
Variable Selection for Response SurfaceModeling Using R-SplinesSarah W. HARDY Douglas W. NYCHKANorth Carolina State University National Center for Atmospheric ResearchRaleigh, NC 27695-8203 Boulder, CO 80307Dennis D. BOOS Perry D. HAALANDNorth Carolina State University Becton Dickinson TechnologiesRaleigh, NC 27695-8203 RTP, NC 27709Motivated by an application with a moderate number of potential explana-tory variables, this paper explores a technique for variable and model se-lection using R-splines. R-splines are a recently proposed extension to thinplate splines with a modi�cation to the roughness penalty that allows fora reduced polynomial component to be �t. The key model selection ideais a two-stage approach. First, the important explanatory variables areidenti�ed using a speci�c type of R-spline. Then these variables are usedto �t di�erent R-spline models from which the most desirable is chosen.This new method is then compared to all subset regressions by leaps andbounds and regression trees. An application of the methodology is alsodiscussed.KEY WORDS: Thin plate spline, nonparametric, response surface, rough-ness penalty, leaps and bounds all subset regressions, re-gression trees.1. INTRODUCTIONThis paper focuses on a nonparametric method for �tting response surfaces known as R-splines (Hardyand Nychka, 2000) which are a recently proposed extension to thin plate splines (Wahba, 1990, Silvermanc
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2 <Author Name(s)>and Green, 1994). This research was motivated by a speci�c application with twelve potential independentvariables. If the functional form(s) of the variables must be designated, for example, x, x2, x3, ex, ln(x),etc., along with interactions between these functional forms, the number of models that could be �t isoverwhelming even with relatively small datasets by current standards. Although many model selectiontechniques have been suggested, there is still no consensus on the superiority of any one speci�c technique.We will address the issue of variable and model selection using R-splines and make comparisons withsome of the existing technologies.The unique modeling approach proposed in this research is separating the variable selection step fromthe model selection step. Generally models are selected by optimizing some criterion, and the variablesselected are simply those that appear in the selected model. Variable selection and model selection areintimately related, and so the di�erence is somewhat subtle. It was observed, however, in preliminarysimulations that optimizing criterion for judging the model did not satisfactorily select the correctvariables. This led to the conclusion that the best results in model �tting with splines could be achievedby �rst selecting the variables, and then choosing a model from among the di�erent models that could be�t with those variables by varying two model parameters. These model parameters arem and cost, wherem� 1 is the degree of the polynomial null model and cost weights the model degrees of freedom in thedenominator of the generalized cross-validation function. To address variable and model selection, twosets of simulations were performed. The goal of the �rst was to examine di�erences among four strategiesof selecting a variable subset using R-splines from among all possible subsets. The goal of the second wasto compare three modeling techniques: a two stage R-spline approach using all subset variable selectionmethodology, standard all subset linear regressions by leaps and bounds, and classi�cation regressiontrees.In these simulations, the R-splines methodology using an initial all subsets variable selection method(stage 1), and then optimizing the �t over the model parameters m and cost (stage 2), consistentlyoutperformed the competing regression tree and all subsets regression methods both in terms of variableselection and predictive power. This R-spline methodology was also successful in a larger scale, morecomplex, practical problem. 2. THIN PLATE SPLINES AND R-SPLINESA thin plate spline is a smooth surface consisting of a standard polynomial component plus a non-D R A F T July 12, 2000, 6:40pm D R A F T



R-SPLINES VARIABLE SELECTION 3parametric component that is the sum of radial basis functions. The thin plate smoothing splines are asolution to a minimization problem and can be interpreted as a natural generalization of the traditionalpolynomial model estimated by minimizing residual sum of squares. Unlike the traditional formulation,however, the thin plate spline minimization problem also involves a roughness penalty. This roughnesspenalty is a function of m and d where where m� 1 is the degree of the polynomial component and d isthe number of explanatory variables. To guarantee that the roughness penalty is positive and that thefunction is a true thin plate spline, 2m � d must be positive. The number of polynomial terms neededis �d+m�1d �. Thus, the size of the polynomial component grows very quickly as a function of the numberof explanatory variables. For example, if there are d = 5 explanatory variables, m � 3; for m = 3, a fullquadratic polynomial component with 21 terms must be �t. If there are d = 6 explanatory variables, 84polynomial terms are needed. Many typical industrial experiments do not have enough observations to�t the number of parameters needed for the required polynomial component. Speci�cally, this becomesproblematic when there is a large set of explanatory variables and it is desirable to use an all possiblesubset approach to variable selection for thin plate spline modeling.R-splines arose in the context of attempting to modify the thin plate spline to allow for a greaternumber of explanatory variables in the model. R-splines are splines �t with a polynomial componentplus the sum of radial basis functions. Clearly, thin plate splines fall into this category. This broaderde�nition of an R-spline, however, also includes other splines. Speci�cally, it includes splines in which2m � d � 0. In other words, the polynomial component may be of a lower order than required by thethin plate spline restraint. When 2m � d � 0, the seamless way in which the polynomial function androughness penalty �t together (i.e, the space spanned by the polynomial component is the null space ofthe roughness penalty) no longer holds. Since the relationship is thus \broken," the term broken splinewill be used to indicate this kind of spline. The term R-splines refers to the broader class of splinesincluding both broken and standard thin plate splines. A more detailed discussion of thin plate andbroken splines can be found in Appendix A.3. SIMULATION OVERVIEWTwo simulation studies were performed. The �rst examined four strategies of selecting a variablesubset using R-splines, i.e., stage 1 of the two-stage approach. The second simulation compared modelsD R A F T July 12, 2000, 6:40pm D R A F T



