ON INCOMPLETE U-STATISTICS HAVING MINIMUM VARIANCE
by |
Alan J. Lee
University of Auckland

, and
University of North Carolina at Chapel Hill

Summary

Let U be an incomplete U-statistic of order k -- that is to say an
arithmetic mean of m quantities g(X, ,...,X, ) where X.,...,X is a
1y 1 1 n
random sample from some distribution, g is a function symmetric in its k
arguments, and the sum is taken over m k-subsets (il,...,ik) of
{1,...,n}. The problem of how to choose the m subsets to make the

variance of U a minimum is discussed. Some results on the asymptotic

properties of U are given.
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1. Introduction.

Let X .,Xn be a random sample from a distribution with d.f. F,

12"
where F is a member of a class F of dfs. Let 6 be a parameter such that

6 = 8(F) = E[g(X;,...,X)] for all FeF 1)

where g is symmetric in its k arguments. In this case the functional
00 k . . R
0(F) = ff; ,..]lm g(xl,...,xk) I dF(Xi)'ls said to be regular, and
i=]l '
under certain conditions on F, the minimum variance unbiased estimator of

6(F) is the complete U-statistic

. |
U= 77 ) g(X 5e0nsXs ) (2)
AR

where the sum is taken over all {EJ k-subsets of {1,...,n}.
The amount of computation required to calculate (2) may be excessive .
if n and k are large. Because of the high degree of dependence between
the terms of (2), it appears that discarding some of the terms involved
in the U—statistic will not appreciably inflate the variance. We are

thus led to consider incomplete U-statistics of the form

u == J B0 benXy ) (3)
where the sum now extends over m k-subsets chosen in some manner. Such
incomplete U-statistics have been studied by Blom (1976), Brown and
Kildea (1978), and Lee (1979).

In the present paper we address the-quesfion of ‘how to choose the
sets defining (3) to make the variance a minimum. We also discuss

asymptotic properties of sequences of optimal incomplete U-statistics.



Since the variance of an incomplete U-statistic is always greater
than that of the corresponding complete statistic, one is trading off
efficiency against simple computation. However, in some cases it is
possible to achieve considerable savings in computation coupled with a
negligible or zero decrease in asymptotic relative efficiency. We return

to this point in §4.

2. The variance of an incomplete U-statistic.
Following Hoeffding (1948), define functions
gc(xl,...,xc) = E[g(xl,...,xc, Xc+1""’xk)] for ¢ =1,2,...,k and
2 a4
o, = Var(gc()(l,...,Xc)).T Let Sj’ j=1,...,m, be m k-subsets of

{1,2,...,n} and let g = g(X; ,...,X; ) where Sj = {11,...,1k}. The

1 k
m
U-statistic based on the Sj is u, = %- ) gj and we call the sets Sj

j=1
the design of the U-statistic. The design is conveniently described by

the nXm incidence matrik'N'whose i-j element is 1 if i ¢ Sj and zero
otherwise.
From Blom (1976) the variance of [%1 is given by
k
1 2
Varu=—72fc : (4)
m =
where fc is the number of pairs of sets Sj’sj' having exactly c
elements in common, fc is the number of elements of N'N equal to c.
If we assume the sets S. to be distinct, then fk = m. We now develop

an alternative expression for the variance. Let a(il,...,ig) be the

number of sets that contain the set {il”"’iz}’ so that
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a(ll,...,lz) = ;

where N = (nij)' Define for v = 1,...,k

A, = ) a%(i,...,i,)
% 1<i.< <i <n 1 2
$1p<...<1ps
Bl = . Z . a(ll,...,lz)
1511<...<1£3n

Define the Stirling numbers ng) and SSU) of the first and second kind

by
V
= ] s xen. L xews)
u=1
and
U
x(x-1) ... (x-p+1) = § s x* |
| v=1 H
Then
i Y
n n = ut S A (5)
=1 i1(i=1 1d p=1 v.ooH
AY)
n n m Vv
yo.o.o Y] Dy Leeemy o= Y ul S£UJ B . (6)
i=1 i=1 j=1 "1 SRS | H

But the left-hand side of (5) and (6) are respectively equal to



Multiplying each side of (7) and (8) by )

and using the identity

L

V=)

yields from (7)

