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1 IntroductionIt is believed that shear bands form in a material when the dynamic partial di�eren-tial equations in a continuum formulation lose hyperbolicity and become ill-posed (cfMandel, 1964; Schaeffer, 1990.) More precisely, if one assumes in elastoplasticitythat plastic loading continues throughout an entire sample, then at large deforma-tions the dynamic PDE often become ill-posed; i.e., the theory becomes untenable.Shear bands provide the resolution of this di�culty{rather than continuing to loadeverywhere, plastic deformation localizes to one or more shear bands and the rest ofthe sample unloads. Shear bands represent a stronger discontinuity than is usual incontinuum mechanics - the displacement, not merely the velocity, is discontinuous.In this paper we study the model (Schaeffer,1992) for shear banding. In thismodel, which is loosely based on antiplane shearing of granular material, a shear bandis idealized to a jump discontinuity in the solution to the dynamic PDE. We do notexplicitly incorporate small scale e�ects within the shear band into the model{ratherat the shear band we impose a jump condition which includes a length parametermodeling the grain diameter.We focus primarily on the initial formation and development of shear bands.When a shear band �rst forms, simultaneously there appears a region in the materialin which loading behavior is replaced by unloading. Initially this region has zerothickness and in fact coincides with the shear band, but it grows as time evolves. Inother words, the oversimpli�ed statement above -plastic loading localizes to a shearband and the rest of the sample unloads- may describe the large time behavior, butthere is a dynamic process by which this situation is achieved. Since the extent of thisunloading region is unknown `a priori', we are dealing with a free boundary problemin which, incidentally, the governing PDE are hyperbolic (regarding unloading wavessee also Lee (1953) and Clifton and Bodner (1965), Clifton and Ting (1968),von Karman et al. (1943), Rakhmatulin (1945) and Skobeev (1963)).The main contribution of this paper is to solve numerically the model in severalcases involving the formation of shear bands; viz., (i) a Riemann type problem, (ii)uniform loading with one weak spot, and (iii)uniform loading with two weak spots. Incase (i), the speci�c Riemann problem does not admit a similarity solution becausescale invariance is violated by the jump condition at the shear band. Analyticalresults are available for this problem (Schaeffer and Shearer, 1993), and ournumerical solution agrees well with them. In case (iii), the competition between thetwo shear bands which form is the phenomenon of particular interest.In Sections 2 and 3 of this paper, the model is recalled from Schaeffer (1992)and some elementary analysis of it is recalled from Garaizar (1993). Our numericalmethod, a Godunov-type method including ideas from front tracking (Chern andColella, 1987) is discussed in Section 4. Finally Section 5 presents the results of the2



computations. In addition, there are two appendices. The �rst describes a numericalimplementation of the analytical solution used as comparison with the calculations;the second extends the local existence result of Schaeffer and Shearer (1993) toa global one.2 Continuous solutions2.1 The modelWe consider a model proposed by Schaeffer (1992) which is loosely related toantiplane shearing of granular material. However we restrict our attention to solutionsdepending on one space variable and time (i.e., simple shear). Speci�cally we studythe system of equations @tv = c2@x�@t(� +H(
)) = @xv@t(� � �H(
)) = 0 : (1)where v is the z-component of the velocity vector, and � and � are the T31 andT32 components of the Cauchy stress tensor, Tij. All the other components of thestress tensor and velocity vector vanish. The parameter � relates to the degree ofnon-associativity in the material, and c is the elastic wave speed1. As in Garaizar(1993), H(
) is interpreted by identifying H 0(
) as the reciprocal of the hardeningmodulus. We assume that H(
) satis�es the monotonicity and convexity conditionsH 0(
) � 0 and H 00(
) � 0.The yield condition here is obtained by approximating the yield surface ofSchaeffer (1992) by its tangent plane. The yield stress, 
, is considered as ahistory parameter and is subject to a dynamical evolution@t
 = ( @t(� + �� )j+ if � + �� = 
0 if � + �� < 
 ; (2)where dj+ = d if d > 0 and dj+ = 0 if d � 0. The yield condition can be expressedin non-di�erential form as
(x; t) = maxs f�(x; s) + �� (x; s) : s � tg :We notice that the system (1)(2) is in conservation form even though the fulltwo dimensional system of Schaeffer (1992) is not.1More precisely, c is the nondimensionalized wave speed in the scaling introduced in the Appendixof Schaeffer (1992) 3



We say that the material is loading if @t(� + �� ) > 0, otherwise the materialis unloading. We also say that the deformation is plastic if @t
 > 0, and elasticotherwise.This model has several important properties (Garaizar, 1993): a) the sys-tem of equations which describes the deformation is di�erent for an elastic or plasticdeformation, b) the system does not admit non-linear shocks (the only plastic wavesare rarefactions-see 2.2) and c) the system loses hyperbolicity when 
 reaches a crit-ical value 
c given by H 0(
c) = ��2. Property c) relates to the formation of shearbands, the fundamental phenomenon studied in this paper; we explain some of itsconsequences in Section 3.2.2 Wave curvesIn this subsection we describe the variation of the state variables across hyperbolicwaves, referring to Garaizar (1993) for some details. For a continuous solution,system (1) is equivalent to0B@ 1 0 00 1 + k �k0 ��k 1 � �2k 1CA0B@ v�� 1CAt = 0B@ 0 c2 01 0 00 0 0 1CA0B@ v�� 1CAx (3)where k(
) = ( H 0(
) if plastic loading0 otherwise: (4)The yield stress (2) evolves according to
(x; t) = maxs f�(x; s) + �� (x; s) : s � tg :The eigenvalues associated to system (3) are those values of � for which thematrix �A �D has zero determinant, whereA = 0B@ 1 0 00 1 + k �k0 ��k 1� �2k 1CA and D = 0B@ 0 c2 01 0 00 0 0 1CA :An easy algebraic calculation shows that these eigenvalues are � = 0 and � = �cp�with � = 1 � k�21 + (1� �2)k : (5)These eigenvalues are real and distinct, and hence system (1) is hyperbolic,if and only if � > 0. We assume that �2 < 1 since the degree of nonassociativity is4



