
ABSTRACT

KAGY, BRYSON GRAHAM. Algebraic and Combinatorial Problems in Mathematical Phylogenetics.
(Under the direction of Seth Sullivant).

Algebraic statistics uses tools from algebra, geometry, and combinatorics to study problems

that are statistical in nature. Typically this takes the form of using the inherent combinatorial

or algebrogeometric structure of a statistical model, such as a polytope or variety, to prove

properties about the model. In this thesis, we will focus on problems in algebraic statistics

originating from phylogenetics.

First we explore the combinatorial structure of phylogenetic split networks. Phylogenetic

networks are generalizations of trees that allow for the modeling of non-tree like evolutionary

processes. Split networks give a useful way to construct networks with intuitive distance struc-

tures induced from the associated split graph. We explore the polyhedral geometry of distance

matrices built from circular split systems which have the added property of being equidistant.

We give a characterization of the facet defining inequalities and the extreme rays of the cone of

distances that arise from an equidistant network associated with any circular split network.

Next, we prove identifiability results for group-based phylogenetic mixture models. Phy-

logenetic mixture models are convex combinations of simpler phylogenetic models that can

mimic the properties of more complex phylogenetic models. Conditions for the identifiability

of phylogenetic mixture models under a general model of DNA evolution known as the Gen-

eral Markov Model (GMM) are given in [80]. We expand these conditions to make statements

about identifiability of some specific group-based models, specifically the Jukes-Cantor (JC),

Kimura 2 parameter model (K2P), Kimura 3 parameter model (K3P) and the Strand Symmetric

model (SSM). These models are simpler than then GMM and so are favored by biologists for

computational efficiency, but the increased symmetry makes the arguments more complicated.

Last, we explore the properties of a powerful new statistical test and apply it to phylogenetic

models. We explore the problem of performing hypothesis testing for semialgebraic statistical

models whose geometry is not conducive to the use of the likelihood ratio tests. In particular

we focus on the application of the inference method from [89], (SDL test) to the network

multi-species coalescent model and the Cavender-Farris-Neyman (CFN) 2-state model. We

investigate how implementation choices such as constraint specification, kernel order, and

decomposition into reducible components affect test performance. Our work offers practical

insights for researchers applying the SDL test to semialgebraic models, particularly in biological

settings where singularities are common.
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CHAPTER

1

INTRODUCTION

Algebraic statistics is a relatively new area of study that takes tools from algebraic geometry and

combinatorics to solve statistical problems. For instance, the study of an algebraic structure

like a variety that arises from a statistical model can provide equations and inequalities that

any observed probability distributions must follow, and then, be useful for statistical inference.

In this thesis we consider applications of algebraic statistics in the area of mathematical

phylogenetics. Phylogenetics is the study of evolutionary relationships between species. One of

the core problems in the field is: given information about living species, how can one determine

what combinatorial structure, such as tree or graph, best represents the way those species

evolve and relate to each other. As mathematicians, this problem is approached in generality:

given any possible valid species information, what can be said about the possible evolutionary

relationships? There are many approaches to this problem but three main ones will be of focus

in this thesis: distance methods, Markov chain models, and the coalescent model.

In Chapter 2, we prove new results using distance methods on split networks. In distance

methods, a notion of distance/ dissimilarity is given between the species by some biological

means and the goal is to take those distances and determine the evolutionary structures

that obey those distances. Polyhedral geometry can play a big part in this analysis, as one
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can describe inequalities that the distance functions must obey in order to have a specific

combinatorial structure, like a tree or network.

In Chapter 3, we analyze Markov mixture models and prove identifiability results about

them. When using Markov chain models, we look at specific spot in the DNA sequence for a

group of species. We can then assign a Markov transition matrix to every edge of a proposed

combinatorial structure and use this Markov process to determine the probabilities of ob-

serving a set of DNA bases given that underlying combinatorial structure. There are many

combinatorial properties of these collected matrices one can exploit for analysis and these

calculated probabilities arise from a polynomial map, making varieties also useful for analysis.

In Chapter 4, we utilize a new hypothesis testing method on statistical models derived

from the coalescent model. When using the coalescent model, we consider an underlying

species tree or network and the observed gene structures of those species. Then we perform a

recursive process to determine the probability of observing that specific gene structure from

those species, given the underlying species tree or network. The calculated probabilities are

polynomial equations and thus varieties are very useful in this kind of analysis.

In order to describe the problems considered in this thesis, we provide background material

that will be used throughout the main body of the thesis. We start with a discussion of polyhedral

geometry in Section 1.1.1 as well as a discussion of V and H representations in Section 1.1.2

and facets and faces in Section 1.1.3. There is a focus in these section on examples of polyhedral

cones as all of this material will be used in Chapter 2 on a polyhedral cone. Next, we give

background on algebraic geometry. In section 1.2.1, we go over ideals and varieties and in

section 1.2.2, we describe how to define varieties from polynomial maps. The background in

this section will be used in Chapter 3 and 4. Then we give background on statistics and statistical

models in section 1.3.1 which will be useful for all of the proceeding chapters. We continue with

two specific topics on statistical models, identifiability in section 1.3.2 and hypothesis testing

in section 1.3.3 which will be used in Chapters 3 and 4 respectively. Lastly we give a description

of mathematics used in phylogenetics, starting with definitions of phylogenetic trees and

networks in section 1.4.1. We then give background on distance methods in Section 1.4.2 which

will be used in Chapter 2 and background on Markov phylogenetic models in section 1.4.3

which will be used in Chapters 3 and 4. We end this chapter with a brief description of the

research projects in the processioning chapter in Section 1.5.
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1.1 Polyhedral Geometry

1.1.1 Polytopes and Polyhedra

In this section we give background on polyhedral geometry. Polytopes and polyhedra arise

naturally when working on discrete problems, as they generalize classic geometric structures

like polygons and platonic solids. The study of polyhedral geometry is often motivated by opti-

mization as the feasible region of a linear program is a polyhedron. Our motivation for studying

polyhedra is to use them in a phylogenetics context to test if a set of species has a particular

evolutionary structure, by seeing if they satisfy the defining inequalities for the polyhedron. In

addition phylogenetic trees themselves can be naturally placed into what is called tree space,

or B H V space which is a polyhedral cone complex [14]. In Chapter 2, we define a polyhedron

by looking at the set of distance functions between leaves on phylogenetic networks. We first

give a set of inequalities that hold on these distance functions and then we reduced to a facet

description of the polyhedral cone and found an extreme ray description. We are also able to

characterize the faces of this cone as determined by simpler phylogenetic networks. For more

information on polytopes and polyhedra see [50, 96]. We start with definitions of convexity and

cones, which will be necessary to define polyhedra.

Definition 1.1.1 A set A ⊆Rd is convex if for all x , y ∈ A and all t ∈ [0, 1]we have t x+(1−t )y ∈ A.

Given a set S ⊆Rd , the convex hull of S, conv(S ), is the smallest convex set containing S. We can

represent all points in conv(S ) as a convex combination of the points in S, that is

conv(S ) =

¨

n
∑

i=1

λi xi : n ∈N, xi ∈ S ,λi ≥ 0,
n
∑

i=1

λi = 1

«

.

Definition 1.1.2 A set C ⊆ Rd is a (convex) cone if for all xi ∈ C ,
∑n

i=1αi xi ∈ C for all αi ≥ 0.

Given a set C ⊆ Rd , the conical hull of C, cone(C ), is the smallest cone containing S. We can

represent all points in cone(C ) as a conical combination of the points in S, that is

cone(C ) =

¨

n
∑

i=1

αi xi : n ∈N, xi ∈C ,αi ≥ 0

«

.

Informally the convex hull of a set of points contains all of the points “in between" the

original set of points. The conical hull of a set of points contains all of the points “in between"

and all the positive multiples of the original set of points.
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Definition 1.1.3 The Minkowski sum of two sets P,Q ⊆Rd is

P +Q := {x + y : x ∈ P, y ∈Q}.

A V-polyhedron is a set P ⊆ Rd that is the Minkowski sum of the convex hull of a finite set of

points and the conical hull of a finite set of vectors. That is, a V-polyhedron P can be given in the

form

P = conv(V ) + cone(C )

for some finite set V ∈Rd and finite set C ∈Rd . We call P a V-polyhedral cone if P = cone(C ).

Definition 1.1.4 An H-polyhedron is the intersection of finitely many closed half spaces. That

is, an H-polyhedron is a set P ⊆Rd of the form

P = {x ∈Rd : Ax≤ z}

for some A ∈Rm×d , z ∈Rm . Here Ax≤ z is shorthand for the system of inequalities ai x≤ zi where

ai is the i -th row of A and zi the i -th component of z. We call P a H-polyhedral cone if z= 0.

The case where a polyhedron is bounded is well studied, so it gets a special name: polytope.

Even when working with an unbounded polyhedron, studying related polytopes can often pro-

vide insight about the original polyhedron. For example, a polyhedral cone can be intersected

with a simple hyperplane, such as the sum of the coordinates being 1, to create a polytope.

Then the cone over this polytope is the original cone and understanding the structure of the

polytope, tells one about the structure of the original cone. This technique is used in Chapter 2

to understand a polyhedral cone created by distance functions. Below we formally define both

V - and H -polytopes.

Definition 1.1.5 An H-polytope is a bounded H-polyhedron. Similarly, a V-polytope is a V-

polyhedron where P = conv(V ) for some finite set of vectors V ∈Rd .

Example 1.1.6 Let C1 ⊆R3 be a H-polyhedral cone defined by x1, x2, x3 ≥ 0 and x1 ≥ x2 ≥ x3. Let

C2 ⊆R3 be a V-polyhedral cone defined by C2 = cone((1,1,1), (1,0,1)). The cones C1 and C2 are

visualized in Figure 1.1.
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Figure 1.1: The two cones discussed in Example 1.1.6 and Example 1.1.9. Here x = x1, y = x2 and z = x3.
On the left is the cone C1 which is defined by x1, x2, x3 ≥ 0 and x1 ≥ x2 ≥ x3 and on the right is C2 where
C2 = cone((1, 1, 1), (1, 0, 1)).

Example 1.1.7 Let A=




















1 0 0

−1 0 0

0 1 0

0 −1 0

0 0 1

0 0 −1





















and z =





















1

0

1

0

1

0





















.

Let

P1 = {Ax≤ z}.

Then P1 is a H-polytope known as the unit cube. The matrix representation corresponds to the

system of inequalities:

0≤ x1 ≤ 1, 0≤ x2 ≤ 1, 0≤ x3 ≤ 1.

Let

P2 = conv














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0

0

0
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


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
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0

0

1






,







0

1

0






,







0

1

1






,







1

0

0






,







1

0

1






,







1

1

0






,







1

1

1

















.

Then, P2 is a V-polytope and is, in fact, also the unit cube. These points are the 8 vertices of the

cube. The fact that the cube can be both represented by a V-polytope and an H-polytope is an

example of the main theorem from the next section.
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1.1.2 The Minkowski-Weyl Theorem

A surprising fact is that V -polyhedra and H -polyhedra are actually the same. That is, anything

that is a V -polyhedron is also an H -polyhedron and vice-versa. Henceforth we will often

refer to V -polyhedra and H -polyhedra as polytopes or polyhedra when the situation does not

require a specific representation.

Theorem 1.1.8 (Minkowski-Weyl) A set P ⊆Rd is a V-polytope if and only if it is an H-polytope.

In addition, a set P ⊆Rd is a V-polyhedron if and only if it is an H-polyhedron.

For an in-depth proof, see Chapter 2 of [96]. For certain polyhedra it can be easier to write

either the V -representation or the H -representation but finding the other representation is

hard. However, since this correspondence always exists, converting to the other representation

can lead to useful insights about the problem that defined the polyhedron. For instance, in

Chapter 2, the polyhedral cone defined has a much easier to find H-representation but finding

the V-representation took a significant amount of work. The extreme rays that were found give

useful boundary cases for class of phylogenetic networks that define the polyhedral cone.

Example 1.1.9 Consider C1 and C2 as defined in Example 1.1.6. The cone C1 has the H -description

x1 ≥ x2 ≥ x3 ≥ 0. These are not the only inequalities that hold on C1, for instance x1+ x2 ≥ x3 and

x1 ≥ 0 also hold. Using the notation given in Definition 1.1.4, C1 = {x ∈Rd : Ax≤ z}where

A =







−1 1 0

0 −1 1

0 0 −1






and z =







0

0

0






.

The cone C1 has the V -description C1 = cone((1, 1, 1), (1, 1, 0), (1, 0, 0)). Each of these rays can

be seen as the equality of two of the inequalities from x1 ≥ x2 ≥ x3 ≥ 0, with (1, 1, 1) , for example,

the intersection of x1 ≥ x2 and x2 ≥ x3.

The cone C2 has the V -description C2 = cone((1,1,1), (1,0,1)) and has the H -description

x2 ≥ 0, x3 ≥ x2, x3 ≥ x1,x1 ≥ x3. Note that x3 = x1, but this can be written as the two inequalities

x3 ≥ x1,x1 ≥ x3 instead. Any H -description can be given as just a set of inequalities.

1.1.3 Facets, vertices, extreme rays

The following substructures of polyhedra are crucial to understanding their structure and

proving results about them.
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Definition 1.1.10 Let P ⊆Rd be a polyhedron. An equality cx≤ c0 is valid for P if it is satisfied

for all points x ∈ P . A face of P is a set F of the form:

F = P ∩{x ∈Rd : cx= c0}

for a valid inequality cx≤ c0 on P . We call cx≤ c0 the defining inequality for F .

Definition 1.1.11 The affine hull of S, aff(S ), is the smallest affine space containing S. Equiva-

lently,

aff(S ) =

¨

n
∑

i=1

λi xi : xi ∈ S ,
n
∑

i=1

λi = 1

«

.

Definition 1.1.12 • The dimension of a face is the dimension of its affine hull.

• Faces of P of dimension 0 and dim(P )−1 are called vertices and facets, respectively.

• An extreme ray of a polyhedral cone C is a face of dimension 1.

The polyhedron P itself is considered a face and so is the empty set which are of dimension

of dim(P ) and −1 respectively. Since extreme rays are subsets of a polyhedral cone, which

are unbounded, in addition to be being 1-dimensional faces, they can be viewed as linearly

independent vectors, which is more formally described in Proportion 1.1.14. In addition, there

is a containment relation among the faces, with every face being contained in some facet,

except P itself. In a polytope, every face contains some vertex, except the empty face. More

generally, in a polyhedron every face contains a face of minimum degree, except the empty

face.

Example 1.1.13 Consider C1 as defined in Example 1.1.6. This cone has 9 faces. They are:

• The empty set

• The point (0, 0, 0)

• The rays over (1, 1, 0), (1, 1, 1), and (1, 0, 0)

• The facets defined by the 2−dimensional planes x3 = 0, x2 = x3, and x1 = x2

• C1 itself.
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The faces of a polyhedron are core to its geometric structure. In fact, studying the highest

and lowest dimensional faces gives a unique minimal way to generate the polyhedron, as can

be seen in the following proposition.

Proposition 1.1.14 1. Every polytope is the convex hull of its vertices.

2. Every polyhedral cone is the conical hull of its extreme rays.

3. Every polyhedron is the intersection of the halfspaces determined by the defining inequali-

ties of its facets.

4. The extreme rays of a polyhedral cone, C , are the v ∈ C such that there does not exist

u , w ∈C linearly independent and λ,γ> 0 with v =λu +γv .

The biggest consequence to Proposition 1.1.14 is that understanding the facets and vertices

/extreme rays lets you characterize the polytope/polyhedron as a whole. Thus as will be seen in

Chapter 2, special attention is given to understanding and proving what are the facet defining

inequalities and vertices/extreme rays of polyhedra.

1.2 Algebraic Geometry

1.2.1 Ideals and Varieties

In this section we give background on algebraic geometry. Algebraic geometry takes tools from

algebra to solve problems in geometry. The classic object of interest is the zero set of a collec-

tion of multivariate polynomial equations. This has a corresponding algebraic structure, the

ideal of all polynomials that evaluate to zero on that set. See [74] for more details on algebraic

geometry. Algebraic geometry provides tools to find polynomials that vanish on statistical

models allowing the discovery of underlying geometric structure. In addition, algebraic geome-

try gives characterizations of generic points of statistical models. These tools have been used

on phylogenetic models to help characterize when data arises from a particular model. The

definitions and results discussed here will primarily be used in Chapter 3.

Definition 1.2.1 LetK be a field. LetK[p] :=K[p1, . . . , pn ] be the ring of polynomials with coeffi-

cients inK and indeterminates p1, . . . , pn . The variety defined by I ⊆K[p] is:

V (I ) =
�

a ∈Kn : f (a ) = 0 for all f ∈ I
	

.
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Example 1.2.2 Let I = 〈p1〉 ⊆R[p1, p2]. Then V (I ) is the p2-axis of the Cartesian plane. Here we

can also note that V (I ) =V (〈p1〉) =V ({p1}), the set of points that vanish on p1 will also vanish

on the ideal generated by p1, since every polynomial in 〈p1〉will have p1 as a factor.

Just as every set of polynomials defines a variety, every set of points inKn defines an ideal.

Definition 1.2.3 Let S ⊆Kn . The vanishing ideal of S is:

I (S ) =
�

f ∈K[p] : f (a ) = 0 for all a ∈ S
	

.

Example 1.2.4 Let S be a unit circle in R2. Then

I (S ) = 〈p 2
1 +p 2

2 −1〉.

Hilbert’s Nullstellensatz, Theorem 1.2.6, explains how varieties and vanishing ideals interact.

