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ABSTRACT

This paper considers the derivation of the p.d.f. of the trace of a non-
central multivariate quadratic form using a polynomial PK(T,A) defined by
the author and compares with the results of Kotz et al and Ruben. The com~

. plex case is also discussed.
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ON THE DISTRIBUTION OF A TRACE OF A MULTIVARIATE QUADRATIC FORM
IN THE MULTIVARIATE NORMAL SAMPLES

Takesi Hayakawa
University of North Carolina at Chapel Hill
Institute of Statistical Mathematics, Tokyo

1. INTRODUCTION. Recently the probability density function (p.d.f.)

of latent roots of a multivariate non-central quadratic form and of a trace

of it were obtained by the use of a polynomial PK(T,A) introduced by
Hayakawa [3]. However, it only shows that if we use the polynomial PK(T,A),
we can represent the p.d.f.'s in terms of a power serles representation. In
this paper, we discuss another type of representation, that is, I'-type rep-
resentation of the p.d.f. and give a more concrete form than Hayakawa [3].
By using this representation, we can compare with the results of Ruben [8]
and Kotz et al [7]. We also give a p.d.f. for the case of the complex vari-

ables.,

2, NOTATIONS AND SOME USEFUL RESULTS. 1Let T and U be mm
(n<n) real arbitrary matrices each of rank m, and let A be an n*n
positive definite symmetric (p.d.s.) matrix. Hayakawa [3] defined a new
polynomial PK(T,A) as follows;

k

M eta(-1TR (1,8 = L1 J et1(-24TU")etA(~UU")C, (UAD")dU,
m U
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where k 1s a partition of k into not more than m parts, i.e.,

=
kK = (kyokyseeesk ), ko= kybooutk , ky 2k, 2 ... 2k 20, and C (UAU")
is a zonal polynomial of UAU' corresponding to a partition « of Kk,
James [5]. |

PK(T,A) has the following properties.

2) P(0,8) = ) cC/c (L),

(3) P(I,1) = H(D),

(4) [P (T.0)] s etn(rr)P, c (W/C (1),
vhere

m
(@ = 1 @-EhH , (a3 = a(atl)...(eh-1) = S
K 2’k n T'(a)
a=]1 o
and HK(T) is a generalized Hermite polynomial of matrix argument T.
The generating function of PK(T,A) is given by

etr(-UH,AH3U" + 2H UHZA%T') a(,) d(H,)

(5) 3 A

JO(m) IO(n)

© PK(T,A)CK(UU')

k=0 « k!(%)KCK(Im)

and the right hand side (R.H.S.) of (5) converges absolutely with respect to
U. d(Hl) and d(Hz) are the orthogonal invariant measures on the orthog-
onal groups O(m) and O(n), respectively. A detailed discussion of
HK(T) “and PK(T,A) may be found in Hayakawa [3].

We give here some useful lemmas which will be applied to the repre-

sentation of the p.d.f. of a trace of a non-central quadratic form.



Levma 1.

k
6) I2(T,8 = (—l)k[Ak+-§-£Z Aoy
K =0

ses . A ] ]
lk—z"ek—l I'k-l
where

AL = 'égzm‘e‘mTAzT" 25 1,2,00.’k

and

Ao = (0, for convenience.
PROOF: From the definition of PK(T,A), we construct the generating func-
tion of (-1 L. B .(T,A).

o k
m ] 42y e (r.m)
k=0 K

B m%(g')] etr(~24TU" ) e (~UU" ) etn(xUAU') dU
u .

"

= det(t-x8)"®?) otn(rr)-



. - '_ - ‘%'
—mjum(!m 24T (I-xA) “U') dU

T

= det(x-x)" ™2 otn(rr-zxa)"Hr",
[I=al] <1,

vhere ||A]| means the maximum value of the absolute value of the charac-
teristic roots of A.
We expand the R.H.S. of (7) with respect to x by noting that

|1xA]l] <1 using
x?' 2 xk k
Log det(1-xA) = xmA+——-2 mas o+ ... +-1-<—m + ..

and

TxA)" = T+xa+xa? 4 ... +xA + L. .

