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RESAMPLING METHODS FOR THE EXTREMA OF CERTAIN SAMPLE FUNCTIONS
PRANAB KUMAR SEN
University of Nonth Carolina at Chapel HiLL

For a general class of extrema of sample functions, including bundle strength
of filaments, for variance estimation, the classical delta method along with
jackknifing and bootstrapping are critically examined and their relative me-
rits and demerits are discussed.

1. INTRODUCTION

We motivate our study with the following simple model. Consider a bundle of
n parallel filaments whose individual breaking strengths are denoted by X],...,
Xn‘ These Xi are assumed to be independent and identically distributed (i.i.d.)
nonnegative random variables (r.v.) having a continuous distribution function
(d.f.) F, defined on R = [0,®). Let X ., <...< X . be the associated order
statistics, and as in Daniels (1945), define

Dn = max{ (n-i+1)Xn:i ;1 <i<n} (1.1)

as the bundle strength of 4ilaments. Daniels prescribed a very elaborate analy-
sis leading to the asymptotic normality of a normalized version of D Based on
the behavior of the empirical d.f. (e.d.f.) Fn(x) = n ]Z" I(X1 < ), X € R ,a
greatly simplified approach to this study was initiated by Sen, Bhattacharyya

and Suh (1973). We may note in this context that

z =00 = max{ [1- (i-D)/mX . :
sup{ [1-Fn(x) Ix : xe

1<i<n}
n n - -
R¥ 1, n>1 (1.2)

n
>

so that the asymptotic behavior of Fn may provide us with all the necessary
tools for the study of the same for Zn. Keeping this in mind and proceeding as
in Bhattacharyya and Sen (1976) and Sen (1976, 1981), we may conceive of a
sequence {X 31 > 1} of i.i.d.r.v.'s with a continuous d.f. F, defined on Rp
for some p 3_1, along with a smooth function ¢ : RP x [0,1] - R, and consider

a functional
8 = 8(F) = sup{ ¥(x,F(x)) : x e ACRP }. (1.3)
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Let.Fn be the e.d.f. based on X], .,Xn , and define
= sup{ w(x,Fn(x)) : X e A}, n >n, - (1.8)
We assume that there exists a unique Xg» an interior point of A, such that
- < § = w(xo,F(xo)) < +o and 0 < T = F(xo) < 1. (1.8)

Also, we assume that for for every € > 0, there exists an n > 0, such that
Y(x,F(x)) < 8 - , for every x :|| x - xoll >n . . (1.8)

Moreover, we assume that
oPa L WOGF () = w(x,F(x))| > 0, on the set [IF -FI] ~ 0. (1.7)

In many cases of practical interest, (1.6) may be verified by incorporating
Hadamard or compact continuity of functionals [viz., Sen (1988)]. Finally,we
assume that woj(x,y) = (3/9y)¥ (x,y) exists for every x ¢ A and y € (0,1),
and further, there exists a neighborhood of (xo,no) in which wCI(’) is uni-
formly continuous; we denote by

E = vgy(xgomy) and 2 =gk (1- 7). (1.8)
First, we may note that by (1.3) and (1.4), for every n >n, s
[ 8y =8 1< S | 0lGF (x) - iG] (1.9)

so that by (1.7) and the fact (that by the Glivenko-Cantelli lemma) Ian-Fll
+ 0 almost surely (a.s.) as n> <, we obtain that

| 6, - 6| > 0 as.,asn->o, (1.10)
Also, if we set R R R
6, = w(xon, "on) where Ton = Fn(xon) R (1.11)
then, by (1.10), (1.11) and the a.s. convergence of lan - FI| to 0, we have
leon - X, || - 0a.s., and Ton = T ™ 0 a.s., as~nA+ ®, (1.122
Further, by (1.3) and (1.4), w(x oF (xo)) - w(xo,F(xo)) 2 8, -8%2 w(xon,won)

- w(x ( )), with probab111ty 1. Moreover, if we incorporate the compactness
part of the weak convergence of n /Z(F - F), we may claim that for every € > 0,
there exist an n > 0 and a sample size Ny (= no(e,n)), such that

p{"x§§z||<€ n1/2an(x)-F(x)-Fn(xo)+F(xo)1 >e} <n L n>n. (1.13)

At this stage, we make use of (1.12) and the uniform continuity of wOJ(’) in a
neighborhood of (xo,no), and obtain from the above analysis that as n increases,

