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Abstract— Recent studies of different networks have
shown that the network traffic is statistically self-similar
which makes the simulation of these networks less sta-
ble. In this paper we investigate the effect of the direct
probability redistribution (DPR) based splitting tech-
nique on networks with self-similar input traffic. The
DPR-based splitting has shown to increase the efficiency
of simulations of a number of different network models.
However, because of the long-range dependent structure
of the self-similar traffic, the DPR method fails to give
correct results. In order to solve this problem we sug-
gest some modifications to the DPR method. To demon-
strate the validity and efficiency of the new method we
use a simple buffer simulation which has a self-similar
input traffic. We used ONxOFF sources with heavy-
tailed ON and OFF time distributions to generate the
self-similar input traffic.

I. INTRODUCTION

Recent measurement studies of different networks
have shown that network traffic is bursty over a wide
range of time scales (i.e., long-range dependent (LRD)
or self-similar). These studies include Ethernet LAN
traffic [1], WAN traffic [2], and VBR video traffic [3], [4].
To obtain accurate results from the simulation of these
networks, self-similarity must be taken into consider-
ation. Otherwise, using the traditional traffic models,
such as Poisson, Markov-Modulated Poisson or Markov
Chain models, so called short-range dependent (SRD)
traffic models, can give misleading results [5].

One method for generating self-similar traffic is using
heavy-tailed distributions, whose tail follows a power
law. The tails of these distributions decline slowly with
respect to a regular exponential distribution, causing
non-negligible probabilities even for very large values
of the support. The result is that larger sample sizes
are required to obtain accurate results from simulation.
Basically using heavy-tailed distributions has two ef-
fects on simulations, first it increases the time until
which the simulation reaches the steady-state, and sec-
ond it increases the variability at the steady-state. A
complete discussion about the effect of heavy-tail distri-
butions on simulations can be found in [6]. Considering
these facts about the simulation with heavy-tailed dis-
tributions, generating accurate results needs more com-
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putational effort —even for high probability events—
than a regular simulation of a Poisson system. So any
technique that can speed-up the simulation of such net-
works is of value. There are a number of techniques,
including direct probability redistribution (DPR)-based
trajectory splitting, that are shown to provide speed-
up for estimating network parameters [7], [8], [9], [10],
[11]. In this paper we present a modification of DPR-~
based splitting to speed-up the simulation of systems
with heavy-tailed, self-similar traffic.

The DPR-based splitting method was originally de-
veloped to speed-up the simulation of Markovian sys-
tems [7], [8]. However, methods for generating self-
similar traffic incorporates statistical dependence be-
tween the states which makes it impossible to use the
original subset indicator function (SIF) strategies. In
order to solve this problem we developed a different
subset indicator function which takes the dependence
into consideration. By using this kind of SIF, DPR-
based splitting can give high speed-up values for simula-
tions of systems with self-similarity without any loss of
accuracy of the estimates. In order to show this we use
a simple switch which is fed by self-similar traffic. The
(asymptotically) self-similar traffic is generated by su-
perpositioning many identical ONxOFF sources, which
have heavy-tailed distributions for their ON and OFF
time length distributions.

In the following section we will give a brief overview
of DPR-based splitting and give the mathematical def-
inition and statistical properties of self-similarity. Also
in this section the system model that is used in the sim-
ulation examples is described in detail. In Section III,
the reasons the original SIF strategies fail for heavy
tailed distributions is investigated, and an alternative
SIF is introduced. Simulation results demonstrate the
efficacy of the new strategy are given in Section IV.
Conclusion remarks given in Section V.

II. BACKGROUND AND SYSTEM MODEL

A. DPR-Based Splitting

Here we will briefly explain the basic principles
of DPR-Based splitting —a more complete presenta-
tion can be found in [7], [8]. Let s1,82,...,8,€S
be the state space of the system, where s;’s form



an irreducible discrete-time Markov chain. Also let
Vo, Vi, ... (Vkel,2,...,n) denote the system evolution.
In DPR the state space is partitioned into m mutually
exclusive subsets, Si,S2,--.,S9mn- The subset indicator
function (SIF) which is given by,

r(@)=j,i=1,2 . nandj=1,2..m (1)

is used to find the corresponding subset for each state.
During the simulation this function is used for each ob-
servation to map the observation to the corresponding
subset, i.e. I'(V;) = j indicates that the observation V;
is in subset j.

