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Abstract

This paper addresses the development of distributed models for the piezoceramic positioning
mechanisms employed in current atomic force microscope designs. Two common con�gurations for
positioning mechanisms employ stacked actuators utilizing d33 motion and piezoceramic shells uti-
lizing a d31 motion. In both cases, the relation between input voltages and generated displacements
exhibits hysteresis and constitutive nonlinearities due to the ferroelectric nature of piezoceramic
materials. Model development for these nanopositioners is considered in two steps. In the �rst,
nonlinear constitutive relations that incorporate the hysteresis are developed through energy prin-
ciples. In the second step, system models based on these constitutive equations are developed for
the stacked actuator and piezoceramic shell. An abstract formulation encompassing both models is
developed and used to establish well-posedness criteria. Numerical approximation techniques for the
two models are summarized and the accuracy of the stacked actuator model is demonstrated through
comparison with experimental data.
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1 Introduction

Atomic force microscopes (AFM) provide the capability for obtaining angstrom-resolution measure-
ments of both organic and inorganic samples by monitoring forces between the tip of a micro-
cantilever employed in the microscope and atoms in the sample. To illustrate the principles and
components of a prototypical AFM, consider the design depicted in Figure 1. The sample is moved
both laterally and vertically beneath a highly 
exible micro-cantilever by either a stage forced by
a stacked piezoceramic (PZT) actuator or directly by a PZT shell. To ascertain the 3-D structure
of the compound, the sample is moved along an x-y grid using the lateral positioning mechanisms.
As the sample moves, displacements in the cantilever tip are monitored using the photodiode and
corresponding forces are determined via Hooke's law. The sample is then displaced in the z-direction
to maintain constant forces with the displacement determined by a feedback law. A complete scan
in this manner provides a surface image of the compound. Details regarding the construction and
applications utilizing atomic force microscopes and scanning tunneling microscopes (STM) can be
found in [10].

The degree of accuracy to which the PZT elements can laterally and vertically position the sample
is crucial to the resolution of the �nal images. Two common positioning mechanisms employ stacked
actuators utilizing d33 motion and piezoceramic shells utilizing d31 motion in response to input �elds
or voltages (see Figure 2). The stacked actuators o�er the advantage of simple construction while
generating the forces necessary for large scan positioning. The shell con�gurations are better suited
for isolation from exogenous vibrations and small stage construction. While both con�gurations
provide highly repeatable and accurate set point placement, the relations between input voltages and
generated strains or displacements exhibit hysteresis and constitutive nonlinearities as illustrated in
Figure 3 with data collected from an AFM employing a stacked actuator. At low frequencies, feedback
mechanisms can adequately attenuate these e�ects thus leading to the success of the technologies.
However, at the higher frequencies required for current and future applications, two phenomena
degrade the accuracy achieved by present control techniques: (i) The piezoceramic materials exhibit
increased hysteresis and (ii) The noise to data ratio increases to the point where feedback mechanisms
are amplifying noise rather than attenuating unmodeled dynamics.
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Figure 1: (a) Con�guration of a prototypical AFM; (b) Surface image determined after one lateral
sweep.
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Figure 2: Actuator con�gurations employed for positioning in an atomic force microscope. (a) Rect-
angular stacked actuator; (b) Cylindrical transducer.

One approach being considered to address these problems and extend the technology to high fre-
quency and broadband regimes is the incorporation of feedforward controllers utilizing model-based
inverses to compensate for nonlinearities and hysteresis inherent to the positioning mechanisms. A
crucial aspect of these control designs is the development of models for the positioning mechanisms
which incorporate the nonlinear dynamics but are suÆciently low-order to permit real-time imple-
mentation. To achieve this eÆciency, both low-order constitutive models and reduced-order system
models are required.

In this paper, we develop system models for the stacked actuator and PZT shell depicted in Fig-
ure 2. Low-order constitutive relations are developed through the quanti�cation of domain dynamics
using energy principles. These nonlinear constitutive relations are then incorporated in classical rod
and shell theory to obtain PDE models with nonlinear inputs. An abstract form which encompasses
both models is developed and criteria required for model well-posedness are established. Numerical
methods for discretizing the two models are summarized and the accuracy of the stacked actuator
model is illustrated through a comparison with the experimental data plotted in Figure 3.
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Figure 3: Relation between the input �eld E and displacements generated by the PZT positioning
mechanism in an AFM.
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2 Constitutive Relations

To establish constitutive relations for the PZT mechanisms, we make the assumption that the stress-
strain behavior of the material is linear whereas the relation between the applied voltage V or
�eld E and generated strains e exhibits hysteresis and saturation nonlinearities as illustrated in
Figure 3. Furthermore, we make the assumption that the relation between the polarization P and
strain is linear so that the hysteresis and nonlinear e�ects occur in the map F between the �eld
and polarization. The assumption of linear relations between P and e is motivated by a number of
classical references (e.g., [5, 11]) and experiments are being designed to establish the validity of this
assumption in the regimes under consideration. The nonlinearities and hysteresis in F have been
experimentally validated for a number of PZT compounds [19] and these experiments have been used
to evaluate the accuracy of various models for quantifying the nonlinear hysteresis map F .