Hence
R.H.S. = e.xp[\- 3 Log det(1-x4)] etA(~xTA(I-xA) " T")
= explxti(FATAT') + xZM(%A?-TAZT') + ...
v+ AT T + L) |
Here we set
A, = mc{-’zf-m"'r'), £=1,2,...

and

AO = 0, for convenience.



We can obtain the value of (fl)kZKPK(T,A) by comparing the coeffi-
cients of xk on the two sides of (7). By differentiating the left hand
side with respect to x and by setting x = 0, we have (-l)kZKPK(T,A).

Let us divide the R.H.S. into two parts such that
R.H.S. = exp(g(x)) exp(£f(x))

= {1+ g(x) +2l,g2(x) - +-£-i-gk(x) + ...}

« {1+ £(x) +~§§-f2(x) + ...},

where

k «
g(x) = Z ijj, f(x) = z ijj .
j=0 J=k+1

The degrees of x 1in the second factor are.all greater than or equal to

k+1l, and so there is no contribution to the coefficient of xk in the

R.H.S. Hence we need only consider the first factor. We have
') = A, g0 = 24, ..., s©@ = WA,
and
g(0) = 0 (= AO’ by definition).
Now we differentiate k times the power series of g(x) and set x = 0.

e = i,

k k

2 (k) k, (L) (k~2)

(g°(x)) s ) (s Xsg (x) = k! J A _, A,
o £ gm0 ¥ L

x=( x=0



k £,) (k-L,)
En®l = ] ¢rEfen Te Tw
x=0 £=0 1 x=0
£
k 1 L, L) £.-£,)) (k-£.)
« 17 Erghe Twe t Ywms T
£,20 £,=0 “1 "2 x=0
5
= k! A A, .
£,=0 £,=0 Ak"‘l 48, 4
In the same way we have
L &
Kk 1 -2
k, .\ (k)
(g (x)) l = k! ] oo % Y YT p, A ,
w0 20 gy e R EG gt
and
(gp(x))(k)l » 0, for p 2kt+l,
x=0
Hence combining the results, we have
{ @t L § L § §1
expgx} l = ki[A + 5 _php *+ 5 oA, A
0 bt 7 L Aerie 3:21“”2,0%1_1@122&2
o ez
1
- ) T ) A ..A A, 1,
Mreo g l=oA“'£1 4ty o bt Been

which completes the proof.

ExavpLES:

= : = - B - E ¢
k=1: P(T,A) = (-1)4, 5 DA + DATAT',

. - 1
k = 2: (%‘) Py (T>8) = 21[4) + 5 A]

= 21(tn 2 A% - Ta%TY) + -;-{M(i’i‘- A - TAT) M1,



. : a - 1 3
k= 3: (g) p(a)('r, ) 3![A3 + AA, + 5 All

= - 3@ a3 - 1adryy + G A - Tar") -
. m(‘—zi a2 - Ta%rY)
1 oo, 113
+34 G a - TP,
etc.

REMARK, 1f we et A = In’ then we have immediately from Hayakswa
[4, (18)]

Ty = JEm = 051D @ary .
K K

3. THE P.D.F. OF ;ULX~1XAX'. Let X be an mxn (m <€ n) matrix

whose density function is given by

1 1 .~1 -1
(8) etnf- 2 stz lam ' ,
(2m)™/2 (dot5)™ 2 (dotny™/ 2 2

Where I 1is an m*m p.d.s. matrix, B 1is an nxn p.d.s. matrix and M
is an m*n (m € n) matrix such that E(X) » M and rank M= m., Let A be

an n*xn p.d.s. matrix.

LEMA 2.  (Power series representation.) Let X be distributed with
p.d.f. (8), then the p.d.f. of the latent roots A = di.ag()\l,..,,i\m) of

L XAX'I:'% is given by



2
,"(m IZ)W(" %MB-IM'E-I)

%¥(n-m-1)
9 (deta) I (a,=r,)
Ly (2 (m/2) 173
I (T () (det2aB) 1<
oza : P (715 s g 1A %" ,ch C, (%A)
k=0 & k1@ c 1) '
where T (a) J'm(m-l) m I‘( ---—-) and C = A%BA%.

