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SUMMARY
Consider the problem of testing the composite null hypothesis that

a random sample X Xn is from a parent which is a member of a

ERERD)
particular continuous parametric family of distributions against an alterné-
tive thatvit is from a separate family of distributions. It is shown here that
in many cases a uniformly most powerful similar (UMPS) test exists for

this problem, and, moreover, that this test is equivalent to a uniformly

most powerful invariant (UMPI) test. It is also seen in the method of proof
uged that the UMPS test statistic is a function of the statistics Ui, sy

Uh-k obtained by the conditional probability integral transformations (cPIT),
and thus that no information is lost by these transformations. Tt is also
shown that these optimal tests have power that is a monotone function of the
null hypothesis class pf distributions, so that, for example, if one

additional parameter for the distribution is assumed known, then the power

of the test can not decrease. Two readily established but important properties
of CPIT transformations are given. It is first shown that the statisties

given by these transformations are independent of the complete sufficient
statistic, and that these statistics have important invariance properties.

Some examples are given fOr particular families. These include testing the
two-ﬁaraﬁeter uniform family against the two-parameter exponential family

to illusfrate the fransformation approach given here for constructing UMPS

tests. The problem of testing a scale parameter exponential family against

a shape parameter lognormal femily is considered for the shape parameter
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known, and for it unknown. Some empirical power results have been computed
for the tests proposed here for these two problems, and thesge results are
compared with those of other writers.

Some key words: Separate families, similar tests, invariant tests, Neyman-

Pearson Lemma, conditional probability integral transforma-

tions, goodnegg-of=fit.

1. INTRODUCTION

Let Xl’ ooy Xn be a sample from a continuous parent distribution. We
are interested in testing that this sample is from one family of distributions
against the alternative that it is from another family where these families
are separate as defined by Cox (1961). Cox (1961, 1962) has given a general
method for deriving tests for these problems. His tests are based on the
logarithm of the maximum likelihood ratio-MLR tests. Jackson (1968) and
Atkinson (1970) have both considered the MLR method further and developed
some particular tests. -

Invariant tests are also important for the separate families testing
problem. Lehmann (1959) gave the general theory of uniformly most powerful
inveriant (UMPI) tests. In an earlier paper Lehmenn (1950) attributes the
notion of invariance to R. A, Fisher, Hotelling, Pitman and others; and much
of its development to Hunt and Stein in unpublished work. See, also,
Hajek and Sidak (1967). Uthoff (1970, 1973) has considered UMPT tests for
several particular problems. Dyer (1971, 1973, 197L4) has considered several
tests for separate hypotheses problems, including MLR and UMPTI statistics.
Antle, Dumonceaux, and Haas (1973) compared the power of MLR and UMPI tests

for some location-scale parameter problems and recommended the MLR test

over the UMPI test (when they differ), because it is more easily derived
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and has relatively good power. Dumonceaux and Antle (1973) give the MLR
procedure for discriminating between lognormal and Weibull distributions.

Most goodness-of-fit tests can be used as tests of separate hypothezes.
However, since these tests ignore the alternstive hypothesis they would be
expected to have less power than tests that utilize knowledge of the alterna-
tive family. There is no assurance that this losg of power will in fact occur,
unless the test with which a goodnesg=of-fit test ig being compared has maximum
bower among a class of tests to which both tests belong. Goodness=-of-fit
tests can have unexpected power properties, such as those reported b& Dyer
(197L4), and independently by Stephens ( 1974). They found empirically thet
if the null hypothesis class is contracted by assuming a parameter to be known,
that the power of some tests is decreased. This cannot happen for the most
powerful tests considered here, and a statement and proof of this is given
in Theorem 4.4, below.