LA

W) _
) 8, 'S; " =8

D3y - e
n..n,. = c £
j=1 jr=1li=1 1317 c=1 ¢
-and
m|[n v v
Y2 n, = mk
je1li=1 Y
so
k v
I Ve = ] st A, Q)
c=1 u=1
and
Vv
mk? = Z ul SSU) Au . (8)
u=1
™)

, summing over Vv from 1 to £

ul

k %
e

c=

k
) £, cle-1)...(e-2+1)
c=1



and so

k : _
3 c
Ap= 1 fc[z} - ©)
c=L )
Similarly from (8)
: % Vv, V
21 B, =m )} Sck’ = mk(k-1)...(k-2+1)
L L
v=1 ,
and so
= mlXl
Bz = xn(zJ . (10)

Finally muitiplying (9) by (-l)z-v ﬁ}, summing ovér_2 from v to k and

c v :
using the identity QZ (-1)£'v[ﬁj[§"= {S}ch we obtain
=\) .

k
2-viL
£, = Z(-l) qu | (11)

.s0 by (4)

i
|-

0 e~
oS

Var U
m

2
L-c{] 2
where d2 = czl(—l) (c}cc‘



The quantities dz are non-negative by Lemma 5.1 of Hoeffding (1948),
so Var Um is minimized by designs having all AQ’ a minimum,
In general, finding designs which simultaneously minimize the Ag is
a difficult problem in 0-1 programming. However, in certain situations
we may be able to recognize minimum AJL .by simple arguments. In
particular, note that Ag is the sum of s'qﬁares of [E]‘non-negative
k

integers a(il,...,iz) whose sum is Bg = m(Q’J . If a design exists for

which the a(i ’i,Q,) are all equal, then AJL will be a minimum. A

100"
necessary condition for this is that m[ﬁ/{ﬁ is a positive integer.
Alternatively, if m(lﬂ < [EJ and a design exists for which the
a(il,...,iz) are all zeroes"and ones, then m[z] are unity and the rest
zero, and so AJL = Bg. Clearly for any design AQ, 2 BQ', S0 Az.is
minimized if the a(il,...,iz) are zeroes and ones. Moreover if for any
vz 2, a(il,...,i\)) is equal to zero or one for all il""”i\) , then ASZ,
attains its minimum for £ = v.
To see this, note that if a(il,...,i\)') is zero or one for all
subsets Vil"""i\)' then nercessarily a(il""’i%) is zero or one for
£ 2V and so A!Z, = BSL and so attains a minimum.

‘We now turn to the description of designs for which the AJL have one

of the two properties above.

3.' Designs having minimum variance.

3.1. Designs based on tactical configurations. A class of designs

for which the A, are sums of squares of equal terms are those based on

2

tactical configurations, A tactical configuration (t.c.) C(k,%,6,n) is a

system of m k-subsets of {1,...,n} such that every L-subset of {1,...,n}



is contained in exactly § of the m subsets of the system. A necessary

condition for the existence of a t.c. is that the quantities

n-ht,lk-h
6 = o)/ i)

are integers for h = 0,1,...,2-1. If such a t.c. exists it is also a

C(k,h,6h,n) t.c. for h = 1,2,...,2-1. The number m of sets is giVen by

These facts may be found for example in.Raghavarao (1971).

Suppose now that a C(k, k-1, 6, n) tactical configuration exists.
Then the incomplete U-statistic based on this t.c. has minimum variance,
for by definition every f%-subset of {1,...,n} is contained in 8,
subsetS‘Sj of the system, and so each Az is a sum of squares of equal

terms and so is a minimum.

