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Abstract

JAMES EMMETT HERNDON II. A Parametric Survival Model Which Generates Monotonic
and Non-Monotonic Hazard Functions and Incorporates Time-Dependent Covariables. (Under
the direction of FRANK E. HARRELL JR.)

Cox’s semiparametric proportional hazards model (1972) is commonly used to describe
the relationship between survival time and fixed covariables. Estimation is efficient even
though no assumptions are made about underlying distributional shape. However, the
inclusion of time-dependent covariables is computationally expensive, especially when the
sample size is large.

A parametric proportional hazards model where the baseline hazard is a cubic spline
function with tails that are linearly restricted (Stone and Koo, 1985) is proposed as an
alternative to the Cox model. Time-dependent covariables can be incorporated into this
parametric model with little increase in computation time.

The properties of the proposed model with and without covariables are contrasted with
those of the Kaplan-Meier and Cox models. The homdéeneous model is shown to be able to
describe a variety of hazard function shapes, including monotonic and non-monotonic hazards.
The efficiency of estimation with the restricted cubic spline model is as good as, and sometimes
better than, the Ka.plan—Meier estimator for the underlying distributions studied. The
restricted cubic spline hazard model with fixed covariables is usually more efficient than the
Cox model at estimating survival probabilities. The efficiency of regression coefficient
estimation with the spline model is comparable to the Cox model.

Additional properties of this parametric model include smooth survival curves, and
confidence limits for survival and hazard estimates, even when time-dependent covariables are
present.

Analyses previously obtained using the Cox model with a time-dependent covariable

describing an intervening event are replicated using the spline model. Estimates of covariable



iii
coefficients are virtually identical. Computation time for the spline model using an IBM 3081
computer was reduced by a factor of 213 over the Cox model.
The incorporation of repeated measurements into this model is demonstrated using
coronary disease data. An approach to approximating continuous covariable functions by step
functions is proposed. Such an approximation suggests an approach for testing the

proportional hazards assumption.
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Chapter |
Literature Review

1.1 Basic Survival Problem

Biological and epidemiological studies often involve analysis of the time to a response,
whether it be time to failure, death, cure, or development of a given disease. These
measurements are subject to random variation and hence, form a distribution. Much of

survival analysis is involved with estimating this distribution and examining the relationship

. between survival times and subject characteristics, often referred to as covariates or

concomitant variables.

Let T be a nonnegative continuous random variable representing the survival time of
an individual. Initially, it will be assumed that T is measured in a homogeneous population
and therefore no covariates are necessary to describe the probability distribution associated
with T. The survival and cumulative distribution functions are defined as 5(t) = P(T>t) and
F(t) = 1 - S(t), respectively. The probability density function, also known as the
unconditional failure rate, is defined as

f(t) = -(-i%(—?—.

The hazard function or conditional failure rate specifies the instantaneous failure rate



conditional upon survival to time t and is defined as

. P(t<T<t+At | T>t) _ f(t) _ dlog S(t)
At) =,\lim  —=— == =g =-—q

In many applications, the cumulative hazard function is relevant and is defined as
A) = Lt) Mu) du .
Relationships among these functions which will later prove to be useful are the following:
S(t) = exp (-A(t) ) and f(t) = A(t) S(t). (1.1)

It should be noted that each of the survival and hazard functions discussed above is a function
of one or more parameters.

Survival times are usually known exactly fo;' only a portion of all experimental units
under study and the rest are censored. An observation is said to be right censored at time C if
the exact survival time is known to be greater than C. Similarly, an observation is said to be
left censored if the exact survival time is known to be less than C. In biological applications,
right censoring is more common than left censoring. Therefore only right censoring will be
considered here.

There are several ways in which right censoring can occur. Lett; <ty <... <ty be
the observed survival times of n patients under study. Type II censoring occurs when the r
(r < n) smallest observed survival times are uncensored. The remaining n-r items are censored
at the survival time for the r-th smallest observed survival time, t;. This type of censoring
scheme is often used in quality control where a total of n items are simultaneously tested and
the test is discontinued when r items have failed. Type I censoring occurs when each unit is

subjected to a limited period of observation of prespecified or known length Ci’ i=1,2,...n
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A unit’s failure time T} is observed only when T, < Ci' Type I censoring is frequently used in
clinical research where a decision is made to terminate a study after a prescribed period of
time.

In most medical and epidemiological situations, random censoring occurs. Each
individual is assumed to have a survival time T and a censoring time C. T and C are
independent continuous random variables with survivor functions S(t) and G(t), respectively.
The density functions associated with these random variables are f(t) and g(t), respectively.

Let (Ti’ Ci)’ i=1,2...,nbeindependent random variables. For each subject the two
following random variables are observed:

. Lif Ty < G

where t; is the observed survival time and 6i indicates whether t; is censored or not. The
probability density function of t; and 6i is easily obtained by using the assumed independence

properties of T; and Ci’

P(t; =t 6 =0)=PC =¢tT; > t) = S(t) g(t) .

(It should be noted that the notation used above is slightly misleading. The first term in each

of the above equations represents the joint probability of the two events t, =t and 6i =0.)

The likelihood for the i-th patient is

L, =P(t; = t, &) = ( S() &) )1'6i (6w ) )isi .



This implies that the full likelihood function is

L= ﬁ L = mﬁl (st s(ty) )l.‘si (6t ) )6i

i=1
n s, 1-6; n 1-4, LA
=|:1'[ G(t;) 1 g(t;) 1][1‘[ S(t,)" 1 A(t;) x]. (1.2)
i=1 i=1
If G(t) and g(t) do not depend on any parameters of interest, then the first term of (1.2) can

be neglected. The resulting likelihood function, which contains the information on the

parameters of interest, is

L= l'n[ S(ti)l"si f(ti)6i . (1.3)

i=1

The following alternative form of (1.3) can be derived using the relationships in equation (1.1):
n 6i
L= Hl () T S(t) - (1.4)
i=

Upon further use of these relationships, equation (1.4) can easily be shown to be

L=logls= i [Gi log A(t;) + log S(ti)]

i=1

n
=) [8;l0g A(t;) -A(t;) ] - (1.5)

i=1

If D is the set of all uncensored observations, then (1.5) can be written in the following form:

n
L =Z log A(t;) - Z A(t;) - (1.6)
i€D i=1




The likelihood function for Type I censoring is a special case of the likelihood function for
random censoring.

Although the random censorship model is often reasonable to assume, the censoring-
death process is sometimes more complicated. The censoring mechanism and the death process
may not be independent. Lawless (1982) shows that under the following fairly general
conditions, likelihood function (1.4) can be used to make inferences. The assumptions are: (1)
the censoring-death mechanism for different individuals are acting independently, and (2) the
probability of an uncensored death in a given time interval is independent of the number of
censored and uncensored observations in previous time intervals. Kalbfleisch and Prentice
(1980) present an argument similar to that given by Lawless.

Even though only the homogeneous survival model has been discussed, all concepts are

applicable to models which include covariables. These will be discussed later.
1.2 Estimation of the Homogeneous Survival Model

1.2.1 Kaplan-Meier Estimation
In a homogeneous population, the survival curve is often estimated by the
nonparametric approach developed by Kaplan and Meier (1958). The survival function is

estimated as
. . -d.
sSwy= ]I [—‘n——‘] , (1.7)
<t

where n, is the number of individuals alive just prior to time t and di is the number of
individuals who die at time t;. Kaplan and Meier present an argument to show that this
estimate is the maximum likelihood estimate when no distributional assumptions are made on
survival times. Lett; <tg < ... < ty be the observed uncensored ordered failure times and

let tg =0 and t ) = oo These observations partition time into u+1 intervals I, = (0, t4),



Iy = (tl, t2], eIy = (t’u-l’ tuls Iu+l = (ty, 00). With n; and di defined as above, let m,
denote the number of observations censored in interval Ii and let t’ij’ i=12,... m, denote

their censoring times. It should be noted that the total sample size n is
u
The probability of failure at time t is
S(ti) - S(ti +0),

where S(t, + 0) = lim +S(ti + At). The contribution made to the likelihood function by an
At—0
observation censored at tij is S(tij). Therefore the likelihood function is

m. < m
u d' 1 u+1
L= H [S(ti) - S(ti + 0):] 1 H S(tij)} H S(tu+l,j) . (1.8)
i=1 =1 J =1
concerns concerns congerns
deaths in Ii censoring censoring
in Ii in Iu +1

In order to maximize L with respect to S(t), it should be noticed that S(t) must be
discontinuous at the uncensored survival times ti, i=1, .2, .+« uor else L=0. In addition,
g(tij) should be as large as possible. This implies that Q(tl) = Q(tlj) =1forj=12,...
m;; s(ti) = S(ti_l +0)= S(tij) fori=2,..,u+landj=1,2,... m;and S(ty +0) =
S(tu+1 + 0). Let g(ti) =P fori=2, ..., utlandlet Py =1. Upon substituting these

values into equation (1.8), the following likelihood equation is obtained:

L=]] [Pi1- Pi]di Pl
i=1 :




By letting p; = P; / P;_q» the likelihood becomes

A d. m;
L=II1[P1 Pg.--Pi1 (I'Pi)] l(11‘1 P2---Pi) i+l
i=

Through combining similarly subscripted terms and simplification, the following likelihood will

result:

=TT apptip®i- 9
=TI a-p)ipim i (1.9)
i=1

p' — _r_ . 1.10
1 . ( )

By using the recursive relationship Pi =p; Pi-l and induction, it can easily be shown that

b= a-sp=1I [—“r:“] , (1.11)
k=1 k=1

fori=1,2, ... u Thisimplies that (1.7) is the function which maximizes the likelihood and

hence is the maximum likelihood estimator for S(t).

Kalbfleisch and Prentice (1980) provide a heuristic derivation for the asymptotic
variance formula for the Kaplan-Meier estimator. Their development relies upon standard
asymptotic theory for the maximum likelihood estimates of P shown in equation (1.10). The
log-likelihood equation needed to obtain the information associated with f)i is a consequence of

equation (1.9).

u :
L=logL = Z [di log (1-p;) + (ny - d;) log pi] .
i=1



The first partial derivative of the log-likelihood equation with respect to an arbitrary Py

k=1,2,...,uis

or _ % . M-
3_1-‘—1'1’1‘ —_pk— )

The second partial derivative with respect to Py is therefore

o2 _ _ % om-d
p Sl R

The sample information associated with Py is estimated to be

2 -d n, -d
I(py) =- gL = k 4k k (1.12)
) E __——_ﬁ -,

where p, is defined in (1.10). Equation (1.12) simplifies to

3
’k

Therefore the estimated asymptotic variance of Py is nis dy (nk - dk)' From (1.7) and (1.11),

it can be seen that

logS{t) = Y log(1-5;). (1.14)
ift; <t

It is assumed in this heuristic argument that the terms in the summation of equation (1.14) are

independent. Therefore

Var [log S(t)] = E Var [log (1 - p;)] . (1.15)
ift; <t




The variance of each individual term can be determined by the method of statistical
differentials (Elandt-Johnson and Johiison, 1980), which is sometimes referred to as the delta

method (Miller, 1981).

dllog (1 - p)[T
Var [log (l-ai)1=[—[-°-‘—4—f,.,,——"-‘l]] Var (5;)

1
—1—7v
T ar (p;) -

This latter formula for the variance simplifies to

d.
Var [log (1 - p;)] = ﬂnJ'.—d-) )
iV

Upeon substitution into (1.15), the estimated asymptotic variance of log S(t.) is found to be

. : d
Var [log S(t)] = Z [ @ - )]

Let A = log S(t). Another application of the method of statistical differentials will generate

the asymptotic variance of S(t) = exp A.

2
Var [S(t)] = Var [exp A].—.[‘i[f’a‘%“-]] Var A

) a.
= P 3 [m] (1.16)

This expression for the estimated asymptotic variance of the Kaplan-Meier estimator is usually

referred to as Greenwood’s Formula.
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Previously, it was discussed that t, equaled min (T;, C,) where T; was the actual
survival time and C; was the censoring time. These random variables are assumed
independent under random censorship with survivor functions S(t) and G(t), respectively. The
t,’s constitute a random sample with survival function S(t) G(t). In such a situation, Breslow
and Crowley (1974) show that the Kaplan-Meier estimator is asymptotically distributed as a

normal random variable with mean S(t) and

- . t dS(u) 1 2t f(u) du
Var [{t)] = 1 s(t)2 I = 1 s(t) . (1.17)
t 0§2(u) Gu) 0 $2(u) G(u)
This result was developed by first considering the classical life table and showing that the
limiting distribution, as the sample size becomes large, of the vector of estimated survival
probabilities is multivariate normal. In order to examine the limiting distribution of the
Kaplan-Meier estimator, the number of cells in the life table is allowed to become large and

hence the partition size is allowed to become infinitesimally small. They show that
E[Se)-sw], o<t<T

where §(t) is the Kaplan-Meier estimate, converges weakly to a mean zero Gaussian process

with covariance function

S(ty) Sttg) [F ET(%?——(G“)M , 0<t <ty<T. (1.18)

This implies the indicated asymptotic distribution of the Kaplan-Meier estimator. Equation
(1.17) can be used as a basis for obtaining an estimate of the asymptotic variance. In the
denominator, let S(u) G(u) be estimated by the observed proportion of individuals alive and at
risk at time u and the remaining S(u) by S(u + 0). Elsewhere, S(u) is replaced by the Kaplan-

Meier estimate. Upon simplification, Greenwood’s formula is obtained (Lawless, 1980).
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Breslow and Crowley’s result also implies that the distribution of the Kaplan-Meier estimator

is asymptotically normal with mean S(t) and variance as given by Greenwood’s formula.

1.2.2 Parametric Estimation in the Homogeneous
Model

Parametric models can be considered as an alternative to the nonparametric Kaplan-
Meier estimator for describing the survival experience in a homogeneous population. In many
situations, the parametric form of the survival curve is known from prior experience or from
knowledge of biological mechanisms. When such information is not available, graphical
procedures, residual analysis, and some goodness-of-fit tests are available for determining which
parametric form is most appropriate (Bain, 1978; Elandt-Johnson and Johnson, 1980; Lawless,
1982; Miller, 1981).

When the parametric form of the survival distribution is specified under random
censorship, the likelihood function used to find the maximum likelihood estimate of the vector
of unknown parameters 0= (64, 991 - = fp) is equation (1.3). Many times numerical opti-
mization techniques must be used in order to find the value which maximizes equation (1.3).

When # is interior to a closed, compact parameter space, and the likellihood function
is thrice differentiable, and certain boundedness conditions are satisfied, then the maximum
likelihood estimator @ is asymptotically distributed as a normal random variable with mean
(Cox and Hinkley, 1974; and Lehmann, 1983). Since observations are independently and
identically distributed, the asymptotic variance is [ n I(9) ]'1 where I(#) is the information
matrix associated with an individual observation. The log-likelihood for an individual

observation is:

L =logL =log [ f(t)6 S(t)l-‘s] = { }23 g(tz) iiff66=.=10 (E:rT’;‘i gg )
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Let the vector of first derivatives of the log-likelihood function be denoted as

d log f(t) .
ifT<C
B { o1
: d log S(t) . '
j 2 ifT>C

U'(0) = (U,(0), Up(d), ..., Up(@)) where U;(0)

forj=1,2,... p. Fisher’s p x p information matrix associated with a single observation of
the random variable t is I(#) = l{l’l(l) U'(l):]. The jk-th entry of the information matrix

can be derived as follows:

8 log f(u) 0 log f
= elph k] =[] [P M s avan
T

]

C<T

_ jooj'oo [0 log f(u) 0 log f(u)] f(u) g(v) dv du

[a loagojS(u) 8 lt:?go f(U)] f(u) g(v) du dv

00 15 log S(u) 8 log S(u)
+I 0 I u {: 96; 26, ]f(V) g(u) dv du

_ Lc:o [a lc;ge;(U) 9 1‘580 lf(“):| f(u) G(u) du

N [a l°§of(u) 2log :(“)] S(u) g(t) du. (1.19)

By the method of statistical differentials, it can be shown that é(t) is asymptotically

distributed as a normal random variable with mean S(t) and variance

1 as' 110 s, (1.20)
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where @S denotes the vector of partial derivatives of S(t), i.e.

as' = [25() 85() 8S(t)
=130, 98, " 80p |

When f is a function of only one unknown parameter, the information matrix reduces

to the following scalar:

2 2
1) = I:’ [fi‘_i"fgi(‘-‘)] f() G(u) du + I:° [%%(_;%(_ﬂ] g(u) S(u) du.  (1.21)

1
The asymptotic variance of @ is r—n—w) and the asymptotic variance of () is

2 .
1 [‘2;2_‘)] ri). (1.22)

1.2.3 Kaplan-Meier Estimation versus Parametric
Estimation

Miller (1983) examined the asymptotic efficiency of the KAplan-Meier estimator
relative to the parametric maximum likelihood estimator of the survival function under
exponential censorship. Underlying distributions considered were the exponential distribution,
the Weibull distribution with known shape parameter (one-parameter Weibulil), and the
Weibull distribution with unknown shape parameter (two-parameter Weibull). For the
exponential model and the one-parameter Weibull model, efficiency was calculated as the ratio
of the asymptotic variance of the parametric estimate, (1.22), to the asymptotic variance of the
Kaplan-Meier estimate, (1.16), whereas for the two-parameter Weibull model, it was calculated
as the ratio of (1.20) to (1.16). Asymptotic efficiency, when the underlying model was
exponential or one-parameter Weibull, peaked at 0.65 and dropped to zero in the tails of the

distribution. Though slightly higher for the two-parameter Weibull model, since two
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parameters, rather than one, were estimated, the relative asymptotic efficiency also showed a
drop in the tails. The drop in efficiency near 0 is not of much concern since estimates are
extremely accurate, i.e., variances for both Kaplan-Meier estimates and parametric estimates
are small. The drop in efficiency as time increases is a real problem since variances for both
parametric and nonparametric estimates are increasing. Miller concludes that “If interest is
focused on estimation for the extreme high quantiles . . . then the Kaplan-Meier estimator is
usually worthless . . .” An additional observation made by Miller was that as the proportion
of censored data increased, the relative efficiency of both the exponential and Weibull model
estimates to the Kaplan-Meier estimate decreased. The asymptotic relative efficiency of the
Kaplan-Meier estimator when the underlying parametric distribution is different from
exponential and Weibull has not been studied. In addition, the effect of different censoring
distributions has not been examined. The applicability of the large-sample results to small
sample efficiency needs examination.

Other differences between the Kaplan-Meier and parametric estimators exist. First,
the Kapl;n-Meier estimator is a step function, whereas the parametric estimator is a |
continuous function. The Kaplan-Meier estimator makes the assumption that the hazard
between deaths is zero. Such is probably not the case in most biological and physical
applications. In addition, most biological and physical mechanisms probably adhere to a
continuous survival function. Second, the Kaplan-Meier estimator is more robust to outliers
than the parametric estimator. Third, the Kaplan-Meier estimator can easily describe any
survival function shape unlike a specific parametric form. The parametric estimator is subject
to bias when an incorrect parametric form is chosen for inferences, unlike the Kaplan-Meier
estimator, which is always asymptotically unbiased. The size of this bias needs examination.
Fourth, parametric estimation is usually more computationally intensive than Kaplan-Meier

estimation since many passes through the data are required during numerical optimization.
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1.3 Estimation in the P_roportional Hazards Model

1.3.1 Incorporation of Covariables into the
Homogeneous Model

Many times the relationship between survival time and some other factor or subject
characteristic is of interest. A variety of ways exist to incorporate such a concomitant factor or
variable into the homogeneous survival model. Included among these approaches are defining
the unknown homogeneous parameters as functions of covariables (see Bailey, 1977; Feigl and
Zelen, 1965; Zippin and Armitage, 1966; and Byar et al, 1974 for examples and details) and
the accelerated failure model (see Kalbfleisch and Prentice, 1980 for details). However,
probably the most popular approach is the proportional hazards model where covariates are
allowed to act multiplicatively on the hazard.

The basic form of the proportional hazards model is

Atls) = Ao(t) &(3)

where Ag(t) can be thought of as the baseline hazard or hazard when g(z) = 1 and s is a vector
of covariables which are possibly time-dependent. The function g(x) is often specified to be
exp(sf). When the covariables are not a function of time t, the hazard ratio of two

individuals is proportional and not dependent on time, that is,

Atlsy) _ g(xy)
A(tisg) ~ 8(zg)
This proportionality characteristic motivated the nonparametric or semiparametric generaliza-
tion proposed by Cox (1972). He specified the hazard function as A(t|s) = Ag(t) exp (=)

where Ag(t) was an arbitrary unspecified baseline hazard. Cox’s model has been found to

adequately describe many biological and epidemiological situations. The parametric and
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nonparametric versions of the proportional hazards model with g(s) = exp (z8) will be
considered further in the following material.

S(t|s), F(t|s), f(t|s), A(t|s), and A(t]s) will denote the survival, cuamulative density,
density, hazard, and cumulative hazard functions, respectively, when each is a function of the

covariable vector 3. When the covariable vector is a function of t, it will be denoted as x(t).

1.3.2 Covariable Types

Covariables can be categorized into two broad classes—external and internal covariates
(Kalbfleisch and Prentice, 1980). External covariates are not directly involved with the failure
mechanisms. Internal covariates are measurements taken directly from the subject and require
the survival of the subject for their existence.

Kalbfleisch and Prentice further subdivide the class of external covariates into fixed,
defined, and ancillary covariates. A fixed covariate is measured in advanced and fixed for the
duration of the study. These are sometimes referred to as time independent or baseline
covariables. These have been denoted as = in this text. A defined covariate has its covariate
path determined in advance for each subject. Usually the value of this covariate varies with
time. When it is not, the defined covariate is a fixed covariate. An ancillary covariate is the
output of a stochastic process which is external to the subject under study. An example is the
level of air pollution as a predictor of asthma attacks.

An internal covariate is the output of a stochastic process which is generated by the
subject and observed only while the subject is alive. As a result, values of the covariable carry
information about the subject’s survival time. Internal covariates will not be considered in

much, if any detail, in the subsequent material.
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1.3.3 Estimation in Cox's Proportional Hazards Model

Cox (1972) proposed the proportional hazards model in which the hazard function was

Atls) = Ag(t) exp () ,

where Ao(t) is the baseline hazard and = is a 1 x r vector of covariables. Cox suggested that =
can be a function of time dependent covariables. Therefore in the subsequent discussion, the

following hazard model will be considered
Altls(t)] = Ao(t) exp [s(t)A] , (1.23)

where s(t) is a vector of time dependent covariables.