Definition 1.2.5 The radical of an ideal I , denoted
p

I , is

p
I =

�

f ∈K[p] : f k ∈ I for some k ∈N
	

.

An ideal is called radical if
p

I = I

Note that if J = I (S ) for some S ⊆Kn then J is radical since if f k (a ) = 0 for some a ∈ S , k ∈N
then so does f (a ) = 0.

Theorem 1.2.6 (Nullstellensatz) LetK be an algebraically closed field. Then the vanishing ideal

of the variety of an ideal is the radical of the ideal, i.e: I (V (I )) =
p

I .

Hilbert’s Nullstellensatz also naturally motivates the following definition.

Definition 1.2.7 The set V (I (S )) is the Zariski closure of S, written S. It is the smallest algebraic

variety that contains S.

Example 1.2.8 Let S be the upper half of a unit circle with the point (0, 1) removed. Since poly-

nomials are continuous, any polynomial that vanishes on S will also vanish on (0, 1). Thus the

Zariski closure of S must contain the entire upper half of a unit circle. In addition, any point on

the upper half of a unit circle must satisfy p2 =
Æ

1−p 2
1 . This condition is not polynomial, but

we can rewrite it as p 2
2 = 1−p 2

1 . Any polynomial that vanishes on the upper half of a unit circle

must then have p 2
2 +p 2

1 −1 as a factor and so the Zariski closure of S is the entire unit circle.
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1.2.2 Vartieties from Maps

Using the Zariski closure, one can always create a variety from a set in Kn . The sets we use

are not arbitrary sets but often come from a parametrization by a polynomial map. Algebraic

statistical models are parametrized semi-algebraic sets with polynomial or rational functions.

Thus the variety defining a statistical model can be obtained from its polynomial map directly

which is done in Chapter 3.

Definition 1.2.9 Letφ be a map:

φ :Kn →Km

θ 7→ (φ1(θ ), . . . ,φm (θ ))

where the functions φi are all polynomials in the indeterminates θ = (θ1, . . . ,θn ). The variety

parameterized byφ is the Zariski closure of the image ofφ and written as V = im(φ). In addition,

φ has a pullback mapφ∗ which is theK-algebra homomorphism:

φ∗ :K[p]→K[t]

pi 7→φi (t).

The corresponding vanishing ideal of the variety parameterized byφ is ker(φ∗).

Example 1.2.10 Letφ :K6→K8 be a map such that

φ(α1,α2,β1,β2,β3,β4) = (α1β1,α1β2,α1β3,α1β4,α2β1,α2β2,α2β3,α2β4).

The mapφ has pullbackφ∗ :C[p11, p12, p13, p14, p21, p22, p23, p24]→C[s1, s2, t1, t2, t3, t4] such that

φ∗i j (p) = si t j

where i ∈ {1, 2}, j ∈ {1, 2, 3, 4}. Calculating the vanishing ideal for the variety parametrized byφ

gives ker(φ∗) = 〈p1i p2 j −p2i p1 j : 1≤ i < j ≤ 4〉, the ideal generated by the 2×2 minors of

P =

�

p11 p12 p13 p14

p21 p22 p23 p24

�

.

The vanishing ideal for the variety parametrized byφ is the set of 2×2 minors of a matrix, and
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a well-known equivalent condition to all 2×2 minors being equal to zero is that the matrix has

rank ≤ 1. In other words, a matrix has rank one or less if and only all of its 2×2 minors vanish.

We can see this equivalent condition through the mapφ∗. A matrix A ∈Km×n has rank ≤ 1

if and only if it can be written as the outer product of two vectors:

A = s · tT

for some vectors

s=













s1

s2
...

sm













, t=













t1

t2
...

tn













.

Thus the condition thatφ∗i j (p) = si t j transforms the matrix P into

P =

�

s1t1 s1t2 s1t3 s1t4

s2t1 s2t2 s2t3 s2t4

�

= s · tT

where

s=

�

s1

s2

�

, t=
�

t1 t2 t3 t4

�

.

Thus, the definition of φ∗ was equivalent to a 2 by 4 matrix having rank ≤ 1. Since the

resulting vanishing ideal was the set of 2×2 minors of a matrix, one could use this map to show

that a matrix is rank one or less if and only all of its 2×2 minors vanish. This is a well-known

fact but other maps can show much less obvious facts by analyzing the resulting vanishing

ideal.

This vanishing ideal also vanishes exactly on the statistical the model of independence, the

model shown in Example 1.3.12 in more detail.

1.3 Statistics and statistical models

1.3.1 Statistical models

In this section we give necessary background on statistics. The general goal in statistics is to take

a set of observations and describe the underlying distribution that created those observations or

draw inferences about the relations between the quantities studied. Typically observations are

11



thought of as coming from some underlying unknown statistical model that can be theoretically

described based on the mathematical relations the original observations adhere to. Through

this lens, the goal is to ascertain the underlying model from the observed data and its specific

model parameters that best fit the data. There are numerous inference procedures in order to

find these model parameters, and which one fits best varies based on the modeling context and

the circumstances of the observed data. For example, maximum likelihood estimation finds the

parameter values that maximize the likelihood of observed data. See [94] for more background

on Statistics. Since we work in the realm of theoretical statistics, we consider the statistical

models as abstract mathematical objects. In order to define some statistical models, we first

define random variables, probability distributions, and the probability simplex as our statistical

models will be based on random variables and are collections of probability distributions.

There are two main types of random variables, discrete and continuous. An example of a

continuous variable is a Gaussian random variable.The random variables that will be consid-

ered in this thesis are discrete random variables.

Definition 1.3.1 A discrete random variable is a function

X :Ω→R

defined on a sample space Ω, such that the set of possible values taken by X , denoted {x1, x2, x3, . . .},
is countable. Each value xi corresponds to an elementary event in Ω.

Throughout the rest of this thesis, we will only be considering finite state space, and so

when referring to a discrete random variable, we will actually mean a random variable with a

finite state space.

Definition 1.3.2 A probability distribution of a discrete random variable X is a function

pX (x ) =P(X = x )

that assigns to each possible value x the probability that X takes that value. This function, called

the probability mass function, satisfies:

• pX (x )≥ 0 for all x ,

•
∑

x pX (x ) = 1, where the sum is over all values in the support of X .
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We call the support of a random variable its state space, S . The notation P(X = i ) for i ∈ S

means the probability that X equals state i . We now define the probability simplex, the space

in which probability distributions reside.

Definition 1.3.3 The d −1-dimensional simplex,∆d−1 ⊂Rd , is

∆d−1 = {(p1, . . . , pd ) : p1+ · · ·+pd = 1, pi ≥ 0}.

A probability distribution with a state space S of size d is a point in ∆d−1. Thus a discrete

random variable is a map from a state space S of size d to∆d−1.

Example 1.3.4 Consider a probability distribution for a fair 6-sided die. Then, the state space

S = {1, 2, 3, 4, 5, 6} is the 6 sides of the die and

P(X = 1) =P(X = 2) =P(X = 3) =P(X = 4) =P(X = 5) =P(X = 6) =
1

6
.

Definition 1.3.5 Let X , Y be discrete random variables with state spaces S , T , respectively. The

notation P(X = i , Y = j ) for i ∈ S, j ∈ T signifies the probability that X is state i and Y is state

j . We often abbreviate this as P(X = i , Y = j ) = pi j . This is a joint probability distribution, a

probability distribution given on multiple sets of state spaces. P(X = i , Y = j ) is any probability

distribution on the function X ×Y →R×R. The conditional probability of X being state i given

that Y is state j is defined as:

P(X = i | Y = j ) :=
P(X = i , Y = j )
P(Y = j )

.

Definition 1.3.6 We call two random variables X , Y independent if P(X = i | Y = j ) =P(X = i )

for all i ∈ S, j ∈ T . Equivalently, P(X = i , Y = j ) = P(X = i )P(Y = j ) for all i ∈ S, j ∈ T . If X

and Y are independent, we denote this X ⊥⊥ Y . We can think of independence of two random

variables as those variables not affecting each other – knowing one variable’s value does not

affect our estimation of the value of the other.

Before moving on to defining statistical models, we give some examples of random variables

and probability distributions.

Example 1.3.7 Let X1, X2 be discrete random variables with state space S = [6] = {1, 2, 3, 4, 5, 6}
as the sides of two different fair 6-sided diced. Then

P(X1 = i1) =P(X2 = i2) =
1

6
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for all i1, i2 ∈ S. In addition since the two dice do not affect each other, their random variables

are independent and thus:

P(X1 = i1, X2 = i2) =P(X1 = i1)P(X2 = i2) =
1

36
.

Example 1.3.8 A Bernoulli random variables is one of the simplest random variables, taking a

value of 1, a success, with probability θ and 0, a failure, with probability 1−θ . That is:

Pθ (X = 1) = θ , Pθ (X = 0) = 1−θ .

Example 1.3.9 Let X be a discrete random variable with r+1 states, {0, 1, . . . , r }and let Θ = [0, 1].

For all θ ∈Θ let

Pθ (X = i ) =

�

r

i

�

θ i (1−θ )r−i .

Then X is a binomial random variable with r samples and success probability parameter θ . This

can be thought of as taking r samples of a Bernoulli variable with probability θ and looking at

the probability that there are i successes.

Let us consider the specific case of a binomial random variable with r = 3. Then we have a

Bernoulli variable with a success chance of θ and we are doing 3 trials. Thus we can have 0, 1, 2

or 3 successes. Then

Pθ (X = 0) = (1−θ )3, Pθ (X = 1) = 3θ (1−θ )2, Pθ (X = 2) = 3θ 2(1−θ ), Pθ (X = 3) = θ 3.

Definition 1.3.10 A statistical model,M , is a collection of probability distributions. We call a

model a parametric statistical model,MΘ if it is a mapping from a finite dimensional parameter

space to a space of probability distributions. That is

P• :Θ ⊆Rd →MΘ, θ 7→ pθ

where the parametric model is the image of this map,MΘ = {pθ : θ ∈Θ}.

Example 1.3.11 Let X be a binomial random variable with r samples and success probability

parameter θ as described in Example 1.3.9. The binomial model,MΘ is all probability distribu-

tions arising from binomial random variables so

MΘ =

��

(1−θ )r ,

�

r

1

�

θ (1−θ )r−1, . . . ,

�

r

r −1

�

θ r−1(1−θ ),θ r

��
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andMΘ ⊆∆r .

Example 1.3.12 Let X1, X2 be discrete random variables with state spaces [r1] and [r2]. The model

of independence for X1, X2,MX1⊥⊥X2
consists of all distributions p ∈∆r1r1−1 such that

P(X1 = i1, X2 = i2) =P(X1 = i1)P(X2 = i2)

for all i1 ∈ [r1] and i2 ∈ [r2]. An example of two such random variables can be seen in Example

1.3.7. Here Θ = ∆r1−1 ×∆r2−1 and we can parameterize this model using θ = (α,β ) ∈ Θ in the

following way:

Pθ (X1 = i1, X2 = i2) =αi1
βi2

.

This is exactly the same parameterization from the map used in Example 1.2.10, with r1 = 2 and

r2 = 4. Letting Pθ (X1 = i , X2 = j ) = pi j , we can see from the vanishing ideal that, for example, the

following holds: pi j pk l −pi l pk j ∈ V (I ) for i < k ∈ [r1] and j < l ∈ [r2] and so pi j pk l −pi l pk j = 0.

In other words using the fact that P(X1 = i , X2 = j ) =P(X1 = i )P(X2 = j ):

pi j pk l =Pθ (X1 = i , X2 = j ) ·Pθ (X1 = k , X2 = l )

=Pθ (X1 = i ) ·Pθ (X2 = j ) ·Pθ (X1 = k ) ·Pθ (X2 = l )

=Pθ (X1 = i ) ·Pθ (X2 = l ) ·Pθ (X1 = k ) ·Pθ (X2 = j )

=Pθ (X1 = i , X2 = l ) ·Pθ (X1 = k , X2 = j )

=pi l pk j .

Thus pi j pk l = pi l pk j .

1.3.2 Identifiability

A statistical model is identifiable if the parameters of the model can be recovered from observa-

tions. Identifiability is of interest theoretically and practically. Theoretically, a statistical model

is structurally identifiable if its corresponding map from its parameter space to the probability

simplex is one-to-one. Practical identifiability concerns whether or not one can recover specific

information about parameters from observed noisy data. Structural identifiability is necessary

for practical identifiability and is necessary for the consistency of statistical procedures. This

thesis will only discuss structural identifiability and from now on, for brevity, will simply refer to

it as identifiability. Our interest in identifiability comes from the identifiability of phylogenetic

models, which are explained in more detail in Section 1.4. In mathematical phylogenetics,
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theoretical identifiability means recovering the underlying evolutionary tree structure as well

as the mutation rates from generic data about the living observable species. In Chapter 3 we

prove the identifiability of types of phylogenetic mixture models, under certain conditions.

There are many kinds of identifiability, which we go over here now.

Definition 1.3.13 Letφ :Θ→N be a rational map from the parameter space Θ to some set N ,

with statistical modelM = imφ. Then the parameter θ is:

• globally identifiable ifφ is a one-to-one map;

• generically identifiable ifφ−1(φ(θ )) = {θ } for almost all θ ∈Θ.

• locally identifiable if |φ−1(φ(θ ))|<∞ for almost all θ ∈Θ.

In some circumstances if the finite-to-one behavior of the locally identifiability is due to an

intrinsic symmetry of the model, we may also call the model generically identifiable.

Example 1.3.14 Let X1, X2 be discrete random variables with state spaces [r1] and [r2]. Consider

the model of independence for X1, X2,MX1⊥⊥X2
, defined in Example 1.3.12. This model is defined

parametrically via the map

Pθ (X1 = i1, X2 = i2) =αi1
βi2

.

The model of independence is globally identifiable because we can recover α and β from the

probability distribution p ∈MX1⊥⊥X2
. In fact letting P(X1 = i1, X2 = i2) = pi1i2

, we have that for

p ∈MX1⊥⊥X2
:

∑

j

pi j =
∑

j

αiβ j =αi

∑

j

β j =αi

and
∑

i

pi j =
∑

i

αiβ j =β j

∑

i

αi =β j

since
∑

j β j = 1 and
∑

i αi = 1. This model is also what is called rationally identifiable since all

of the equations that recover the parameters are rational functions.

Example 1.3.15 Suppose we have a model with two dice: A fair die where each face has probabil-

ity 1
6 and a biased die, which rolls a 6 with probability p , and each of {1, 2, 3, 4, 5}with probability

1−p
5 . One of the two dice is rolled and π ∈ [0, 1] is the probability of choosing the biased die. The

die used for each roll is unobserved, but we observe the outcome of the roll. Let X ∈ {1, 2, 3, 4, 5, 6}
be the outcome of a single roll. Then:
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P (X = x ) =







π · 1−p
5 + (1−π) ·

1
6 , if x ∈ {1, 2, 3, 4, 5}

π ·p + (1−π) · 1
6 , if x = 6.

If we observe the empirical probabilities:

f6 = P (X = 6), f¬6 = P (X ∈ {1, 2, 3, 4, 5}) = 1− f6,

then from the model we know that:

f6 =πp + (1−π) ·
1

6

f¬6 =π(1−p ) + (1−π) ·
5

6
.

Let:

(π1, p1) =
�

1

3
,

1

2

�

, (π2, p2) =
�

1

6
,

5

6

�

.

Then f6 =
5

18 for both sets of parameters. Thus, since there are multiple sets of parameters that

give the same probability distributions, the model is not identifiable. In fact, we can also solve

for p in terms of π, to get:

p =
f6− 1

6

π
+

1

6

This defines a curve in parameter space (π, p ) for any fixed f6 ∈
�

1
6 , 1

�

, as long as π ̸= 0 ∈ (0, 1).

Hence, for almost all f6, there is a one dimensional subset of parameter pairs (π, p ) yielding

the same observable distribution, meaning that the model is not generically identifiable.

In general there can be both discrete structures and continuous model parameters that we

are interested in understanding the identifiability of. By the parameter itself being identifiable,

we mean that specific value of that parameter can be determined by the observable distribution.

A continuous model parameter would be a parameter that can take real values, and a discrete

model parameter would be some combinatorial object like a partition or graph structure. For

example, in Chapter 3 we will be determining the identifiability of a tree structure (a discrete

parameter) as well as continuous parameters from transition matrices on edges of the tree.
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1.3.3 Hypothesis testing

In statistics, questions about collected data are often formed into statistical hypotheses. Typi-

cally this is phrased in the following way: given a set of independent, identically distributed

samples, were these samples generated from a distribution in a particular model or not? In

Chapter 4 we explore the intricacies of a new hypothesis testing method by applying it to a

common phylogenetic model. We start by explaining a set of fundamental definitions about

statistical hypotheses before then exploring with multiple examples.

Definition 1.3.16 • The null hypothesis, H0, is the baseline assumption.

• The alternative Hypothesis (H1 or Ha ) is the claim being testing for.

• A function T is a test statistic if when evaluated on data that exactly fits the null hypothesis,

T evaluates to 0.

• The critical value of a test statistic is the value of the test statistic that we are compar-

ing samples against and it is used to determine whether to reject or not reject the null

hypothesis.

• A p -value is the probability under the null hypothesis that the test statistic has a larger

value than the given critical value.

For example, given observed data x generated from an unknown distribution p , and model

M , a null hypothesis could be that H0 : p ∈ M . Then our alternative hypothesis would be

that H1 : p /∈M . A small p -value gives evidence against the null hypothesis, while with a large

p -value we cannot reject the null hypothesis. Typically we choose some value α that if the

p -value calculated is less than α , we reject the null hypothesis. A traditional choice for α is 0.05.