4 <Author Name(s)>using the two-stage R-spline model selection approach to two other modeling methods. For both setsof simulations, three di�erent sets of independent variables, or X matrices, each with 7 columns, i.e., 7potential explanatory variables, and 100 observations were used. The �rst two X matrices were createdby randomly selecting the points, and the third was a space-�lling design created using the FUNFITS(Nychka, et al, 1996) function cover:design.Also for both sets of simulations, the three following test functions were tested:f1(x) = s(2x1) + s(exp(5x2)) + s(sin(2�x3)) + s(3x1x4)f2(x) = s [N(x1; :3; :3)N(x2; :3; :3) + 1:25N(x1; :7; :2)N(x2; :7; :2)] + s(3x3 + x4)f3(x) = 2x1 + x22 + 3x3x4where s(x) = x�min(x)max(x) �min(x)N(x;�; �) = 1p2�� e�( x��� )2 (1)All test functions are functions of only x1, x2, x3 and x4; the last three variables in the X matricesare independent of the test functions. The primary goal of the �rst set of simulations was to comparethe ability of di�erent strategies to select the correct set of variables from a group including spuriousvariables. The �rst two functions were selected for their complexity and high degree of non-linearity.These are the types of functions where polynomial models would not be expected to perform well. Thenotation s() indicates that the term enclosed in the parentheses was scaled between 0 and 1. This wasdone to equalize the impact of the various terms in the function. The notation N(x;�; �) indicatesthe normal probability density function. The third function is linear in simple polynomial terms. Thisfunction was included because it is one in which all subset regressions by leaps and bounds would beexpected to perform well.In both sets of simulations, all nine combinations of X matrices and functions were considered at fourdi�erent levels of normally distributed random error. These di�erent levels of random error standarddeviation, �, are 1%, 10%, 20%, and 30% of the range of the true function. In the application motivatingD R A F T July 12, 2000, 6:40pm D R A F T



R-SPLINES VARIABLE SELECTION 5this research, within group standard deviations were typically observed to be approximately 22% of therange of the observed responses.4. VARIABLE SELECTION SIMULATION4.1 Variable selection simulation criteriaThe �rst stage of the two-stage R-spline modeling approach is to use R-spline models to select a variablesubset. In considering di�erent R-spline models there are various criteria that can be examined to judgethe success of the model, or in this context the variable subset selected. The purpose of this simulationwas to compare three of these criteria: 1) min(GCV), the minimum of the cross-validation functionthat estimates the average leave-one-out-prediction error (and is used to �nd �, the weight given to theroughness penalty); 2) R2p, also known as R2prediction (see Appendix D); 3) the root mean squared error;and 4) R2, the percentage of variation explained by the model. R2 does not equal the squared correlationbetween the observed and expected values as it does in traditional linear models. Models that interpolateare generally not useful; so models with degrees of freedom greater than 23 the number of observations (inthis case 67) were excluded from consideration. Two other model parameters with an e�ect on the model�t were also varied. These were 1) m = 1; 2, where m � 1 is the degree of the polynomial component,and 2) cost = 1; 2, which weights the model degrees of freedom in the denominator of the generalizedcross-validation function. A cost of greater than 1 will tend to discourage over-�tting. In summary, for allcombinations of three X matrices, three functions, four levels of random error, m = 1; 2, and cost = 1; 2,the four criteria were compared in models produced by 100 simulations.In each one of these sets of simulations, the three criterion were computed for all possible subsets ofthe seven variables (with the exception of the one variable and constant models), i.e., 27 � 7� 1 = 120subsets. For m = 1, all the R-spline �ts for the subsets are broken splines, as opposed to true thin platesplines, and for m=2 they are broken splines for all subsets containing four or more variables.4.2 Variable selection resultsThe variable selection simulation data was tabulated in terms of an all or nothing binary response;the correct set of variables was either chosen or not chosen. The results of the simulations performed atD R A F T July 12, 2000, 6:40pm D R A F T