The conditional probabiliéy integral transformations (CPIT) were introduced

in O'Reilly and Quesenberry (1973). These transformations can be used to transg-

form a sample Xl, seny Xn from a k~parameter continuous null hypothesis class
to a set Ul’ tees Un k of independently and identically distributed uniform

random variables on the unit interval -- i.i.d. U(O,l). Then many goodness-
of-fit test statistics can be used to test the uniformity of the U's on the
(n~k) dimensional hypercube, and the test results applied to the original
composite null hypothesis testing problem. The advantage of this approach is
largely practical, for it allows the use of the same distributional results
(tables, limiting distributions, ete.) to test a large number of different
null hypothesis classes. One can, by this approach, obtain immediately an
exact test for all sample sizes for a large number of composite hypotheses

for which no test is presently available. In contrast to this, the large
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number of goodness-of-fit tests that have been proposed for composite null
hypothesis problems have distributions that change when a different null hypothesis
class 1s considered; and, in fact, from this perspective it should be observed
that the tests for separate hypotheses have different distributions when either
the null or the alternative family is changed. A question arises as to the

power that can be achieved by this CPIT approach. We derive here a test that

is most powerful among all tests based on the U's for testing separate families,
and show that the test obtained is, in fact, a UMPS test for the problem. Tt

is further shown that this UMPS test and a UMPI test are equivalent under condi-
tions commonly met,

The basic approach adopted here of seeking a most powerful test among the
class of similar tests is, we feel, obviously reasonable. If one is interested
in testing that a sample is from a particular parametric family; such as
N(M,GZ), say; against some alternative outside the family, then the test should
treat all members of the family the same, i.e., all normal distributions are
"equally" normel. Also, all of the test statistics, of which we are aware,
that have been proposed for testing these types of composite null hypotheses
have distributions that are the same for every member of the null hypothesis
class. The tests therefore are all similar, and only similar tests seem to ever

be used, anyway.

2. THE MODEL: TERMINOLOGY, NOTATION AND PRELIMINARY RESULTS
We shall frequently use terminology given in Lehmann (1959); Chapter 6,
invariance, 1s especially relevant.
Let X denote a Borel set of real numbers, G the Borel subsets of X, and
X = (X, cees Xn) denote a vector of independently and identically distributed

(i.1.d.) random variables, each distributed according to an absolutely continuous
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distribution P on the Borel space (X,G); and, further, suppose that P is

a member of & parametric class of distributions P = {Pe; B eQ} . The set

Q2 is assumed to be a k-dimensional Borel set with elements 6 = (61, oe ey Gk).
It is also assumed that there exists a k-dimeﬁsional sufficient statistic

T = (T . Tk) for P (or Q), defined on the sample space (X",G") =

(Xx...xYX, Gx ... x0Q)., Also, put P" = {Pn; PePx...x P, P ¢ P},
i.e., P is a class of product measures on (xn,an) corresponding to . The

class PT is also written as P° = {Pg; 6 e}, If (Xl, eees X ) given T

n=k
has an absolutely continuous distribution, we say P has absolute continuity
rank n - k, i.e., a.c.r. P is n - k (cf. O'Reilly and Quesenberry (1973)).

Let g: X = X be a one-to-one transformation, and let gn be the
corresponding one=-to-one transformation of " onto X" defined by
gn(xl, cees Xn) = (g(xl), cees g(xn)). For each g", suppose there exists
a function g: 0 - Q (or P" - P?) such that Pée(X ¢ gA) = PG(X € A) for
every A € Gn. Let G denote a transformation group on X, gn the corresponding
transformation group on In, and G the corresponding transformation group on
Q (that g" is a transformation group is easily seen, that G is a group follows
from Lehmann (1959), p. 21k).

Denote by ﬁs the sub o-algebra of G induced by a statistic S; by
hl<° h2 the composition of a function hl with a function h2, l.e.,
by °'h2(-) = hl(hg(')); by I, the indicator function of a set A, With the
usual abuse of notation the same symbol, e.g., g or g-l will be used to denote
& point function and the corresponding set function. The following lemma
is a well-known result in probability theory that provides a convenient

starting point for this work.

Lemma 2.1

For g: X - X, one-to-one onto, and § a statistic on (X",G%),
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bl (D , .n n
PG(A\S) = Pge(g A|ghﬁs) g a.s. Py VA eG ., | (2.1)

Proof. From the definition of an induced o-algebra it follows eésily that

n,
g BS = f o

Thus V B € @S,
Seog

-1 _
gnBPe(A{@S) » g AP = g Pe(Alﬁs)dPe

=1, =[ T dP~, sinceI =1, «g ",
5 A8 gnB qu g8 gnA

= gnBP(gnAlgnﬁS)dPée .