V28 ~e) D, N0, yP). (1.14)
This result extends Theorem 8.1.6 of Sen(1981) under slightly less stringent



regu]arity conditions. In order to draw statistical conclusions on 8 based on
en » the use of (1.14) rests on the estimation of y?>. Moreover, en i? a highly
non-linear estimator, and hence, its bias may not be of the order n”'. As such,
there may be a need to study the nature of bias , so as to make plausible corre-
ctions for moderate sample sizes. We shall look into both these variance estima-

tion and bias estimation problems.
2.0RDER OF ASYMPTOTIC BIAS

We have already noticed that with probability one,

xgoFn (%)) = wlxWF(xg)) < 8 = 8 < wlxgpoF, (x o )= wlx  sF(x ). (2.1)
In the particular case of the bundle strength of filaments, ¢(x,y) = x(1-y) ,x
e R" and y € [0,1], so that the 1eft hand side of (2.1) is equal to x [F(x ) -
Fr (x )] which has mean zero. Hence, 6 has a nonnegative bias. In fact, in th1s
spec1a1 case, by the use of the reverse martingale property of{F }, it has been
shown in _Sen et al. (1973) that {e }is a reverse submartingale, and further, the
bias of en is o(n 1/2), as n > o, Even in this special case, d1rectAman1pu1at1on
of the right hand side of (2.1) seemed to be quite complicated (as x__ is stocha-

on
stic), and a bias of the order n'] did not appear to be evident !
To study the bias term in a general setup, we rewrite (2.1) as
0 <{8 -8 -[w(x,F F (%)) = $xgsF(xg)) 1) (2.2)
< LDy Fo(Xon )= bR Flx 1)) T = Lo, (x )= lx o (x )1

Given enough smoothness conditions on w(..), we may be tempted to make use of a
Bahadur (1966) type representation for the right hand side of (2.2) wherein we

may need to use suitable rates of convergence in (1.12) and (1.13). Further, as

we need to take expectations , we may have to use the Duttweiler (1973) approach
to the Bahadur representation a]ong with Theorem 7.3.1 of Sen (1981) to cope with
a slower rate than n -1/2 ( for Xon = X ) The end product is that typically the
bias of ( an -8 ) is O(n ), for some A : 1/2 < X <3/4. In this context, we may
note that the Hadamard continuity in (1.7) does not necessarily insure the Hadamard
differentiability, and hence, the usual (first or second order ) differentiability
properties of the functional under review may not hold.Expecting a second order
differentiability property to hold would restrict the class of y(..) and hamper
the generality of the result in (1.14). Also, in the negation of such differenti-
ability, the classical jackknifing may not work out well in reducing the bias to a
Tower order. For this reason, we need to explore other possibilities. Among these
the sub-sampiing method considered by Sen (1990) may work out well.



In this context, we may note that if for a statistic Tn based on n observations,

E(T,) =8 + a(F)n’A + o(n'x ), for some X : 0 < X <1, (2.3)

where a(F) is an unknown functional of the df F, then
EC T - (n-1)T 1} = 8+ (1- An™Na(F) + o™ ), (2.9

so that for A < 1, the order of the bias term remains the same, although its
contribution is discounted by the factor (1- A). This very simple observation
implies that for an order of bias O(n'A ) A < 1, there may not be enough incen-
tive in using the classical jackknife for bias reduction, although its utility
in estimating the asymptotic variance may still remain in tact. The situation is
no better for the classical bootstrap. Since the bootstrap sampling allows a
possible duplication of some of the units in the original sample ( with a posi-
tive probability) , the effect of ties arising in this manner may actually make
the bias term even worse ! For this reason, we may find it convenoent to use a
delete-d jackknifing method (where d is not too small) as a better compromise in
controlling the bias term without making any real difference in the asymptotic
variance term. We may refer to some of the details in Sen (1989).

3. RESAMPLING PLANS FOR VARIANCE ESTIMATION

First, we consider a naive estimator of YZ. Using (1.8), (1.10), (1.11)
and (1.12), we propose

Yo ® & Tonl T Top ) (3.1)

as an estimator of yz , where we let

by T ¢o1( Xon * Ton ). (3.2)

This is actually based on the classical delta-method, and the estimator is con-
sistent under the assumed regularity conditions. However, as we have noticed R
that the original estimator én in (1.4) is highly non-linear, the estimator Yy
in (3.1) may inherit the sensitivity of the delta-method to basic nonlinearity
of the functional,and as such may have significant bias component. For this
reason, we may like to explore alternative methods based on suitable resampling
plans with due emphasis on the classical jackknifing and bootstrapping methods.