The DPR technique redistributes the steady state
probability by altering the transition probability ma-
trix of the system. This is done in such a way that state
i is visited relatively uy ;¢ more than a regular Monte
Carlo (MC) simulation where ip;) is the oversampling
factor and 6 is a normalization constant. For conve-
nience let g = {p,. .., m}. The oversampling factors
are the main parameters that control the redistribu-
tion of the steady state probabilities. We assume that
p1=1land pu; < po... <y, which can be achieved by
reordering the subset indexes and normalizing u by pu;.
Tterative subset exploration (ISE) is used to find the
oversampling factors. This method sets the u values
such that each subset has asymptotically the same hit
probability, the details of this method can be found in
[7], [8]. However, this method has not been proven to
give the optimal y values.

The DPR method can be implemented by using tra-
jectory splitting, the details of the method and the
algorithm can be found in [7], [8]. Transition from
subset 7 to j, (i < j), causes Y new sub-trajectories
where Y is a random variable with an expected value
E[Y] = pj/p; — 1. Whenever a splitting occurs each
new sub-trajectories is given a ticket value, which has
the following distribution,

Hi—Hi—1

T
Pr(Q=l|Si—>Sj)={ s ifi<l<j

. (2)
otherwise.
The DPR method starts with a single trajectory (main
trajectory) which has the minimum possible ticket
value. A sub-trajectory is terminated when it attempts
to enter a subset with an index less than its ticket value,
as the main trajectory has the minimum ticket value it
can not be terminated in any transition.

In DPR technique each state, s;,¢ = 1,2...,n, is
visited pr(;) times more than a regular MC simulation.
Therefore, when an event of interest occurs while the
system is in subset j the event counter should be in-
cremented by 1/p; instead of unity in order to have
unbiased estimates. Also the DPR based splitting does
not require the event of interest to be in a single subset,

which means that we still have unbiased estimates even
if the event occurs in many different subsets.

The speed-up factor, G, is the ratio of the computa-
tional effort required for the DPR-based splitting and
MC simulation to have a fixed estimator variance. In
this paper we will use a slightly different method to find
G than the previous methods. This new G is given by,
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,where 62 is the estimated variance of the estimator us-
ing method X (MC or DPR), and Ny is the length of
the simulation. H is the estimated splitting overhead.
From this it is seen that we also need a MC simulation
to estimate the speed-up, but it is important to note
that this is only needed for speed-up estimation, in gen-
eral the DPR technique does not require this. However,
for this equation it is assumed that the variance of the
MC simulation decreases proportional to 1/Nyc. In
this paper the parameter we are interested in (buffer
length) satisfies this requirement so we can use (3).

B. Self-Similarity

A basic definition for self-similarity in discrete time
domain can be give as follows, let X = {X,,n =
1,2,...} be a stationary time series and also let X (™) =
{X,(Lm),n = 1,2,..} be another (m-aggregated) time-
series where X{™ = L E?ﬂm—(m—l) X;. The time-
series X is called exactly self-similar with parame-
ter (0 < B < 1) if, Var[X(™)] = Var[X]/m? and
Rxw (k) = Rx(k), where Var[X], and Rx(-) are the
variance and autocorrelation of X respectively.

A weaker type of self-similarity is asymptotic self-
similarity. A process X is said to be asymptotically
self-similar with parameter 8(0 < B < 1) if for k
large enough Var[X(™] = Var[X]m? and Rxm) (k) =
Rx (k) as m — oo.

The degree of self-similarity is indicated by the Hurst
parameter (H, where 0.5 < H < 1), where H = 1-4/2.
The process is not self-similar when H is equal to 1/2,
and self-similarity increases with increasing H.

For packet-switch network traffic, self-similarity
translates to burstiness across all time scales (up to
infinity). Of course for a realistic system it is not pos-
sible to have an infinite range but in our simulations the
self-similarity continues for aggregation levels up to the
simulation length. So we will call the generated traffic
in our simulations as self-similar.

C. Generating Self-Similar Traffic with ONx OFF
Sources

In order to generate self-similar traffic we used multi-
ple ONxOFF sources where ON and OFF periods have
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Fig. 1. The system model used throughout the paper. The lengths
of the ON and OFF periods have heavy-tailed distributions.

heavy tailed distributions, a proof for this can be found
in [12]. In our system the ON and OFF periods strictly
alternate, and during one time unit each ON source
sends one packet, while OFF sources are idle.

