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ABSTRACT This paper deals with steady-state response of a piping system with
elasto-plastic support (elasto-plastic damper) having hysteresis loop characteristics. An
analytical method of approximate solution for the continuous system with elasto-plastic
damper is presented. Some numerical results of the approximate solution are shown. The
results of the system with hysteresis loop characteristics are compared with those of the
system with no hysteresis loop characteristics (elastic support). The peak of the resonance
curve of the piping system with the elasto-plastic damper is reduced. The resonant
frequency of the system becomes lower than that of the system with elastic support.

INTRODUCTION

The forced response of the continuous system such as piping system with nonlinear
boundary conditions is of great importance for several engineering applications [1]-[3].
The piping systems are subjected to many vibrational load such as thermal load, flow
induced vibration and other external load. The piping system is failed when the system is
subjected to excess load. In such a case, reduction of the response is important for design
and construction of the piping system. Some dampers are developed for reduction of the
response of the piping system[4]. An elasto-plastic damper is one of the vibration
absorbers in which energy is absorbed by elesto-plastic deformation of the damper. Many
studies on the response of the system with elasto-plastic characteristics have been published
(51,[6]. In many papers, single- or multi-degree-of-freedom system is used as an
analytical model. For the design of continuous system such as the piping system,
continuous model such as beam should be used. As elasto-plastic characteristics, many
models-such as perfectly-elasto-plastic, bilinear, trilinear, stiffness degrading models are
used.

In this paper, considering above mentjoned peints, an analytical methed for
steady-state response of continuous system with clasto-plastic support having hysteresis
loop characteristics (clasto-plastic damper) is proposed. And effect of elasto-plastic
damper on the forced response of continuous system is examined. For elasto-plastic
characteristics, the perfectly-elasto-plastic restoring force-deformation relation is dealt with.
As an analytical model, a beam simply supported af one end, with elasto-plastic damper at
the other end is used. Nonlinear restoring force is expanded into the Fourier series.
Considering only fundamental terms of the Fourier series, an approximate method is
proposed. Some numerical results are shown. The results obtained for the continuous
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system with the elasto-plastic damper are compared with those of the confinuous system
with no damper (elastic support).

ANALYTICAL METHOD FOR THE SYSTEM WITH ELASTO-PLASTIC DAMPER
A simplified dynamical model of the continuous system with clasto-plastic damper is
shown in Fig.1. Namely, this model consists of a beam simply supported at one end, with
elasto-plastic damper having hysteresis loop characteristics (Fig.2) at the other end.

Let o be the mass density, A the cross-sectional area, and El the modulus of

flexural rigidity. The equation for transverse free vibration of a beam can be written as
follows:

a° El 2y
ot * pagy O @
The relations between y and z as shown in Fig.1 are given by

y = Z+yocoswt )

Hence we have

_ 2
DAgR = Yiwicoswt (3

Assuming the solution for Eq.(1} as
cO
y= 2 Xa{x)cosnwt @
n=1
a formal solution of Eq.(3) can be expressed as follows:
7= -yacoswt + :2;1 {Ancosh A nx+Bnsinh A nx+Cncos A nx+Dasin A nx)cosnwt  (5)

where An, Bn, Cn, Dn are constants to be detenmined in each particular case from the
boundary conditions of the beam, where

Anf*=Z:'n* 2%, Qi=w/w: . (6)
and
2.2 [E
w1=[—;/0—AI ,  Z1=3.927 m

The boundary conditions for this case are as follows:

Vx=0, z=0 (8)
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d’z

2x= 0 » 320 (9
2
Dx=1, %:0 (10)
3
Hx=1, EI gxf = flz:51) (11)

where z: is the transverse displacement at the beam end (x=1) and the nonlinear shearing
force f(z:,z:) is defined by the following piecewise-linear characteristics as shown in
Fig.2:

fzz1) =Kizy D 2132218 z2imax, z 120 (1)
flznz1) = Ki(z:-zimaxtzy) ; Z13SZiSZimaxx, 2;=0(1) (12)
flzz) = -Kizy D ZimaaSmziSezis, 2020 (D 12
f(Zt,iJ) = K1 (Z.'+Zlmax“Zy) ;—Zlmax.gZJéZra,it%O (N)

where K1 is the spring constants of the absorber in elastic range as shown in Fig.2 and z.
is yield displacement. Displacement at the bearnt end of the interval {IV) z:s is written as
follows:

Z13==ZImax+2Zy (13)

where z:max denotes the maximum displacement at the beam end.
From Egq. (5} with the equations of boundary conditions (8) and (9}, the following
equations are obtained.