Let X(i% be the sample of size n-1 obtained by deleting the ith observation
(X ) from the base sample of size n, for i=1,...,n. We denote the empirical d.f.
assoc1ated with X(1% by F( % ,and the estimator of 6 based on this subsample
is denoted by e;tﬁ for 1— 1,...,8. In the classical jackknife method, we

then introduce the pseudo-values éh i i=1,...,n, as



~ _ A~ A(_i) .
en,i = né - (n-1) 6,1 » fori 1,...,0. (3.3)
Then the classical jackknifed version of the estimator en is given by
~ _ _] n ~
g TN Be en,i 0 ;
_ i
= + (n-1){ n” 1 -1 ( N o, )}, (3.4)

It follows from (2.3) and (2.4) that the bias of the jackknifed version is O(n'x)
where X is greater than 1/2, but not more than 3/4. In this sense, jackknifing
has reduced the bias to some extent, but not to, any lower order of magnitude. Let
us also define

_ -1 on - o 2
VnJ - (n‘]) Z. ]{( ?n,i - enJ } ( ) 2
= (no i -1 .n 2(J
= (n-1) ¢ i= ]( 6 n Zj=] en_ ) (3.5)
as the jackknifed var1ance estimator.Since the subsample (nonlinear ) estimators
é‘% , i=1,...,n and en are directly involved in (3.5), nJ is expected to be

less sensitive to the inherent nonlinearity of the functional than the classical
delta method. Let Cn = c(xn:],...,xn:n;xn+j,3 >1 ), n>1 be the sequence of
tail sigma field. Then, we may rewrite (3.5) as

A A 2
n T ECo e ) ¥ le, ] (3.6)

VnJ = n(n-1)E[{ o
so that a sufficient condition for the consisEency of VnJ is the a.s. convergence
of the standardized conditional variance of en » given Cn+] ,» @S N + oo,

In the particular case of the bundle strength of filaments, we have already
noticed that {8 ;n > 1} is a reversed submartingale, and hence, we may even link
(3.6) as a v1ta] component towards the asymptotic normality resu]t in (1.14).
Motivated by this, our goal may be to approximate the sequence {e s n > 1} by
a reversed martingale, and use this characterization in the convergence of VnJ
in (3.5) or (3.6). For the subsample Xé % , we define e(l) , x§13 , and v(1%_1
1,...,n). Then, note that

as in (1.11), for every i(

max{ sup[]| F(1) x) - Fn(x)l :xeR]l :1<i<n}s= n’] , (3.7)
with probab111ty one and hence, we can easily extend (1.12) as follows: As n e ,
max ~i
1<?2§ | X, % 1° %o || - 0 a.s., and 1<i<n | ﬂé % 1 - Tl »0 a.s. (3.8)
This enables us to make use of the uniform continuity result on wo]( ) for every
subsample X( % , i=1,...,n, when n is large. Note that for every i( =1,...,n),
“(i) - o(i) (i),0(i)
-1 T vl Xa,n-1° Fn-l(xo,n-1)) i (3.9)

so that



Il)(-;\(on’ Fsi%(;on)) ) w(; on’ Fn(;on) ? f-. 851% - 5n . . (3.10)
< (X é g 10 Félg(ﬁélng)) - w<?§13-1’Fn<9813-1>>

On the other hand, for every x ¢ Rp,
P ) - R0 = (o) TR () - T < x) ) - ()
(-1)"TF (x) - TX, < x)}, i =1,...,n. (3.10)

Thus, using the uniform continuity of wOI(.) in a neighborhood of (xo, no)

along with (3.8), we conclude that the left hand side of (3.10) behaves as
Vo1 (Xon2Fn (Xgg DT (=)7L F(x ) = T(X, < x )13+ oy(n ), (3.12)

uniformly in i = 1,...,n. In a similar manner, the right hand side of (3.10)
can be expressed as

bor gy P S e TR GED - reeg <)y

o,n-1"° o,n -
op(n‘]), (3.13)
for every i (=1,...,n). Incorporating (3.8) along with the uniform continuity
of wO](.) in a neighborhood of (xo,no), the first factor in (3.12) as well as
(3.13) can be replaced by 'wOI(xo’“o) » and the difference can be absorbed in
the second term i.e., with o_(n"!), uniformly in i (=1,...,n). Secondly, if we
sum over i (=1,...,n), the second factor of the first term in (3.12) becomes