6 <Author Name(s)>the 1% level of random error were rather peculiar and not very illustrative, as what most often occurredin the set of 100 simulations was that the same variable set was chosen each time, so the correct set waseither chosen 100 times or 0 times. Results from simulations at the higher levels of random error showedmore discernible di�erences.Table 1 contains the mean number of times the correct variable set was chosen for the three criterionwith the di�erent functions and m and cost settings. The values are averaged over the three datasetsand over the 10%, 20%, and 30% levels of random error. The combination of m and cost which wasmost successful at choosing the correct variable set is highlighted in each row. The most striking featureof these results, which was common across across all test functions at all levels of random error, wasthe advantage provided by setting cost = 2. Also, when cost = 2, setting m = 1 led to more successfulvariable selection. This is an interesting result because with m = 1 all variable subsets are �t with brokensplines (with m = 2 variable subsets containing 2 or 3 variables are �t with true thin plate splines).Table 1. Comparison of number of correct variable sets chosen in 100 simulationsFunction Criterion cost = 1 cost = 2m = 1 m = 2 m = 1 m = 21 min(GCV ) 36:3 39:3 71:9 48:9R2p 33:9 37:9 70:9 48:4Rmse 5:3 6:9 59:4 33:72 min(GCV ) 24:7 26:4 33:2 36:6R2p 25:0 27:4 44:8 39:0Rmse 5:0 5:1 43:2 42:33 min(GCV ) 46:9 48:4 87:4 69:7R2p 46:2 49:2 83:3 70:2Rmse 0:9 1:9 76:3 53:2Table 2 shows the results above where cost = 2 and m = 1 are averaged over the three functions.The criterion with the highest mean number of times selecting the correct variable subset when cost = 2and m = 1 was R2p with a mean of 66.0. The di�erences between criteria was not, however, statisticallysigni�cant. Table 2. Mean number correct where cost=2 and m=1.Criterion Meanmin(GCV ) 64:2R2p 66:0Rmse 59:7
D R A F T July 12, 2000, 6:40pm D R A F T



R-SPLINES VARIABLE SELECTION 7It is somewhat surprising that min(GCV) did not compare more favorably, as it often was the mostsuccessful criterion. While the min(GCV) criterion did the best with Functions 1 and 3, it did not dowell with Function 2. Function 2 was the most complex function and all the criteria led to choosingsmaller variable subsets than for the other functions. The min(GCV) criterion consistently selectedsmaller variable subsets than the other criteria across all functions. Use of the min(GCV) criterion forFunction 2 typically resulted in under-�tting. For Functions 1 and 3, however, the other criteria tendedmore toward over-�tting.4.3 Variable selection summaryThe all variable subsets approach to variable selection is practical when using R-splines because thefunctional form of the variables does not have to be speci�ed. Weighting the model degrees of freedom bya factor of two in the denominator of the generalized cross validation function when choosing an optimalsmoothing parameter, i.e., setting cost = 2, and choosing best subset from amongst all possible subsetsis a highly e�ective way to eliminate extraneous variables from the model. Limiting the polynomialcomponent to a constant term, i.e., m = 1, also provides an advantage when choosing a variable subset.The choice of a criterion from among R2p, root mean squared error, and min(GCV) was not a signi�cantfactor in choosing a variable subset when cost = 2 and m = 1. A modeler could consider all the subsetsindicated as \best" by any of the criteria. Once a subset is selected, the modeler should vary m and costagain to choose the �nal model as addressed in the following section.5. MODEL SELECTION SIMULATIONS5.1 Model selection approachesThe second stage of our model selection approach involves �tting an R-spline model to the variablesselected in the �rst stage. Here we �t R-spline models with di�erent orders of polynomial components(m = 1 indicates a constant polynomial component, m = 2 indicates a linear polynomial component)and unweighted (cost = 1) or weighted (cost = 2) model degrees of freedom in the denomimator of thegeneralized cross validation (GCV) function. This GCV function is used to select the optimal smoothingparameter, i.e, the weight given to the roughness penalty. As this weight increases, the R-spline �t willD R A F T July 12, 2000, 6:40pm D R A F T



8 <Author Name(s)>become more smooth. Speci�cally, in this set of simulations, R-spline models were selected from thoseproduced by the four combinations of m = 1; 2 and cost = 1; 2.The goal of this set of simulations was to compare models selected by three di�erent modeling tech-niques: 1) the two-stage R-spline approach, 2) all subset regressions by leaps and bounds (see AppendixB), and 3) regression trees. The quality of the models selected was measured both in terms of theirsuccess at selecting the correct model terms and their ability to predict the true function values on aprediction dataset.In addition to selecting the R-spline model from those produced by the four combinations of m = 1; 2and cost = 1; 2, we also considered R-spline models where cost was forced to be 2 and only m was varied.These were looked at to see if the less 
exible models, which are likely to produce lower criterion values,would be more successful at predicting on the prediction set.The leaps and bounds approach (Furnival, 1974) uses an e�cient algorithm to �nd the best subsetof the given explanatory variables for a traditional linear regression. These simulations used the S-Plusimplementation of the algorithm in the function leaps to �nd the best subset for each subset size.Among these subsets, the one that was optimal according the Mallows Cp or the adjusted R2 criterionwas chosen (see Appendix C). For standard regression subset selection the functional form of the variablemust be speci�ed. In other words, x1 is one potential variable, and x21 is another. The S-PLUS leapsfunction is limited to building subsets from an initial set of 30 variables (or 31 without an intercept).Unfortunately, a full quadratic model in 7 variables has 7 + 7 + �72� = 35 terms, 5 more than allowed.Thus, the interaction terms x4x5, x4x6, x4x7, x5x6, and x6x7 were omitted from model selection. Allinteraction terms containing two of the variables actually in the true functions, and most containingone are included in the model selection. This gave the leaps method some slight advantage over whatwould be had in practical situation with no a priori knowledge of the true underlying function. WithFunctions 1 and 2, which are highly nonlinear, what is being tested is how well the polynomial functioncan approximate the true function. Function 3, however, contains only polynomial terms included in theset for model selection.Both R-splines and regression trees have the advantage that the functional form of the variable doesnot have to be speci�ed, hence vastly reducing the possible number of models that can be �t. Regressiontrees actually perform variable selection as a part of their algorithm for �tting the data by searching forD R A F T July 12, 2000, 6:40pm D R A F T



