
ABSTRACT

BAIK, SEUNGWON. Optimal Component Layout for Minimal Vulnerability of Weapon
Systems. (Under the direction of Dr. Shu-Cherng Fang).

Vulnerability is one of the key features of weapon design. Lower vulnerability guarantees

the survivability and sustainability of weapon systems on the battlefield. The weapon vul-

nerability is greatly affected by how the components are placed inside weapon systems. Yet,

the optimal component layout problem has not been fully investigated due to its complex-

ity. In this dissertation, a mathematical model for minimizing the vulnerability of weapon

systems is proposed by utilizing a grid point approach. A mixed-integer nonlinear pro-

gramming model is first formulated and converted to a mixed-integer linear programming

problem using the concept of pseudo-Boolean expressions for computations. In addition,

we propose a "zone-based restriction heuristic" method to generate solutions in a much

more efficient manner. A practical instance and the analysis of numerical experiments are

also provided to validate the proposed model and solution method.
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CHAPTER

1

INTRODUCTION

1.1 Background

Weapons are used to win battles. There exist various factors that affect the performance

of weapon systems. Firepower, mobility, and survivability can exemplify the performance

characteristics of a ground weapon system. Among them, survivability is an essential

feature for successful military operations. Since World War II, there have been discussions

on the survivability of some well-known aircraft [Jab65; JC58]. The conceptual studies of

weapon survivability started in the late 1960s [Arn69; Atk69]. Quite a few studies have been

conducted to improve the survivability of weapon systems.

Weapon systems operate on battlefields with uncertainty. It is unpredictable to know

when and how enemy threats attack a weapon system. As a common practice, the surviv-

ability of weapon systems is represented by a probability, denoted by PS . The closer PS is

to 0, the less likely the weapon system is to survive. On the contrary, the closer PS is to

1, the more likely the weapon system is to survive. The opposite concept of survivability

is killability, which is also measured by the probability that the weapon system is killed

[Bal03].
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For a weapon system to be killed, the weapon system first has to be hit by an enemy

threat. This probability depends on the proficiency of the crews and the avoiding capability

of the weapon system. Once the weapon system is hit, the probability of being killed

depends on the withstanding capability of the weapon system. Hence the killability of

weapon systems can be represented by the two inabilities to avoid a known enemy’s threat

and to resist the enemy’s threat. These two concepts are referred to as the susceptibility

and the vulnerability of weapon systems, respectively. Hence the weapon killability and

survivability can be characterized by the vulnerability and susceptibility of weapon systems.

Consequently, the survivability of a weapon system depends upon how well the weapon

system can avoid and withstand enemy threats. Since the weapon vulnerability and sus-

ceptibility are independent concepts of each other, the survivability of weapon systems

can be maximized when the vulnerability and susceptibility of weapon systems are mini-

mized individually. Various techniques have been developed to reduce the susceptibility or

vulnerability of weapon systems [Bal03; Dri13].

1.2 Motivation

The assessment of weapon vulnerability varies with the type of enemy threats [NRC93].

The vulnerable area (VA) approach is used as the primary assessment of the weapon’s

vulnerability. This approach measures vulnerability by the ratio of vulnerable areas to the

entire area [Dri13]. The simulation software called COVART (Computation of Vulnerable

Area and Repair Time) operates based on the VA approach [DSI], which is widely used to

measure the vulnerability of weapon systems in the military field. It assumes a single hit

with a recent upgrade to deal with various types of warheads [Bal03]. Through the COVART

simulation software, we can analyze which component layout is more vulnerable. Given a

limited number of component layouts, the COVART simulation computes each component

layout’s vulnerability and chooses the one with the lowest vulnerability. However, it is almost

impossible to simulate all possible cases one by one to reach an optimal component layout

using COVART software for a large size problem.

The vulnerability of weapon systems depends on how components are laid out inside

the weapon system [Bal03; Dri13]. If we can flexibly assess weapon vulnerability, then we

shall be able to formulate the problem as a mathematical optimization model. Moreover, if

the mathematical model can be efficiently solved to reach an optimum layout for minimum

vulnerability, then the shortcomings of the COVART program can be overcome.
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There exists relatively little research in the current literature on building optimization

models for minimum vulnerability because the VA approach computes weapon vulnera-

bility based on the projected areas of each component under a hit from a given direction.

These projected areas may overlap each other to form many irregular shapes that are hard

to model in mathematical expressions. This motivates us to design a new approach for

assessing vulnerability that allows us to formulate the problem in simple mathematical

expressions.

1.3 Contribution

This dissertation proposes a new mathematical model for minimal weapon vulnerability of

weapon systems, considering all component types and realistic constraints. We also propose

a new approximated grid point (AGP) approach evolved from the existing VA approach

to capture vulnerability in the proposed model. Based on the AGP approach, a mixed-

integer nonlinear programming (MINLP) model is formulated first and converted into a

mixed-integer linear programming (MILP) model using the concept of pseudo-Boolean

expressions for finding exact optimal solutions. In addition, we provide a heuristic method

to reduce the required computation for finding high-quality solutions in a much more

efficient manner. The main contributions of this dissertation are tri-fold:

• We propose a new AGP approach to model the vulnerability of weapon systems.

It approximates areas using grid points compared to the VA approach. The results

converge as the density of the grid point set increases. In this way, we can keep the

shape of the projected area without distortion. This approach enables us to realize

the concept of weapon vulnerability into a mathematical model.

• With the AGP approach, we formulate an MINLP model including all component types

and the concepts of partial penetration and redundant components. Then we design

a linearization mechanism using the concept of pseudo-Boolean expressions for

computational efficiency. This mechanism enables us to obtain optimal component

layouts of weapon systems using commercial solvers.

• A zone-based restriction heuristic is proposed to generate high-quality solutions for

a large scale component layout problem in a much faster manner.
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1.4 Outline of Dissertation

This dissertation consists of three pieces of work. In the first piece of work, we propose a new

approach for assessing weapon vulnerability that can be easily adopted in an optimization

model. The second piece of work provides a mathematical model for finding the minimal

vulnerability of weapon systems based on the proposed approach of assessment. In the

third piece of work, we design a heuristic method to solve the proposed mathematical

model in an efficient manner.

In Chapter 2, we review the literature on vulnerability of weapon systems. To discuss the

vulnerability of weapon systems, the concepts of kill modes and components are introduced

first, and then we explain how the kill modes and components are related to each other.

We also present the vulnerability program, which is a commonly adopted procedure to

analyze and reduce the weapon vulnerability in the military field. Then the literature on

the optimal component layout problem is reviewed. We also briefly explore the well-known

mixed-integer linear programming (MILP) problem based on which our proposed model is

formulated.

Chapter 3 mainly explores the assessment approach for weapon vulnerability. As prelim-

inaries, we introduce some basic concepts including threat directions, parallel projections,

and geometry of cuboids in the 3-dimensional space. Then the commonly used VA ap-

proach is presented with simple examples. We also provide the proposed AGP approach

and discuss the difference between the two approaches to show the advantages of using

the proposed AGP approach.

Chapter 4 presents a mathematical model of the minimal vulnerability of weapon sys-

tems. We provide the problem statement and notations used for the proposed mathematical

model, which includes all component types and realistic constraints for the feasibility in

the 3D space, partial penetrations, and component redundancy. We formulate the problem

as an MINLP model first and convert it to an MILP model by a linearization mechanism

using the concept of pseudo-Boolean expressions.

Chapter 5 provides a heuristic method to solve the proposed MILP model. Although

the proposed MILP model can be solved by using commercial solvers, we may undergo low

computation efficiency caused by the large number of binary variables and constraints.

The proposed heuristic method is designed by considering components’ characteristics to

improve computational efficiency through restricting the locations of some components.

We present a practical instance to validate the proposed MILP model for optimal component

layout using both of the commonly used Branch and Cut (B&C) method and the proposed

4



ZRH method. Then computational experiments are provided to analyze the performance

of the proposed ZRH method with different sizes.
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CHAPTER

2

LITERATURE REVIEW

This chapter reviews the literature on weapon vulnerability and optimal component layout

problems. In Section 2.1, we introduce the basic concepts to define the vulnerability of

weapon systems. The literature on the optimal component layout problem is investigated

in Section 2.2. In Section 2.3, we present the mixed-integer linear programming (MILP)

model to be used to formulate our mathematical model in this dissertation.

2.1 Basic Concepts

2.1.1 Survivability and Vulnerability

As mentioned in Section 1.1, the weapon survivability (PS ) represents the capability of

weapon systems to be survived against the enemy’s threats. The opposite concept of the

weapon survivability is the weapon killability, denoted by PK . Thus, the survivability and

killability of weapon systems are mutually exclusive concepts and can be represented as

the following [Bal03]:

Survivability (PS ) = 1−Killability (PK ).
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To assess the killability of weapon systems, we need to consider two sub-concepts: the

inabilities to avoid enemy’s threats and to withstand the enemy’s threats. Using susceptibil-

ity, denoted by PH , we can assess the inability of a weapon system to avoid the threat [Bal03].

Here the vulnerability, denoted by PK /H , is defined as the inability of a weapon to withstand

a man-made threat [Bal03; Dri13]. Hence the survivability and killability are characterized

by the susceptibility (PH ) and vulnerability (PK /H ) as the following formulas [Bal03; Dri13]:

Killability (PK ) = Susceptibility (PH ) ·Vulnerability (PK /H ),

Survivability (PS ) = 1−Susceptibility (PH ) ·Vulnerability (PK /H ).

Assuming a weapon system is hit by enemy’s threats, i.e., the weapon susceptibility

(PH ) is equal to one, then the survivability of the weapon system depends upon the weapon

vulnerability only. Thus, the survivability of weapon systems subjected to a hit, denoted by

PS/H , can be represented as the following:

Survivability given a hit (PS/H ) = 1−Vulnerability (PK /H ).

The vulnerability of weapon systems can also be considered as the conditional proba-

bility that the weapon system is disabled when it is hit. Both concepts of susceptibility and

vulnerability are considered as probabilities in the range of [0,1]. The closer PK /H is to 1,

the less likely the weapon system is to withstand the enemy’s threat. On the contrary, the

closer PK /H is to 0, the more likely the weapon system is to resist when it is hit. In short, the

killability describes the inability of weapon systems to avoid and withstand enemy’s threats.

The susceptibility and vulnerability are independent concepts of each other. Many studies

have been conducted in various fields to reduce the susceptibility and vulnerability of

weapon systems [Bal94; Bal98; Har10; Hen82; Kol18; Mer16; Rem76; Wan19; Yi,14]. There

exist at least 12 general concepts to improve the weapon survivability, i.e, to reduce the

susceptibility or vulnerability, as shown in Table 2.1.

Notice that the survivability enhancement concepts are categorized by reducing either

susceptibility or vulnerability. While the susceptibility reduction approaches are related

to advanced science technologies, most vulnerability reduction approaches are linked to

the components in a weapon system, such as component redundancy, location, shielding,

elimination, or replacement. In other words, the vulnerability of weapon systems can be

reduced by efficiently allocating various components inside the weapon system.

7



Table 2.1: The twelve survivability enhancement concepts [Bal03].

Susceptibility(PH ) reduction Vulnerability(PK /H ) reduction

Threat warning Component redundancy (with separation)

Noise jamming and deceiving Component location

Signature reduction Passive damage suppression

Expendables Active damage suppression

Threat suppression Component shielding

Weapon and tactics, flight performance Component elimination or replacement

and crew training and proficiency

2.1.2 Kill Modes and Components

Weapon systems continue to perform some essential combat functions on the battlefield.

Ground weapon systems, such as armored vehicles, basically have mobility and firepower

as combat functions. The combat functions may be inevitably disabled by the damage from

the enemy’s threats. The damages inflicted on weapon systems cause some disabilities of

major combat functions, and these disabilities of the major combat functions are called

kill modes.

Kill modes are defined as the specific natures of damage inflicted on the target [Dri13].

Phrases such as damage definition, damage criterion, kill levels or kill criteria are used as

synonyms [Dri13; Bal03]. Kill modes refer to a state that a specified primary combat function

does not operate properly. For ground vehicles, examples of kill modes are provided as

follows [Dri13]:

• K-catastrophic kill (not repairable),

• M0-mobility kill (cannot move, immediately),

• M40-mobility kill (cannot move within 40 min),

• F-firepower kill (cannot fire).

The K-catastrophic kill (K-kill) indicates that the weapon system is completely de-

stroyed, no longer operating, and is not repairable. The M0-mobility kill (M-kill) refers to a

state in which the drive of the weapon system is no longer possible. F-firepower kill (F-kill)

notes a state in which firepower such as machine guns are no longer functional [Dri13].
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If necessary, we can subdivide some kill modes into more detailed criteria based on the

analysis purpose. For example, M40-mobility kill (M-kill for 40 min) can be used to describe

the status that weapon systems cannot move within 40 minutes due to the damage inflicted

on the weapon systems.