Cox (1972, 1975) proposed the partial likelih60d function for estimating the vector of
unknown parameters f in the proportional hazards model. The development of this technique
will be similar to that given by Efron (1977). The general likelihood function based on model

(1.23) is

5 .
L= fI [Ao(ti)'eXp (li(ti)ﬁ)] ' exp [— I:; Ao(V) exp (li(v)ﬁ) dv] . (1.24)

=1

Efron rewrites this likelihood as

L= expl:- ,._.El { I:; Ag(v) exp (li(v)ﬂ) dv}:] ig) [ Ao(t;) exp ('i(ti)p) :l ,

where D denotes the set of individuals for whom observed survival times are uncensored, i.e.
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the individual fails. Upon rearrangement, the likelihood becomes

€R(v)

L= exp|:- J:’ (Y e {-i(v)p} ) Ro(+) dv :I

x ig} [)\o(ti) exp (:i(ti)ﬁ)] . (1.25)

where R(v) denotes the set of individuals alive just prior to time v. Efron defines H(t) as the

average hazard rate if all n patients were on test at time t:

n
H(t) = § do(t) ) exp (5,0)8) -

1=1

Efron also defines “the average number of patients remaining at risk at time t” as

Y e (x08)
N(t) = n 1€§(t)

Z exp (zi(t) g )

i=

Each of the above definitions assumes that the covariates are external. Using the definition of

H(t) and N(t), likelihood (1.25) is rewritten as

= | [ — (.i(t(i)‘:t) )B)
i ex E A
ieD jeR(ti) P 505

x exp { . I:oN(u) H(u) du } ig) N(t;) H(t) . (1.26)




19

The first term in the above formula is Cox’s partial likelihood function,

exp (’i(ti)ﬁ)
L= (1.27)
ig Z exp ('j(ti)p )
JeR(t;)

in which the term in brackets can be viewed as the conditional probability that individual i
fails at t; given all subjects at risk at t;. T he second term is a likelihood assuming all patients
have the same hazard and at any time t an “average” number of patients are at risk of failure.
Cox (1972) argues that this second term contains little information about #. One of the
primary criticisms of the use of Cox’s partial likelihood equation is that it ignores a factor
relating to the “nonfailure intervals”, i.e. intervals between deaths during ﬁhich no failures
occur. Cox argues that this factor conveys no information about B since the baseline hazard
could conceivably be near 0 in the interval.

When covariables are fixed, the partial likelihood (1.27) reduces to the following:

exp ('iﬁ)

S eup (38|
JeR(t;)

]
1

(1.28)

This likelihood function can also be obtained through marginal likelihood arguments, which are
based on the ranks of observed survival times. These arguments do not hold for censoring
schemes more general than Type II censoring nor for time dependent covariables.

The development of the partial likelihood to this point has assumed no ties presént in
the data. Several modifications of these results have been proposed when ties in the data
occur. Supposet; <tg <. .. < ty are the uncensored failure times and di’ i=12,...,u

are the number of deaths at time t,. Cox (1972) suggested the following generalization of
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(1.28) for tied data:

u exp (s; )
L= ! , 1.29
Ui~ wes (120
jeRdi(ti)

where 8; is the sum of the covariates associated with deaths at time t and Ry (ti) is the set of
i

all subsets of d; individuals chosen from the risk set R(t;) without replacement. This

procedure is computationally difficult. If the number of individuals failing at each failure

point, di’ is small compared to the size of the risk set, (1.29) can be approximated by

exp (a,8)
L= Iu] % (1.30)
= 1L { z exp (ljﬂ)} ' .
jGR(ti)

(Breslow, 1974). The partial likelihood when no ties are present is a special case of (1.30).

Also, partial likelihood (1.30) is clearly generalizable to time-dependent covariables as

exp (li(ti)ﬂ)
u
d.
L= il, (1.31)
1 { >, e (-j(ti)p)}
JER(t)

where li(ti) is the sum of the covariate values associated with deaths at t.. The log-likelihood

function associated with (1.31) is

L=logL=Y |s(t)B-d log { Y exp (:j(ti)ﬁ) } . (1.32)
i€D jER(Y,)

The maximum likelihood estimate B can be obtained as a solution to the following system of
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equations

) zjk(ti) exp ('j(ti)p)
oL = y Lo (s -d.JeR(ti)
8, 1=E:1 g (t) - 4 Z xp ('j(ti)p)
jER(t)

fork=1,2,..., rand where sik(ti) is the k-th element in the li(ti) vector and zjk(ti) is the
k-th element in the sj(ti) vector. These equations are seldom tractable and hence numerical
optimization techniques are used.

The kh-th entry in the sample information matrix I(ﬁ) is

; i) Y

where

2.1 (t:) 231 (t:) exp (5:(t:)B
jE%%ti)Jk i/ “jh\" (_] i )

ikh =
exp { =:(t.) B
ot (00)

jER(ti) jER(ti)

{ Z zjk(ti) exp (’j(ti)p) }{ E zjh(ti) exp (zj(ti)ﬁ) }

exp | =:(t;)8 }2
{5 (o)

The kh-th entry in the information matrix (1.33) reduces drastically when covariables are fixed
(Kalbfleisch & Prentice, 1980).

Cox (1972, 1975) heuristically shows that B, the maximum partial likelihood
estimator (MPLE) is asymptotically distributed as a normal random variable with mean g

and covariance matrix I'l(ﬁ). Tsiatis (1981) gives a rigorous proof of asymptotic normality
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and consistency for fixed covariates and no data ties. Asymptotic normality holds in the .
presence of tied data, though there is some bias in the estimate of B and its covariance matrix.

Assuming all covariables are fixed, the estimation of the survival curve given the -
maximum partial likelihood estimate B, involves finding an estimate for the baseline survival

function Sy(t) where

t
So(t) = exp (- Io Mo(v) dv) .

One such estimate is

1|ti <t

where &; is the solution to the following normal equations (Kalbfleisch & Prentice, 1980):

g exp (s:5)
i = exp (s:8) , - (1.34)
jgl {1 i a?xp (ij)} jE%::(tl) J ‘ .

1

fori=1,2,... u These equations simplify when d.=1 and explicitly define &; as
i i

_ exp (s, 8)
A MY )
J€R(t;)

exp (o0 C5,B) ).
When ties are present, iterative calculations are required to find the solution to (1.34). Once
Qo(t) has been determined, an estimate for S(t) is obtained as

S(tm) = §o(0)*F . (1.35)

This equation reduces to the Kaplan-Meier estimator for homogeneous populations when B ‘
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equals 0. The iterative procedure described above is derived by Lawless (1982) in a manner
similar to that of the Kaplan-Meier estimator.

Breslow (1974) presents the following alternative estimator which does not require

iteration when ties are present in the data:

- dj

So(t) = exp ( Ao(t))=exp{ Sl D e (3, B) } (1.36)
j|tj<t keR(tj)

Breslow claims that this estimator is not much different numerically from the previously
described baseline survival function estimator. However, the survival function estimate, S(tl:),
does not simplify in this case to the Kaplan-Meier estimator when P equals @. Rather, it
reduces to a function of a cumulative hazard estimator proposed by Nelson (1969). The

survival function estimate is

- 1 d.
8(t18) [g = exp [ A1) ][pg = oxp - 3 { J 1}

Tsiatis (1981) develops the asymptotic theory associated with the survival function
estimator. Tsiatis shows that Breslow’s cumulative hazard estimator,
- d.
J

K= Y | Y exe(®m B, (137)
jlt<t | keR(t;)

is distributed asymptotically as a normal random variable with mean Ag(t). The asymptotic
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variance can be estimated by

Var (i\o(t)) = z": [ Y exp (.jin') T +A' (B A, (1.38)

where

s oofs?)

-2
= . J } .
i€eD [ {jeR(,) JE€R(t;)

By the method of statistical differentials, it can be shown that asymptotically S(t|s) is

normally distributed with mean S(t|s). The asymptotic variance is

Var[S(t|s)] = exp (-2 Ao(t)) x Var (Ao(t)) . (1.39)

Kalbfleisch and Prentice (1980) indicate that these results are also applicable to $(t}x) obtained

via the nonparametric maximum likelihood approach.

1.3.4 Parametric Estimation in the Proportional
Hazards Model

Estimation in the parametric regression model is similar to estimation in the
parametric homogeneous model. Likelihood function (1.24) is fully specified with the exception
for a vector of p unknown parameters. This vector is denoted as # = (a, B) where a is the
(p-r) x 1 vector of unknown parameters associated with the baseline hazard and g8 is the r x 1

vector of unknown covariable coefficients. The associated log-likelihood equation is

L=logL

= E log I: Ao(t;) exp (zi(ti)ﬁ)] - zn: l: J:' Ag(u) exp (li(u)ﬁ) du ] (1.40)

ieD i=1
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(Efron, 1977; and Oakes, 1977). Numerical optimization techniques are often needed to find
the B which maximizes this equation. Numerical integration techniques are useful when Ag(v)
exp (:i(v) ﬁ) is not integrable. Standard maximum likelihood theory indicates that the
asymptotic distribution of # is normal with mean #. The asymptotic variance can be
calculated using information matrix (1.19) which is associated with the estimate . The
method of statistical differentials can be used to show that the asymptotic variance for S(i) is

calculated using (1.20).

1.3.5 Cox Model versus Parametric Estimation

Due to its nonparametric basis, the Cox proportional hazards model can describe a
variety of shapes without specification of the underlying hazard function. Estimation is alwayé
asymptotically unbiased, unlike parametric estimation, which is biased if an incorrect
parametric form is chosen for inferences.

The nonparametric basis for the Cox model also makes the procedure fairly robu_st to
outliers. Using cancer survival data, Byar (1982) examined the effect of outliers in the
estimation of coefficients in the Cox and Weibull models. Regression coefficients in the
Weibull model were more affected by the presence of outliers than in the Cox model. Byar
concluded that “the Cox model provides greater flexibility in fitting the nuisance hazard and,
because it is based on ranks of death times, it is robust with respect to outliers in survival
time.”

The relative efficiency of the partial likelihood estimator of B versus the parametric
estimator has been examined by Kalbfleisch (1974), Kalbfleisch and McIntosh (1977), Efron
(1977), Oakes (1977), and Kay (1979) in various situations. In the following discussion,
relative efficiency is the ratio of the variance of the parametric estimate of B to the variance of
the Cox estimate of f.

Kalbfleisch (1974) examined the asymptotic relative efficiency assuming either an

underlying exponential or Weibull distribution, no censorship, and one fixed covariable. Under
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the assumption that 8 = 0, partial likelihood estimation is greater than 75% efficient in finite .
samples and asymptotically fully efficient. As § departs from @, the relative efficiency
decreases to zero. Kalbfleisch indicated that “unless 8 is indicated to be fairly large, very little
is to be gained from making the more stringent” parametric assumption. Kalbfleisch showed
that when the underlying distribution is exponential the asymptotic relative efficiency is
approximately exp (- Ho ,32) where p, is the second central moment of the covariable.
Efficiency against the Weibull model is asymptotically the same as against the exponential
model and is slightly better in finite samples.

By considering up to two fixed covariables and also censorship, Kay (1979) extended
the efficiency results of Kalbfleisch (1974) for the exponential distribution. The primary
conclusion made was as censorship increases, the efficiency of nonparametric estimation
increases.

Efron (1977) and Oakes (1977) developed general efficiency expressions which are

summarized in Kalbfleisch and Prentice (1980). In their developments, covariables are allowed ‘
to be time-dependent. Oakes shows that full asymptotic efficiency is achieved by the Cox

model if

E{ T (1) exp (-i(t)n)}

i€R(t)

E{ Y exp (:i(t)ﬂ)

i€R(t)

} = constant .

This condition is satisfied if # = @ and censorship does not depend on 3. Censoring rates
which depend on = give rise to distributions of = which vary with time. Kalbfleisch and
Prentice try to explain the loss in efficiency by the fact that such variations with time
introduce correlations between the estimator of # and Ay(t). Parametric analyses, unlike
nonparametric procedures, can exploit such relationships. The asymptotic relative efficiency

declines as # becomes different from @. Efron argues that when the family of parametric

distributions is reasonably rich, inferences about f# are asymptotically equivalent.
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Kalbfleisch and McIntosh (1977) examined the relative efficiency of parametric
estimation compared to partial likelihood estimation for the time-dependent covariable, 7, in

the following Weibull regression model
Ao(t) =10 21 exp ( Bz + vz log t) .

where z = 0, 1. A test of Hy: =0 is a test for proportional hazards as proposed by Cox
(1972). Using simulated sample sizes of 50 for each level of the covariable, Kalbfleisch and
McIntosh showed that the relative efficiency of the estimation of v decreases as the absolute
value of § increases. Estimation when B=0 is at least 83% efficient and varies as a function of
the remaining parameters of the underlying distribution.

Peace and Flora (1978) compared through Monte Carlo methods the power of
hypothesis tests concerning regression parameters arising from Cox’s model with four
covariables and the exponential, Weibull, and Gompertz proportional hazards models. All
parametric tests had equal or slightly greater power_th;;n the equivalent test in the Cox model.
Peace and Flora concluded that “in the analysis of real-world data . . . if. may not be worth the
effort to first ascertain whether the parametric models fit the data; rather use Cox’s methods of
analysis. An exception to this may be in the case of small samples.”

Additional differences in parametric and nonparametric estimation of the survival
function need to be noted. First, the estimate of the survival function using the Cox model is
a step function whereas the parametric estimate is continuous. As previously indicated during
the discussion of the homogeneous model, most biological and physical mechanisms probably
adhere to a continuous survival function.

Second, the log-likelihood function for the Cox model cannot be written as the sum of
contributions by individual subjects, as it can be with a parametric model. The basic

components of Cox’s log-likelihood function are summations over risk sets.
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The final difference between the Cox and parametric model is the computational
complexity of the estimation of the unknown model parameters. These complexities involve
numerical integration, tied data, and time dependent covariables. Numerical integration
techniques, which are unnecessary in Cox model estimation, are instituted in parametric
estimation when the hazard function is not integrable. This difference in computational time
is minor relative to that generated by tied data and time dependent covariables.

The form of the partial likelihood function proposed by Cox (1972) for tied data,
(1.29), involves many computations when the number of ties is large. Consider the
contribution to the partial likelihood function made by the di deaths at uncensored failure time
t;. All possible subsets of size di among the subjects at risk of dying at t, must be considered
in the computations. If di is large, the computations can be considerable. The approximation
proposed by Breslow (1974) and presented as (1.30) eases the computations. However,
Kalbfleisch and Prentice (1980) indicate that if the proportion of dead among those at risk at
any time t is large, then the bias using Breslow’s approximation may be severe. Howard
(1972) and Gail, Lubin, and Rubinstei;x (1981) have proposed a recursive algorithm which
permits rapid computation of Cox’s partial likelihood fuﬁction for tied data. The applicability
and feasibility of this algorithm in large data sets in unclear. The problems discussed above
concerning tied data do not arise in parametric estimation.

The presence of time dependent covariables in the Cox model increases the number of
computations considerably. A comparison of partial likelihood (1.27) which includes time
dependent covariables and partial likelihood (1.28) which includes only fixed covariables shows
that the covariate vector in (1.27) must be computed for each patient in a risk set unlike in
(1.28). The number of mathematical operations required for one eva]uatiop of the log-
likelihood (1.32) which involves time dependent covariables is of order nur? where n is the
number of subjects in the study, u is the number of uncensored failure times, and r is the
number of covariables. The number of operations is of order nr? when no time dependent

covariables are present. The number of mathematical operations required in the parametric
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model for one evaluation of the log-likelihood (1.40) is of order nr2, whether time dependent
covariables are present or not. Hoffman’s (1985) numerical examples indicated that in the
presence of time dependent covariables BMDP requires 90 times more CPU time than when no

time dependent covariables are present.

1.4 Numerical Optimization

Two of the most common methods of parameter estimation are least squares and
maximum likelihood. The primary difference of the two approaches is the objective function
being optimized. In weighted least squares estimation, the weighted sum of squares of
deviations from the model is minimized in order to find parameter estimates. In maximum
likelihood estimation, parameter estimates are taken as those values which maximize the
likelihood function, whether it has been developed based on general likelihood or partial
likelihood principles. Maximum likelihood estimators obtained from general likelihood
functions are asymptotically unbiased and normally distributed. The asymptotic properties of
maximum partial likelihood estimators have not been as rigorously developed, but asymptotic
unbiasedness and normality are indicated. Maximum likelihood estimation is the estimation
method of choice due to these properties.

Closed form solutions for the estimator of #, a p x 1 vector of unknown parameters,
seldom occur in survival problems. As a result, iterative numerical optfmization techniques
must be used to find the estimates. These iterative techniques begin with an initial guess, bo,
of the optimal value. A sequence of iterates ] 1 32, .. .‘is generated which hopefully
converges to the desired solution, whether it is the maximum likelihood or weighted least
squares estimate for #. After obtaining ii’ the computations necessary for finding the next
iterate ii +1 consist of determining the direction of the next step di and the scalar length or

size a; of such a step. These are used to compute the following iterate:
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The primary difference among numerical optimization procedures is the approach to

determining the step direction and step size.

1.4.1 Newton-Raphson Procedure and Related
Methods .

The most popular of the numerical optimization techniques for finding the maximum
likelihood estimator is the Newton-Raphson procedure. This method uses the first and second
derivative of the log-likelihood function in its iterative procedure and displays a quadratic rate
of convergence. The algorithm may diverge or converge to saddle points or relative maxima if
the initial starting poim. io is too far from the absolute maximum. The objective function is

L(#) = log L(@). The score vector or vector of first derivatives will be denoted as

_/0L(0) BL() EYI0))
v =(Z" s, 3, )

The information matrix, which is a matrix of the negative of the second partial derivatives,

will be denoted as
3
I Iio Iip
16) = Iy, Iyg cees IZp
| T Tpo p |
where I. -0°L(0) The iterati edure is obtained b idering the followi d
re Iy = —5-0—30—1{- e iterative procedure is obtained by considering the following second-
order Taylor series expansion of the objective function about the point 0 it
L(#)=2(0)+(0-8) UW@,)-3(0-8,) 1(8,)(0-0,) + error . b

Since the error term can be considered to be negligible when ii is near to #, a good
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approximation of L(#) is
L(0) = 2(0) + (#- ) U@®,) - 1(0-9)1(8,)(0-9).
The maximum of this approximation occurs when
] - u@,)-10;) (0 - ’).
Assuming I(ii) is positive definite, this equation suggests the following iterative procedure
b, =0+ ri@e) e,
which is of the form (1.41) where o = 1 and d; = I'}(9;) U(¥,).

Rao (1984) indicates that convergence problems for the Newton-Raphson procedure

may be improved by using the iterative procedure:
- _ a -1 - -
'i+1 =0, + o I (Oi) U(Oi) )

where a; is the step length in the direction d; = rl(‘oi) U(ii) which maximizes the objective
function. This modiﬁcationlrequires fewer iterations, finds the minimum more often than in
the unmodified Newton-Raphson procedure, and avoids saddle points or relative maxima.
Various linear search procedures have been suggested for determining the step size, a;,
in such an iterative procedure (Kennedy and Gentle, 1980). The basic problem is to find o

which maximizes

plag) = L[, + o, T1(8,) U ]
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The first of these approaches, sometimes referred to as bisection, begins with an interval which
brackets ;. The length of this interval is repeatedly reduced until «; is determined. Such
reductions are made after observing the functional value of p at various a-values in the
interval. The second of the two basic approaches to determining step size involves finding a
second- or third-degree polynomial approximation to p and then finding the value of a; which
maximizes the function. Each of these approaches to determining the step length becomes
computationally expensive since the likelihood function must be reevaluated at many different
parameter values.

A compromise to finding the absolute maximum of p(ai) is step-halving.
Originally proposed by Jennrich and Sampson (1968) within the context of the modified
Gauss-Newton iterative procedure for least squares (Hartley, 1961), step-halving ensures that
the objective function strictly increases and parameter values stay within constraints. If after

obtaining
- ‘ _ a _-‘1 P -
'i+l =0, +1 (Oi) U(‘i) ,

it is determined that L(ii +1) < L(ii) or ii +1 is not within constraints, ii +1 is recalculated

using step-halving. The iterate is adjusted to be
=0 +1}rip)u@m,)
i™T2 i i

with o = % Adjustments are repeatedly made to ii until the objective function increases
over L(ii) and the parameter values are within constraints. Additional adjustments are made
with a; equal' to 1/4, 1/8, 1/16, 1/32, ... Once a suitable iterate is determined, the original
iteration scheme is resumed. Dennis and Schnabel (1983) discuss a similar approach to step-

halving or “back-tracking.”




33
Rao (1973) replaced I(ii) by its expected value in the Newton-Raphson iteration and

obtained
b, =0+ [El(ii):rl u@,) . (1.42)

This procedure, known as the method of scoring, converges more slowly than the Newton-
Raphson algorithm (Mantel and Myers, 1971).

Let Uh(l) and lh(l) denote the contribution by the h-th patient to the score vector
and information matrix, respectively. Since Elh(l) = E{Uh(l) Uh'(l)},

n
EI(#) = E E{Uh(l) Uh'(')}' Therefore (1.42) can be rewritten as
h=1 ‘

1
b, =0+ [hf:l E{U,(® uh'(o)}] u@,) . (1.43)

Anderson (1959) approximated E{uh(o) uh'(o)} by Uy,(#) U,'(9) and the resulting

iterative procedure was

N . n ‘ 1 )
0 1=96 +|:h§:l (Uh(') Uh'(’))] U(e,) . (1.44)

Petersen (1986) refers to this procedure as the modified scoring algorithm or outer product
method and states that it is guaranteed to converge to a local or absolute maximum.
Alternative numerical optimization procedures are available. Kennedy and Gentle
(1980) and Chambers (1977) discuss several other variations on the Newton-Raphson algorithm
in addition to discussing optimization procedures which require only the score statistics and not
the information matrix as in (1.44). In most cases, the convergence time of these algorithms is

much longer than that for the Newton-Raphson procedure.
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1.4.2 Maximum Likelihood Estimation Using Weighted
Least Squares

One of the most commonly used approaches to least squares estimation is the Gauss-

Newton algorithm. Consider the nonlinear regression equation:
¥j= p(lj, )+ €

forj=1,2,... n, where yj is the dependent variable, lj is the vector of covariables, @ is the
p x 1 vector of unknown parameters, [l(lj, #) is a function of 5 and #, and § is an error term
with mean 0. E(yj) = p(zj, #) and E denotes the covariance matrix for the observations. The

least squares objective function is

SSE(#) = (, - ,.(o))' ! (y - ,(o)) = xle,

where ’, = (yls Y2’ veoy Yn)’ ’,(‘) = (“('19 ‘)1 ”(’21 ‘)’ .o e P(’m ‘)) and C' =
(cl, €9y e+ o €n)- Since observations are often assumed to be independent and identically

distributed, it will be assumed that £ = I. The objective function reduces to

SSE@) = (v- #(@) (v- m®) = 40) 6®),  (49)

where ¢(#) = y - p(#). The Gauss-Newton iterative procedure is obtained by considering a

first-order Taylor series expansion of ¢(#) about .'i’ the i-th iterate:

$(0) =60, +3(8)(0-0),
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where J (bi) is n x p Jacobian matrix of the form

¢ 04, ¢,
% %, 5
ie,) = e (1.46)
dén 9¢n 94,
%, 5, 90p
L J

evaluated at # = ii' The objective function becomes
SSE(0) = (#(8;) + 3(8;) (0 - 5)) (60)+3) @-2)).
Thti gxfadient vector of SSE(#), fienoted as Q%%E, is
BSSE _ 33, (#(0) +3(0) (0-9)).
After setting the gradient vector to @ and rearrangement,

30 $(0) =-30) 30) (0-9).

This suggests the following iteration, which is known as the Gauss-Newton iterative procedure

for least squares,

,,=", -[J(ii)' J(ii):l-l 30, ¢0,) . (1.47)



36
Just as in the Newton-Raphson procedure, the Gauss-Newton iterative procedure can be

modified to improve convergence properties. The modified iterative procedure is
. . . -7l _ . "
— ' !
b =80 [J(Oi) J(oi)] 30, (0,

where a; is the maximizing step length (Hartley, 1961). Step-halving, as discussed in the
previous section, is the most commonly used approach to determining o; (Jennrich and
Sampson, 1968).

Bradley (1973) showed the equivalence of maximum likelihood and weighted least
squares estimation when independent observations are from a one-parameter exponential
family. Jennrich and Moore (1975) extended this result to include multi-parameter exponential
families and observations which are not independent.