Ci=Ai=yo2 (n=1), Cn=An=0 (n=2,34,..) (14)

Substituting Eq. (14) into Eq.(5),

Z=yo (% cosh A lX+%' cos A 1x-1)coswt +?;1 (Bnsinh A 1x+Dnsin A 1x) cosnwt (15)

And then, from Eq.(15)} with the boundary condition Eq.(10), the following equations
will be obtained:

Bisinh A :/-Disin A 1/ =yo ( %coshrl 4 cosAaD  (n=1) (16

2
Businh A wl-Dasin A ol =0, (n=2,34,....) (17

In this paper, the steady-state vibration is dealt with for the case in which the beam
end collides with the nonlinear support once in one period of its vibration. Once the impact
vibration becomes steady and periodic, the nonlinear shearing force f{z:,z:) becomes also
periodic and can be represented as a periodic function g{@) of € with the period 27,
And # is defined by the following equation:

f=wt-c (18)

where @ is the phase lag angle.
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This periodic function g(#) must satisfy the conditions of the given characteristics
of the nonlinear shearing force Eq.(12), which is, in this case, to be written as the
following equations:

flzr,z) = Kizy s -850 50 (I
f(zrz) =Ki@i-Zimas+zyy ; 020 =0.=n-6, (II) (19)
f(z1z:) =-Kizy ; =605 xn (1

fznz) =Kilzi+zimas-zy) ; XS O=22W-0, (IV)

where &1 and 9 2 denote the range of the phase angle & during the period of the contact
of the beam end with the nonlinear support. In the foregoing, one period 27 of the
resulting vibration is divided into four intervals. During the first and the third intervals of
length 8 1, response of the absorber is in the plastic range. During the second and the
fourth intervals of length and & 2, the response of the absorber is in the elastic range.

In this paper, let the function g{ &) be approximated by

g(8) = aicos & +bisin O V/1)

As shown in reference[7], when g(6) is approximated by only the fundamental
term of the Fourier expansion, approximate solution agree with exact solution for relatively
low ratio of nonlinear parameter (K:/k) used in this paper. And k is equivalent stiffness
of the beam defined by Eq.{26)

Thus, from Eq.{15) with the last equation of boundary condition Eq.(11), the
following equation is derived:

K]
gxi =yo A2 ( Elsinhfl 1X +2isink 1x)cos (6 +a)

+A 1 (BicoshA yx-DicosA 1x)cos (& + ) e
and with Eqs.(11),(16) and (20),

a:rcos 0 +bisin &

BI=FX " Arcos(G+2) sinA 1 (22)
_Z—IA——lyo(:HSinh;L il sinA 1l +coshA 1lcosh i)
__aicos O +bisin 0 .
Di=FIA PA cos(O+ ) sinh A1/
-2—%-1 yo{sinhA :/ sinA 17 +cosh A :f cos A7 -1) (23)
where
A 1=coshA :f sinA [ -sinh A 1/ cosA 1/ (24)

Then, displacement of beam end z: is

z;=yoN:cos(9+a)+M1i~1cosG+M1k£15irl9 (25)
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where

k =3l?-£: (26)

N,=SinA 1I(1-cosh A 11 ) +sinh A 11 (cosh A 1/ -1} (27)
"= CoshA il sinA if -sinh A 1l cos A 1]

M= 6A 1 (sinhA 1f sinA () (28)

Z. Q% (cosh A I sinA 1 -sinh A 1 cos A f)

Meanwhile the switching-over conditions from one to another of the three intervals