PROOF: see Hayakawa [3].

Next we give another type (say, I'-type) expression for this p.d.f.

THeOREM 1, (T-type representation.) Let X be distributed with p.
d.f. (8), then the p.d.f. of the latent roots A = d('.ag(ll,...,}\m) of

s haxts ¥ is given by, for ||AB|| < p,

Ly 1) otn(- & L:-he "t

(10) —— etn(- -}-A)(d@tA)JE(“'“"D T (=2
r Pr.@ (dthAB) 1<
) ZPK(712- e ¥ 5%, Do d
k=0 « kG C (1)

where C= A%BA%.

- The power series converges absolutely for A > 0.

PROOF: we decompose Y = Z'%XA% as

Y=Z-;§XA;§=HAJ‘5

1M b

where H1 is an orthogonal matrix of order m whose elements of the first

. %
column are positive and A% = d«tag(kﬁ,...,ki) and Al,...,)\m are latent



roots of YY' = E_%XAX'Z-%, and L is an mxn Stiefel matrix such that
LL' = Im. By inserting this decomposition into (8), we have the joint p.d.

£f. of A, H, and L:

1

¢ /2”:, o

- ¢ Z ) etn(- 2 gl F Y
n, . . (m/2)

rm(z)rm(z)(de,tzAB)

(11)

+H A%LA ~Fp~Lyis %) (detny¥ 001 Oy~

YaAd(H,)d(L) .
1<3 "3 1

If we set . L + LH Hzeo(n), then LHZ(LHZ)' =I and d(L) remains in-

2’
variant with respect to HZ' Then the integral with respect to O(m) and

0(n) 1is the same form as (5) with U = 712- AL and T = -}?'JEMB-]'A-%(C_I

L %
- %-)%, whexre C = A°BA®., Hence

j d(L)etr(- -zlp- A —15 J J etn[- % A’sz(c“l - %)HéL'A%

LL'=Im 2 0(m) O0(n)
% -1 l% "1 I "} - .
+ HIA*‘LHZ(C - p) (Cc p B lM $ ) d(Hl) d(Hz)
CK(%A) Fo-1,-%, -1 L% -1 _ 1
= (- A) ~ PK( IT°MB A (c o I e I
k=0 « k!(—z-)KCK (Im) TP P

The proof of the absolutely convergence is easily achieved by using (4),

which completes the proof.

NOTE. since

etr(- oL L (detnyZr-m-1) -

), ( A)yda,
1<3 j 2

A1> L ] .>Am>0



10

r Gr &
2202 ™2 & tem,
o /2

we have the following relations.

© k _
(12) I I e ¥t - 4%, 1. g
k=0 « P P

= etn(- 2 i) (detan/p) ™2,

This formula can be obtained from (7) directly if we replace x with -p,

T with ﬁ%i'%MB-lAf%(C—l - %9'%, and A with ¢ 1 - %3 respectively.

- =%
Hayakawa [3] obtained the p.d.f. of Al %XAX'Z * as a power series
representation. We give this as Lemma 3 for comparison with Theorem 2,

LEMA 3, (Power Series representation.) Let A be distributed with

p.d.f. (9), then the p.d.f. of T = 1A 1ie given by

(13)
- %-‘z-lm_l“') (m/2)-1 ¥ 1 T.k 1. -% -1-%% -1
mn oz T —— )" [ B (7T MBTATICE,CT),
rfjfi(detZAB) k=0 k! (50, K

where C = A%BA%.
ProoOF: see [31.

THEOREM 2,  (r-type representation.) Let A be distributed with p.d.

f. (10), then the p.d.f. of T = LrA 1is given by



i1

etn(- %z‘lms'lu')

(14)
r () (detzas)™?

exp(~ 51;) .

k]

(m/2)-1 ¢ 1 | T.k 1 .-% -1-~%, -1 I.-%
T —— () P (I °MB A (CT" -9

1
where C = A%BA".

The series converges absolutely for T > 0.

Proor: By applying a Fourier transform to T = A and inverting it, we

obtain (14) easily. Q.E.D.