2.1 1-D Constitutive Relations

In the absence of structural damping, constitutive nonlinearities, or hysteresis, it is illustrated in
[11] that consideration of the elastic Gibbs free energy for piezoelectric materials yields the linear
constitutive relations

e = sP� + �P

E = �b� + ��P

or equivalently
� = cP e� cP�P

P = �"0E + 
�:
(1)

Here e; �; P and E respectively denote the strain, stress, polarization and �eld while sP and cP =
1=sP are the compliance and Young's modulus at constant polarization values. Moreover, b; 
 and
�� = 1=(�"0) are piezoelectric and electric coupling coeÆcients, � denotes the electric susceptibility,
and "0 is the permittivity of free space. To express the actuator relation in (1) in terms of input
voltages V , the linear polarizability relation P = �"0E can be invoked along with the approximate
formulation V = Eh, where h is the material thickness, to obtain

� = cP e� cPdV=h

P = �"0E + 
�:

Two con�gurations for the piezoelectric coeÆcient d = ��"0 have been previously mentioned in
the context of the stacked and cylindrical actuators. The stacked actuator utilizes a d33 e�ect in
which �elds in the 3 direction generate displacements in the 3 direction. Alternatively, transverse
displacements in the cylindrical transducer are generated by the d31 e�ect in which �elds through
the shell thickness generate longitudinal (1-direction) displacements.

To incorporate internal damping, saturation nonlinearities, and hysteresis, we generalize (1) to
obtain

� = cP e+ cD _e� cP�P (E; �)

P = F(E; �)
(2)

where cD is the Kelvin-Voigt damping parameter and F quanti�es the hysteresis and constitutive
nonlinearities inherent to the materials. A number of techniques exist for determining appropriate
maps F including Preisach characterizations [3, 9, 14, 22, 23] and domain models based on electro-
static energy principles [18, 19, 20, 21]. The Preisach approach provides a rigorous mathematical
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characterization of hysteresis which is advantageous in regimes in which the underlying physics is
poorly understood or diÆcult to quantify. However, the lack of an underlying energy principle leads
to models requiring a large number of nonphysical parameters for the asymmetric responses arising in
atomic force microscopy. It is also diÆcult in this approach to incorporate the frequency-dependence
inherent to the materials. For these reasons, we employ domain wall models to specify the map F .

As detailed in [18, 19], the relation between the input �eld and polarization P is quanti�ed in two
steps. In the �rst, Boltzmann principles are employed to formulate the probability �(E) = e�E=kBT

of attaining an electrostatic energy state E = �E � p where kBT is the Boltzmann or kinetic energy
of the dipoles p. Under the assumption that dipoles can align only in the direction of the e�ective
�eld

Ee(t) = E(t) + �P (t) +E�(t) ; (3)

or opposite to it, summation of dipole contributions yields the Ising spin relation

ePan(E(t); P (t); �(t)) = Ps tanh(Ee(t)=a) (4)

for the anhysteretic polarization. Here Ps denotes the saturation polarization, a is a temperature-
dependent normalization constant, � quanti�es coupling e�ects due to neighboring dipoles, and E�

quanti�es the �eld contributions due to stress-induced dipole rotation. The expression (4) is derived
in the absence of bias �elds and hence yields a symmetric characterization of certain domain switching
mechanisms which produce certain saturation e�ects and hysteresis.

To quantify asymmetric minor loops due to biases in the �eld and polarization, it is necessary
to modify the anhysteretic relation in the manner described in [17]. For a bias level (E0; P0), due to
�eld and polarization reversal at the point (E1; P1), we employ the modi�ed anhysteretic relation

P (E;P; �) = �[� ePan(2E0 �E; 2P0 � P; �)� (1� �)ÆPs] + 2P0

� =
P1 + PsePan(E1; P1; �) + Ps

:
(5)

Here Æ = sign
�
dE
dt

�
= �1 and ePan is given by (4).