The incoming traffic can be approximated by a
Poisson-Zeta process [5], where the number of bursts
generated at each time unit has a Poisson distribu-
tion. Also the length of each burst has a Zeta (Zipf
or discrete Pareto) distribution, with probability mass
function (PMF) given by p(k) = Ck~(1+) where C' =
1/3°52, k~(+#) Tt has been shown that the superpo-
sition of many of these independent ONxOFF sources
generates an asymptotically self-similar process [13]. In
the Poisson-Zeta model there is no restriction for the
length of the OFF period distribution, but in our sys-
tem we use the Zeta distribution for length of the OFF
periods.

This traffic is sent to a switch with a single input
buffer that serves K packets at each time unit. The
maximum buffer length is L. Also for convenience the
processing time of all packets is assumed to be constant
and equal to 1/L time units. A block diagram of the
overall system is shown in Fig. 1.

III. UsiNG DPR-BASED SPLITTING WITH
SELF-SIMILAR TRAFFIC

In this section we first look at the reason why the
original SIF strategy for DPR does not work with the
system model shown in Fig. 1. We then introduce a
new SIF as a solution. Here the network parameter of
interest is the probability mass function of the buffer
length.

In DPR-based splitting in order to get high speed-
up values it is important to choose a SIF, that will
increase the number of occurrences of the events of in-
terest (in this case, large buffer lengths). In previous
studies with Markovian traffic accurate estimates of the
buffer length distribution were achieved when the SIF
was also chosen to be the buffer length itself [7], [8].
However, when this SIF strategy is used for the system
shown in Fig. 1 the DPR method gives inaccurate re-
sults, as shown in Fig. 2. This was not an unexpected
result as it is known that the DPR method does not
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Fig. 2. In this figure the curve at the top represents the correct PMF
while the bottom curve is the result by using the buffer length as the
SIF.

work well for systems with memory. A more serious
issue is that the error is manifest as a bias in the es-
timated PMF but one important point to note is that
DPR does not give any kind of warning and also it gives
reasonable results. The main reason why this SIF does
not work is because of the termination policy of the
sub-trajectories. The sub-trajectories are killed when
they attempt to enter a subset value which is smaller
than its ticket value regardless of the source states as
discussed in Section II. This process unintentionally
truncates the ON states of the sources, which eventu-
ally changes the distribution of the ON periods. As a
result the probability mass function of the buffer length
changes.

From the above example we see that even if the sys-
tem is a Markovian system, DPR may fail because the
algorithm may change some of the predefined distri-
butions of the system. By predefined distribution we
mean the distributions that are a part of the system
description. Thus, care must be exercised using DPR-
based splitting when a system variable has a depen-
dence structure given by,

P(Xy|Xi_1) = P(Xy|X1—2) = ... = P(Xy|Xyi), i > 1

where X is a random variable with a predefined dis-
tribution. Of course for small 4 DPR may work well,
but when i gets large it may alter the predefined dis-
tribution. This dependence must be considered when
choosing the SIF.

To circumvent this problem we use a new SIF that
keeps the sub-trajectories alive until all the ON sources
(at the splitting point) can change to the OFF state at
least once. To achieve this, we need to define a new
variable Qi (k = 1,2,...M), where M is the number of



sources. The variable , represents the length of the
ON period when source k goes from OFF to ON. This
value does not change until the source transitions back
to the OFF state, and becomes zero during the OFF
period. Then the new SIF is given by,

M
r(vi) = L%J +1,t=12,.. (4)
where |-| function takes the integer part of the real
number. As j can take quite large values we use a
normalization constant, h, which prevents the short ON
periods from changing the subset. This constant also
it decreases the number of subsets used by an order of
h. This function keeps the sub-trajectories alive until
the sources, even with long burst lengths, transition to
the OFF state.

However, as seen from (4) the new SIF is related to
the parameter of interest in a very complicated manner.
So we can expect that the statistical properties of these
two variables can be quite different, as the DPR method
alters the characteristics of the simulation significantly.

IV. NUMERICAL RESULTS

In this section we present simulation results to
demonstrate the efficacy of the new SIF introduced
above. In these simulations the PMF of the buffer
length of the system shown in Fig. 1 is observed. As it
is very difficult to obtain theoretical results for the sys-
tem parameter we are interested in (buffer length), we
use MC simulations to compare our results. To be able
to do this we use parameter values that would give high
probabilities (minimum probability values on the order
of 10~7) so that running the MC simulations would
not take a prohibitive amount of time. As shown in
an example below, it can be expected that DPR-based
splitting may give even higher speed-up for lower prob-
ability estimates.