Also, typically we do not calculate a p -value exactly, but take random samples to approximate a

p -value or use an asymptotic approximation. Below are two examples of p -value calculations

using an asymptotic approximation, in Chapter 4 we will approximate p -values with random

samples.

Example 1.3.17 Suppose that a company claims the defect rate for their product is 3%. A sample

of n = 100 items reveals x = 6 defects. This is a binomial model as described in Example 1.3.11.

Here we have null and alternative hypothesizes as:

H0 : p = 0.03 vs. H1 : p ̸= 0.03.
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We use the test statistic called a z -score:

z =
p̂ −p0
q

p0(1−p0)
n

.

Here p̂ is the observed failure rate for the binomial variable, p0 is the hypothesized failure rate

under the null hypothesis and n is the number of trials. In our example:

p̂ =
6

100
= 0.06, p0 = 0.03, n = 100.

Also note that z evaluates to 0 if p̂ = p0. Now evaluating our observation on the test statistic gives:

z =
0.06−0.03
q

0.03·0.97
100

≈ 1.76.

We can approximate the binomial distribution by a normal distribution under the Central Limit

Theorem when the sample size n is large enough. Thus we can approximate the p -value as the

following:

p-value= 2 ∗P(Z > 1.76)≈ 2 ∗0.0392= 0.0784

This is the probability that a standard normal random variable exceeds 1.76, multiplied by

2 because we are preforming a 2-sided test. If we choose α = 0.05, we do not reject H0 since

0.0784> 0.05. Thus there is insufficient evidence to conclude the defect rate is not 3%.

Example 1.3.18 Consider an experiment to determine if cat coat color and cat treat preferences

are independent. That is, the goal is to determine whether the color of the cat’s coat affects their

preference for a specific type of treat. This is an example of the independence model shown in

Example 1.3.14. The following table has our observations of 100 cats:

Likes Treat Dislikes Treat Total

Black Coat 20 10 30

Gray Tabby Coat 30 40 70

Total 50 50 100

Here we have null and alternative hypothesizes as:

H0 : Cat coat color and Preferences are independent

H1 : Cat coat color and Preferences are not independent.
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Let Oi j be the observed counts for row i and column j of our table and Ei j the expected counts

under the independence model. Then:

E11 =
30 ·50

100
= 15, E12 = 15, E21 = 35, E22 = 35.

Here we use a χ2-test statistic. Evaluating the test statistic on the data gives:

X 2 =
∑

i , j

(Oi j −Ei j )2

Ei j
=
(20−15)2

15
+
(10−15)2

15
+
(30−35)2

35
+
(40−35)2

35
≈ 4.76

For large enough n we can approximate our p value using a chi-squared distribution with 1

degree of freedom as described in Chapter 10 of [30]. Let Z ∼chisquare(1):

p -value=P(Z > 4.76)≈ 0.029.

If we choose α= 0.05, p -value< 0.05, and so we can reject H0. Cat coat color and treat preference

are not independent.

1.4 Phylogenetic trees and networks

1.4.1 Trees and Networks

In this section we give background on mathematical phylogenetics. This will be used through

the thesis, in each of the main chapters. The goal motivating much of the work in mathematical

phylogenetics is to infer an evolutionary history between species, from information from those

species. Inferring an evolutionary history takes many forms from distance methods explored

in Section 1.4.2 to using phylogenetic models explored in Section 1.4.3. We use trees and other

graphs to represent the evolutionary process of a group of species, so we will start with a review

of graph theory.

Definition 1.4.1 A graph G is a pair of sets G = (V , E )where:

1. V is the set of vertices and

2. E is the set of edges where every edge e ∈ E is an unordered set of two vertices, e = {v1, v2}
where v1, v2 ∈V . Typically we do not allow v1 = v2 unless specified.

Two vertices v1, v2 ∈V are adjacent if e = {v1, v2} ∈ E .
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Figure 1.2: The graph described in Example 1.4.3 with the path (1, 5, 6, 7) highlighted in red.

Definition 1.4.2 1. A walk on G = (V , E ) is an ordered list of n vertices v1, v2 . . . vn−1, vn ∈V

such that for every i ∈ {1, . . . , n −1}, vi is adjacent to vi+1.

2. A path on G = (V , E ) is a walk with n distinct vertices.

3. A cycle is a walk where v1 = vn and all other vertices are distinct and n ≥ 4.

4. A graph is connected if there exists a path between every pair of vertices in V .

5. A graph is called acyclic if it has no cycles.

6. A connected acyclic graph is called a tree.

Example 1.4.3 Let G be a graph, G = (V , E )with vertex set V = [10] = {1, 2, . . . , 10} and edge set:

E = {(1, 2), (1, 3), (1, 4), (1, 5), (5, 6), (6, 7), (6, 9), (7, 8), (9, 10)}.

The graph G is connected and contains no cycles and therefore is a tree. An example of a path in

G is: P = (1,5,6,7,8). The graph G is visualized in Figure 1.2 where each vertex is a circle with

its numbered label inside, and there are lines between the vertices for the edges. The path P is

highlighted in red.

In the context of phylogenetics, we use the vertices of graphs to represent species and have

an edge between the species if there is a direct evolutionary relationship between those species,

one evolved from the other. This naturally motivates defining a sense of direction on the tree,

in order to show which species is the ancestor of which.

Definition 1.4.4 A directed graph G is a pair of sets D = (V , E )where:

1. V is the set of vertices and
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2. E is the set of edges where every edge e ∈ E is an ordered set of two vertices, e = (v1, v2)

where v1, v2 ∈V . Note that (v1, v2) is a distinct edge from (v2, v1).

When using a directed graph for phylogenetics, the edge (v1, v2) indicates that v1 is an

ancestor of v2. There are many ways to “direct" an undirected graph, that is to define an order

on each of its edges, turning a graph into a directed graph. One way common in phylogenetics,

and many other contexts, is to specify a vertex as the “root”. Then, there is a natural way to direct

the graph, where all edges point away from the root. Typically we will work with undirected

graphs but when we want to utilize the directed nature of evolution, we specify a root, which

defines our directing of the graph. A root is also relevant biologically as that vertex will be

considered the evolutionary ancestor of all other species in the tree.

Definition 1.4.5 A rooted tree is a tree with a distinguished vertex called the root.

In a rooted phylogenetic tree, the vertices that have no edges originating from them are of

particular interest as they represent species that are observable and alive today. A common

way for new species to form is for one species to have a mutation and split into two different

species. This naturally motivates a kind of “binary” rooted phylogenetic where if the root is

placed at top, every vertex except the bottom ones will have exactly two vertices below it. We

formally define both of these concepts below.

Definition 1.4.6 1. The degree of a vertex is the number of vertices adjacent to the vertex.

2. A leaf is a vertex of degree 1.

3. A binary rooted tree is a tree where every vertex is degree 3 except the root which is degree 2

and the leaves which are of degree 1.

Example 1.4.7 Let T be a directed graph T = (V , E ), where: V = {1,2,3,4,5,6,7} and E =

{(1, 2), (1, 3), (2, 4), (2, 5), (3, 6), (3, 7)}. T is visualized in Figure 1.3. We can see that T is a rooted

binary tree with root 1 and leaves 4, 5, 6, 7.

Since only the leaves of a phylogenetic tree can be observed, the labels of those vertices

have special importance. Thus we define a set of vertex labels that we will only assign to the

leaves and the root. We do this by creating a set of leaf labels and then defining a map from

these labels to the phylogenetic tree. Since these leaf labels are most important biologically, we

will typically suppress the original labels and only show this new set of labels, as can be seen in

Figure 1.4. This is formally defined below.
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Figure 1.3: The rooted binary tree described in Example 1.4.7 with root 1 and leaves 4, 5, 6, 7.

Definition 1.4.8 Let X be a set of labels, T = (V , E ) a tree, and φ : X → V an injective map

where the image is exactly the set of leaves of T . Then we call (T ,φ) a phylogenetic X -tree.

If one removes any edge from a phylogenetic X-tree, it separates the leaf labels into two disjoint

sets. This naturally motivates the following definition.

Definition 1.4.9 Let X = {1, . . . , n} be labels of an X-tree. A split A|B is a partition of X into two

nonempty sets. A set of splits is called a split system.

We consider the split obtained from an edge of an phylogenetic X-tree to be the two sets of

labels from the two connected parts left behind by the edge removal. In Example 1.4.10 and all

future examples, we will label the root vertex 0 and treat it the same as the other leaf labels,

despite it not corresponding to a living species. The reason for this is that we want to be able to

analyze the distance from the root to each of the leaves, which requires the root to have a label.

This is discussed further in Section 1.4.2.

Example 1.4.10 Let T be a rooted tree as depicted in Figure 1.4 with the root labeled by 0. Then

we have vertex labels X = {0, 1, 2, 3, 4, 5, 6}with leaf labels [6] and root label 0. All other vertices

are unlabeled. By removing each edge of this graph in turn, we can see that it has the following

splits:

S = {1|023456, 2|013456, 3|012456, 4|012356, 5|012346, 6|012345,

12|03456, 34|01256, 1234|056, 01234|56}.

The splits

1|023456, 2|013456, 3|012456, 4|012356, 5|012346, 6|012345
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Figure 1.4: The X-tree with splits described in Example 1.4.10 with root 0 and leaves 1, 2, 3, 4, 5, 6.

are called trivial splits as they only separate one labeled vertex and are created by the edges above

the leaves.

Since a split system can be obtained from an X -tree, a natural question is: given an arbitrarily

split system how does one know if it originally came from an X -tree? The following definition

fully characterizes when a split system is obtained from an X -tree.

Definition 1.4.11 A split system S is pairwise compatible if for every pair of splits A1|B1, A2|B2 ∈
S at least one of the following is empty:

A1 ∩A2, A1 ∩B2, A2 ∩B1, B1 ∩B2.

Example 1.4.12 Consider the split system S described in Example 1.4.10. The splits 12|03456,

34|01256 are both in S. In addition we can see that these two splits are compatible with each

other since:

A1 ∩A2 = ;, A1 ∩B2 = {12}, A2 ∩B1 = {34}, B1 ∩B2 = {056}.

In fact, a set of splits is pairwise compatible if and only if it came from an phylogenetic X -tree.

One can freely go between a pairwise compatible split system and a phylogenetic X-tree, as

described in the following theorem:

Theorem 1.4.13 (Splits Equivalence Theorem [20]) Let N be a split system on X with trivial

splits for every i ∈ X . Then there exists a phylogenetic X-tree T with N as the set of splits obtained

from removing edges of T if and only if the splits in N are pairwise compatible. Furthermore,

the tree T is uniquely determined.

Example 1.4.14 Consider the split system S described in Example 1.4.10. The X -tree that realizes

this split system, shown in Figure 1.4 can be recreated by the following process. Start with a single
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Figure 1.5: The first step of creating an X -tree that realizes all of the splits in S as described in Example
1.4.10.

vertex with all of the labels 0, 1, 2, 3, 4, 5, 6. Then for each split add an edge and separate the two

sets of leaf labels on either side of that edge. Adding an edge for every trivial split results in a star

tree. An example of one of the non-trivial splits 12|03456 being added is shown in Figure 1.5.

The focus in Chapter 2 will be on split systems that are not necessarily pairwise compatible,

sometimes also referred to as split networks. There are many other conditions besides pairwise

compatibility that one could consider for a split system. One characteristic of interest in this

thesis is the circular condition because it has a nice description based on distances as will be

discussed in Section 1.4.2.

Definition 1.4.15 A split system S is circular with respect to some cyclic ordering (x1, . . . , xn ) of

X if every split of S is of the form xi+1, xi+2, . . . , x j−1, x j |x j+1, x j+2, . . . , xi−1, xi , where xn+1 = x1.

Example 1.4.16 The split system S described in Example 1.4.10 is circular with respect to the cir-

cular order 0, 1, 2, 3, 4, 5, 6. An example of an split system that is not circular is {12|34, 13|24, 14|23}
as there is no circular order one can write all of those splits in.

1.4.2 Distance methods for Trees and Networks

Another common approach in mathematical phylogenetics is to start with a notion of distance

between species and construct a phylogenetic tree or network that realizes that set of pairwise

distances. This is a very natural approach from a biological prospective as there are numerous

ways to generate a set of pairwise distances between a set of species and one would want to

know what phylogenetic structure realizes those distances. Before continuing we introduce a

new type of graph structure that will be crucial for distance methods.

Definition 1.4.17 An edge weighted graph is a pair (G , W )where G = (V , E ) is a graph and W is

a set of edge weights where for each edge {x , y } ∈ E , there is a non-negative weight w{x ,y } ≥ 0 ∈W .
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While it is possible to also consider negative edge weights, it is common to restrict to nonnega-

tive weights while defining distances on graphs, as we have done in this thesis.

We now define two notions of distance commonly used in phylogenetics, dissimilarity

maps and tree metrics.

Definition 1.4.18 Let X be a set of labels. A function δ : X ×X →R≥0 is called a dissimilarity

map if δ(x , y ) = δ(y , x ) ≥ 0 for all x , y ∈ X . In addition, a dissimilarity map is a metric if it

satisfies the triangle inequality on X , meaning for all x , y , z ∈ X ,

δ(x , z )≤δ(x , y ) +δ(y , z ).

A metric δ is a tree metric if there is some edge weighted tree (T , W ) such that δ(x , y ) is the sum

of the edge weights on the path between x and y in T , for all x , y ∈ X .

Example 1.4.19 Let δ be the following map where δ(i , j ) is the (i , j )-th entry:

δ=





















0 5 11 12 26 20

0 12 13 27 21

0 3 27 21

0 28 22

0 8

0





















.

We will define this map so it is implicitly symmetric, and thus we do not write the lower

triangular portion of the matrix. One can see that this map is a metric. For instance δ(3,5) =

27 ≤ 3+ 28 = δ(3,4) +δ(4,5). Now consider the phylogenetic X -tree from Example 1.4.10 but

with edge weights, as shown in Example 1.6. We can see that δ is also a tree metric, since the

distance between leave i and j is exactly δ(i , j ). For example δ(1, 5) = 2+3+8+6+7= 26.

One can easily generate a tree metric by starting with an edge weighted tree, but a natural

question is the opposite: when is a dissimilarity map also a tree metric? The following seminal

theorem answers exactly that question.

Theorem 1.4.20 (Four-point condition, [21]) A metric δ : X ×X →R≥0 is a tree metric if and

only if for all i , j , k , l ∈ X

δ(i , j ) +δ(k , l )≤max(δ(i , k ) +δ( j , l ),δ(i , l ) +δ( j , k ))
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Figure 1.6: A phylogenetic X -tree with edge weights. The distance between leaves is calculated by
summing over the weights on the path between leaves and it is described by δ as defined in Example
1.4.19.

Example 1.4.21 Consider the tree metric defined in Example 1.4.19. We can verify thatδ satisfies

the four point condition. For instance, δ(1,2) +δ(3,4) = 5+ 3 ≤max(δ(1,3) +δ(2,4),δ(1,4) +

δ(2, 3)) =max(11+13, 12+12) = 24.

Theorem 1.4.20 gives a very nice if and only if statement characterizing when a dissimilarity

map is a tree metric, allowing us to freely switch between a tree metric and a tree realizing that

metric.

There are many conditions on a tree metric one might care about, for biological or mathe-

matical reasons. Of great importance in the results in Chapter 2 are equidistant tree metrics

which we formally define now.

Definition 1.4.22 Tree metrics are equidistant if the distance from the root to every leaf is equal.

In other words: for all i , j ∈ X , δ(r, i ) =δ(r, j ). In addition, we call a tree equidistant if it realizes

an equidistant tree metric.

Biologically, equidistant tree metrics are of note because distance from the root can be

thought of as a measure of total generations for a species to evolve. Thus equidistant tree

metrics closely model a group of closely related species that have a similar generation size and

started evolving from a common ancestor at the same time.

Given Theorem 1.4.20 and the definition of equidistant tree metrics, a natural question is

the following: is there a similar characterization of exactly when a tree metric is a metric for an

equidistant tree? The following definition and theorem give this desired characterization.

Definition 1.4.23 A metric δ : X ×X →R≥0 is an ultrametric if for all x , y , z ∈ X :

δ(x , y )≤max(δ(x , z ),δ(y , z )).
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Figure 1.7: An equidistant phylogenetic X -tree whose corresponding ultrametric tree metric is de-
scribed in Example 1.4.25.

Theorem 1.4.24 ([59]) A metric is an ultrametric if and only if it can represented by an equidis-

tant tree.

Example 1.4.25 Consider the edge-weighted phylogenetic X -tree in Figure 1.7. This is the same

tree as was discussed in Example 1.4.19 but with different weights so that the distance from the

root to each leaf is 8. Let δ be the following map where δ(i , j ) is the (i , j )-th entry:

δ=





















0 6 10 10 16 16

0 10 10 16 16

0 2 16 16

0 16 16

0 4

0





















.

We can see that δ is an ultrametric tree metric and the tree representing it is the tree in Figure

1.7. For instance, δ(1, 4) = 10= 3+2+4+1≤max(δ(1, 6),δ(4, 6)) =max(16, 16) = 16.

The main focus of Chapter 2 is split networks characterizing distance functions as was done

for trees in Theorem 1.4.20 and equidistant trees in Theorem 1.4.24. We will first describe the

state of what is known about distance functions for split systems. To start we need to define

how distances between leaves on a split network are defined. Since a split system is just a set of

splits that are potentially not compatible, it only makes sense to define “edge” weights on the

splits themselves. There is in fact a way to turn these split systems into a non-tree graph where

each of these splits corresponds to a set of edges, that we will describe in detail in Chapter 2.