The components inside weapon systems have their roles or functions. In terms of an

entire weapon system, the weapon system operates properly when the components work

correctly. Some components affect the kill modes, and other components may not. For

example, a cooler system for crews in land vehicles does not affect any kill modes, such

as M-kill and F-kill. The cooling system is necessary to provide crew comfort but does not

cause any disability of main combat functions. Thus, we can categorize each component

depending on whether the component is related to the kill modes. Typically, a component

in a weapon system can be categorized as below.

• critical component(without redundancy or with redundancy),

• redundant component,

• non-critical component.

Critical components are the components that directly affect one or more kill modes of

a weapon system [Bal03; Dri13]. For example, if the wheels of a ground weapons system

become disabled, M-kill naturally occurs. Some critical components may have a spare

component in the weapon system. The spare components are called redundant compo-

nents. A pair of critical and its corresponding redundant component is connected to the

same combat function. Hence only when both the critical and its corresponding redundant

components get disabled, the failure of the corresponding combat function actually occurs.

Non-critical components do not affect any kill modes when they are destroyed. However,

we need to include the non-critical components in our mathematical model because they

may protect critical components behind them. Figure 2.1 illustrates the relations of kill

modes and components types using the fault tree.

In Figure 2.1, the fault tree contains six components and two kill modes. If component

1 becomes disabled, M-kill occurs because the component 1 is connected to M-kill with

the OR gate. Component 2 has a link with both M-kill and F-kill in the fault tree. This

means the failure of the component 2 causes both kill modes: M-kill and F-kill. Besides, the

components 1 and 2 do not have any spare components as backups. Hence the components

1 and 2 are called critical components without redundancy. F-kill is affected by not only
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Figure 2.1: Fault tree.

the component 2 but also components 3 and 4. If the component 2 is intact, F-kill occurs

only when both the components 3 and 4 are disabled by the AND gate. Hence one of the

components 3 and 4 is a critical component with redundancy, and the other is called its

corresponding redundant component. Components 5 and 6 are not connected to any

kill modes in the fault tree. Thus, they are called non-critical components. These non-

critical components do not affect any kill modes. However, it is necessary to include the

non-critical components in mathematical models for considering partial penetrations

and 3D feasibility of components. The proposed mathematical optimization model in this

dissertation considers all types of components: critical (with redundancy), critical (without

redundancy), redundant, and non-critical components.

This dissertation defines components as interrelating entities inside a weapon system,

such as an engine, a generator, and a gas tank. We can break down the components into

lower-level parts according to the analysis purpose [Dri13].

2.1.3 The Vulnerability Program

There is a typical procedure in the military field to analyze the vulnerability weapon systems,

called the vulnerability program. The following procedures are generally carried out to

assess and reduce the vulnerability of weapon systems in practice [Bal03].

• Task 1: Identify the critical components and their kill modes (What

(What makes the weapon system vulnerable?)

• Task 2: Perform a vulnerability assessment (How vulnerable is the weapon system?)
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• Task 3: Design for low vulnerability using vulnerability reduction technology

The objective of Task 1 is to determine kill modes and identify critical components

of weapon systems. Task 1 clarifies which components cause the defined kill modes. As

shown in Figure 2.1, fault trees can present the relations between critical components and

kill modes. As a result of Task 1, we may acquire fault trees to clarify the relations of the kill

modes and components. This task enables us to recognize which components make the

weapon system vulnerable. In this dissertation, it is assumed that the defined kill modes

and the related critical components are provided.

Task 2 is the process to specify the enemy’s threat and decide the assessment approach

for the vulnerability analysis. The assessment of vulnerability varies with the threat type

[NRC93]. The enemy’s threats to weapon systems vary from a non-explosive penetrating

warhead to a high-explosive incendiary. Hence, we need to apply different types of analysis

approaches to assess weapon systems’ vulnerability depending on the type of enemy’s

threats. In this task, the enemy threat is first assumed as one type, such as a non-explosive

penetrating warhead, and an adequate assessment approach is determined accordingly.

In this dissertation, we assume that the enemy’s threat is a non-explosive penetrating

warhead, and adopt a new vulnerability assessment approach developed from the existing

assessment approach.

Task 3 is to design weapons systems with lower vulnerability using vulnerability reduc-

tion technologies. As discussed in Subsection 2.1.1, the concept of vulnerability reduction

is summarized into six approaches: component redundancy, component location, passive

damage suppression, active damage suppression, component shielding, and component

elimination or replacement. Most of these technologies use component layouts inside

weapon systems. The component-related reduction technologies are relatively cost-saving

tasks, such as efficiently placing components or adding spare components. In our disserta-

tion, we present a mathematical model of the optimal component layout for the minimal

vulnerability of weapon systems. We expect not only that this proposed model can provide

the optimal component layout for a given component set, but also provide meaningful

information on component redundancy and component elimination.

The research scope in this dissertation is directly relevant to Tasks 2 and 3. In the

vulnerability program, the weapon vulnerability is assessed in Task 2, and some technologies

are applied to reduce the weapon vulnerability in Task 3. We propose a new assessment

approach called the grid point approximation approach in Chapter 3, and formulate an

optimization model achieving the minimal vulnerability of weapon systems in Chapter 4.
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2.2 Literature of Optimal Component Layout of Weapon Sys-

tems

The vulnerable area (VA) approach is used as the primary assessment of the weapon vul-

nerability [Bal03]. This approach measures vulnerability by the ratio of vulnerable areas to

the entire area. The vulnerable area is defined as the product of the critical components’

presented areas and the corresponding kill probabilities [Dri13]. We will explain the concept

of the VA approach in more details in Chapter 3. As mentioned in Section 1.2, the simulation

software called COVART (Computation of Vulnerable Area and Repair Time) is widely used

to measure the vulnerability of weapon systems based on the VA approach. Given a limited

number of component layouts, COVART can compute the vulnerability of each layout and

choose the one with the lowest vulnerability. However, if component layouts are relatively

flexible and we want to find an optimal layout involving many components, it is hard to

expect the simulation software covers all the possible combinations for considerations in a

time limit.

Recently, studies using mathematical models have been proposed to overcome the

limitation of the COVART software. A mixed-integer linear programming (MILP) model

was proposed for the minimal weapon vulnerability [Jee18; Jee19]. The studies in [Jee18;

Jee19] consider critical and redundant components only. However, in reality, non-critical

components are also essential for the optimal layout because they play a crucial role

in dealing with partial penetration. For obtaining the feasible component layout inside

weapon systems, non-critical components also need to be included in mathematical models.

In addition, the studies in [Jee18; Jee19] use squares to approximate the projected areas of

components for adopting the VA approach.

Figure 2.2 presents a layout of two components 1 and 2 with their centroids c1 and

c2. The two projected components have an overlap area, which affects the calculation of

the weapon vulnerability. With the same centroids c1 and c2, the two projected areas are

converted into squares. Even though the converted squares have the same areas as the

original projected areas, the overlap area may be ignored as shown in Figure 2.2. Thus, the

approach in [Jee18; Jee19] enables us to obtain projected areas simply, but may provide

relatively inaccurate overlap areas. Based on this vulnerability assessment approach, a

mixed-integer linear programming (MILP) model is formulated using approximated squares

in [Jee18; Jee19].

Other than the study in [Jee18; Jee19], related component layout issues on satellites
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Figure 2.2: Projected areas approximated by squares.

can be referred to [Qin17; Qin18; Zho19] using different calculation mechanisms from the

vulnerability of weapon systems.

2.3 Mixed Integer Linear Programming

The proposed mathematical model in this dissertation is formulated as a mixed-integer

nonlinear programming (MINLP) model first, and converted into a mixed-integer linear

programming (MILP) model using the concept of pseudo-Boolean expressions for compu-

tations. The MILP model with binary variables can be represented by the followings:

min cT x+dT z

s.t. Ax+B z≤ b,

x≥ 0, z ∈ {0, 1}p ,

(2.1)

where x (∈Rn ) : a vector of n continuous variables,

z (∈ {0, 1}p ) : a vector of p binary variables,

c, d : (n ×1) and (p ×1) vectors of parameters,

A, B : (m ×n ) and (m ×p )matrices,

b : a (m ×1) vector.

The above MILP system includes continuous variables x ∈ (Rn ) and binary variable z (∈
{0, 1}p ). All the constraints are in linear forms with binary integer or continuous variables. In

this section, we briefly discuss the complexity issue in the MILP model and its algorithms.

The MILP problem with binary variables can be solved by enumerating all possible
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combinations of the binary variable z (∈ {0,1}p ). This requires that we solve 2p linear

programming (LP) problems [Flo95; D’A17]. This may demand an enormous amount of

time to solve. Besides, the MILP problem is known to be a problem belonging to the class

of NP-complete problems [Vav91]. Several approaches have been proposed to improve the

computation efficiency as follows [Flo95; Wol98]:

• branch and bound method,

• cutting plane algorithms: valid inequalities and Gomory’s fractional cutting plane

algorithms,

• decomposition algorithms: variable partitioning, duality, and relaxation methods,

• column generation algorithms: Dantzig-Wolfe reformulation, solving the master

linear program and integer programming (IP) column generation,

• heuristic methods: greedy local search and improved local search heuristics: tabu

search, simulated Annealing and genetic algorithms.

In this dissertation, the optimal component layout problem is formulated by an MINLP

model first, then linearized into a MILP model using the concept of pseudo-Boolean expres-

sions. The proposed MILP model enables us to find optimal solutions using any commercial

software. Some readily available MILP solvers include ILOG CPLEX [ILO], Gurobi, LINDO,

Mosek, XPRESS-MP [Lin11] and AMPL [Ji 19]. We solve the proposed MILP model using

CPLEX using the Branch and Cut (B&C) algorithm, which involves a branch and bound

algorithm with cutting planes [Lin11; Wol98; Wan19]. Then we propose a "zone-based

restriction" heuristic method to overcome low efficiency caused by a large number of

variables and constraints in Chapter 5.

14



CHAPTER

3

VULNERABILITY ASSESSMENTS OF

WEAPON SYSTEMS

In this chapter, we study on the vulnerability assessments of weapon systems. In Section 3.1,

some basic concepts and observations are provided to measure the weapon vulnerability. In

Section 3.2, we introduce the vulnerable area (VA) approach, which is widely used to assess

the vulnerability of weapon systems. The new approximated grid point (AGP) approach

is proposed to adopt the concept of the weapon vulnerability in optimization models in

Section 3.3.

3.1 Preliminaries

In this section, we investigate some basic concepts to assess the vulnerability of weapon

systems.
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3.1.1 Threat Directions

Enemy threats may be of various types: non-physical forms such as electronic attacks or non-

explosive penetrating warheads. In this dissertation, it is assumed that the enemy threats

are non-explosive warheads causing penetration on weapon systems. Threat directions

(θ ,φ) are defined as the horizontal (θ ) and vertical (φ) angles of the warheads toward

weapon systems in the 3-dimensional (3D) space [Bal03; Dri13].

Figure 3.1: Threat directions (θ ,φ).

As shown in Figure 3.1, the horizontal (θ ) angle increases counterclockwise starting

from the direction of +x axis in the range of [0◦,360◦). The vertical angle (φ) increases

toward the +z axis, and decreases to the −z axis from the x − y plane in the 3D space

in the range of [−90◦,90◦]. Then we can represent every threat direction toward weapon

systems by using the horizontal (θ ∈ [0◦,360◦)) and vertical (φ ∈ [−90◦,90◦]) angles. The

threat directions can be also considered as a 3D vector (−cosθ ,−sinθ ,− tanφ)T [Jee18].
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3.1.2 Parallel 2D Transformation from the 3D Space

The vulnerability of weapon systems can be assessed from a known threat direction (θ ,φ).

To compute the vulnerability from the known threat direction (θ ,φ), we need to project

the exterior hull of a weapon system and the components inside the weapon system to

2-dimensional (2D) space. The detailed approaches for vulnerability computations are

discussed in Sections 3.2 and 3.3. This subsection briefly describes the transformation of

axes and the projection from the 3D space to the 2D space.

In this dissertation,it is assumed that the exterior hull and components of weapon

systems are cuboid-shaped, and they are located in R3
+. Let L , W , and H be the length,

width, and height of the exterior hull, respectively. Then we suppose one of the two bottom

left vertices of the exterior hull is placed at the origin O (0,0,0)T in the 3D space. In other

words, we assume that the range of exterior hulls is ([0, L ], [0, W ], [0, H ]), as shown in Figure

3.2.

Figure 3.2: Exterior hull and components in the 3D space.

The 2D transformation from the 3D space was investigated in [Jee18]. With a known a

threat direction (θ ,φ), the origin O (0, 0, 0)T in the 3D space is projected to the new origin

O ′(0,0)T in the 2D space, as shown in Figure 3.3. Using the known threat direction (θ ,φ),

17



two vectors x(θ ,φ) and y(θ ,φ) are generated by Eqs. (3.1) and (3.2), which are orthogonal to

each other. Then the projected 2D plane x(θ ,φ)−y(θ ,φ) is composed of these two vectors x(θ ,φ)

and y(θ ,φ) [Jee18].

x(θ ,φ) = (sinθ ,−cosθ , 0)T (3.1)

y(θ ,φ) = (
−cosθ tanφ
p

1+ tan2φ
,
−sinθ tanφ
p

1+ tan2φ
,

1
p

1+ tan2φ
) (3.2)

Figure 3.3: 2D transformation from the 3D space.