typically small; moreover k is a nonnegative quantity. Thus from (5), system (1) ishyperbolic if and only if k(
) < ��2, as claimed in point c) above.For the zero eigenvalue: As we showed in Garaizar (1993), while the systemis hyperbolic, the wave curves associated to � = 0 are contact discontinuities whichsatisfy [u] = [�] = 0 with [� ] and [
] as free parameters. Here [a] represents the jumpof the variable a across the corresponding wave; i.e., [a] = ar � al, where ar is thevalue of a to the right of the wave and al is the value to the left of the wave.For the non-zero eigenvalues: The waves associated to � = �cp� can be eitherelastic or plastic. The elastic waves are linearly degenerate and satisfy [� ] = [
] = 0and [u] = ��[�] with wave speed � = (+=�)c, for the left/right moving waves.The plastic waves are non-linear rarefactions with wave speeds � = (�=+)cp� andcorresponding eigenvectors R = 0BBB@ cp�(+=�)�(+=�)� �k1� �2k 1CCCA :In the state space, the rarefaction curves are integral curves of the vector �eld givenby the eigenvector R. We wish to parameterize these curves in terms of one of thestate variables. For the most part we use � as the parameter since � is nonconstanton both elastic and plastic waves (by contrast, � and 
 are constant on elastic waves).However, for plastic waves with 
 close to 
c, the equationdd� 0B@ v�
 1CA = 0B@ (+=�)c=p��k=(1 � �2k)1=(1 � �2k) 1CA (6)becomes singular as k(
) ! ��2. For these waves we choose 
 as the parameter.With this parameterization the rarefaction waves are described as the trajectories ofthe system of ordinary di�erential equationsdd
 0B@ v�� 1CA = 0BB@ (+=�)cq(1� �2k)(1 + (1 � �2)k)1� �2k�2k 1CCA ; (7)or, in terms of jumps of the state variables,[v] =[�] =[� ] = (+=�)c R 

0 q(1 � �2k(z))(1 + (1� �2)k(z))dz[
 � �2H(
)]�[H(
)]: (8)5



3 Solutions with shear bands3.1 Jump conditions at the shear bandThe loss of hyperbolicity for (1) is associated with the formation of shear bands. Asin Schaeffer (1992), we idealize a shear band as a stationary point of discontinuityin a weak solution of (1). Although � is continuous across a shear band, the otherunknown functions can jump in crossing the shear band, and moreover at the point ofdiscontinuity itself the stress variables � and 
 may assume values �b and 
b di�erentfrom either of the one sided limits (�b equals the common value of the one sided limitsof �). These variables "inside" the band are related to the variables outside the bandby @t(�b +H(
b)) = [v]=�@t(�b � �H(
b)) = 0 (9)where [v] = vbr � vbl is the jump in the velocity across the shear band (vbl, vbr arethe velocities at the left and right boundaries of the shear band) and � is a "graindiameter" parameter discussed below. The evolution of the yield stress 
 is, as in thehyperbolic case, 
b(x; t) = maxs f�b(x; s) + ��b(x; s) : s � tg :These equations are supplemented by the two relations implicit in the abovediscussion; i.e. s = 0 and [�] = 0where s denotes the speed of the point of discontinuity. These jump conditions playthe role of the Rankine-Hugoniot conditions in gas dynamics. However, note that thejump conditions (9) include derivatives, not merely undi�erentiated quantities as inthe Rankine-Hugoniot conditions.Let us brie
y recall from Schaeffer (1992) the motivation for these jumpconditions. A shear band in granular materials typically has a physical thickness,corresponding to the parameter � above, of the order of ten grain diameters. Implicitlywe are assuming that at a shear band the discontinuity has a "shock structure" asillustrated in Figure 1. The salient points of the �gure are:(i) The velocity gradient is approximated by an average jump @xv = [v]=�.(ii) The normal stress, �, is constant throughout the shear band.(iii) The transversal stress, � , jumps inside the band to a constant value which islarger than the one sided limits from the outside.6



x

v shear
band

δ x

shear
band

δ x

τ
shear
band

δ

σ

τ

[v]

b

Figure 1: Structure of shear band.Note that equations (9) are the same constitutive relations as in (1) exceptthat the strain rate @xv has been replaced by [v]=�. In other words, the model assumesthat when hyperbolicity is lost, the same constitutive behavior exists inside the shearband. To elaborate on these issues, let us solve the last two equations in (3) for @t�:@t� = 1� k�21 + (1 � �2)k@xv: (10)Hyperbolicity is lost when k = ��2, so by (10) we have @t� = 0; i.e., the necessarycondition for an extremum (in time). Moreover it is readily checked that, say foruniform loading (i.e., @xv = const), we have @tt� < 0. In other words � experiences alocal maximum. Consequently, when a shear band forms and the material continues toload plastically inside it, �b decreases, so it is possible for �b to match up continuouslywith � from unloading material outside the band. In Section 3.2 we consider ananalytical solution with this behavior, and in Section 5, we exhibit numerical solutionswith this behavior. For later reference it is convenient to solve (9) for the timederivatives of �b, �b and 
b. If the shear band is loading plastically, we may deducefrom (9) that@@t 0B@ �b�b
b 1CA = 0B@ 1� �2H 0(
b)�H 0(
b)1 1CA 11 + (1 � �2)H 0(
b) vbr � vbl� : (11)7



If the shear band is deforming elastically we have@@t 0B@ �b�
b 1CA = 0B@ 100 1CA vbr � vbl� : (12)In concluding we remark explicitly that a shear band represents a tear in thematerial - the displacement, not merely the velocity, is discontinuous.3.2 Riemann problem with a shear bandA Riemann problem is an initial value problem with initial data consisting of twoconstant states: U(x; 0) = ( UL; x < 0UR; x > 0:In this section we describe the structure of the solution to a Riemann problem whichdoes not admit a selfsimilar solution. We start with a description of the states Uconnected to a given state U0 = (v0; �0; �0; 
0)t by a right or left moving wave. Firstwe de�ne the auxiliary function�(�;U0) = c Z ��0 [�(
(�))]�1=2d�where 
, as a function of �, is given by 
(�) = 
0 if � < 
0 � ��0 (U is in the elasticregion) and by the solution to equation (8b),� = 
 � ��0 � �2(H(
)�H(
0));otherwise (U is in the plastic region). In both cases � (�) = �0+�(H(
(�))�H(
0)).With this notation we write W�(�;U0), the solutions to equation (6), asW�(�;U0) = 0B@ v0 + �(�;U0)� (�)
(�) 1CA(the one parameter family of states connected to U0 by a left moving wave) andW+(�;U0) = 0B@ v0 � �(�;U0)� (�)
(�) 1CA(the one parameter family of states connected to U0 by a right moving wave).8