Definition 1.4.26 Let N be a split system, and i , j ∈ [n ]. A split A|B ∈N separates i and j in N

if i ∈ A and j /∈ A or i ∈ B and j /∈ B .
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Definition 1.4.27 Let N be a split network on [n ]. Let N have non-negative weights W such

that for each split A|B ∈N , there is aA|B ∈W such that aA|B ∈R≥0 for A|B ∈N . Then, define:

1A|B (i , j ) =







1, if A|B separates i and j

0, otherwise.

Let δ : [n ]× [n ]→R≥0 be a metric on N . We can calculate the distance between leaves i , j ∈ [n ]
of N using the weights in W in the following way:

δ(i , j ) =
∑

A|B∈N

aA|B1A|B (i , j ).

The distance between two leaves in a split network is the sum over all the weights of the

splits that separate those two leaves. It is, equivalently, the sum over all of the edge weights on

one of the shortest paths between the two leaves.

Example 1.4.28 Let N be the split system with root 0, leaves 1, 2, 3, 4, 5, and splits:

{1|02345, 2|01345, 3|01245, 4|01235, 5|01234,

12|0345, 01|2345, 23|0145, 45|0123}.

Let the set of weights for the splits be:

a1|02345 = 3, a2|01345 = 2, a3|01245 = 3, a4|01235 = 1, a5|01234 = 2,

a12|0345 = 2, a01|2345 = 1, a23|0145 = 4, a45|0123 = 5.

The split system N with the above weights is depicted in Figure 1.8. We calculate distances

between leaves, as described perviously. For example δ(1, 4) = 3+2+1+5+1= 12. Let δ be the

following map where δ(i , j ) is the (i , j )-th entry and distance between leave i and j :

δ=

















0 10 13 12 13

0 7 14 15

0 13 14

0 3

0

















.

Now, just as before, a natural question is: when is a metric also the metric for a split system?
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Figure 1.8: A split system with split weights as described in Example 1.4.28. Each of the different colors
corresponds to a different split and the method to turn the split system into this graph is explained in
Chapter 2.

This is answered in the following theorem, for circular split systems.

Theorem 1.4.29 ([11]) Let δ be a metric on X . Then δ is the distance function for a circular split

system if and only if for every set of leaves i < j < k < l ∈ X under some circular ordering π, both

inequalities hold:

δ(i , j ) +δ(k , l )≤δ(i , k ) +δ( j , l ) δ(i , l ) +δ( j , k )≤δ(i , k ) +δ( j , l ).

Example 1.4.30 Consider the metric defined on the split system in 1.4.28. Since N is a circular

split system we can see it satisfies the conditions of Theorem 1.4.29. For example δ(1, 2)+δ(3, 4) =

10+13≤δ(1, 3) +δ(2, 4) = 13+14 and δ(1, 4) +δ(2, 3) = 12+7≤δ(1, 3) +δ(2, 4) = 13+14.

The focus of Chapter 2 will be to characterize when a metric is also the distance function

for equidistant circular split networks, as was done for equidistant trees in Theorem 1.4.24.

1.4.3 Phylogenetic models

Another approach to reconstructing phylogenetic trees is to use phylogenetic models based

on Markov chains. Here we consider a tree structure with transition matrices at each edge

signifying the change that a DNA nucleotide mutates into a different one. Then by looking at the

observed probabilities at the leaves one can hopefully ascertain the mutation rate parameters

that would produce that distribution. We start with a quick definition of Markov chains before

defining the models that use them.
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Definition 1.4.31 A Markov model is a set ofκ states and probabilities of how those states change

into each other, over time, where it is assumed that future states only depend on the present

states.

There are many ways to represent a Markov chain but in this thesis we will focus on matrices

describing the rates of change between the various states. We start with a definition of rate and

transition matrices.

Definition 1.4.32 Let Q be a matrix in Rκ×κ with qi j ≥ 0 for all i ̸= j . Additionally, for each i

we require:
κ
∑

j=1

qi j = 0.

Then Q is called a rate matrix and the infinitesimal probability that a random variable jumps

from state i to state j in a small amount of time d t is qi j d t .

Definition 1.4.33 The probability that i ends up in state j after time unit t can be found with

the Markov transition matrix P (t ) defined as:

P (t ) = exp(Q t ) = I +Q t +
Q 2t 2

2!
+ . . . .

We will be using Markov transition matrices to model evolution by having a set of DNA bases

on the leaves as a given and then determining the probability of observing those states under

different tree structures and edge transition matrix parameters. One can view this process

as each of the vertices having an unknown DNA state and the transition matrices are the

probability that the state mutates into a different base after a set amount of time. We define

this formally below.

Definition 1.4.34 Let T be a n-leaf, rooted X -tree with root 0. Let IntT be the set of internal

vertices of T . A κ-state phylogenetic Markov model on T is created by associating a κ-state

random variable Xv to each vertex v of T . Let π the distribution of the random variable at the

root.

We associate to each edge e = (u , v ) of T a κ×κ transition matrix M e such that M e (i , j ) =

P (X i = xi |Xp a (i ) = xp a (i ))where p a (i ) is the parent of i .

The probability of observing a configuration (x1, . . . , xn ) ∈ [κ]n at the leaves is given by the

formula:

P (X1 = x1, . . . , Xn = xn ) =
∑

j∈[κ]Int(T )

π j0

∏

(u ,v )∈E (T )

M (u ,v )( ju , jv ).
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Figure 1.9: A tree where the probability of observing states at the leaves is described in Example 1.4.35.

Here starting with the root at a state, we can break the cases of P (X1 = x1) by going through each

edge transition matrix to get to X1 and multiplying every possible sets of transition matrix entries

that end up with X1 = x1.

Example 1.4.35 Let κ= 4 and consider the tree shown in Figure 1.9 with phylogenetic Markov

model associated to it. Thus there is a transition matrix of indeterminates associated to each

edge and a 4-state random variable Xv to each vertex v . We can calculate the probability of

observations states on the leaves 1, 2, 3 using:

P (X1 = x1, X2 = x2, X3 = x3) =
4
∑

i=1

4
∑

j=1

πi ·M (a→1)(i , x1) ·M (a→b )(i , j ) ·M (b→2)( j , x2) ·M (b→3)( j , x3).

There are many different phylogenetic models defined in this same way, with a transition matrix

associated to each edge. If there are no restrictions on the transition matrix associated to the

edges as shown in the example above, this would define what is called the General Markov

Model. Often simpler models that restrict the entries of the transition matrices are considered

for their computational efficiency. We will define a few models here which will be the focus of

Chapter 3. Below is the definition of all relevant models but note that these are traditionally

defined by the restriction on the rate matrix instead of the transition matrix. In the context

of mathematical phylogenetics, κ= 4 is a common choice, with the 4 states being the 4 DNA

bases: A,G,C,T. There are other choices for k in phylogenetics such as κ= 2 for the Cavendar

Farris-Neyman (CFN) model for 2-state sequence evolution where the DNA bases are just

regarded as purines (A,G) and pyrimidines (C,T). The choice of κ= 20 is made when analyzing

the 20 amino acids. For the rest of this section we will only consider κ= 4 and we will treat the

DNA bases as simply the numbers 1, 2, 3, 4.
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One of the simplest models for the mutation of DNA bases is the Jukes-Cantor model.

Definition 1.4.36 The Jukes-Cantor model [60] has rate matrix:

Q J C =











−3a a a a

a −3a a a

a a −3a a

a a a −3a











.

Let α= 1
4 −

1
4 e −4a t and β = 1

4 +
3
4 e −4αt . Then Jukes-Cantor model has transition matrix

M (t ) = exp(Q J C (t )) =











β α α α

α β α α

α α β α

α α α β











This model gives one parameter defining the rate at which a DNA base mutates to anything

but itself. Then the rate at which it mutates to itself is determined, since the entries of each

row of the rate matrix sum to zero.

Definition 1.4.37 The K2P and K3P [63]models have rate matrices:

Q K 2P =











−a −2b b a b

b −a −2b b a

a b −a −2b b

b a b −a −2b











and

Q K 3P =











−a − b − c a b c

a −a − b − c c b

b c −a − b − c a

c b a −a − b − c











respectively.

The K2P can be thought of as having one mutation rate between purines (A,G) and another

between pyrimidines (C,T). For the K3P model there is one variable for each mutation rate
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between all 4 bases. Both of these more closely model real evolution, at the cost of more

computational complexity. Let

α=
1

4
+

1

4
e −4a t −

1

2
e −2(a+b )t

β =
1

4
−

1

4
e −4b t

γ=
1

4
+

1

4
e −4b t +

1

2
e −2(a+b )t

then the transition matrix for the K2P model is

M (t ) = exp(Q K 2P (t )) =











γ β α β

β γ β α

α β γ β

β α β γ











.

Let

α=
1

4
(1+ e −2(a+b )t + e −2(a+c )t + e −2(b+c )t )

β =
1

4
(1+ e −2(a+b )t + e −2(a+c )t − e −2(b+c )t )

γ=
1

4
(1− e −2(a+b )t − e −2(a+c )t + e −2(b+c )t )

δ=
1

4
(1+ e −2(a+b )t − e −2(a+c )t − e −2(b+c )t ),

then the transition matrix for the K3P model is

M (t ) = exp(Q K 3P (t )) ==











α β γ δ

β α δ γ

γ δ α β

δ γ β α











.

Definition 1.4.38 The Strand symmetric model(SSM) [29] has transition matrix:











a b c d

e f g h

h g f e

d c b a











.

34



Most of the aforementioned models, JC, K2P, and K3P are examples of what are called

group-based models which we will define now.

Definition 1.4.39 A phylogenetic model is group-based if for all transition matrices, M , asso-

ciated to its edges there exists a function f : G →R such that M (g , h ) = f (g −h )where G is an

abelian group and M (g , h ) denotes the probability of going from state h given that the variable

is in state g in the previous vertex.

Group-based models are of interest for numerous reasons, because their structure naturally

lends itself to algebraic tools. In addition, they allow for the use of the discrete Fourier transform,

which greatly simplifies the models and makes analysis possible. This will be described in

Chapter 3.

The SSM model is an equivariant model, meaning there is an underlying symmetry on on

the transition matrix. The previous group-based models are also equivariant models.

1.5 Outline of Thesis

We now outline the rest of the chapters of the thesis.

1.5.1 Equidistant Circular Split Networks

In Chapter 2 we fully characterize when a metric is also an equidistant circular split network.

The content of this chapter is joint work with Seth Sullivant and come from a paper that was

published in the SIAM Journal on Applied Algebra and Geometry [61].

We start by providing background on circular split networks and their representations.

Then we explain the known results on distance functions on circular split networks as well as

define a complete circular split network which will be important for the later sections. Next we

give a facet description of a cone of distance functions that make a complete circular network

equidistant. Then we define a new combinatorial diagram in order to give an extreme ray

description of this cone. All non-complete circular networks end up being a lower dimensional

face of this cone. Lastly, we show a connection to a well studied polytope, the Chan-Robbins-

Yuen polytope from geometric combinatorics.
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1.5.2 Identifiability of Group-Based Mixture Models

In Chapter 3 we give identifiability conditions for group-based mixture models, specially the

Jukes-Cantor, Kimura 2 parameter model, Kimura 3 parameter model and the Strand Symmetric

model.The content of this chapter is also joint work with Seth Sullivant.

We start by giving definitions of the phylogenetic mixture models we are working with and

type of identifiability. Then we give background on group-based models, the discrete Fourier

transform, and tensors, all of which will be needed for the main theorem for identifiability.

Next we define a series of properties that if a phylogenetic model possesses, we can prove its

identifiability within certain bounds on its size. Lastly we prove that all of these models satisfy

these conditions, utilizing the fact that some of these models are submodels of other models.

1.5.3 Semialgebraic Hypothesis Testing with Incomplete U-Statistics: Prac-

tical Issues

In Chapter 4 we explore the practical issues of a new hypothesis test by applying it to numerous

phylogenetic models. The contents of this chapter are joint work with David Barnhill, Marina

Garrote-Lopez, Elizabeth Gross, Max Hill, John Rhodes, and Joy Zhang and are in a preprint

[13].

First we gave background on the incomplete U-statistics test that we investigate. We then

give background on 4 phylogenetic models that we tested. Next in detail we explain the practical

considerations one must think about when applying this test, including the size of the test

parameters, the inequalities used to define your model, the symmetrization of the model, and

breaking the model into irreducible components. Lastly we analyze this test on the Cavendar-

Farris-Neyman (CFN) model for 2-state sequence evolution and detail the observation learned

from that model.

36



CHAPTER

2

EQUIDISTANT CIRCULAR SPLIT

NETWORKS

2.1 Introduction

Phylogenetics concerns uncovering evolutionary relationships between collections of species.

Traditionally, these relationships are represented by trees. The combinatorics of rooted tree

structures, and distances derived from trees are a staple of phylogenetic inference and at the

heart of much of the mathematics of evolutionary biology. This is the perspective in classic

books like [47, 84]. However, the presence of evolutionary processes that produce non-tree-like

structures among species have been realized to play an important role in evolution.

Non-tree-like evolutionary processes include horizontal gene transfer, hybridization, and

introgression. It is desirable to have phylogenetic structures that can encode these types of more

complex, non-tree-like relationships. This has led to the creation and study of phylogenetic

networks as a tool for phylogenetic inference, where the network structure can encode different

types of non-tree-like relationships.

There are a few different approaches to making phylogenetic networks (see [86, Ch 10]).
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Some of the choices of which network structure to use are based on which modeling paradigm

is employed, others are based on which inference techniques are being used, and yet others

are just based on whether the mathematics is interesting. See [64] for a discussion of the

different classes of networks. In this chapter, we study the mathematics of distances based on

phylogenetic networks. For this approach, one of the most natural network structures to study

is based on split networks. This is because split networks are naturally tied to cut-semimetrics

and the cut cone, so they naturally fit into the framework of those well-studied objects [39].

The most studied family of non-tree-like split networks is the family of circular split networks

because they are the type of split network produced by the NeighborNet algorithm [19], a widely

used algorithm, cited by 2318 papers on Google Scholar as of August 2024. The geometry of

metrics associated with circular split systems is well-studied. The set of metrics compatible

with a particular circular ordering are the Kalmanson metrics. Kalmanson metrics associated

with the standard ordering 1, . . . , n are metrics δ on [n ] that satisfy the inequalities

δ(i , j ) +δ(k , l )≤δ(i , k ) +δ( j , l ) and δ(i , l ) +δ( j , k )≤δ(i , k ) +δ( j , l )

whenever i < j < k < l . This condition is also famous in combinatorial optimization because

the traveling salesman problem can be solved in polynomial time if distance constraints for

the problem come from a Kalmanson metric [62]. There are a number of papers that explore

the connection between Kalmanson metrics and phylogenetics [38, 69].

In this chapter, we explore a variation of metrics associated to circular split systems where

we add the extra condition that the metric is equidistant. The equidistant condition means that

the network has a special root vertex, and that each of the vertices i ∈ [n ] is at the same distance

from the root. In the context of biology, an equidistant circular split network would represent a

situation where there is a set of species that evolve at similar rates and are hybridizing with

each other. The cone of equidistant circular split networks is the space of all possible distance

functions that make an equidistant circular split network on those species. Thus if there is a

set of closely related species that are suspected of hybridization, one could see, using the facet

description, if the vector of pairwise distances are inside or near the cone of equidistant circular

split networks. In addition, the study of the cone of equidistant circular split networks is of

mathematical interest as a step towards creating a network version of UPGMA [75]. UPGMA

is a popular algorithm for creating phylogenetic trees from pairwise distances which always

produces equidistant trees. In the same way that NeighborNet is a generalization of the neighbor

joining algorithm, understanding equidistant circular split networks will help in creating a

similar algorithm generalization.
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Our main results are a characterization of the inequalities and the extreme rays that define

the cone of equidistant circular split networks. The resulting inequality system that arises is a

kind of restriction of the Kalmanson conditions to take into account the equidistant condition

shown in Theorem 2.4.1. On the other hand, while the general Kalmanson cone has only
�

n
2

�

extreme rays, the general cone of equidistant circular metrics has 2n−1−1 extreme rays shown,

as in Theorem 2.5.22. In addition, we show that every face of the cone circular equidistant

networks also corresponds to metrics for subnetworks, and characterize their inequalities and

extreme rays. Finally, we show that the cone of equidistant circular split networks is closely

related to the Chan-Robbins-Yuen polytope from geometric combinatorics.

2.2 Split Networks

We introduce the notion of split system and split networks. Split networks generalize phylo-

genetic trees by allowing for some limited cycles in the graph structure. This is inspired by

hybridization and reticulation events in biology, which introduce cycles into phylogenetic trees.

The material in this section is standard in the literature, and more background on split systems

and split networks can be found in [86].

Definition 2.2.1 Let X be a set of labels with |X | = n. A split A|B is a partition of X into two

nonempty sets. A split is a trivial split if one part of the partition has cardinality one. A set of

splits is called a split system.

Split graphs and split networks are visual tools used to represent a split system.

Definition 2.2.2 Let G = (V , E ) be a connected bipartite finite graph, K a finite set of labels, and

s a surjective map s : E → K . The pairing (G , s ) is a split graph if for all u, v ∈V and for each

shortest path p between u and v , s maps the edges on p one-to-one to S (u , v )⊆ K with S (u , v )

the same for all such p .