With a known threat direction (θ ,φ), any point (x , y , z )T in the 3D space can be pro-

jected to the point (x (θ ,φ), y (θ ,φ))T in the 2D plane x(θ ,φ)−y(θ ,φ) as the following [Jee18]:
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. (3.3)

Consequently, by using Eqs.(3.1), (3.2), and (3.3), the exterior hull and components in

a weapon system can be projected to the 2D space with the new origin O ′(0, 0)T , as shown

in Figure 3.3.
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3.1.3 2D Projection of Cuboids

As mentioned in Subsection 3.1.2, the exterior hull and components inside weapon systems

are assumed to be cuboid-shaped. In this subsection, we provide some useful observations

of the geometry of cuboids to formulate our mathematical model in Chapter 4.

Figure 3.4: Indexed vertices of cuboids.

Cuboids have 8 vertices. The indices from one to eight are assigned to the vertices of

cuboids based on their locations, as shown in Figure 3.4. For example, the front top right

vertex is denoted by v 7. When we project a cuboid to the 2D space, only a few vertices of

the cuboid are used to form the projected polygon in the 2D space. In Figure 3.4, if we

have a threat direction of (θ ,φ) in the range of ((0◦, 90◦), (0◦, 90◦)), the projected polygon is

composed of the vertices v 5, v 8, v 4, v 3, v 2, v 6. In this way, using the indexed vertices, we

can identify which vertices of cuboids form the polygons in the 2D space. We present every

case depending on the known threat directions (θ ,φ) as follows:

• Case 1 : (v 2, v 3, v 4, v 5, v 6, v 8) for θ1 = (0◦, 90◦) andφ1 = (0◦, 90◦),

• Case 2 : (v 1, v 3, v 4, v 5, v 6, v 7) for θ2 = (90◦, 180◦) andφ2 = (0◦, 90◦),

• Case 3 : (v 1, v 2, v 4, v 6, v 7, v 8) for θ3 = (180◦, 270◦) andφ3 = (0◦, 90◦),

• Case 4 : (v 1, v 2, v 3, v 5, v 7, v 8) for θ4 = (270◦, 360◦) andφ4 = (0◦, 90◦),
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• Case 5 : (v 1, v 3, v 4, v 5, v 6, v 7) for θ5 = (270◦, 360◦) andφ5 = (−90◦, 0◦),

• Case 6 : (v 2, v 3, v 4, v 5, v 6, v 8) for θ6 = (180◦, 270◦) andφ6 = (−90◦, 0◦),

• Case 7 : (v 1, v 2, v 3, v 5, v 7, v 8) for θ7 = (90◦, 180◦) andφ7 = (−90◦, 0◦),

• Case 8 : (v 1, v 2, v 4, v 6, v 7, v 8) for θ8 = (0◦, 90◦) andφ8 = (−90◦, 0◦),

• Case 9 : (v 2, v 3, v 6, v 7) or (v 1, v 4, v 5, v 8) for (θ9,φ9) = (0◦, 0◦) or (180◦, 0◦),

• Case 10 : (v 1, v 2, v 5, v 6) or (v 3, v 4, v 7, v 8) for (θ10,φ10) = (90◦, 0◦) or (270◦, 0◦),

• Case 11 : (v 1, v 2, v 3, v 4)or (v 5, v 6, v 7, v 8) for (θ11,φ11) ∈ ([0◦, 360◦), 90◦)or ([0◦, 360◦),−90◦),

• Case 12 : (v 2, v 3, v 5, v 8) for (θ12,φ12) ∈ (0◦, (0◦, 90◦)) or (180◦, (−90◦, 0◦)),

• Case 13 : (v 1, v 4, v 6, v 7) for (θ13,φ13) ∈ (0◦, (−90◦, 0◦)) or (180◦, (0◦, 90◦)),

• Case 14 : (v 3, v 4, v 5, v 6) for (θ14,φ14) ∈ (90◦, (0◦, 90◦)) or (270◦, (−90◦, 0◦)),

• Case 15 : (v 1, v 2, v 7, v 8) for (θ15,φ15) ∈ (90◦, (−90◦, 0◦)) or (270◦, (0◦, 90◦)).

As presented above, unless both of horizontal (θ ) and vertical (φ) angles are parallel

to any axes, six vertices out of 8 are used to be the vertices of the projected polygon in the

2D space. If any angle is parallel to any axes (θ = 90◦n , n = 0, 1, 2, 3,φ = 90◦m , m =−1, 0, 1),

only four vertices are required. Hence cuboids are projected to hexagons or a quadrilaterals

in the 2D space, as presented in Cases 1− 8 or 9− 15, respectively. Figure 3.5 illustrates

examples for Cases 1 and 10. The projected vertices by the threat direction (θi ,φi ) are

denoted by v k
(θi ,φi )

, k = 1, 2, ..., 8, which can can be obtained by Eq.(3.3).

(a) Case 1 (b) Case 10

Figure 3.5: Polygons projected from cuboids.
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In this way, we can identify four or six vertices of the original cuboids to compose a

projected polygon in the 2D space based on the known threat direction (θ ,φ). In other

words, cuboids in the 3D space are projected to quadrilaterals or hexagons to the 2D space,

which can be represented by four or six linear inequalities. Figure 3.6 present a linear

inequality (am )T x ≥ em ,m = 1,2, ...,4(or 6) enclosing an edge of the projected hexagon,

where am is the normal vector and em is the intercept.

Figure 3.6: Normal vector representing an edge of the projected area.

In Figure 3.6, from a known threat direction (θ ,φ), two vertices x1 and x2 of the cuboid

are projected to two points x̄1 and x̄2 in the 2D space. The linear inequality aT
m x≥ em shown

in Figure 3.6 includes the vector x̄2− x̄1 on the boundary. The normal vector am and the

vector x̄2− x̄1 are orthogonal, i.e., (am )T (x̄2− x̄1) = 0. Here the vector x̄2− x̄1 in Figure 3.6 can

be represented by x̄2− x̄1 = Λ(x2−x1) as shown in Eq.(3.3). Thus, the normal vector am is

dependent on the threat direction (θ ,φ) and the known vertices x1 and x2 of the cuboid. In

other words, the normal vector am is independent of the location of cuboids.

The intercept em of the linear inequality can be represented em = (am )T x̄1 = (am )TΛx1

since the point x̄1 is on the boundary of the linear inequality aT
m x≥ em . Thus the intercept

em is dependent on the transition matrix Λ and the 3D coordinate x1(∈ R3
++). Since the

transition matrix Λ is represented by the known threat direction (θ ,φ), so the intercept em

depends on the location of cuboids. In other words, the intercept em can be represented by

the linear combinations of the centroid of cuboids.
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3.2 Vulnerable Area Approach and its Complexity Issue

In this section, we introduce vulnerable area approach which is widely used to assess the

vulnerability of weapon systems [Bal03; Dri13]. We also review a limitation of the approach

to be adopted in mathematical models.

3.2.1 Vulnerable Area Approach

The vulnerable area (VA) approach is commonly used to assess the weapon vulnerability.

The approach is straightforward and simple to apply for a given component layout. Besides,

it is known that the simulation software, called COVART (Computation of Vulnerable Area

and Repair Time), operates based on the VA approach to assess the vulnerability of weapon

systems [Dri13].The VA approach defines vulnerability as the ratio of summation of vulner-

able areas to an entire area. With a known threat direction (θ ,φ), the weapon vulnerability

is calculated by the following formula [Bal03; Dri13]:

v (θ ,φ) =
Σi {Ai (θ ,φ)×pi }

A0(θ ,φ)
, (3.4)

where (θ ,φ) : horizontal (θ ) and vertical (φ) angles of a known threat direction,

v (θ ,φ) : vulnerability of a weapon system from the threat direction (θ ,φ),

Ai (θ ,φ) : the projected area of component i from the threat direction (θ ,φ),

pi : the probability of failure of component i given a hit on component i ,

A0(θ ,φ) : the projected area of the entire weapon system from the threat

direction (θ ,φ).

In Eq. (3.4), the term Ai (θ ,φ)×pi indicates the vulnerable area of component i . Every

component in the 3D space is projected to the 2D space using the known threat direction

(θ ,φ) to obtain the projected areas. We provide examples to show the calculation of the VA

approach in Figures 3.7 and 3.8.
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Figure 3.7: Example of the vulnerable area approach with non-overlap areas.

Figure 3.7 presents a layout of two components 1 and 2 without any overlaps. The

projected areas (A0, A1, A2) and failure probabilities (p1, p2) are given in Figure 3.7. Using Eq.

(3.4), the vulnerability can be calculated as the following:

v (θ ,φ) =
Σi {Ai (θ ,φ)×pi }

A0(θ ,φ)
=

A1(θ ,φ)×p1+A2(θ ,φ)×p2

A0(θ ,φ)
=

30(0.8) +20(0.6)
100

= 0.36.

The result indicates that the weapon vulnerability from the known direction (θ ,φ) is

0.36. If we have any overlap areas, it is necessary to to obtain overlap and non-overlap areas

separately. Additional example including an overlap area is provided in Figure 3.8.

Figure 3.8: Example of the vulnerable area approach with overlap areas.
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In Figure 3.8, there exist one overlap area and two non-overlap areas. The failure

probability of the overlap area (po v r l p ) can be represented by po v r l p = 1−{(1−p1)(1−p2)}.
Then we can calculate the vulnerability by using Eq. (3.4) as the following:

v (θ ,φ) =
Σi {Ai (θ ,φ)×pi }

A0(θ ,φ)

=
{A1(θ ,φ)−Ao v r l p }×p1+ {A2(θ ,φ)−Ao v r l p }×p2+Ao v r l p (θ ,φ)×po v r l p

A0(θ ,φ)

=
(30−10)(0.8) + (20−10)(0.6) +10(0.92)

100
= 0.312.

With the overlap area in Figure 3.8, we obtained the weapon vulnerability of the given

component layout from the know threat direction (θ ,φ). Compared to the previous example

in Figure 3.7, the weapon vulnerability is decreased from 0.360 to 0.312 because of the

overlap area. The above two examples imply that the VA approach requires the exact overlap

areas to calculate vulnerability of weapon systems. Moreover, we can observe that the

vulnerability with a known threat direction may be decreased if components are overlapped

properly. Once the vulnerabilities are assessed from multiple threat directions, we may take

a simple mean or weighted-sum of the vulnerabilities to determine the vulnerability of the

entire weapon system [Jee18].

3.2.2 Complexity Issue of Overlap Area Calculation

In this subsection, we point out the complexity issue of the VA approach to be adopted

in mathematical models. As we discussed in Subsection 3.2.1, the VA approach calculates

the vulnerability of weapon systems based on vulnerable areas, defined as the product of

projected areas and the corresponding failure probabilities. When we project a component

layout of weapon systems, some components may be overlapped from a known threat

direction. Hence we have to obtain all overlap areas to calculate the vulnerability of a

weapon system to use the VA approach. If the overlap areas are presented as irregular

polygons shown in Figure 3.9, it becomes complicated to compute the vulnerability.

In Figure 3.9, three components are placed inside the exterior hull, and the components

are projected to the 2D space. Even though we consider only three components with
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Figure 3.9: Non-convex or overlap areas in the vulnerable area approach.

overlaps, seven different shaped areas are generated by the overlaps. Most of them are

complicated non-convex shapes shown in Figure 3.9. Even for a convex shape, we need to

identify the coordinates of the vertices individually to calculate their exact area. It may be

mathematically possible to get all the areas exactly, but it may be inefficient in computation

complexity. Hence we propose a new approximated grid approach to measure vulnerability

in the next section.

3.3 Approximated Grid Point Approach

In this section, we propose a new approximation approach using grid points to capture the

vulnerability of weapon systems. The approximated grid point (AGP) approach is charac-

terized by its use of grid points rather than areas. The grid points are generated to cover

the projected exterior hull of weapon systems, as shown in Figure 3.10. The density of grid

points can be adapted for the analysis purpose.

As shown in Figure 3.10, we can identify which projected component includes each

grid point. For grid point k presented in Figure 3.10, we can define set Sk as the component

set that includes the grid point k . For example, the projected areas of components 1 and

2 include the grid point k in Figure 3.10, so we have the set Sk = {1,2}. Thus, the failure

probability at grid point k can be represented by πk = 1−
∏

i∈Sk
(1−pi ), where pi denotes
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Figure 3.10: Grid points for the approximated grip point approach.

the failure probability of component i . Then the vulnerability of weapon systems with a

known threat direction (θ ,φ) is defined as the following:

v (θ ,φ) =
Σk∈G(θ ,φ)

πk

|G(θ ,φ)|
, (3.5)

where (θ ,φ) : horizontal (θ ) and vertical (φ) angles of a known threat direction,

v (θ ,φ) : vulnerability of a weapon system given the threat direction (θ ,φ),

πk : the failure probability at the k th grid point,

G(θ ,φ) : the set of grid points covering the projected exterior hull from the threat

direction (θ ,φ),

|G(θ ,φ)| : the number of grid points in G(θ ,φ).