Secondly, the reversible and irreversible energies associated with domain wall bending and trans-
lation are quanti�ed by determining the energy required to reorient dipoles in the presence of the
e�ective �eld Ee. As detailed in [18, 19], for low frequency drive regimes the resulting irreversible
and reversible polarizations are respectively given by

dPirr
dt

=
dE

dt
�

eÆ(Pan � Pirr)

kÆ � �(Pan � Pirr)
(6)

and
Prev(t) = c(Pan(t)� Pirr)(t):

The total polarization is then quanti�ed by the sum

P (t) = Pirr(t) + Prev(t): (7)

The parameters c; k; Ps; � and a are determined through either asymptotic relations or a least squares
�t to data [19] while the parameter eÆ = 0 or 1 is determined directly from �eld measurements. We
note that for broadband or high frequency drive regimes, frequency-dependent models of the type
discussed in [21] must be employed.
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For this model, the 1-D constitutive relations resulting from (2) are

� = cP e+ cD _e� cP�P (E; �)

P = cPan(E;P; �) + (1� c)

Z Pirr

0

eÆ[Pan(E;P; �) � Pirr(E;P; �)]

kÆ � �[Pan(E;P; �) � Pirr(E;P; �)]
dPirr

(8)

which, in the fully coupled form, are observed to be nonlinear due to the dependence of the polariza-
tion on stress as quanti�ed by the term E� in the e�ective �eld. For applications (e.g., self-sensing
actuators) which utilize both the direct and converse piezoelectric e�ects, the coupling which pro-
duces the nonlinearity is important and must be retained. In purely actuator applications, such
as for the AFM nanopositioner, one can obtain reasonable accuracy with E� = 0. In this case, the
system model resulting from (8) will be linear in the state with the hysteresis and other nonlinearities
appearing only in the inputs. Finally, we note that while the integral formulation (8) is advantageous
for certain theoretical issues, the formulation (7), with Pirr speci�ed through numerical solution of
the di�erential equation (6), is typically employed for material characterization and control design.

As a prelude to establishing model well-posedness for the atomic force microscope positioning
mechanisms, we establish conditions which guarantee that the map between input �elds and gen-
erated polarizations is well-de�ned. It is �rst necessary to restrict the admissible parameter set to
guarantee that

jkÆ � �(Pan � Pirr)j � "0 (9)

for Æ = �1. This places a bound on the polarization curve which is reasonable from both mathe-
matical and physical perspectives. Secondly, we de�ne the set of turning points of E in the manner
speci�ed in De�nition 2.1. The existence of a unique solution to the constitutive model for E� � 0 is
established in Proposition 2.3. The more general case E� 6= 0 is less relevant for the initial analysis
of this actuator application and is not addressed here.

De�nition 2.1 Let T = ft0; t1; � � � ; tng denote the set of critical points of E at which dE
dt changes

sign within the interval [0; T ].

Proposition 2.2 Assume that (9) is satis�ed, E 2 C[0; T ], and the partition T is speci�ed. The

di�erential equation (6) then has a unique solution on [0; T ].

Proof. Equation (6) has the form
@Pirr
@t

= G(Pirr; t)

where

G(Pirr; t) =
dE

dt
�

eÆ(Pan(t)� Pirr)(t)

kÆ � �[Pan(t)� Pirr(t)]
:

Since Æ = �1 and eÆ = 0 or 1, it follows that on each subinterval (tj ; tj+1), G and @G
@Pirr

are continuous
and bounded with ���� @G@Pirr

���� � k

"20
:

From the theory of ordinary di�erential equations (e.g., see [12, Chapter 3]), it follows that (6) has
a unique, continuously di�erentiable solution on each subinterval with well de�ned values at the
endpoints tj. Hence (6) has a unique solution Pirr 2 C[0; T ]. �
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Proposition 2.3 Consider the assumptions of Proposition 2.2. It then follows that

P 2 C[0; T ]:

Proof. The result follows from the de�nitions of Pirr; Pan and P . �

2.2 2-D Constitutive Relations

The 1-D constitutive relations (8) are appropriate for modeling the stacked actuator. However, they
must be extended to 2-D to quantify the behavior of the cylindrical actuator.

For an applied �eld which produces d31 motion, the extension of Hooke's law to a 2-D cylindrical
domain yields the relations

ex =
1

cP
(�x � ���) + d31E

e� =
1

cP
(�� � ��x) + d31E :

Here ex; �x and e�; �� denote the strains and stresses in the longitudinal and circumferential directions
and � is the Poisson ratio. The inclusion of Kelvin-Voigt damping and formulation in terms of the
voltage yields the linear constitutive relations

�x =
cP

1� �2
(ex + �e�) +

cD
1� �2

( _ex + � _e�)�
cPd31
1� �

V

�� =
cP

1� �2
(e� + �ex) +

cD
1� �2

( _e� + � _ex)�
cPd31
1� �

V

P = d31� +
��V

h
:

(10)

The model (10) is appropriate if hysteresis and nonlinearities are negligible.
For regimes in which it is necessary to incorporate the inherent hysteresis and constitutive non-

linearities, the polarization-based relation (2) is generalized to obtain the nonlinear constitutive
relations