Then by the Radon-Nikodym Theorem,
-1 n n n
Po(AlBg) o g7 = Poy (g"Ale'By)  a.s. Py VA QT

and (2.1) follows. This completes Lemma 2.1.
A transformation group on a space is said to be transitive if its
maximal invariant ig constant on the space., Transitive groups on parameter

spaces will play an important role in this work.

Lemma 2.2, If

(a) @ is a transformation group of increasing functions on X that induces a
transitive group G on Q; and

(b) T is & sufficient statistic for Q, and is equivalent to T o gn for
every g ¢ G

then the distribution function of the conditional distribution of

(Xl’ ceus Xn) for fixed T is invariant under Gn,‘iﬂg.,
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Py woes x| By) = Floxs ooy gx |8 © & (2.2)

a.s, PO Y geG.
Proof, TLet 6 ¢ Q be fixed and 68/ also be an element of Q. Then there

exists a g e¢ G such that for the corresponding é, 8’ = ée . Let

J. = {(yl, cees yn); vy Sxsi=1, ..., n} and x = (xl, cees X ),

n
Then
Fe(xl, cens XnIBT) = Pe(JXI@T) a.s. Pe,

= P=_(g"0 |B.) o " a.s. P, , by Lemma 2.1 and (b)
g8 x! T ’ f B °? : ?

= P (¢ |B) » & a.s. P, , by sufficiency of T
) x T Ut ? ?

= Folex,, oo.y gx |B) o g" a.s. P
g8 ="1° ? n! T * e

By the sufficiency of T, the subscript 6 cen be omitted on F, leaving
n n
F(xl, ceey xn]ﬁT) = F(gxl, cees gxniBT) o g a.s8. P,

where the exceptional set may depend on gn, and thus F(xl, seoy anT) is
almost invarient under G-. However, since P is a dominated family on a
Buclidean space, and both " and are Fuclidean sets, it follows by
Lehmann (1959), Theorem 4 and discussion on p. 226, that the exceptional
set does not depend on gn. This completes Lemma 2.2,

It may appear that the conditions (2) and (b) are severely restrictive,
but they are satisfied and readily verified for most of the separate families
that have been considered in the literature. Important families that are easily
verified include many location-gcale families (for which G = {ax + b; a >0,
~» < <w}), and shape parsmeter families such as the Pareto (for which

¢=1{x% a>o}).



-8 -

3. SOME PROPERTIES OF CONDITIONAI, PROBABILITY TRANSFORMATIONS
Conditional probability integral transformations are introduced in
O'Reilly and Quesenberry (1973). In this section we assume that a.c.r. P

is n -k, i.e., that the conditional distribution of (Xl’ sveesy X given

n-k)

T is absolutely continuous.

Put

. <
ul(xl, T(Xl, cens xn)) P(Xl xlIT) ,

ue(xg; T(xl, cens xn), xl) P(Xé < XQ‘T,}Ql) , (3.1)

un_k(xn_k; T(xl, cees Xn), Xys eees Xn_k_f‘= P(Xn_k < Xn_le, Xys oo Xn—k-l) .

and u(xl, cees X o T) = (ul, cers un-k)' In O'Reilly and Quesenberry (1973) it is

an_k(xn_k; Ty Xy eeu, Xn_k_l))

are independently and identically distributed U(0,1) random variables. From

shown that (Ul,'..;, Un_k)‘= <ul(Xl, T 5 vens

this and a result of Basu (1955), the next theorem is immediate.

Theorem 3.1. If T = (Tl, ooy Tk) is a complete and sufficient statistic for

Q, then (Tl, cees Tk) and (Ul, ceey Un-k) are independent vectors.