The weapon vulnerability from a known threat direction v (θ ,φ) can be calculated by

Eq. (3.5). Assuming that a single hit occurs uniformly distributed at each grid point, the

weapon vulnerability (PK /H ) can be defined as PK /H ≜
∑

k∈G πk

|G | , where G ≜
⋃n

j=1 G(θ ,φ) j by

aggregating grid point sets G(θ ,φ) j generated from all known threat directions (θ ,φ). We also

provide two examples of the non-overlap and overlap instances for the AGP approach in

Figures 3.11 and 3.12, respectively.
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Figure 3.11: Example of the approximated grid point approach with non-overlap areas.

In Figure 3.11, two components 1 and 2 are placed in the exterior hull without any

overlaps. The number of grid points in each projected area and the corresponding failure

probabilities are also provided. Using Eq. (3.5), the vulnerability from the known threat

direction (θ ,φ) can be calculated as the following:

v (θ ,φ) =
Σk∈G(θ ,φ)

πk

G(θ ,φ)
=

9(0.8) +6(0.6)
30

= 0.36.

Figure 3.12: Example of the approximated grid point approach with overlap areas.

Additional example including an overlap area is presented in Figure 3.12, with one

overlap area and two non-overlap areas. The failure probability of the overlap area (po v r l p )

can be computed by the same manner as Figure 3.8. Then the vulnerability can be calculated
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as the following:

v (θ ,φ) =
Σk∈G(θ ,φ)

πk

G(θ ,φ)
=

6(0.8) +3(0.6) +3(0.92)
30

= 0.312.

We have presented some examples for both of the VA approach and the AGP approach.

It is not necessarily the result from the two approaches are the same. Nevertheless, the

AGP approach has multiple advantages. First, we can easily capture vulnerability into a

mathematical model since complicated shapes of areas no longer need to be calculated

individually. We explain in detail how the AGP approach is formulated in Section 4.4. Besides,

compared to [Jee18], the grid point approach enables us to obtain closer shapes to the

original ones. Also, it is easy to see that the results of the AGP approach converge arbitrarily

close to the one from the VA approach as the density of the grid increases.
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CHAPTER

4

OPTIMAL COMPONENT LAYOUT

PROBLEM

In this chapter, a mathematical model is formulated by using the approximated grid point

(AGP) approach discussed in Section 3.3. We first provide a problem statement of the optimal

component layout for the minimal weapon vulnerability in Section 4.1. Notations are

introduced in Section 4.2. Then we formulate constraints for feasible component layouts in

the 3-dimensional (3D) space in Section 4.3, and constraints of adopting the AGP approach

in Section 4.4. For practical applications, we add some constraints of adopting the concepts

of partial penetration and component redundancy in Sections 4.5 and 4.6, respectively. In

Section 4.7, we formulate an objective function to minimize the weapon vulnerability and

linearize it using the concept of pseudo-Boolean expressions.

4.1 Problem Statement

The optimal component layout problem determines the 3D coordinates of the given com-

ponents inside the exterior hull of a weapon system to minimize its vulnerability. Required
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information includes the 3D size: length (li ), width (wi ), and height (hi ), probability of

failure (pi ), and resistance to threat (ri ) of each component, as shown in Figure 4.1. Also,

enemy’s threat directions (θ ,φ) and initial penetration capacity (β0) of the enemy’s threat

are given.

Figure 4.1: Optimal component layout problem.

Additionally, the optimal component layout problem is formulated under the assump-

tions as below.

• All the components and exterior hull are cuboid-shapes.

• The exterior hull has enough space that can contain all the given components.

• The enemy’s threat is a non-explosive penetrating warhead with a single hit.

• The number of threat directions is finite.

• The enemy’s threat has a limited penetration capability.

4.2 Notations

Some notations to be used in the mathematical model are given below.

Sets

S : The set of N components to be located,
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Sc : The set of Nc critical components,

SR : The set of NR redundant components,

SN : The set of NN non-critical components,

G : The set of NG grid points.

Parameters

for i ∈ S and k ∈G ,

pi ∈ [0, 1) : Probability of failure of the i th component when hit,

(li , wi , hi ) ∈R3
++ : Length, width, and height of the i th component,

(L , W , H ) ∈R3
++ : Length, width, and height of the exterior hull of a weapon system,

ai
m ∈R2 : Normal vector of the m th inequality enclosing the i th component’s

projected area,

xk ∈R2 : 2D coordinates of the k th grid point,

ri ∈R++ : Resistance of the i th component to an enemy’s threat (m/s ),

β0 ∈R++ : Initial penetration capability of the enemy’s threat (warhead), (m/s ).

Decision variables

for i , j ∈ S and k ∈G ,

(xi , yi , zi ) ∈R3
++ : 3D Coordinates of the centroid of i th component,

s k
i =







1, if the projected area of the i th component includes the k th grid point,

0, otherwise,

t k
i =







1, if the i t h component is hit at the k th grid point,

0, otherwise,

δk
i , j =















1, if the i th component gets hit earlier than the j th one at the k th grid

point on the given threat direction (i < j ),

0, otherwise.
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4.3 Feasible Component Layout in the 3D Space

We introduce some constraints for a feasible component layout inside a given 3D exterior

hull. There exist some related works for the feasible layout of cuboids [Bar02; Her91; Jee18;

Sch13]. The basic idea is that each pair of components cannot be overlapped in the 3D

space. Thus, at least one of the following three constraints in Eq.(4.1) holds:

| xi − x j | ≥ (li + l j )/2, ∀i < j ∈ S ,

or | yi − yj | ≥ (wi +w j )/2, ∀i < j ∈ S ,

or | zi − z j | ≥ (hi +h j )/2, ∀i < j ∈ S .

(4.1)

There are some ways to obtain a set of equivalent linear equations for Eq. (4.1) [Bar02;

Her91; Jee18]. We consider the constraints in [Jee18] by adopting additional six binary

variables (b i , j
n ∈ {0, 1}, n = 1, 2, . . . , 6) for every component pair (i , j ).

xi − x j ≥(li + l j )/2+M (b i , j
1 −1), ∀i < j ∈ S , (4.2a)

−xi + x j ≥(li + l j )/2+M (b i , j
2 −1), ∀i < j ∈ S , (4.2b)

yi − yj ≥(wi +w j )/2+M (b i , j
3 −1), ∀i < j ∈ S , (4.2c)

−yi + yj ≥(wi +w j )/2+M (b i , j
4 −1), ∀i < j ∈ S , (4.2d)

zi − z j ≥(hi +h j )/2+M (b i , j
5 −1), ∀i < j ∈ S , (4.2e)

−zi + z j ≥(hi +h j )/2+M (b i , j
6 −1), ∀i < j ∈ S , (4.2f)

6
∑

n=1

b i , j
n ≥ 1, ∀i < j ∈ S , (4.2g)

b i , j
n ∈ {0, 1}, n = 1, 2, ..., 6,∀i < j ∈ S , (4.2h)

where M =maxi , j∈S ,i< j {
li+l j

2 + L ;
wi+w j

2 +W ;
hi+h j

2 +H }.
Additionally, every component should be located inside the exterior hull. It is assumed

that one of the left bottom vertices of the exterior hull is located at the origin of the 3D space

to place the exterior hull in R3
++. Since every component has different sizes (li , wi , hi ),∀i ∈ S

in the 3D space, the centroid of each component has the lower and upper bounds as the
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followings:

xi ∈ [li/2, L − li/2], ∀i ∈ S , (4.3a)

yi ∈ [wi/2, W −wi/2], ∀i ∈ S , (4.3b)

zi ∈ [hi/2, H −hi/2], ∀i ∈ S . (4.3c)

4.4 Constraints for the Approximated Grid Point Approach

For adopting the proposed AGP approach discussed in Section 3.3, we need to distinguish

whether every grid point is included in each component’s projected area. A projected cuboid

onto the 2D space may be a four or six-sided figure, as shown in Subsection 3.1.3. Given a

projected quadrilateral or hexagon, we can represent the projected area using four or six

inequalities. Figure 4.2 illustrates the projected area of a component i surrounded by four

linear inequalities, say, (ai
m )

T x≥ e i
m ,∀i ∈ S , m = 1, 2, 3, 4, where ai

m is the normal vector and

e i
m is the intercept.

Figure 4.2: Projected area of component i and grid points.

As discussed in Subsection 3.1.3, the normal vector ai
m (∀i ∈ S , m = 1,2, ...,4(6)) de-

pends on the size of cuboids (li , wi , hi ),∀i ∈ S , and threat directions (θ ,φ). Thus, the nor-

mal vectors ai
m (∀i ∈ S , m = 1,2, ...,4(6)) are independent of the centroid of components

(xi , yi , zi ),∀i ∈ S . The intercept e i
m can be represented by the linear combination of the
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centroid of the cuboid (xi , yi , zi ),∀i ∈ S . Consequently, the linear inequalities, (ai
m )

T xk ≥
e i

m ,∀i ∈ S , m = 1,2,3,4(6), are represented by the linear combination of the centroid of

cuboids (xi , yi , zi ),∀i ∈ S , where xk is the 2D coordinate of grid point k .

Define that s k
i = 1 if grid point k is located inside the projected area of component

i , otherwise s k
i = 0. If xk satisfies the inequalities (ai

m )
T xk ≥ e i

m (∀i ∈ S , m = 1,2, . . . ,4(6)),

then the binary variable s k
i has to be one. This logic can be achieved by the following MILP

system:

max
∑

k∈G

∑

i∈S

M2s k
i (4.4a)

s.t. (ai
m )

T xk ≥ e i
m +M3(s

k
i −1), m = 1, 2, ..., 4 (or 6),∀i ∈ S , k ∈G , (4.4b)

s k
i ∈ {0, 1}, ∀i ∈ S , k ∈G , (4.4c)

where M2 = |G | and M3 =maxi ,k ,m{e i
m − (a

i
m )

T xk}.

4.5 Partial Penetration

The vulnerable area approach does not consider partial penetration since it computes

vulnerability based on only the vulnerable areas as discussed in Section 3.2. However, for

practical applications, it is necessary to assume that the enemy’s threat may have a limited

penetration capability. When components are overlapped at the same grid point, some

components may be intact, which means the warhead as the enemy’s threat may not reach

some components behind other components. It depends on the warhead’s penetration ca-

pability (β0), the resistances (ri ) of the overlap components, and the arrangement sequence

(δk
i , j ) of components at grid point k .

Define that δk
i , j = 1 if component i gets hit before component j at grid point k from a

known threat direction, otherwise δk
i , j = 0. At grid point k , every layout of a component

pair (i , j ) can be indicated by using δk
i , j , s k

i , and s k
j (i < j ∈ S ), as shown in Figure 4.3.

For the cases (a), (b), and (c) in Figure 4.3, we can assign proper 0-1 values of the variable

δk
i , j using the combination of the variables s k

i and s k
j . However, when both components

i and j are overlapped at the same grid point k , (s k
i , s k

j )=(1,1), as shown in the cases (d)

and (e) in Figure 4.3, we need to determine the sequence of the components i and j .

This arrangement sequence (δk
i , j ) can be determined by comparing intercepts of the two

hyperplanes that include the centroids of the two components i and j . The concept of
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Figure 4.3: Every possible layout of a component pair (i , j ) at grid point k .

sequence of overlapped components was investigated in [Jee19]. Notice that a known threat

direction (θ ,φ) can be represented by a 3D vector a ≜ (−cosθ ,−sinθ ,−tanφ). Figure 4.4

illustrates two hyperplanes including the two cuboids’ centroid (xi , yi , zi ) and (x j , yj , z j )

with the normal vector a. Then, we can determine which component is behind the other

one by comparing the intercepts di and d j . In Figure 4.4, the component j is behind the

component i since di < d j . Thus, we can identify the sequence of an overlap component

pair (i , j ) by using the new variable di (i ∈ S ), which is represented by a linear combination

of the centroid of component i (∈ S ).

Figure 4.4: Overlap sequence of a component pair (i , j ) at grid point k .
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Eqs. (4.5a)-(4.5e) explain how the binary variables δk
i , j can be determined by s k

i , s k
j , d k

i ,

and d k
j in detail. When both components i and j do not include grid point k , (s k

i , s k
j )=(0, 0),

then δk
i , j is forced to be zero by Eq. (4.5a). If (s k

i , s k
j )=(1, 0) or (0, 1), then δk

i , j = 1 or 0 by Eqs.

(4.5b) and (4.5c), respectively. Unless (s k
i , s k

j )=(1, 1), Eqs. (4.5d) and (4.5e) does not provide

any restrictions and the binary variable δk
i , j is determined by Eqs. (4.5a)-(4.5c). Only when

both components i and j are overlapped at the same grid point k , i.e., (s k
i , s k

j )=(1,1), we

then compare di and d j to determine whether δk
i , j = 1 or 0 by Eqs. (4.5d) and (4.5e). When

δk
i , j = 1 with (s k

i , s k
j )=(1, 1), then di < d j by Eq. (4.5d), which means component j is located

behind component i . On the contrary, if δk
i , j = 0 with (s k

i , s k
j )=(1,1), then di > d j by Eq.