identica]]y equal to 0, so that, by (3.10) and (3.12), we obtain that

el ey s o (n 7). (3.14)
Simi]ar]y, if we Iet
~de . ~d _ max A(‘i) Nk ) Nded _ min ( )
Xoun Fn(xo,n) T I<izn Fn(xo,n-l) and X, o Fn(xo,n) T 1gi<n F (xo n-1)
then (3.15)
F () - F (xr )< ""[F(x“) rx, < x\) g
n‘"o,n n‘“o,n’ — 1 n_"o,n- i —"o,n-1
ek
( 0.8 ) - Fn(xo,n ), (3.16)
where, by (3.8), both the left and right hand sides of (3.16) are o(1)a.s.;so that
R G L R Y o,(n”"). (3.17)
From (3. 14) and (3 17), we obtain that as n » « ,
-1,en ,2(i) 2 _ -1
Z521(8pp -8y ) | = o (n77). (3.18)

In fact, in (3.12) and (3.13), the remaipder terms are o(;) a.s., as n + », and
hence, in (3.18) too, we may replace opq;) by oX) a.s., as n . As such, by
n



(3.5), (3.6) and (3.18), we conclude that

Vo, = (n-1) ‘z“ L e(J) 5n )2 4+ o(1) a.s., as n » . (3.19)

This enables us to use again (3.10) through (3.13) with the op(n']) terms being
replaced by o(n']) a.s., as n > » . Towadrs this, using (3.8), we first write
(3.13) as

b1 Xons Fagn)C (-DTTRGET) ) - 10k < x8) ) 11+ on™) s, (3.20)
Secondly, we write
AR (AP LS B NCNR I 1 SR I W (3.21)
for every i(=1,...,n), where
R ;= F_ (x(‘) ) - F(x) - I (‘) ) D) F G < x, )s i=T,..00. (3.22)
Note that by (3.15) and (3 22)
n'e? §§1 <2n B < xé13 Dm0 < x ) T
Y
* 21 1[ F (xo n-1 ) - Fn(xon) ]
'l n ot 3 3 %
<2n 1 I(x Xo,n = Xy < *o,n )
e
+2[ F, (x- ) Fale ) T

20F,(xg 1) = Fplxgn ) L1+ Fols ) = ) ]

o(1) a.s., as n+ o ,. (3.23)

where in the last step we have made use of (3.8), (3.15) and the Glivenko-Cantellj
lemma. Consequently, by (3.12), (3.13), (3.20) - (3.23), we may write VnJ in
(3.19) as

V= (n- 1)“ A ]w01(x FoRon) ) [Fp(5n) = 10X, < xgp) 1P+ 0(1) aus.

n(n-1)" wm(x Fn(xon)) F (x 2 [1- Fn(xon) 1+ 0(1) a.s.
172

n(n-1)" Y, * o(1) a.s., as n » o , (3.24)
where ;ﬁ is defined by (3.1), and by (1.12) and (3.1), Yﬁ is a strongly consistent
estimator of YZ, defined by (1.8). Thus, we obtain that

VnJ > yz a.s., as n > o , (3.25)

Although the (strong) consistency of Vo has been established here through the
asymptotic a.s. equivalence result in (3.24) and the a.s. convergence of the naive
estimator ;n to yz, as has been noted earlier, VnJ may be much less sensitive to
nonlinearity of ¢(.), and hence, should be more robust.



Let us look into the bootstrap variance estimation problem. Corresponding to
the g1ven samp]e X]""’Xn’ we define the empirical d.f. F as in earlier, and
let X], . X be n (conditionally) 1.1.d.r.v. s drawn from the d.f. Fo s we
denote the emp1r1ca1 d.f. for the X by F . Then, we define

~dk

6, = supl w(x, Fn(x)) :xe A c:Rp }. (3.26)
For latter use, we write

Ak - Ak Ao A% _ * "~k 2

8, = P( Xon * Ton ) where Ton = Fn(xon (3.27)

For some positive integer M (usually large), we draw M such (conditionally inde-

pendent) bootstrap samples from Fn, and denote the corresponding estimators by
e ~%

en,l seee s en,M (3.28)
Let then
* -1 M N S 42
VnB = nM zi=1( en,i - en ) (3.29)

12,4 6 -6) . W

%*
like to study the convergence properties of VnB and also compare 1t with the

be the bootstrap estimator of the asymptotic variance of n

jackknifed variance estimator V
Recall that by definition,

nd’

b (ko Py (Xon)) = WX oFa(Rp)) < By = 8 < WX (ko)) = WX T LE ),
and further, (3.30)
CHTIE AT 0,(1) a.e. (F,). (3.31)