�x =
cP

1� �2
(ex + �e�) +

cD
1� �2

( _ex + � _e�)�
cP�

1� �
P (E; �)

�� =
cP

1� �2
(e� + �ex) +

cD
1� �2

( _e� + � _ex)�
cP�

1� �
P (E; �)

P (E; �) = cPan(E;P; �) + (1� c)

Z Pirr

0

eÆ Pan � Pirr
kÆ � �(Pan � Pirr)

dPirr :

(11)

As in the 1-D case, state nonlinearities can be eliminated through the assumption that E� = 0 in
(3) which indicates that stresses have negligible e�ect on the polarization. For low drive regimes
in which sensor (direct) piezoelectric e�ects are ignored, this assumption is reasonable and will be
made in subsequent system models based on these constitutive relations.
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3 System Models

Two common actuator con�gurations for nanopositioning employ the stacked and cylindrical actu-
ators depicted in Figure 2. We develop here system models for these con�gurations based on the
nonlinear constitutive relations summarized in Section 2.

3.1 Stacked Actuator

When modeling the stacked actuator depicted in Figure 2a, it is assumed that the cross-sectional area
is small as compared to the length so that only longitudinal motion is considered. This is consistent
with the observation that the material is driven in a d33 motion. For initial model development, we
assume that the end of the actuator bonded to the AFM base is �xed and the opposite end is free.
The model can be directly modi�ed to accommodate mass or elastic loading at the free end.

The rod is assumed to have cross-sectional area A and length `, and displacements in the longitu-
dinal (x-axis) are denoted by u. The density, Young's modulus and Kelvin-Voigt damping parameters
are respectively denoted by �; cP and cD.

Force balancing and the enforcement of boundary conditions then yields the strong form of the
model

�A
@2u

@t2
=
@N

@x

u(t; 0) = N (t; `) = 0:

(12)

By employing the constitutive relation (8), along with the linear strain relation e = @u
@x , the force

resultant N =
R
A �dA for the rod is given by

N = cPA
@u

@x
+ cDA

@2u

@x@t
� cPA�P (E)

where the polarization is speci�ed by (7) or (8). If the coupling term E� is retained in the e�ective
�eld relation (3), it is observed that the polarization is stress-dependent and hence (12) is fully
nonlinear. However, under the assumption that E� = 0, the nonlinearity occurs solely in the relation
between the input �eld E and the polarization P , and it is this regime that we consider.

To de�ne a weak or variational form of the model which is appropriate for well-posedness analysis,
approximation, or control design, the state u is considered in the state space X = L2(0; `) with the
inner product

h�;  iX =

Z `

0
�A� dx: (13)

The space of test functions is taken to be V = H1
` (0; `) = f 2 H1(0; `) j (0) = 0g with the inner

product 

(cP )�;  

�
V
=

Z `

0
cPA�0 0 dx: (14)

Multiplication by test functions followed by integration then yields the weak formZ `

0
�A

@2u

@t2
 dx+

Z `

0

�
cPA

@u

@x
+ cDA

@2u

@x@t

�
@ 

@x
= �

Z `

0
cPA�P (E) dx (15)

which must be satis�ed for all  2 V . As detailed in Section 3.3, this provides a framework which
facilitates the establishment of conditions which guarantee model well-posedness.
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3.2 Cylindrical Actuators

A second class of nanopositioning mechanisms are comprised of piezoceramic shells. We focus on
the actuator employed for z-displacements since real-time control of this component is required to
maintain constant forces between the sample and micro-cantilever. The mass of the shell employed
for the x-y translation is combined with the mass of the sample to provide an inertial force acting
on the free end of the z-actuator.

For modeling purposes, we assume that the shell has length `, thickness h, and radius R. The
axial direction is speci�ed along the z-axis and the longitudinal, circumferential and transverse
displacements are respectively denoted by u; v and w. The density, Young's modulus and Kelvin-
Voigt damping parameters are designated by �; cP ; cD, and the region occupied by the middle surface
of the shell is speci�ed by �0 = [0; `]� [0; 2�]. Finally, we consider the case in which the bottom edge
of the shell (x = 0) is clamped and the opposite end (x = `) is acted upon only by the inertial force
associated with the combined mass of the x-y actuator and the sample. For initial analysis involving
longitudinal inputs and motion, the combined mass can be represented by a point mass m.