(4.5e), which implies component i is behind component j .

s k
i + s k

j ≥δ
k
i , j , ∀i < j ∈ S , k ∈G , (4.5a)

s k
i − s k

j ≤δ
k
i , j , ∀i < j ∈ S , k ∈G , (4.5b)

1+ s k
i − s k

i ≥δ
k
i , j , ∀i < j ∈ S , k ∈G , (4.5c)

M4(s
k
i + s k

j −2) +di < d j +M4(1−δk
i , j ), ∀i < j ∈ S , k ∈G , (4.5d)

M4(s
k
i + s k

j −2) +d j < di +M4δ
k
i , j , ∀i < j ∈ S , k ∈G , (4.5e)

δk
i , j ∈ {0, 1}, ∀i < j ∈ S , k ∈G , (4.5f)

where M4 =maxi , j∈S ,i< j {d j −di }.
Figure 4.5 shows an instance of a layout with 5 components, S = {1,2,3,4,5}. Com-

ponents 2, 3, and 4 are overlapped at the grid point k , (s k
1 , s k

2 , s k
3 , s k

4 , s k
5 )=(0,1,1,1,0). By

Eqs. (4.5a) and (4.5c), (δk
1,2,δk

1,3,δk
1,4,δk

1,5) should be (0,0,0,0). The variables (δk
2,5,δk

3,5,δk
4,5)

are forced to be (1, 1, 1) by Eq. (4.5b), and (δk
2,3,δk

2,4,δk
3,4)=(1, 0, 0) by comparing d k

i and d k
j

(d4 < d2 < d3) using Eqs. (4.5d) and (4.5e), respectively.

The warhead penetration capacity β0 can be explained as the initial velocity of the

warhead (m/s ). The resistance of component i (ri ) is determined by its material density and

thickness, which can be defined as the decreased velocity of the warhead after penetrating

the component i . The approximated linearity for β0 and ri was investigated in [Jee19].

Define that t k
i = 1 if component i is hit at grid point k , otherwise t k

i = 0. To clarify

if a component is hit at grid point k , it is necessary to obtain an equation representing

the residual penetration capacity when a warhead reaches at component i . For example,

in Figure 4.5, component 3 may be intact although s k
3 = 1. It depends on the warhead’s

initial penetration capability (β0), the resistances of components 2, 3, and 4 (r2, r3, r4), and
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Figure 4.5: Instance of 5 component layout.

the component sequence at grid point k (δk
i , j ). In Figure 4.5, when a warhead reaches

component 3, the residual penetration capacity at grid point k can be represented by β k
3 ≜

β0−{r1δ
k
1,3+r2δ

k
2,3+r4(1−δk

3,4)+r5(1−δk
3,5)}=β0−(r2+r4) since (δk

1,3,δk
2,3,δk

3,4,δk
3,5) = (0, 1, 0, 1).

Then, we may compare the residual capacity β k
3 with the resistance of component 3 (r3) to

determine whether t k
3 should be one or zero.

Only when s k
i = 1, the variable t k

i needs to be considered. Thus, unless grid point k

is located inside the projected area of component i , s k
i = 0 implies t k

i = 0 by Eq. (4.6a).

When grid point k is in the projected area of components i , s k
i = 1, then either of Eqs. (4.6b)

or (4.6c) holds. In Eqs. (4.6b) and (4.6c), the term β k
i ≜β0−{
∑

j<i r jδ
k
j ,i +
∑

j>i r j (1−δk
i , j )}

represents the residual penetration capacity when a warhead reaches component i at grid

point k . That is, if the residual penetration capacity is greater than or equal to the resistance

of component i , i.e., β k
i ≥ ri , then component i needs to get hit, i.e., t k

i = 1 by Eq. (4.6b).

Otherwise, the variable t k
i is forced to be zero by Eq. (4.6c).

s k
i ≥ t k

i , ∀i ∈ S , k ∈G . (4.6a)

−β0(1− t k
i ) + ri ≤β k

i +β0(1− s k
i ), ∀i ∈ S , k ∈G , (4.6b)

β0(1− s k
i ) + ri >β

k
i −β0t k

i , ∀i ∈ S , k ∈G , (4.6c)

t k
i ∈ {0, 1}, ∀i ∈ S , k ∈G , (4.6d)

where β k
i ≜β0−{
∑

j<i r jδ
k
j ,i +
∑

j>i r j (1−δk
i , j )},∀i ∈ S , k ∈G .
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4.6 Redundant Components

Some critical components may have a spare component that plays as a backup when the

corresponding critical component becomes disabled. The spare components are called

redundant components. A pair of critical and its corresponding redundant component is

connected to the same combat function. Thus, only when both components get disabled,

the failure of the combat function really occurs. Redundant components are dealt with in

the mathematical model for pragmatic applications.

The set of redundant components is denoted as SR (SR ⊊ S and SR ∩Sc = ;). For com-

ponent i belonging to SR , there exists a corresponding critical component i ′ ∈ Sc and we

create a corresponding ī which is not in S . The index ī is not an actual component, but it is

necessary to clarify the relation of both of components i (∈ SR ) and i ′ (∈ Sc ). Additionally,

we define Sc ≜ Sc ∪{ī |i ∈ SR and i ′ ∈ Sc }\{i ′|i ∈ SR and i ′ ∈ Sc } by replacing those i ′s in Sc

with ī s. For instance, the component set S = {1,2,3′,4′,3,4,5,6} including two (i , i ′) pairs

originally has the subsets Sc = {1,2,3′,4′}, SR = {3,4}, and SN = {5,6}. Then the set Sc is

defined as Sc ∪{ī |(i , i ′) ∈ (SR ,Sc )}\{i ′|(i , i ′) ∈ (SR ,Sc )}= {1, 2, 3̄, 4̄}with the new indices 3̄ and

4̄ representing the component pairs (3, 3′) and (4, 4′), respectively.

To indicate if both of the critical and its corresponding redundant components are hit

at the same grid point k , we introduce a new binary variable t k
ī

defined as:

t k
ī
=















1, if both critical component i ′(∈ Sc ) and its corresponding redundant

component i (∈ SR ) are hit at the k th grid point,

0, otherwise.

Figure 4.6 illustrates two possible layouts of critical component i ′ and its corresponding

redundant component i . On the left layout, the critical component i ′ is hit at a grid point

k , but its corresponding redundant component i is intact. The binary variable t k
ī

has to be

zero since only one component of the component pair (i , i ′) is hit. On the right component

layout, both of components i and i ′ are hit at the same grid point k , i.e., t k
i = t k

i ′ = 1, so the

binary variable t k
ī

is forced to be one. If both of components i (∈ SR ) and i ′(∈ Sc ) are hit at the

same grid point k , i.e., t k
i = t k

i ′ = 1, then we have t k
ī
= 1, which means the function related to

component pair (i , i ′) can be disabled due to the hit. Since either failure of components i or

i ′ does not affect the function disability, the failure probabilities of the triplet components

(i ′, i , ī ) are assigned to be (0, 0, pī ), where pī ≜ pi ·pi ′ .

For every redundant component i (∈ SR ), we can identify component i ′ (∈ Sc ). Thus, if
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Figure 4.6: Redundant components.

both of components i and i ′ are hit at grid point k , i.e., t k
i = t k

i ′ = 1, then the binary variable

t k
ī

has to be one by Eq. (4.7a), which implies that the corresponding failure of components

i and i ′ may occur only when both of them are hit.

(t k
i +t k

i ′ )−1≤ t k
ī , ∀(i , i ′) ∈ (SR ,Sc ), k ∈G , (4.7a)

t k
ī ∈ {0, 1}, ∀ī ∈ Sc , k ∈G . (4.7b)

4.7 Objective Function and its Linearization

The objective of the proposed model is to minimize the weapon vulnerability or to maximize

the weapon survivability subjected to a hit. As we discussed in Subsection 2.1.1, both

concepts of susceptibility (PH ) and vulnerability (PK /H ) are required to measure weapon

survivability (PS ). Since we assume weapon systems are hit, the probability of the weapon

survivability given a hit (PS/H ) can be defined as the followings:

Survivability (PS ) = 1− Susceptibility (PH )× Vulnerability (PK /H ),

Survivability given hit (PS/H ) = 1− Vulnerability (PK /H ).

Given a hit with a known threat direction (θ ,φ), some components may be overlapped

at grid point k . To calculate the failure probability of a weapon system at grid point k , we

only consider the disabilities of components in Sc , which includes the critical components

without redundancy and the indices ī s for the pairs of a critical and its corresponding

redundant components. Non-critical components are not involved in calculating the failure
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probability of a weapon system at grid point k . Based on the components’ location with

their layout sequence at grid point k (δk
i , j ), the resistance (ri ), and the initial penetration

capability (β0), it is determined if each component in Sc is hit or not at grid point k , i.e.,

t k
i = 1 or 0 (i ∈ Sc ), respectively. Then the failure probability of a weapon system at grid

point k can be defined as πk ≜ 1−
∏

i∈Sc
(1−pi )t

k
i given a hit at the grid point k .

Since a single hit is considered, we assume that the single hit occurs uniformly dis-

tributed at each grid point. Then the weapon vulnerability (PK /H ) can be measured as

the average value of the failure probabilities of a weapon (πk ) at all grid points. Thus, the

weapon vulnerability PK /H can be represented by
∑

k∈G πk

|G | using the grid point set G and

the summation of all failure probabilities (πk ) of the weapon system at all grid points.

Consequently, the weapon survivability given a hit PS/H is represented by:

PS/H = 1−PK /H = 1−
∑

k∈G πk

|G |
= 1−

∑

k∈G {1−
∏

i∈Sc
(1−pi )t

k
i }

|G |

= 1−
|G | −
∑

k∈G

∏

i∈Sc
(1−pi )t

k
i

|G |
=

∑

k∈G

∏

i∈Sc
(1−pi )t

k
i

|G |
.

The number of grid points |G | is given, so the following objective is to be maximized

with binary variable t k
i (∀i ∈ Sc , k ∈G ):

∑

k∈G

∏

i∈Sc

(1−pi )
t k

i . (4.8)

As discussed in Section 4.4, we need to add Expression (4.4a),
∑

k∈G

∑

i∈S M2s k
i , to the

objective function for adopting the AGP approach. Combining Expressions (4.4a) and (4.8),

the objective function of the proposed model to be maximized becomes
∑

k∈G

∑

i∈S M2s k
i +

+
∑

k∈G

∏

i∈Sc
(1−pi )t

k
i . The constraints for feasible component layout in the 3D space, AGP

approach, partial penetration, and redundant components, i.e., Eqs. (4.2a)-(4.3c), (4.4b)-

(4.4c), (4.5a)-(4.6d), and (4.7a)-(4.7b), are also included in the proposed model, respectively.

This leads the following mathematical model:

max
∑

k∈G

∑

i∈S

M2s k
i +
∑

k∈G

∑

i∈Sc

(1−pi )
t k

i (4.4a and 4.8)

s.t. xi − x j ≥ (li+l j )/2+M (b i , j
1 −1), ∀i < j ∈ S , (4.2a)

−xi + x j ≥ (li+l j )/2+M (b i , j
2 −1), ∀i < j ∈ S , (4.2b)
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yi − yj ≥ (wi+w j )/2+M (b i , j
3 −1), ∀i < j ∈ S , (4.2c)

−yi + yj ≥ (wi+w j )/2+M (b i , j
4 −1), ∀i < j ∈ S , (4.2d)

zi − z j ≥ (hi+h j )/2+M (b i , j
5 −1), ∀i < j ∈ S , (4.2e)

−zi + z j ≥ (hi+h j )/2+M (b i , j
6 −1), ∀i < j ∈ S , (4.2f)

6
∑

n=1

b i , j
n ≥ 1, ∀i < j ∈ S , (4.2g)

(ai
m )

T xk ≥e i
m +M3(s

k
i −1), m = 1, 2, ..., 4 (or 6),∀i ∈ S , k ∈G , (4.4b)

s k
i +s k

j ≥δ
k
i , j , ∀i < j ∈ S , k ∈G , (4.5a)

s k
i −s k

j ≤δ
k
i , j , ∀i < j ∈ S , k ∈G , (4.5b)

1+ s k
i −s k

i ≥δ
k
i , j , ∀i < j ∈ S , k ∈G , (4.5c)

M4(s
k
i + s k

j −2)+di < d j +M4(1−δk
i , j ), ∀i < j ∈ S , k ∈G , (4.5d)

M4(s
k
i + s k

j −2)+d j < di +M4δ
k
i , j , ∀i < j ∈ S , k ∈G , (4.5e)

s k
i ≥ t k

i , ∀i ∈ S , k ∈G , (4.6a)

−β0(1− t k
i ) + ri ≤β k

i +β0(1− s k
i ), ∀i ∈ S , k ∈G , (4.6b)

β0(1− s k
i ) + ri >β

k
i −β0t k

i , ∀i ∈ S , k ∈G , (4.6c)

(t k
i +t k

i ′ )−1≤ t k
ī , ∀(i , i ′) ∈ (SR ,Sc ), k ∈G , (4.7a)

xi ∈ [li/2,L − li/2], ∀i ∈ S , (4.3a)

yi ∈ [wi/2,W −wi/2], ∀i ∈ S , (4.3b)

zi ∈ [hi/2,H −hi/2], ∀i ∈ S , (4.3c)

b i , j
n ∈{0, 1}, n = 1, 2, ..., 6,∀i < j ∈ S , (4.2h)

s k
i ∈{0, 1}, ∀i ∈ S , k ∈G , (4.4c)

δk
i , j ∈{0, 1}, ∀i < j ∈ S , k ∈G , (4.5f)

t k
i ∈{0, 1}, ∀i ∈ S ∪Sc , k ∈G , (4.6d and 4.7b)

where M =maxi , j∈S ,i< j {
li+l j

2 +L ;
wi+w j

2 +W ;
hi+h j

2 +H }, M2 = |G |, M3 =maxi ,k ,m{e i
m−(a

i
m )

T xk},
M4 =maxi , j∈S ,i< j {d j −di }, and β k

i ≜β0−{
∑

j<i r jδ
k
j ,i +
∑

j>i r j (1−δk
i , j )},∀i ∈ S , k ∈G .