By virtue of (3.31) and the assumed regularity conditions on ¢ , it can be shown
that as n » » |

Xy, = Xgp |1 > 0 and o Ty | >0, in probability, (3.32)
and further, the classical Bahadur (1966) representation of sample quantiles holds
for the bootstrap empirical d.f.[ see for example, Gangopadhyay and Sen (1990)].
As such, using the uniform continuity of wO](;) in a neighborhood of (xo, no),

it follows from (3. 30) through (3.32) that as n + =,

02080 = 8 ) = gy (g Fa ko)) n2EN(x ) - Fo(x )]

+ 0, in probability ( a.e. Fi ) (3.33)
so that using the conditional i.i.d. nature of the set in (3.28), and the repre-
sentation in (3.33), we obtain from (3.29) that as n + « ,

V:B - w01( sF o (X n)) (Xon)[l—Fn(xon)] + 0, in probability. (3.34)

~

. . 2
Therefore, from (3.1), (3.34) and the consistency of the naive estimator Y, » we



conclude that under the assumed regularity conditions, as n + «

* "2 . . (g
VnB s Vg and Y, are equivalent in probability, and they
estimate Y2 consistently.

o2

v
(3.35)

It may be remarked here thatY and v ng are both strongly consistent estimators
of the asymptotic variance of n2(e - 8 ), whereas, we have been able to estab-
Tish only the weak consistency of the bootstrap variance estimator. This is
mainly due to the fact that in bootstrapping we consider the conditional law
given the base sample, and hence, an a.s. result will not only require the a.s.
part on the conditional setup but also on the part of the base sample. Thus, we
would have to deal with a double sequence, and hence, we may need extra regula-
rity conditions. On the other hand, for the conditional law, there are some

nice recent developments [ viz., Gine and Zinn (1990)] which may be incorporated
to obtain some uniformity results. However, we shall not probe into these here.

4. PERFORMANCE CHARACTERISTICS UNDER ADDITIONAL SMOOTHNESS CONDITIONS

For simplicity of presentation, we assume that in (1.3)-(1.4), x or the X,
are real valued; the results to follow continue to hold even if x ¢ Rp for p
> 2. We assume that in a neighborhood of (xo,no), y(x,y) has continuous second
order partial derivatives (with respect to x,y), and these are bounded. We denote
the first order derivatives by w]O(.) and ¢o1(')’ while the second order ones are
denoted by wzo(.), w]](.) and woz(.) respectively. Also, we denote the density
function for the d.f. F by f(x), and assume that f(x) is continuous in a neigh-
borhood of Xy - Then, note that by definition of 8 in (1.3) and (1.5),

Violxgs M)+ flx,) vgy(xem)) = 0. : (4.1)
We have already assumed that wO](xo,no) is nonzero ( as otherwise vy~ will be

equal to 0 and we would have a degenerate normal law in (1.14)). Then, by a
local expansion of y(x,F(x)) around w(xo,F(xo)), we obtain that as x » x ,

(x=xg g (xgsF(x5)) = ~[F(x)-Flx )T (x,F(x))) + O((F(x)-F(x))2).  (4.2)

On the other hand, by (4.1), and a local expansion of y(x ,F(x)) around (x F(xo)),
we obtain that as x » Xy o

BOGF(K)) = wlxgaFlxg)) = 00 [x = x 1%+ [F(x) -F(x )% ). (4.3)

Combining (4.2), (4.3) and the Bahadur (1966) representat1on for { Fr (%) - F(x)
- Fn(xo) + F(xo) Y, |x - X, | = O(n'B(logn) ) for some B8 : B < 1/2), [see,
Theorem 7.3.1 of Sen (1981)]) , we obtain that

- -1/3

| Xon = %o | = 0(n

1/2 - 4.4
on (logn) ") a.s., as n . (4.4)



As such, by an iterated use of Theorem 7.3.1 of Sen (1981), we obtain from (3.1),
(4.4) and the assumed boundedness of wOZ(.) in a neighborhood of (Xo’F(Xo)) that

o2 2 -1/3 1/2)

Yn =y o+ o(n (]og n) ad.S., a8 n > o, (4-5)

This exhibits the good performance of the naive estimator Y, in (3.1) even when
the functional is not so smooth to induce a bias term of the order n'].
Let us next look into the picture of the jackknifed variance estimator V nd -