This theorem has important applications for constructing inference
procedures that may be alternatives to nonparametric or robust procedures.
The sufficient statistic T contains all the information for making inferences
within the family P (or Q), whereas the statistic U = (U, wee, Un-k) containg
information about the family ®. Thus U may be used to make inferences about
the class P, such as a goodness-of-fit test for the class P, and T to make a
parametric test within , and the independence exploited to agsess overall
error rates. Inferences based on U are congidered in the following sections.,
In the next theorem we shall require that the statistic T be doubly transitive

(ef. O'Reilly and Quesenberry (1973)).
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Theorem 3.2. If the assumptions of Lemms 2.2 are satisfied, and T is doubly

transitive, then u is equivalent to an invariant statistic, i.e.,

u(x.la sees Xn’ T(Xl’ cses Xl’l)) = u(gxl, se0y gxn: T(@{l’ Ry gxn))
a.s. PP Vged.
Proof. By Theorem 2.4 of 0'Reilly and Quesenberry (1973),

u. =E(FJ.(XJ,IT)|X1, ey X, )y I =k 41, su.,n a.s. P .

J J=1
By Lemma 2.2 sbove, FJ(XJIT) is invariant under G, j =k + 1, ..., n. The
result follows.

The following lemma is a consequence of the fact that the transforming

functions of (3.1) are (conditional) continuous distribution functions.

Lemma, 3.1, In the conditionsal space for fixed T = t, there is a.s. a one-to-~ .

one correspondence between (ul, sees U . ) and (xl, cees xn), i.e., (Ul, cees Un-k

n=k
and (Xl, cens Xn) are equivalent statistics, in this space.

L. MOST POWERFUL SIMILAR TESTS FOR SEPARATE FAMILIES
We consider using the sample (Xl’ cons Xh) from a parent probability

distribution P on (X,G) to test the null hypothesis

H: P e»PO = {Pe; B e Qo} s (4.1)
against the composite alternative

K: P e Pl = {PT; T € Ql} , (4.2)

and g n Pl =@ . It will sometimes be useful to consider a simple alternative

,. —
K': P=P , P P . (4.3)

We agsume in the sequel that the a.c.r. of PO is n - k.
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Let f(.) and F(.) denote the density and disfribution function, respectively,
corresponding to P(,) . We assume that PO and Pl are both identifiable classes,
and that at every x e¢ X at least one distribution in each class has a positive
density. Cox (1961) calls the classes Po and Pl separate femilies of
distributions if the density of an arbitrary member of either class cannot
be obtained as the 1limit of a sequence of densities from the other class. We
shall here be concerned entirely with such separate families PO and Pl .

Recall that a test is called similar-o for testing H vg K if it has
constant probability o of rejection for every distribution in PO . More

precisely, ¢ is a similar-o test function for H vs K if E (m) = o for every

Fo
el .
o
For (ul, cees uh-k) as given by (3.1), let hl(ul, cees un-k) denote
. s o 4
the density of (Ui, cers Un-k) when X;, ..., X are i.i.d. from P, of X’.

From the remark preceding Lemma 3.1, it follows that hl(ul, cees uh-k) is

zero a.s. except in the unit hypercube. The next lemma is a direct applica-

tion of the Neyman-Pearson Lemmsa.

Lemma 4,1, The most powerful level-a test of H versus K’ based on u is

1, if hl(u) >c,
$(u) = < (4.14)
0, otherwise ,
where ¢ is determined by P{hl(U) >c} =o, for U = (Ul, cees Un;k) i.i.d.

U(0,1) random variables.

Let @ = m(u_(:x:l, coas ,Xn))p or, ¢ beu.

Theorem 4.1, If T is a boundedly complete sufficient statistic for PO of

(k.1), then the test ¢ = § o u above is a MPS-o test for H versus K’ .
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Proof. By Lehmann (1959), Theorem 2, p. 13k,

Ep{m(Xl, cees Xn)} = o VPe Po s if and only if

T
E%{w(xl, cens Xn)IT} = o a.s. P,

Thus to find a most powerful test in the clags of similar o~tests it
is sufficient to find a most powerful conditional size-~o test on the conditional
space of’Xl, cees Xn given T, i.e., to find the most powerful Neymen-structure
test, But for T = t fixed, (Xl, cous Xn) and (Ul’ coes Uh_k) are equivalent
statistics by Lemma 3.1. Thus, the test ¢ is a MPS-o test, Theorem L.1 is
complete,

Tt will sometimes be the case that ¢ does not depend on P for P ¢ Pl
of (L4.2). Then, of course, ¢ is a uniformly most powérful similar-o

(UMPS~cr) test for H versus K . Conditions under which such tests exist are

considered in the following theorem.