This model includes some continuous variables (xi , yi , zi ),∀i ∈ S and both e i
m (m =

1, . . . , 4(6),∀i ∈ S ) and di (∀i ∈ S ) are represented by the linear combination of (xi , yi , zi ),∀i ∈
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S , as mentioned in Sections 4.4 and 4.5, respectively. The binary variables consist of b i , j
n

(n = 1, 2, . . . , 6, ∀i < j ∈ S ), s k
i (∀i ∈ S , k ∈G ), δk

i , j (∀i < j ∈ S , k ∈G ), and t k
i (∀i ∈ S ∪Sc , k ∈

G ). The parameters (li , wi , hi ), ri , pi , (∀i ∈ S ), (L , W , H ), β0, xk , (∀k ∈ G ), and ai
m (m =

1, . . . , 4(6),∀i ∈ S ) are given. The components sets S , Sc , SR , Sc , and the grid point set G are

also preprocessed. All the constraints are in the linear forms with integer or mixed-integer

variables. Here the real issue is the complicated term
∑

k∈G

∏

i∈Sc
(1−pi )t

k
i in the objective

function, which consists of the product of exponential functions that is non-convex with

binary variables t k
i (∀i ∈ Sc , k ∈G ):

∑

k∈G

∏

i∈Sc

(1−pi )
t k

i . (4.8)

To handle Expression (4.8), we first show that Expression (4.8) can be converted into

a special case of pseudo-Boolean expression. A pseudo-Boolean expression on τ ∈Bn =

{0, 1}n is defined in [Cra93]:

f (τ) =
∑

(T ,R )∈Γ

{aT

∏

i∈T

τi

∏

j∈R

(1−τ j )} (4.11)

where Γ ⊆ P≜ {(T , R )|T ∪R = {1, 2, ..., n}, T ∩R = ;}and aT ̸= 0 are given for all T ⊆ {1, 2, ..., n}.
The set P actually represents a set of all possible partitions of an index set {1, 2, ..., n}.

Since a grid point k may be used by |Sc | components indicated by t k
i (i ∈ Sc ), we

have 2|Sc | possible combinations. We consider a set of every possible partition of Sc , i.e.,

P ≜ {(T , R )|T ∪R = Sc , T ∩R = ;}. Let sets T and R be {i ∈ Sc |t k
i = 1} and {i ∈ Sc |t k

i = 0},
respectively. Then each partition in P has a one-to-one correspondence to a combination

with t k
i (i ∈ Sc ,). We consider the summation of the product terms derived from every

possible partition as the following:

∑

(T ,R )∈P

{
∏

i∈T

(1−pi )t
k
i

∏

j∈R

(1− t k
j )}. (4.12)

For any combination of t k
i (i ∈ Sc ), we can identify a corresponding partition (T , R )

in P. If t k
i (i ∈ Sc ) is specified, only the corresponding term

∏

i∈T (1−pi )t k
i

∏

j∈R (1− t k
j ) in

the summation of Expression (4.12) can have a value of
∏

i∈T (1−pi ). Other terms become

zero. Thus, Expressions (4.8) and (4.12) have a one-to-one correspondence. The failure

probability pi of component i (∈ Sc ) are in the range of (0, 1) since the component set Sc does

not include any non-critical components. We can define αT ≜
∏

i∈T (1−pi ), then αT ∈ (0, 1),

∀T ⊆ P. In this way, Expression (4.12) can be rewritten as follows:
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∑

(T ,R )∈P

{αT

∏

i∈T

t k
i

∏

j∈R

(1− t k
i )}, (4.13)

where P = {(T , R )|T ∪R = Sc , T ∩R = ;}, αT ∈ (0, 1), ∀T ⊆ P. Compared to Eq. (4.11), Expres-

sion (4.13) has the entire partition set P instead of a subset Γ . The given parameterαT (∈ (0, 1))

corresponds to aT (̸= 0). Thus, Expression (4.13) is a special case of the pseudo-Boolean

expression (4.11).

By now, Expression (4.8) has been converted to Expression (4.13), which is a special

case of pseudo-Boolean expression. The next Lemma 1 [Cra93; Fal76; Roc70] provides a

concave envelope of Expression (4.13).

[Cra93] Let by x1, x2,. . . , xN be the 2n elements of Bn = {0, 1}n . If f is a pseudo-Boolean

expression defined on Bn , then the concave envelope f C (x) on x ∈ [0, 1]n is provided by:

f C (x) = max
N
∑

m=1

λm f (xm )

s.t.
N
∑

m=1

λm xm = x,

N
∑

m=1

λm = 1,

λm ≥ 0, m = 1, 2, ..., N .

(4.14)

Moreover, the maximum of f C (x) over [0, 1]n is attained at a 0-1 point, and this maximum

is always equal to the maximum of the pseudo-Boolean expression f over {0, 1}n . ■

Lemma 1 says that the concave envelope of Expression (4.13) is provided by solving:

max
∑

k∈G

∑

T⊆Sc

αTλ
k
T (4.15a)

s.t.
∑

T ∋i

λk
T = t k

i , ∀i ∈ Sc , k ∈G , (4.15b)

∑

T⊆Sc

λk
T = 1, ∀k ∈G , (4.15c)

λk
T ≥ 0, ∀T ⊆ Sc , k ∈G , (4.15d)

t k
i ∈ [0, 1], ∀i ∈ Sc , k ∈G . (4.15e)
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The optimum of the linear system of (4.15a)-(4.15e) is achieved at t k
i = 0 or 1, (∀i ∈ Sc , k ∈G

), and this optimum is always equal to the optimum of Expression (4.13) by Lemma 1.

In this way, our objective function can be linearized by introducing the new continuous

variables λk
T (∀T ⊆ Sc , k ∈G ). The relaxed t k

i in Expression (4.15e) remains to be binary

variables because of Eqs. (4.6b) and (4.6c) in the proposed model. Now the mathematical

model is reformulated as a mixed-integer linear programming (MILP) model by combining

Expressions (4.4a) and (4.15a) in the objective function and Eqs. (4.2a)-(4.3c), (4.4b)-(4.4c),

(4.5a)-(4.6d), (4.7a)-(4.7b), and (4.15b)-(4.15d) in the constraints:

max
∑

k∈G

∑

i∈S

M2s k
i +
∑

k∈G

∑

T⊆Sc

αTλ
k
T (4.4a and 4.13a)

s.t. xi − x j ≥ (li+l j )/2+M (b i , j
1 −1), ∀i < j ∈ S , (4.2a)

−xi + x j ≥ (li+l j )/2+M (b i , j
2 −1), ∀i < j ∈ S , (4.2b)

yi − yj ≥ (wi+w j )/2+M (b i , j
3 −1), ∀i < j ∈ S , (4.2c)

−yi + yj ≥ (wi+w j )/2+M (b i , j
4 −1), ∀i < j ∈ S , (4.2d)

zi − z j ≥ (hi+h j )/2+M (b i , j
5 −1), ∀i < j ∈ S , (4.2e)

−zi + z j ≥ (hi+h j )/2+M (b i , j
6 −1), ∀i < j ∈ S , (4.2f)

6
∑

n=1

b i , j
n ≥ 1, ∀i < j ∈ S , (4.2g)

(ai
m )

T xk ≥e i
m +M3(s

k
i −1), m = 1, 2, ..., 4 (6),∀i ∈ S , k ∈G , (4.4b)

s k
i +s k

j ≥δ
k
i , j , ∀i < j ∈ S , k ∈G , (4.5a)

s k
i −s k

j ≤δ
k
i , j , ∀i < j ∈ S , k ∈G , (4.5b)

1+ s k
i −s k

j ≥δ
k
i , j , ∀i < j ∈ S , k ∈G , (4.5c)

M4(s
k
i + s k

j −2)+di < d j +M4(1−δk
i , j ), ∀i < j ∈ S , k ∈G , (4.5d)

M4(s
k
i + s k

j −2)+d j < di +M4δ
k
i , j , ∀i < j ∈ S , k ∈G , (4.5e)

s k
i ≥ t k

i , ∀i ∈ S , k ∈G , (4.6a)

−β0(1− t k
i ) + ri ≤β k

i +β0(1− s k
i ), ∀i ∈ S , k ∈G , (4.6b)

β0(1− s k
i ) + ri >β

k
i −β0t k

i , ∀i ∈ S , k ∈G , (4.6c)

(t k
i +t k

i ′ )−1≤ t k
ī , ∀(i , i ′) ∈ (SR ,Sc ), k ∈G , (4.7a)
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∑

T ∋i

λk
T = t k

i , ∀i ∈ Sc , k ∈G , (4.15b)

∑

T⊆Sc

λk
T = 1, ∀k ∈G , (4.15c)

xi ∈ [li/2,L − li/2], ∀i ∈ S , (4.3a)

yi ∈ [wi/2,W −wi/2], ∀i ∈ S , (4.3b)

zi ∈ [hi/2,H −hi/2], ∀i ∈ S , (4.3c)

λk
T ≥0, ∀T ⊆ Sc , k ∈G , (4.15d)

b i , j
n ∈{0, 1}, n = 1, 2, ..., 6,∀i < j ∈ S , (4.2h)

s k
i ∈{0, 1}, ∀i ∈ S , k ∈G , (4.4c)

δk
i , j ∈{0, 1}, ∀i < j ∈ S , k ∈G , (4.5f)

t k
i ∈{0, 1}, ∀i ∈ S ∪Sc , k ∈G , (4.6d and 4.7b)

where αT ≜
∏

i∈T (1− p ), M =maxi , j∈S ,i< j {
li+l j

2 + L ;
wi+w j

2 +W ;
hi+h j

2 +H }, M2 = |G |, M3 =

maxi ,k ,m{e i
m − (a

i
m )

T xk}, M4 =maxi , j∈S ,i< j {d j −di }, and β k
i ≜β0−{
∑

j<i r jδ j ,i +
∑

j>i r j (1−
δk

i , j )}, ∀i ∈ S , k ∈G .

Notice that the proposed MILP model has 3N + 2|Sc | · |G | continuous variables of

(xi , yi , zi ),∀i ∈ S and λk
T (∀T ⊆ Sc , k ∈ G ). Also, it includes 3N (N − 1) +N · |G |+ 1

2 N (N −
1)|G |+(N + |SR |) · |G | binary variables of b i , j

n (n = 1, 2, . . . , 6,∀i < j ∈ S ), s k
i (∀i ∈ S , k ∈G ), δk

i , j

(∀i < j ∈ S , k ∈G ), and t k
i (∀i ∈ S ∪Sc , k ∈G ). In terms of constraints, the model has 6N +|G |

linear constraints in continuous variables, 3N {3(N −1)+ |G | · (|Sc |+6)} linear constraints

in mixed-integer variables, and 3N (N −1)+ |G | · {3N (3N −2)+ |SR |} linear constraints in

binary variables.

The above MILP model enables us to find optimal component layouts of a weapon

system using any commercial software. Some readily available MILP solvers include, but

not limed to, ILOG CPLEX [ILO], Gurobi, LINDO, Mosek, XPRESS-MP [Lin11] and AMPL

[Ji 19].

45



CHAPTER

5

HEURISTIC AND NUMERICAL

EXPERIMENTS

Although we can solve the proposed mixed-integer linear programming (MILP) model

using commercial solvers, we may still suffer from the low computation efficiency caused

by a large number of binary variables and constraints. In Section 5.1, we propose a heuristic

method to solve the proposed MILP model in a much more efficient manner. In Section

5.2, a practical instance is provided to highlight the proposed MILP model solved by the

Branch and Cut (B&C) method and proposed heuristic method. Numerical experiments and

analysis are also provided to validate the performance of the proposed heuristic method.