Jennrich and Moore (1975) considered a likelihood function of the exponential form
L(t, 9) = exp (v(0) + 2'(0) ¢},

where t = (tl, toy o tn)', v is a scalar function and 9’ = ("1’ M9y« « = r)n) isa 1 x n vector
function. v and n are both functions of & = (6;, 8y, . . ., 6p). Eg(t) = m(#) = (B1s Bos - .
w ip) and B = Vary(t) denote the mean vector and covariance matrix for the observed
statistics. Note that X is not a function of #. It was shown that the score vector can be

written as

Op(0)\ -
uo) = (_%L‘.)) ! (t ; p(‘)) , (1.48)
where Ip(9) denotes the matrix whose ij-th entry is a#j fori=12...,pandj=1,2,...
~a0 38, _
n. Maximum likelihood estimates are obtained by setting the left hand side of (1.48) to 0,

whereas least square estimates are obtained by setting the right hand side to 0. Jennrich and
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Moore also showed that if the mean square error is set to 1 in the least squares estimation
procedure, the standard error of the least squares and maximum likelihood estimates are
identical. The convergence criteria in least squares computer packages must be modified if it
is used for maximum likelihood estimation. Least squares computer programs compare sums
of squared deviations at the current and previous iterations, whereas maximum likelihood
programs usually compare the current and previous values of the log-likelihood function.
Jennrich and Moore (1975) argued that the relationship between maximum likelihood
and least squares estimation could not be further generalized. If L(t, #) were an arbitrary

likelihood for which (1.48) held then
0L — (o) + 4,8,(0) + - - - + taBn(0)
for some scalar functions a(#), ,81(0), .« . Bn(@). Upon integration,
log L(t, ) = v(0) + t;n(#) + ...+ tn7n(?) ,
where v(#), n,(#), . . ., nn(@) are the integrals of the associated scalars functions. This

implies that the likelihood function is an exponential model.

BMDP Biomedical Computer Programs suggests that use of the Gauss-Newton

procedure is appropriate for maximum likelihood estimation based on data from any

distribution (Dixon, 1977). Consider the log-likelihood function

L(0) = log L(#) = Xn: log Ly(®) ,
]

where Lj(ﬂ), represents the likelihood function for one individual. The normal equations can
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be written as

n 0#3( )

=0 fork=1,2,.
£

where pj(l) = log Lj(l). If a synthetic dependent variable ¥; is defined as pj(l) + 1, then

dus(9) 94.(0)

=jz::l—5’i,;‘(’j"‘j"))=§l—5%;

fork=1,2,...p, where ¢j(0) =y~ pj(O). The right hand side of this equation is clearly in
the form of a derivative of (1.43). Petersen (1986) gives more justification by comparing the
iterative procedure obtained from defining these new variables to maximum likelihood iterative
procedures. Since
0¢;(0)  Op;(0)  Olog Ly(#)
= ’

fork =1, 2,...p, equation (1.44) becomes
30 =- |: U0, Uyd) ... Un(d) :] ,

where Uj(ii), j=1,2,... nis the contribution by the j-th patient to the score vector. In

addition,
I0,) #(0,) =-U(D,).

Therefore the Gauss-Newton iteration (1.45) is

- - n a - 1 -
b= Lz;l (uh(oi) uh’(oi))] u@,) . (1.49) )
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Equation (1.49) is identical to the iterative procedure that Petersen referred to as the modified

scoring algorithm for maximum likelihood estimation.

1.5 Parametric Distributions Applicable to Survival
Analysis

A variety of homogeneous parametric models have been used or proﬁosed for use with
survival data. The shape of the hazard functions associated with most of these models can be
classified into five categories —constant, monotonically increasing, monotonically decreasing,
bathtub-shaped, and upside-down bathtub-shaped. In some cases, a hazard function may be
able to take on a variety of shapes depending on the values of the unknown parameters.

A constant hazard function occurs when d—%—?) = 0. Gross and Clark (1975) cite
individuals whose only risks of death are accidents or rare illness as an example of a population
where a constant hazard is applicable.

A hazard function is monotonically increasing when c_l_:\i_g) > 0. Many of the
parametric models used today ha;ve such a shape. This type of hazard function applies to
situations where subjects of devices deteriorate with age. Lawless (1982) indicates that
populations which display a bathtub-shaped hazard function are sometim;as purged of weak
individuals, as when manufacturers use a “burn-in” process in order to remove defective items
from the population. In such a case, the resulting population will display an increasing hazard
function.

A monotonically decreasing hazard function, which occurs when (-i%(?t—) < 0, is not
commonly used in practice. Such hazard functions describe individuals which become more
robust with age. Gross and Clark (1975) present as an example children undergoing an
operative procedure to correct a congential defect such as a heart defect. Such an example may
be subject to criticism. If a mechanical heart valve had been implanted in the child, it may be

subject to increased risk of deterioration after a period of several years. In such a case, a

bathtub-shaped hazard function may be more applicable.
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The bathtub-shaped hazard function, sometimes called a U-shaped or J-shaped hazard
function, describes a situation which has three phases: an initial phase during which the
hazard rate decreases, followed by a phase during which the hazard rate is constant, and
concluded by an increasing hazard phase. If the general population is examined, it would be
observed that deaths follow this pattern. Infants are at high risk of mortality after which there
is a period of relatively constant low-level of mortality. In old age, the death rate increases.
Bathtub-shaped hazard functions can also occur in clinical trials based on invasive procedures
which have an early high risk period. Mathematically, a hazard function is bathtub-shaped if
dA(t) dA(t)

there exists a tg such that —p== < 0 for t < t,, d—'\a%)L L 0, and ——
=%

>0fort > t,
(Glaser, 1980).

The upside-down bathtub-shaped hazard function is the counterpart to the bathtub-
shaped hazard. It describes a situation involving three phases: an initial phase during which
the hazard rate increases, followed by a phase during which the hazard rate is constant, and
concluded by a decreasing hazard phase. Gross and Clark (1975) suggest that time to recovery
from injury or surgery may be describéd by an upside-down bathtub-shaped hazard function.
Most recoveries are quick, but a few are prolonged. Bennett (1983) observes that an upside-
down bathtub-shaped hazard function is appropriate in a study of the curability of breast
cancer, where peak mortality- occ;urred after about three years. Mathematically, a hazard

function is upside-down bathtub-shaped if there exists a ty such that d'\(tt)

At dA(t
—a-—-(t )L:to: 0, and T(t ) < 0for t > to (Glaser, 1980).

> 0fort < tg,

Glaser (1980) developed sufficient conditions under which a given density function f(t)
has a monotonically increasing, monotonically decreasing, bathtub-shaped, or upside-down
bathtub-shaped hazard function associated with it.

A non-exhaustive summary of parametric models is given in Table 1.1. Many of the
models proposed to describe bathtub-shaped hazard functions are not listed in Table 1.1 and

will be discussed later. Conditions under which each hazard displays shapes discussed above
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are given. Special models nested within the overall framework of the particular parametric

model are indicated.

1.5.1 Exponential Distribution
The exponential distribution is the only distribution with a constant hazard. Defined

for t > 0, the hazard function, survival function, and density function are

At) =2, 5(t) = exp (-At) , f(t) = A exp (-2t) ,

respectively. Since the hazard function is independent of t, the exponential distribution
exhibits the unique “memoryless property.” A closed form solution for the maximum
likelihood estimate of A under random censorship exists and is:

iti

- - '=1
A=
2.5
i=1

The exponential distribution arises as the limiting distribution of a minimum of
samples obtained from densities with support on (0, 00). This property can sometimes be used
as the justification for its use in survival studies for which a complex mechanism fails if any

one of its components fails. Due to this property and the ease of estimation the exponential

distribution has been widely used in reliability and biomedical applications.

1.5.2 Rayleigh and Generalized Rayleigh Distributions
The Rayleigh hazard function is sometimes referred to as the linear hazard function.

The general form is:

Lee (1982) indicates that Ag and A need to be values such that A(t) > 0. This includes values
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of A which are negative. Lawless (1980) argues that since A(t) must be an increasing function
with A(0) =0 anclt EmmA(t) = 00, the following more stringent constraints are necessary: Ao
20and Ay 2 0. Lawless’ constraints on the unknown parameters will be assumed. The
Rayleigh hazard is monotonically increasing if A; > 0 and con§ta.nt if Ay =0. When the
hazard is constant, the distribution is exponential. Figure 1.1 provides a graphical
presentation of fhe variety of shapes generated by the Rayleigh hazard function. The density

and survival function for the Rayleigh or linear hazard function are

2t
f(t) = (g + A0 exp | - (Mgt + 4-)

and

S(t) = exp [ - (At + 517%)} ,

respectively.

Gross and Clark (19755 indicate that “the patterns of middle age groups demonst;'ate”
the Rayleigh hazard. Lee (1982) indicates that the Rayleigh distribution has been used to
describe the survival pattern of patients with plasmacytic myeloma and the circulation of milk
bottles that are filled in a dairy.

The Rayleigh hazard can be generalized to polynomial hazards of the form:

m .
NOEDIR N
i=0
where the degree of the polynomial m is less than (hopefully much less than) the sample size n.
Lawless (1982) adds the following constraints to the unknown parameters: Ay > 0, Ay 2> 0,
and A(t) > 0 for t > 0. Gross and Clark (1974) indicate that in many ordinary applications
m < 3. Figures 1.1 and 1.2 display shapes generated by the generalized Rayleigh hazard

function when m=2 and m=3, respectively. When m > 2, this hazard can describe a variety
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of different shapes, including bathtub-shaped, and many complex non-monotonic shapes.
Lawless suggests that one of the uses of the generalized Rayleigh distribution is in providing
adequate fits to data not readily handled by one of the more common models.

| Closed form solutions for the maximum likelihood estim;tes are not available for
either the Rayleigh or generalized Rayleigh models. Numerical optimization techniques need to

be used.

1.5.3 Gompertz and Makeham-Gompertz Distributions
Both the Gompertz and Makeham-Gomperts distributions are widely used in actuarial

work. The Gompertz distribution is described by the following hazard function:
A(t) = exp (a + bt) .
The density and survival functions are

f(t) = expl:(a + bt) - % ( exp (a +bt) - €2 ):I

and

5) = exp [ - £ (exp (1) - 1))

respectively. The Gompertz hazard function is monotone increasing when b>0, monotone

decreasing when b<0, and constant when b=0. When b=0, the Gompertz distribution reduces

to the exponential distribution. Shapes of these hazard functions are displayed in Figure 1.3.
The Makeham-Gompertz distribution is a generalization of the Gompertz distribution.

The hazard is:

A(t) = A + exp (a + bt).
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Elandt-Johnson and Johnson (1980) indicate that the parameter A is added to the hazard “to

allow for accidental deaths in addition to deaths from natural causes.” The shapes that the
Makeham-Gompertz hazard is capable of generating are the same as the Gompertz hazard with

the exception that the plot is translated upward A units.

1.5.4 Weibull Distribution
The Weibull distribution is probably the most widely used survival model. It is a

generalization of the exponential distribution and is characterized by a shape parameter b and

a scale parameter a. The hazard function, defined for t>0, is of the following form:

AMt) =abtbl,

where a, b > 0. The density and survival functions are

f(t)=ab ¢b-1 exp ( -atd )
and '

S(t) = exp ( -ath ) ,

respectively. The hazard function is monotone increasing, monotone decreasing, and constant
when b> 1, b<1, and b=1, respectively. When b=1, the exponential distribution is generated.
Examples of the shapes that the Weibull hazard function can generate are graphed in Figure
1.4.

Numerical optimization methods are used to find the maximum likelihood estimates
since a closed form solution does not exist. Extensive work with the Weibull distribution has
been done since there are no two-dimensional sufficient statistics for a and b (Lawless, 1982).

In addition, distributions of most estimators are mathematically intractable.
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A motivating factor for the use of the Weibull distribution is that it can be developed .
as the limiting distribution of the minimum of a sample obtained from a continuous

distribution with support on [0, u) where 0 <u<oo.

1.5.5 Gamma and Generalized Gamma Distributions
The gamma distribution is also a generalization of the exponential distribution. The

general form of the hazard function for t>0 is:

£ (9™ exp (1)

/\(t) =
1

where A>0 and v>0 are unknown scale and shape parameters, respectively. The hazard
function is monotone decreasing from infinity to A if ¥ <1, monotone increasing from 0 to A if

>0, and constant if y=1. These properties are exhibited in Figure 1.5. When y=1, the

distribution reduces to the exponential distributipn and when A = % and 7= '§’ where v is an .
integer, the distribution reduces to the chi-square distribution.
The presence of the incomplete gamma function in the hazard, density and survival
functions makes estimation computationally difficult. Both numerical optimization and
numerical integration methods must be used. |
The gamma distribution with integer ¥ can be derived as the distribution of the time
till the v-th failure where each failure is described by an exponential distribution with
unknown parameter A.
The gamma distribution can be generalized by incorporation of an additional

parameter. The form of the generalized gamma hazard function is:

-1 p

‘o < ["'(1'7_) ,\p,\(/\t) lexp (- 00?) |
t  p7- P

- __-I‘(l‘y) Jo pu exp (- u ) du
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This distribution includes as special cases the exponential ( % = v = 1), the gamma ( % =1),
the Weibull (y=1), and the lognormal (y—c0). The hazard function incorporates a variety of
shapes as indicated by the variety of nested distributions. Glaser (1980) developed conditions
under which the various hazard shapes appear. These are summarized in Table 1.1. The
variety of hazard shapes is illustrated in Figure 1.6. Lawless (1982) indicates that the
generalized gamma model is useful for discriminating among the various nested models. Two
generalized gamma distributions with similar p and )\ values, but different v values can be
very much alike. This property of the generalized gamma distribution has resulted in
computational difficulties, in addition to those generated by the presence of the incomplete
generalized gamma functions. Reparameterization of the problem, as proposed by Prentice

(1974), improves estimation, but does not completely solve the computational problems.

1.5.6 Lognormal and Log-Logistic Distributions
The general form of the hazard function for the lognormal distribution, defined for

t>0, is:

/\(t) =

e exp [ (log ¢ - #)J

(log t- p

where ® is the cumulative distribution function of a standard normal variable and o>0. The
shape of this hazard function is upside-down bathtub. The density function and survival

function are

and

S(t)=1- Q(W) )
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respectively. Figure 1.7 gives the hazard function for various values of 4 and o. Lee (1980)
indicates that the lognormal distribution has been used to describe the survival times of several
diseases such as Hodgkin’s disease and chronic leukemia since they are skewed to the right and
the logarithms of survival times are approximately normally distributed.

The lognormal distribution arises as the asymptotic distribution of the product of n
independent positive random variables. Lee (1980) indicates that such a property makes the
lognormal distribution appropriate for modeling the size of an organism whose growth is
subject to many small impulses for which the effect is proportional to the momentary size of
the organism.

Kalbfleisch and Prentice (1980) indicate that the lognormal model is simple to use if
no censoring occurs since the likelihood function does not involve the incomplete normal
integral. With censoring, computations become “formidable.” In such case, the log-logistic
distribution provides a good approximation to the log-normal model.

The hazard function for the log-logistic distribution is:

a0 ()71

T

where A>0 and p>0 are unknown scale and shape parameters, respectively. This hazard is
monotone decreasing for p<1 and upside-down bathtub for p>1. Figure 1.8 gives examples of
the shapes that the log-logistic distribution can generate. The density and survival functions

are

£(t) = Ap (M) [1+ (At)”]'2
and

S(t) = ——tes |
®) 1+ (Ae)”

respectively.
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Computationally, the log-logistic distribution is much simpler to use than the
‘lognormal distribution since it has closed forms for the density and survival functions. It

provides a good approximation to the lognormal distribution except in the extreme tails.

1.5.7 Generalized F Distribution

The generalized F distribution incorporates almost all distributions discussed above. A
random variable T has the generalized F distribution if for some p>0 and >0 the
transformed variable (e.# T)é has the F distribution. When the underlying F distribution has

231 and 282 degrees of freedom, the density function of Tis

(s4/0) 1./0' (81 +39)

-1 8y -
(sl/s'z)sl| 1 + (sy/s9) 1(e “t)
I‘(sl) I‘(s2)

¢ I‘isl + 89)

exp (-81/9) ¢

f(t) =

Among the distributions nested in the generalized F distribution are the generalized gamma,
lognormal, Weibull, exponential, gamma, and log-logistic. Table 1.1 provides the details of
these special cases. The hazard function of the generalized F generates a great variety of
distributional shapes as indicated by the various nested distributions. This distribution has
been suggested as a tool for discriminating among the many nested distributions.

The family of distributions generated by the generalized F distribution is sufficiently
large that many members resemble each other closely. As a result, optimization is difficult

and expensive.

1.5.8 Homogeneous Models with Bathtub-Shaped
Hazard Functions |

A variety of parametric approaches have been suggested to model a bathtub-shaped

hazard function. Three parametric distributions previously discussed can generate such hazard
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functions for appropriately chosen parameter values. These include the generalized gamma,
generalized F, and generalized Rayleigh distributions. Additional parametric models are
summarized in Tables 1.2 and 1.3.

Smith and Bain (1975) developed the‘exponential-power distribution which is based on

the hazard function:

Att) =baP P lexp [ (g)b] , (1.50)

where a, b > 0 are unknown parameters. The hazard function for0 <b<lis Weibull—liice
for small t, but exponentially grows as t increases (i.e. bathtub-shaped). It is monotonically
increasing when b>1. Figure 1.9 shows some of the shapes this hazard function can generate.
Smith and Bain indicate that “this model appears to be one of very few patural 2-parameter
models which allows for a U-shaped” or bathtub-shaped hazard function.

Glaser (1980) considered the exponential family of densities of the form:
f(t) = C(a, b, ¢) exp - at - b2 +clogt ), (1.51)
where the parameter space is the union of { (a, b, €) | -c0<a<oo, b>0, ¢> -1 } and
{ (a, b, ¢) | a>0, b=0, c> -1 } He showed that this distribution displayed a bathtub-shaped

hazard function when b>0 and ¢ <0 simultaneously. Glaser also examined the cubic

exponential density function, i.e.
f(t) = C(a, b, c) exp { -at -bt? -ct.3 }

" and showed that the hazard function is bathtub-shaped when both a<0 and c<1.
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Gamma mixtures of the following form were examined by Glaser (1980):

(1) = p £1(6) + (1-p) o(t) , -

where 0<p< 1. Initially, it was assumed that the density functions comprising the mixture
had a common scale parameter a and varying shape parameters % and were of the following

form:

T 4.1
J 7
=2t exp(-
t;(t) F('Yj) ¢ P ( at) ’

for j = 1, 2. Glaser showed that the hazard associated with this mixture is bathtub-shaped
when either 71>1 and 79<lor y;>2 and 79 = 1. When both the scale and shape
parameters are allowed to vary, determination of shapes generated becomes more complicated.
Bathtub-shaped hazard functions are possible, but condi'tions for such generation are not given . -
by Glaser.
Gaver and Acar (1979), Hjorth (1980), and Murthy (1974) considered models which
can loosely be described as “mixture hazard” models. The hazard functions from two or more
models are summed to create a new “mixture hazard” model.

Gaver and Acar (1979) suggested a hazard model of the form:
A(t) = g(t) + k(t) + C,
where g(t) is a decreasing function of t such thatt lim g(t) = 0 and k(t) is an increasing
— 00

function of t will generate a bathtub-shaped hazard. In their example, g(t) and k(t) were

further specified to create

A(t) = ﬁ—a +Bt+C, (1.52)
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where A, B, a, and C are unknown positive parameters. The hazard function is constant when
A=B=0, monotone increasing when A=0, and bathtub-shaped when A, B > 0. Shapes
generated by this hazard function are given in Figure 1.10. This model has several nested
distributions, including the exponential model when A=0 and B=0 and the Rayleigh model

when A=0. The survival function associated with (1.52) is calculated to be

S(t) = [a_-%-—t]A exp ( - g ¢2 ) exp (-Ct) . (1.53)

Each component of (1.53) could be considered to be the survival function of a random

variable, say T, Ty, and Ty, respectively. The survival function could be reexpressed as
S(t) = P(T; > t).P(Ty > t) P(T3 > t) = p( min (T}, Ty, Tg) > t) . (1.59)

Formula (1.54) clearly indicates that hazard (1.53) has a competing risk interpretation. This
“mixture hazard” model describes the time till the first failure of three component.s. Gaver
and Acar also indicate that (1.54) suggests an easy procedure for simulation of T by obtaining
the smallest value from among the realizations of TI’ T2, and T3.

Hjorth (1980) examined a “mixture hazard” model of the form:
= 8
At) =ct + T30 (1.55)

where a, b, ¢ > 0. Nested distributions include the Rayleigh (a=0) and the exponential
distribution (b=c=0). The hazard function is decreasing when c=0, increasing when c>ab,
and bathtub-shaped when 0 <c<ab. This hazard function is a special case of the hazard
function proposed by Gaver and Acar (1979). Hjorth used two different approaches for the
development of this hazard function. He showed that the hazard has a competing risk

interpretation as did Gaver and Acar (1979) and also a compound distribution interpretation.
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The latter approach assumes that the hazard rate for a particular individual is
A(t) =u +ct,

where the initial hazard has a density k(u). Hjorth considered the gamma distribution to be a

convenient choice for k(u):

a-1 -u
k(u) = --ﬂ-——u be:‘l;agg) ,

where u>0, a,b>0. The survival distribution of t is

[0 o] .
S(t) = Io Sy(t) k(u) du , (1.56)

where Sy(t) is the survival function associated with Au(t). Upon substituting the formulas for

Su(t) and k(u) into equation (1.56), it becomes

u? 1 exp (U
S(t) = I:o [exp {- I; (u + ct) du } —b;:(,a—gs)jl du

a-1 -u
00 u” " exp
=J exp(-ut-§t2)—5—is) du
b*T'(a)
Upon further simplification, this formula becomes

S(t) = = (- % tz) J’°° u?l exp (- ﬂ#) du = e_xp (- % t2)

b>T(a) Jo (1+bt)a '

The hazard function associated with this survival function is (1.55).
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Murthy (1974) considered the hazard function:

At) =ab®l + =T (1.57)

where a, b,b ¢, d > 0 are unknown parameters. When t is small the second term of the hazard
function dominates, whereas for large t the Weibull-like first term dominates. The hazard
function can be constant (a=d=0), monotonically increasing (a=0, ¢>0), monotonically
increasing (b>1, ¢=0), and bathtub-shaped (a>0, b>1, ¢>0). The shapes generated by the
hazard function are shown in Figure 1.11.