Theorem 4.2, If the conditions for both Theorem 3.2 and Theorem 4.1 are

satisfied by PO, then a uniformly most powerful invariant level~o (UMPI-ov)
test exists for testing H versus K, provided the group El induced on Pl by
G is also transitive. Moreover, this test is equivalent to the MPS-o test

of Theorem 4.1, which is then UMPS-q.

Proof. 1If ¢ is invariant level-@, then since G is transitive it follows from

Lehmenn (1959), Theorem 3, p. 220, that
E (p) =0 VPep ,

i.e., ¢ is a similar-o test. Thus, if a test is MPS-a, it will be most powerful

invariant level-w, provided it is invariant. But by Theorem 4.1, a MPS-o
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test can a.s. be written as a function of u cey U only, and is ﬁU-

1’ n-k

measurable and invariant a.s. by Theorem 3.2. This completes Theorem 4.2,
If the null and alternative hypothesis classes are interchanged, i.e.,

if the problem of testing Pl YE.PO is considered, then its solution can be

obtained directly from the solution for the problem of testing PO XE'Pl

given in Theorem L4.2. We state this in Theorem 4.3,

Theorem 4,3, If the conditions for Theorem 4.2 are satisfied and if these
conditions are satisfied with PO and Pl interchanged, then a UMPS-o’ test
for P, v8 P_ is given by the test o’ = 1~¢(u(xl, cees xn)), where ¢ is as

given in Lemma 4.1 with o/ = 1~o .

Proof. Let ¢ = ¢(u(xl, cees xn)) as in Theorem 4.1. Then @’ = l~p, and if

P eP_ and P e P> it follows that E, (') =B, say, i a minimum for fixed

1
E (¢') =o'’ =1-0 . Or, for B fixed a% is a maximum, This completes Theorem
L.3.

The next definition, and, particularly, Theorem 4.L4 are motivated by
results of Dyer (1974) and Stephens (1974). They found empirically that a
number of well-known goodness-of-fit tests have the property that their power
is 1ess when the value of a parameter is assumed known than for the case when
the same parameter is assumed unknown, under the null hypothesis. In the next
definition and Theorem 4.4 conditions are given which assure that the power
of the UMPS~o test for a smaller null hypothesis family is never less than
that of the UMPS-o test for a larger family.

Two families of distributions on the same space (X,G) are said to be
conformable if there exists a group G of transformations on X and correspond-

ing groups @1 and Ee on the parameter spaces that are transitive.

Consider two testing problems
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H: PlH versus K, : PlK R (L.s)
and
H,: ®,, versus K.: P__ , . (4.6)

2 2 ———— "2 2K

<P eq s
where PlH o’ PlKIC PEK , and.PiH and PiK are conformable separate families

of distributions, i =1, 2.

Theorem L. L. Tf ¢, is UMPS-o for (4.5) ana ¢, is UMPS-o for (4.6), then for

P P :
1 ) 1K and P2 € PQK

E, (9,) 2 E (9,) . (4.7)
I& 1 P2 2

Proof. The class of tests that are similar-o for (4.6) is a subclass of the
class of tests that are similar-o for (4.5). Thus the power of N is constant
on Pik; i =1, 2; and the test with the maximum power in the superclass must
have power not less than the tesf in the subclass. This completes Theorem
b.h,

In the next section we will consider some particular examples, and we
conclude this section with some discussion of the results obtained. Theorem
4.1 shows that any MPS test can be written as'a function of the CPIT U statistics,
and thus the search for an MPS test can be made in the space of the U's. 1In
this power sense, the CPIT U-transformations thus pontain all the information
in the sample.

The equivalence of UMPS and UMPI tests is of considerable theoretical
interest, and in practice it offers the advantage of allowing the derivation
of these tests by the approach that is easier for a particular case. In

the derivation of the UMPS test by the CPIT fransformation approach, the
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main task is to find the marginal density hl(ul, oy U of (Ul, oooy U )

n-k) n=k

under the alternative hypothesis. " In many problems, but not all, this is a

difficult problem due to the rather complex nature of the u=transformations.