We notice that d�=d� � 0 for the states in the hyperbolic region. Thereforethe projections on the ��v plane of the wave curvesW�(�;U0) are monotone in thatregion.Given the initial left and right states UL and UR, the Riemann problem admitsa traditional (selfsimilar) solution U(x; t) = Û(x=t) if the curves W�(�;UL) andW+(�;UR) intersect on the � � v plane (see Figure 2a).
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(a) (b)Figure 2: Wave curves for a traditional and nontraditional Riemann problem.As shown in Garaizar (1993), the the projections of the wave curves arebounded as � approaches its maximumvalue (i.e.; 
 ! 
c). This means that althoughthe Riemann problem is solvable for initial states which are close, if the di�erencebetween the initial states is large enough, the wave curves W�(�;UL) and W+(�;UR)do not intersect in the �� v plane for states in the hyperbolic region (see Figure 2b).The resolution of Riemann problems is fundamental in algorithms of Godunovtype and Front-tracking methods. While tracking a hyperbolic front, the positionof the updated front is given by the solution to a Riemann problem. In our case,the front we need to track, a shear band, is non-hyperbolic and static; i.e, the frontdoes not change position once it is formed. Nevertheless, we need to solve the non-traditional Riemann problem, where selfsimilarity fails (see Figure 2b), in order tooriginate the front.Shearer and Schaeffer (1993) give a description of the local existence ofsolutions to such a problem (see Figure 3 and note that loading occurs only in shadedregion). This solution consists of two packs of hyperbolic waves (elastic precursorfollowed by plastic rarefactions) connected in the x � t plane by a shear band and9
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Figure 3: Shear band formation.two regions of elastic unloading. The boundary between these elastic regions andthe hyperbolic waves is called a relief front. These fronts originate at the point offormation of the shear band and travel at increasing speed as they interact with theplastic rarefactions. We now proceed to describe the solution near the shear band. Asin Shearer and Schaeffer (1993), we express the Riemann problem as a coupledfree boundary problem with equations@tv = c2@x�@t� = @xv (13)in the planar domains f(x; t) : t > 0; 0 < x < sr(t)g, and f(x; t) : t > 0; 0 > x >sl(t)g where the relief fronts x = sl(t) and x = sr(t) are to be determined. Thesefronts separate the plastic rarefaction from the region where the material goes intounloading.At the free boundaries, the system is subject to the boundary conditions�(sl(t); t) = �̂(sl(t)=t);v(sl(t); t) = v̂(sl(t)=t);�(sr(t); t) = �̂(sr(t)=t);v(sr(t); t) = v̂(sr(t)=t): (14)Here, �̂ and v̂ are the components of the selfsimilar solution to system (1)(2) in thedomains f(x; t) : t > 0; sl(t) > xg and f(x; t) : t > 0; sr(t) < xg.We introduce the notation �b(t) = �(0; t), 
b(t) = 
(0; t) and �b(t) = � (0; t) forthe stress components at the shear band and vbl(t) = v(0�; t) and vbr(t) = v(0+; t)10



for the velocity component of the solution at the left and right edges of the shear bandfor t > 0. At the shear band, x = 0, the system is subject to a nonlinear boundarycondition given by (11) (Notice that for the Riemann problem, the shear band is inplastic loading for all t > 0.)Therefore, the solution to our initial value problem satis�es a linear system(13) on ft > 0; 0 > x > sl(t)g and ft > 0; 0 < x < sr(t)g with nonlinear boundaryconditions (14)(11), a nonlinear system (1)(2) on ft > 0; sl(t) > xg and ft > 0; sr(t) <xg, and is continuous at x = sl(t) and x = sr(t) where the functions sl(t) and sr(t)are to be determined.As we mention above, the local existence of solutions to this problem is provedin Shearer and Schaeffer (1993) for the symmetric case (vl = �vr, �l = �r,�l = �r and 
l = 
r). In Appendix B we give a proof for the global existence for thiscase. In Appendix A we describe a numerical implementation for the solution of thisRiemann problem (determining the states at the shear band and the position of therelief fronts.) This method will be used as a comparison for the solutions obtainedby the numerical algorithm described next.4 Numerical AlgorithmsFor the numerical resolution of the shear band we will adapt ideas from front track-ing methods; speci�cally the 
ux redistribution techniques of Chern and Colella(1987). We should notice that the problem we are about to describe is not exactlya front tracking problem in the sense that the shear band is not a hyperbolic wave;rather it is treated as an static internal boundary.On cells where the original system (1) is still hyperbolic, we will use a hyper-bolic scheme like that described in Garaizar (1993) or an adaptation of a Godunov-characteristic tracing method like that of Trangenstein and Pember (1992). Oncells which are close to a shear band, we switch to a �rst order Godunov method. Thisis done to avoid spurious formation of shear bands due to the linear reconstructionof the states on the cell. At the shear band itself, we use a numerical implementationof (9).4.1 Calculation before the formation of the shear bandWe divide the spatial domain into N cells of size �xj and centered at the point xjfor 1 � j � N . We denote by xj+ 12 the location of the right boundary for the jth cell;xj+ 12 = xj +�xj=2. We write Unj for the average of the state over the jth cell at timet = tn. We assume that for a given n, the cell averages Unj are known for 1 � j � N .11