R-SPLINES VARIABLE SELECTION 9the variable that explains the greatest deviance in the data. The advantage of R-splines, as compared totrees, is that R-splines �t smooth functions to the data, whereas tree models are multidimensional stepfunctions. The advantage of tree models is that both discrete and continuous variables are easily handled,whereas splines are most suitable for continuous variables. These simulations only address the case whereall explanatory variables are continuous. These simulations used the S-Plus function tree (Chambers andHastie, 1992) to build the regression trees. Arguments that control the tree size were left at their defaultsettings as follows: 1) growing continues if there are at least 5 observations in a node, and 2) 0.01 is theminimum node deviance before growing stops. Because the number of nodes is intentionally increaseduntil the tree cannot \grow" anymore, some degree of over-�tting can generally be expected. For treemodels, there are two approaches to reducing over-�tting. The �rst is \pruning" where nodes with theleast important splits are recursively \snipped." The second approach is \shrinking" in which estimatesfor observations in lower nodes are \shrunk" to their parent nodes based upon the magnitude of thedi�erence between the �tted values of the lower nodes and the �tted values of their parent nodes. Becausenodes are actually removed, pruning leads to a more parsimonious description of the data, while shrinkingleads to more accurate prediction. The optimal degree of pruning or shrinking is somewhat arbitrarilychosen by examining plots of the deviance versus the pruning or shrinkage parameters (which can bemapped to the size or e�ective size of the tree) and determining at which point the reduction in devianceno longer justi�es the increased complexity of the tree. These arbitrary decisions, however, cannot bemade in a simulation setting. To gain understanding of the general e�ect of pruning and shrinking, inaddition to simulations producing the full tree, as determined by the default values previously described,two additional simulations were also run. These were simulations in which: 1) the shrinkage parameterwas set at 70%, and 2) three nodes were pruned.Speci�cally, the approaches being compared in these simulations are: 1) R-splines using variablesindicated by all subset variable selection with cost = 2 and m = 1 using the R2p criterion, and thenchoosing an R-spline model that optimizes R2p over the four combinations of cost = 1; 2 and m = 1; 2;2) R-splines using same variable selection method, but �xing cost at 2 and then choosing the modelthat optimizes R2p over m = 1; 2; 3) all subset regressions by leaps and bounds using Mallows Cp as acriterion; 4) the same as 3) except using adjusted R2 as a criterion; 5) a full regression tree; 6) a treeD R A F T July 12, 2000, 6:40pm D R A F T



10 <Author Name(s)>with 70% shrinkage; and 7) a tree with 3 nodes pruned. The two areas addressed in this section are: 1) acomparison of how successful the methods were at selecting the correct variable set; and 2) a comparisonof how well the models selected by the di�erent methods were able to predict true function values on avalidation dataset.5.2 Comparison of variable set selectionComparisons were made between the R-spline method and the tree methods in terms of the binaryresponse, the correct set of variables was either chosen or it was not chosen. This type of comparisoncould not be made with the all subset regressions methods because it selects functional forms of thevariables. Table 3 shows the number of correct variable sets chosen by each modeling method by function,dataset and random error level. The number of simulations in which the correct variable set was chosenthe most times is highlighted in each row. For example, in Table 3, with Function 1, Dataset \a", atthe 1% level of random error, the R-spline method did the best choosing the correct variable set all 100times. The default and pruned regression tree methods chose the correct variable set 66 and 67 timesrespectively.For all three functions, at all levels of random error, the R-spline method did spectacularly better thanthe tree method in terms of choosing the correct variable set. Full regression trees consistently choosemore variables than necessary, thus over-�tting the data. Pruning, even this routine fashion, provided animmense improvement over the full tree in terms of choosing the correct variables. Clearly with humanintervention, this improvement would be even greater. Note that shrinking a tree does not delete anyvariables from the full tree, and so is not addressed separately in this section.5.3 Comparison of predictive powerFigure 1 shows the boxplots of root mean predicted squared error using the models from the simulationsto predict values on a prediction set. The prediction set consisted of 400 observations across the 7variables chosen using a space-�lling design. Root mean predicted squared error was based on di�erencesbetween the predicted values and the true function values at these points. Speci�cally it was calculatedby 1400 400Xi=1(f̂(xi)� f(xi))2:D R A F T July 12, 2000, 6:40pm D R A F T