As detailed in [4, 13], force and moment balancing yield the Donnell-Mushtari shell equations

R�h
@2u

@t2
�R

@Nx

@x
�
@Nx�

@�
= 0

R�h
@2v

@t2
�
@N�

@�
�R

@Nx�

@x
= 0

R�h
@2w

@t2
�R

@2Mx

@x2
�

1

R

@2M�

@�2
� 2

Mx�

@x@�
+N� = 0

where Nx;N� and Nx� are general force resultants and Mx;M� and Mx� are moment resultants.
The boundary conditions at the �xed edge x = 0 are taken to be

u = v = w =
@w

@x
= 0;

and the conditions

Nx = �m
@2u

@t2
; Nx� +

Mx�

R
= 0

Qx +
1

R

@Mx�

@�
= 0 ; Mx = 0

are enforced at x = `. The �rst resultant condition incorporates the inertial force due to the mass
of the piezoceramic cylinder employed for y-z translation along with the mass of the sample.

The force and moment resultants are speci�ed by integrating the stress relations (11), or the
product of the stress and moment arm, through the thickness of the shell. In the absence of shear
stresses, this yields

Nx =
cPh

1� �2
(ex + �e�) +

cDh

1� �2
( _ex + � _e�)�

cPh�

1� �
P (E)

N� =
cPh

1� �2
(e� + �ex) +

cDh

1� �2
( _e� + � _ex)�

cPh�

1� �
P (E)

Nx� =
cPh

2(1 + �)
ex� +

cDh

2(1 + �)
_ex�
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and

Mx =
cPh3

12(1 � �2)
(�x + ���) +

cDh
3

12(1 � �2)
( _�x + � _��)�

cPh3�

12(1 � �)
P (E)

M� =
cPh3

12(1 � �2)
(�� + ��x) +

cDh
3

12(1 � �2)
( _�� + � _�x)�

cPh3�

12(1 � �)
P (E)

Mx� =
cPh3

24(1 + �)
� +

cDh
3

24(1 + �)
_� :

The midsurface strains and changes in curvature are given by

ex =
@u

@x
; e� =

1

R

@v

@�
+
w

R
; ex� =

@v

@x
+

1

R

@u

@�

�x = �
@2w

@x2
; �� = �

1

R2

@2w

@�2
; � = �

2

R

@2w

@x@�
:

(16)

To reduce smoothness requirements on approximating solutions, it is again advantageous to
consider a weak or variational form of the problem. To accomplish this, we consider the state space
and space of test functions

X = L2(�0)� L2(�0)� L2(�0)

V = H1
` (�0)�H1

` (�0)�H2
` (�0)

where H1
` (�0) = f� 2 H1(�0) j �(0; �) = 0g and H2

` (�0) = f� 2 H2(�0) j �(0; �) = �x(0; �) = 0g: For
� = (u; v; w) and  = (�1; �2; �3), the inner products are

h�;  iX =

Z
�0

�hu�1d
 +

Z
�0

�hv�2d
 +

Z
�0

�hw�3d
 +mu�1(`) (17)

and 

(cP )�;  

�
V

=

Z
�0

cPh

1� �2

�
(ex + �e�)

@�1
@x

+
1

2R
(1� �)ex�

@�1
@�

�
d


+

Z
�0

cPh

1� �2

�
(e� + �ex)

@�2
@�

+
1

2R
(1� �)ex�

@�2
@x

�
d


+

Z
�0

cPh

1� �2

"
1

R
(e� + �ex)�3 �

h2

12
(�x + ���)

@2�3
@x2

�
h2

12R2
(�� + ��x)

@2�3
@�2

�
h2

12R
(1� �)�

@2�3
@x@�

#
d
:

(18)
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A weak form of the model is thenZ
�0

�
R�h

@2u

@t2
�1 +RNx

@�1
@x

+N�x
@�1
@�

�R
cPh�

1� �
P (E)

@�1
@x

�
d


�Rm
@2u

@t2
�1(`) = 0

Z
�0

�
R�h

@2v

@t2
�2 +N�

@�2
@�

+RNx�
@�2
@x

�
cPh�

1� �
P (E)

@�2
@�

�
d
 = 0

Z
�0

�
R�h

@2w

@t2
�3 +N��3 �RMx

@2�3
@x2

�
1

R
M�

@2�3
@�2

� 2Mx�
@2�3
@x@�

+
cPh�

1� �
P (E)�3 +

cPh3R�

12(1 � �)
P (E)r2�3

�
d
 = 0

(19)

for all  = (�1; �2; �3) 2 V . The internal resultants Nx = Nx �
cPh�
1�� P (E); N� = N� �

cPh�
1�� P (E);

N�x = N�x;Mx = Mx �
cPh3�
12(1��)P (E);M� = M� �

cPh3�
12(1��)P (E) and M�x = M�x are comprised of

the material contributions present in the absence of applied �elds E. It is the model (19) that we
consider when establishing criteria for model well-posedness and developing full and reduced-order
approximation techniques.