Canfield and Borgman (1975) developed two survival distributions which can generate
bathtub-shaped hazard functions. Their development assumed a competing risks framework
in which there were k types of failure mechanisms. The distribution of the number of type i
failuresi = 1, 2, . . ., k in a population conditional on N the total number of failures was
multinomial. In the first model, N was assumed to be Poisson distributed with mean A, -
whereas in the second ¥nodel, N was assumed to be distributed as a negative binomial random
variable with parameters p and m. Upon letting A—o0 in the first model, the survival

function becomes

k a. k a.
S(t):expl:-z {pt-} l]:exp[-z b, t ljl,
i=1 L1 i=1

Qe
where Oi and a; are unknown parameters and bi = ﬂ-l Laf a, were fixed integers, the
distribution is reduced to the generalized Rayleigh. The second of the survival functions is

obtained by allowing p—1:
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Canfield and Borgman indicate that for k=3, a; <1, 32=1, and a3>1, the hazard functions are ‘

bathtub-shaped.
Slymen and Lachenbruch (1984) introduced a unique framework within which families .
of distributions, capable of displaying a wide variety of hazard shapes, were generated. Let
g(S(t)) denote a composite function of g and the survival function S(t) where g(S(t)) satisfies
the following properties: (i) t“—TO g(S(t)) = -oo, (ulhnéo g(S(t)) = oo, and (iii) g is

monotonically increasing. The general form of the investigated families was
g(S(t)) = a + b w(t), (1.58)

where -0c0o<a<oo, b>0, and w is a monotonically increasing function characterized by
tlim0 w(t) = -00 and ; limoow(t) = co. By specifying the form of g(S(t)), a family of
distributions are defined. The extreme value type and logistic type families were generated

using -

gg(S(t)) = log [-log S(t)]

and

a1 5) = o [“532].

respectively. Distributions within these families were obtained by specifying w(t) to be log t,

log (t-6), L5t and 1 kt) - 1). It should be noted that lim Lozt = |
og (t-6), *—p—» and log (exp (kt) - ) shou noted t a,tt_x’néo 5 = log t.
Table 1.3 summarizes the distributions which Slymen and Lachenbruch generated. Slymen

and Lachenbruch concentrated primarily on the properties of the modified Weibull

distribution. The modified Weibull hazard function is .

A(t) = 0.5b {tk'l + t-(k+1)} exp {a +b ié—kﬂ} . (1.59) )
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This hazard increases sharply from 0 to a maximum and then decreases rapidly,

followed by a gradual increase as t becomes large. As k increases, the initial increase reaches a
higher maximum and the decrease is steeper. The modified Weibull hazard curves are
somewhat bathtub-shaped with the exception of the initial spike. Figure 1.12 is a plot showing
the variety of shapes generated by the modified Weibull model. The shape of the modified log-
logistic hazard function for k<1 is similar to that of the log-logistic hazard. When k>1, the
hazard function may be strictly increasing or initially increase from 0 to a maximum, decrease,
and then increase without bound. The modified Gompertz yields bathtub-shaped hazard
functions for b<1. The LG hazard function is also capable of generating bathtub-shaped
curves. Slymen and Lachenbruch present graphs which display some of the hazard shapes
generated by this framework.

Govindarajula (1977) defined a distribution which had a bathtub-shaped-hazard

function using the following implicit definition:

t=0+0 { G+ F) -5 F(e)’tl },

for 8 < t < 0 + &, where 8, o, and § are unknown parameters. The usefulness of this
distribution is questionable due to the limited range of t. In addition, computational problems

will ensue since the distribution is not explicitly defined.

1.5.10 Regression Models

Many of the previously discussed homogeneous parametric models have been used as
bases for parametric regression models. The unknown parameters in the exponential and
Weibull distributions have been defined as functions of covariables (see Lawless, 1982).
Bennett (1983) has defined the unknown parameters in the log-logistic distribution to be linear
functions of the covariables. Exponential and Weibull hazards have been used as baseline

hazards in the proportional hazards model.
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Regression models have also been developed from the generalized gamma and
generalized F distributions since both distributions can generate a variety of shapes. Farewell
and Prentice (1977) developed a log-linear regression model for T, a generalized gamma

random variable. They defined the linear model for Y = log T to be
Y=sp+cW,

where o=1/p7 and W has a log-gamma distribution with density function,

¥-1/2 w
Zﬂ;s—exp(.ﬁw-’ye/ﬁ) I<y<oo
f(w) = { .

(2a').1/2 exp (’—‘5—2) =00

Ciampi, Hogg, and Kates (1986) suggested the use-of the generalized F distribution as an
alternative to the proportional hazards model in the regression analysis of survival data. They
considered a log-linear regression model where {exp (-s8) T}% had an F distribution.
Computational problems as encountered for both the generalized gamma and generalized F
regression models were similar to those contended within the homogeneous models.
Nevertheless, Ciamﬁi et al indicated that the generalized F distribution is a good “framework
for discriminating among well-known models, for developing goodness-of-fit tests and for
studying the robustness of the conclusions drawn on the regression parameters under departure
of the error term from a given form.” Such a statement is also equally valid for the
generalized gamma regression model.

Blackstone, Naftel, and Turner (1986), and in a sense Taulbee (1979), decompose the
time-varying pattern of risk into phases which have physical interpretation. Blackstone et al
consider there to be k overlapping phases of risk. Each phasej =1, 2, ..., kis shaped by a

function of time, denoted as Gj(t,aj), and scaled by a function of concomitant information,
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denoted as [lj(lj, ﬁj). The vectors a@; and ﬂj,j =1,2,... k denote the unknown shaping
and scaling parameters associated with the j-th phase. The components of vector %; are
comprised of components from the covariable vector 3 which are relevant to describing the

magnitude of risk during the j-th phase. The cumulative hazard function is assumed to be the

sum of the cumulative hazards from each of the k phases, i.e.

A(tls) = Ji:l pj(lj, ﬁj) Gj(t, aj) . (1.60)
Blackstone et al develop the model for k=3. Three phases were identified— the early phase of
decreasing hazard, the constant hazard phase, and the late phase of increasing hazard. The
sum of the hazards from the three phases should be bathtub-shaped. For this particular
model, Blackstone et al allowed the shaping function for the early and late phases to be the
generic shaping functions which had been developed by Hazelrig, Turner, and Blackstone
(1982) and generalized by Turner_,b Hazelrig, and Blackstone (1982). The shaping and scaling
function for the early phase were

1/m
vl -v

|m| . (s - 1\ |
m|i-m ex -
Gyt @y) = S + % 1+|ﬁ-|( T pép ) (1.61)

and

#1(’1, ﬁl) =log {1+ exp ('1 g1,

respectively where @ = (v, m, é, p) and ﬁl are unknown parameters. The constant phase

was defined with shaping function,

Gz(t, 02) = t,
and scaling function,

Ho(39, By) = exp (39 B5),
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For the late phase, the generic shaping function was

n
Gy(t.ag) = { (1+ (t/r)")l/ Y. 1} , (1.62)

where a3 = (ry v, n)is unknown and the scaling function was
I‘3(’3v ﬂ3) = exp ( L] ﬁ3)-

The experience of Blackstone et al indicates that this model is fairly robust in describing a
variety of phase structures. The complete model with Ano covariables contains 11 parameters.
With some foresight and knowledge of the mechanisms under study, the number of parameters
can be reduced to make estimation tractable.

Taulbee (1979) proposed a parametric hazard function which was flexible enough so as

not to restrict the shape of the function. The hazard function was defined as

m .
Atls) =) g(®) ¢, (1.63)
1=0
where m is some non-negative integer and gi(:), i=1,2,... m are possibly different

functions of the covariable vector. The form of this model is somewhat similar to that of
Blackstone et al (1986). Using Blackstone’s terminology, (1.63) is a hazard model describing
m phases, each of which is identified with a shaping function, ti, and a scaling function, gi(z).
Ifg(s) =1, (1.63) becomes the hazard function for the generalized Rayleigh distribution.
Given this relationship, it is clear that if m>2, the hazard function is capable of generating
bathtub-shaped hazard functions. In order to facilitate the testing of the hypothesis of

proportional hazards, Taulbee defined

Si(') =) h(s, ﬂi)
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and substituted it into (1.63) to obtain

Alt|s) = ﬁ X h(s, B;) ti . (1.64)
i=1

In addition to its flexibility in describing the hazard function’s shape, model (1.64) allows
hazards of individuals with different covariate values to be in differing ratio over time.
Taulbee suggests assuming the form of h(s, 8;) to be exp (z8), (1 + 58), or (1 + :ﬁ)'l.
Regardless of the choice, estimation of the unknown parameters can be computationally
difficult unless a step-up procedure for determining the order of the polynomial is instituted.

Slymen and Lachenbruch (1984) indicate that their method for generating new

distributions can be extended to examine the effects of covariables. They suggest the general

form:
k
i=1 =1
where m and k are fixed integers and ai,i=0, 1,...,mand ,Bj,j =12,...,kare
unknown parameters. Restrictions on the parameters include -oo<a; <00, i=01,...,m

and $3>0, By + B,>0, ..., Bog+By+...+ By >0. Slymen and Lachenbruch show that
this parameterization when k=1 and m=1 will allow a test of the proportional hazards

assumption. The null hypothesis for such a test is Ho: B 1=0-

1.6 Splines

1.6.1 Introduction to Spline Functions
Polynomials have been shown to inadequately describe data since global properties are
determined by what occurs in any small interval. De Boor (1978) states that if the function to

be approximated by a polynomial is badly behaved anywhere, then the approximation will be
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poor everywhere. High-order polynomials, which exhibit oscillatory behavior, are often used to
describe such “badly behaved” data. The behavior of these polynomials does not usually agree
with the smooth behavior of the underlying physical phenomenon. Polynomial regression also
cannot easily model phenomena which involve structural changes as a function of the
independent variable (Eubank, 1984 and Devlin and Weeks, 1986).

Spline functions have been proposed as an alternative to polynomials. These functions
are piecewise polynomials of degree k joined together at points called knots. Consider m knots
vi<vyg<....<Vm which define m-+1 intervals ( —oo, v{ ), [ vy, Vo Yy oo ey | vy +00)-
A polynomial of degree k is used to describe the data in each interval. Various continuity
conditions, which restrict coefficient values, can be assumed to be satisfied at each of the knots.
The piecewise nature of spline functions results in better description of the data locally without
affecting global properties of the approximation. In addition, spline functions are more
reasonable for approximating data with changing structure. A detailed discussion of spline
functions is given by de Boor (1978).

Spline functions are often defined using a truncated power representation (Eubank,

1984; Smith, 1979). Let
. t-v; if t> v
(t-v )+ = 0 otherwise

The truncated power representation of a spline of order k with no continuity restrictions is

k . m k .
SPm,k(t) = Zo 70 ¢ + Z Z i (t-v )J+ ) (1.66)
J:

i=1 j=0

where 7;5 ate unknown coefficients. The presence of Tij (t- v )J+ in the spline definition
allows a discontinuity of the j-th derivative of the spline function at vie Therefore omission of

any term will add a continuity restriction to either the spline function or one of its derivatives
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(Smith, 1979). The smoothest spline function of order k is

P i) = 32:) 7oj”i + 2 T (t-v Ok (1.67)

In spline regression, use of the truncated power basis can result in a design matrix which is
poorly conditioned. As a result, numerical inaccuracies can occur, especially when many knots
are used. Computational difficulties increase as the polynomial degree increases and the
number of continuity constraints decreases (de Boor, 1978). An additional disadvantage of
truncated power splines is that the number of mathematical operations needed to evaluate the
spline: function increases as t increases.

An alternative parameterization of splines is through the use of B-splines. Let [a,b]

denote an interval which contains all data and knots. Define 2k “additional knots”:

v_(k_1)=...=v0=a and vm+1=...=vm+k=b.

The values for Bi k(t)’ the B-spline of order k with knots at Vir e+ oo Vigko 2Te defined using

the following recurrence relation:

t- vi t
Vitk "
Bix® = Yitk-1" Vi Bix-1(t) + itk - Vitl Bi1k1®

with

1 ifv. <t <v,
118 = { AL
0 otherwise

(Eubank, 1984). De Boor (1978) shows that the spline function (1.67) can be rewritten in

terms of the B-splines as

sPm(t') Z f B. k(t),

L
Y
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fora < t < b. For the cubic spline, Wold (1974) shows that the B-spline representation is

m-+2 42 (t-vi)3
wem®=3 & | 2 wr———
i=-1 j=i-2 H ( v )
1=i-2
i#l

In spline regression, especially when dealing with large data sets and/or many knots, B-splines
are often preferred over truncated power splines due to their attractive computational
properties. The evalution of sp(t) for any t involves only k of the B-splines (Eubank, 1984).
Roundoff errors in one interval are not carried over to subsequent intervals resulting in a
mitigation of multicollinearity problems (de Boor, 1978). Among the disadvantages to

| B-splines are that individual parameters do not have any physical or statistical intefpreta.tion,
although linear combinations of these parameters have been shown to be meaningful (Smith,
1982). A final disadvantage of B-splines are that inferences are limited to the interval [a,b]
since B-splines vanish outside of this interval. Extrapolation beyond the interval [a,b] is only
possible if the spline function estimate is reparameterized with the truncated power basis.

The aspects of the spline function under control by the analyst are: the degree of the
spline function, k; the number, m, and position of knots. Wold (1974) indicates that the
degree of the spline function depends on what is a realistic assessment of the number of
derivatives available in the regression function. He restricts himself to cubic splines since they
can describe a variety of relationship given a sufficient number of knots.

Knots may be (i) specified from a priori knowledge of the physical situation
(ii) considered as unknown parameters, (iii) determined from the marginal distribution of the
data, or (iv) determined from initial ad hoc analyses of the data. Knots associated with the
first, third, and fourth situations are referred to as fixed knots, whereas knots which are to be
estimated are called variable or free knots. The use of free knots in spline regression requires
considerable computation time (Eubank, 1984) and its use “carries the practical danger of

overfitting the data” (Smith, 1979). Eubank (1984) indicates that the precise location of knots
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is irrelevant in many cases unless the model does not fit the data adequately. Bloxom (1985)
indicates that, with hazard function estimation, knots do not need to be close together to give
the spline sufficient flexibility to describe a wide variety of hazard function shapes.

Various strategies for selection of the number and location of fixed knots have been
proposed in spline regression (Wold, 1974; Stone and Koo, 1986). Wold recommends that
knots be added in intervals where residuals are inadmissably large. Thereafter knot location is
systematically varied until the sum of squared residuals is minimized. With small sample size,
the analyst’s “sound judgement” is the primary source of guidance. From his experience with

cubic regression splines, Wold recommends:

1. Use as few knots as possible. Ensure that there are at least 4 or 5 points per
interval. ‘

2. Have no more than one extremum point or inflection point per interval.

3. Have extrema centered in intervals, and inflexion points near knots.

Stone and Koo (1986) recommend the use of five knots wheﬁ fitting a cubic spline with
linear tail restrictions to a sample sized “in the hundreds.” They recommend the use as knots
of the fifth smallest and largest data values when the empirical distribution is “regular”. The
additional three knots should be equally spaced between these knots. When the empirical
distribution is “irregular”, it is necessary to locate knots at points of structural change.

Stone and Koo (1986) indicate that the typical spline function is “too flexible in the
tails in relation to the amount of noisy data available there”. They suggest restricting the tails
to be linear by making the second derivative of the spline function vanish at the smallest and
largest knots. Devlin and Weeks (1986) present, without proof, the following form of this

restricted cubic spline using a truncated power basis:

spm(t) = a + Bt +

i=1 ( Vﬁl - vm.l) ( Vm - vm.l)

-2 -v 3 (v - v: v )3 (v -V,
nilva[(t-mi-“ w0t (mev) (v Gy ,)].(1.68) o
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1.6.2 Spline Estimation of the Hazard Function

The introductory discussion on spline functions has emphasized their use in a general
setting and in regression applications. However, spline functions have also been applied in
other areas of statistics, including density estimation, time series, and hazard function
estimation. Wegman and Wright (1983) give details about the areas of density estimation and
times series; these areas of application will not be further discussed. Anderson and
Senthilselvan (1980), Bloxom (1985), and Etezadi-Amoli and Ciampi (1987) propose the use of
spline functions to estimate hazard functions.

Given an estimate of 8 in Cox’s (1972) proportional hazards model, Anderson and
Senthilselvan estimate the baseline hazard function using penalized maximum likelihood
estimation. A roughness penalty function was subtracted from the log-likelihood and
maximized. This penalty function was

2
O (t)
Ky I[’aoi‘] dt,

where KO is a positive constant determining the amount of smoothing to be applied to the
data. Given that the baseline hazard is restricted to be continuous and the first derivative to
be piecewise continuous, the solution to such an estimation procedure is a quadratic spline with
knots at each survival time. A shortcoming of this method is that the hazard function can
take on negative values for certain values of KO’ These negative values, however, do not occur
at any failure times. Anderson and Senthilselvan suggest that the problem can be avoided by
increasing the value of the smoothing parameter or by considering the hazard function to be
zero where the hazard function is negative.

Bloxom (1985) imposes constraints on the coefficients of the quadratic spline when it is
used to approximate the hazard function in a homogeneous setting. These constraints specify
the shape, the number of peaks, and/or inflections a priori. Knots were placed at each decile of

the sample’s distribution. The results of a simulation study using uncensored data showed that
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there is a positive bias in the middle of the distribution. Bias is also large when the underlying

hazard is relatively large.
Etezadi-Amoli and Ciampi (1987) propose the extended hazard regression model which .
incorporates both the proportional hazards and accelerated failure time models. The basic

structure of the model is

At; 3) =gj(a3) Ag(g( As)t),

where g, and g, are positive functions equal to 1 when the argument is zero, Ag(t) is the
baseline hazard function, and & and f# are vectors of regression parameters. A quadratic
spline approximation with variable knots is used to approximate the baseline hazard function,
which is forced to remain nonnegative in the range of observed data. Their general approach

to model fitting is to estimate the baseline hazard first and then introduce covariates. The

variable knots are entered into the model stepwise until the value of the likelihood does not

vary substantially. These researchers claim that no special numerical difficulties were

v
~

encountered in the determinination of the values of the variable knots.

1.7 Research Topic

Cox’s proportional hazards model (1972) is the most popular approach for describing
the relationship between survival time and fixed covariables. Estimation is efficient even
though no assumptions are made about underlying distributional shape. However, the
inclusion of time-dependent covariables is computationally expensive when the sample size is
large.

An alternative modeling approach when time-dependent covariables are present is a
parametric model, such as the proportional hazards model in which the form of the baseline

hazard function is specified. The most commonly used parametric models, such as the

exponential and Weibull proportional hazards models, have monotonic hazard functions (see
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Section 1.5 and Table 1.1) and cannot adequately describe many hazard functions, such as
bathtub-shaped hazards. Some of the more flexible models, such as the generalized F,
generalized gamma, and phase component models, have previously been discussed. In most
cases, there are many parameters to be estimated. Computational problems ensue, and often
no unique solution to the maximum likelihood equations exists.

The purpose of the follc;)wing research is to develop a parametric hazard model which
(i) can describe a variety of hazard function shapes, including monotonic and non-monotonic
hazards, (ii) has a minimal number of parameters to be estimated, and (iii) is robust, (iv) can
easily incorporate time-dependent covariables. The model which will be considered is a
proportional hazards model where the form of the baseline hazard is specified parametrically.
This baseline hazard will be able to generate a variety of hazard function shapes. Initially, two
models will be considered as candidates for the baseline hazard. The first is the generalized
Weibull hazard model, which is a ”mixture hazard” model with two Weibull hazard
components. The second model is a cubic spline function with linearity restrictions in the tails.

In chapter II, these two models will be developed in a homogeneous setting, ignoring
covariates. Due to computational problems with the generalized Weibull model, only the
restricted cubic spline hazard model will be further developed in subsequent chapters. The
proportional hazards model with cubic spline baseline hazard will be examined in Chapter III
when fixed covariables are incorporated into the model. Time-dependent covariables will be
incorporated into the model in Chapters IV. Results and proposals for future research will be

summarized in Chapter V.



Chapter Il
Two Homogeneous Hazard Models

2.1 Introduction

Two homogeneous hazard models, the generalized Weibull and restricted cubic spline
hazard functions, will be presented and examined in this chapter. Each model will be fit to
data generated from a variety of underlying distributions. These underlying hazard functions
will include monotone increasing, monotone decreasing, and bathtub-shaped hazard functions.
The fit of these models will be examined, but not rigorously, since the homogeneous model is
not of principle interest in this research.

The structure of the generalized Weibull hazard function will be presented in Section
2.2.1, along with motivation for consideration of this particular model. Sections 2.2.2 and
2.2.3 will discuss the problems associated with estimation of the model’s unknown parameters.
It will be clear after these sections that further development of the generalized Weibull model
is unwarranted.

The remaining portion of Chapter II will develop the cubic spline hazard function with
linear tails. The structure of this model will be developed in Section 2.3.1. The log-likelihood
function and the approach to parameter estimation will be briefly discussed in Section 2.3.2.
Confidence intervals for the hazard, cumulative hazard, and survival functions will be
presented in Section 2.3.3. Section 2.4 will discuss issues of modeling, including knot
placement and goodness of fit. Efficiency of survival function estimation will be examined in
Section 2.5. The use of the restricted cubic spline hazard function will be demonstrated with

two cardiovascular disease data sets in Section 2.6.
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2.2 Generalized Weibull Hazard Function

2.2.1 Motivation for the Generalized Weibull Hazard Model
and Its Structure

The need to describe the survival experience of a group of patients who had undergone
coronary artery bypass grgfting with a model which could easily incorporate time-dependent
covariables was a major motivation for the research which was conducted. The hazard
function associated with these patients is initially high during and immediately after the
surgical procedure. This high risk tapers off, but later it begins rising presumably due to the
increasing atherosclerotic plaque in the new coronary arterial graft. Two competing death
mechanisms are in play. Each of the “mixture hazard” models proposed by Gaver ami Acar
(1979), Murthy (1974), and Hjorth (1980) and many of the bathtub-shaped hazard functions
discussed in Section 1.5.8 might be able to adequately describe this competing hazard situation.
However, each individual death mechanism is probably best described by a Weibull hazard
function. The hazard function which would be generated if each component is iﬁdividually

modeled using a Weibull hazard function is

At) =ab Pl 4 cdedl

, . (2.1).

where b,d > 0 and a,c > 0.

This model, which will be referred to as the generalized Weibull model, is a special
case of the first model described by Canfield and Borgman (1975). It can generate a variety of
hazard function shapes, including constant, monotonically increasing, monotonically

decreasing, and bathtub-shaped. The conditions under which these shapes occur are noted
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below.

Generated Shape Parameter Conditions

Constant a=0,d=1¢>0
a>0,b=1lc=0
a,c>0b=d=11%

Increasing a=0,¢c>0,d>1
¢c=0,a>0,b>1

Decreasing c=0,a>0,b<1
a=0,¢>0d<1

Bathtub-Shaped a,c>0b<1l,d>1

t Computationally, the two components of this model will be
indistinguishable.

Figures 2.1a and 2.1b show some of the shapes that the generalized Weibull hazard function
can generate.

Nested within the generalized Weibull distribution are _the exponential, Rayleigh, and
Weibull distributions. The exponentia.l. distribution arises when i):l and ¢=0 or when d=1
and a=0, the Rayleigh distribution arises when b=2 and d=1, and the Weibull distribution
arises when c=0 or a=0.

The “competing risk” interpretation of the generalized Weibull hazard function can be
exploited to generafe data from this distribution. Suppose T and Ty describe the survival
time associated with the first and second component of (2.1), respectively. The survival time

for T can be shown to be
S(t) = P(T>t) = P(T;>t) P(Ty>t) = P(min(Tl, T2)>t)) .

Therefore the minimum of two Weibull random variates is a generalized Weibull random
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variate. A uniform random variate, U, is transformed by

Sl

to obtain a Weibull random variate (Hoffman, 1985).

2.2.2 Parameter Estimation and Problems with Model Fitting
Maximum likelihood estimation of the unknown parameters of the generalized Weibull

hazard model involves maximizing the following log-likelihood function:

t=Y g =3[ sog(avPlrcad)a-cdf ], (2.2)

i=1 i=1

where t, is the observed survival time and §; is an indicator function denoting whether t; is
censored (6i=0) or _not (6i=1). Numerical optimization procedures must be use;:l to find the
maximum likelihood estimate since closed form solutions do not exist. The score vector and
information matrix necessary for many of the optimization procedures can be found in
Appendix 1.

The first step in the research concerning the generalized Weibull model was to
determine the “best” approach to parameter estimation. Such a procedure should consistently
converge to the maximum likelihood estimate in a “small” number of iterations for a variety of
hazard function shapes.