R-SPLINES VARIABLE SELECTION 11Table 3. Comparison of number of correct variable sets chosen in 100 simulations for Functions 1 and 2Situation ModelingMethodsFunction Dataset Error% R� Spline Tree Prune1 a 1 100 66 7710 88 9 3120 72 4 830 42 0 2b 1 100 22 7210 95 4 1620 66 1 330 34 0 1c 1 100 100 10010 96 10 3020 82 3 630 55 0 22 a 1 100 0 010 67 0 020 39 0 130 14 1 2b 1 100 0 010 88 0 320 59 0 030 24 0 0c 1 97 0 010 52 2 420 36 1 230 24 0 23 a 1 100 64 6310 96 10 2520 82 2 730 51 0 0b 1 100 8 7810 99 10 2120 91 0 330 63 0 0c 1 100 100 10010 100 15 5120 94 2 1230 74 0 2For each combination of function, dataset, and level of random error, 100 simulations were performed.There were no clear di�erences between the simulation results for the di�erent datasets; so, results in theboxplots have been combined over the three datasets. Results from each function appear in a column,with the level of random error increasing as the column goes down.At the lowest level of random error, where the standard deviation of the random normal error is1% the range of the true function, the all subset regressions methods did approximately as well as theR-splines in prediction on the prediction set in the two non-linear functions and slightly better thanR-splines for the polynomial function. They lose this advantage, however, at the 10% level, even for thepolynomial function. The di�erence becomes more distinct as the level of random error increases. ThisD R A F T July 12, 2000, 6:40pm D R A F T



12 <Author Name(s)>pattern is observed across all three datasets. Both variants of all subset regressions, i.e., use of Cp andR2a as criterion, perform approximately the same in all cases. Both the R-splines and the all subsetsregression consistently outperform the regression tree methods. Shrinking and pruning both consistentlyimproved the predictive power of the regression tree, but only by a small amount. Shrinking improvedthe predictive power slightly more than pruning. Restricting the R-splines to using cost = 2 did notimprove the predictive power, and in some cases made it worse.6. RECOMMENDATIONSBased on the results of these simulations, the recommendation for model �tting problems involvingvariable selection with continuous variables, is to use the two-stage R-spline approach. In the �rst stagea variable set is selected based on comparing the R2p criterion from R-spline models generated withthe model parameters m = 1 and cost = 2 from all possible variable subsets. The criterion is not asimportant as the settings, and the modeler may also wish to look at variable subsets indicated as bestby other criterion. Given this variable set, the second stage is to vary m and cost and select as a �nalR-spline model that which optimizes R2p. Other criterion such as min(GCV) are also candidates for usein the second stage of model selection.
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14 <Author Name(s)>7. APPLICATIONThe data presented in this section arose from research being conducted at Becton Dickinson Technologies.There is currently a patent pending regarding this research, and unfortunately because of the proprietarynature of the data, the details cannot be discussed. This application involves the modeling of a responsefor which there are many potential explanatory variables with a high degree of multicollinearity.A modeling set was selected that consisted of 104 compounds that had been replicated 2 to 15 timeseach. Of these compounds, 18 had within compound standard deviations of the response that weregreater than 2.5. These large standard deviations indicate that at least one of the measurements in eachof these compound groups is an outlier. With small numbers of replicates, however, it is not possible todetermine which observation is an outlier. For this reason, these 18 compounds were discarded from themodeling group. A set of 12 measurable properties were considered as potential explanatory variablesand the goal was to �nd properties that maximized the response. Two of the 86 compounds were outliersin several of these properties, and so were also omitted because of their potential to be highly in
uential.Mean responses by compound were aggregated before modeling. Thus, n = 84, and the dimension of thevariable subsets is at most 12. Since models with only one variable were not considered, 2 � d � 12.An all possible subsets R-spline analysis was conducted using R2p as a criteria for variable selection and�xing m = 1 and cost = 2. Models with only one variable and the model with only a constant term wereomitted from the subset selection analysis. The number of subsets considered was 212�12�1 = 4083. Thise�ort, run in batch, took approximately 12 hours on a Sun workstation. The subset selected containedexplanatory variables x4, x6, and x10. Using these three variables, R-splines with all 6 combinations ofm = 1; 2; 3 and cost = 1; 2 were �t. Note that at this point it is feasible to look at m = 3 because withthe �eld of explanatory variables narrowed down to 3, there are only ten terms in the full quadraticpolynomial model. Of these 6 trials, the one with the highest R2p was the model using m = 1 andcost = 1.The generalized cross-prediction function was minimized, indicating that an optimal smoothnesswas achieved. It appears that this broken spline �t the data better than the true thin plate spline.Figure 2 contains surface plots that show there are interactions between all three variables. At lowervalues of x10 the optimum can be found with high values of x4 and low values of x6. Speci�cally, theoptimimum occurs at x4 = 3:1, x6 = �7:5, and x10 = :6, and can be seen in the upper left hand plot inFigure 2. As x10 increases, the optimum decreases and x4 has less of an e�ect.D R A F T July 12, 2000, 6:40pm D R A F T
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Figure 2. Surface plots of x4 vs x6 at 4 levels of x10:
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16 <Author Name(s)>Fitting a leaps model was problematic because the S-Plus function is limited to X matrices containing30 columns (not including the intercept). With 12 variables a full quadratic model has 12+12+�122 � = 80terms. To �t a leaps model, the terms were divided into 3 sets, two of 30 and one of 20. Using adjustedR2 as the criterion, a leaps model was �t to each set. The models selected had 10, 16, and 10 terms.Another model was �t combing the 10 and 16 terms from the �rst two �ts. This resulted in a model with17 terms, which was then combined with the 10 terms from the third �t. The �nal model had 18 terms:ŷ = x11 + x12 + x1x2 + x1x5 + x1x6 + x2x8 + x3x4 + x3x7 + x4x4 + x4x5 + x4x7+x4x8 + x4x11 + x4x12 + x5x10 + x5x11 + x5x12 + x6x11:An attempt was made to use the same strategy with the Cp criterion. When the �rst group of 30 wasused, however, the model selected contained all 30 terms and there was no obvious way to proceed in anon-arbitrary fashion.A full tree model was �t, from which a shrunken tree model and a pruned tree model were constructed.The full tree model contained the variables x2, x3, x5, x6, and x12. The degree of shrinking and pruningwas determined by examining size versus deviance plots. In the pruned tree model, the variable x5 waseliminated.Figure 3 shows the diagnostic plots for the R-spline (R2=.60), full regression tree (R2=.66), and allsubset regressions by leaps and bounds (R2=.60) models. Here R2 is calculated by R2 = 1 �P(y �ŷ)2=P(y�y)2. This plots indicate that all the models �t the data fairly well in terms of predicting valuesclose to the observed values. The R-spline model over-estimated low values; but the �t was satisfactoryin the higher range of predicted values, where are interest lies. The regression tree models and and theleaps model did not do as well in prediction on a prediction set (as described below) which indicatesthere is probably some degree of over-�tting.There were 391 compounds for which there was no replicate data available. These compounds wereused as a prediction set for purposes of comparing the R-spline model to those models constructed usingleaps and bounds all subets regressions and regression trees. There are some inherent di�erences betweenthe modeling and prediction dataset: 1) the prediction set contains outliers that cannot be detected, asthere are no replicates, 2) all compounds with a high response were re-tested so the prediction datasetD R A F T July 12, 2000, 6:40pm D R A F T
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Figure 3. Diagnostic plots for the R-spline, full regression tree, and all subsets regression models.has overall lower response values, and 3) the values in the prediction set are single measurements, whichare less stable than the means that were used in the modeling dataset.D R A F T July 12, 2000, 6:40pm D R A F T