3.3 Abstract Model Formulation

To provide a framework in which to establish model well-posedness, we consider an abstract formu-
lation of the models based upon sti�ness and damping sesquilinear forms. To this end, we de�ne
�i : V � V ! Cl ; i = 1; 2, by

�1(�;  ) =


(cP )�;  

�
V

�2(�;  ) = h(cD)�;  iV

(20)

where V = H1
` (0; `) with the inner product (14) for the rod model and V = H1

` (�0) � H1
` (�0) �

H2
` (�0) with the inner product (18) for the cylindrical shell. In both cases,



(cP )�;  

�
V
di�ers from

h(cD)�;  iV only in that Young's moduli are replaced by Kelvin-Voigt damping parameters. It can
be directly veri�ed that the sti�ness form �1 satis�es

(H1) j�1(�;  )j � c1j�jV j jV ; for some c1 2 lR (Bounded)

(H2) Re�1(�; �) � c2j�j
2
V ; for some c2 > 0 (V -Elliptic)

(H3) �1(�;  ) = �1( ; �) (Symmetric)

for all �;  2 V . Moreover, the damping term �2 satis�es

(H4) j�2(�;  )j � c3j�jV j jV ; for some c3 2 lR (Bounded)

(H5) Re �2(�; �) � c4j�j
2
V ; for some c4 > 0 (V -Elliptic) :
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For both the rod and shell models, the control input space is taken to be the Hilbert space U = lR.
The input operators depend upon the speci�c model. For the rod model (15), B : U ! V � is de�ned
by

h[B(E)](t);  iV �;V = [P (E)](t)

Z `

0
cPA�

d 

dx
dx (21)

whereas for the shell model (19), B is de�ned by

h[B(E)](t);  iV �;V = [P (E)](t)

Z
�0

�
R
cPh�

1� �

@�1
@x

+
cPh�

1� �

@�2
@�

+
cPh�

1� �
�3 +

cPh3�

12(1 � �)R
r2�3

�
d
:

(22)

In both cases, h�; �iV �;V denotes the usual duality product. It is observed that the operator B can be
expressed as

[B(E)](t) = [b(E)](t) � g ; g 2 V � (23)

where
[b(E)](t) = cPA�[P (E)](t)

g( ) =

Z `

0
 0 dx

(24)

for the rod and

[b(E)](t) =
cP�h

1� �
[P (E)](t)

g( ) =

Z
�0

�
R
@�1
@x

+
@�1
@�

+ �3 +
h2

(1 + �)12R
r2�3

�
d


(25)

for the shell.
The weak form of the rod model (15) or shell model (19) can then be written in the abstract

variational form

h�y(t);  iV �;V + �2( _y(t);  ) + �1(y(t);  ) = h[B(E)](t);  iV �;V

for all  2 V . For the rod model, y = u, V = H1
` (0; `), the duality product is the extension of the

X-inner product de�ned by (13) and B is de�ned by (21). For the shell model, y = (u; v; w), B is
de�ned in (22), V = H1

` (�0)�H1
` (�0)�H2

` (�0), and the duality product is the extension of (17).
Alternatively, one can de�ne the operators Ai 2 L(V; V �); i = 1; 2, by

hAi�1; �2iV �;V = �i(�1; �2)

and formulate the model in operator form as

�y(t) +A2 _y(t) +A1y(t) = [B(E)](t) (26)

in the dual space V �. Well-posedness criteria are established in the following lemma and theorem.

Lemma 3.1 De�ne the operator B by (21) or (22) and let T denote the partition speci�ed in Def-

inition 2.1. Under the assumption that E 2 C[0; T ] and that the parameters satisfy (9), it follows

that

B(E) 2 L2((0; T );V �):

11



Proof. From (23), the operator B can be expressed as [B(E)](t) = [b(E)](t) � g where g 2 V � and b
are de�ned in (24) or (25). It follows from Proposition 2.3 that

b(�) : C[0; T ]! C[0; T ]

so that the norm

k[B(E)](t)kV � = sup
v2V

j[b(E)](t) � g(v)j

kvkV

exists for each t 2 [0; T ]. Since k[B(E)](t)kV � = j[b(E)](t)j � kgkV � ; it follows that

kB(E)k2L2((0;T );V �) � max
t2[0;T ]

�
j[b(E)](t)j2

	
� T � kgk2V �

which implies that
B(E) 2 L2((0; T );V �):

�

Theorem 3.2 Let �1 and �2 be given by (20) and consider the assumptions of Lemma 3.1. There

then exists a unique solution y to (26) which satis�es

y 2 C((0; T );V )

_y 2 C((0; T );X):

The result follows directly from Theorem 4.1 of [4] or Theorem 2.1 and Remark 2.1 of [2]. �

4 Numerical Approximation Techniques

To implement the models for either the rectangular stacked actuator or the cylindrical actuator,
it is necessary to develop appropriate approximation techniques to discretize the modeling PDE.
To accomplish this, we consider general Galerkin methods in which basis functions are comprised
of spline or spline-Fourier tensor products. The resulting methods can accommodate a variety of
boundary conditions, are suÆciently accurate to resolve �ne-scale dynamics, and can be employed
for constructing reduced-order POD approximates for real-time implementation.