4, THE RELATION WITH A UNIVARIATE GQUADRATIC FORM, We can derive the

p.d.f. of tar lxax’ by another way. We denote X and M as

.xl- f-ul-
X u

x = |2, s |2,
i V|

where x, = (xal’”"xan) " and B, = (ual""'uan)’ a=1,2,...,m. Let
X= (xl,xz,...,xm) and u = (ul,uz,...,um), then x 1s distributed with
mean u and a covariance matrix I8B, where ® denotes a Kronecker prod-

uct of I and B. On the other hand, AXAX' = I" .x Ax' = x[I_®Alx'.
m

a=1"a""a

Hence the problem is reduced to the one of the univariate non-central
quadratic form. To compare with the results of Kotz et al [7] and Ruben
[8}, we can assume that A 1s a diagonal matrix whose diagonal elements

are 8138550058, and a, 2 a, 2 L., 2 a, > 0.
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The p.d.f. of DAXAX' 1is derived as follows.

(15) — 1 = - I expf - %(x-n)(t“len'l)(x-u)'] ax

(2n) 2 (ddt)z(dezﬂ?»)i T=x(1m®A)x'

expl- Ju(z""eB HHu'] 111,
= TTm 5 = fexp[- ":,_'(22 ®C T)x

) 2 (de«tz)-z-(do,tAs)i Texx'

+ x(X-IQA.%B-l)u '1ex

where C = A%BA%.

From the above integral, we derive two types of the representation.

TveoREM 3, (Power series representation.) Let X be distributed with
p.d.f. (8), then the p.d.f. of T = TAXAX' is given by (16)
expl- Ju(z"le 1))

o n m
22 ré (dgzz)z(detAn)z

T (mn/2)~-1

B

1

Tk . 1 -k -1.-k¥% -1 -1
—_— (3) P(7-u(z ®B “A “C%), L "eC ),
=0 k1 (), 2" k2

where Pk(',°) is a polynomial for m= 1 in the definition of PK(T,A)
and C= A*BAJE.
PROOF: As for Lemma 2.

(OROLLARY, The p.d.f. of T = m’lex' is given by

exp[- %uﬁ'l@fl)“'] (un/2)-1
mn m T

22 1 (&) (detan)?

17)




13

—L_ H¥p e aEH, 10 ¢,
=0 k1 (3D, 2 7
We can easily show that (17) is the same form as (13).

Here we compare with the results of Kotz et al [7]. Kotz et al showed

the following Lemma.

LEeMA, (Kotz et al.) Let x = (%,,0..,%_) be normally distributed
1 n
with mean 0 and covariance matrix In and A be a diagonal matrix, i.e.
déag(al,...,an), a; 2a,2...2 a > 0, and b = (bl,...,bu), then the

p.d.f. of T = (x+b)A(x+b)' 1is given by

o

(18) I of (-pk H@/DH-1__1
k=0 ¥ 2 2r G+1)

The a{:'s are determined by

(19) 7 ¥ = (detn)Foxpl- L § v/(1-0/2)1 1 (1-0/a)F
k=0 ¥ T 24 1=1

where the recurrence relation

= (deta)”¥ exp(-—- Z b )
1=1

(20) a

o

k-1
@ = Xo b, 9o/ks k21,

h-a

vith bP = X: (1-kb )(ai)_k can be obtained.

of Kotz et al should be changed to above form.)

Fa N

(ag and b

To compare with Theorem 3 and Lemma (Kotz et al), we set I = Im and

B = In in (16) and we have
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1
exp[~ Suu'] w
L k=0 k!( ) 2 2
mn 2

I‘(‘g‘)(dex.‘ZA)

eln(- ") ©
- i P/l § L ZP<7-M L.
m %- k=0 k!(—-ak

r ) (det2a)

Now replacing A by ImﬁA and b by u in Lemma (Kotz et al), we have

the following form.

(18)" 7 of (-pk e/l L
k=0 2r(-'529-+k)

(19) T oPek = (deta)y ™2 gyt 211 (1-0/a,)” @D
kzo " "2 Z 1'e/aj 121 a1

(20)° o = ety ™D otn(- 1w

(21) Po T D] awdy

21)' b, = 1~ku .
kT Lh aj Ly 13

Therefore, by comparing with (16)' and (18)', we have the following
relation.