18 <Author Name(s)>Table 4.Comparison of the model degrees of freedom, root mean predicted squared error, and the median absolute deviationof a prediction of the prediction set using models �t to the experimental dataset with the di�erent methods.Method ModelDf Rpse MadR� Spline 23 2:45 1:66FullT ree 13 2:51 1:75Shrink 13 2:53 1:77Prune 8 2:54 1:80Prune&Grow 13 2:51 1:76LeapsR2a 28 3:25 1:73After all the models were �t, each was used to predict the responses in the prediction set, which werethen compared to the observed responses. Table 4 shows the root mean predicted squared error andthe median absolute deviation for these predictions from the di�erent modeling methods. The R-splinemodel was more successful at predicting the responses in the prediction set both in terms of root meanpredicted squared error (2.45) and median absolute deviation (1.66) than the other methods. Usinga one-sided paired t test to compare the squared residuals, the R-spline predictions of the predictionset are signi�cantly better than the leaps model (p-value=.019). There are not statistically signi�cantdi�erences in the squared residuals between the R-spline and the tree models (p-values .22 to .29).8. CONCLUSIONSR-splines using an initial all subsets variable selection method, and then optimizing the �t over the modelparametersm and cost, consistently outperforms the competing regression tree and all subsets regressionmethods both in terms of variable selection and predictive power. Starting with a more conservativevariable selection method gives the R-spline method a great advantage, as clearly a more satisfactorymodel can be �t once extraneous variables have been eliminated. Although weighting the model degreesof freedom proved an e�ective way of choosing variable subsets, unweighted model degrees of freedom ledto more optimal models without sacri�cing predictive power. A similar approach with regression treescould involve liberally pruning the tree and then re-growing a full tree with the remaining variables. Thelower order polynomials �t with the leaps methods yield comparable results to the R-splines at very lowlevels of random error, even with the nonlinear functions. The R-splines, however, are superior to theleaps models at higher levels of random error even when �tting a polynomial function.This R-spline methodology was also successful in a larger scale, more complex, practical problem. Theall subsets regression method did result in a model that �t the data slightly better, but it did it didD R A F T July 12, 2000, 6:40pm D R A F T