4.1 Stacked Actuator Model

To approximate the weak form of the stacked actuator model (15), we employ a �nite element dis-
cretization in space followed by a �nite di�erence discretization in time. The semidiscrete system
resulting from the �nite element approximation is appropriate for �nite dimensional, continuous time
control design whereas the fully discrete system is amenable to simulations and control implementa-
tion.

To obtain a semidiscrete system, we consider a uniform partition of [0; `] with points xi = ih;
i = 0; 1; � � � ; N with step size h = `=N where N denotes the number of subintervals. The spatial

12



basis f ig
N
i=1 is then comprised of of linear splines

 i(x) =
1

h

8><>:
(x� xi�1) ; xi�1 � x < xi

(xi+1 � x) ; xi � x � xi+1

0 ; otherwise

; i = 1; � � � ; N � 1

 N (x) =
1

h

(
(x� xN�1) ; xN�1 � x � xN

0 ; otherwise

(see [16] for details regarding the convergence analysis for the method). The solution u(t; x) to (15)
is then approximated by the expansion

uN (t; x) =
NX
j=1

uj(t) j(x) :

Because V N = spanf ig
N
i=1 � V = H1

` (0; `), the approximate solution satis�es the essential boundary
condition uN (t; 0) = 0 and can attain arbitrary displacements at x = `.

The projection of the problem (15) onto the �nite dimensional subspace V N yields the semidis-
crete system

_y(t) = Ay(t) + [F (E)](t)

y(0) = y0
(27)

where y(t) = [u1(t); � � � ; uN (t); _u1(t); � � � ; _uN (t)]T and

A =

"
0 I

�Q�1K �Q�1C

#
; [F (E)](t) =

"
0

Q�1[f(E)](t)

#
: (28)

The mass, sti�ness, damping and forcing matrices have the components

[Q]ij =

Z `

0
�A i j dx ; [f(E)]i(t) = [P (e)](t)

Z `

0
cPA� 0i dx

[K]ij =

Z `

0
cPA 0i 

0
j dx ; [C]ij =

Z `

0
cDA 

0
i 

0
j dx:

The system (27) can be employed for �nite-dimensional control design. For subsequent implemen-
tation, we consider a temporal discretization of (27) using a modi�ed trapezoid rule. For temporal
stepsizes �t, this yields the di�erence equations

yj+1 = Ayj + [B(E)](tj)

y0 = y(0) ;
(29)

where tj = j�t, yj approximates y(tj), and

A =

�
I �

�t

2
A

��1 �
I +

�t

2
A

�
; [B(E)](tj) = �t

�
I �

�t

2
A

��1

[F (E)](tj):

This yields an A-stable, single step method requiring moderate storage and providing moderate
accuracy.
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4.2 Cylindrical Actuator Model

Due to the inherent coupling between longitudinal, circumferential, and transverse displacements in
combination with the 2-D support of the middle surface, the numerical approximation of the model
for the cylindrical actuator is signi�cantly more complicated than the approximation of the stacked
actuator model. Among the issues which must be addressed when constructing �nite element or
general Galerkin methods for the shell is the choice of elements which avoid shear and membrane
locking and the maintenance of boundary conditions. We summarize here a spline-based Galerkin
method developed in [6] for thin shells and direct the reader to that source for details regarding the
construction of constituent matrices and convergence properties of the method. Details regarding
the use of this approximation method for LQR control of shells utilizing piezoceramic actuators can
be found in [7, 8].

The bases for the u; v and w displacements are respectively taken to be Buk(�; x) = eim�Buj (x);
Bvk(�; x) = eim�Bvj (x); and Bwk(�; x) = eim�Bwj (x) where Buj ; Bvj and Bwj are cubic B splines
modi�ed to satisfy the boundary conditions (e.g., see page 79 of [16]). The approximating subspace
is V N = spanfBukg� spanfBvkg� spanfBwkg and displacements are approximated through the
expansions

uN (t; �; x) =

NuX
k=1

uk(t)Buk(�; x)

vN (t; �; x) =

NvX
k=1

vk(t)Bvk(�; x)

wN (t; �; x) =

NwX
k=1

wk(t)Bwk(�; x) :

The restriction of the problem (19) to V N and construction of the forcing vectors then yields the
matrix system

_y(t) = Ay(t) + [F (E)](t) +G(t)

y(0) = y0

where y(t) = [#(t); _#(t)]T 2 lR2N , #(t) = [u1(t); � � � ; uNu(t); v1(t); � � � ; vNv (t); w1(t); � � � ; wNw(t)]
T ,

N = Nu+Nv +Nw; denotes the coeÆcients and their derivatives. The matrix A and vector F have
the general form (28) and the vector G(t) = [0 ; Q�1g(t)]T incorporates the boundary contributions
due to the inertial mass and applied load at the end of the cylinder. The reader is referred to [6] for
details concerning the construction of the mass, sti�ness and damping matrices Q;K and C.