One feature of a split graph is that for every k ∈ K , removing all the edges with label k

breaks the graph into two components, as seen in the following result.

Proposition 2.2.3 [57] Let (G , s ) be a split graph with G = (V , E ) and s : E → K . For any k ∈ K ,

let Ek = {e ∈ E : s (e ) = k}. Then the graph (V , E \Ek ) has exactly two connected components for

every k ∈ K .
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Now the notion of split graph can be combined with a split system to define the notion of a

split graph representing a split system, which is called a split network.

Definition 2.2.4 Let N be a split system on X . Let (G , s ) be a split graph with G = (V , E ) and

s : E → K . Let f : X → V be a map such that for all A|B ∈ N there exists a k (A|B ) ∈ K such

that f (A) and f (B ) are exactly in the two connected components of (V , E −Ek (A|B )). Furthermore,

assume that each element in K corresponds to an element in N . Then (G , s , f ) is a split network

that represents N .

Example 2.2.5 Consider the bipartite graph G drawn in Figure 2.1. Let

s : EG →{α,β ,γ,δ,ε,ζ,η,θ , ι} be such that

s ({c , d }) = s ({ f , g }) = s ({h , m}) = s ({d , i }) =α,

s ({c , g }) = s ({d , f }) = s ({k , m}) =β ,

s ({g , m}) = s ({ f , h}) = s ({i , k}) = γ,

s ({a , c }) =δ, s ({b , d }) = ε, s ({e , d }) = ζ, s ({g , j }) =η, s ({k , l }) = θ , s ({m , n}) = ι.

Then the pairing (G , s ) is a split graph. Additionally, consider the split system

N = {1456|23, 1234|56, 1236|45}∪ {i |[6] \ i : i ∈ [6]}.

Then if f is the map:

f (a ) = 1, f (b ) = 2, f (e ) = 3, f (l ) = 4, f (n ) = 5, f ( j ) = 6,

(G , s , f ) is a split network representing N .

A split system is represented by a split network if the split network has some edge or set of

edges that realize every split in the split system. The following definition and theorem exactly

characterize when a split system is represented by a tree.

Definition 2.2.6 A split system N is pairwise compatible if for every pair of splits A1|B1, A2|B2 ∈
N at least one of the following sets is empty:

A1 ∩A2, A1 ∩B2, A2 ∩B1, B1 ∩B2.
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Figure 2.1: An example of a split graph whose corresponding functions are color-coded and described
in Example 2.2.5. Here α is blue, β is orange, γ is red, and all other function values are black

Definition 2.2.7 Let (G , s , f ) be a split network on X . Let Σ(G ) be all of the splits of X that are

induced by edge classes of G .

Theorem 2.2.8 (Splits Equivalence Theorem) Let N be a split system on X . Then there exists

an X -tree T with Σ(T ) =N if and only if the splits in N are pairwise compatible. Furthermore,

the tree T is uniquely determined.

For a detailed proof of Theorem 2.2.8 see [84]. In general split systems need not be pairwise

compatible. Thus, general split systems extend trees to the case of non-compatible splits. In a

general split network, each split is represented by a set of parallel edges that disconnect the

graph according to that partition.

Example 2.2.9 Consider the split system N on 6 leaves

N = {12|3456, 1265|34, 1234|56}∪ {i |[6] \ i : i ∈ [6]}.

This set of splits is pairwise compatible. Thus by the Split Equivalence Theorem, there exists a

unique tree with Σ(T ) =N , shown in Figure 2.2,

A consequence of Theorem 2.2.8 is that a split system N will be pairwise compatible if and

only if there is some tree T such that (T , s , f ) represents N .

A generic split system will not necessarily have a split network that can be drawn as a planar

graph. However, adding the following circular condition to the split system guarantees that

the split network graph is planar. Aside from the planar nature of circular split systems, they

also have the advantage of being easy to represent and have nice mathematical properties

[11, 19, 38, 69].
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Figure 2.2: The unique tree representing the split system N = {12|3456, 1265|34, 1234|56}∪ {i |[6] \ i : i ∈
[6]} in Example 2.2.9, which must exist by Theorem 2.2.8.

Definition 2.2.10 A split system N with leaf labels X is circular with respect to some cyclic

ordering (x1, . . . , xn ) of X if every split of S is of the form

xi+1, . . . , x j |x j+1, . . . , xi

for some i and j , where the indices are considered cyclically modulo n (e.g. xn+1 = x1).

The following algorithm constructs a split network that represents a circular split system N .

Algorithm 2.2.11 Circular Network Algorithm [42]

Let N be a split system with n leaves and the corresponding trivial split for each leaf, i.e.

{i |[n ] \ i : i ∈ [n ]} ∈N .

1. Construct a star graph with n leaves labeled 1, . . . , n .

2. Let i . . . j −1| j . . . n . . . i −1 ∈N . Find a path p from i to j −1 that uses the least amount of

edges. Let the size of the number of internal edges in p be g .

3. Let p = i e0u1e1 . . . ug eg ( j −1)where ek and uk for k ∈ [g ] are internal edges and vertices

along p respectively. Create a copy of e0u1e1 . . . ug eg which we will call e ′0u ′1e ′1 . . . u ′g e ′g .

4. Assume that the edges of uk are {ek−1, l1, . . . , lh , ek , r1, . . . , rp }where l1 . . . lh are edges that

move closer to the leaves i , . . . , j − 1 and r1 . . . rp are the edges that move closer to the

leaves j , . . . , n , . . . , i −1. Let fk be a new edge representing the split i . . . j −1| j . . . n . . . i −1.
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Figure 2.3: The tree representing the split system N = {12|3456, 1265|34, 1234|56}∪ {i |[6] \ i : i ∈ [6]} in
Example 2.2.9. The process for constructing this tree is shown in Algorithm 2.2.11
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Figure 2.4: A visualization of preforming Algorithm 2.2.11 on the split system N =
{12|3456, 16|2345, 123|456, 126|345} from Example 2.2.12.

Then change the edges of uk to {ek−1, l1, . . . , lh , ek , fk} and the edges of u ′k to















( fk , e ′i , r1, r2, . . . , rp ) if k = 1

(e ′k−1, fk , e ′k , r1, r2, . . . , rp ) if 1< k < g

(e ′k−1, fk , r1, r2, . . . , rp ) if k = g

. (2.2.1)

5. Repeat Steps 2 through 4 for every split in N .

Constructing a split network from a split system can also be viewed as starting with a star

graph and “pulling” the two sides of each additional split in a different direction, splitting in

half any edges as necessary.

Example 2.2.12 Consider the split system N on 6 leaves with splits

{12|3456, 16|2345, 123|456, 126|345}∪ {i |[6] \ i : i ∈ [6]}.

These splits are not pairwise compatible. This can be seen with the splits A1|B1 = 12|3456 and
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Figure 2.5: Applying Algorithm 2.2.11 to the split system N = {123|456, 126|345, 156|234} from Example
2.2.13 by applying the splits in two different orders, resulting in different graphs

A2|B2 = 16|2345 and A1 ∩A2 = 1, A1 ∩B2 = 2, B1 ∩A2 = 6, B1 ∩B2 = 34, none of which are empty.

See Figure 2.4 for a visualization of a split network representing N using Algorithm 2.2.11.

In addition, see Figure 2.3 for a visualization of a tree representing N in Example 2.2.9 using

Algorithm 2.2.11.

For any particular drawing of a split network, the order in which the splits are drawn changes

the resulting graph which can be seen in the following example.

Example 2.2.13 Consider the split system N on 6 leaves with splits

{123|456, 126|345, 156|234}∪ {i |[6] \ i : i ∈ [6]}.

If Algorithm 2.2.11 is performed by applying the nontrivial splits in the order

(123|456, 126|345, 156|234), it will result in a different graph than if they are applied in the order

(156|234, 123|456, 126|345). This is visualized in Figure 2.5.

Thus, unlike the tree case, there is a choice to be made for the order of the splits in a circular

split network to apply Algorithm 2.2.11. Rather than fixing one particular ordering, the choice
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made in this chapter was to view circular split networks as simply a set of splits, visualizing

them using their dual polygon representation. This choice maintains an independence of the

order of the circular split networks.

Definition 2.2.14 Let N be a circular split system with leaves labeled 0, 1, . . . , n. The dual poly-

gon representation of N is constructed in the following way:

Take an n+1-gon and label the edges sequentially clockwise with 0, 1, . . . , n. Label the vertices

by the edge that is adjacent to it, clockwise. Let i . . . j − 1| j . . .0n . . . i − 1 where i < j ∈ [n ], be

a non-trivial split in N . Then, i . . . j − 1| j . . .0n . . . i − 1 is represented by the diagonal of the

n +1-gon that connects the vertex i to the vertex j .

With the labeling above, the edges of the n +1-gon are labeled by the numbers 0,1, . . . , n

in such a way that the diagonal corresponding to the nontrivial split i . . . j −1| j . . .0n . . . i −1

separates the edges into the two sets {i , . . . , j −1} and { j . . .0n . . . i −1}. The trivial splits of N

correspond to the sides of the n +1-gon.

We now introduce the notion of rooted graphs because the main focus in the rest of this

chapter will be on rooted split systems, as that is key for the equidistant property.

Definition 2.2.15 A graph G is rooted if one of its vertices has been specially designated as a

root.

In the context of biology, the root is the most recent common ancestor of all of the species

in the network. In this chapter, for any rooted split system, the root will be labeled 0 and will be

a leaf in the split network representing the rooted split system. The n other leaves will have the

labels 1 through n . The root will be at the top of any picture, with its one leaf edge suppressed,

and all of the rest of the leaves will be at the bottom.

Example 2.2.16 Consider the split system N on 5 leaves and one root 0 with the following splits:

N = {01|2345, 12|0345, 0145|23, 0123|45}∪ {i |{0, 1, 2, 3, 5} \ i : i ∈ [5]}.

The dual polygon representation for this split system is a hexagon with the edges labeled 0

through 5, the vertices labeled by the edge to their right, and the diagonals connecting the

following vertices: {0−2, 1−3, 2−4, 4−0}. See Figure 2.6 for a visualization of this dual polygon

representation. Additionally, in Figure 2.6 there is an application of Algorithm 2.2.11 to N and a

rooting of the resulting split network.
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Figure 2.6: The Dual Polygon Representation of the Split System N = {01|2345,12|0345,
0145|23, 0123|45} from Example 2.2.16. Then Algorithm 2.2.11 is applied to create a split network repre-
senting N . Lastly, the split network is drawn rooted at 0.

A dual polygon representation corresponds to a tree if and only if none of the diagonals

intersect each other in their interiors. A representational split network can be constructed

from the dual polygon representation by an application of the circular network algorithm to

the underlying split system. If the dual polygon representation was rooted, to make the split

network rooted, put the leaf labeled 0 at the top and draw the network descending from that

vertex.

In addition to the root being the most recent common ancestor of every vertex in a rooted

network, rooted split networks have a notion of a poset on a the vertices. The join of two species

is the most recent common ancestor of those species, making this poset of biological interest.

Definition 2.2.17 Let G be the graph for a split network (G , s , f ) that represents N , a rooted

split system. The vertices of G form a poset. The root is the maximal element. Let Px be the set of

paths of minimal length to the root from the vertex x . A vertex y is above x if any of the paths in

Px pass through y . The join of two leaves, i and j will be referred to as the most recent common

ancestor of i and j or m c r a (i , j ).

Example 2.2.18 Consider the split system N on 4 leaves and one root 0 with splits

N = {01|234, 12|034, 014|23, 04|123, 012|34}∪ {i |{0, 1, 2, 3, 4} \ i : i ∈ [4]}.

The Hasse diagram for the poset that the split network representing N forms, can be seen in

Figure 2.7.
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Figure 2.7: The Hasse diagram for the poset that is formed from the split system N =
{01|234, 12|034, 014|23, 04|123, 012|34} from Example 2.2.18.

2.3 Distances from split networks

Now that we have defined the split systems that we will study in this chapter, we introduce

distance matrices associated to the split systems, which generalize tree metrics. Our goal in

this chapter will be to give polyhedral characterizations of the dissimilarity maps that can arise

from rooted circular split systems. To start, we will define dissimilarity maps and show how

they relate to tree metrics.

Definition 2.3.1 A functionδ : X ×X →R≥0 is called a dissimilarity map if it is a real, symmetric,

and nonnegative function. In addition, a dissimilarity map is a metric if it satisfies the triangle

inequality on X , meaning for all x , y , z ∈ X ,

δ(x , z )≤δ(x , y ) +δ(y , z ).

The following two theorems give necessary and sufficient conditions for when a dissimilarity

map comes from a tree or a circular split system. For Theorem 2.3.2 see [84] for more details.

Theorem 2.3.2 (Four Point Condition) Let δ be a dissimilarity map on a finite set X . Then δ is

the distance function for a tree if and only if it satisfies the four-point condition: for every four

elements i , j , k , l ∈ X , two of the three terms

δ(i , j ) +δ(k , l ), δ(i , l ) +δ( j , k ), δ(i , k ) +δ( j , l ).

are equal and are greater than or equal to the third.
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Figure 2.8: This weighted tree from Example 2.3.3

Example 2.3.3 Consider the dissimilarity map on the set [5]:

δ=

















0 5 15 12 17

0 16 13 18

0 11 16

0 7

0

















.

This is a distance function for a tree which can be seen by calculating δ(i , j )+δ(k , l ), δ(i , l )+

δ( j , k ), δ(i , k ) +δ( j , l ) for i , j , k , l ∈ [5].
For example, for leaves 1, 2, 3, 4:

δ(1, 2) +δ(3, 4) = 16, δ(1, 3) +δ(2, 4) = 28, δ(1, 4) +δ(2, 3) = 28.

Since every set of 4 leaves satisfies the conditions of Theorem 2.3.2, δ is a distance function

for a tree. A tree that represents the dissimilarity can be seen in Figure 2.8. See [86] for further

details on this definition of distance.

This notion of distance on a tree can be generalized to split networks using the concept of a

split separating leaves which is defined below:

Definition 2.3.4 Let N be a split system, and i , j ∈ [n ]. A split A|B ∈N separates i and j in N if

i ∈ A and j /∈ A or i ∈ B and j /∈ B .

Definition 2.3.5 Let A|B be a split and let the separation indicator function for A|B be defined

as:

1A|B (i , j ) =







1 if A|B separates i and j

0 otherwise.

48



Note that1A|B is an example of a semimetric, since it is nonnegative, symmetric, and satisfies

the triangle inequality. In the context of the theory of finite metric spaces, 1A|B is known as a

cut semimetric [39].

Example 2.3.6 Consider the split 12|345. This split separates 1 from 3, 1 from 4, 1 from 5, 2 from 3,

2 from 4, and 2 from 5. The function 1A|B satisfies 1A|B (1, 2) = 1A|B (3, 4) = 1A|B (3, 5) = 1A|B (4, 5) = 0,

and 1A|B (1, 3) = 1A|B (1, 4) = 1A|B (1, 5) = 1A|B (2, 3) = 1A|B (2, 4) = 1A|B (2, 5) = 1.

Definition 2.3.7 Let N be a split system with n leaves. For each split A|B ∈N , let aA|B ∈R≥0 be

a weight. Let a be the vector of weights for every split. The distance function between any two

leaves i , j ∈ [n ] in the split system N with weights a, denoted δN ,a , is defined as follows:

δN ,a(i , j ) =
∑

A|B∈N

aA|B1A|B (i , j ).

If it is clear in context which N and a are being used we will write δN ,a(i , j ) = δ(i , j ). If a

split system is rooted, δ(0, i )will denote the distance from the root 0 to i ∈ [n ]. Note that if N

is a split network and the edges are labeled with the weight from the split they are realizing,

then this distance between leaves is exactly the distance obtained from the sum of the edge

weights along any shortest path between the leaves. Since sets of edges that all realize the same

split have the same weight, the distance between any two leaves, i , j ∈ [n ], can be calculated in

the dual polygon representation by drawing a line between the sides of the n-gon for those

leaves and then taking the sum over weights of all diagonals that line intersects, as well as

a1...(i−1)(i+1)...n |i and a1...( j−1)( j+1)...n | j .

For circular split systems, there is a nice condition for when a metric represents the system,

which can be seen in the following theorem:

Theorem 2.3.8 [36] Let δ be a metric on a finite set X . Then δ is the distance function for a

circular split system N with weights a if and only if it satisfies the Kalmanson condition with

respect to some circular ordering π. That is, for every set of leaves i < j < k < l under π, both

inequalities hold:

δ(i , j ) +δ(k , l )≤δ(i , k ) +δ( j , l ) δ(i , l ) +δ( j , k )≤δ(i , k ) +δ( j , l ).
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Figure 2.9: The circular split system from Example 2.3.9

Example 2.3.9 Consider the dissimilarity map, δ, on the set [5]:

δ=

















0 22 32 29 26

0 34 31 34

0 11 26

0 21

0

















.

This is a distance function for a circular split system which can be seen by calculating

δ(i , j ) +δ(k , l )≤δ(i , k ) +δ( j , l ) δ(i , l ) +δ( j , k )≤δ(i , k ) +δ( j , l ).

for i , j , k , l ∈ [5]. For example, for the leaves 1, 2, 3, 4, we have two inequalities:

δ(1, 2) +δ(3, 4) = 33≤ 63=δ(1, 3) +δ(2, 4),

δ(1, 4) +δ(2, 3) = 63≤ 63=δ(1, 3) +δ(2, 4).