We describe an algorithm to compute Un+1j , the cell averages at time t = tn + �t,where �t is the time increment.The state U at a given cell has four components: u, �, � and 
, and thereforewe need four equations to describe the updating of the state averages. The �rst threeequations are provided by the conservative system (1)G(U)t + F (U)x = 0; (15)where G(U) = 0B@ u� +H(
)� � �H(
) 1CA and F (U) = 0B@ �c2��u0 1CA : Discretization of these equa-tions yields G(Un+1j ) = G(Unj )� �t�xj �F n+ 12j+ 12 � F n+ 12j� 12 � (16)where F n+ 12m+ 12 = F (Unm; Unm+1) is the numerical 
ux evaluated at the state on the celledge given by xm+ 12 . This 
ux is calculated as the solution to an exact or linearizedRiemann Problem (Garaizar, 1993) with initial states chosen appropriately as togenerate a �rst or second order hyperbolic scheme.A fourth equation is needed to complete the description of the algorithm. Forthis equation we need to know if the material behavior is elastic or plastic. We writethe two nonzero components of the numerical 
ux in (16) asfv = c2(�n+ 12j+ 12 � �n+ 12j� 12 )�t=�xjf� = (vn+ 12j+ 12 � vn+ 12j� 12 )�t=�xj: (17)If f� does not exceed the gap between the current yield 
nj and the current total stress�nj + ��nj ; i.e., if f� � 
nj � (�nj + ��nj ); (18)the states on the jth cell at the time t, n�t � t � (n+1)�t, will be elastic. Thereforewe can complete (16) by vn+1j = vnj + fv;�n+1j = �nj + f�;�n+1j = �nj ;
n+1j = 
nj ; (19)where we have written out the components of (16) as well as included the fourthequation. On the other hand, if the numerical 
ux exceeds the gap between thecurrent yield and the current total stress (f� � 
nj � (�nj + ��nj )), the deformationwill turn plastic during this time step. In this case we de�ne �max = 
nj � ��nj , as12



the maximum value to which � can be increased with the state remaining elastic. Wede�ne the plastic 
ux fp = f� � (�max � �nj ) or the di�erence between the numericalstress 
ux f� and the gap between the current yield and the current total stress. Wenow write (16) asvn+1j = vnj + fv;�n+1j +H(
n+1j ) = �nj +H(
nj ) + f� = �max +H(
nj ) + fp;�n+1j � �H(
n+1j ) = �nj � �H(
nj );
n+1j = �n+1j + ��n+1j : (20)We note that (20) can be reduced to a single implicit equation for 
n+1j�(
n+1j ) = �(
nj ) + fp (21)where �(
) = 
+(1��2)H(
) is a monotone function (�0(
) = 1+(1��2)H 0(
) > 0).This observation makes equation (21) easy to solve.After each hyperbolic sweep we inspect the updated states Un+1j for statesoutside the hyperbolic region (i.e.,H(
n+1j ) > ��2). If the state Un+1jb at some jthb cellis not in the hyperbolic region, we proceed to the creation of a shear band in that cell.4.2 Initialization of the shear bandWhen the system loses hyperbolicity, the previous algorithm must be modi�ed. Thisloss of hyperbolicity can occur in two ways:(a) A new state Un+1j is not hyperbolic (H(
n+1j ) > ��2) or(b) a Riemann Problem at a cell edge does not admit a classical self-similar solution.We discuss the �rst case in detail; the second case will easily follow from the�rst one. To be speci�c, suppose that at time tn+�t the state Un+1jb , in a given cell jb,is not hyperbolic for the �rst time. In order to make the following exposition simpler,we will assume that states for two contiguous cells do not leave the hyperbolic regionsimultaneously (Figure 4). (Even though we do not discuss it here, our algorithm candeal with the simultaneous formation of a shear band in a small number of contiguouscells.) The initialization process proceeds by (i) putting a shear band at a point in thejthb cell, (ii) expanding the data structure to accommodate the shear band (introducingthe states Ub at the band and Ul and Ur next to the band , see Figure 4) and (iii)recomputing the evolution of the solution at the nth time step for the states a�ectedby the shear band: Un+1jb�1, Un+1l , Un+1b , Un+1r and Un+1jb+1. Let us discuss these steps insequence. 13



(i) Localization in space. We compare the states Un+1jb�1, Un+1jb and Un+1jb+1.For xj, the midpoint of the jth-cell, we will �t the points (xjb�1; 
n+1jb�1), (xjb; 
n+1jb )and (xjb+1; 
n+1jb+1) by a parabola. Since 
n+1jb > 
n+1jb�1, the maximum (xb; 
b) of theparabola will satisfy xb 2 (xjb� 12 ; xjb+ 12 ). We place the shear band at x = xb. Forfuture reference we de�ne the size of the subcells next to shear band by dl = xb�xjb� 12and dr = �xjb � dl.When a shear band is formed as result of a non-self similar solution to aRiemann Problem at a cell boundary xjb+ 12 (case (b) above), we localize the band inthe jthb cell with dl = �xjb and dr = 0.(ii)Origination of the states associated to the shear band. In additionto xb, dl and dr, the cell containing the shear band needs further data as follows (seeFigure 4): The average states on the subcells, Ul and Ur, and the stress components ofthe state on the band, Ub. (No velocity is speci�ed on the shear band -see Figure 1.)We initialize the states Unl and Unr with convex combinations of the neighboringstates; in symbols Unl = (dlUnjb + (�xjb � dl)Unjb�1)=�xjbUnr = (drUnjb + (�xjb � dr)Unjb+1)=�xjbThe components of Unb (�nb , �nb and 
nb ) are initialized as the solution (on the shearband at the time of formation of the band) of the extended Riemann ProblemShearer and Schaeffer (1993) with initial states Unl and Unr (see Section 3.2).(iii) Evolution of the states associated to the shear band The integra-tion along the shear band and modi�cation of the contiguous states is carried out asdescribed for a regular step in the next section.4.3 Modi�cation of the integration algorithm near the shearbandWe now describe the algorithm for updating the solution on a cell containing theshear band and modifying the updated states on neighboring cells. We should notethat this algorithm is not fully conservative. Although all three equations in (1)are in conservation form, across the shear band, only momentum is conserved. Thisis re
ected in our algorithm, where the numerical 
ux related to the momentumequation will be conserved across the computational domain, but not the numerical
ux associated to the constitutive equations.As above let jb denote the index of the cell containing the shear band. Weassume that at time tn, the states Unjb�1, Unjb+1, Unl , Unr and Unb are known and we must14
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the state on the shear band, �nbl = �nb (see Figure 5). A similar process de�nes Unbr.Finally we assign the constant value to the velocity jump vbr � vbl = vnbr � vnbl fortn � t < tn+�t; where vnbl and vnbr are the velocity components of the states Unbl andUnbr.
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ux F n+1=2jb�1=2 needs to be corrected in order to account for the shear band(Figure 6). We de�ne F̂ n+1=2jb�1=2 = F (Unjb�1; UnL) as the corrected numerical 
ux on theleft edge of the jthb cell and write�M̂n+1=2jb�1 = �t(F n+1=2jb�3=2 � F̂ n+1=2jb�1=2); (23)which will be used to recalculate (22).� A further correction to the algorithm is made to include the redistributed massobtained from the integration on the subcell next to the band. The �nal expressionfor the algorithm on the jthb�1 cell and the left subcell is:G(Un+1jb�1) = G(Unjb�1) + �M̂n+1=2jb�1�xjb�1 + �xjb � dl�xjb �Mn+1=2l (24)16