Special cases.,

a) k= 2. A C(2,1,8,n) configuration is simply a sfstem for which
each element i is contained in the same number & of sets Sj. Designs
(for any k) having this property are termed balanced by Blom. The
balanced designs for k = 2 have been considered_by Brown and Kildea
(1978), who prove the asymptotic normality of U-statistics based on them.

b) k= 3. A C(3,2,8,n) t.c. is just' a balanced incomplete block
design for n varieties with m = 6(2}/3 blocks of 3 ploté each. Each
pair of indices (varieties) occurs in A = § ‘sets (blocks), and the

design is balanced in the sense of Blom with each index appearing in



. r = §(n-1)/2 of the sets Sj' ‘The variance of the incomplete U-statistic

is given by

1.2 2 2
Var Um = ﬁ;(Sol(r-2A+1)+302(A-1)+03)

L
A sequenée.of designs having m = 0 F%~] are those based on Steiner

triple systems. See e.g. Raghavarao (1971) p. 86. These are BIBD's with

parameters k = 3 and

i}
I}
1]

[

6t + 3 m = (3t+l)(2t+1) T

=
It

3t + 1 A

or

t(6t+1) r = 3t A=1

6t + 1 . m

=]
il

and exist for every positive integer t. The variances of U-statistics
based on them are (9tai+o§)/(3t+1)(2t+1) and (3(3t-1)0§+c§)/t(6t+1)
respectively,

¢) k=4. C(4,3,1,n) configurations are called quadruple systems
and have m ='{2]/4 subsets. They exist (Hanani (1960)) when n = 2 or 4

(mod 6). Little is known about t.c.'s for which k > 4.

3.2, Other designs based oﬁ tactical configurations. Suppose that
a C(k,v,1,n) configuration exists for v = 2. Then aﬁy v-set is
contained in.at most 1 of the Sj and so AQ is minimized for 2 2 v.
Since the desigh is a C(k,%,Gz,n) t.c. for 1 <R <V thé A&' are also
minimized for & < v and so the U-statistic has minimum variance. In
particular BIBD designs for arbitrary k,n,m are of this type if A (the

. number of blocks containing any pair of varieties) is unity.
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3.3. Designs based on partially balanced incomplete blocks. We
consider designs based on two associate classes with n varieties, k plots
per block and m blocks. Let hI,nz s )\1, >‘2 be the parameters of the
association scheme, so that every variety has n, first associates and

. . s s .th .
n second associates; any palr.of varieties that are 1 associates

2
occurs in Ai blocks, i = 1,2. Suppose Ap =1 and )\2 = 0 (or Ay =0
ana )\2 = 1); any pair of varieties occurs in at most one block and so
A2 is a minimum. Since the PBIB is balanced in the Blom sense, A1 is
also a minimurﬁ. Since the a(il,iz) are zeroes and ones, ASL is also a
minimum for 2 = 2. Thus the U—statist_ic based on a PBIB with two

associate classes has minimum variance if Al = 1 and AZ = 0.

3.4. Designe based on cyclic permutations. We now consider a class
of balanced designs, with m = nK for some integer K, that have the
property that the off-diagonal elements of the matrix NN' are zeroes and
ones, Since A2 is the sum of squares of the upper off-diagonal elements
of NN', such designs correspond to minimum variance U-statistics. We
first consider the case K =1, Then m=n and r = k, and for any
balanced design N is square with row and column sums equal to k. It

follows (see e.g. Raghavarao (1971), p. 107) that N can be written

A
n

I} o~
e

2=1

where PQ' is a permutation matrix, i.e. one whose i-j element is of the

form 8; L)

Conversely, any set of k permutations Pys- ,pk will generate a balanced

for some permutation p of the integers {1,...,n}.

design, provided Py () = Py (j) for.distinct 21,2,2 and j = 1,...,n.
' 1 2
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Now let q be the cyclic permutation q(j) = (j+1)(mod n), and for
o

integers o0, , 0 <0, <n, set p, = q 2. Let P, be the permutation
A 2 L X L
matrix corresponding to Py » and set N = Z PQ. We note that, provided
: =1
the o, are distinct, N is the incidence matrix of a balanced design.
k k
Also NN' = J } P, P} where P, P! is the permutation matrix
.72 2. %,
21=1 £2=1 172 172
%, "%

corresponding to the permutation q 1.

Now call the elements of an nxn matrix for which i - j = c(mod n)

The matrix P, P! has ones on its

zl 22
Thus, provided the quantities

the c-diagonal.of the matrix.

o diagonal and zero elsewhere.

-
by | |
a, -a, ~for R.,,%, = 1,...,k are distinct (mod n) when they are not

22 21 1272

zero, NN' has its off-diagonal elements zero or one, and hence N is the
incidence matrix of a minimum variance U-statistic. The table below

gives suitable values for the oy for different k values.