Data were generated from several underlying generalized Weibull distributions. The
hazard functions from these distributions were monotonically increasing, monotonically
decreasing, and bathtub-shaped. Several optimization algorithms were used to estimate the
unknown parameters. These included the Newton-Raphson algorithm, the modified scoring
algorithm, and a constrained Newton-Raphson algorithm described by Scales (1985). Step-

halving as described in Section 1.4.1 and a variation on step-halving or back-tracking as
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described by Dennis and Schnabel (1983) were used in conjunction with these procedures.
Different initial estimates of the unknown parameters were also considered. These included
estimates assuming an exponential model, least squares estimates, grid searches, and estimates
assuming a Weibull model. This latter approach entails a two-stage optimization procedure--
the first for the Weibull model and the second for the generalized Weibull model.

None of these iterative procedures converged for the majority of the simulated data
sets. Convergence was especially difficult when the underlying distribution was Weibull-like or
nearly Weibull-like, regardless of the initial estimate. In these situations, the maximum
likelihood estimate was on vthe boundary of the parameter space or very near the boundary. As
intermediate estimates apﬁroaghed this boundary, the size of the step generally became laige.
The boundary was often overstepped, and step-halving invoked in order to return the estimate
to the parameter space. Sometimes the step put the next iteration in the feasible parameter
space, but far away from the boundary and the maximum likelihood estimate.

The log-likelihood function within the parameter space is not “smooth” enough for the
information matrix tb be positive definite at all parameter points. Without this property of
positive definiteness at a particular iteration, subsequent Newton-Raphson iterations do not
increase the log-likelihood. The initial estimate needs to be carefully chosen to ensure that the
information matrix associated with this estimate is positive definite. A greater problem is to
ensure steps are small enough so that parameter estimates remain within the positive definite
region. As indicated above, steps near the boundary are sometimes too “large”.

Since the two components of the generalized Weibull hazard function have the same
structure, there are expected to be identifiability problems. However, when additional
constraints on the parameters, such as 0<b<1 and 1<d<oo, were added, the convergence
problems mentioned above were not resolved.

A final observation concerning this model is that as ¢ (a) approaches 0, parameter d
(b) becomes irrelevant. Therefore when the underlying model is a Weibull model, the set of

maximum likelihood estimates is a hyperplane. Thus the second component in the generalized

-
-
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Weibull model seems to be the source of many of the estimation problems. A method is
needed to determine whether the second component of the generalized Weibull model is
necessary for describing the data. Such a procedure would reduce the need for fitting the ¢ and

d parameters when a Weibull distribut-ion fits the data.

2.2.3 Preliminary Test of Weibullness

Three approaches to the development of a test to determine whether the data are
adequately described by a Weibull model will be presented. These approaches include the
standard score test and a modified score test, both within the context of the generalized

Weibull model, and a score test within the context of a piecewise Weibull model.

Standard score test theory is not applicable to testing
Ho: c=0 or HO: ¢=0 and d=d0

since parameter values under the null hypothesis are on the boundary of the parameter space
(Cox ;nd Hinkley, 1974). However, it is thought that the score s;;atistic mi.g'ht. be adaptable
for current use, though’under the null hypothesis, it might have a distribution different from
the chi-square distribution with 1 degree of freedom. Let 4w and by be the maximum
likelihood estimates under the null hypothesis, i.e. from the Weibull model. The score vector

under the null hypothesis can be shown to be
u'(aw,Bw,c=o.d)=(o 0 Ue o),

where U is a non-zero component. The information matrix has the following structure:

p— —

I(éw, Bw,c=0,d)= )
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where 111’ 112, con 133, I 44 8re non-zero elements. The inverse of this information matrix is

a2 4, 4

dz 22 4 g4

l‘l(aw,Bw,c;o,d): , . . EYRRE

14 124 34 44

where Iu, 112, 122, 114, .o e 144 are non-zero elements. Therefore the score test statistic is
s=1'1(aw,6w,c=o,d)u(aw,Bw,c=o,d)=o.

" The standard score test statistic can be removed from consideration as a preliminary test of
Weibullness since it is a consta.nt.

The second approach to preliminary test developmex;t is motivated by the fact that
parameter d is causing much of the instability in the numerical optimization procedures. It
seems reasonable to fix d as a constant, say dO’ prior to testing the hypothesis Ho: ¢=0. Such
a procedure would need to be repeated for a variety of do’s.

Davies (1977, 1987) develops such a procedure for hypothesis testing when a nuisance
parameter, such as d, is present only under the alternative hypothesis. Suppose & is such a
nuisance parameter when testing HO: §=0. Further, suppose that when 8 is known, an
appropriate test statistic for testing Hg: £=0 is ¥(0). Davies proposes the following test

-statistic:
sup ¥(9),
0

where 8 € (L, U) to test Hy: §=0 when 6 is unknown. He assumes that for each 4, #(),

-
-
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has a standard normal distribution under the null hypothesis, and is continuous with a
continuous derivative except possibly for a finite number of jumps in the derivative . If

M= maax ¥(8) and

V= il 136 - 96, |
1=

where 8, 09, . - - 01 BT “successive turning points of ¥(6)” and J(8,) = #(L) and

4(0m) = $(U), an estimate of the significance probability is obtained as
B(-M) + Vexp (- § M2) / {3x . (2.3)

The form of Davies’ test statistic for the current problem is

2
sup + x*(c=0]d=d,) ,
dg>0 \ 0

where x2( c=0 | d=d;) ) is a score test statistic for the hypothesis Hy: c=0 given the model

dg-1
At)=abt>l 4 cdgt 0

It can be shown that

. 2 _ -
d(l;ﬂ() x“(c=0|d=dg)=n,

where n is the sample size. Therefore

M = sup x2(c=0|d=d0) >+n .
dg>0

This implies that the significance level given in (2.3) is less than ®( - 1 ), regardless of
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observed data values. Clearly additional research needs to be done to investigate how Davies’
approach could be properly adapted to the current problem.

The third approach to the development of a preliminary test is based on some of the
properties of the generalized Weibull hazard function. For small t, one component of the
generalized Weibull hazard function dominates, whereas for large t, the other component

dominates. This hazard can be approximated by a piecewise Weibull hazard function, i.e.

A¢t) =abtPlt<r) + cd tdlt>7), (2.4)

where 7 is some convenient choice such as median survival time. Continuity of the hazard

function at 7 implies

ab-r'b'l=<:d‘rd'1

or

-
[~
4
a.

Equation (2.4) can be rewritten as
At) =abt>lt<r) + ab 4 g ed-l sy,

A test of the hypothesis Hy: b=d determines whether the two Weibull components are the
same. Standard score test theory is applicable in this situation. Unfortunately, the results of
this test were not fully compatible with the computational problems discussed in the previous
section. There were data sets for which the score test indicated that the two components of the
piecewise Weibull model were not the same and for which maximum likelihood estimates of the
generalized Weibull model were not obtainable due to convergence problems. On the other

hand, there were data sets for which the score test indicated that the Weibull model was

1
~
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adequate though a non-Weibull estimate was obtained from optimization of the generalized
Weibull log-likelihood. Clearly, the current structure of this preliminary test is not adequate
for its conceived purposes.

At the current moment, there is no “good” approach to estimation of the parameters
of the generalized Weibull model. Additional research needs to be done to determine a good
estimation approach. However, this model will be put aside, as the spline model, which will be

discussed in the next section, has more promise in solving the original research problem.

2.3 Restricted Cubic Spline Hazard Function

Spline functions are an ideal parametric function for modeling hazards in that they can
describe a variety of structure with a minimal number of parameters. Use of the quadratic
spline with fixed knots as an approximation of the hazard function has previously been
proposed and was discussed in Section 1.6.1. However, Wold (1974) advocates the use of cubic
splines since they can describe a greater variety of shapes. Stone and Koo (1986) indicate that
since ;n'dinary ct.x'bié splines can have anomalous behavior in the extreme tails, these tails
should be linearly restricted. Etezadi-Amoli and Ciampi (1987) propose an extended hazard
regression model where the baseline hazard function is approximated by a quadratic spline with
variable knots. As indicated in section 1.6.1, the use of variable knots requires considerable
computation time and carries with it the practical danger of overfitting the data.

The research in this paper will involve examining the properties of the cubic spline
function with linearly restricted tails and fixed knots as it is used to estimate the hazard
function. The research mentioned above suggests that such a model should be able to describe
a variety of hazard function shapes with a minimal number of parameters. Since knots will be
fixed, computation time will be less than that associated with the model proposed by Etezadi-
Amoli and Ciampi (1987). It seems reasonable that the restricted cubic spline model could be
incorporated into the proportional hazards model with time-dependent covariables as the

baseline hazard without encountering the computational expense associated with the Cox
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model. In this chapter, the spline model’s application to survival data ignoring covariates will
be examined. In future chapters, the spline function will be incorporated into the proportional

hazards model as the baseline hazard function.

2.3.1 Derivation of Hazard Function
The linearity restrictions in the tails of the cubic spline function with m knots, sp_ (t),

as proposed by Stone and Koo (1986) imply that

spll(t) = spl2/(t) =0,

fort < vy andt > vy , where v; and vy are the first and last knots, as described in section
1.6.1. The equivalent parameter restrictions are determined and presented below. In addition,
the effect of these restrictions on the equation describing the cubic spline is shown.

Equation (1.67) implies that the smoothest cubic spline function is given by

s (t) = a + bt + ct? + dt3 + iy(t v)+ (2.5)
=0

The second and third derivatives of this function are

spn{t)—2c+6dt+i67 (t-v; )+
=0

and

ol () = 3 6, ol E
=0

The linearity restrictions for t < v, imply that spm(t) = 2¢ + 6dt = 0 and sp/ "(t) =6d = 0.
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Therefore
c=d=0. (2.6)
Fort > vm,
spm(t)-iti'/.l(t v)+—t§67j iG-vaj: 2.7)
=0 =0
and
spi(t) = i 6. =0. (2.8)
J
=0
Equation (2.8) can be rewritten as
Tm = - 71 - 12 ..... 7m_1 . (2'9)

Equation (2.9) indicates that the first term in (2.7) is 0. Upon substituting (2.9) into the

remaining portion of (2.7), it can be shown that

‘71(V1'Vm)+‘72("2"’m)+---+7m_1(Vm_1‘Vm)=0- (2.10)

Equation (2.10) can be used to solve for -1 38 @ function of Tp Y9+ T2 and the knot

points:

7m_1-v——v—-[71(v1 vm ) + 79 (Vg -Vm ) +. +7m_2(vm_2-vm)].(2.11)

Substitution of (2.11) into (2.9) gives

Tm = m [71 (V= V1) + 72 (Vg -V )+ oo+ Y9 (Vg = Vit )] (2.12)
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Equations (2.6), (2.11), and (2.12) are the parameter restrictions imposed by linearity in the
tails. These restrictions reduce the number of unknown parameters by 4. Substitution of these

constraints into (2.5) yields

m-2 :
Ppt)=a+bt+ Y 7j(t-vj)3_
=i

-2
+v;,;—:lv;l_—l(t"’m.1)i ?r._:l["!j("j"’m)]
- VFLVE-_I (t-vm)i g['yj(vj'vm-l)]‘ (2.13)

When all terms associated with a particular unknown pararaeter are combined, the following

form of the restricted cubic spline function is generated:

-2
spp(t) =a + bt + ‘il % wj(t) ) (2.14)
J=

where

(¢ v )} Cmo%)  (t-vm ) (Vi - %)

(v - vep) (Ve V1) (2.15)

— 3
wi(t) = (t-v)3 —
This result for the restricted cubic spline is presented by Devlin and Weeks (1986) without

proof.

2.3.2 Maximum Likelthood Estimation of Unknown
Parameters

The following log-likelihood function is maximized to obtain estimates of the unknown

parameters in the restricted cubic spline hazard function (2.14) with m knots:

n n
L= 21 L = 21 |: 8 log A(t;) - A(t;) ] . (2.16)
1= 1=

P
-
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The hazard function /\(t)‘is the spline function given by (2.14) and the cumulative hazard

function is

A)=at + b2 + > 7 W), (2.17)
=1
where

(t-vm_l)i(vm-v,-)+(t-vm)i(vm_1-v,-) o)
(Vm"’m.l) (Vm"’m.l)

1 -v. 3 —
w;(®) —Tl:(t vi )+
Since closed form maximum likelihood estimates do not exist, the Newton-Raphson

procedure with step-halving, as described in Section 1.4.1, is used to numerically optimize the

log-likelihood. The initial estimate for the parameter vector ( a, b, T Y9+ v o0 T2 ),

St/ 5 8.0,0,...,0)

which assumes data are from an exponential distribution, is (
i=1 i=1

Step-halving will be invoked whenever the log-likelihood at a new step has not increased over
the previous step. In addition, step-halving will be invoked whenever the hazard function
estimate at any survival time smaller than the largest uncensored survival time is negative or &
is less than zero. Convergence of the iterative procedure is attained when the change in the
likelihood function is less than 0.0125 and the norm of the score vector is less than 10°5. The
latter criteria for convergence is somewhat excessive and c01.11d probably be loosened in
practice.

The score vector and information matrix used in the Newton-Raphson optimization
procedure are the first and second derivatives of the log—likelihood function, respectively. These
matrices are presented in Appendix 2. It should be noted that the m x m information matrix

is a function of only the uncensored survival times.
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2.3.3 Confidence Intervals for the Hazard, Cumulative
Hazard, and Survival Functions

Estimates and confidence intervals for the hazard, cumulative hazard, and survival

functions can be calculated based upon estimates of the model’s unknown parameters and the

corresponding information matrix, I(a, b, Y Yor e oo -‘ym_2), denoted as I(@). .
The estimates of hazard and cumulative hazard are obtained by substituting

parameter estimates into (2.14) and (2.17), respectively. Since o= (5., b, Yir Yoo - o ;7m-2)

is asymptotically distributed as a normal random variable with mean (a, b, T Yo - - '7m-2)

and variance I(l)'l, it can be shown by the delta method (Miller, 1981) that the hazard and

cumulative hazard estimates are asymptotically normally distributed. The variance of these

estimates are

var (A(t) )=AKoyLA!

and
Var ( A(t) ) =B 10! B
where .
A=[ 1t wi(t) wolt) ... wm_2(t):|
and

B=[t 12 w0 Wy ... Wm_2(t)]

The (1-a) confidence intervals for the hazard and cumulative hazard, which can be obtained by

standard confidence interval theory for normally distributed random variables, are

NOREN /2 \] AIDLAT <) <A@ +2p /2 \I A L@ 1A (2.19a)
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and

Aw) -3y, /2\| BI#) !B <A®) <A@ +3 /2\1 BI(#) !B (2.19b)

respectively, where 3 4 /2 is the (1-a/2) x 100 percentile of the normal distribution.
The standard approach to confidence interval estimation for survival functions is a
direct application of the delta method. This approach implies that Q(t) is asymptotically

distributed as a normal random variable with mean S(t) and variance
Var ( S(t) ) =[5 ]2 BI(#) B
Therefore the (1-a) confidence interval is
SOREAN /2 S\ BI@1 B <s(t) <8(t) +32, /2 5(t)\ BI(#)! B (2.20)

This confidence interval will be used in the following research. However, i;he upper and lower
confidence limits are not restricted between 0 and 1. An alternative approach to confidence
interval estimation is to develop a confidence interval for log A(t) using the delta method and
then transform the resulting inequality. It can be shown that the asymptotic variance of

log A(t) is

Var (log A(t) ) =[ A®) T2B1ayl s
Therefore a (1-a) confidence interval for log A(t) is

log A(t) = 2_y [Aw ]l \| BI@®) 1B <logA(t)
< log A(t) + "o/ [ A ]‘1 \l BI@#)! B

Since S(t) = exp { - exp ( log A(t) ) }, this inequality can be transformed to obtain the
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following confidence interval for S(t).

exp { - exp ( log A(t) + %)-a/2 [ A(t) ].L \I B I(.l)'1 B’ ) }
< S(t) < exp { - exp ( log A(t) = 2)_o /9 [Aw ]'1 \] BI! B ) } (2.21)

It can be shown that the lower and upper confidence limits are between 0 and 1.

2.4 Modeling with the Restricted Cubic Spline Hazard
Function

The following investigation concerning the use of the restricted cubic spline as a model
to describe survival ignoring covariates was conducted for two primary purposes. First, the
flexibility of the model in adequately describing a variety of hazard function shapes was
assessed. Second, the approach to the choice of number and location of knots was examined.

Data were generated from several distributions. The shapes of the associated -
underlying hazard functions can be categorized into four of five hazard function shape .

categories described by Glaser (1980). These distributions, with identifying number, are:

ID # Distribution Parameters Shape

1 Generalized a=] b=0.8 c=1 d=3 Upside-down Bathtub
2 Weibull a=1 b=0.8 c=1 d=6 Upside-down Bathtub
3 a=1 b=0.5 ¢=2 d=3 Upside-down Bathtub
4 a=1 b=0.5 c¢=1 d=6 Upside-down Bathtub
5% a=1 b=0.8 c=2 d=l Decreasing

6 a=1l b=0.5 c=2 d=l Decreasing

7 a=2 b=1 c=1 d=3 Increasing

8 a=2 b=1 c¢=1 d=6 Increasing

9 a=1 b=0.5 c=0 d=1 Decreasing

10+ a=1 b=3 c=1 d=1.5 Increasing

11 a=2 b=1 c¢=0 d=1 Constant

12« a=1 b=3 c=1 d=0.25 Upside-down Bathtub
13= Gompertz a=0 b=1 Increasing

* The spline hazard and survival function estimates for one sample are presented in
Figures 2.2a - 2.7c.
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The first four distributions are upside-down bathtub-shaped with differing rates of initial
decrease and final increase. Distributions 5 - 8 have horizontal asymptotes at 2. The hazard
function for distributions 5 and 6 decreases from infinity to 2, while the hazard function for
distribution 7 and 8 increases from 2. Distribution 9 is a Weibull distribution. Distribution 10
is the sum of two increasing Weibull hazards. Distribution 11 is an exponential distribution.
Distribution 12 is an upside-down bathtub-shaped hazard which sharply decreases in the left
tail. The hazard in distribution 13 exponentially increases from 0. The underlying hazard
function for the first twelve distributions are presented in Figure 2.1. |

The data generated from these distributions were c‘enspred by a uniform distribution
which allowed for approximately 40% censoring. Sample sizes of 50 and 200 were considered.
At least 3 samples were generated from each distribution-sample size combination.

Three, four, and five knots at varying locations determined by the data were used to
define the spline model. The locations of the knots were based on the empirical distribution
formed by the uncensored survival times. It is assumed that since only uncensored
obser\‘rations contribute to the information matrix, the remaining censored observations should
not be useful in determining knot locations. When tails are not linearly restricted, the
coefficient associated with any knot lqcated where the remaining survival times are censored
has no information.

For samples of size 50, tail knots were placed at the‘ﬁfth smallest and fifth largest
uncensored observation, in accordance with the recommendations of Stone and Koo (1985).
However, their recommendations were not followed for larger samples. It is noted that as
sample size increases, the 5th smallest observation approaches 0 and the 5th largest observation
is likely to become an outlier. Since these knot locations did not seem reasonable, alternative
locations were chosen further into the interior of the observed data. For samples of size 200,
the tail knots were placed at the 5th and 95th percentile of the empirical distribution formed

by the uncensored observations. Such an assignment of knot location also seems reasonable for
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samples larger than 200. However, examination of such issues were not examined. The
remaining knots were distributed between the tail knots.

The “goodness of fit” of these models was crudely assessed by visual comparison of the
spline survival estimate and confidence interval with the Kaplan-Meier survival curve and
confidence interval, and with the true population survival function. The true survival model
was not used as the primary measure for fit since it did not take into account sampling error
and censorship. Residuals or differences between the Kaplan-Meier and spline curves were
deemed more serious when survival times were small, since standard errors are smaller (Miller,
1983). Residuals considered “too large” for a well-fitted model are indicators of where knots
should be relocated or where additional knots should be incorporated into the model.

For both sample size 50 and 200, three knots did not adequately describe the data.
Optimization with five knots almost always encountered singular information matrices in the
iterative procedure. Four knots with proper placement appeared to generate a good-fitting
model for the distributions and sample .sizes considered.

Spline models with knots local-;ed at the 5th, 33rd, 67th, and 95th percentiles for
samples of size 200, and at the fifth smallest observation, the fifth largest observation, and the
33rd and 67th percentiles for samples of size 50 adequately described the data sets generated
from distributions 1 - 11 and 13. The estimated spline survival and hazard functions are
graphically displayed for data sets of size 200 generated from distributions 1, 4, 10 and 13 in
Figures 2.2a - 2.5b and for a data set of size 50 generated from distribution 1 in Figures 2.6a
and b. In all cases, the estimated spline survival function agrees fairly well with the Kaplan-
Meier curve. Survival function confidence intervals from the Kaplan-Meier and spline
estimates are almost superimposable. The estimated spline hazard function, Kaplan-Meier
curve, and spline survival function differ from the corresponding underlying curve due to
sampling error and censorship. Additional sets of four knots were chosen and used to estimate
the model. The resulting estimates were similar to those discussed above and indicate that for

these data sets the fit of the spline model is fairly robust to reasonable knot location choices.




