ol Sl . T g P . P o - e T o Lol aad oF Aand cnlhaad 24 = . € g = e
FOOHNOD | NDOADHO | OO HTD | ODVO DD NSDIDONODO I NDHOODHID N HOO YOI [ +~HDO0NDD | DDA
CoOVONDA | PDODIDOV | VOTDOIMOT | NDVOODD | FDIOCNOD [ INODDHMOD | NNAO DD DI IDIDDDD | -~ I35 >O
® g 90 o0 LI LN N BN | s ® g9 ot LI I I I I T ® 5 % o f 0 @ 9" 40 0 ¢ o N g9 g LN N B N * a0 g Y . "
AP AN | — A NN | ORI NO [ =N IAN [ ORI IND I DA T AN [ D AN | DOy PO AN f DNy I D
- - Ll - L ot - L - - - Ll ~— -
R AEINY | AR QMTD ] 2O | Z) AN | AU ORI | I ARy [ AN | i )LIGRY Y | <t )R
wny [ O Vg ] Q ko] [Is] [&] (o]
o~ 2 o ~N o o ™~ o ]
[ ] . [ ] . [ . . [] .
o - =4 - L ad n (o] hand 3
k=] e (&)
D (ol ] o
L] \d L ]
0 (=4 wy




o1

15.

Table 9.15 Power Punctions In Percent For Design No.

P05 POT  RANK

p i

EECC DFi DFL

TAB

VA

U2 aatae ladVoTo . 4

ANV IIONS
—3OMD 00~
DNV DNDO
Ce ter sy
—e=N O D0

NN D e
OOy ™
OOt 9™
\EBEEEN
USNE- g JTa T 2= 4

NN N

wimry— o™

=t IV A
L IR L

NP ONO NN
L L and

ODONDDID
DOODODD
DODOIVDDO
[ IR
A adadw Lad bl o

OONOQVLD
ODODODDD
USR]
NN
(o AT L TaX ToX oY ]

VIO ITOD
PO DONDO
L T Y T Y
e £l ol ol To Tt od
o - =

[aa 1t ¥alatVela k. 4

QN
0 NI~ NN
(2340 Jor s, B glogto ]
* g g0 e
DI =DV

ONWNDON W
NS DD
NN DD
L
TOT IS

TMTHD00
T DM
0= "IN
[ K]
TN DT O

——

DODADOD
(o2 2o | ple o Lo ]
OQr=2DNODO
L B B ]
T e =Y e

DO~ DOOD
ODNODOD
CER IR LR IR
NN
AN TICNNY

b kele Lo le lole )
bk in B B4 11 ]
o 8 g 09 0,
Moo= e ifyr—r
- ——

N0 ™M

oM
MO
DIFODOOVIDO0N
T et gy
OO

MTONITOW
D~ O DM
WoNFMIDCY
P o v g ® g 0
TOOI WYY

NP~
LYNOMIT N
DD ODIMN
W L
O RT™ O
oy T

j=lagelofe ke Lol
QD OVOOD
ONDOVD OO
LA B B B
T = =) ™ e T

OONODOD
DDIMODHOO
99 ¢ g0 o
NN N
NNV

~NOOO™OD
~OINDC
* 8 g8 0 0,
Aot and sk i Vo Lol ool
Land ol ot ol od ol ot

Mot

OO e

ARSI O

QONNMN
" e 0 g vt g

NAPYN DN D
Lad L d

—p Py
MNID~T W)
AN~
vy s et
U~ iNo D O
NPT N

SN 22
UITNCY =213 D
AR A 174 I e N1 |
LI I B B
SO
M r YT

DO TN e
T O
D0 N0 0D
L2 B Y B I ]
TP e T e T e

DONNIDOOD
O O0DDIDD
9% 9 gty
ANAITICNNNN
CI O

MO ITOD
MO0 D20
20 et g0,
Y= iNr—r=
Lo and o ol el ol ond

Mo

oo e
~—Covoov®
FODTNDND
LA R B
IDUIFW 3y

oo my
TN~
.J-‘a}ll.u“
90 9 8 2 0
VIODINCY W

e e —

DO v
NS UITDO I~
Tle= (YU
AL L B |
NS oo
.‘..J.‘anz.‘

NOHOT 20N
NN 0DDD
Lag I a = oy T S O 4
L LI B I B A ]
T e T e T o o

lald o lelelele
DONODOO
LRI K
NN O
NANINCEIN Y

~09500Ty
OOoODINDD
\ LA
N v = = ) e
= - - g —

Nelalosinde o gTs)