In section 5 we consider some examples using the CPIT transformation approach.
The results of Theorem 4.3 are of some theoretical interest, we feel, in

that it seems quite natural to use the same test statistic to test Pl XE.PO

as for testing Po ZE-Pl' This property is not shared by the MLR tests of

Cox (1961), in general. This result also provides another possible method

for deriving the UMPS test, since the transformations and distributions involved

are different and one derivation will sometimes be much easier than the other.
Finally, it should be mentioned that the results of this section may be

very helpful for testing separate families for some cases when the asgsumptions

required for the optimal tests discussed here do not hold. The most common

problem where the assumptions do hold is probably that of testing two location-

scale parameter families. However, if the null and alternative families are

not conformable, then some alternative approach may be attractive. TFor

example, by using Theorems 4.1 and 4.2 it is often possible to find a MPS

test against one member of an alternative family, or, even against a subclass

of an alternative family; but the test may depend upon further nuisance parameters.

It may then be possible to obtain a nonoptimal but very good test by estimating

the parameters in the forgoing optimal test. A problem of this type is considered

in section 5 below, where we consider testing a scale parameter exponential

family against a shape parameter lognormal family, and a very good test is

obtained by estimating the lognormal parameter in the MPS test for testing a

scale parameter exponential family against a particular lognormal distribution.



- 15 =

5. APPLICATIONS

In this section we consider two examples.

Example 5.1 Uniform vs exponential

Let Po be the uniform distributions with densities
-1
- Y < < < .
(876,)7" T(g g, )(®)s == <6 <0, <o
1’72
and Pl be the exponential family with densities
A exp {=A(x=8)} T X A>0.
p {-0(x-8)} Tpg (%),

Both of these are location-scale parameter families, and the conditions
for Theorem 4.2 are readily verified. Uthoff (1973) has given the UMPT
test for testing PO X§.P1’ which rejects for small values of (X-XG))/(X(H)-X(l)).
We give the CPIT derivation now. CPIT trensformetions for sample observations

X

12 +ees Xn for the uniform family are
u, = (zi-zl)/(zn-zl) s 1=2, ..., n=1; | (5.1)
= = t 1Y .
where Zy X(l)’ Z, x(n), and the other z's are defined as follows
= = ] < . = i =2 e i s
Suppose zl Xj and zn Xk’ J k Then zi Xi_l, 1 R s J 3
Z, = X, i=3+, ..., k=1; and.zi = X0 i=% ..., n"l. It can be

verified by direct Jacobian methods that these transformetions give i.i.d.
U(0,1) random variables.

To find the UMPS test the joint distribution of u must be

0y eees U g

obtained under the assumption that X cees Xn constitute a random sample from

l’
an exponential (B,)) distribution. Without loss of generality, let (8,) = (0,1) .

The constant in the density hl is not needed and will be omitted in the following

development. The joint density of z ceey Z_ is

1° n
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n ne=1
(2,5 ooy 2 ) xexp (=2 2z )I (z. )1 (z)nm I (z,) . (5.2)
‘ 1 - n i=1 1 (O,oo) 1 (Zl,m) n §=0 (Zl’ Zn) i
The joint density of Ups ooy u is
n_2 n-2
g(ul, cees un) <u " exp {-nul-un(l+'2 ui)} .
i=2
n=2

I(O,w)(ul)I(O,w)(un) iH I(O,l)(ui) .

=2

Integrating out ul and un gives for the joint density of Ups eoes un 12
n=-1 n-1
-(n-1)
ho(u, oy u ) (14 5 y )0 m I (u,) . (5.3)
172 ' Tpal jmp 1 j=p  (0,1)°74
The rhs of (5.3) expressed in terms of z z is

l’ LY n

n
‘ {(z,-2))/ = (2,210, (5.4)
i=1

or, in terms of the original x's this is

- 1
{(X(n)-x(l))/iil (Xi-X(l))}n- . (5.5)

By Theorem 4.1 the hypothesis of uniformity is rejected in favor of the
exponential alternatives if the quantity in (5.5) exceeds a constant, or,

eduivalently, if
Te,u = (i_x(l))/(x(n)—x(l)) <c, (5.6)

where P(T <clP)=o.
e,u o

Further, by Theorem 4.3 the UMPS-o test for testing Pl zg_Po, i.e.,

exponential against uniform, is given by rejecting if
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T _>c, (5.7)
where
P(Te’u > c]lPl) = o .

