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ABSTRACT

Many test statistics for classical simple goodness-of-fit
hypothesis testing problems are distance measures between the
distribution function of the null hypothesis distribution and the
empirical distribution function - sometimes called EDF tests. If
a composite parametric null hypothesis is considered in place of
the simple null hypothesis, then a test statistic can be obtained
from each EDF test by replacing the known distribution function
of the simple problem by the Rao-Blackwell estimating distribu-
tion function. In this note we use known results to show that
these Rao-Blackwell-EDF test statistics have distributions that
do not depend upon parameter values, and that these tests are

independent of a complete sufficient statistic for the parame-
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ters.

1. TESTING PROBLEMS AND EDF STATISTICS

Let Xl’ soey Xn denote a sample from a parent distribution
with distribution function (df) F. The classical simple goodness-
of-fit problem is to test HO: F = Fo vs Ha: F # Fo’ for FO a com-
pletely specifged df. Denote by Fe the empirical df, i.e.,

Fe(x) = (l/n)ile(_m’x](Xi), where IA is an indicator function
of the set (or interval) A. The empirical distribution function,
EDF, goodness-of-fit test statistics (cf. Stephens (197h4)) are of
the form d(Fo,Fe), where d is a distance function that maps pairs
of df's to nonegative real numbers., The Kolmagorov-Smirnov,
Cramer von Mises, Anderson-Darling and Watson U2 statistics are
some well-known EDF statistics.

The composite goodness-of-fit problem is to test Hb: FEeEJ
vs H : F ¢ 7, where 7 = {Fe:e € Q} is a parametric class of df's.
A common approach to constructing a test for this composite test-
ing problem is to replace Fo in an EDF statistic d(FO, Fe) by an
estimating df of F such as a ML estimator F, or a Reo-Blackwell
estimator F, to obtain statistics d(F, F,) or a(F, F,). It has
been found empirically (cf. Stephens (1974), or Dyer (1974)) that
some of these ML-EDF tests have better power properties than the

simple EDF test, even when F = Fo is known.

2. INVARTANCE PROPERTIES OF DF ESTIMATORS

David and Johnson (1948) showed that for a large collection
of location-scale families J that the ML estimator F of F is
invariant under location-scale transformations, and therefore
that the distribution of F does not depend upon parameter values.

We next show that Rao-Blackwell, RB, estimating df's also
have important invariance properties for a large collection of
classes 4. In this we use terminology and notation from
Quesenberry and Starbuck (1976), QS, section 2; which we now

summarize,



Let X% denote a Borel set of real numbers, G the Borel subsets
of X; X = (Xl,...,Xn) a vector of i.i.d. continuous r.v.'s each
distributed according to P € P = {Pe; 8 €Q}, for 8 = (Gl,...,ek)a
k-dimensional parameter vector. Also, (X%, G") = (XX «+« X %,
Gx ++-x G) denotes the sample space, and T a sufficient statistic
for 6.

Further, let g:% — X be a one-to-one onto transformation and
gn be the corresponding transformation of 2" onto X® defined by
gn(xl,...,xn) = (g(xl),...,g(xn)). For each g, suppose there’
exists a function g:0 — Q such that Rée(X € g'a) = Pe(X € A) for
every A € G.n. Let G denote a transformation group of g functions
on %, Gn the corresponding group on xn and G the corresponding
induced group on {1, A transformation group on a space is said to
be transitive if its meximal invariant is constant on the space.

Let F(x) = F(x|T) = P(X;5 x|T) and we obtain immediately
from Lemma 2.2 of Q5 the following special case.

Lemma 1. If G is a transformation group of strictly increasing

functions on X that induces a transitive group G on Q, then
F(x]T(xy5.005%,)) = Flax|T(ex,,.000ex ) (1)

a.s. PPV g € G.

The function F(x) = F(x|T) is the Rao-Blackwell estimating
df of F(x) based on the sufficient statistic T.
Example 1. Let P be the class of univariate normal distributions
with parameters p and 02, and Q = {(u,ca): o<y < o, 02 > 0}.
Then let G = {ax + b; a >0, -»<b<w}, and G is given by
G = {g; 2, 02) =(ap + b, a.202)}. Here a sufficient statistic
is given by T = (X, s2) for X = (Xl+ ces * Xn)/n and
52=i:};l(Xi-5f)2/n. Then the conditional d.f. of (1) is given by
cf. Lieberman and Resnikoff (1955))

5x|7) = 6l (n-2 ¥ (xD)/L(n-1)sP (DT

i _ 1 — 1
+I(x;X - (n-1)2s, X + (n-1)2s) + I(x;X + (n-1)3s, =) (2)
where I(x; a, b) =TI (x), and G, is the Student-t distribu-
(a,b) v



tion function with v degrees of freedom. It is easily verified
directly that F(x|T) of equation (2) has the invariance property
of equation (1).

Next, we consider a different sufficient statistic. Let
T = (X(l)’ cens X(n)) be the vector of order statisties, and

otherwise the problem remain unchanged. Then
Fe(x) = F(x) = P(xl < x|T),

and the empirical 4f has the invariance property of (1), as is

easily verified directly, also.

3. APPLICATION TO SIMILAR TESTS

Recall that a test ¢ is similar ¢ on F = {Fe; 8 €Q} if
Ee(¢) =aV 8 €Q, We have the following from sections 1 and 2.

Theorem 1. If G 1s a transformation group of strictly increasing
functions an X that induces a transitive group G on Q (or 7),
then any RB - EDF test statistic d(ﬁ, Fe) gives a similar test on
7

Note particularly that this property does not depend upon
the function d, but is due to the property given in (1) which is
satisfied by all RB df's, and in particular by both F and F.
This property of d(f, Fe) was demonstrated for the case of d a
Kolmagorov-Smirnov distance and J either a two-parameter normal
or scale parameter exponential by Srinivasan (1971). See Schafer,
et al (1972), and Moore (1973) for some corrections and additions
to Srinivasan's results.

In the foregoing the statistic T has only been taken to be a
sufficient statistic for #. If T is also a complete statistic,
then F above is well-known to be a minimum variance unbiased,
MVU, estimator of F. For this case we have immediately an impor-
tant independence result. The next theorem follows from Theorem
" 1 and a Theorem of Basu (1955, 1960).

Theorem g. If the conditions for Theorem 1 are satisfied and T

is complete and sufficient, then every MVU-EDF statistic d(F, Fe)



is independent of T.

The independence of the goodness-of-fit test statistic and
the statistic that is complete and sufficient for the parameters
under the null hypothesis is important for epplications. From
this independence it follows that a given sample can he used to
make & goodness-of-fit test, and then to make inferences about
the parameters, and the overall error rates assessed, under the
null hypothesis. It should also be observed that for those
classes of distributions for which the ML estimator F is also
invariant under the characterizing group G of transformations
(cf. David and Johnson (1948)), an independence theorem similar
to Theorem 2 holds for ML-EDF statistics and the complete suffi-

cient statistic T.
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