107
FIGURE 2.2a

SURVIVAL FUNCTION ESTIMATES WITH 96X CONFIDENCE LIMITS FOR A SAMPLE OF SIZE 200
GENERATED FROM THE GENERALIZED WEIBULL DISTRIBUTION WITH a=1, b=0.8, c=1, d=3
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FIGURE 2.2b

HAZARD FUNCTION ESTIMATE WITH 95X CONFIDENCE LIMITS FOR A SAMPLE OF SIZE 200
GENERATED FROM THE GENERALIZED WEIBULL DISTRIBUTION WITH a=1, b=0.8, c=1, d=3

S0LID CUAVE — UNDERLYINS MAZARD FUNCTION PERCENTASE CENSORED = 48.0 %
SMO0OTH CAGHED CUAVES — BSPLINE ESTIMATE AMD COMFIDENCE INTERVAL



108
FIGURE 2.3a

SURVIVAL FUNCTION ESTIMATES WITH 96X CONFIDENCE LIMITS FOR A SAMPLE OF SIZE 200
GENERATED FROM THE GENERALIZED WEIBULL DISTRIBUTION WITH a=1, b=0.8, c=2, d=1
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HAZARD FUNCTION ESTIMATE WITH 95X CONFIDENCE LIMITS FOR A SAMPLE OF SIZE 200
GENERATED FROM THE GENERALIZED WEIBULL DISTRIBUTION WITH a=1, b=0.8, c=2, d=1
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FIGURE 2.4a

SURVIVAL PUNCTION ESTIMATES WITH 96X CONFIDENCE LIMITS FOR A SAMPLE OF SIZE 200
GENERATED FROM THE GENERALIZED WEIBULL DISTRIBUTION WITH a=1, b=3, c=1, d=1.5
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FIGURE 2.4b

HAZARD FUNCTION ESTIMATE WITH 96X CONFIDENCE LIMITS FOR A SAMPLE OF SIZE 200
GENERATED FROM THE GENERALIZED WEIBULL DISTRIBUTION WITH a=1, b=3, c=1, d=1.5

nmm-—umvmmmxm PERCENTASE CENSORED = 48.0 %
SMOOTH DASMED CURVES — SPLINE ESTIMATE AND CONPIDENCE INTURVAL
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SURVIVAL FUNCTION ESTIMATES WITH 95X CONFIDENCE LIMITS FOR A SAMPLE OF SIZE 200
GENERATED FROM THE GOMPERTZ DISTRIBUTION WITH a=0, b=1

1.0
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FIGURE 2.5b [

HAZARD FUNCTION ESTIMATE WITH 95X CONFIDENCE LIMITS FOR A SAMPLE OF SIZE 200
GENERATED FROM THE GOMPERTZ DISTRIBUTION WITH a=0, b=1
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SOLID CUAVE — UMDEFLYING MAZARD FUNCTION PERCENTASE CENSOMID = 37.8 % ‘
SN00TH DASMED CURMVES ~~ SPLINE ESTIMATE AND CONFIDENCY INTERVAL
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FIGURE 2.8a

SURVIVAL FUNCTION ESTIMATES WITH 95X CONFIDENCE LIMITS FOR A SAMPLE OF SIZE 50
GENERATED FROM THE GENERALIZED WEIBULL DISTRIBUTION WITH a=1, b=0.8, c=1, d=3

1.0

10 CUWE — WOORYING SURVIVAL PUNCTION PERCENTASE COMONED = 48.08
oARMED CLWWVES SPLINE COTDMATE N CONPIDENCE INTERVAL
STEP FUNCTION RAPLAN-EIEN SSTDMATE AD CONFIDENCE INTERVAL

FIGURE 2.6b -

~ HAZARD FUNCTION ESTIMATE WITH 95X CONFIDENCE LIMITS FOR A SAMPLE OF SIZE 50
GENERATED FROM THE GENERALIZED WEIBULL DISTRIBUTION WITH a=1, b=0.8, c=1, d=3
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FIGURE 2.7a ‘

UTION
SURVIVAL ESTIMATES FOR A SAMPLE GENERATED FROM THE GENERALIZED WEIBULL DISTRIB
WITH a=1, b=0.28, c=1, d=3 USING KNOTS AT THE STH, 33RD, 87TH, AND 95TH PERCENTILES
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FIGURE 2.7

SURVIVAL ESTIMATES FOR A SAMPLE GENERATED FROM THE GENERALIZED WEIBULL DISTRIBUTION
WITH a=1, b=0.25, c=1, d=3 USING KNOTS AT THE 5TH, 20TH, 40TH, AND 90TH PERCENTILES
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FIGURE 2.7¢

HAZARD ESTIMATE FOR A SAMPLE GENERATED FROM THE GENERALIZED WEIBULL DISTRIBUTION
WITH a=1, b=0.26, cw1, d=3 USING KNOTS AT THE 5TH, 20TH, 40TH. AND 90TH PERCENTILES
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With knots placed at the 5th, 33rd, 67th, and 95th percentiles, the estimated spline
survival model for distribution 12 did not adequately describe the data (Figure 2.7a). Near the
origin, where the Kaplan-Meier curve shows a dramatic drop, the difference between the
Kaplan-Meier and spline survival estimates is “large”, with this difference being approximately
0.1. (It is sometimes easier to see differences between the spline and Kaplan-Meier curves by
examining the actual estimated values rather than graphs.) Adjustment of the knots towards
the origin generated a better fitting model (Figure 2.7b). These knots were placed at the 5th,
20th, 40th, and 90th percentiles of the uncensored data. Additional adjustment of the knots
did not improve the model’s fit. The estimate of the hazard function is graphically shown in
Figure 2.7c. The left tail of this estimate shows a sharp drop consistent with the true model.
The seemingly lack of smoothness in this estimate is due to there being three knots
(0.00000262, 0.00450, 0.00648) near 0.

Based on this limited experience with fitting the restricted cubic spline hazard

function, the following guidelines to knot location are suggested.

1. Knots should be located at approximately equally spaced quantiles except when
the underlying hazard function exhibits sharp changes or the Kaplan-Meier curve
“dramatically” decreases. Similar to the recommendation of Stone and Koo
(1985), the first and last knots should be placed at the 5th smallest and 5th
largest uncensored survival times for smaller samples, e.g. N < 100. For larger
samples, tail knots should be placed at the 5th and 95th percentile of the

uncensored survival times.

2. When the underlying hazard function exhibits sharp changes or the Kaplan-Meier
curve “dramatically” decreases, more knots should be located in and/or relocated

into the region.

L
-
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3. Knots should not be located too near each other. Otherwise, the coefficients are
highly correlated and the optimization procedure “blows up” due to a singular
information matrix. If it is necessary to locate knots “too near” sach other, an
alternative, though untried, approach would be to combine the knots and remove

a continuity restriction at the combined knot.

4. Four knots are sufficient to handle a sample of size 200 with approximately 40%
censoring. Three knots do not seem to adequately describe the data. With larger
data sets, as will be seen in Section 2.6, five knots may be needed. Additional
knots beyond five can be added, but Wold (1974) warns that the number of knots
should be kept to a minimum. Stone and Koo (1986) claim that five knots
“should be enough to model the overall shape . . . that are likely to occur in
practice.” They indicate that additional knots increase the model’s flexibility,

but it also increases the variance of estimation.

The number of iterations needed to obtain convergence with the Newton-Raphson
procedure generally ranged from 3 to 6 for samples of size 200. Smaller samples required 2 or
3 more iterations for convergence. When the underlying hazard function exhibited sharp
changes or the estimated survival curve “dramaticaily” decreased, as in distribution 12, the
number of iterations needed for convergence increases to approximately 10 or 11.

In the preceding research, the optimization algorithm did not converge within 20
iterations, the maximum number, in some highly censored small samples. These data sets
were generated primarily from distributions where the underlying hazard increased from zero at
the origin. The estimate for parameter a in model (2.14) had difficulty converging to 0 when
most, if not all, of the smallest survival times were censored. Step-halving was invoked many
times. This difficulty seems to indicate that either the first knot location needs to be moved
nearer zero, or the linearity assumption needs to be relaxed. A reparameterization of the
model to guarantee that a is non-negative may be beneficial. Further investigation into how

to deal with this problem is warranted.
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It should be restated that the optimization procedure used in this research only
guarantees that hazards are positive for censored and uncensored observations up to the
maximum uncensored observation. No guarantee is made concerning estimates at points
between observations nor after the final uncensored observation.

In some small highly-censored data sets, where the underlying hazard converged to
zero as t became large, the hazard estimates after the final uncensored observation were
negative. This problem is minor in that survival estimates for smaller t seem to be minimally
affected. A possible, though untried, solution to this problem may be relaxation of the linear
tail restriction. This solution would increase the number of unknown parameters in the hazard
model. Another alternative is the use of a more appropriate constrained optimization
algorithm.

The recommended approach to fitting a restricted cubic spline hazard model is as

follows:

1. Try fitting a spline model with four knots. Two of these knots should be in the
tails. The remaining knots should be located at approximately equally spaced
quantiles. A good initial set of knots is at the 5th, 33rd, 67th, and 95th

percentiles of the empirical distribution of uncensored observations.

2. Examine the residuals or difference between the spline survival function and the

Kaplan-Meier curve.
3. If the residuals are large and indicate a poorly fitting model, adjust knot location
or add additional knots. Removal of continuity restrictions may need to be

considered.

4. Repeat steps 2 and 3 until a good model is obtained.

The research discussed has not dealt with upside-down bathtub-shaped hazard

functions. Data was generated from the log-logistic model and an attempt was made to fit the

a
3
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restricted cubic spline hazard model to the data. Convergence of the optimization algorithm
was not obtained. Plots of the spline survival function at intermediate steps were made and
agreement with the Kaplan-Meier curve was fair. However, hazard estimates for small t and
large t were negative. The log-logistic hazard function has two properties which have
previously been mentioned to be sometimes associated with optimization problems and
negative hazards. These properties of the log-logistic model are that the hazard function
incréases from 0, and it also converges to 0 as survival time becomes large. Additional
investigation is needed to determine whether other spline models may better describe upside-
down bathtub-shaped hazard models. Alternative constrained optimization techniques may

need to be considered in lieu of the Newton-Raphson algorithm.

2.5 Efficiency of Estimating the Survival Function with the
Spline Model

The efficiency of the restricted cubic spline survival estimator, relative to the Kaplan-
Meier estimator, is studied in this section. A rigorous excmination of this subject would
- consider, among other things, the effects of underlying distribution, sample size, censoring, and
knot location. However, a more modest study will be conducted using two underlying
distributions and three levels of censorship.

Data were generated from the following distributions uniformly censored with 0%,

25%, and 50% censorship.

istributio Parameters Hazard Function Shape
Generalized a=1, b=0.8, c=1, d=3 Bathtub Shaped
Weibull
a=2, b=l, c¢=1, d=3 Increasing

Fifty samples of size 200 were generated from each distribution and at each level of censorship.
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A spline model with knots placed at the 5th, 33rd, 67th, and 95th percentiles of the empirical
distribution formed by the uncensored survival times was estimated.

The efficiency of estimating survival was determined at the 5th, 10th, 25th, 50th, 75th,
90th, and 95th percentiles (or equivalently, at the 95th, 90th, 75th, 50th, 25th, 10th, and 5th
survival fractiles, respectively) of the underlying distribution. Relative efficiency of the spline
estimator was calculated as the ratio of the mean square error for the Kaplan-Meier estimator
to the mean square error of the spline estimator. Mean square error was computed using the

following formula:

MSE(p) = g %;01 (5t3) -p)?,
i=
where tp, is the survival fractile satisfying the property P(T > tp) = p, and Q(tf,) is the
estimated survival probability at t’f,. Whenever t; was larger than the sample’s maximum
upcensored survival time, estimates of survival were not obtained at that particular t;*, and
hence not included in the calculation of MSE(p).

The estimated spline survival curves, the associated Kaplan-Meier curves, and the
estimated hazard functions for the first 25 samples generated with approximately 25%
censorship are displayed in Figures 2.8a, b, and c¢ for the distribution with parameters a=1,
b=0.8, c=1, d=3 and in Figures 2.9a, b, and c for the distribution with parameters a=2,
b=1,c=1, d=3. The overall amount of variation with the spline survival estimator appears to
be comparable to that of the Kaplan-Meier estimator for both distributions.

Table 2.1 presents efficiency results when data are generated from the generalized
Weibull distribution with parameters a=1, b=0.8, c=1, d=3. The restricted cubic spline
survival estimator is more efficient than the Kaplan-Meier estimator at the 90th survival
fractile and also, at the 5th through 50th survival fractiles. Efficiency with the spline
estimator at the 75th survival fractile is approximately the same as that of the Kaplan-Meier

estimator, except when data is uncensored. In that case, the Kaplan-Meier estimator is slightly

-
.
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FIGURE 2.8a

SPLINE SURVIVAL FUNCTION ESTIMATES FOR 25 SAMPLES GENERATED FROM THE
GENERALIZED WEIBULL DISTRIBUTION WITH a=1, b=0.8, c=1, d=3
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" FIGURE 2.8b

KAPLAN-METER CURVE FOR 25 SAMPLES GENERATED FROM THE
GENERALIZED WEIBULL DISTRIBUTION WITH a=1, b=0.8, c=1, d=3
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FIGURE 2.8¢

SPLINE HAZARD FUNCTION ESTIMATE FOR 26 SAMPLES GENERATED FROM THE
GENERALIZED WEIBULL DISTRIBUTION WITH a=1, b=0.8, c=], d=3
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FIGURE 2.9¢

SPLINE SURVIVAL FUNCTION ESTIMATES FOR 25 SAMPLES GENERATED FROM THE
GENERALIZED WEIBULL DISTRIBUTION WITH a=2, b=1, o=1, d=3
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FIGURE 2.9
KAPLAN-MEIER CURVE FOR 26 SAMPLES GENERATED FROM THE
GENERALIZED WEIBULL DISTRIBUTION WITH a=2, b=], c=1, d=3
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FIGURE 2.9¢

SPLINE HAZARD FUNCTION ESTIMATE FOR 28 SAMPLES GENERATED FROM THE
GENERALIZED WEIBULL DISTRIBUTION WITH a=2, b=1, c=1, d=3
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more efficient. At the 95th survival fractile, the Kaplan-Meier estimator is more efficient. It is
hypothesized that the fit of the spline model with the knot locations used is not good in some
of the data sets for small t and hence contributes to a “large” bias and meax; square error. The
underlying hazard function shows some curvature in the left tail, indicating that more knots
may be needed near the origin for some data sets. Regardless, since mean square error is
small for both estimators, the decrease in efficiency of the spline estimator does not matter
much.

Table 2.2 presents efficiency results when data are generated from the generalized
Weibull distribution with parameters a=2, b=1, c=1, d=3. The spline estimator is more
efficient than the Kaplan-Meier estimator except at the 90th survival fractile with 26%
censorship. In general, efficiency is greatest in the tails, i.e. at the 95th, 10th, and 5th survival
fractiles. At the 95th, 90th, 25th, and 5th survival fractile, the relative efficiency of the spline
estimator decreases as censorship increases.

The primary difference between the two distributions from which data were generated
is the shape of the hazard function. The first hazard function has curvature in the left tail,
while the second is flat for small t. The results described above seem to indicate that efficiency
of spline estimation decreases when there is sharp curvature in the underlying hazard function.
However, it is thought that if knot locations were determined for each individual data set
based on the fit of the model, this bias could be removed. Additional investigation of this
issue is needed.

The efficiency of estimation with the restricted cubic spline model is at least as good

" as, if not better than, the Kaplan-Meier estimator for the underlying distributions studied. If
knots had been allowed to be determined based on the fit of each particular data set, results

might have been even more favorable towards the spline model.
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2.6 Spline Models Applied to Cardiovascular Data

The approach, discussed in Section 2.3.2, to fitting a restricted cubic spline hazard
model is applied to two cardiovascular disease data sets from the Cardiovascular Disease Data
Bank of Duke University Medical Center. These data sets contain information on the survival
experience of patients who have undergone cardiac catheterization for chest pain at Duke and
were found to have significant narrowing of at least one major coronary artery (>75%
diameter narrowing). The endpoint in both data sets is cardiovascular death, with non-
cardiovascular death or termination of follow-up considered as censoring events.

All patients are included in the “Medical Patient” data set, where survival time is .the
time from the date of catheterization. Patients who underwent coronary artery bypass grafting
(CABG) are considered censored on the day of the operation. Only survival time under
medical therapy is considered.

The “Surgical Patient” data set contains follow-up information on all patients who
underwent CABG. Survival time is measured from the date of the operation. No éensoring

occurs for additional surgical intervention during follow-up.

2.6.1 Medical Patient Data

The “Medical Patient” data set contains the survival experiences of 5795 patients, of
which 592 died of cardiovascular causes. A restricted cubic spline hazard function using the
standard set of knot locations (5th, 33rd, 67th, and 95th percentiles) based on the empirical
distribution of nonzero uncensored survival times was fit to the data. Figures 2.10a and b
show the estimated survival and hazard functions. In Figure 2.10a, the spline survival function
and the Kaplan-Meier curve appear to be identical. Even though differences between the two
. curves are less than 0.01 in the left tail, confidence intervals are not overlapping in this region.
Considering the large sample size and resulting small standard errors, the two survival curves
are in close enough agreement for most purposes to consider the spline model to be a good fit

of the data.
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Optimization of a model using knots based on all uncensored survival times (including
zero) did not converge within 20 iterations. The nonzero restriction was added primarily
because it was a necessary restriction in describing survival in the surgical patient data set,
which will be discussed in the next section.

The structure of the spline model fitted with four knots is:

AMt)= a+bt+

g (vl () (v )R (g )
§7i|:(t i)+ an Ly s i) | (2.22)

where (vq, vq, V3, v4) =(0.0246, 1.0840, 3.417, 9.131) are knots (in years).
Estimates of the unknown parameters, which were obtained after 19 iterations of the Newton-

Raphson algorithm, are

3:[ a b % ?2]=[ 0.0814 -0.0318 0:.00319 —0.00468]

The associated covariance matrix is

4.42 -3.81 0.419 -0.625
o 4.38 -0.550 0.835
Cov(0)= 1075 «
0.0747 -0.115

0.177

The following estimate of the hazard function results when the parameter estimates given
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above are substituted into (2.22):

AMt)= 0.0814 — 0.0318 t + 0.00319 (t - 0.0246)3
— 0.00468 (t - 1.0840)3 + 0.00151 (t - 3.417)3

~ 0.0000169 (t - 9.131)3 .

This implies that the survival function estimate is:

t

$(t) = exp ( - I A(u) du )

0
=exp{ - 0.0814 t + 0.0159 t2 - 0.000798 (t - 0.0246)%
+ 0.00117 (t - 1.0840)% — 0.000378 (t - 3.417)%

+ 0.00000423 (t - 9.131)% }.

Even though it has been indicated that for most purposes model (2.22) is a good fit of
the data, a spline model with knots located at the 5th, 20th, 33rd, 67th, and 95th percentiles of
the empirical distribution formed by nonzero uncensored survival times was also fit to the
data. The estimates of this model were obtained after 5 iterations of the Newton-Raphson
algorithm. The estimated survival and hazard functions are shown in Figures 2.10c and d,
respectively.

A likelihood ratio test can be conducted to determine whether the coefficient of the
truncated power term associated with the 20th percentile knot is necessary in describing the
data. The log-likelihood of the reduced model, i.e. the model with knots at the 5th, 33td,
67th, and 95th percentiles, is -2385.1, whereas the log-likelihood of the model with the
additional knot at the 20th percentile is -2358.6. The likelihood ratio statistic is
LR=-2( Lp - Lp ), where Lp and Lp are the log-likelihood associated with the full and

reduced model, respectively. Therefore LR = -2 ( -2385.1 - ( -2358.6 ) ) = 53.0. This
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statistically significant likelihood ratio statistic with 1 degree of freedom indicates that the
additional knot contributes significantly to the fit of the model.

The structure of the spline based on five knots is:

At)= a+bt +

3 t-v 3 Vg - V: t-v 3 Vy-V:
= (v5-v4) (v5-vy)
where(vl, Vos Vg, v4,v5)=(0.0246, 0.372, 1.084, 3.417, 9.131)are

knots (in years). Estimates of the unknown parameters are
i=[ a b Y1 o -‘73]=l:0.143 -0.253 0.261 -0.396 0.137:|

The associated covariance matrix is

[ 0.180 -0.426 0.420 -0.632 0.214

1.160 -1.225 1.858 -0.645
Cov(#)= 1073 x 1.349 -2.059 0.726
3.144 -1.112

0.395

The following estimate of the hazard function results when the parameter estimates given

above are substituted into (2.23):

At)= 0.143 — 0.253 t + 0.261 (t - 0.0246)3
~ 0.396 (t - 0.372)3 + 0.137 (¢t - 1.084)3

~ 0.00250 (t - 3.417)3 + 0.0000951 (t - 9.131)3 .
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The survival function estimate is

§“)=ema{—-0.143 t + 0.127 t2 - 0.653 (t - 0.0246)%
+ 0.0990 (t - 0.372)% ~ 0.0343 (t - 1.084)%

+ 0.000625 (t - 3.417)% - 0.0000238 (t - 9.131)3}

2.6.2 Surgical Patient Data

The survival experience of 2967 patients (85.5% censored) who had undergone coronary
artery bypass grafting was initially fit with a spline model having knots at the 5th, 33rd, 67th,
and 95th percentiles of the empirical distribution formed by the non-zero uncensored survival
times. The non-zero restriction was placed on the 5th percentile knot since more than 5% of

the uncensored failure times were at 0 and it is desirable to have a non-zero knot. Figures

2.11& and b show the wt_imated survival curve, the Kaplan-Meier curve, and hazard function
estimate, Figure 2.1}3 shows that the spline survival function underestimates the Kaplan-
Meier survival curve in the 0 - 1 year interval. Since this difference was considered “large”, an .
additional knot was placed at the 20th percentile of the empirical distribution.

Figures 2.11c and d show the curves associated with the spline hazard model with
knots at the 5th, 20th, 33rd, 67th, and 95th percentiles. Figure 2.11c indicates that the
addional knot is needed since there is now good agreement between the Kaplan-Meier and
spline survival curves. A likelihood ratio test can be conducted to determine whether the
coefficient of the truncated power term associated with the 20th percentile knot is necessary in
describing the data. The log-likelihood of the reduced model is -1728.7, whereas the log-
likelihood of the model with the additional knot at the 20th percentile is -1542.4. The
likelihood ratio statistic is therefore equal to 372.6. This statistic with one degree of freedom,
being clearly significant, indicates that the additional knot contributes significantly to the fit of ‘

the model.
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FIGURE 2.11a
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FIGURE 2.11¢

SURVIVAL FUNCTION ESTIMATES FOR SURGICAL PATIENTS USING KNOTS LOCATED AT .
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The structure of the model which fits the data adequately is:

At) = a + bt +

3 t-v 3 Ve - V. t-v 3 Vy- V.
3 (t'vi)i-( 4)% (V5 l)+( 5 )% (vq-v;) ’ (2.24)
i=1 (v5-vq) (vg-vy)

where (vl, Vor V3, Vg v5) = (0.00548, 0.0849, O. 498, 5.262, 10.059) are
knots (in years). The estimates of the parameters, which were obtained after 10 iterations of

the Newton-Raphson algorithm, are
‘o=|: 8 b 5 99 %3 ]:[ 0.504 -2.491 21.166-25.063 4.063 ]

and the associated covariance matrix is

f— —

0.00146 -0.00752 0.0642 -0.766  0.0123
0.0391 -0.334 0.398 -0.642

Cov(®)= 2.859 -3.408 0.549

 4.063 -0.655

0.106 "

Substitution of the paré.meter estimates into (2.24) generates the following estimate of the

hazard function:

At)= 0.504 — 2.491 t + 21.166 (t - 0.00548)3
— 25.229 (t - 0.0849)3 + 4.063 (t - 0.498)3

~ 0.0104 (t - 5.262)3 + 0.0104 (t - 10.059)3.
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Figure 2.11d displays this hazard function which decreases sharply in the left tail, levels out,

and then begins slowly rising. The survival function estimate is

sﬂ)=em>{ -~ 0.504 t + 1.245 t2 - 5.292 (t - 0.00548)%
+ 6.307 (t - 0.0849)F — 1.016 (t - 0.498)%

+ 0.00260 (t - 5.262)§ - 0.00260 (t - 10.059)%} .

The analyses with the “Medical Patient” and “Surgical Patient” data sets seem to
indicate that five knots are needed to adequately describe survival in large data sets. The
preference for five knots is clear in the analysis of the surgical patient data. However, this
preference is not as clear with the medical patient data. In this latter case, though the
likelihood ratio test indicates that the models based on four and five knots are significantly
different, it is not clear whether this small difference is clinically significant. The primary
difference between the two models is the number of iterations needed for convergence of the
Newton-Raphson algorithm. The model with four knots needed 19 iterations, while the model

with five knots needed only 5 iterations.




Chapter Il
The Spline Function as Baseline Hazard in the
Proportional Hazards Model with Fixed Covariables

3.1 Introduction

It was shown in chapter II that the restricted cubic spline hazard function can
adequately describe a variety of hazard function shapes. This flexible and robust model will be
incorporated into the proportional hazards model as the baseline hazard function. The current
chapter will examine this model when fixed covariables are present.