The problem of deciding whether data is exponentially or lognormally
distributed arises in the study of survival times of microorganisms which have
been exposed to a disinfectant or poison (ef. Irwin (1942)). Cox (1961,

1962) developed an MLR test for this problem and gave the asymptotic distribu-
tion of the test statistic. Fof this problem PO is the family of distributions

with densities
A exp (—)\x)I(o’m)(x), A>0, (5.8)
and Pl is the family with densities,
(xctf§ﬁ)-l exp {~(1n x)2/20}I(O,w)(x) , 0.>0 . (5.9)

We shall consider two cases. First, we consider testing PO of (5,8)
against a particular member of6°l of (5.9), i.e., the case for o known.
For the second case we congider testing-Po XE-Pl with ¢ unknown. Since Po
and.Pl are not conformable, the test obtained will not be UMPS or UMPI for

this second case.

Lase T, o known

Srinivasan (1970) has studied the power of two Kolmogorov=-Smirnov type
goodness-of-fit statistics for this problem for a number of velues of o .
See also, Schafer, Finkelstein, and Collins (1972) for corrections to

Srinivasan's results.
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"By Theorem 4.2, the MPS and MPI tests are equivalent here, and we
obtain the MPT test by applying a lemma of Hajek and Sidak (1967, p. ko),

which says that the MPT test rejects for large values of the statistic

[+o] o0
n-1 L hel
{v fl(vxl, cees vxn)dv/_g v fb_(vxl, cees vxn)dv , (5.10)
where
n
£y ees ) = iHlexp (-yi)I(o,m)(yi) ,
and

n
£y s vy) = & 20 x vi e L-(1n 3,)%/200100 ()

This same formula can also be obtained from Lehmann (1959). The denominator
of the ratio in (5.10) is
n -n
(n=1)3( = x, )77 . (5.11)
. i
i=1
The numerator of the ratio in (5.10) is proportional to
n

a 107 -1 2, 2
(m ox,)” I v exp {~Z (lnmx, +Inv) /26" }av ’ (5.12)
i=1 * Yo 1=1 *

n -l n 2, o
(1m x,) [ exp {-T (t+In x,)"/20"}at, letting t = 1n v,
i=1 - i=1

(2nc/n)n( g xi)-l exp {-[ 2‘ 1n2xi = ( g; 1n xi)g/n]/202} .
i=1 i=1 i=1

]

Therefore the test reduces to rejecting exponentiality if
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L o _n, B -1 2o n 2 2
(T Xi) (n xi) exp {-[ £ 1n x, =(Z In x,)7/n]/26"} > c(o) ,
i=1 i=1 i=1 i=1

or, equivalently, if

n n
Te,L(c) = ln(ifl Xi) - (ifl in Xi)/n

20 a 2, 4, 2
-[ T 1n X, - (y 1n xi) /nl/2 ¢ > (o) , (5.13)
i=1 i=1
where P(Te L(o) >;¢(c)|PO) =« . It is readily shown that this test is
s ‘.
equivalent to the RML test of Cox (1961).
We have computed by Monte iCarlo methods some significance points for the
stetistic T L(o) for n = 10, 20, and for o = .01, .05, .10 . For these
2
points we have further computed the power of the test for seven values of o .

These values are given in Table 5.1. All values were obtained by simulation

using 5000 samples.
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TABLE 5.1
Critical Values and Power of Te,ﬁ(d> Test For Discriminating
Between Exponential and Lognormsl Digtributions
H: Exponential (O,\) K: Lognormal (0,02) , o known

Reject H if T _(o) > e(o)
e,L

o=,01 ¥=.05 o=.10
n o c(o) Power c(o) Power elo) Power
0.4 1.63 .93 1.16 1.00 .84 1.00
0.6 2,07 .38 1.91 .80 1.80 .92
0.8 2.24 .08 2,18 .36 2.14 .53
10 - 1.0 2,38 .08 2.32 .21 2,30 .35
1.4 2.75 2L 2.63 Lo 2.58 .53
2.0 3.07 .64 2.01 .78 2.8L .85
2.4 3.20 .81 3.02 .90 2.93 .94
0.4 1.63 1.00 1.16 1.00 .83 1.00
0.6 2.53 .93 2.34 1.00 2.23 1.00
0.8 2.84 b3 2.78 .76 2.73 .89
20 1.0 3.02 .23 2.99 .45 2.96 .63
1.4 3.36 .48 3.28 .68 3.25 77
2.0 3.65 91 3.54 .96 3.49 .98 .
2.4 3.75 .98 3.63 .99 3.58 1.00

The second digit after the decimal is in some cases in doubt.