Since every set of 4 leaves satisfies the conditions of Theorem 2.3.8, δ is a distance function

for a circular split system. The corresponding split system appears in Figure 2.9.

We will now define equidistant circular split systems, which are circular rooted split systems

where the distances between the root and all of the leaves are equal.

50



0

12345

2

2

2

2

6

1

3

3

1
5

4
22

Figure 2.10: The equidistant split network from Example 2.3.11

Definition 2.3.10 Let N be a rooted circular split system with n leaves, weights a, and root

labeled 0. The distance function δN ,a is equidistant if the distance from the root to every leaf is

equal. That is, δN ,a is equidistant if for all i , j ∈ [n ], δN ,a(0, i ) =δN ,a(0, j ).

The pair (N ,δN ,a) will be called an equidistant circular split system if δN ,a is equidistant.

Note that a consequence of this condition is that the distance from every internal vertex to the

leaves below it must also be equal.

Example 2.3.11 Consider the rooted split network from Example 2.2.16. If weights are applied

to the splits of the split system as shown in Figure 2.10, this will be an equidistant circular split

system where the distance from the root to each of the leaves is 8. The resulting dissimilarity map

is

δ=

















0 12 16 16 16

0 8 14 14

0 14 14

0 4

0

















.

Now that equidistant split networks have been defined, we can consider the cone of all

possible distance functions that make a particular split network equidistant. This cone, which

is the main interest of this chapter, is the space of equidistant circular split networks and

thus, membership in the cone indicates that a set of species has this particular hybridization

structure.

Definition 2.3.12 Let N be a rooted circular split system. Then the Equidistant Cone of N is

E D CN = {δ :δ=δN ,a for some a and (N ,δN ,a) is equidistant} ⊆R(
n
2). (2.3.1)
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The use of the word “cone” in the definition is made clear from the following proposition.

Proposition 2.3.13 The space E D CN is a polyhedral cone.

Proof: Let N be a rooted circular split system on [n ] leaves and root 0. Consider the space

CN = {δ :δ=δN ,a for some weight vector a}.

Since

δN ,a(i , j ) =
∑

A|B∈S

aA|B1A|B (i , j ),

each point in CN is a positive combination of separation indicator functions, 1A|B , and thus

CN is a polyhedral cone. Now E D CN can be obtained by taking the cone CN , intersecting it

with the linear space where for all i , j ∈ [n ], δN ,a(0, i ) = δN ,a(0, j ), and then projecting away

the coordinates δ(0, i ). Intersecting with a linear space and then projecting preserves being a

polyhedral cone and so E D CN is a polyhedral cone as well. □
We wish to understand the structure of E D CN for every circular split network, but first the

following specific circular split system is introduced as every other circular split system is a

subset of it. Thus studying the properties of this split system will provide insight into all other

circular split systems as well.

Definition 2.3.14 Let the complete circular split system, K Nn , on n leaves and root 0 be the

rooted circular split system with every diagonal in the dual polygon representation and every

trivial split. In other words it has splits:

i . . . j | j +1 . . . n0 . . . i −1

where i < j ∈ [n ] and

i |01 . . . i −1i +1 . . . n

where i ∈ [n ].

The complete circular split system has every possible circular split for a particular circular

ordering. The complete circular split system K Nn has
�

n+1
2

�

−1 splits,
�

n
2

�

−1 of which come from

diagonals of the n +1-gon and n of which are trivial splits. Note we do not have a trivial split

for the root 0 which is why K Nn has
�

n+1
2

�

−1 splits instead of
�

n+1
2

�

.
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2.4 Facets of E D CK Nn

Our goal in this section and the next one is to give a complete polyhedral description of the

cone E D CK Nn
. Our main result describes the facet defining inequalities of E D CK Nn

shown in

Theorem 2.4.1. In Section 2.5, we determine the extreme rays of E D CK Nn
. All other circular

split systems are contained in K Nn and thus E D CK Nn
can be used to characterize E D CN for

any circular rooted split system N .

Theorem 2.4.1 Let E D CK Nn
be the equidistant cone of K Nn . Let [i , j ] = {i , i + 1, . . . , j }. The

facets of E D CK Nn
are

δ(1, i )≤δ(1, i +1)where i ∈ [2, n −1], (left inequalities)

δ(i , n )≤δ(i −1, n )where i ∈ [2, n −1], (right inequalities)

δ(i −1, i +1)≤δ(i −1, i ) +δ(i , i +1)where i ∈ [2, n −1], (triangle inequalities)

δ(i , j ) +δ(i −1, j +1)≤δ(i , j +1) +δ(i −1, j )where i < j ∈ [2, n −1]. (covering inequalities)

Note that triangle inequalities are the same as covering inequalities where i = j . The proof

of this theorem will require the following lemmas and definitions.

Definition 2.4.2 Let N be a split system and I , J ⊆ [n ]. Let the set of separating splits for I and

J , SI |J , be the set of splits A|B ∈N for every i ∈ I and j ∈ J , i is separated from j in A|B .

This definition is important because

δ(i , j ) =
∑

A|B∈Si | j

aA|B .

Example 2.4.3 Consider the split system K N6. In this split system, S2|0,5 consists of the following

splits:

{03456|12, 013456|2, 0456|123, 0156|234, 056|1234, 01456|23}

The following lemma provides equations to recover the weights a from a distance vector δ

in E D CK Nn
.
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Lemma 2.4.4 Let K Nn be a complete circular network on n leaves and root 0. Let δ = δK Nn ,a,

then following equalities hold for i , j ∈ [2, n −1]:

δ(1, i +1)−δ(1, i ) = 2a12...i |i+1...n0,

δ(i −1, n )−δ(i , n ) = 2a01...i−1|i i+1...n ,

δ(i −1, i ) +δ(i , i +1)−δ(i −1, i +1) = 2a1...(i−1)(i+1)...n0|i ,

δ(i , j +1) +δ(i −1, j )−δ(i , j )−δ(i −1, j +1) = 2a1...i−1 j+1...n0|i i+1... j−1 j .

Note that these equations give us formulas for every parameter, except the trivial splits for

the leaves labeled 1 and n . These parameters are not necessary because of the equidistant

condition, they can be written in terms of the other weights.

Proof: We go through the formulas one by one. First, for the difference δ(1, i + 1)−δ(1, i ),

since δ(1, i +1) =
∑

A|B∈S1|i+1
aA|B and δ(1, i ) =

∑

A|B∈S1|i
aA|B , the difference can be rewritten as:

δ(1, i +1)−δ(1, i ) =
∑

A|B∈Si+1|i ,0

aA|B +a12...i |i+1...n0−
∑

C |D∈Si |i+1,0,1

aC |D .

Using the fact that the most recent common ancestor of i and i +1 must also be equidistant

from i and i +1 the following equality must also be true:

∑

A|B∈Si+1|i ,0

aA|B =
∑

C |D∈Si |i+1,0

aC |D = a12...i |i+1...n0+
∑

C |D∈Si |i+1,0,1

aC |D .

Thus,

δ(1, i +1)−δ(1, i ) = 2a12...i |i+1...n0+
∑

C |D∈Si |i+1,0,1

aC |D −
∑

C |D∈Si |i+1,0,1

aC |D = 2a12...i |i+1...n0.

Using a similar argument and symmetry, we can also derive:

δ(i −1, n )−δ(i , n ) = 2a01...i−1|i i+1...n .

For the difference δ(i − 1, i ) + δ(i , i + 1)− δ(i − 1, i + 1), since δ(i − 1, i ) =
∑

A|B∈Si−1|i
aA|B ,

δ(i , i +1) =
∑

A|B∈Si |i+1
aA|B and δ(i −1, i +1) =

∑

A|B∈Si−1|i+1
aA|B , the difference can be rewritten

as:
∑

A|B∈Si−1|i

aA|B +
∑

C |D∈Si |i+1

aC |D −
∑

E |F ∈Si−1|i+1

aE |F .
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Note both of Si−1|i and Si |i+1 include the split 1 . . . (i − 1)(i + 1) . . . n0|i , which Si−1|i+1 does not.

Thus,

δ(i −1, i ) +δ(i , i +1)−δ(i −1, i +1) = 2a1...(i−1)(i+1)...n0|i .

Lastly, for δ(i , j + 1) + δ(i − 1, j )− δ(i , j )− δ(i − 1, j + 1) the terms δ(i , j ) =
∑

A|B∈Si | j
aA|B

and δ(i −1, j +1) =
∑

A|B∈Si−1| j+1
aA|B . Note that both of Si | j and Si−1| j+1 do not include the split

1 . . . i −1 j +1 . . . n0|i i +1 . . . j −1 j . Similarly, the termsδ(i , j +1) =
∑

A|B∈Si | j+1
aA|B andδ(i −1, j ) =

∑

A|B∈Si−1| j
aA|B . Note that both of Si | j+1 and Si−1| j do include the split 1 . . . i − 1 j + 1. . . n0|i i +

1 . . . j −1 j . Thus the difference becomes:

δ(i , j +1) +δ(i −1, j )−δ(i , j )−δ(i −1, j +1) = 2a1...i−1 j+1...n0|i i+1... j−1 j .

□
The following related cone is parameterized by weights instead of pairwise distances. This

cone is introduced because it will be easier to prove the last needed Lemma 2.4.6 in this other

space.

Definition 2.4.5 Let E D CN be the equidistant cone of N . For δ ∈ E D CN , let aδ ∈ R(
n+1

2 )−1 be

the vector of weights obtained from δ using the equations in Lemma 2.4.4. Then, E DW CN , the

weighted equidistant cone of N is :

{a : a= aδ for some δ ∈ E D CN } ⊆R(
n+1

2 )−1.

Since the equations in Lemma 2.4.4 are a linear map of E D CN , E DW CN is a polyhedral cone

as well. The distance between leaves can be generalized to distance between arbitrary vertices

in a split network using the previously stated formula

δ(v, w ) =
∑

A|B∈Sv |w

aA|B

where v and w are now arbitrary vertices in the split network and Sv |w is the set of spits that

are induced by the edge classes that any shortest path between u and v must have. This is the

natural generalization of the previous definition of Si | j , the set of splits that separates leaves i

and j .

Lemma 2.4.6 Let E DW CK Nn
be the weighted equidistant cone of K Nn . Let a ∈ E DW CK Nn

. The

number of non-redundant linear equalities between the weights that are the entries of the vector

a is n −1. That is, E DW CK Nn
is contained in a linear space of codimension n −1.
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Proof: First, we claim that every equality between the weights aA|B ∈ a is generated by some

internal vertex and its distance to the leaves below it. This is because a ∈ E DW CK Nn
and

E DW CK Nn
is an alternate parametrization of E D CK Nn

. Therefore, since E D CK Nn
is generated

by the Kalmanson condition inequalities, shown in Theorem 2.3.8 and the equidistant condition

(for all i , j ∈ [n ], δN ,a(0, i ) =δN ,a(0, j )), E DW CK Nn
is governed by these same inequalities and

equalities. Translating these equations to be among the weights aA|B ∈ a, all of the equalities

are generated by one of the equidistant conditions, since the Kalmanson condition itself has

no equalities. Thus, since the equidistant condition can be instead thought of as a series of

equalities generated by some internal vertex and its distance to the leaves below it, the claim is

true.

Let vi , j be the most recent common ancestor of i and j with i , j ∈ [n ]. The distance from

vi , j to i is
∑

A|B∈Si | j ,0

aA|B .

The distance from vi , j to j is
∑

C |D∈Sj |i ,0

aC |D .

Thus since δ(vi , j , i ) =δ(vi , j , i ), we have:

∑

A|B∈Si | j ,0

aA|B =
∑

C |D∈Sj |i ,0

aC |D . (2.4.2)

Consider the equality generated by each vi ,i+1 for all i ∈ [n −1]. They look like:

∑

A|B∈Si |i+1,0

aA|B =
∑

C |D∈Si+1|i ,0

aC |D .

There are n − 1 of them and no combination of them makes any of the others redundant.

Ordering these from vertices v1,2, v2,3, . . ., we see that adding a new equality to the list in order

involves at least one new aA|B term that does not appear in prior equalities.

Thus it just remains to be shown that any equality between the weights aA|B ∈ a can be

written as a combination of those generated by vi ,i+1 for i ∈ [n −1]. Consider again the equality

generated by vi , j which is:
∑

A|B∈Si | j ,0

aA|B =
∑

C |D∈Sj |i ,0

aC |D .
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Then since,

Si | j ,0 =
i ′= j−1
⋃

i ′=i

Si ′|i ′+1

and

Sj |i ,0 =
i ′=i+1
⋃

i ′= j

Si ′|i ′−1,

the equality
∑

A|B∈Si | j ,0

aA|B =
∑

C |D∈Sj |i ,0

aC |D ,

is a combination of the equalities generated by vi ′,i ′+1 for i ′ ∈ [i , j −1], namely:

∑

A|B∈Si | j ,0

aA|B =
j−1
∑

i ′=i

∑

A|B∈Si ′ |i ′+1

aA|B =
j
∑

j ′=i+1

∑

C |D∈Sj ′ | j ′−1

aC |D =
∑

C |D∈Sj |i ,0

aC |D .

□

Proof: [Proof of Theorem 2.4.1] Let c ′ ∈R(
n
2) and let

δ =













δ(1, 2)

δ(1, 3)
...

δ(n −1, n )













∈ E D CK Nn
⊆R(

n
2) (2.4.3)

be a vector of pairwise distances for a distance function δ. Let c ′δ ≥ 0 for all δ ∈ E D CK Nn
be

an arbitrary valid inequality on E D CK Nn
. Let M be a

�

n
2

�

by
�

n+1
2

�

− 1 matrix whose rows are

indexed by pairwise distances δ(i , j )with i , j ∈ [n ] and the columns are indexed by weights

aA|B for a split A|B ∈ K Nn . Let the (δ(i , j ), aA|B )th entry of M be 1A|B (i , j ). The matrix M is a

transformation from coordinates in pairwise distances δ(i , j ) to coordinates in weights aA|B

based on the parameterization of K Nn .

Let a ∈ E DW CK Nn
. Let c ′M = c , then c a ≥ 0 is a valid inequality for all a ∈ E DW CK Nn

.

E DW CK Nn
can be defined by Aa= 0 and B a≥ 0 where A is a n −1 by

�

n+1
2

�

−1 matrix whose

rows are the coefficients of the non-redundant equidistant equalities of K Nn from Lemma

2.4.6 and B = I(n+1
2 )−1 which is from the non-negativity condition on the weights. Thus by the
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Farkas Lemma, there exists a µ ∈Rn−1 and a λ ∈R≥0
(n+1

2 )−1 such that

c =µA+λB .

Consider c −µA = λB . Since B = I(n+1
2 )−1, λB = λ ∈ R≥0

(n+1
2 )−1. Thus (c −µA)a = λa is a non-

negative sum of the weights aA|B . From Lemma 2.4.4 each of the facets in Theorem 2.4.1 can be

reduced to be 2aA|B ≥ 0 for some A|B ∈ K Nn . Thus (c −µA)a can be written as a non-negative

sum of the facet inequalities.

Let N be a
�

n+1
2

�

−1 by
�

n
2

�

matrix whose rows are indexed by weights aA|B for a split A|B and

whose columns are indexed by pairwise distances δ(i , j )with i , j ∈ [n ]. Let the (aA|B ,δ(i , j ))th

entry of N be the coefficient of δ(i , j ) in the facet inequality that can be reduced to 2aA|B ≥ 0

by Lemma 2.4.4. Note that for a2...n0|1 and a12...n−10|n there is no facet inequality but δ(1,2) =

2a2...n0|1 ≥ 0 and δ(n −1, n ) = 2a12...n−10|n ≥ 0 can be used. This matrix is a transformation from

coordinates in weights aA|B to coordinates in pairwise distances δ(i , j ). Thus c N = c ′. Now

consider (µAN )δ which reduces to

µANδ =µAa= 0.

Now consider again (c −µA)a. It can be reduced to

(c −µA)a= (c −µA)Nδ = c Nδ−µANδ = c Nδ = c ′δ.

Thus since it was already shown that (c −µA)a can be written as a non-negative sum of the

facet inequalities c ′δ can be as well. Since c ′δ ≥ 0 was an arbitrary inequality so the proof is

done. □

Example 2.4.7 Consider the cone E D CK N5
. The facets of this cone are:

Left inequalities: δ(1, 2)≤δ(1, 3)≤δ(1, 4)≤δ(1, 5);

Right inequalities: δ(4, 5)≤δ(3, 5)≤δ(2, 5)≤δ(1, 5);

Triangle inequalities: δ(1, 3)≤δ(1, 2) +δ(2, 3); δ(2, 4)≤δ(2, 3) +δ(3, 4);

δ(3, 5)≤δ(3, 4) +δ(4, 5); Covering inequalities: δ(2, 3) +δ(1, 4)≤δ(1, 3) +δ(2, 4);

δ(3, 4) +δ(2, 5)≤δ(2, 4) +δ(3, 5);δ(2, 4) +δ(1, 5)≤δ(1, 4) +δ(2, 5);

Now, using the characterization of the facets of E D CK Nn
, the equidistant cone for any
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circular split system can be described. Every other split system, N , is a subset of K Nn and can

be obtained by removing the splits not in N from K Nn .

Corollary 2.4.8 Let N be a rooted circular split system on n leaves and root 0. Then E D CN is a

face of E D CK Nn
. Furthermore, every face of E D CK Nn

is of the form E D CN for some subnetwork

N .