R-SPLINES VARIABLE SELECTION 19not do as well in terms of prediction on the prediction set. It also had to be adapted to a problem ofthis size in a heuristic manner, which is not guaranteed to be a workable solution in every case. Theregression tree method is the fastest method in terms of computer time, but it also did not do as well interms of prediction on the prediction set. Thus, the application examined con�rms the recommendationindicated by the simulations; the proposed R-spline methodology should be used in datasets containinga large set of continuous explanatory variables with a continuous response, particularly when the modelis to be used for predicting responses from unobserved points.APPENDIX A: THIN PLATE SPLINES AND BROKEN SPLINES1. THIN PLATE SPLINESThe thin plate spline estimator of f (Wahba, 1990) is the minimizer of the following penalized sums ofsquares for a d-dimensional explanatory variable x:S�(f) = 1n nXi=1 wi(yi � f(xi))2 + �Jm(f) for � > 0; (A.2)where Jm(f) = Z<dX m!�1!:::�d! � @mf@u�11 :::@u�dd �2 du:The sum in the integrand of Jm(f) is taken over all non-negative integer vectors, �, such that P�1 +� � � + �d = m. Clearly, for m� 1 order polynomials Jm(f) = 0, because all mth derivatives are 0. Thiswill increase in magnitude as a function departs from an m�1 order polynomial. Thus, an f̂ minimizing(A.2) will result in f with some level of smoothness dictated by �.The function that minimizes (A.2) has the formf(xi) = tXj=1 �j(xi)�j + NXk=1E(k xi � xk k;m; d)�k; (A.3)
D R A F T July 12, 2000, 6:40pm D R A F T



20 <Author Name(s)>where tXj=1 �j(xi)�j = 0; 1 � j � t and 2m� d > 0: (A.4)In this formulation, the �j(xi) are a set of t polynomial functions (of order � m� 1) and E(k xi � xk k;m; d) are a set of N radial basis functions. It is assumed that �j is estimable.The radial basis functions are explicitly de�ned byE(r;m; d) = � amd k r k(2m�d) log(k r k) d evenamd k r k(2m�d) d oddwhere amd depends only on m and d. Here r is the distance between two points.For linear combinations of basis functions that satisfy (A.4), Jm(f) = �TM� > 0 where Mk;i = E(kxi�xk k;m; d). In other words,M is guaranteed to be positive de�nite. De�ning the matrices Tn�t suchthat Tk;j = �j(xk) along with Wn�n, a diagonal matrix proportional to the reciprocal variances of theerrors, allows for the following matrix representation of the penalized sums of squares:S� = 1n (Y � T� �M�)TW (Y � T� �M�) + ��TM�: (A.5)After taking partial derivatives of (A.5) with respect to � and �, a QR decomposition of T , F TT =� R0 �, is used to enforce the constraint T T � = 0. Fn�n is an orthogonal matrix that can be partionedF = [F1 j F2] where F1 has columns that span the column space of T , i.e T = F1R, and F2 is orthogonalto the column space of T . Reparameterizing by letting � = F2!2, � � !1, and !T = (!1; !2)T allows forthe problem to be posed in ridge regression form:XTWX! + �H! = XTWY;where X = � T MF2 �T and H = � 0 00 F T2 MF2 � :Note that in the ridge regression formulation the roughness penalty is represented by the matrix H.D R A F T July 12, 2000, 6:40pm D R A F T



R-SPLINES VARIABLE SELECTION 21One standard way of determining � is by generalized cross-validation (GCV) (Bates et al, 1987). TheGCV function is: V (�) = Y T (I �A(�))TW (I �A(�))Y(n� trA(�))2 = SSEtps(n� trA(�))2 ;where A(�) = XG(I + �D)�1GTXTW:One variation on this criterion is to the replace the denominator by(1� (C(trA(�) � t) + t)=n)2: (A.6)Here t is the number of polynomial functions that span the null space of Jm and C is a cost parameterthat can give more (or less) weight to the e�ective number of parameters beyond the base polynomialmodel. 2. BROKEN SPLINESThe degree of the polynomial component implies a speci�c roughness penalty in the thin plate spline, andthus if T , the design matrix for the polynomial component does not span Pm�1 the roughness penaltyminimized in the ridge regression formulation will not be the same roughness penalty as the one usedto derive the thin plate spline. We will use the term broken spline to describe splines where T does notspan Pm�1.For purposes of this comparative discussion the T matrix for a thin plate spline will be denoted TPand the T matrix for a broken spline will be denoted TR. Note that the column space of TR is a subsetof that of TP . Partition F F = [Fa Fb Fc]where Fa spans the space of TR, Fb spans the columns of TP that are not in TR, and Fc spans the spaceorthogonal to TP . Thus in the QR decomposition of TP , F2 = Fc and in the QR decomposition of TR,F2 = [Fb Fc]:For the broken spline H, the roughness penalty matrix, becomesHR = 24 0r�r 0 00 F Tb MFb F Tc MFb0 F Tb MFc F Tc MFc 35 ;D R A F T July 12, 2000, 6:40pm D R A F T