Rt B, J ot [Ve Jo 1 agVo]
I OMI OO
® g v g 4 g2
Lol dof Lugall Tar [l ]

B AValagle TNo R J pad

VIO =t

D FOOISND
LA N I L B

W IIN~TD 0N
-

-—

NNy IN"™
CHS TGN
ON I3 IO 0
I
UMD VN

Aad'at Lial =l RSl g

ORI 2
M OO ALY
L ol e Al nl aad ool iind

[ R )
Laat o X ol R and ok S

OOMDDOD
QOMIDDIDD
2.0 0 % o * g
[allat [of Ia\ B Jo¥ [o ]
(o faliat fot it IS ia )

DO ODN
ODIDD D
[ L A A
e e
Land oad ok kel A o

[l el aa LTaTot E 40,

NI
SO~
— TN ErmM
et g e
(S22 R AT T2 Yo 25
[RaTea YAl TPATS RS}

(51l Talss FeITR]
MU
DOV D)
LA LA B
AALALS AT ATS Yo M
NSVRIN Nen oy

-0 T
N DT~y gy
CHONOYOR VT
LK T B I [
[SA%s TV ATo T 41014, ]
CYIYOYV RSy

TNt
VWOV~ gy >
N ONDD T
. A g e
[ag Mo B g i g g

e P e T —

DONNDDC D
D0 DO
Pt ot gty
DNt [a} Jag Ja 1o QN 3]
Lol B @ Io¥ R FAURaN )

OTIOO~Dy
NODD Q0
e a0 v,
e Y=
T

[l adaaNedot ITa E= 4

SO T
TN N0
LTI D e
LI I A
TSSO 2w
CYNIN NN D

UL ONON
U g 0N Yy
ks o IeiTss L mdle Y]
T e e 8 e
IV HDINIHDDO
AR Y Be L 2 Ton RO A]

MV N CI T
N TTaREA s AP Rl )
C3 O T AUy
2 ¢ % 3 0 9 @
NN DV
SANOVUY N VN

~o0NoTTO
DO DY
TN TR D
L2 I R I 4
.00.900999

P

OV~ HOD
DIAINODIOD
(R LI LR
TP IONN TN
o Jot B 19N Lot Il Rt

NIDDDONDID
IDDHODOTOD
LI I B K T )
bkt end st Te Lo g ol
e T e T e

MmO

YOI
D~ NN D0
I D~ D
. u ? 3 ® . 0
ESiatiSe Lan POl T ]
WS nD 90

I e ™
N~ e— N o
MY O DN
* g ¢ 0 g 0
Ny Trgd T
Lnliie MR B Ao Rre)

O JUIN Ve D
UY QI i~ M
Yt~ el 4 1)
t et e & g 0
O™ DD
UV IOy

NN T HM
DN A I D
~SADYDDIDD
LRI I T I )
M Tty

DO~DDDD
DOM.IDDO
[ I
NTINITI NN
NI TN

DD D
NIy
* % s * 9 9 o
——— ) —
hatall ek iasl K o R Ak ot

TRUQNHRO | TAVAMKRY [ <nUAQinO | <aUaMnO | tnUuaeed | <nuawind | <aoaueo | <snuamao | «cmoaues
Uz} o o 2 (o] o (e ] k4 o
~N o o ~ > (o] "3 (] D
3 : M L] . . . . .
(o] — = > - E-4 o - =
= [T o
2 (&) )
’ . .
jo | o w