G(Un+1l ) = G(UnL) + �Mn+1=2l�xjb + �xjb � dl�xjb �Mn+1=2l (25)We now derive these formulas.
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ux for the subcell to the left of the shear band as�Mn+1=2l = �t(F̂ n+1=2jb�1=2 � F n+1=2bl ) (26)where F n+1=2bl = F (Un+1=2bl ) is the 
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The �nal step is to put the residual 
ux �Mn+1=2l ��Ql back in the system.We will distribute this residual 
ux over the (jb � 1)thcell and the left subcell. Wetherefore write�xjb�1G(Un+1jb�1) = �xjb�1G(Unjb�1)+�Mn+1=2jb�1 + �xjb�1�xjb�1 + dl (�Mn+1=2l ��Ql) (29)dlG(Un+1l ) = dlG(UnL) + �Ql + dl�xjb�1 + dl (�Mn+1=2l ��Ql); (30)which on simpli�cation gives (24) and (25).5 ExamplesIn this section we show several numerical examples for the algorithm described in theprevious section. The �rst example corresponds to the Riemann problem studied inSection 3.2. We use this example to validate the numericalmethod: the position of therelief front and the states inside the shear band that are determined numerically agreewell with the analytical solution. (cf. Appendix A for a description of the numericalimplementation for this analytical solution.) The other two examples correspond todeformations with uniform loading in a material with one or two defects. For theselast examples we do not have an analytical solution; rather the numerical solutionprovides new information. Regarding the third example, the competition betweentwo incipient shear bands is an interesting phenomenon deserving further study.5.1 Riemann DataIn this subsection we obtain the numerical solution to a Riemann problem with for-mation of shear bands as studied in Section 3.2. We assume linear hardening ofthe material (k(
) = 1(1�
) or H(
) = � log(1 � 
)), nonassociativity parameter� = 0:35, shear band width � = 0:05 and the elastic speed c = 1. For a material withthese properties we consider initial states� (v; �; �; 
) = (�:48; :56; 0; :61) for x < 0 and� (v; �; �; 
) = (:48; :56; 0; :61) for x > 0.The Riemann problem with these initial data does not support a classicalselfsimilar solution (see Figure 7) and a shear band is formed at x = 0.In Figure 7 we show the wave curves in the � � v plane. We observe theelastic precursor waves loading the material from � = :56 to � = :61 followed bythe plastic rarefactions up to the point of material failure at � = :7356, 
 = :8775.The hyperbolic waves do not intersect in the v � � plane and therefore a classical18
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L ,vL )Figure 7: Riemann data and partial wave curves.selfsimilar solution to this initial value problem does not exist. The solution exhibitssymmetry about the line x = 0. This symmetry is observed in our calculations. In thisexample we reduce the spatial domain to a non-symmetric interval �:5 < x < :025with non-re
ective boundary conditions at x = �:5 and x = :025. We divide thespatial domain in cells of size �x = :0005.In Figure 8 we show the pro�les of the velocity v and the normal stress � attime t = :35955 compared to the initial data (dotted line). We clearly observe the fullstructure of the solution: the linear elastic wave and the plastic rarefaction followedby the relief front connecting to the shear band. (Note: We should notice that thevelocity v is an odd function of x while the stresses �, � and 
 are even.)A material point is loading when 
 increases with time, that is the trajectorycrosses the 
 level curves. In Figure 9 we show the level curves for the yield stress
 (dashed lines). For points in the x � t plane where the level curves are slanted,the material is in an state of plastic loading; while for points in the x-t plane wherethe level curves are vertical the corresponding deformations are elastic. The relieffront corresponds to the points of transition from plastic to elastic deformations.Graphically this corresponds to points where the level curves turn vertical.In Figure 9 we also superimpose the leading edge of the rarefaction (solid line)and the relief front obtained by the numerical bootstrap calculation described in Ap-pendix A (dot-dashed line). We observe how the relief front travels faster than therarefaction and absorbs the leading edge of the rarefaction at approximately t = :86.We notice that the "bootstrap" method is unrelated to the hyperbolic scheme de-scribed in the previous section and is a numerical equivalent to the analytical solution19
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described in Shearer and Schaeffer (1993). We observe the close agreement onthe location of the relief front by both methods (dot-dashed = bootstrap, corners onlevel curves = hyperbolic scheme).In Figure 10 we show 
, the yield stress, at time t = :35955 and t = :8658,when the relief front completely overtakes the rarefaction wave. In Figure 11 wecompare the values of u at the left edge of the shear band and � and 
 at the shearband by both methods (solid = bootstrap, dotted = hyperbolic scheme).In this initial paper, to capture small scale e�ects in the unloading region nearthe shear band, we used an exceedingly �ne mesh. The mesh size was in fact lessthan the grain size parameter �. This does not pose a theoretical di�culty since ifthe numerical method converges as the mesh parameter tends to zero, it does notmatter how small this parameter is taken. However, it is unacceptable on practicalgrounds since using such a small mesh parameter would make calculations for realisticproblems prohibitively expensive. We plan further work devoted to increasing themesh size with two approaches using: (i) a uniformly larger grid size and (ii) anadaptively re�ned mesh with small cells only near the shear band.5.2 Uniform loading with one defectFor the next example we consider a problem of uniform loading, as a one dimensionalversion of the problem proposed in Section 2b of Schaeffer (1992). In the domain�:525 < x < :525 we consider initial data where the stresses are constant (�(x; 0) =�0, 
(x; 0) = 
0 and � (x; 0) = �0) and the velocity is linear (v(x; 0) = �x). At theboundary we keep the velocity constant. This type of initial data provides a uniformloading along the sample; i.e., for homogeneous materials, the solution satis�es thatthe stresses are constant in space (�(x; t) = �(t), 
(x; t) = 
(t) and � (x; t) = � (t))and the velocity is constant in time (v(x; t) = �x). We introduce an inhomogeneityin the material at x = 0 which reduces the critical value of 
 for which system (1)(2)losses hyperbolicity. We expect the sample to exhibit a shear band formation atx = 0, before it happens anywhere else in the sample.We divide the spatial domain in cells of size �x = :005. We impose initialdata �(x; 0) = :7485, 
(x; 0) = :7485, � (x; 0) = 0 and (v(x; 0) = x=10) with materialparameters across the sample as in the previous example. We introduce an inhomo-geneity at x = 0 by changing the value of � at this point to � = :5. This will assurethe formation of a shear band at x = 0 when 
 = :75.In Figure 12 we show plots of the solutions at time t = :5836. The shearband is formed at x = 0 and it remains under plastic loading for the remainder ofthe numerical experiment. Two relief fronts expand from the shear band causing thematerial to unload. This is observed on the negative slope of the velocity in thatregion. The material remains under uniform loading in the region una�ected by the21
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relief front.In Figure 13 we show the time evolution of the solution at a point away fromthe shear band (x = �:1). The material loads uniformly until t � :3361. At this timethe relief front reaches the material point and the material unloads.5.3 Uniform loading with two defectsThe last numerical example consists of a uniform loading experiment on a sample withtwo unequal inhomogeneities. For a sample material as in the previous example, weintroduce two inhomogeneities at x = �:075 by changing the value of � to � = :4975at x = �:075 and � = :5 at x = :075. The initial data we impose is �(x; 0) = :745,
(x; 0) = :745, � (x; 0) = 0 and (v(x; 0) = x=20). In this example two shear bandsdevelop at x = �:075. Although initially both bands load plastically, eventually theinteraction of the relief fronts for both bands forces the band with least amount ofloading into elastic unloading (band at x = :075 for t � 1:425:) See Figure 14.Between both shear bands, the material initially loads plastically, until reachedby the relief front from the shear bands. After that it exhibits an oscillatory elasticunloading and loading until it goes into constant unloading.In Figure 15 we show the time plots of the yield stress, normal stress andvelocity jumps at both shear bands. The shear bands are loading while the velocityjumps remain positive. We also show a time plot of the normal stress at a point(x = 0) between the shear bands.6 AppendixA Bootstrap MethodIn this section we describe a numerical algorithm for the solution of the Riemannproblem stated in Section 3.2. This algorithm solves the system of ordinary di�erentialequations (11), couple to the PDE, which is made implicit for �b, �b and 
b in equation(35) below. This algorithm is used in Section 5.1 as a comparison for the numericalalgorithm for the full system of partial di�erential equations (1)(2) as described inSection 4.For simplicity in the exposition we consider the case of symmetric data, thisis �l = �r, �l = �r, 
l = 
r and vl = �vr. In this case the solution, as a function of x,will be even for the stresses and odd for the velocity. Assuming this symmetry of thesolution, we only need to study the solution for x > 0.Shearer and Schaeffer (1993) prove the local existence of solutions to thisproblem when a classical selfsimilar solution does not exist. Along the way, they give24
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Figure 15: Two compiting incipient shear bands. Time evolution at various locations.a description of the asymptotic behavior of the relief front x = s(t) for t small. Wewill use this description to initialize our algorithm.With the notation of Section 3.2, we assume that the compatibility conditionsvb(0) = v̂(0) , �b(0) = �̂(0), �b(0) = �̂ (0) and 
b(0) = 
̂(0) are satis�ed; here (v̂; �̂; �̂ ; 
̂)denotes the selfsimilar part of the solution. For this symmetric problem we write theevolution of the shear band (equation (11) as@@t 0B@ �b�b
b 1CA = 0B@ 1� �2H 0(
b)�H 0(
b)1 1CA 11 + (1 � �2)H 0(
b) 2vbr� : (31)The solution to our initial value problem satis�es a linear system (13) onft > 0; 0 < x < s(t)g with nonlinear boundary conditions (31); it satis�es a nonlinearsystem (1)(2) on ft > 0; s(t) < xg; and it is continuous at x = s(t) with the functions(t) to be determined.Next we describe the selfsimilar part of the solution for all � > 0. For the initialdata (vr; �r; �r; 
r) we denote by (v1r ; �1r ; � 1r ; 
1r ) the state connected to the initial databy a right moving elastic wave and lying on the elastic-plastic boundary, that is
1r = �1r + �� 1r (see Figure 16). We de�ne �maxr as the eigenvalue associated to thisstate, �maxr = cq�(
1r ). 26
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̂ may now be described inboth the elastic and plastic loading regions. On the elastic region we havev̂(�) = vr; �̂(�) = �r; �̂ (�) = �r and 
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1r ; for c � � � �maxr : (32)In the region where the plastic deformation takes place, 0 < � < �maxr , we write( ^v(�); ^�(�); ^� (�); ^
(�)) as the solution to the system of ordinary di�erential equationsv̂� = 2�2(1 + (1� �2)k(
̂))3c2k0(
̂)�̂� = �2�3(1 + (1� �2)k(
̂))3c4k0(
̂)
̂� = �2�(1 + (1� �2)k(
̂))2c2k0(
̂) (33)with �̂ (�) = (
̂ � �̂)=� and continuous at � = �maxr . This completes the descriptionof the selfsimilar part of the solution.Next we describe, with the help of the Riemann invariants, the relation betweenthe states at the shear band and the states at the relief front. In the elastic unloadingregion ft > 0; 0 � x � s(t)g, next to the shear band, the solution satis�es a linear waveequation. In this region, the Riemann invariants are R+(x; t) = v(x; t) � c�(x; t);and R�(x; t) = v(x; t) + c�(x; t). Along the characteristic lines, these invariants27