22 <Author Name(s)>as compared to the H for the thin plate spline which isHt = 24 0r�r 0 00 0t�r�t�r 00 0 F Tc MFc 35 :Hence, HR for the broken spline is the roughness penalty for the thin plate spline, plus other terms,HR = Ht + 24 0 0 00 F Tb MFb F Tc MFb0 F Tb MFc 0 35 :With thin plate splines, Ht is guaranteed to be non-negative de�nite. Recall �TM� > 0 where T T � = 0and 2m� d > 0, which guarantees that M is positive de�nite. F T2 MF2, is a quadratic form of a positivede�nite matrix and as such is also positive de�nite. Ht, having F T2 MF2 in the lower right block andzeros elsewhere, is non-negative de�nite.With broken splines, however, HR is no longer a non-negative de�nite matrix. Let B denote theinverse symmetric square root of XTWX , i.e., (BTB)�1 = XTWX . Then let UDV T be the singularvalue decomposition of BHB so HR = B�1UDV TB�1. Let HR� = B�1UDUTB�1, which is a non-negative de�nite matrix because D is a diagonal matrix of singular values (which are non-negative byde�nition) and H� is a quadratic form of D. If HR is replaced by HR�, a non-negative de�nite roughnesspenalty is minimized. Because HR is a symmetric matrix, U and V will be the same except for signchanges in columns corresponding to the negative eigenvalues. Hence, HR�, is the matrix that resultsfrom forcing the negative eigenvalues of HR to be positive. How \close" the two matrices are dependson the magnitude of these eigenvalues. The negative eigenvalues that occur correspond to the \missing"polynomial terms in the null space. Thus, the roughness penalty is forced into penalizing roughness inthe surface that might be modeled by these missing polynomial terms, �tting them instead with the
exible radial basis functions. APPENDIX B: REGRESSION TREESRegression tree models (Chambers and Hastie, 1992) use a binary recursive partitioning technique inwhich the data are successively split along coordinate axes of the explanatory variables. At each node,the split that maximally distinguishes the response variable between the two branches is selected. WhenD R A F T July 12, 2000, 6:40pm D R A F T



R-SPLINES VARIABLE SELECTION 23the response variable is numeric the tree is called a regression tree (as opposed to a classi�cation treewhen the response is categorical). It is assumed that the response variable has a normal distribution.When x is numeric, as in these simulations, the class of splits consists of the k � 1 ways to divide thevalues into two non-overlapping sets where k is the number of distinct values of x. The deviance functionfor an observation is de�ned as D(�; yi) = (yi��)2, where � is the node mean. The deviance of a node isthe sum of the deviances of all observations in the node. The split with the largest di�erence between thedeviances of the two branches is chosen. Splitting continues until nodes are pure (i.e., all observationsin the node have the same response) or data are too sparse.For tree models, there are two approaches to reduce over-�tting. The �rst is \pruning" where nodeswith the least important splits are recursively \snipped." Importance is measured by the cost-complexitymeasure: D�(T 0) = D(T 0) + �size(T 0);where D(T 0) is the deviance of the subtree T 0, size(T 0) is the number of terminal nodes of T 0, and � isthe cost-complexity measure. For a speci�ed �, there is a subtree T 0, that will minimize D(T 0) over theset of all possible subtrees. The second approach is \shrinking" in which estimates for observations inlower nodes are \shrunk" to their parent nodes based upon the magnitude of the di�erence between the�tted values of the lower nodes and the �tted values of their parent nodes. Shrunken �tted values aredetermined by the recursively applied formula,ŷ(node) = �y(node) + (1� �)ŷ(parent);where the parameter � in this case indexes the degree of shrinkage.APPENDIX C: LEAPS AND BOUNDS ALL SUBSET REGRESSIONS CRITERIAThe Cp statistic is de�ned by Cp = RSSP�̂2 � n+ 2p:RSSP is the residual sum of squares where P indexes a subset of (p�1) of k potential explanatory valuesand is an estimate of (n� p)�̂2. Thus, for a satisfactory regression, the statistic Cp should be close to p.In terms of programming for these simulations, the subset with the smallest absolute di�erence betweenD R A F T July 12, 2000, 6:40pm D R A F T



24 <Author Name(s)>p and Cp was chosen. For clari�cation, p includes an intercept and is 1 more the number of variables inthe subset.Use of R2 as a criterion is limited because the largest set of explanatory variables will always give thehighest R2. An adjusted R2 attempts to take into account the number of parameters:R2a = 1� (1�R2)� nn� p� :Again p is the number of parameters in the model, including the intercept. R2a may become smaller whenanother variable is added to the model because the increase in R2 may be more than o�set by the lossof a degree of freedom in the denominator. The subset with the maximum adjusted R2 is chosen as best.Despite this adjustment, it has been noted in the literature, as well as these simulations, that adjustedR2 still tends to favor large regressions over smaller ones.APPENDIX D: R2P , OR R2PREDICTIONR2prediction is a function of the leave-one-out or PRESS (Predicted Error Sum of Squares) residuals,which can be computed using the diagonals of the hat matrix,e(i) = ei1� hii :PRESS is the sum of the squared PRESS residuals, and can be used to compute an approximate R2 forprediction (Myers, 1995). R2p = 1� PRESSSSTO ;where SST0 is the total sum of squares. This statistic can be interpreted as the approximate percentageof variability explained in predicting new observations (as opposed to R2, the variability in the observedresponses that can be explained by the model). This statistic, unlike R2, can be negative when the model�ts the data poorly. 1. REFERENCES
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