Proof: A way to construct N from K Nn is to start with K Nn and set all weights for splits not

in N to 0. However, by Lemma 2.4.4, this means there is equality on all facets in K Nn that are

not in N . Thus we can describe N by using all of the facet inequalities from K Nn but making

the facets that can be rewritten using Lemma 2.4.4 as 2aA|B ≥ 0 with A|B /∈N into equalities.

Then the cone E D CN will be a face of E D CK Nn
as desired. □

Example 2.4.9 Consider the split system N = {04|123,012|34,014|23}∪ {i |[4] \ i : i ∈ [4]}. Then

E D CN is a face of E D CK N4
and is generated by the following inequities and equalities:

Left inequalities: δ(1, 2) =δ(1, 3)≤δ(1, 4);

Right inequalities: δ(3, 4)≤δ(2, 4) =δ(1, 4);

Triangle inequalities: δ(1, 3)≤δ(1, 2) +δ(2, 3); δ(2, 4)≤δ(2, 3) +δ(3, 4);

Covering inequalities: δ(2, 3) +δ(1, 4)≤δ(1, 3) +δ(2, 4);

Note that δ(1, 2) =δ(1, 3) and δ(2, 4) =δ(1, 4) since 034|12, 01|234 /∈N , respectively.

2.5 Extreme Rays of E D CK Nn

The goal of this section is to describe the extreme rays of E D CK Nn
. The extreme rays of E D CK Nn

can be described using a particular kind of set partition of [n ]which will be defined below. As

an application, we also characterize which extreme rays lie on which facets of E D CK Nn
, which,

given Corollary 2.4.8, will also characterize the facets and extreme rays for E D CN for arbitrary

networks.

Definition 2.5.1 Let τ= t1| . . . |tk be a set partition of [n ]. We let rτ be the vector whose coordi-
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nates, rτ(i , j ), are

rτ(i , j ) =







0 if there exists some l ∈ [k ] such that i , j ∈ tl

1 otherwise.
(2.5.1)

Definition 2.5.2 A fixed order set partition of [n ], τ= t1| . . . |tk , is a set partition such that for

all l ∈ [k ], tl = [i , j ] = {i , i +1, . . . , j } for some i , j ∈ [n ]. Let

Rn = {rτ ̸= 0 :τ is a fixed order set partition of [n ]}.

Note that Rn has 2n−1−1 elements since there are 2n−1 fixed order set partitions of n , and

all but one of rτ are nonzero.

Example 2.5.3 The fixed order set partitions of [5] are the following:

1|2345, 12|345, 123|45, 1234|5, 1|2|345, 1|23|45, 1|234|5, 12|3|45, 12|34|5, 123|4|5,

1|2|3|45, 1|2|34|5, 1|23|4|5, 12|3|4|5, 1|2|3|4|5

We omit τ= 12345, the partition with one block, since rτ is just the zero vector. The set of rays,

R5, corresponding to these set partitions are, respectively:











1 1 1 1

0 0 0

0 0

0











,











0 1 1 1

1 1 1

0 0

0











,











0 0 1 1

0 1 1

1 1

0











,











0 0 0 1

0 0 1

0 1

1











,











1 1 1 1

1 1 1

0 0

0











,











1 1 1 1

0 1 1

1 1

0











,











1 1 1 1

0 0 1

0 1

1











,











0 1 1 1

1 1 1

1 1

0











,











0 1 1 1

1 1 1

0 1

1











,











0 0 1 1

0 1 1

1 1

1











,
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









1 1 1 1

1 1 1

1 1

0











,











1 1 1 1

1 1 1

0 1

1











,











1 1 1 1

0 1 1

1 1

1











,











0 1 1 1

1 1 1

1 1

1











,











1 1 1 1

1 1 1

1 1

1











.

Lemma 2.5.4 If τ is a fixed order set partition, then rτ ∈ E D CK Nn
.

Proof: Let τ = t1| . . . |tk be a fixed order set partition. We must show that rτ satisfies all the

inequalities from Theorem 2.4.1.

For the left inequalities, δ(1, i )≤δ(1, i +1)with i ∈ [2, n −1] consider if there exists l ∈ [k ]
such that 1, i ∈ tl . If this does exist then δ(1, i ) = 0 and so the facet will be 0≤δ(1, i +1)which is

always satisfied. If it does not exist then i +1 must also not be in the same block as 1, since τ is

a fixed order set partition, and thus δ(1, i ) = 1 and δ(1, i +1) = 1 so the facet will become 1≤ 1.

The right inequalities, δ(i , n )≤δ(i −1, n ), follow by symmetry.

For the triangle inequalities, δ(i −1, i +1)≤δ(i −1, i )+δ(i , i +1), consider whether there

exists l ∈ [k ] such that i −1, i +1 ∈ tl . If it exists then δ(i −1, i +1) = 0. Additionally, it must be

that, i ∈ tl as well so δ(i −1, i ) = 0 and δ(i , i +1) = 0, and the facet becomes 0≤ 0. If it does not

exist then δ(i −1, i +1) = 1 and δ(i −1, i ) +δ(i , i +1) is 1 or 2, depending on if i is separated

from both i −1 and i +1 or not. Thus the facet becomes 1≤ 1 or 1≤ 2.

For the covering inequalitiesδ(i , j )+δ(i −1, j +1)≤δ(i , j +1)+δ(i −1, j )with i , j ∈ [2, n−1],

because the rτ only have 0 or 1 entries, each distance must be either 1 or 0. We can break up

these distances into just the relevant entries of the vector rτ. For this argument, it is useful to

note that if some entries of rτ equal 1, then certain others must equal 1 also. So for example,

we can write rτ(i − 1, j + 1) =max(rτ(i − 1, i ), rτ(i , j ), rτ( j , j + 1)). Using this observation, the

inequality δ(i , j )+δ(i −1, j +1)≤δ(i , j +1)+δ(i −1, j ), when applied to rτ can be rewritten as

rτ(i , j ) +max(rτ(i , j ), rτ(i −1, i ), rτ( j , j +1))

≤max(rτ(i , j ), rτ( j , j +1))+max(rτ(i , j ), rτ(i −1, i )).

If rτ(i , j ) = 1 then the inequality evaluates to 2≤ 2. If rτ(i , j ) = 0 then the inequality evaluates to

max(rτ(i −1, i ), rτ( j , j +1))≤ rτ(i −1, i )+ rτ( j , j +1)which is always satisfied. This proves that

the rays in Rn ⊆ E D CK Nn
. □

61



Our next step will be to prove that E D CK Nn
⊆ cone(Rn ). First, we will describe a general

strategy to show that a given candidate set of extreme rays actually generates a cone.

Lemma 2.5.5 Let C = {x : Ax ≥ 0} be a polyhedral cone where

A =







a1
...

ak






(2.5.2)

and let V = {v1, . . . , vn} be a set of vectors inRk . A subset S ⊆ [k ] is called valid for C if there exists

some y ∈C such that ai y = 0 for i ∈ S and a j y > 0 for all j /∈ S.

If for each valid S there exists vl ∈V such that ai vl = 0 for all i ∈ S, then C ⊆ cone(V ).

Proof: Suppose that we have an y in C , and let S be the associated set of indices. The proof is

by induction on the size of [k ] \S . If S = [k ] there is nothing to show, since y must be the zero

vector in that case. So suppose S ̸= [k ] and let vl be the element of V that is guaranteed to exist.

Then we can compute y ′ = y −λvl where λ ≥ 0 is chosen as large as possible so that y ′ ∈ C .

Since λ is as large as possible, y ′ must have an associated S ′, which strictly contains S . By the

inductive hypothesis, we can write y ′ ∈ cone(V ), so there are λi ≥ 0 so that y ′ =
∑n

i=1λi vi . But

then y =
∑n

i=1λi vi +λvl , so y ∈ cone(V ). □
To use Lemma 2.5.5 on the cone E D CK Nn

, the next step will be to first characterize which

S are valid for E D CK Nn
and then find an rτ for each valid S . In order to do this, first we prove

some useful non-facet inequalities on E D CK Nn
.

Lemma 2.5.6 Let δ ∈ E D CK Nn
and let δ(i , j ) be the (i , j )th coordinate of δ. Then for all i < j <

k ∈ [n ], δ(i , j )≥ 0, δ(i , j )≤δ(i , k ), and δ( j , k )≤δ(i , k ).

Proof: The inequality δ(i , j )≥ 0 is implied from δ being a dissimilarity map.

The inequality δ(1, j )≤δ(1, k ) is implied by the facets δ(1, l )≤δ(1, l +1) for all l ∈ [ j , k −1].

The inequality δ( j , n )≤δ(i , n ) is implied by the facets δ(l , n )≤δ(l −1, n ) for all l ∈ [i +1, j ].

The inequality δ(i , j )≤δ(i , k ) is implied by the non-facet inequality δ(i −1, j )≤δ(i −1, k )

and the covering facets:

δ(i , l ) +δ(i −1, l +1)≤δ(i , l +1) +δ(i −1, l )

for all l ∈ [ j , k −1]. Incrementing l and canceling terms gives δ(i , j )≤ δ(i , k ) as desired. The

non-facet inequality δ(i −1, j )≤δ(i −1, k ) can be implied by facet inequalities using the same
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argument as was just used forδ(i , j )≤δ(i , k ). This will create a recursion of implications whose

base case will be δ(1, j ) ≤ δ(1, k ) which was shown to be implied by facets above. Using a

very similar argument the inequality δ( j , k ) ≤ δ(i , k ) is implied by the non-facet inequality

δ( j , k +1)≤δ(i , k +1) and the facets:

δ(l , k ) +δ(l −1, k +1)≤δ(l , k +1) +δ(l −1, k )

for all l ∈ [i +1, j ]. □
Now to characterize which S are valid for E D CK Nn

, we must see if equality on one facet or

set of facets implies equality on any other facets. In order to clearly see which S are valid a new

diagram will be introduced which will also provide additional insights into the structure of the

space E D CK Nn
. Before defining the diagram itself we will need to define some components

used in it.

Definition 2.5.7 Let δ ∈ E D CK Nn
be represented as an n ×n strictly upper triangular matrix.

Let δ̃ be an n +1×n +1 matrix obtained from δ where the bottom left n by n block is δ and first

row and last column are all 1’s. Because of the natural labeling of the rows and columns of δ, the

rows of δ̃ will be indexed from 0 to n and the columns of δ̃ will be indexed from 1 to n +1.

The following function is introduced because its possible values exactly correspond with

valid S for E D CK Nn
.

Definition 2.5.8 Let k ∈ [0, n−2], l ∈ [2, n ] and k < l such that if k = 0, l ̸= n. The facet indicator

function for δ, fδ(k , l ), is a Boolean function such that

fδ(k , l ) =







1 if δ̃(k , l ) + δ̃(k +1, l +1) = δ̃(k +1, l ) + δ̃(k , l +1)

0 otherwise.

Note that the facet indicator function is defined on each 2×2 sub-matrix of δ̃ such that

at least two of the entries are also in the upper triangular portion of δ. Additionally, notice

that the facets of E D CK Nn
correspond directly with fδ(k , l ). The submatrix corresponding to

fδ(k , l ) is the 2×2 matrix of the entries δ̃(k , l ), δ̃(k +1, l ), δ̃(k , l +1), δ̃(k +1, l +1). If two of the

entries of the submatrix for fδ(k , l ) are 1′s , the corresponding facet is a left or right inequality

(depending on if the 1′s are from the first row or last column respectively). If one of the entries

of the submatrix is 0, the corresponding facet is a triangle inequality. If all four of the entries of

the submatrix are also in δ then the corresponding facet is a covering inequality. Additionally,
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if fδ(k , l ) = 1 that corresponding facet will be satisfied with equality and if fδ(k , l ) = 0 it will be a

strict inequality. Thus, fδ(k , l ) gives a list of boolean outputs for which facets a particular point

of E D CK Nn
lies on. Because of this property characterizing which f can arise as possible fδ

will characterize which S are valid for E D CK Nn
.

Definition 2.5.9 Let k ∈ [0, n − 2], l ∈ [2, n ] and k < l such that if k = 0, l ̸= n. The facet

corresponding to (k,l) is the facet δ̃(k , l ) + δ̃(k +1, l +1)≥ δ̃(k +1, l ) + δ̃(k , l +1).

In order to help characterize for which f there exists a δ such that f = fδ, meaning that f is

1 exactly when a facet is satisfied by δ with equality, two more related Boolean functions for δ̃

will be defined.

Definition 2.5.10 Let i ∈ [0, n − 1], j ∈ [n + 1]. The vertical indicator function for δ, gδ, is a

Boolean function such that

gδ(i , j ) =







1 if δ̃(i , j ) = δ̃(i +1, j )

0 otherwise.

Let i ′ ∈ [0, n ], j ′ ∈ [n ]. The horizontal indicator function for δ, hδ, is a Boolean function such

that

hδ(i
′, j ′) =







1 if δ̃(i ′, j ′) = δ̃(i ′, j ′+1)

0 otherwise.

Note that the vertical and horizontal indicator functions are defined on each pair of vertically

adjacent entries of δ̃ and each pair of horizontally adjacent entries of δ̃, respectively.

Definition 2.5.11 Let δ ∈ E D CK Nn
. The grouping ( fδ, gδ, hδ) is the X-diagram associated to δ.

More generally, a triple of boolean functions ( f , g , h )where f has domain {(k , l )|k ∈ [0, n −2],

l ∈ [2, n ] and k < l }, g has domain {(i , j )|i ∈ [0, n −1], j ∈ [n +1]}, and h has domain {(i ′, j ′)|i ′ ∈
[0, n ], j ′ ∈ [n ]} is called an X-diagram of size n. An X-diagram ( f , g , h ) is valid if there exists a

δ ∈ E D CK Nn
such that δ ∈ E D CK Nn

with ( f , g , h ) = ( fδ, gδ, hδ).

To draw an X-diagram ( f , g , h ), take the following steps:

1. Draw a grid graph with vertices for each entry of δ̃ (We draw the vertices as either boxes,

or 0’s and 1’s if the entry of δ̃ is always that number).

2. Remove the vertices of δ̃ from the subdiagonal of δ and lower.
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3. Take a subgraph of this grid graph, keeping edges for every two adjacent vertices only if

the indicator function for corresponding entries of δ̃ is 1. Here their indicator function is

either horizontal or vertical indicator function depending on if they are horizontally or

vertically adjacent.

4. Consider each 2×2 submatrix of δ̃ where (k , l ) in the domain of f (k , l ), i.e the entries

δ̃(k , l ), δ̃(k +1, l ), δ̃(k , l +1), and δ̃(k +1, l +1). If f (k , l ) = 0 place a dot in the center of

the vertices of the grid graph corresponding to the entries of 2×2 submatrix. If f (k , l ) = 1

place an X.

See Figure 2.11 for an example.

Example 2.5.12 Consider δ ∈ E D CK N6
, such that

δ=





















0 4 4 8 8 8

0 1 6 6 7

0 3 5 6

0 2 3

0 2

0





















.

The X diagram for this δ can be seen in Figure 2.11. Additionally in this X -diagram we can see

that

gδ(i , j ) =







1 if i ∈ [0, 4] and j = 7

0 otherwise;

hδ(0, 2) = hδ(0, 3) = hδ(0, 4) = hδ(0, 5) = hδ(1, 2) = hδ(1, 4) = hδ(1, 5) = hδ(2, 4) = 1

and hδ(i , j ) = 0 otherwise;

fδ(0, 2) = fδ(0, 4) = fδ(0, 5) = fδ(1, 4) = fδ(2, 5) = fδ(3, 5) = fδ(3, 4) = 1

and fδ(i , j ) = 0 otherwise.

The following definition will be useful to characterize rays rτ on an X -diagram and in the

proof of Lemma 2.5.18.

Definition 2.5.13 An element of the form δ̃(i , i +1)with 1≤ i ≤ n is called a diagonal element.
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0
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2

3

3

2

00

Figure 2.11: An example X diagram for a point δ described in Example 2.5.12.

Notice that every rτ ∈Rn can be specified by which the diagonal elements are 0 and 1. Consider

an δ̃ as matrix for some X -diagram where only the diagonal elements of δ̃ are specified. The

other entries of the sub-matrix δ will be:

δ(i , j ) =







0 if δ̃(k , k +1) = 0 for all k ∈ [i , j ]

1 otherwise.

This will give a δ such that δ= rτ for some rτ ∈Rn unless all of the diagonal entries are 0.

Example 2.5.14 Let rτ = δ ∈ E D CK N6
with diagonal elements δ(1,2) = 0,δ(2,3) = 1,δ(3,4) =

0,δ(4, 5) = 0,δ(5, 6) = 0. Then the other entries of δ are

δ=





















0 0 1 1 1 1

0 1 1 1 1

0 0 0 0

0 0 0

0 0

0





















.

The extra information that comes from g and h in terms of the X -diagram will help to

characterize the allowable f ’s. Our next goal is to develop methods to detect which triples

( f , g , h ) are valid X -diagrams.

Lemma 2.5.15 Let ( f , g , h ) be a valid X -diagram.

1. If f (k , l ) = 1 then g (k , l ) = g (k , l +1) and h (k , l ) = h (k +1, l ).

2. If g (k , l ) = g (k , l +1) = 1 then f (k , l ) = 1. Similarly, if h (k , l ) = h (k+1, l ) = 1 then f (k , l ) = 1.
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3. Let j > i . Then if g (i , j ) = 1, then g (i , j +1) = 1. Similarly, if h (i , j ) = 1, then h (i −1, j ) = 1.

4. If g (i , j ) = g (i , j + 1) = h (i , j ) = 1 then h (i + 1, j ) = 1. Similarly, if g (i , j + 1) = h (i , j ) =

h (i +1, j ) = 1 then g (i , j ) = 1.