satisfy R�(x; t) = R�(x0; t0) for x = x0 � c(t� t0)R+(x; t) = R+(x0; t0) for x = x0 + c(t� t0): (34)Lemma A.1 We assume that the position of the relief front, s(t), is known for t � tffor some given tf > 0: Then vbr, �b, �b and 
b are determined for t � tb = tf+s(tf )=c.Proof. From the equation (34a), R�(0; t) = vbr(t) + c�b(t) = R�(c(t� tr); tr) whilec(t� tr) � s(tr). (See Figure 17.) We solve this equation for vbr when c(t� tr) = s(tr)and tr � tfvbr(tr + s(tr)=c) = �c�b(tr + s(tr)=c) + v̂(s(tr)=tr) + c�̂(s(tr)=tr):Now equation (31) is expressed as an implicit ordinary di�erential equation@@t 0B@ �b�b
b 1CA = 0B@ 1� �2H 0(
b)�H 0(
b)1 1CA 11 + (1 � �2)H 0(
b) 2�(t; �b)� : (35)where �(t; �b) � v̂(xr=tr) + c�̂(xr=tr)� c�b(t) (36)and (xr; tr) is the solution, for each t, to the algebraic system xr = c(t � tr) andxr = s(tr) for 0 � t � tb.Lemma A.2 We assume that the states (vbr; �b; �b; 
b) on the shear band are knownfor 0 � t � tb for some given tb > 0. We also assume that the position of the relieffront, s(t), is known for 0 � t � tf for some given tf , 0 < tf � tb. Then the positionof the relief front can be determined for values of t � tb + � for some � > 0.Proof. From equation (34b) R+(0; t0) = vbr(t0) � c�b(t0) = R+(c(t � t0); t) whilec(t� t0) � s(t). If we write � = c(t� t0)=t, the intersection of the right characteristicx = c(t� t0) with the relief front is given by the solution to the equationR+(0; t0) = v̂(�) � c�̂(�): (37)From (33) we notice that(v̂ � c�̂)� = 2�2(1 + (1� �2)k(
̂))3c2k0(
̂) (1 + �c ) � 0:Therefore the uniqueness of the solution � to (37) is guaranteed. We notice thatR+(0; t) is an increasing function of t (in the notation of Appendix B, equation (48),28