- 1
(cyk G(= )

P . 1 -1
(22) o E B (M, A,
where (—l)kZKPK (;;‘-Z'M,Avl) is given by Lemma 1. Hence (22) gives an explicit
form for c{ not involving a recurrence relation. We can also easily check
that if we insert (22) into the left hand side of (19)', then we have (7).

Next we compare with the I'~type representation.



i5

THEOREM Y.  (T-type represemtation.) Let X be distributed with

the p.d.f. (8), then the p.d.f. of T = {AXAX' 1s given by

exp(~ Suzle Y1)

1 (m/2)-1
(23) Y = exp( - % T
r (i‘;i) (detz)?(det2aB)>
] —1 &F ek uales ) o¥, 1y,
k=0 k1 & 2° k2
where D= r Yec™! - 1 el /p.

" Proor: From (15) and the proof of Theorem 3, we can easily show (23).

(OROLLARY. The p.d.f. of the T = fJLZ-IXAX' is given by

expl- Suz"le™Y)u')
n
ré&h (det24B)2

T (mn/2)-1

(24) exp(~ ?lp— T)

] —2— O e W H aec ¥, 10100,
k=0 Kt (),

We can show easily that (24) is the same form as (14).

Ruben [8] gave a I'-type representation of a quadratic form which is

cbtained in the following lemma.

‘ LEMMA, (Ruben) Under the same condition of Lemma (Kotz et al), the

p.d.f. of T = (x+b)A(x+b)' 1is given by

© -(T/2p)..(n/2)+k~1
25) ) ali ® (n/2)+;rc n }-) e /2y *
k=0 2 I‘(-2-'+k) P

The a{z are determined by
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o n n
(26) J afe* = (detasp)Fexpl- L7 v2 e G 1 .
ko ¥ 2,4, T7a)0 $=1{1-(1-p/a,)0}"
Hence the recurrence relation
c -%
@ = (detA/p) * exp[- 3 Z bi]
i=1
€ = kfl be__ aS/2k, k21
*k rap KT Gyl &Ks *
with
c tzl P,k tzl Ej_ P.k-1
b = (1--=)"+kp a---
oo =1% 3

can be obtained.

To compare with Theorem 4 and Lemma (Ruben), we set I = Im and

B = In in (23) and we replace A with Im@A and b with u in (26).

Then we have

. exp(- %w')
(23) wn T
22 ré (detn)?

exp(~ _i'%) p(m/2)-1

@

1 Ik, 1 oo -%.,-1_ L% -1_
Lo ey @ B uTeATI (AT - 2, (1eAT-1/p)

etn(- %m«') .
= “m exp(- ‘55) T

221 &) (deta)?

(mn/2)-1

B

v 1 T.k 1.,,-%,.-1., % .-1
—_— (3) P G5MA (A «I/p)°%, A~ -~ 1/p)
k=0 Kt ), 2 g kv2

and
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©  o~(T/2p) (mn/2)+k-1 &y (ma/2)+x

25)" ]
k=0 " (mn/Z)'l'kr( . +k) P
s n

(26)"' ) “;ek - (m/p)-(m/Z) T {1_(1__1,/31)9}-(111/2)
k=0 j=1

1 n

3

Therefore, by comparing with (23)' and (25)', we have the following

relation.

@7) of = & detarp) ™ Dotn(- Doy z p ¥ a1/

and ZKPK(5%MAT%(A.1-I/p)%,A-l-I/p) is given by Lemma 1. Hence (27) gives
an explicit form for aﬁ, not involving a recurrence relation. We can
easily check that if we insert (27) into the left hand side of (26)', then
we obtain (7) by changing T and A into the appropriate variables.