(1),(I1),(IT) and (IV) are expressed by

B= -0, zi=zis=zimast2zy (V1) (29)
G:O, it:O, Zi=Zimax (I_""]I) (30)
=02, zi=z13 (]I—*]]I) (31)

>

Equation (25} can be written as follows:
z:=(yaN1cosa+M1‘;—l)c059 (32)

Introducing I" as

ai eo
FEyDNICOSQ'l‘Ml—E":m (33)

Equation (32) is to be reduced to
z/=[cos® (34)
And the nondimensional P:ouricr coefficients are defined as follows:

xi= i L yi= o (35)

From Egs.(33), (34), (35) and (29)-(31), the amplitude of the beam end T, the
phase lag angle @ and the amplitude yo of sinusoidal excitation are determined as:

r _Yo N

zv  zy YIA-Mix) 2 My ” G6)
eonm1 M 1)

@=tan”™' | 37

Yo _ 2\/(1-1\/11}(1)2+(NI=Y1)2 (38)

Zy {1+cos & 1IN

Since the function g(8) in Eq.(19) has been approximated by Eq.(20), the
piecewise-linear characteristics expressed by Eq.(19) of nonlinear shearing force,
combined with Eq.(34), can be approximately written as follows:
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%{(.IQ_) = aicos & +bisin @
- K Lioos6) ;-0 650

28 (39)

5T T a1cos 8 +bisin 8

K1 1 COSHI < <
= — - M
—] (COSB 2+ 5 ),0_9_62

—

Applying a technique similar to that for determining Fourier coefficients, namely,
multiplying both sides of Eq.(3%) by cos® and sin® and integrating through the whole
period of 27, the nondimensional coefficients x: and y: are obtained as follows:

K:

xi= (-8 14sin 8 (cos 0 1) (40)

yi== = (cos® 8 1-1) 41

w7

Fixing the parameter 1 and yo/zy, € 1 can be obtained by iteration method with Egs.
(38), (40) and (41). Then, I"/zy can be obtained, utilizing Eq. (36).

NUMERICAL EXAMPLES

Figures 4(a) and 4(b) show resonance curves of the system with no hysteresis loop
characteristics {elastic support) with the amplitude [ /eo of the beam end versus the
frequency ratio £: obtained by the method of approximate solution in which several
exciting ratios yo/zy are taken to be constant, Figures 5(a} and 5{(b) show resonance
curves for yo/zy=1.0 and 0.5 of the system with elasto-plastic damper of nonlinear
parameter Ki/k=3. Figure 6(a) and 6(b) show resonance curves of the system with high
ratio of nonlinear parameter K1/k=10.

From Figures 4, 5 and 6, the peak of resonance curve of the piping system with
elasto-plastic damper is reduced. The resonant frequency of the system becomes lower than
that of the system with elastic support.

CONCLUSIONS

An approximate solution for the steady-state response of continuous system simply
supported at one end and supported with elasto-plastic damper having hysteresis loop
characteristics at the other end is proposed. Resonance curves are obtained for several
exciting ratios yo/zy of the systerns with low and high ratio of nonlinear parameter Ki/k
by applying the approximate solution. The peak of resonance curve of the piping system
with elasto-plastic damper is reduced and the resonant frequency of the system becomes
lower than that of the system with elastic support having no hysteresis loop characteristics.

Finally, the authors would like to acknowledge their deep appreciation for the valuable
suggestions given {0 this work by Professor Emeritus Heki Shibata of the University of
Tokyo.
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Fig.1 Analytical model of continuous system
with elasto-plastic damper

Fig.2 Hysteresis loop characteristics
of restoring force at the beam end
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Fig.4 Resonance curve of continuous system
with no damper (elastic support) (yo/zy=1.0)
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Fig.5 Resonance curve of continuous system with elasto-plastic damper (K /k=3)
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Fip.6 Resonance curve of continuous system with elasto-plastic damper (K. /k=10)

5

(b) yo/zy=0.5