The model, the likelihood function, and the approach to inco;pora.ting covariables into
the model are described in Section 3.2. In Section 3.3, the efficiency of estimating the
coefficient of continuous covariables with the spline proportional hazards model will be
compared with that of Cox’s semiparametric proportional hazards model. The efficiency of
estimating the survival function will be examined in Section 3.4. The use of the spline model
in describing survival experience in the cardiovascular data sets described in the previous

chapter will be demonstrated in Section 3.5.
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3.2 Incorporation of Covariables into the Model

3.2.1 The Model and Log-Likelihood Function

When the restricted cubic spline hazard function (2.14) is incorporated into the

proportional hazards model as the baseline hazard, the resulting hazard function is

-2
A(tll)={3+bt+li7jwj(t)}exp{lﬂ}, 3.1)
=1

where
(t-v )3 (m-v) - (t-vm )3 (v - %)

(vm - Vm—l) (vm - vm—l)

]

- 3
wj(t)_ (t"’j).g.“

z = ( 2]) %9y - - - » Zr ) is a row vector of covariables, and # is a column vector of associated
coefficients.
The log-likelihood function, which is used to obtain estimates of the unknown

parameters in (3.1), is

n n
L= Z:l L= I_ZI I: é; log A(t;|s;) - A(t;ls;) ] ) (3.2)

1

where A(t) is the hazard function defined in (3.1) and the cumulative hazard function is

1,2, =
A(t|s) = { at+§bt + Z % ‘WJ(t) } exp{:ﬁ} (3.3)
=

with

(t-vm-l)i(vm-vj)+(t-vm)i(vm_1-vj)J

=1 I
Wj(t)—4 Ii“' J)+ (Vvm - v, 1) (vm - v, )

*
-
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The Newton-Raphson procedure, as described in Section 2.3.2, is used to numerically -
optimize this log-likelihood function. The initial estimates of the covariable coefficients are 0,
while the initial estimates for the baseline hazard parameters, as described in Section 2.3.2, will
n
be (24 /

n

P 6-l, 0,0,...,0 ) The score vector and information matrix used in this
i=1

optimization algorithm are presented in Appendix 3.

=1

As with the homogeneous spline model, estimates and confidence intervals for the
hazard, cumulative hazard, and survival functions can be calculated based upon the estimates
of the model’s unknown parameters and the corresponding information matrix
I(3, b, #71 Fgr -+ + s Yoy B Bas o+ o By), denoted as I(#). Estimates of the hazard and
cumulative hazard are calculated from (3.1) and (3.3), respectively. The survival estimate is
obtained by transforming the cumulative hazard estimate using equation (1.1).

The confidence intervals for the hazard, cumulative hazard, and survival functions
which were presented in Section 2.3.3 can be used within the context of the current model with

fixed covariables if A and B are defined as

oo —

wy(t)
A =exp { = p } B
-2
N m-2
Zy (a +bt+ E % wj(t))

=t

m-2
Zr (a-+ bt + Z % wj(t))
L =1 .




140

B':exp{:p} v
m-2(¢

5 (at+%b22+|§f % ‘Wj(t))

j=1

Zp (at + % b t2 +§2 el ‘Wj(t))
L j=1

3.2.2 Approach to Modeling

The proposed approach to modeling will involve two steps. First, with no covariables
present in the model, the form of the baseline hazard, including the number and location of
knots, will be determined. The second step involves the addition of covariables, either fixed or
time-dependent, into the model. Initially, only fixed covariates will be considered for inclusion
into the model.

When fixed covariables are not centered, the Newton-Raphson does not converge or
converges after a “large” number of iterations. Therefore fixed covariables will be centered, by

subtraction of overall mean values, prior to inclusion in the model.

3.3 Efficiency of Estimation of Covariable Coefficients
The purpose of the following investigation is to examine the efficiency of estimation

with the spline model relative to Cox’s proportional hazards model. The efficiency of

o
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estimating § will be examined in this section, and the efficiency of survival function estimation
will be addressed in Section 3.4.

As indicated in Section 2.5, a complete examination of efficiency would consider issues
such as the effect of underlying distribution, sample size, censoring, and knot location. In the
case of regression survival models, such as the proportional hazards models, the effect of
covariable distribution, magnitude of the covariable coefficient, and number of covariables,
could also be examined. In this research, the examination of efficiency was limited to the
effects of two underlying baseline hazard functions, three levels of censoring, two values for the
covariable coefficient, and one covariable which is normally distributed. The two generalized
Weibuil hazard functions mentioned in section 2.5 were used as the underlying baseline hazard
function. Data were uniformly censored with 0%, 25%, and 50% censorship. Beta was allowed
to equal 0.1 and 1.0.

Two hundred observations, which were used in all simulations as the set of covariables,
were generated from a nornial distribution with mean 2 and variance 0.5. Based on these
covariable observations, the baseline hazard‘ function, and the value éf B, survival times were
generated. Fifty samples were generated for each combination of underlying baseline hazard,
level of censorship, and coefficient value using this same set of covariables. A spline model
with knots placed at the 5th, 33rd, 67th, and 95th percentiles of the empirical distribution
formed by the uncensored survival times was fit to the data. Preliminary investigation had
indicated that these four knot locations were satisfactory for describing the survival data
ignoring covariates.

The relative efficiency of the covariable coefficient estimator was calculated as the ratio
of the mean square error for the Cox model to the mean square error of the spline estimator.

Mean square error was computed as

1

1 X . 2
MSE = g5 ;(ﬁi-ﬂ),
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Table 3.1

EFFICIENCY OF COVARIABLE COEFFICIENT ESTIMATION
WITH THE SPLINE MODEL RELATIVE TO THE COX MODEL
FOR DATA GENERATED FROM
THE GENERALIZED WEIBULL PROPORTIONAL HAZARDS MODEL

Parameters
a~1, b=0.8, ¢c=1, d=3 g=2, b=1, c=1, d=3
Prop.
Cens. B=0.1 B8=1.0 B=0.1 B=1.0
0.00 Spl MSE 0.0277 0.0252 0.0271 0.0257
Cox MSE 0.0273 0.0238 0.0277 0.0248
Efficiency’ 0.986 0.944 . 1.022 ~ 0.965
0.25 Spl MSE 0.0314 0.0368 0.0307 0.0328 .
Cox MSE 0.0321 0.0350 0.0305 0.0328 -
Efficiency 1.022 0.951 0.993 1.000
0.50 Spl MSE 0.0536 0.0461 0.0531 0.0433
Cox MSE 0.0538 0.0450 0.0523 0.0425
1.004 0.976 0.985 1.005

Efficiency

! Efficiency is the ratio of the mean square error of the Cox estimate (Cox
MSE) over the mean square error of the spline estimate (Spl MSE). The
estimates of mean square error and efficiency are based on 50 simulated data
sets.
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where 3 is the value of the underlying coefficient and fii is the estimate of # from the i-th
sample.

Table 3.1 summarizes the efficiency of estimating the covariable coefficient with the
spline proportional hazards model. Efficiency ranges from 0.944 to 1.022 and averages 0.981
when the underlying distribution is generalized Weibull with a=1, b=0.8, ¢=1, and d=3.
Similarly, when the data has been generated from the generalized distribution with a=2, b=1,
c=1, and d=3, efficiency ranges from 0.965 to 1.022 and averages 0.995. Efficiency is
approximately 1, regardless of underlying baseline hazard, 3, or censoring proportion. These

results indicate that the spline and Cox models are equally efficient at estimating S.

3.4 Efficiency of Survival Function Estimation

The efficiency of estimating the survival function when the covariable equals 1.67,
2.00, and 2.33 was examined. In each of the simulations described in section 3.3, survival
function etimaﬁe were obtained at the 95th, 90th, 75tl_1, 50th, 25th, 10th, and 5th survival
fractiles of the underlying distribution. The underlying baseline hazard, beta value, and
covariable value determined the underlying-distribution, and hence the survival fractiles at

which survival estimates were obtained. Whenever t;lz, the survival fractiles satisfying the

*
plz

time, estimates of survival were not obtained. Mean square error and efficiency were calculated

property P(T > t* | z) = p, was larger than the sample’s maximum uncensored survival
as described in section 2.5.

Tables 3.2, 3.3, 3.4, and 3.5 summarize these efficiency results. Twenty six of the 223
(11.7%) statistics measuring efficiency and reported reported in these tables are less than 1.00,
with only 3 being less than 0.90. Over half (116/223, 52.0%) are greater than 1.20, with 22
being greater then 2.00. Even though many of these statistics are based on the same set of
samples, it is clear that the spline estimator of survival is more efficient than the Cox
estimator. The effects of censoring and choice of 3 are not clear. However, efficiency is

greatest at the 95th survival fractile and approaches 1 as time increases.
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3.5 Application to Cardiovascular Data

The cardiovascular disease data described in Chapter II are used to demonstrate the
use of the spline proportional hazards model with fixed covariables. The relationship between
left ventricular ejection fraction (x 100) truncated at 60%, and referred to as LVEF, and
survival will be examined.

The first step in any analysis is to determine the number and location of knots needed
for analysis. This has been conducted in chapter II for both the “Medical Patient” and

“Surgical Patient” data sets.

3.5.1 Medical Patient Data

Three models were fit to the “Medical Patient” data set. These included the spline
model using 4 knots located at the 5th, 33rd, 67th, and 95th percentiles, the spline model using
5 knots located at the 5th, 20th, 33rd, 67th, and 95th percentiles, and the Cox model. A
sﬁmmary of parameter estimates for 3, standard errors, and the number of iterations necessary

for convergence of the Newton-Raphson algorithm are given below.

Standard Number of
Model Estimate Error Iterations
Spline (4 knots) -0.0516 0.00262 7
Spline (5 knots) -0.0515 0.00261 6
Cox -0.0520 0.00262 5

The primary observation that should be made is that the estimates of the coefficient of the
covariable and their standard errors are identical.

The spline model with both four and five knots was fit to the data since it was not
clear in chapter II which is a “better model.” In chapter II, the model with five knots was
significantly better than the model with four knots statistically. However, since the size of the
change in survival estimates was small, it was not clear whether this difference was clinically

significant.

s
-
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A likelihood ratio test can be conducted to compare the spline regression models with
four and five knots. The log-likelihood associated with the model with four knots is -2214.36,
and the log-likelihood associated with the model with five knots is -2187.77. The likelihood
ratio test statistic is LR = - 2 ( - 2214.36 - ( - 2187.77 ) ) = 53.18, which is statistically
" significant. Therefore, as shown in chapter II, the addition of the knot at the 20th percentile
significantly improves the fit of the model. The model with five knots will be considered in the
remainder of this section.

One of the advantages of the spline model over the Cox model is that an explicit
expression of the hazard function is given. With estimates of the unknown parameters of the
hazard function and their covariance matrix, estimates and confidence intervals for hazard,
cumulative hazard, and survival can be made.

The parameter estimate = (a,b, Ty T T3 B ) and associated covariance matrix

for the spline model with 5 knots are:

i::[ 0.110 -0.195 0.202 -0.306 0.106 -0.051é]

1.16 -2.69 2.66 4.01 1.36 0.0811

and
7.17 -7.58 11.5 4.00 -0.144

) 8.35 -12.8 4.50 0.149
Cov(®) = 10™4 x
19.5 -6.89 -0.225

2.46 0.00781

0.00677
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The estimate of the hazard function is

A@uy={ 0.110 — 0.195 t + 0.202 (t - 0.0246)%
- 0.306 (t - 0.372)3 + 0.106 (t - 1.084)3
_ 0.00197 (t - 3.417)3 - 0.0000802 (t - 9.131)% }

X exp { -0.0515 (z - 50.0393) } ,
and the estimate of the survival function is

suu)=em>{ ( — 0.110 + 0.0975 t2 — 0.0505 (t - 0.0246)%
+ 0.0765 (t - 0.372)% - 0.0285 (¢ - 1.084)%
+ 0.000493 (t - 3.417)% + 0.0000401 (t - 9.131)% )

X exp { - 0.0515 (z - 50.0393) } } .

_ Figure 3.1 graphically displays the survival curve predicted from both the spline model and the
Cox model when left ventricular ejection fraction equals 30, 40, and 50. The predicted survival
curves from the two models are almost identical, with the Cox estimate being a step function
and the spline estimate being a smooth curve. Clearly, the spline model describes the data as

well, if not better, than the Cox model.

3.5.2 Surgical Patient Data

The spline and Cox’s proportional hazards models were fit to the “Surgical Patient”
data. Knots in the spline model were located at the 5th, 20th, 33rd, 87th, and 95th percentiles
of the empirical distribution formed by uncensored non-zero survival times. The number of

iterations required for convergence of the Newton-Raphson algorithm and estimates of the
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coefficient of the covariable describing cardiac ejection fraction are listed below.

Standard Number of
Model Estimate Error Iterations
Spline (5 knots) -0.0516 0.0038 9
Cox -0.0493 0.0039 6

The estimates of the coefficient of the covariable are fairly close.
The estimate of the parameter vector # = (a, b, T T T3 B ) associated with the

spline model is
i.-:[ 0.438 -2.166 18.412 -21.946 3.534 -0.0516:|

The associated covariance matrix is
- 7
0.00123 -0.00628 0.0536 -0.0639 0.0103 0.0000417
0.0325 -0.278 0.331 -0.0534 -0.000206
2.375 -2.831 0.456 0.00175
Cov(#) = 3.375 -0.544 -0.00208

0.0877 0.000336

0.0000144

The hazard estimate associated with the spline model is

A(tlz):{ 0.438 — 2.166 t + 18.412 (t - 0.00548)3
~ 21.946 (t - 0.0849)3 + 3.534 (t - 0.498)3
+ 0.000165 (t - 5.262)3 - 0.000221 (t - 10.059)3 }

X exp { -0.0516 (z - 51.458) } ,

v
-
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where z is the covariable describing LVEF. The survival function is

S(tlz):exp{ ( - 0.438 t + 1.083 t2
- 4.603 (t - 0.00548)% + 5.487 (t - 0.0849)%
- 0.884 (t - 0.498)% - 0.0000413 (t - 5.262)%
+ 0.0000553 (t - 10.659)1 )

X exp { -0.0516 (z - 51.458) } }.

The survival curve predicted from the spline model and the Cox model when left ventricular
ejection fraction equals 30, 40, and 50 is shown in Figure 3.2. The predicted survival curves
when LVEF equals 50 are in good akreement. However, as the covariable gets further away
from the overall mean (51.458), agreement between the Cox and spline curves lessens. As will
be shown, this phenomenon is expla.iﬁable by the difference, though small, in the estimates of
8.

In general, the survival curve is

st = { S, }exp((z'i)ﬂ) ,

where S(t) is the baseline survival function and 7 is the overall mean. In the current
example, the baseline survival curve occurs when LVEF equals the overall mean (51.458). The
curves corresponding to “LVEF=50" in Figure 3.2 are approximately this estimated baseline
survival function. The agreement between the Cox and spline survival estimates for this value
of LVEF indicate that the baseline survival functions are approximately equal. Therefore
differences between the Cox and spline models at other values of LVEF are clearly determined

by differing estimates of 3. For example, if Qo(t) = 0.80, then the Cox estimate of survival

»
-
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when LVEF equals 30 is

5.ty = { 00 }exp ( (30 - 51.458 ) x (- 0.0493 ) ) o5

and the spline estimate is

exp((30-51.458)x(-o.0516))

S(tls) = { 0.80 } = 0.509 .

These estimates are consistent with those graphically shown in Figure 3.2.



Chapter IV
The Spline Function as Baseline Hazard in the
Proportional Hazards Model with Time-Dependent
Covariables Expressed as Step Functions

4.1 Introduction

Time-dependent covariables defined as step functions will be incorporated into the
restricted cubic spline proportional hazards model which was introduced in Chapter III. The
structure of these covariables, which will allow for the number and time of repeated

measurements to vary across subjects, will be discussed in section 4.2. Three classes of time-

dependent covariables which can be described within the proposed covariable structure will be

.
-

examined. A covariable which describes an intervening event or treatment crossover will be
developed in Section 4.3. The standard covariable representing measurements repeated over
time will be examined in Section 4.4. A step function approximation of a defined covariable,

such as the interaction of a fixed covariable and log(time), will be developed in Section 4.5.

4.2 Structure of the Model with Time-Dependent
Covariables

4.2.1 Schematic and Notation Describing Time-Dependent
Covariables

Survival models in which time-dependent covariables are assumed to be step functions -

have been developed by Petersen (1986) and Gaynor (1987). Petersen assumed that .
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measurements are obtained at the same unequal time intervals for all subjects. Gaynor
assumes that measurements are equally spaced. The structure of the model now proposed will
allow the number and time of repeated measureinents to vary across subjects.

Let 5,(t) = ( 25, (t), Zio(t)s - - z;,(t) ) denote the rx1 vector of time-dependent
covariables associated with the i-th subject,i=1,2,.. ., n. Though each component in zi(t)
is a stochastic process, continuous observation of the covariable is not possible. Covariable
measurements are obtained at distinct time points and used to approximate the covariable
process. Since it is assumed that covariables remain constant between observations, =;(t) will
be considered to be a step function.

Let 0 = t(io) < t(il) < t(i2) <...< 't(iqi)

- (i,9;+1)
of si(t) change. In addition, let t

(iqi) (i1qi+1)

denote time points at which components
=t the survival time for the i-th subject. It is
assumed that t

<t . The steps or repeated measurements for the j-th component

of =,(t) are denoted as

B i () <y < LD i =0,1,2, ... q-1 :

1
iq: i,q;+1
Z:: ift( ‘)gtgt(’ i*+1)
q;

A schematic explaining this notation and showing the measurement schedule is given in Figure
4.1. Indicator functions of the form I(expression), which equal 1 if the expression is true and 0
otherwise, can be used to rewrite (4.1) as

qi'l

+ Y 5 1 (6 oy kD ). @y

iq' i’q. I 1
t( 1) <t < t( 1 ) )
k=0

750 = 3q, 1

ik
Let l(l ) yk=0,1,...,q denote the covariable vector associated with the k-th step for the

. . L ik . .
i-th subject, i.e. s(l ) = (zilk’ Ziogr + - zirk)' The vector of time-dependent covariables can
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then be written as

. . . q-1 . .
() = '(xqi) I ( t('qi) <i< t("qi“) ) N t (k) | ( (ik) << t(x,k+1)) (43)
k=0

4.2.2 The Hazard Function and Log-Likelihood Function

The restricted cubic spline proportional hazards model with time-dependent covariables

corresponding to the i-th subject is

At | 3(t)) = { a+bt + nff: % wj(ti) } exp { 'i(ti)'p } (4.4)
J=

where 3 3
(t“’m.l).i.("m"’j) (t'Vm)+(Vm-1'Vj)

("m'Vm.l) (Vm"’m.l)

- 3
Wj(t)-— (t"’j ¥ -

(i,Qi)

forj=1,2,... m-2 Since si(ti) =3 , the final observed value of the covariable, the

hazard in (4.4) is
m:2 ‘ (l’ql)
At |5(t))=qa+ bt + z:l % wj(ti) exp { ] B } . (4.5)
J:
The following cumulative hazard function can be obtained by integrating (4.4).

Y m-2
ACt | %)= L {a +bu+ 21 73 wi(w) } exp { 5,(w) B } du. (4.6)
J=

Upon substitution of (4.3) into (4.4) the following formula for the cumulative hazard is
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obtained.

t -2
A(ti|li(t))=Ii{a+bu+l§:7jwj(u)} .

0 j=1

X exp { '(iqi) g1 ( t(iqi) <u< t(i’qi"'l) ) . -

q-1 . .
+ IZ ) g1 ( (K)o o (kD) ) } du . (4.7)
k=0

The integral in (4.7) can be considered to be the sum of integrals defined over intervals in

which the time-dependent covariable is constant. Therefore -

9;

A(t; | %(t)) =k2: ( exp { z(ik) p }
=0

t(i.k+1)

-2
X Jt(ik) {a +bu+ :g 75 wi(u) } du ) , (4.8)

L

Let

t m-2
A*(t) = I {a+bu+2 -ijj(u)}du

0 =1

1,2 2
at+35bt +'i: 7jo(t)
i=1

where

(t-vm_l)i(vm-vj)+(t-vm)i(vm_l-vp} o)

(Vm“’m.l) (Vm"’m_l)

Wj(t)= % [(t-vj)i_
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The cumulative hazard function in (4.8) can be rewritten as

9;

A(y I3(8)= Z exp ( z(ik) /] ) [ A¥( t(i'k+1) ) — A¥( t(ik) ) ] . (4.10)

The log-likelihood function, which is used to obtain estimates of the unknown

parameters in (4.4), is

=i1:.i=£‘i[6ilog,\(ti|.i(t))-A(ti|.i(t))]
1= 1=

where A( t; | 5(t)) and A(t; | 5;(t) ) are defined in (4.5) and (4.10), respectively. Therefore

L = i(&ilog{a+bti+§ 7jwj(ti)}+6i{3(i’qi)p }

i=1

_kzo ( () p) [A,..( (D) y e t(ik))] ) (1)

The log-likelihood function can be further manipulated to obtain

L=§:(Silog{a+bti+x§:?7jwj(ti)}+6i{z(i’qi)ﬁ })
= ,

&~
t (ik) B ) [A*( (k) ) — A¥( t(ik) ) ] . (4.12)
i=1 k—O

Failures contribute only to the first component of the log-likelihood function (4.12).
This component is a function of the final value of the subject’s covariables and failure time.
The time at which covariable values change is necessary information for the second component
in (4.12); duration is not sufficient information. This summation is a function of all survival

times, all time points at which covariables change, and all steps of the covariables. Petersen
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(1986) indicates that for analysis purposes the data file can consist of a separate record for each
interval of time in which covariables remain constant.

Given a data file structured according to Petersen’s recommendation, the computation

of the log-likelihood would proceed as follows.

Set log-likelihood L = 0 ;

Do over all records ;

ComputeL:.L-i-exp(sﬂ) [A‘(tend) - A% tbeg)]
where 3 is the vector of covariables on the current
record, tbeg is the time at which the covariables
were measured, and tend is the time at which the
covariable vector next changed.

When the current record is the subject’s final record and

and survival time is uncensored, compute

m-2 , .
L=.L+log{a+bt.end+z:17jwj(tend)}+ sB.
J:

The score vector and information matrix are presented in Appendix 4. The

computation of these quantities is similar to that for the log-likelihood function.

4.2.3 Confidence Intervals
Confidence intervals for the hazard, cumulative hazard, and survival functions were
presented in Section 2.3.3 assuming a homogeneous restricted cubic spline hazard model.

These formulas can be adapted for use when the restricted cubic spline model has been
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incorporated into the proportional hazards model with time-dependent covariables by
redefining matrices A and B. These matrices v;ill be defined using the notation given in
Section 4.2.2. However, the subscript denoting subject will be dropped in the definitions for A
and B. The confidence interval for hazard functions when time-dependent covariables are

present is computed in terms of

wl(t)

A.:=exp{,(q)‘,}
"m-2(t)

b
%1q (a +bt+ j-1‘7j wj(t))

-2
=

(a)

where 5 = (24 q %2q 2pq) is the g-th and final set of covariable measurements and t is
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the survival time. Cumulative hazards and survival function confidence intervals are

computed in terms of

B'=Zq: {exp{i(k)ﬁ} Bk}
k=0
where
- -
(k41 (1)
! { (t(k+1))2 ) (t(k))z }
Wl(t(k+1)) ) Wl(t(k))
B, =

wm-z (t(k+l)) ) wm-2 (t(k))

- { A*(t(k+1))_ A*(t(k))}

e (M) ()}

- ——
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4.2.4 Maximum Likelihood Estimation

Optimization in chapters II and IIT was inefficiently performed using programs written
in SAS/IML. Since computations have the potential of being expensive when time-dependent
covaﬁabla are present, a new SAS procedure, based on the PHGLM procedure (Harrell, 1986),
was written in order to exploit PHGLM’s efficient Newton-Raphson optimization and
programming. A description of the resulting procedure PHSPLM is given in Appendix 5.
Examples of the procedure’s use are presented in Appendix 6. This procedure has been written
to estimate the unknown parameters in the homogeneous model, the spline model with fixed
covariables, and also the model with time-dependent covariables. PHSPLM reparameterizes

the hazard model as

-2
A(tl-i(t))={a+bf5+&1~/jw,-(t)}exp{zi(t)n},
J=

where

t-v 3 t-v Vm - V; t-v Ym-1- Y}

wi(t) = J - m-1 J + m J

] D + D m - V-1 D + "m = V-1
+

and D=vp -v in order to minimize computational difficulties. Formulas presented in

m-1’
the early part of this chapter and in previous chapters and appendices were adapted for this
parameterization. Analytical results discussed in the remaining part of this chapter will
assume this parameterization.