5 Model Validation

To illustrate the attributes and capabilities of the models, we consider the characterization of the
stacked actuator depicted in Figure 2a. To accommodate the dimensions and longitudinal dynamics
exhibited by the actuator, the rod model (15) resulting from the nonlinear constitutive relation (8)
is employed. For numerical implementation, we employ the resulting discrete system (29).

The stacked actuator has a width and thickness of 5 mm and length of 20 mm. The Young's
modulus and density speci�ed by the manufacturer are cP = 6:5� 1010 N/m2 and � = 7730 kg/m3.
The values cD = 6:5� 107 Ns/m2 and � = 3:52� 10�2 for the Kelvin-Voigt damping parameter and
piezoelectric coupling coeÆcient were estimated through a least squares �t to the data. Finally, the
asymptotic relations summarized in [19] were employed in combination with a least squares algorithm

14
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Figure 4: Experimental stacked actuator data and model prediction.

to obtain the parameters � = 4:5 � 106 Vm/C, a = 4:6 � 105 C/m2, k = 1:4 � 105 C/m2, c = :81
and Ps = :49 C/m2 for the hysteresis component of the model.

The model prediction obtained with these parameters is compared with the actuator data in
Figure 4. It is observed that the model accurately quanti�es both the constitutive nonlinearities
and hysteresis inherent to this nanopositioning mechanism to a degree which is suÆciently accurate
for both device characterization and the construction of inverse compensators for subsequent control
design.

Furthermore, it was observed that because longitudinal piezoelectric inputs are manifested as
stress resultants at the end of the rod, there is little spatial variation for the considered con�gura-
tion. Hence convergence of the �nite element method was attained by N = 8 with only moderate
discrepancies produced with fewer basis functions. The rami�cations of this are twofold: (i) the
method is very fast which facilitates real-time implementation, and (ii) suÆcient accuracy for cer-
tain drive regimes may be attained with lumped ODE models for the rod. The quanti�cation of
conditions under which ODE rod models may be applicable is under investigation. It is noted,
however, that such simpli�cations will not be feasible for the shell model used to characterize the
cylindrical actuator due to the inherent coupling between component displacements. Hence the full
PDE model or appropriate reduced-order models will be required for all con�gurations utilizing
cylindrical actuators.

6 Concluding Remarks

The PDE models developed here provide a means of characterizing two of the actuator con�gurations
employed in current atomic force microscopes and projected nanopositioning designs. As illustrated
through data from the stacked actuator, hysteresis and constitutive nonlinearities inherent to the
constituent piezoelectric materials are manifested even at the low drive levels required for nanoposi-
tioning. It is crucial that these nonlinear mechanisms be accommodated in device characterization
and subsequent control design to achieve the angstrom-level resolution required from the actuators.

At low drive frequencies, the deleterious e�ects of the hysteresis and nonlinearities can be miti-
gated through feedback mechanisms thus leading to the phenomenal success of the instruments. To
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achieve the high frequency scan rates required for future applications, however, inverse compensators
based on low-order models in conjunction with feedforward control designs will be required to achieve
the necessary accuracy.

Two crucial attributes of models considered for use in inverse compensator design are the prop-
erties that they can be inverted and are suÆciently low-order to permit real-time implementation.
As illustrated [15], models of the type presented here are amenable to either full inversion, through
the solution of complementary ODE, or partial inversion through consideration of the anhysteretic
component of the model. The design and implementation of feedforward control designs which utilize
the resulting inverse compensators is under investigation. As discussed in Section 5, the rod model
exhibits minimal spatial variation in certain drive regimes which indicates that lumped parameter
ODE models may be adequate for certain nanopositioner designs. For regimes in which signi�cant
spatial variation necessitates the retention of the full PDE, as well as the characterization of nanopo-
sitioners employing cylindrical actuators, the development of reduced-order models will be necessary
to achieve real-time, broadband implementation. We are currently pursuing the development of ac-
tuator models based on proper orthogonal decomposition (POD) expansions due to recent success
utilizing this reduced-order approach in control design for cylindrical shells with surface mounted
piezoceramic actuators [1]. The resulting reduced models employing inverse algorithms will then be
considered for broadband control design in nanopositioning applications.
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