From (27), we have the relation

E(QH,, (L/Q5))

2k 1 . .-%,, -1 ¥ ,-1

(28) = P (7 MA “(A "~1/p)°, A "-1/p),
2*2k-1)11 1Py

where

I A ) )

L = B,y X,y Q = ( )X ’

yo1 73y 4oy 11 7M =1 451 2 P U

X are independent normal variables with zero mean and unit variances,

i}
and HZk(y) is an Hermite polynomial of order 2k, and (2k-1)!! =

1' 3- .. (2k"1) -
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NOTE., If we set M = 0 and B = In in (16), then we have the p.d.f.

of a central case, given in Hayakawa [2] by using the zonal polynomials.

5. THE COMPLEX MULTIVARIATE QUADRATIC FORM, In this section, we
shall state the above results for the complex Gaussian distribution studied
by Goodman [1], James [5] and Khatri [6].

Let T and U be mxn (ﬁ S n) complex arbitrary matrices whose rank
are m, respectively, and A be an nxn positive definite Hermitian ma-
trix. We define fK(T,A) as follows:

k
(29) etn(-IT")F (T,A) = -‘-‘7’-;_3!— [Ue,m(-i (x0'+0T"))etr(-08")C (ual")dv,
w
where EK(UAﬁ') is a zonal polynomial of a Hermitian matrix UAU'. Then we

can show that

(30) B = D] Gwfay,
(31) P(r,1) = H (D),
(32) B (T.01 s etn(ri')n], € A)/C (1),
where
m
[n], = T (a-o+l),
K a=1 kd

and ﬁK(T) is a generalized complex Hermite polynomial of a matrix argument
T.

The generating function of gK(T,A) is given by
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(33) ] I etn( -su, Aﬁ §'+u suzAJE '+'1‘A%ﬁ§§'ﬁ]'_)d(ul)d(vz)
U(m) ‘U(n)

o PK(T,A)CK(SS')

k=0 k k! [n]K'E,< ()

The R.H.S. of (33) converges absolutely with respect to S, where S is
an mn (m $ n) complex arbitrary matrix, Ul and U2 are unitary matrix
of order m and n, respectively, and d(Ul) and d(Uz) are the unitary
invariant measures over the unitary groups U(m) and U(n), respectively.

A detailed discussion of I~IK (T) may be found in Hayakawa [4].

Lema 2,
e b
(34)Z§(TA)-(-1)“k:[Zk+1-§Kk X+s ¥ 15,4 ,A&
k< 2pmo ¥EL 3Ny 2o g o Y
NI SR
bootk A X
see k! esa Ak""e 20 - s
%0 220 £__j=0 *h1" hee2her Ko
where
A = %m‘-mﬁf', L=1,2,...,k

and
KO = 0, for convenience.
ProoF: similar to Lemma 1.

Let X be an mxn (mSn) complex matrix whose denisty function is

given by
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[ (35) L strp-r T -],
n o (detr)” (detLB)
where I is an mm p.d. Hermite matrix, M 1s an mxn complex matrix
whose rank is m, and B 1is an nxn p.d. Hermitian matrix. Let A be

an nxn p.d., Hermitian matrix. We denote X and M as

%3 s |
X H
»Xm.g /um-w

where x, = (xal’va""’xan) and Hy = (ual"”’uan)’ a=1,2,...,m. By

setting x = (xl,xz,...,xm) and u= (u; U, .eu ), we rewrite XAX*

= x(ImsA);c' and X has an mn dimensional complex Gaussian distribution
. with mean u and covariance ZGB_. Then by applying the same method as in

the real variate case, we have the following theorem.

THEOREM 5. (Power series representation.) Let X be distributed with

the p.d.f. (35), then the p.d.f. of T = £2XAX' 4is given by

eap(p(c Yo iy . m-1

(36) - T
T (mn) (detz)™ (detas)™
1 __ %3 e la ¥, rlech,
k=0 k! (mn)k K

where Fk("') is a polynomial for m= 1 in the definition of gK(T,A)

and C = A%Ba%.

THEOREM 6. (r-type representation.) Let X be distributed with the

. p.s.f. (35), then the p.d.f. of T = tAXAX' {1s given by
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vhere D=1 @~ - I eI /p and [|aB]| <p.

Theorem 5 and 6 can be proved in the same way as the real variate case.

However, since the procedure is exactly the same, we will omit it.
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