(R+(0; t))0 = F 0(t) � 0); thus � = �(t0), the solution to equation (37), is also anincreasing function. The existence of such solution is guaranteed as far as the relieffront does not reach the leading edge of the plastic rarefaction. After that point, therelief front travels at elastic speed c.The solution �0 to equation (37) determines the ray x = �0t on which theintersection of the right characteristic line x = c(t� t0) and the relief front lies. Thispoint is given by t = ct0=(c� �0) and x = ct0�0=(c� �0) for t0 � tb.From the monotonicity of � = �(t0) we have that for any t0 � tb �(t0) >s(tf)=tf . Therefore, for t0 � tb, the corresponding point on the relief front satis�est = ct0c� �(t0) � ctfctf � s(tf )t0 = (1 + s(tf)ctf � s(tf)t0:Setting t0 = tb in the above equation, proves the lemma with � = tbs(tf )ctf � s(tf) .Now, exploiting the above two lemmas, we present an algorithm which constructs
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Figure 17: Bootstrap.the solution on the shear band and determines the location of the relief front x = s(t).We denote the points on the shear band by (0; tb) and the points on the relief frontby (xf ; tf). The algorithm is described in three steps:29



(i) Initialization We write t0b = t0f = x0f = 0. Our choice of (x1f ; t1f) is based onthe asymptotic approximation of the relief front o�ered by Schaeffer andShearer (1993). In this paper they show that the relief front is asymp-totic to the line x = 0 at the origin and, for small values of t, it behaveslike s(t) = Ct3=2 + O(t2) with C = c7=4 �331=4 (2v0� k0(
0))1=2. Here v0 = v̂(0) and
0 = 
̂(0). We choose a small value for t1f and x1f is then given by this asymptoticapproximation, x1f = C(t1f)3=2.(ii) Updating of the shear band from the relief front. We assume that the solutionon the shear band is known at a time tn�1b as well as two points (xn�1f ; tn�1f )and (xnf ; tnf ) on the relief front satisfying tn�1b = tn�1f + xn�1f =c and tnf > tn�1f .First we approximate the relief front linearly between these two points: i.e.,tn�1f � t � tnf we writes(t) = xn�1f + xnf � xn�1ftnf � tn�1f (t� tn�1f ): (38)We use Lemma A.1 to evaluate �b, �b, 
b and vbr for tn�1b < t � tnb wheretnb = tnf + xnf=c is such that the point (0; tnb ) is on the left characteristic linepassing through (xnf ; tnf ).(iii) Updating of the relief front from the shear band We use Lemma A.2 to deter-mine a new point (xn+1f ; tn+1f ) on the relief front which also lies on the rightcharacteristic line through (0; tnb ), x = c(t� tnb ).We iterate steps (ii) and (iii) until the relief front overtakes the leading edgeof the rarefaction wave (the ray x = �maxr t.) This completes the description of the"bootstrap" algorithm.B Global properties for the Riemann problemwith a shear bandIn the course of this research, we were able to prove that the symmetric Riemannproblem for the initiation of a shear band (cf. Section 3.2) admits a global solution.This generalizes the local existence result of Schaeffer and Shearer (1993). Weprove this result here and also include some remarks on the asymptotic behavior ofthe free boundary as t! +1.We start with (a slight modi�cation of) the formulation ((2.4) of Schaefferand Shearer (1993)) of the problem as a functional/integral equation. It is necessary30



to �nd three functions F ,G, and r of one variable t, r being nonnegative and satisfyingr(0) = 0, such the for t � 0(a) F +G � � = v̂(r)(b) F �G � � = ��̂(r)(c) F �G = �b(R t0 (F +G)dt0) (39)where �(t) = 1 � r(t)1 + r(t)t (40)and v̂, �̂ and b are data functions with the behavior sketched in Figure 18. The salientfeatures of the graphs are:
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b∞ Figure 18: The data functions in (39).Property A: For 0 � � < �0, the derivatives satisfy0 < �̂0(�) < v̂0(�)and are increasing functions.Property B: v̂(0) and �̂(0) vanish, and for � � �0 both functions are constant.31