To find the estimates we ran a independent simula-
tions each having 10° (not including the warm-up pe-
riod) observations, which gives a total length of a x 10°.
In the simulations we use a very long (10° time units)
warm-up period to eliminate all start-up effects.

In the simulations we used a maximum buffer length
of L = 800 packets, and a link capacity (the num-
ber of packets that can be served in a unit time) of
K = 4 packets/unit time. The number of ONxOFF
sources were set to M = 150 and the lengths of the
ON and OFF periods have Zipf distribution with pa-
rameters pon = 1.6, po = 1.1. Using these values gives
self-similar traffic with a Hurst parameter, H, of 0.7.
We used a = 20, and used three different b values, 6,7
and 8, both for MC and DPR simulations. We assumed
the longest MC simulation result as the correct PMF
and compared the DPR results with this one. For all
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Fig. 3.
these figures.
dashed ones are for the MC simulations.
simulations are 20 x 108 and 20 x 107.

Probability mass function of the buffer length is shown in
The solid curves are for the DPR method and the
The total length of the
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Fig. 4. In this figure the estimated speed-up values are shown for

three different simulation lengths. The plots are for 106, 107 and
108 from top to bottom.

simulation run lengths we see that the DPR method
gives the same PMF as the MC simulations thus val-
idating the DPR method with the new SIF strategy.
Comparisons between the DPR method and MC simu-
lation are shown in Fig. 3. As expected for small sample
sizes MC results are noisy. Estimated speed-up values
are presented in Fig. 4. From the figure we can see that
the speed-up values decrease with increasing simulation
length. This is mainly because the observed parameter
is different than the subset indicator function, so even
if the variance of the subsets decreases proportional to
1/b the variance of the buffer lengths decreases in a dif-
ferent manner. The variance versus buffer length plot
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Fig. 5. Estimate of the variance of the buffer length as a function
of queue length. It is seen that even the simulation length increases
ten fold, the variance does not decrease in the same order.
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Fig. 6. PMF for buffer length when buffer size is, L = 1500. The
dashed curve is for MC and the solid curve is for DPR simulation.

is shown in Fig. 5. As seen from the figure the decrease
of the variance with the increasing simulation length is
less than the expected value, i.e., when the simulation
length is increased by an order of magnitude, there is
only a slight decrease in the variance. As mentioned
before this happens due to the fact that the DPR tech-
nique alters the evolution of the system. A first look
at Fig. 4 may give the impression that the DPR method
looses its efficacy when the simulation length is on the
order of 10%. However, it is important to note that the
PMF (Fig. 3) has a minimum value greater than 10~7,
which makes the simulation time long enough to get a
good result for even a MC simulation. We can see that
even when we drop the probabilities slightly, the speed-
up will again give high values. To demonstrate this we
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Fig. 7. Estimated speed-up values for L = 1500.
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Fig. 8. Estimated half size confidence intervals (for 95%) normalized
to the mean estimates for L = 1500. The solid line is for DPR and
the dashed line is for MC method.

change the buffer size, L, to 1500. The new PMF and
speed-up values for 20 x 10® observations can be seen
in Fig. 6 and Fig. 7.

In all simulations when we compare the probability
mass functions that we get using MC and DPR meth-
ods, it is seen that the MC method gives much noisier
results. However, even if the DPR method gives better
results the speed-up curves do not fully reflect this. In
order to observe the efficiency of the DPR method in
Fig. 8 (for L = 1500) and ,Fig. 9 (for L = 800) the con-
fidence intervals for the estimates are plotted. As it is
seen from the figure, the DPR method gives much bet-
ter estimates than the MC simulation with increasing
buffer length.
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Fig. 9. Estimated half size confidence intervals (for 95%) normalized
to the mean estimates for L = 800. The solid line is for DPR and
the dashed line is for MC method each having a simulation length
20 x 107.

V. CONCLUSION

In this paper we investigated the shortcomings of
DPR-based splitting on systems with self-similar traffic
and introduced a new subset indicator function in or-
der to apply the DPR-based splitting to these kind of
systems. We demonstrated the effect of this new SIF
with a simple buffer model that is fed by self-similar
traffic. In order to see the efficiency of the new method
we used both the traditional speed-up calculations and
also the confidence intervals. The simulation results
showed that the DPR method gives much better re-
sults than a regular MC simulation, especially with low
probabilities.
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