5.1 Zone-based Restriction Heuristic Method

Recall that the weapon vulnerability depends on how components are arranged inside the

exterior hull of a weapon system. Using the components’ 3D coordinates and known threat

directions (θ ,φ), we can identify what components include a grid point k by the binary

variables s k
i (∀i ∈ S , k ∈G ). Then we can distinguish whether each component is hit at the
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grid point k or not, i.e., t k
i = 1 or 0 (∀i ∈ S ∪Sc , k ∈G ) by using the sequences of components

pairs (δk
i , j ), the resistance of components (ri ), and the initial penetration capacity of the

enemy’s threat (β0). Since the weapon vulnerability is defined as the average value of the

failure probabilities at all grid points,
∑

k∈G πk

|G | , the weapon vulnerability is determined by

whether the components in Sc is hit or not, with πk ≜ 1−
∏

i∈Sc
(1−pi )t

k
i .

In this dissertation, we consider four types of components: critical components with-

out redundancy, critical components with redundancy, redundant components, and non-

critical components. Notice that a hit on a non-critical component does not directly affect

the calculation of weapon vulnerability, but non-critical components can protect other

components behind them. Unless a critical component (with redundancy) and its cor-

responding redundant component are hit at the same grid point, they do not affect the

weapon vulnerability either. However, the hit on a critical component (without redundancy)

will directly increase the weapon vulnerability. Using these characteristics of component

types, the proposed heuristic is designed to properly allocate critical components (with

and without redundancy) for better protections. The essence of the proposed heuristic

method is to lay out the critical components behind other components. This prevents the

critical components from being easily hit by enemy threats. Hence we may want to restrict

the feasible region to place the critical components.

We provide an example in the 2-dimensional (2D) space to explain the process of the

proposed zone-based restriction heuristic (ZRH) method. Assume that we have a compo-

nent set S = {1, 2, 3′, 3, 4} of 5 components including the critical component set Sc = {1, 2, 3′},
redundant component set SR = {3}, and non-critical component set SN = {4}. Each com-

ponent has its own size (li , wi ), ∀i ∈ S and failure probability pi (> 0), ∀i ∈ S\SN , with

p3 = p3′ > p2 > p1. We also have a size of an exterior hull (L , W ) and threat directions (θ ,φ).

We first present the feasible region for the components (∀i ∈ S ) using the range of

the exterior hull ([0, L ], [0, W ]) and three threat directions: from the top, the left-hand side,

and the right-hand side, as shown in Figure 5.1. Then we can identify a point that is the

farthest away from the three threat directions in the exterior hull, which is designed as the

innermost point I . In Figure 5.1, the innermost point I is located at the point (L/2, 0) in the

exterior hull.

We then find the two most vulnerable components in Sc = {1, 2, 3′}with higher failure

probabilities. Here components 2 and 3′ are chosen since p3′ > p2 > p1, and we have a set

S1 = {2,3′}which denotes the component set to be included in Zone 1. Then we generate

Zone 1 to accommodate all possible layouts of the components in S1 = {2, 3′}. The generated

Zone 1 is then placed close to the innermost point I (L/2, 0), as shown in Figure 5.2.
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Figure 5.1: Innermost point I .

Figure 5.2: Zone 1 accommodating possible layouts of components in S1.

Then we generate those linear inequalities representing Zone 1 with a given margin

d (> 0), as shown in Figure 5.3. The margin helps prevent the critical components from

being over-restricted by the linear inequalities. The linear inequalities 1⃝a, 1⃝b, 1⃝c, 1⃝d,

and 1⃝e ( 1⃝a- 1⃝e) in Figure 5.3 restricts the critical components in S1 = {2, 3′} to be located
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Figure 5.3: Linear inequalities representing Zone 1 with margin d (> 0).

inside Zone 1 with the margin d .

Now we check the remaining critical components in Sc , which are not yet assigned to

any zones. Currently, only the critical component 1 is left. To generate Zone 2, if we consider

the critical component 1 only, it may lead to a too small zone. If we generate Zone 2 to

accommodate components 2 and 3′ and the current critical component 1, Zone 2 may

become too large. Hence we create a fictitious component v1 with the size of (lv1
, wv1
) ≜

(max{l2, l3′}, max{w2, w3′}), which is called the virtual component v1 derived from S1 = {2, 3′}.
Figure 5.4 shows the virtual component v1 came from S1 = {2, 3

′}.

Figure 5.4: Virtual component v1 derived from S1.
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Now we take the set S2 = {v1,1} to include the critical component 1 and the virtual

component v1. Subsequently, Zone 2 is generated to accommodate all possible layouts of

components in S2 = {v1, 1}, and place it close to the innermost point I (L/2, 0), as shown in

Figure 5.5.

Figure 5.5: Zone 2 accommodating possible layouts of components in S2.

Figure 5.6: Linear inequalities representing Zone 2 with margin d (> 0).
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We then generate those linear inequalities to represent Zone 2 with the given margin

d (> 0). The linear inequalities 2⃝a, 2⃝b, 2⃝c, 2⃝d, and 2⃝e ( 2⃝a- 2⃝e) presented in Figure

5.6 restrict the critical component 1 in S2 to be located inside Zone 2 with the margin d .

The virtual component v1 is not restricted since it is not an actual component.

When all the critical components are assigned to some zones, we stop the process. Then

we collect all those generated constraints 1⃝a- 1⃝e and 2⃝a- 2⃝e to restrict the locations

of the critical components belonging to S1 and S2, i.e.,{2, 3′} and {1}, respectively. In other

words, we add the linear constraints corresponding to 1⃝a- 1⃝e, 2⃝a- 2⃝e to the proposed

MILP model in Section 4.7 and require that components 2 and 3′ satisfy 1⃝a- 1⃝e, and the

components 1 satisfies 2⃝a- 2⃝e. The generated linear constraints for each zone restrict

the corresponding critical components only.

Figure 5.7 shows the constraints restricting the corresponding critical components

and some possible layouts of the critical components 1,2, and 3′ satisfying the correspond-

ing linear constraints. One of possible layouts of the critical components 1, 2, and 3′ is

presented in the exterior hull satisfying the corresponding linear constraints, and some

possible layouts of the critical components are provided in Figure 5.7.

Figure 5.7: Linear constraints for critical components 1, 2, and 3′.

Then we add those constraints restricting the corresponding critical components to
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the proposed MILP model in Section 4.7, and solve the constraint-added MILP model using

a commercial solver.

The above example shows how the zones can be generated to restrict the location of

critical components, assuming that the exterior hull is spacious enough to accommodate

all the generated zones and the components. In this process, more vulnerable critical

components with higher failure probabilities are considered first. We always generate

an additional zone to accommodate the next two critical components (if there are more

than two left) or the last one and those virtual components accumulated so far. Figure

5.8 illustrates an instance of creating virtual components with 7 critical components, Sc =

{1, 2, 3, 4, 5, 6, 7}with descending order of failure probabilities pi (∀i ∈ Sc ). We first take a set

S1 = {1,2} to generate Zone 1. Then the virtual component v1 is created to represent the

critical components 1 and 2 belonging to S1. Then we take a set S2 = {v1, 3, 4}with the virtual

component v1 and critical components 3 and 4 of the next priority to generate Zone 2. Then

we have a virtual component v2 representing the critical components 3 and 4 belonging to

S2. In this way, we can take sets S3 = {v1, v2,5,6} and S4 = {v1, v2, v3,7} to generate Zones 3

and 4, respectively. Thus Zone j includes the j −1 virtual components derived from Zone 1

to Zone j −1. This may help us obtain the proper size of zones. Some linear inequalities

are generated to represent the zones with the given margin (d > 0), which restrict the

locations of the corresponding critical components. Until we have no critical components

left to be assigned to any zones, this process is repeated. In the end, we have ⌈|Sc |/2⌉ zones

accommodating the corresponding critical components and virtual components, where

⌈ .⌉means the ceiling function.

Figure 5.8: Instance of critical and virtual components.
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The general procedure of the proposed ZRH method is given below.

Step 0 (Input information) Critical component set Sc , threat directions (θ ,φ), size (li , wi , hi )

of critical components (∀i ∈ Sc ), failure probability pi (> 0,∀i ∈ Sc ) of critical compo-

nents, and size of exterior hull (L , W , H ).

Step 1 (Initialization) Identify the innermost point I in the exterior hull, which is the location

farthest away from the given threat directions (θ ,φ). Order the critical components

in Sc along with the decreasing failure probabilities and keep them in a list L . Virtual

component set Sv ←; and j ← 1.

Step 2 (Generate Zone j accommodating components in set Sj )

2-1: Add the top two (or the only one left) on the list L to set Sj , and remove them from

the list L ,

2-2: Add the existing virtual components to Sj , Sj ← Sj ∪Sv ,

2-3: Generate a 3D Zone j that can accommodate all possible layouts of the components

in Sj , and place the Zone j close to the innermost point I .

Step 3 Generate linear inequalities representing the 3D Zone j with the given margin d to

restrict the critical components in Sj only.

Step 4 (Check the remaining critical components) If the list L becomes empty, MOVE TO

Step 5. Otherwise, create a virtual component v j with the size of (lv j
, wv j

, wv j
) ≜

(maxi∈Sj \Sv
{li }, maxi∈Sj \Sv

{wi }, maxi∈Sj \Sv
{hi }). Sv ← Sv ∪{v j }, j ← j +1, and MOVE TO

Step 2 .

Step 5 Add the linear inequalities generated in Step 3, to restrict the corresponding critical

components in each Sj only, to the proposed MILP model in Section 4.7. Then solve

the constraint-added MILP model using a commercial solver.

In the proposed MILP model in Section 4.7, each grid point requires (N 2+3N )/2+ |SR |
binary variables of s k

i (∀i ∈ S , k ∈G ), δk
i , j (∀i < j ∈ S , k ∈G ), and t k

i (∀i ∈ S ∪Sc , k ∈G ), and

2|Sc | continuous variables of λk
T (∀T ⊆ Sc , k ∈G ). By restricting the locations of critical com-

ponents to be located in their corresponding zones, a number of the binary variables and

continuous variables may be ignored. This enables the ZRH method to generate solutions

in a much more efficient manner.
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5.2 Computational Experiments

In this section, we first use a practical instance to show the results of adopting the proposed

mixed integer linear programming (MILP) model for the optimal component layout of an

electric car using both of the commercially available Branch and Cut (B&C) method and the

proposed zone-based restriction heuristic (ZRH) method. Then we conduct computational

experiments to analyze the performance of the proposed MILP model solved by CPLEX

and the proposed ZRH method for optimal layout problems in different sizes.

5.2.1 Optimal Component Layout of Electric Cars

In this subsection, we provide a practical instance to highlight the proposed MILP model

for the optimal component layout of an electric car shown in Figure 5.9.

Figure 5.9: Key components in electric cars [DOE].

This electric car includes 7 components: Motor/Transmission (critical component 1),

Controller (critical component 2), Converter (critical component 3), Battery Pack (crit-

ical component 4′ with redundancy), Auxiliary Battery (the corresponding redundant

component 4 of the critical component 4′), Onboard charger (non-critical component

5), and Cooling system (non-critical component 6). Thus, we have the component sets

S = {1,2,3,4′,4,5,6}, Sc = {1,2,3,4′}, SR = {4}, SN = {5,6}. The failure possibilities pi

(∀i ∈ Sc ∪SR ), the resistance ri (∀i ∈ S ), and initial penetration capability β0 are randomly
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generated over the sets {0.4, 0.5, . . . , 0.9}, {10, 15, 20, 25}, and {15, 18, 21, 24}, respectively. The

size of the component (li , wi , hi ) is (15, 15, 15), (10, 10, 15), (10, 15, 15), (10, 10, 10), (10, 10, 10),

(15,15,10), and (20,15,10) for the components 1,2,3,4′,4,5, and 6, respectively. The size

of the exterior hull is (50,60,25). The known threat directions are (θ ,φ)1 = (0◦,0◦) and

(θ ,φ)2 = (90◦,0◦). We chose 80 grid points, i.e., |G |= 80, innermost point I (0,0,12.5), and

margin d = 5. Using this information, we solved the proposed MILP model presented in

Section 4.7 using both of the commercially available B&C method and the proposed ZRH

method.

The instance of the electric car is solved on a computer with the 72 Intel® Xeon Plat-

inum 8352V Processor CPUs @2.1gigahertz and 128gigabyte RAM utilizing ILOG CPLEX

12.8.0. The optimal values, i.e., the maximized weapon survivability (PS/H ) subjected to a hit,

were 0.7406 and 0.7312 from the B&C method and the proposed ZRH method, respectively.

The difference of the optimal value was 0.0094, which is less than 1% of weapon survivability.

The CPU times for the B&C method and the proposed ZRH were 26.76 minutes and 2.87

minutes, respectively. Figure 5.10 presents the optimal component layouts obtained from

the two methods.

Figure 5.10: Optimal component layouts from the proposed ZRH method and B&C
method.