A data file consisting of a separate record for each interval of time in which covariates
remain constant is used as input to the PHSPLM procedure. When time-dependent covariables
are present, each record should contain (i) the value of the covariable at the beginning of the
interval, (ii) time at which the interval begins, and (iii) survival times for the subject. When

the record is the first record for the subject, it should also indicate whether or not the subject is

censored.
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4.3 Covariable Describing an Intervening Event or
Treatment Crossover

A covariable which describes an intervening nonfatal event or treatment crossover is
the simplest time-dependent covariable having the structure laid out in Section 4.2.1. This

covariable is characterized by an indicator variable

lifizz'ri

0ift < 7 (4.13)

M) =Ht2r}= {
where 720 is the time of occurrence of an event or change of treatment or condition for the
i-th subject. Using the notation of section 4.2, q = 0 if the event does not occur and q=1
when the event occurs at T;+ A time line depicting the measurements involved with a subject

who experiences an intervening nonfatal event or treatment crossover at T; > 0 is below.

z(lil) _ - )
z(110),_ e
|— X | -
KON D,

A data file used for analysis has one or two records for each subject, depending on when and if

the intervening event occurs.

4.3.1 Comparison with the Cox Model

Lee (1985) uses a binary time-dependent covariable when he addresses the question of
how survival is affected by the occurrence of an intervening nonfatal myocardial infarction
(MI) in patients with coronary artery disease. The indicator function zy(t) equals 0 if no MI
has occurred before time t and 1 otherwise. Lee’s analyses were performed using BMDP2L -

(Dixon, 1981), a statistical program which allows for time-dependent covariables in the Cox .
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model. The results of his analyses will be contrasted with the results from the restricted cubic
spline proportional hazards model.

Lee’s data, which were collected between November 1969 and January 1985, consist of
the survival experience of 3085 consecutive patients who were catheterized for chest pain at
Duke University Medical Center and medically treated. Survival time is measured from the
date of catheterization and endpoint is cardiovascular death. A more complete description of
the data, including a discussion of the perils of treating MI as a non-time-dependent covariate,
can be found in Lee (1985).

Lee’s first analysis examined the effect of the binary covariable MI without adjusting
for a.ny other factors. The results of his analysis and an analysis using the spline model are
summarized in Table 4.1. Five knots (0.0137, 0.2163, 0.7365, 3.1538,
8.7803) are used in the spline analysis. These are the 5th, 20th, 33rd, 67th, and 95th
percentiles of the empirical distributions formed by nonzero uncensored failure times. The
covariable coefficients and standard errors in the two models agree well. The relative risk of
death after an intervening nonfatal MI compared to the risk before its occurence is 2.45 based
on the Cox model and 2.44 based on the spline model. The striking difference between the two
analyses is the amount of CPU time used for estimation on an IBM 3081 mainframe computer.
The Cox analysis used almost 26 minutes, whereas the spline estimation used 6 seconds. Thus
time-dependent covariable analyses are much more feasible with the spline model.

Another advantage of the spline model is that explicit expressions for the survival and

hazard function can be obtained. The hazard function for this example is:

A(t]MHn)=={0.276 - 0.762 t + 1.796 (¢t - 0.0137)3
- 2.504 (t - 0.216)} + 0.710 (¢ - 0.736)3
- 0.00207 (t - 3.154)7 + 0.0000905 (v - 8.780)3 }

X exp { 0.893 (MI(t) - 0.0858) } .
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Table 4.1

Effect of an Intervening Nonfatal Myocardial Infarction
Using the Cox and Spline Models

Cox Model Spline Model
Coeffi- Std. Coeffi- Std.

Parameter  _cient  _Emor cient —Emor  coff
a - - - 0.2761 0.0254 -
b - - - -4.2861 0.5014 -
71 - - - 319.9715 38.8333 -~
Yo - - —  -446.0484 54.2995 -
15 - - - 126.4293 15.5572 -
MI 0.8947 0.1201 2.4466 0.8925 0.1200 2.4412 )
Global likelihood ratio x%: 59.09 45.80
CPU time (min:sec): 25:57 0:06
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The survival function is S( t | MI(t) ) = exp ( - A( t | MI(t where fort < T, ,
i

A(thI(t))={0.276 t - 0.381 t2 + 0.449 (¢t - 0.0137)}
- 0.624 (t - 0.216)} + 0.178 (¢ - 0.736)%
- 0.000518 (t - 3.154)} + 0.0000226 (v - 8.780)} }

x exp { 0.893 (-0.0858) }
and for t > T

ACt | MI(t)) =

{ 0.276 r; — 0.381 r;2 + 0.449 (r; - 0.0137)}
~ 0.624 (r; - 0.216)} + 0.178 (r; - 0.736)%
- 0.000518 (r; - 3.154)} + 0.0000226 (r; - 8.780)% }
x exp { 0.893 (-0.0858) }

- {0.276[1: -riJ-—O.381[t2-r:~‘:] |

+ 0.449 [ (¢ - 0.0137)} - (r; - 0.0137)} ]
- 0.624 [ (& - 0.216)% - (r; - 0.216)} |
+ 0.178 l: (¢ - 0.736)f - (; - 0.736)} :l
- 0.000518 [ (¢ - 3.154)} - (r; - 3.154)% ]
+ 0.0000226 [ (¢ - 8.780)% - (r; - 8.780)% ] }

X exp { 0.893 (1 - 0.0858) } .
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In addition, confidence intervals based on the covariance matrix of the unknown parameters,

0.000647
-0.0123 0.251
) 0.913 -~-19.326 1508.024
Var(l) = ’
-1.272 26.989 -2108.520 2948.44

0.360 -7.694 603.547 -844.261242.026

i 0.000145 -0.00214 0.132 -0.182 0'04960'0144j

can be obtained for hazard and survival estimates. Figures 4.2a and b show the survival and
hazard functions with confidence intervals for a patient who experiences no intervening
nonfatal MI. Figures 4.3a and b show these estimates for a patient who experiences an
intervening nonfatal MI during catheterization or soon after. Figures 4.4a and b show
estimates for a patient who experiences an intervening ﬁonfatal MI after 2.25 years. This
patient’s hazard function for the first 2.25 years i; identical to Figure 4.2b, and for the
remaining years, it is identical to the latter portions of Figure 4.3b. In a sense, this patient’s
hazard jumps from one hazard curve where proportionality holds to another (Gaynor, 1987).
Lee also examined the effect of an intervening MI after adjust;ing for 24 baseline
prognostic factors with the index variable HSM. The results for the Cox analysis and the
identical analysis using the spline model are presented in Table 4.2. The covariable
coefficients are almost identical. The risk of dying after a nonfatal MI compared to the risk
prior to the MI is estimated to be 2.1616 in the Cox model and 2.1613 in the spline model.

A variation on the indicator time-dependent covariable is the following

riiftZTi
0ift <7, )

z9(t) = I{t > )= {

This covariable is nonzero whenever the intervening event has occurred and equals the time at
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FIGURE 4.2a

SURVIVAL ESTIMATE WITH 96X CONFIDENCE LIMITS FOR A PATIENT WHO DOES NOT
EXPERIENCE A MYOCARDIAL INFARCTION
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FIGURE 4.2b

HAZARD ESTIMATE WITH 95% CONFIDENCE LIMITS FOR A PATIENT WHO DOES NOT
EXPERIENCE A MYOCARDIAL INFARCTION
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FIGURE 4.3a

SURVIVAL ESTIMATE WITH 95% CONFIDENCE LIMITS FOR A PATIENT WHO EXPERIENCES
A MYOCARDIAL INFARCTION SOON AFTER CATHETERIZATION
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FIGURE 4.3b

HAZARD ESTIMATE WITH 95% CONFIDENCE LIMITS FOR A PATIENT WHO EXPERIENCES
A MYOCARDIAL INFARCTION SOON AFTER CATHETERIZATION
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FIGURE 4.4a

SURVIVAL ESTIMATE WITH 5% CONFIDENCE LIMITS FOR A PATIENT WHO EXPERIENCE
A MYOCARDIAL INFARCTION 2.25 YEARS AFTER CATHETERIZATION >
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FIGURE 4.4b

HAZARD ESTIMATE WITH 95% CONFIDENCE LIMITS FOR A PATIENT WHO EXPERIENCES
A MYOCARDIAL INFARCTION 2.25 YEARS AFTER CATHETERIZATION
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Table 4.2

Effect of an Intervening Nonfatal Myocardial Infarction adjusted for HSM
Using the Cox and Spline Models

—  CoxModel Spline Model
Coeffi- Std. Coeffi- Std.
Parameter _ciept  _Emor < cient _Error oo
a - - - 0.1385 0.0151 -
b - - - -2.1079 0.2887 -
7 - - - 158.8621 22.5549 -
Yo - - -  -221.5882 31.5682 -
73 - - - 62.9331 9.0749 -
HSM 1.0037 0.0368 2.7285 1.0126 0.0369 2.7529
MI 0.7709 0.1203 2.1616 0.7707 0.1202 2.1613
Global likelihood ratio x2: 879.56 ) 777.05
CPU time (min:sec): 24:19 0:09
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Table 4.3
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Effect of an Intervening Nonfatal Myocardial Infarction

Adjusted for HSM and Waiting Time Until an MI

Using the Cox and Spline Models

Cox Model Spline Model
Coeffi- Std. Coeffi- Std.
_cient  _Ermror gcoeff cient __Error__ ecoeff

- - - 0.1404 0.0153 -

- - - -2.1373 0.2931 -

- - - 161.1957 22.8971 -

- - - -224.8568 32.0461 -

- - - 63.8728 9.2111 -
1.0019 0.0368 2.7235 1.0108 0.0369 2.7478
0.6144 0.1525 1.8485 0.6209 0.1517 1.8606
0.0975 0.0522 - 0.0930 0.0515 -

889.11 780.09
43:33 0:12

CPU time (min:sec):
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which the event occurs. Lee uses such a covariable to test whether the waiting time until .

infarction (WTIME) affects prognosis in his third analysis. A summary of the Cox and spline
analyses examining the effect of an intervening MI adjusted for HSM and WTIME is
presented in Table 4.3. Covariable coefficients, standard errors, and relative risks in the two
models are almost identical. CPU usage is dramatically different, with the Cox model using

over 43 minutes and the spline model using 12 seconds.

4.3.2 Modeling the Effect of an Intervening Event as a
Function of the Time Since the Event's Occurrence

In general, the effect of an intervening event may not have a constant, permanent
effect. Rather the effect may wane and in some cases, may intensify over time. The models
presented by Lee assume that a myocardial infarction has a permanent constant effect, rather

than a time-varying one. However, it is possible that patients undergo a “high risk” phase

after an infarction, and later the risk of death lessens. ‘
The restricted cubic spline hazard model readily allows for such complexities. Let

Ag(t) be the restricted cubic spline baseline hazard function, and 7; be the time of the

intervening event. A model describing the hazard for the i-th subject which assumes that the

effect of an intervening event may change as a function of time is

Mtlry) = 2(t) exp { 8 &(tiry) }.

where £(t|7;) is 0 for t < 7; and is a function of t - 7; when t > 7;. Since both the
functional form of §(t|1'i) is unknown and only step functions can be incorporaied into the
spline hazard model, it is necessary to approximate E(tlri). Two approaches will be
considered.

The first approach involves the creation of indicator time-dependent covariables

which describe the effect of an intervening event during defined intervals of time. Various .
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parameterizations can be used. However, the parameterization which will be used here will
allow covariables to be interpreted as the incremental effect over and above the effect in
previous time periods. For example, the time following an intervening event may be

partitioned as [ 0,1),[1,2),[2,3), and [3, 00 ) years. Covariables are then defined as:

Eqltir) =1{t 2 7, )
§,(tlry) = Ht>r +1 }
62(t|‘ri) =I{t2> T+ 2}

The resulting model which would be used to examine the effect of an intervening event is
AtlT;) = Ag(t) exp { Bg &oltly) + 8y §1(tlmy) + By Eo(tim;) + B3 €5(tl;) } .

Such an appi'oach is used to examine the effect of a.n MI in Lee’s data without
adjustment for other covariables. Let ri'denote the time of the infarction. Let MI be defined
as EO’ MI1 be defined as §;, etc. Table 4.4 summarizes the model’s parameter estimates.
The following three test statistics are available for testing whether the coefficients of MI1,

MI2, and MI3 are zero.

Test Statistic P-value
Score Test 4.10 0.251

Likelihood Ratio 3.91 0.274

The likelihood ratio test statistic is the difference between 4373.23, the log-likelihood

(-2 log L) for the model with only MI, and 4369.32, the log-likelihood for the full model. The
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Table 4.4

Effect of an Intervening Nonfatal Myocardial Infarction as a Function of
Time Since Its Occurrence Using Indicator Variables in the Spline Hazard Model

Coeffi- Std. Chi-
Parameter cient Error = _ Square  P-value
a 0.2081 0.0278 115.26 <0.001
b -4.6469 0.5445 72.84 <0.001
7 347.6185 42.1531 68.01 <0.001
Yq © -484.6481 58.9430 67.61 <0.001
73 137.9251 16.8894 66.21 <0.001
MI  1.1746 0.1775 43.77 <0.001 ‘
M1 © -0.4430 0.2807 2.96 0.085
MI2 0.0914 0.3581 0.07 0.799
MI3 0.0199 0.3204 0.00 0.958
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contribution of the second (MI1), third (MI2), and fourth (MI3) steps in explaining the effect
of a myocardial infarction is not significant.

In order to obtain a good approximation of § (tlri), a large number of time intervals
need to be generated. Such an approximation can potentially become numerically unstable
and/or unwieldly. As the number of steps increases, the degrees of freedom associated with a
test to determine whether the effect of an intervening event has a permanent constant effect
increases. As a result the test becomes less powerful.

An alternative approach is to consider a spline approximation of § (t|‘ri). It has been
established in chapters I and II that the restricted cubic spline function can describe a variety
of functional shapes with a minimal number of parameters. Consider the following spline

functior in ¢ - 7, with m knots defined for t > 7;.

-2 4
sp(tir;) = By + By (t-7) + i ﬂj+2 uj+2( t-7;) (4.14)
=1 ‘
where
w(t-r) = (t-7-vi)3
) 1 i~ i+

(t-ri-v;l_l)i(vﬁl-v"i') (t-ri-v;},)i(v;‘_l-v"i".)

(v - vx*n-l ) (vm - v:n-l )

]

forj=3,..., m; v'{, .+« V}a are knots determined from the distribution of the difference
between failure time and the time the intervening event occurred; and 3 REE Bm are

unknown regression coefficients. For notational purposes, let

uy(t - ri) =1 and ug(t - ri) =t-7
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Therefore

sp(t|r;) = i By st - )
=1
As will be explained in section 4.5, the spline function sp(tlri) can be approximated by a step
function. Let c be the length of a time interval which defines the steps of the approximating
step function. Using the left endpoint as the value of the step function within an interval,

one approximation of sp(t|r;) is

3])(0) ifOSt-ri<c
sp(c) feS<t-r,<2¢
Pptlmy) = "sp(2¢ if2e<t-r. <3¢ (4.15)
i

Alternative ways of approximating the spline function by a step function are suggested in
section 4.5 and were investigated for this pa.rticul#r example. However, the approach . v
described here seems to be the most s;tisfaétory. |

The components of sp(tlri), which are uy(t-7),...,up(t- 7;)» can be treated
as covariables which are repeatedly measured at the beginning of each time interval. In order
to estimate the unknown parameters in the model using PHSPLM, it is necessary to generate
additional records corresponding to steps of sp A(tlri). Given a subject with survival time t
a record corresponding to each of the remeasurement points or steps in (4.15) for which t < t
is created as input to PROC PHSPLM.

Lee’s data will be used to demonstrate this approach to determining whether an
intervening event has a permanent, constant effect. Four knots are included in the regression

part of the following model

3 4 -
A(t) = ( a+bt +k§1 T WiV ) exp { E ﬂj uj(t -7) } (4.16) .

j=1



181
where wk(t) is defined in (4.4) and uj(t -7 is defined in (4.14). The location of the
regression knots are determined from the distribution formed by the difference between the
patient’s survival time, t; and the time of the intervening event, 7, for patients who
experienced a myocardial infarction. The chosen knot locations are 0 . 049048,
0.36683, 5.45801, and 9.46123 years. Time intervals of length 0.10 years will
be used in order to approximate the spline function in the regression component of (4.16).
Table 4.5 summarizes the estimated model. The following score and likelihood ratio test are
conducted to determine whether the effect of an MI is best described by a constant or is a

function of (t - 7;). The null hypothesis is Hy: 89 = B3 =By=0.

Test _Statistic ~ P-value
Score Test 3.26 0.353

Likelihood Ratio 3.18  0.365

The likelihood ratio test statistic is the differenge between 4373.23, the log-likelihood
' (-2 log L) for the model with ﬂ2 = ﬁ3 =p 4= 0, and 4370.05, the log-likelihood for the full
model. These tests clearly indicate that any fluctuation over time in the effect ofa
myocardial infarction is not statistically significant. These analyses were repeated with t"1ve
regression knots and also with time intervals of length 0.05. All results were comparable.

This example demonstrates the flexibility of the spline model. However, before

making clinical inferences from this particular example, several issues regarding choice of
steps, regression knots, etc. in approximating &(t| ri) with the spline model need to be

addressed. Some of these problems will be discussed in chapter V.
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Table 4.5

Effect of an Intervening Nonfatal Myocardial Infarction as a Function of
Time Since Its Occurrence Using a Spline Function Covariable
in the Spline Hazard Model

 Coeffi- Std. Chi-
Paraneter cient Error =~ _ Square  P-value
a 0.4723 0.0614 59.22 <0.001
b -7.3521 1.0894 45.55 <0.001
7 550.1458 83.1096 43.82 <0.001
Yq -767.0597 116.0836 43.66 <0.001
By 1.2448 0.2299 29.32 <0.001
By -0.4090 0.3024  1.83 0.176
By 0.1199 0.1112  1.16  0.281 i

By ~-0.1300 0.1213 1.15 0.284




133

4.4 Repeated Measurements

The structure of the time-dependent covariable has been described in Sections 4.1 and
4.2 in terms of measurements which have been taken serially, or repeated measurements. It
should again be noted that these measurements are generated from an unknown covariable
function or stochastic process. The use of the restricted cubic spline proportional hazards
model with a covariable which is remeasured repeatedly will be demonstrated with a data set
from Duke University Medical Center. The New York Heart Association congestive heart
failure (CHF) classification on patients who had undergone cardiac catheterization and found
to have significant coronary disease was assessed at catheterization. Follow-up measurements
were repeated at 6 months, 1 year, and yearly thereafter. Classes 1 —4 of CHF s£atus
represent progressively more severe symptoms, with 0 meaning that the patient never had
CHF. Previous research has indicated that for prognostic purposes, CHF status should be
categorized as classes 0, 1-3, and 4 and scored as levels 0, 1, 3, respectively. Gaynor (1983)
presént.s a detailed description and analysis of an earlier version of these data.

The primary quéstion of interest is whether repeated measuremé;lt. of CHF status
adds any additional prognostic information ;bove that obtained from a baseline
measurement. The following hazard model was fit to the data:

" m-2

At %(t)) = { a+bt+ ) v wt) } exp { CHF0; §, + CHF;(t) 8, }
=1

where CHFO, is the baseline CHF assessment for the i-th patient and CHFi(t) is the
assessment at time t.

Table 4.6 summarizes the results of an analysis using 4 knots in the baseline hazard
function. These knots, located at 0. 6899, 2.4110, 5.11 13, and 9.6509
years, were the 5th, 33rd, 67th, and 95th percentiles of the empirical distribution formed by

uncensored survival times. Comparisons between the homogeneous survival estimate based



Table 4.6

Effect of Congestive Heart Failure Status on Patient Survival
Using a Spline Hazard Model

Parameter

a
b
N
72
B, (CHF0)
B (CHF)

Coeffi- Std.
cient Error
0.0046 0.0046
0.0855 0.0155
-0.1284  0.0262
0.2384 0.0503
. 0.6597 0.0712
0.4637 0.0725

Chi-
ﬁuar e

1.00
30.54
24.05
22.50
85.87

40.96

P-value
0.317
<0.001
<0.001
<0.001
<0.001

<0.001

184
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on the spline model and the Kaplan-Meier estimate showed that the model with 4 knots
adequately describes the data. The homogeneous model does not converge with 5 knots in
the model.

The following table summarizes tests of H: B,=0.

Test Statistic -value
Wald Test 40.96 <0.001

Likelihood Ratio 36.00 <0.001

The significance of these tests indicates that repeated measurement of congestive heart failure
status improves prognostic capabilities. The following table summarizes tests of Hy: ﬂ0=0.
Such a test determines whether the baseline measurement has any prognostic effect above

that obtained from the most recent CHF measurement.

Test _Statistic =~ _P-value
Wald Test 85.87 <0.001

Likelihood Ratio 61.26 <0.001

Clearly, both the baseline and most recent measurement of CHF status are significant
prognostic indicators of survival. As can be seen in Figures 4.5 and 4.6, the baseline CHF
status affects the magnitude of hazard estimates. Figures 4.5a and b show the survival and
hazard function for a patient who has a baseline CHF measurement of level 0, and has
subsequent measurements of 1 at 3 years and 3 at 5 years. Figures 4.6a and b show a similar
patient. The primary difference is that at baseline the CHF measurement was at level 1.
The measurements at 3 years and 5 year.s are identical to those given for the patient in
Figures 4.5a and b.

The importance of the baseline and current CHF measurement in predicting
prognosis suggests that measurements taken between the two measurements may have

prognostic value. Gaynor (1983) addresses such an issue in his analyses and shows that the



FIGURE 4.5a

SURVIVAL ESTIMATE WITH 85X CONFIDENCE LIMITS FOR A PATIENT WHO HAS CONGESTIVE
HEART FAILURE ASSESSMENTS OF LEVEL O AT BASELINE, LEVEL 1 AT 3 YEARS,
AND LEVEL 3 AT 5 YEARS
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FIGURE 4.5b
HAZARD ESTIMATE WITH 95% CONFIDENCE LIMITS FOR A PATIENT WHO HAS CONGESTIVE
HEART FAILURE ASSESSMENTS OF LEVEL 0 AT BASELINE, LEVEL 1 AT 3 YEARS,
AND LEVEL 3 AT 5 YEARS
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FIGURE 4.8a

SURVIVAL ESTIMATE WITH 95% CONFIDENCE LIMITS FOR A PATIENT WHO HAS CONGESTIVE
HEART FAILURE ASSESSMENTS OF LEVEL 1 AT BASELINE, AND LEVEL 3 AT 5 YEARS
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FIGURE 4.6b

HAZARD ESTIMATE WITH 95% CONFIDENCE LIMITS FOR A PATIENT WHO HAS CONGESTIVE
HEART FAILURE ASSESSMENTS OF LEVEL 1 AT BASELINE AND LEVEL 3 AT 5 YEARS
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