Property C: The function b is strictly increasing.These properties are derived in Schaeffer and Shearer (1993). In fact equation(39) di�ers slightly from (2.4) of (39) in that here we have (i) changed the signof �̂ and of b to obtain positive quantities and (ii) rescaled the variables so thatthe constants v0 and �0 of (2.8) in Schaeffer and Shearer (1993) both vanish.Also, the extension of v̂ and �̂ to values of the argument greater than �0 is a minorgeneralization of Schaeffer and Shearer (1993). The extension derives from thefact that ahead of rarefaction waves the solution is constant. Finally, in Figure 18 thegraph of b(�), as drawn, asymptotes to a constant value as � !1. This is the mostrealistic behavior, and it is exhibited by the full model of Schaeffer and Shearer(1993). For the simpli�ed model of the present paper, the function b(�) actually tendsto in�nity as � ! 1. However, this asymptotic behavior does not a�ect the globalexistence result given here. (It does a�ect the qualitative properties of the solutionas t!1).The functions F , G and r relate to the unknowns of the present paper asfollows: We are assuming symmetric data (i.e., v odd in x, � even), so it su�ces tocon�ne our attention to the half space fx � 0g. Material is unloading in a regionadjacent to the shear band at x = 0 and described byf(x; t) : t > 0; 0 < x < s(t)g (41)where s(t) relates to r(t) by r �  (t) = s(t)t (42)where  (t) = t + s(t). For future reference we notice that from the comment after(2:6) in Schaeffer and Shearer (1993) we also have �1(t) = t1 + r(t) (43)Within the unloading region (41), the velocity and stress are given by(a) v(x; t) = F (t+ x) +G(t� x)(b) �(x; t) = F (t+ x)�G(t� x) (44)(For this appendix we have scaled x and t so that the wave speed c equals unity.)The functions v̂ and �̂ specify the velocity and normal stress in the rarefaction waveadjacent to the unloading region, and b speci�es the evolution of the shear bandobtained by integrating (9). 32



To explain the idea of the existence proof, we rearrange equations (39) asfollows: (a) 2F (t) = (v̂ � �̂)(r(t))(b) 2G(1�r(t)1+r(t)t) = (v̂ + �̂)(r(t))(c) G(t) = F (t) + b(R t0 (F +G)dt0) (45)Suppose that we have a solution of (45) for 0 � t � t0. (We know from Schaefferand Shearer (1993) that (45) admits a solution on some positive time interval.) Thekey observation is that, since r(t) is a positive quantity, the argument of G on theLHS of (45b) is strictly less that t0 for all t in [0; t0]. Therefore, at least for values of tslightly larger than t0, one may write an equation for r(t) that involves the unknownfunction G but only for arguments in the interval [0; t0] where G has already beendetermined; viz, 2G(1 � r(t)1 + r(t)t) = (v̂ + �̂)(r(t)): (46)We will show that for each t in some interval [0; t0 + �], equation (46) may be solvedfor the scalar variable r. In this way we extend r(t) to a larger interval. Given r(t), wemay extend F to the larger interval with (45a), and by solving the nonlinear Volterraequation (45c), we may also extend G.
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1Figure 19: Numerical solution of equation (46).The above discussion provides the framework for the proof that (45) admits aglobal solution; it remains to show that (46) may be solved as claimed. We will showthis graphically with the aid of Figure 19 in which both sides of equation (46) areplotted. Substituting t = 0 in (45b), we see that G(0) = 0; therefore the LHS of (46)vanishes at r = 1. It follows from the next lemma that the LHS of (46) is positive at33



r = 0 and that the LHS is a monotone function of r (decreasing since (1� r)=(1 + r)is decreasing). Therefore, as illustrated in Figure 19, the equation admits a uniquesolution.Before beginning in earnest, let us prove that r(t) < 1. Basically this is aconsequence of the fact that the free boundary propagates slower than the elasticspeed c = 1, so that s(t) < t: However in our proof we must compensate for thereparametrization of time by  (t) in (42). If r(t) were not always strictly less than1, then there would be a time t? such that r(t?) = 1. By (43),  �1(t?) = t?=2. Thenfrom (42) s(t?=2)t?=2 = r( (t?=2)) = r(t?) = 1;a contradiction.Lemma B.1 If (45) admits a solution F , G, r on [0; t0], then all three functions aremonotone increasing on this interval.Proof. We di�erentiate (45) and rearrange terms in (45b) to obtain:(a) 2F 0(t) = (v̂ � �̂)0(r(t))r0(t)(b) 21+r(t)1�r(t)G0(1�r(t)1+r(t)t) = n(v̂ + �̂)0(r(t)) + 4t(1�r)2G0(1�r(t)1+r(t)t)o r0(t)(c) G0(t) = F 0(t) + b0(R t0 (F +G)dt0)(F +G)(t) (47)The small-time solution of (45b) that is constructed in Schaeffer and Shearer(1993) satis�es (a) F 0(t) � 0(b) G0(t) > 0(c) r0(t) > 0 (48)for 0 � t < �. Suppose (48) is satis�ed for 0 � t < t?. On observing that for all t insome interval [0; t?+�] the argument of G0 in (47b) is still smaller than t?, we concludefrom (48b) and Property A that r0(t) is positive on [0; t?+ �]. Then we conclude from(47c), (48a), and Property C that G0(t?) > 0 and hence by continuity G0(t) is alsopositive on some larger time interval. Finally we conclude from (47a) and PropertiesA and B that F 0(t) is nonnegative on a larger interval. This completes the proof.Finally we brie
y examine the asymptotic behavior of the global solution ast ! 1. By the lemma, r(t) is a monotone increasing function, therefore r(t) tendsto some limit r1 � 1 as t!1. The case r1 = 1 occurs whenever, as illustrated inFigure 20b, the relief wave overtakes the leading edge of the rarefaction wave. Indeed,after the time of overtaking, the relief wave propagates with the elastic wave speed34
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