TABLE 1

Values of a, for different k values. The range of n yielding minimum
variance U-sStatistics appears in parentheses.

%=1 L= 2 L =3 L =4 =35
k=2 0 1 (n 2 3)
k=3 0 1 3 (n27)
k=4 0 1 4 6 (n 2 13)
k=5 0 1 4 9 11 (n 2 23)
k=5 0 1 4 14 16 (n = 21)




12

For K > 1, it may be possible to construct suitable incidence
matrices of the form N = [NIE st "'ENK] where each Ng, L=1,...,K,
is of the above form. Then NN' = NlNi ok NKNk will have its
off-diagonal elements zero or-one if the matrices NlNé have their
non-zero diagonals all distinct. For example if k = 3 and K = 2 we can
choose N1 based on %y values 0,1,3 and N2 based on 0,4,9. The

resulting N has distinct non-zero diagonals for n 2 19 .and so is a

design for a minimum variance U-statistic.

4, Asymptotic results.

First we comment on the asymptotic relative efficiency of the

designs above. Let Um be a sequence of U-statistics based on nxm,
n
incidence matrices Nn which have the property that A2 = m(g} or

equivalently that the off-diagonal elements of NnNﬁ are zeroes and ones

and are balanced. Then, dropping subscripts and assuming Gi > 0,

2
+ Mo

2
1 k)

_ 1
Var Um = _Tf(flg
m

where

k
f1=§

“k
2-v {2 L-v &1 tk
£f1(—1) (v}AQ = Z (~-1) {V]m(zj + rmk

=2

since
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Thus

™ [ﬁ] [‘\j} + mmk - mk

mk (r-1)

Hh
1]

)
m
1 =1

SO

: 1 2. 2.
Var Um = ;n—(k(rfl)01+ck)

The variance of the complete U-statistic is

Var Uc = _1_k202 + O{l)
n n 1 n

so the asymptotic relative efficiency of the complete versus the

incomplete statistic is

13240 (l] k%o?

. n 1 n . 1
lim I 55 = lim 5
e (k(r-l)c1 + ck) - k2 2{1‘-1 . ka
1{ r T

Suppose that %1+ ® so that r - o, Then-the ARE is unity, and if % -+ b,
say, then r - bk and the ARE is bkof/(k(bk-1)0§+ 012() < 1. For example,
a sequence of designs having the former property are those for k = 3
based on the Steiner triple syétems, and a sequence having the latter
property are those for k=3, m=n based on cyclic permutations with b =1
and an ARE of k20 /(k(k-1)0%+02). |

For results on asymptotic normality, once again consider a sequence

of designs based on incidence matrices 'Nn of the type described above.
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' We distinguish two cases: (i) r + «; (ii) r = bk with b finite.
2 ko?
: _ n 2. 2, _ k(r-1) 2 k
If r+®, then nVar U = T (k(r-1)0j+0,) = ———=0] + ——, and so

lim n Var u, = kzoi = lim Var UIC1 where UIC1 is the corresponding complete
n
statistic. It follows from §5 of Blom (1976) that the asymptotic

distributions of /ﬁ(UICI—G) and /E(Um -9) coincide and are N(O,kzof).
n
When r - kb < «, then m Var Um converges to k(bk-l)ci +012( and a
n
trivial extension of the argument of Brown and Kildea (1978), Theorem 1,

shows that /ﬁ(Um -0) cénverges in distribution to N(O, k(bk—l)ciﬂjlz() .
n
To construct confidence intervals for 6, we need a consistent

2

estimator of k201

or k(bk-l)ci + 02

x s appropriate. Define for

‘ W:.L = mUm - (m-r)U(i)

1 . .
where U,., = — ). . and the sum ., is taken over all sets S. not
) = mor La) & Lis - j

containing i. Then if W' = (Wl,...,Wn) and g = (gl,...,gm), W= Ng.
22
1

Consistent estimators of k"o, and k(kb-l)cf +o]2( may be based on the

n
statistic Z(Wi- W)z where W = % ) W.. Similar statistics are
' i=1

empioyed in the complete U-statistic case for consistent estimation of

kch . Consider

-2 1
HUBORES CRERR)!