The proposed MILP model takes care of the constraints of feasible layout in the 3D

space, adopts the approximated grid point (AGP) approach, also considers the partial pene-

tration and redundant components presented in Sections 4.3, 4.4, 4.5, and 4.6, respectively.
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As shown in Figure 5.10, both of the obtained two component layouts are feasible ones in

the 3D space.

For adopting the AGP approach, all the components are projected to rectangles since

the given threat directions are orthogonal or parallel to the 3D axes. Remember that s k
i = 1

if grid point k is located inside the projected area of component i , otherwise s k
i = 0. Figure

5.11 presents the projected area of the components 1, 3, and 4′ from the threat direction

(0◦, 0◦) of the result obtained by the B&C method. For each grid point k , the binary variable

s k
i is assigned properly as shown in Figure 5.11. For example, in the grid points included

by the projected area of the component 3, the variables (s k
1 , s k

3 , s k
4′ )= (0, 1, 0) since only the

projected area of the component 3 includes the corresponding grid point k .

For the concept of partial penetration, the initial penetration capability and the resis-

tance of the components are given as β0 = 24 and (r1, r2, r3, r4′ , r4, r5, r6)=(15, 10, 10, 10, 10, 15,

20), respectively. Figure 5.12 shows the optimal component layout obtained from the B&C

method, from two different views.

Figure 5.11: Projected areas of components 1, 3, and 4′ from a known threat direction
(0◦, 0◦).

In Figure 5.12 , the three components 2, 3, and 4 are overlapped at the grid point k , i.e,

(s k
1 , s k

2 , s k
3 , s k

4′ , s k
4 , s k

5 , s k
6 )=(0, 1, 1, 0, 1, 0, 0). Notice that δk

i , j = 1 if component i gets hit before

component j at grid point k from a threat direction, otherwise δk
i , j = 0. Thus, the variables

(δk
1,3,δk

2,3,δk
3,4′ ,δ

k
3,4,δk

3,5,δk
3,6) should be (0,1,1,0,1,1) based on the components’ location.
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Figure 5.12: Partial penetration in the optimal layout from the B&C method.

Then the residual penetration capacity at grid point k for the component 3 is represented

by β k
3 ≜β0−{r1δ

k
1,3+ r2δ

k
2,3+ r4′(1−δk

3,4′)+ r4(1−δk
3,4)+ r5(1−δk

3,5)+ r6(1−δk
3,6)}=β0− (r2+ r4)

since (δk
1,3,δk

2,3,δk
3,4′ ,δ

k
3,4,δk

3,5,δk
3,6)=(0,1,1,0,1,1). Then, we compare the residual capacity

β k
3 (=β0− (r2+ r4) = 4)with the resistance of component 3 (r3 = 10) to determine whether

t k
3 is one or zero. In this case, t k

3 is forced to be zero since β k
3 < r3. Consequently, we have

(t k
1 , t k

2 , t k
3 , t k

4′ , t k
4 , t k

5 , t k
6 ) = (0,1,0,0,1,0,0), which implies only the components 2 and 4 are

hit at the grid point k .

Some common features of the two layouts in Figure 5.10 can be observed. First, the

critical component (Battery) and its corresponding redundant component (Auxiliary Bat-

tery) are laid out apart to prevent being hit together at the same grid point. This is quite

reasonable because there is no loss in the weapon survivability unless a critical compo-

nent and its corresponding redundant component are hit at the same grid point. Second,

non-critical components are laid relatively outside of the critical components. Since the

non-critical components do not affect the weapon survivability calculation, they could be

used to protect critical components. Lastly, critical components are somehow protected by

other components as much as possible. In Figure 5.10, most of the critical components are

located inside the exterior hull except for Converter (by ZRH) and Motor/transmission (by

B&C). These two critical components are inevitably pushed to the outside areas because of

the sizes of the exterior hull. In short, critical components are located inside if space allows.

The fundamental difference of the two solutions is that B&C method considers more

of the threat direction from (0◦, 0◦) while ZRH method considers more of threats from the

(90◦, 0◦) direction.
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Table 5.1: Parameters in numerical experiments.

components
(L , W , H ) β0 (θ ,φ) avg. |G |

pi li , wi , hi , ri

N = 4
random value in
{0.4, 0.5, . . . , 0.9}

random values in
{5, 10, 15} (40,50,25)

random
value in

{15, 18, 21, 24}

(0◦, 0◦)
and

(90◦, 0◦)
64

N = 5
random value in
{0.4, 0.5, . . . , 0.9}

random values in
{5, 10, 15, 20, 25}

(40,50,25)
or (45,50,25)

random
value in

{15, 18, 21, 24}

(0◦, 0◦)
and

(90◦, 0◦)
70.4

N = 6
random value in
{0.4, 0.5, . . . , 0.9}

random values in
{5, 10, 15, 20, 25}

(50,60,25)
or (50,65,25)

random
value in

{15, 18, 21, 24}

(0◦, 0◦)
and

(90◦, 0◦)
76

N = 7
random value in
{0.4, 0.5, . . . , 0.9}

random values in
{10, 15, 20, 25}

L ∈ {50, 55}
W ∈ {55, 60, 65, 70}

H = 25

random
value in

{15, 18, 21, 24}

(0◦, 0◦)
and

(90◦, 0◦)
81.6

5.2.2 Experiment Design

In the rest of this dissertation, all numerical experiments are conducted on a computer

with the 72 Intel® Xeon Platinum 8352V Processor CPUs @2.1gigahertz and 128gigabyte

RAM utilizing ILOG CPLEX 12.8.0.

We generated 100 instances for each N = 4, 5, 6, and 7. Parameters of the instances are

shown in Table 5.1. The required information consists of component sets S , Sc , SR , and SN ,

failure possibility pi (∀i ∈ Sc ∪SR ), 3-dimensional (3D) size (li , wi , hi ), ∀i ∈ S , resistance ri

(∀i ∈ S ) of components, and 3D size of exterior hulls (L , W , H ). Initial penetration capability

β0 and threat directions (θ ,φ) are also required to describe enemy’s threats. Grid point

set G is generated based on the 3D size of exterior hull (L , W , H ) and the threat directions

(θ ,φ). Notice that the grid point set G ≜
⋃n

j=1 G(θ ,φ) j aggregates the grid point sets G(θ ,φ) j

generated from all known threat directions (θ ,φ) j . Moreover, (|Sc |, |SR |, |SN |) is set to be

(2, 1, 1), (3, 1, 1), (4, 1, 1) or (4, 1, 2), respectively, for N = 4, 5, 6, and 7.

Notice that in Table 5.1, the exterior hull is designed to be spacious enough to accom-

modate all the generated components. We also generate the grid point set G based on the

size of the exterior hull (L , W , H ) from each threat direction. We have in general more grid

points for larger N values.

5.2.3 Computational Results

In this subsection, we validate the performance of the proposed ZRH method in terms

of accuracy and efficiency. To obtain exact optimal solutions, every instance is solved by
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the ILOG CPLEX 12.8.0 using the Branch and Cut (B&C) method [Lin11]. When we apply

the proposed ZRH method, the constraint-added MILP model in the last step of the ZRH

method is also solved in the same environment. We compare and analyze the results from

the B&C method and the ZRH method to investigate the performance of the proposed ZRH

method.

To validate the accuracy of the proposed ZRH method, we measure the relative opti-

mality gap between the optimal values obtained by the B&C method and the proposed ZRH

method, i.e., (
|z ∗B &C−z ∗Z R H |

z ∗B &C
) . Figure 5.13 plots the average gap of 100 instances for N = 4, 5, 6,

and 7.

Figure 5.13: Optimality gap on average.

While the gaps are lower than 0.35%, the average gap is slightly increasing as the number

of components increases. Nevertheless, the proposed ZRH method performs adequately

for problems with up to 7 components to be laid out. We can observe that the ZRH method

performs effectively in terms of optimal gaps on average.

Figure 5.14 shows the distributions of optimality gaps for the 100 instances of N = 4, 5, 6,

and 7. For N = 4, 99 out of 100 instances have good accuracy with less than 1% of the

optimality gap. Only one instance has the optimality gap between [1%, 2%). The instances

of N = 5 also show good accuracy with only two instances in the range of [1%, 2%) and one

instance in the range of [2%, 3%). The gaps become to widen as the number of components

increases, as expected. Overall speaking, the ZRH method is capable of providing high

quality solutions to the proposed MILP model.
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Figure 5.14: Optimality gap distribution.

Figure 5.15 shows the average CPU times of the B&C method and ZRH method for

N = 4, 5, 6, and 7. The improvement (%) is defined to be (B&C time - ZRH time)/(B&C time).

Figure 5.15: Runtime performance on average.
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Table 5.2: Runtime performance.

Method CPU time (min)

N = 4 N = 5 N = 6 N = 7

mean/std mean/std mean/std mean/std

ZRH 0.054/0.040 0.330/0.218 0.964/0.760 6.931/5.689

B&C 0.166/0.115 1.230/0.934 3.855/2.761 129.591/158.980

The average and standard deviations (std) of CPU times from the proposed ZRH method

and B&C method are also included in Table 5.2. It can be easily observed from Figure 5.15

and Table 5.2 that the ZRH method runs faster than the B&C method in all cases. Moreover,

the running time of the ZRH method grows slowly contrasting to the sharp spike of the B&C

method from N = 6 to N = 7.

Overall speaking, we can confirm that the ZRH method can provide high quality solu-

tions to the proposed MILP model in an efficient manner. Moreover, it holds good potential

for solving problems with a large number of components involved in a weapon system.
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CHAPTER

6

CONCLUDING REMARKS

6.1 Summary of Dissertation

In this thesis, we have proposed a novel approximated grid point (AGP) approach to model

the vulnerability of weapon systems. Based on this approach, we can easily manage the

shape of the projected area of each component and realize the concept of weapon vul-

nerability into a mathematical model. We have first formulated the problem into a mixed

integer nonlinear programming (MINLP) model including all types of components and

the concepts of partial penetration and component redundancy. Then we converted the

MINLP model into a mixed integer linear programming (MILP) model using the concept

of pseudo-Boolean expressions for computational efficiency. In addition, a zone-based

restriction heuristic (ZRH) method has been proposed to generate high quality solutions of

large-scale component layout problems in a much more efficient manner.

Chapter 3 mainly studies the assessment approach of the weapon vulnerability. As

preliminaries, we provide some basic concepts including threat directions, parallel projec-

tions, and geometry of cuboids. These concepts are used to assess the weapon vulnerability

and to formulate our mathematical model in Chapter 4. Then the vulnerable area (VA)
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approach is introduced with simple examples to clearly explain its mechanism with its

limitation to be adopted in mathematical models. We also propose an approximated grid

point (AGP) approach, which is evolved from the VA approach. Using the same examples,

we discuss the difference between the two approaches and show some advantages of the

proposed AGP approach.

Chapter 4 provides a mathematical model for the minimal vulnerability of weapon

systems. We provide the problem statement and notations used for the proposed mathe-

matical model. The optimization model includes all types of components and reflects some

realistic constraints such as feasibility in the 3D space, partial penetrations, and component

redundancy. We formulate the problem as an MINLP model first and convert it to an MILP

model by a linearization mechanism using the concept of pseudo-Boolean expressions.

Chapter 5 presents the "zone-based restriction heuristic" method to solve the proposed

MILP in a much more efficient manner. Although we can solve the proposed MILP model

using commercial solvers, low computation efficiency can be caused by a large number

of binary variables and constraints. The low computational efficiency may be a critical

issue in attaining the optimum of the proposed MILP model. The proposed heuristic

method is designed by considering component’s characteristics for priority to protect.

Based on this idea, we improve computational efficiency by restricting the locations of

critical components. Then we present a practical instance to validate the proposed MILP

model for the optimal component layout using both of the commercially available Branch

and Cut (B&C) method and proposed ZRH method. Then computational experiments are

provided to analyze the performance of the proposed proposed ZRH method in different

sizes, in terms of accuracy and efficiency.

6.2 Future research

Following this study, we may improve the computational accuracy of solving the proposed

MILP model and expand the current model to a more advanced one adopting complicated

issues such as repetitive hits and multi-kill modes of weapon systems.

The concept of warm starting may be effective to obtain more accurate solutions to

the proposed MILP model. We verified the performance of the proposed ZRH method, and

its solutions can be used as good starting points to lead to much more accurate optimal

solutions. Instead, the trade-off between accuracy and efficiency will be inevitable.

Some ideas for the multiple hits are introduced in [Bal03]: the binomial approach for
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N hits, Poisson process for E expected hits, tree diagram, and Markov chain. In particular,

the binomial approach exactly calculates the probability from N hits and Poisson process

computes the expected number of hits (E ) when weapon systems are hit for N times. We

can also list all the possible cases given N hits using a tree diagram. Additionally, we can

model the Markov chain using a transition matrix of states of disabled components.

Moreover, after learning how to obtain optimal component layouts for each of the multi-

kill modes of weapon systems, we may simply optimize a weighted sum of the vulnerabilities

for the problem with multiple kill modes. It is also possible to apply the concept of Pareto

optimum [Alh04] to study the problem. Bi-level optimization could be a suitable model to

obtain the optimal component layout of a weapon system subject to two kill modes.
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