The purpose of this table is to allow comparisons of other tests with
this best test. The same values of ¢ have been used as were used by Srinivasan
(1970), and by Schafer, Finkelstein, and Collins (1972). The powers of Table
5.1 are a least upper bound for any test for these hypotheses. It should be
pointed out, however, that it is not reasonable to expect a general goodness-
of-fit test such as that of Srinivasan %o compete well with the MPS test,
because the goodness~of-fit test does not assume knowledge of the alternative,

but is, presumebly, effective against a broader range of alternatives.
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Case II, o unknown

The families of distributions with densities given by (5.8) and (5.9)
are not conformeble. The exponential family is a scale parameter family, i.e.,
the transfromations {g: g(x) = ax,.a > 0} induce the transitive group
G=1{g: 2(c)=u2a0, a>0} on the parameter space, However, the transforma-
tions {g: g(x) =x%, &> 0} induce this same transitive group G for the
lognormal family. Therefore the forgoing theory gives no UMPS test, and we
shall construct a (nonoptimal) test by replacing 02 in (5.13) by a sample
estimator.

We shall use the estimator

5° = {

(1n Xi)2-( ; 1n Xi)g/n}/(n-l) s (5.15)
1=1 1=1

I Mz

which has two important properties. It is invariant under scale transforma-
tions, and it is unbiased for 02 under the lognormal alternabives. Replacing
o° in (5.13) vy 82, a test for P_ of (5.8) against P, of (5.9) is given by
rejecting if

* n n
Te’L = 1n(.2 xi) -(.2 in xi)/n
i=1 i=1

n 2, B 2
~(n-1)1n{ © (1n x,)°=( & 1n x, ) /n}/en> e, (5.16)
1=1 R | 1

*
vhere P{T__ >clP} =a .
e, o

L
We give in Table 5.2 some significance points for the statistic T:,L
for n = 10, 20, and @ = .01, .05, .10. The power of this test has also been
computed for the same values of o as were given in Table 5.1, and these
values are also given in Table 5.2. The values in Table 5.2 are all based

on 5,000 samples. In some cases the second digit after the decimal is

doubtful.
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TABLE 5.2
*
Critical Values and Power of Te I for Discriminating
2

Between Exponential and Lognormal Distributions

H: Exponential (0,)) K: Lognormal (0,02), o urknown
. ° —X-
Reject H if Te,L >c
o=,01 a=,05 a=.10
n c o) Power Power Power
o= ,O0L 0.k .99 .99 1,00
c=2,02 0.6 .34 .69 .83
_ 0.8 .08 .26 43
0§19 L0 .0k .13 .26
: 1.k 17 .29 .39
o= ,10 2.0 .55 67 .75
c=1.84 2.4 .75 .83 .87
= .01 0.4 1.00 1.00 1.00
¢ = 2,17 0.6 .85 .98 .99
= .05 0.8 .27 .63 .78
20 . 215 1.0 .12 .35 .52
oo 1.4 Lo .55 .66
o= ,10 2,0 .86 .01 .93
c = 2,07 2.4 .97 .08 .98

It is suggested that the power results given in Tables 5.1 and 5.2 be
compared with those given by Schafer,.gz al (1972) for the statistics posed
by Srinivasan and Lilliefors. Such>comparison reveals that the poﬁer of the
T I test is largest in all cases, as it must be, and that the power of the

2

*
Te L statistic is generally intermediate between that of Te I, and the best
2 2
of the other two statistics. Tt is hoped that this case is representative
of a larger class of situations, and that testé with high power can be obtained

for other separate families problems which are not conformeble, by substituting

invariant estimators for nuisance parameters in pointwise optimal tests.
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