k2
N X
E(N N n Jm)g

where In and Jn are square identity matrices and matrices of 1l's

respectively., The covariance matrix of the vector g, 7 say, has elements
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'n'ij = Gi where ¢ is the i-j element of N'N. Thus
n 2 2
— 2. . . k .2 k
E(izl(wi-W) ) = trace I(N'N-—J ) + 0 L'(N'N-=-J )1
—(fo +k£,0%) - 1-‘-2~(f02+fc) (12)
- %k n k'k

2 |
k 2 ; k., 2
mk(r-1) (1- Tl—)csl + mk(l-H)ck

A n _
Now consider the case r +~ « ., The estimator B = n]:_r Z (Wi— W)2 is an
i=1
asymptotically unbiased estimator of k Gi since
2 : .
k- 2 (r 1) ‘2 22 .
lim E(mr Z(Wi- W) ) im(k 1 Y k) = k oy - It is also

n
consistent; to prove this (under the assumption E!g(xl.,. ces Xk)[

write

2
3 m
kK @ 2 X k
wr L -7 = o gN'Ng - Hﬁ[§ gJJ
i=1 j=1
(13)
k. S 2,2
= nr Z(l) gjgj' t le gJ - kU

where Z(l) denotes the sum over all sets S. having one element in

common. Since Um converges to 0 in probablllty, the last term in (13)

2,2

converges to -k"8% in probability. Also = Z g is an incomplete

U-statistic based on the kernel g2 and so converges in probability to

E(gz) = 02 + 62 . Thus the second term converges in probability to zero.

k
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For the first term, consider

k2

vy Ly g0 = L

cov (g5, 5 88 1)

where .the sum is taken over all j,j',%2,%' such that the sets Sj n Sj'

and S, n Sy,

the corresponding term in the sum is zero, since gjgj, and 8g8gr are

each have exactly one element. If (SJ.U Sj') n (Szu SQ,) = ¢

independent in this case. The number of terms for which this is not the

case is less than m.rk.(2k-1)r.kr = O(mrs) and so
2 3
k k , .
Var(mr Z(l) g. g W)= 2 5 O(mr ) = = 0 (1) converges to zero. Since

kf :

1.2 02 2 (x-1) 2. .
Gor z(1) 8;851) = g (07+87) = k"-=7==(0;+67) it follows that the
first term of .(13) converges in probability to kz(ci + ez) and so (13)

‘ A —
converges in probability to kzci.. Thus when v >+ o, B = ﬁk? Z (Wi-W)2
i=1

is a consistent estimator of B = kzci. It follows that when 1 = «

/A1
v B 1 n [Um- 6} has asymptotically a normal distribution with mean zero and

o0
variance unity,
For the case r + kb < «, the estimate must be modified. Consider

2§ (W,-M?; from (12) we obtain lim E Zym-m? s k(kb-l)oi + koo so

n
'xlﬁ Z (wi- W) - is not an asymptotically unbiased estimate of k(bk-l)ai+ 012( .

Using a decomposition similar to (13) we obtain
1 -2 1 kK ¢ o2 2
m Z (Wi‘ W o= Iy 2(1) gjgj' Y JZ gj - I‘kUm s

which using the arguments above converges in probability to

2 - X(kb-1)0° + ko?

k(kb-1) (0 + 6% + k(c712<.+ 6%) - k%bo 2.
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To adjust the estimate, consider

m
— 2 1 1
m-1 Z (gj—g) = 'IF__ g'(Im--n—l- Jm)g .
j=1 - >
We have
m .
1 — 2 1 1
E[;m—l) jzl (gj- g):} s trace H(Im-m Jm)
1 2 1 2 2
= o1 MO -5 (F107 + £,09)
o2 k(r-1) 2
= % w1 9
& — 1 T 2 1 .2
and —— Z (gJ—g) = =7 jzl g - -1 U, comverges in probability to
ci. Thus — X (gj—gbzv is an asymptotically unbiased and consistent
estimator. of Oi. It follows from the above that
Ak % —2 k-1 © —2
B=— I 0-W° - =5 ] (g;- 2
i=1 j=1

is an asymptotically unbiased and consistent estimator of k(kb-l)qi + oi

and so v ﬁ‘l n @%n-e} is asymptotically N(0,1). -
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