As in before (3.7), we introduce the notations xé13 s F(]i( etc. foE ; =1,...,Nn.
i) ~(d
Using (3.10) along with the fact that u(X on*Fn Xon ))_3 ‘P(xo - ],F (Xo,n-l))’ for

every i (=1,... ,n) with probability 1, we obtain that for every i{=1,...,n),

o< (8lt) -8 ) -[uix, ("<x D) = W oF (1)) ]

n-1 n

< gl Rl ])>A- Wxgys F ’(x ) - w<xg1g R ST) 1)
WXy Folxg)) 3 (4.6)

Making use of the Taylor expansion on the right hand side of (4.6) and the fact that

Féi%(x) - Fn(x) =-{I(Xi < Xx) - Fn(x)}/(n—l), for every x and i, we obtain that the

right hand side of (4.6) can be written as

b1 g oF gy D (0=1) M TOX, < X ) - 10X, <xiD ) ) ¢
F (Xé13 1)+ o(n” ).a.s., as n - o (4.7)
so that
(=1L 687) - 8,) - tw(xgys FEIRD) = 0k oF (3 )) 3 12
: ¢§1 (;on Fn(xon)) ’ Aﬁi’ (4.8)
where
?=1 Aﬁi = O(n']/31og n)a.s.,,as n o (4.9)

In the derivation of (4.9), we have made use of (4.1) through (4. 4) a]ong w1th
(3.15) and (3.16), whereby we are able to show that F (x n) F (x ) = 0(n”
log n) a.s., as n + « . By virtue of (4.8) and (4. 9), we obta1n that as n »o,
. n ~ -1/3
Vg = (1) 00w PG 0D = R o (R 003 2+ 0071 P10g n) as.
* -
= VnJ + 0(n ]/310g n) a.s., (4.10)

1/3

where by a simple Taylor expansion , it follows that as n + »

Y -1/2
Vg = Yo +0(n"Y%10g n) aus. . (4.11)

Thus, (4.5) extends to V ng 2 well. On the other hand, in (4. 10), the nonlinearity

of ¥(.) is retained to a greater extent (than in (3.1)), so that V ng and hence



V_, are likely to be more robust than Y2 when n is not so large.
Let us consider next the bootstrap variance estimator V 0B defined by (3.29).
Note that given F , the estimators in (3.28) are conditionally i.i.d., so that if

we define

nJ

a =a(F)=en/?(e - 6 )|F I, (4.12)
and

v = vO(F ) E{n(e:- 5. )% | F 1, (4.13)
then, by (3.29) and the conditional i.i.d. nature of the estimators in (3.28), we
conclude that given Fn s

Ve -V > 0 as,as M e . (4.14)
However, a suitable rate of convergence in (4.14) may demand extra regularity
conditions ( particularly higher order monents of the e ). On the top of that ,

we may write

o _ % > 2
v, = n.Var{ ( o, = 8 ) | Fo } o+ a (4.15)

so that the behavior of Vg is not only dependent on the conditional variance in
(4.15) but also on the asymptotic bias term in (4.12). In this context, we may
note further that although y(x,F(x)) is twice differentiable with respect to x

( as has been assumed earlier in this section) with (d/dx)y(x,F(x)) = 0 at X = X
the function w(x,Fn(x)) may not have a derivative (even first order ) at Xon *
This may entail some non-smooth nature for which the rate of convergence for
w(x,F*(x)) may be somewhat slower. For example, in (4.1), if we replace F(xo)

by F (xon)) and want to have a similar identity, that won't work because F may
not be differentiable at x0 As a result, in (4.3), w1th F(x) replaced by F (x),
we may have a slower rate than (x - x ) + [F (x) - Fn(xon)] . Moreover, even
if F(x) - F(y) is 0(n~ ), Fq (x) - F (y) may not be of the same order [Bahadur
(1966) representation genera]]y y1e]ds an order n 3M’(]og n)]/2 a.s. JsSimilar
slower rates of convergence remain applicable to the F (x) and x0 . Thus, we

may not be in a position to claim the same rate of convergence as in (4.11).

We may remark in passing that the empirical distribution of the n]/z(e - én)
in (3.28) may be used to provide a confidence interval for 8 . But, any c1a1m that
such an interval behaves better than the conventional one based on (1.14) and (3.1)
may demand the validity of the bootstrap Edgeworth expansion, which in this non-
smooth case remains largely open for verification. The standard tools developed for
functions of the mean type statistics may not be usable here.

0’
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