Proof: For (1), if f (k , l ) = 1 then,

δ̃(k , l ) + δ̃(k +1, l +1) = δ̃(k +1, l ) + δ̃(k , l +1).

If g (k , l ) = 1 then δ̃(k , l ) = δ̃(k , l +1)which implies that δ̃(k +1, l +1) = δ̃(k +1, l )which forces

that g (k , l +1) = 1. Similarly g (k , l +1) = 1 forces that g (k , l ) = 1. By the same logic h (k , l ) = 1

forces h (k +1, l ) = 1 and vice versa. This proves (1).

For (2), if g (k , l ) = 1 and g (k , l +1) = 1, then δ̃(k , l ) = δ̃(k , l +1) and δ̃(k +1, l ) = δ̃(k +1, l +1).

Thus δ̃(k , l ) + δ̃(k + 1, l + 1) = δ̃(k + 1, l ) + δ̃(k , l + 1) so f (k , l ) = 1. Similarly h (k , l ) = 1 and

h (k+1, l ) = 1 implies that δ̃(k , l )+δ̃(k+1, l +1) = δ̃(k+1, l )+δ̃(k , l +1) so f (k , l ) = 1, as desired.

For (3), Let j > i , and g (i , j ) = 1. Thus δ̃(i , j ) = δ̃(i +1, j ). Consider the facet inequality

δ̃(i , j ) + δ̃(i +1, j +1)≥ δ̃(i +1, j ) + δ̃(i , j +1).

Since δ̃(i , j ) = δ̃(i +1, j ), this inequality reduces to

δ̃(i +1, j +1)≥ δ̃(i , j +1).

By Lemma 2.5.6, δ̃(i +1, j +1)≤ δ̃(i , j +1), and thus δ̃(i +1, j +1) = δ̃(i , j +1), which implies

that g (i , j +1) = 1. A very similar argument will show that if h (i , j ) = 1, then h (i −1, j ) = 1.

For (4), if g (i , j ) = g (i , j +1) = h (i , j ) = 1 then δ̃(i , j ) = δ̃(i +1, j ), δ̃(i , j +1) = δ̃(i +1, j +1),

and δ̃(i , j ) = δ̃(i , j +1). Thus δ̃(i +1, j ) = δ̃(i , j ) = δ̃(i , j +1) = δ̃(i +1, j +1) so h (i +1, j ) = 1. A

similar argument will show that if g (i , j +1) = h (i , j ) = h (i +1, j ) = 1 then g (i , j ) = 1. □
Now, Lemma 2.5.15 can be used to classify which S are valid for E D CK Nn

.

Example 2.5.16 Consider the X -diagram on the left in Figure 2.12. Using the rules in Lemma

2.5.15, we can see that the underlying S for this X -diagram is not valid because f (3, 6) = 1 and

g (3,7) = 1 but g (3,6) = 0 violating rule 1. In addition g (1,3) = 1 and g (1,4) = 1 but f (1,3) = 0,
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Figure 2.12: The X -diagram on the left is not valid as it violates multiple implications as described in
Example 2.5.16. The X -diagram on the right is valid and is obtained by starting with the one on the left
and following all rules in Lemma 2.5.15.

violating rule 2. Similarly, h (3,3) = 1 but h (2,3) = 0 violating rule 3. Lastly, g (1,4) = h (1,4) =

h (2,4) = 1 but g (1,5) = 0 violating rule 4. The X -diagram on the right is the one obtained by

following all of the rules in Lemma 2.5.15.

The following definition will be used to give the argument to find a rτ for every valid S .

Definition 2.5.17 Let δ̃ be the matrix for some (δ̃, f , g , h ). The diagonal entries associated to

(k , l ) are the diagonal elements δ̃(k , k +1) and δ̃(l , l +1), if they exist. Note that all (k , l ) have two

diagonal elements associated to them, except for when k = 0 or l = n, the ones corresponding to

left and right facets, which only have one associated diagonal entry.

Lemma 2.5.18 Let E D CK Nn
= {x : B x ≥ 0}with

B =







b1
...

bk






. (2.5.3)

For a given valid S for E D CK Nn
, there exists a rτ ∈Rn such that bi rτ = 0 for all i ∈ S and bi rτ > 0

for all i /∈ S.

Proof: First, notice that in a valid X-diagram, ( f , g , h ), the only way that a rτ ∈ Rn does not

make f (k , l ) = 1, is when the corresponding 2 by 2 submatrix has exactly the entries:

�

1 1

0 1

�

.
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Thus if for a given valid S , if rτ does not put

�

1 1

0 1

�

on any 2 by 2 sub matrix with upper left

corner (k , l ) and f (k , l ) = 1 in the X -diagram corresponding to S , then bi rτ = 0 for all i ∈ S . To

show this is always possible, we will construct rτ from the X -diagram corresponding to S by

drawing a line from the left side of δ̃ to the right side. Everything below the line will be 0 and

everything on or above the line will be 1.

Starting at (0, 0), increment the row index to its maximum before incrementing the column

index. Let i∗ be the index of the first column such that for some l∗, f (l∗, i∗) has diagonal elements

are that not 0. This must exist because if all diagonal elements are 0, the system S will just be

equality everywhere, which can be handled by the ray rτ = (1, . . . , 1). There are two cases, either

l∗ = 0 and f (l∗, i∗) has one diagonal element, or f (l∗, i∗) has two diagonal elements. Let (k ′, l ′)

be the set of indices such that all f (k ′, l ′) have δ̃(i∗, i∗ + 1) as a diagonal element. Any (k ′, l ′)

with any of its diagonal elements equal to 0, must have f (k ′, l ′) = 1 by Lemma 2.5.15 rules 2

and 3. However, if f (k ′, l ′) = 1 for all (k ′, l ′) in a row or column then δ̃(i∗, i∗+1)would be 0 using

the rule 1 from Lemma 2.5.15. Thus there must exist a (l∗, i∗)with f (l∗, i∗) = 0.

Draw the line starting from δ̃(l∗, 0) until reaching δ̃(l∗, i∗+1) and then draw the line vertically

until reaching δ̃(i∗, i∗+1), which must be non-zero. Now consider the row of (i∗, l ′)who have

δ̃(i∗, i∗+1) as a diagonal element. One or both of two things are true:

1. there exists l∗ with f (i∗, l∗) = 0 and both of its diagonal elements are not 0

2. f (i∗, n ) = 0.

This is true because it cannot be that f (i∗, l ′) = 1 for all l ′ ∈ [2, n ] or by Lemma 2.5.15 rule

1, δ̃(i∗, i∗+1)would 0, and the only possible (i∗, l ′) such that f (i∗, l ′) ̸= 1 are those with non 0

diagonal blocks.

If the second case is true, draw the line horizontally to δ̃(i∗, n ) and the line is finished. If

only the first case is true then draw the line to δ̃(i∗, l∗+1) and then draw it vertically down to

the other non 0 diagonal block and continue the process. There are only finitely many entries

so the line will eventually reach the right side. This line only puts

�

1 1

0 1

�

in its upper corners

and the upper corners are only on (k , l ) such that f (k , l ) = 0 from the above argument. Thus

bi rτ = 0 for all i ∈ S and bi rτ > 0 for all i /∈ S as desired. □

Example 2.5.19 Consider the valid X -diagram shown in Figure 2.13. The blue line is created by

following the method described in Lemma 2.5.18. Thus the corresponding extreme ray for this S
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Figure 2.13: An example of the method to find an extreme ray for an S such that bi rτ = 0 for all i ∈ S as
described in Lemma 2.5.18.

such that bi rτ = 0 for all i ∈ S is

δ=

















1 1 1 1 1

1 1 1 1

0 0 0

0 0

0

















.

Corollary 2.5.20 E D CK Nn
⊆ c o ne (Rn ).

Proof: This is immediate from Lemmas 2.5.5 and 2.5.18. □
Now Lemma 2.5.4 and Lemma 2.5.20 prove that E D CK Nn

= cone(Rn ) so all that remains to

be shown is that all rτ are the extreme rays.

Lemma 2.5.21 For all rτ ∈ Rn there exists a linear functional that maximizes rτ among all

elements of Rn .

Proof: First, intersect the hyperplane
∑

1≤i< j≤n δ(i , j ) = 1 with the cone E D CK Nn
to obtain a

polytope PK Nn
. This hyperplane intersects every ray of E D CK Nn

since E D CK Nn
is contained

in the positive orthant. Furthermore, E D CK Nn
= cone(PK Nn

) so vertices of PK Nn
correspond to

extreme rays of E D CK Nn
. Define the point pτ by

pτ(i , j ) =







0 if i and j are in the same blocks in τ

1
K , otherwise.

(2.5.4)

where K is the number pairs {i , j } such that i is separated from j in τ. Note that pτ is the point

in PK Nn
corresponding to rτ. Thus it suffices to find a linear functional that maximizes pτ in the
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PK Nn
as this will show that pτ is a vertex of this polytope and thus rτ will be an extreme ray in

E D CK Nn
. Furthermore, we only need to check that the linear functional maximizes among all

the points pτ since E D CK Nn
= cone(Rn ), by previous results.

Consider the linear functional:

p ∗τ(i , j ) =







1 if pτ > 0

−1 if pτ = 0
(2.5.5)

We will see this is maximized at pτ. Note that evaluating p ∗τ on pτ gives 1. But for any other pτ′

for τ′ ̸=τ, the highest it could sum to is 1 and it can not sum to 1 because that would mean pτ′

has exactly the same zero and non-zero entries as pτ, contradicting that τ ̸=τ′. □

Theorem 2.5.22 The extreme rays of E D CK Nn
are Rn .

Proof: This follows from Lemmas 2.5.4, 2.5.20, and 2.5.21. □
Using this same association we can describe which facets of E D CK Nn

each rτ lies on.

Proposition 2.5.23 Let K Nn be the complete rooted circular split network on n leaves. The

extreme ray, rτ, is contained in all facets of K Nn except the following:

• Left inequalities, δ(1, i )≤δ(1, i +1)where i is separated from i +1 and i is not separated

from 1 in τ,

• Right inequalities, δ(i , n )≤δ(i −1, n )where i is separated from i −1 and i is not separated

from n in τ,

• Triangle inequalities, δ(i −1, i +1)≤δ(i −1, i ) +δ(i , i +1)where i is separated from i −1

and i is separated from i +1 in τ,

• Covering inequalities,δ(i , j )+δ(i −1, j +1)≤δ(i , j +1)+δ(i −1, j )where i is not separated

from j but i is separated from i −1 and j is separated from j +1 and in τ.

Proof: For left inequalities, δ(1, i ) ≤ δ(1, i + 1), the only way there cannot be equality is if

δ(1, i ) = 0 andδ(1, i+1) = 1. From the definition of rτ, this happens precisely when i is separated

from i +1 and i is not separated from 1 in τ. The same argument applies by symmetry to the

right inequalities.

For the triangle inequalities, δ(i −1, i +1)≤ δ(i −1, i ) +δ(i , i +1), if δ(i −1, i +1) = 0 that

means that i − 1 and i + 1 are in the same block in τ. This implies that δ(i − 1, i ) = 0 and
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δ(i , i + 1) = 0. Thus the only way to not have equality on this facet is if δ(i − 1, i + 1) = 1 and

δ(i−1, i )+δ(i , i+1) = 2. This happens precisely when i is separated from i−1 and i is separated

from i +1 in τ.

For the covering inequalities, δ(i , j ) +δ(i − 1, j + 1) ≤ δ(i , j + 1) +δ(i − 1, j ), if δ(i , j ) = 1,

that means that i and j are separated in τ. Then δ(i −1, j +1) = 1 as well as δ(i , j +1) = 1 and

δ(i −1, j ) = 1. Thus the inequality becomes 2≤ 2. Thus in order for rτ to not be on the covering

inequality i and j must not be separated in τ. So assuming δ(i , j ) = 0, if δ(i −1, j +1) = 0 as

well, i , j , i −1, j +1 are all in the same block and so δ(i , j +1) = 0 and δ(i −1, j ) = 0 as well,

making the inequality 0≤ 0. Thus the only way to not get equality on this facet is if δ(i , j ) = 0,

δ(i −1, j +1) = 1, δ(i , j +1) = 1, δ(i −1, j ) = 1, which is exactly when i is not separated from j

but i is separated from i −1 and j is separated from j +1 and in τ. □

Corollary 2.5.24 Let N be a circular split network. The extreme rays of E D CN are the subset of

Rn that are contained in E D CN .

Proof: Since E D CN is a face of E D CK Nn
by Corollary 2.4.8, its extreme rays must be a subset

of Rn contained in the face. □

Example 2.5.25 Consider E D CK N5
which has extreme rays associated to the following fixed

order set partitions:

1|2345, 12|345, 123|45, 1234|5, 1|2|345, 1|23|45, 1|234|5, 12|3|45, 12|34|5, 123|4|5,

1|2|3|45, 1|2|34|5, 1|23|4|5, 12|3|4|5, 1|2|3|4|5.

Using Proposition 2.5.23 we can characterize which facets of E D CK N5
each of these rays lies on.

For example:

1|2345 lies on all facets except δ(2, 5)≤δ(1, 5),

1|23|45 lies on all facets except δ(4, 5)≤δ(3, 5),δ(2, 3) +δ(1, 4)≤δ(1, 3) +δ(2, 4);

1|2|3|4|5 lies on all facets except δ(1, 3)≤δ(1, 2) +δ(2, 3),δ(2, 4)≤δ(2, 3) +δ(3, 4),

δ(3, 5)≤δ(3, 4) +δ(4, 5);

Example 2.5.26 Consider the split system N = {01|2345,12|0345,0145|23,0123|45} together

with the trivial splits, which are visualized in Figure 2.6. This split system is a subset of K N5
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where the splits,

{012|345, 05|1234, 045|123, 015|234, 0125|34}

are not in N . So N can be obtained from K N5 by setting the weights for those splits equal to 0.

Specifically, this means that E D CN will lie in the following equalities, corresponding to those

splits

δ(2, 5)−δ(3, 5) = 2a012|345 = 0

δ(1, 5)−δ(1, 4) = 2a05|1234 = 0;δ(1, 4)−δ(1, 3) = 2a045|123 = 0;

δ(1, 4) +δ(2, 5)−δ(2, 4)−δ(1, 5) = 2a015|234 = 0;

δ(2, 4) +δ(3, 5)−δ(3, 4)−δ(2, 5) = 2a0125|34 = 0;

Using Corollary 2.5.24, E D CN has the extreme rays associated to the following fixed order set

partitions:

1|2345, 1|23|45, 12|3|45, 1|2|3|45, 1|23|4|5, 12|3|4|5, 1|2|3|4|5.

As mentioned in the introduction, E D CN can be used to determine if a set of closely related

species may have hybridization, using the facet description. While the extreme ray description

of this cone is combinatorially nice, we did not see a clear biological interpretation of the

extreme rays and this is a potential area of further study.

2.6 The Chan-Robbins-Yuen Polytope

The Chan-Robbins-Yuen Polytope (C RYn ) is a face of the Birkhoff polytope, and appears in

other contexts as an example of a flow polytope [73]. It has generated interest in the combina-

torics community because its normalized volume is a product of Catalan numbers, specifically:

Vol(C RYn ) =
n−2
∏

i=1

CAT(i)

where CAT(i ) = 1
i+1

�

2i
i

�

. This polytope was first discussed in [32], and subsequently studied by

many authors. In this section, we show a relation between the Chan-Robbins-Yuen polytope
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and the cone E D CK Nn
.

Definition 2.6.1 The Chan-Robbins-Yuen Polytope (C RYn ) is defined by the following set of

equations and inequalities:

C RYn = {x ∈Rn×n : xi j ≥ 0 for all i , j ∈ [n ],
n
∑

i=1

xi j = 1 for all j ∈ [n ],
n
∑

j=1

xi j = 1 for all i ∈ [n ], and

xi j = 0, if i − j > 1}.

Each element of C RYn is an n ×n , doubly-stochastic matrix, which is zero below the first

subdiagonal. The vertices of C RYn are the permutation matrices that satisfy the condition that

xi j = 0, if i − j > 1. Note that there are exactly 2n−1 such permutation matrices in total.

To explain the relationship between the Chan-Robbins-Yuen polytope and equidistant

network cone, we introduce a related polytope:

P E D Cn = E D CK Nn
∩{δ ∈Rn (n−1)/2 :δ(1, n )≤ 1}

Since all of the extreme rays of E D CK Nn
have a 1 in the δ(1, n ) coordinate, this polytope has

vertices consisting of all the vectors rτ for all fixed ordered set partitions of [n ], including for

the set partition with a single block 123 · · ·n , which yields the origin. Note that P E D Cn then

also has 2n−1 vertices.

Theorem 2.6.2 The polytopes P E D Cn and C RYn are affinely isomorphic. The isomorphism

preserves the lattice spanned by the vertices in these polytopes, hence these polytopes have the

same Ehrhart series and normalized volume.

To prove Theorem 2.6.2 we will construct the affine isomorphism explicitly. Consider the

mapφ :Rn×n →Rn (n−1)/2, defined by

φk ,l (x ) = 1−
k
∑

i=1

n
∑

j=l

xi , j , for 1≤ k < l ≤ n .

The inverse mapψ :Rn (n−1)/2→Rn×n is provided by the following
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ψk ,l (δ) =







































































1−δ(1, n ) (k , l ) = (1, n )

δ(1, j +1)−δ(1, j ) (k , l ) = (1, j ), 2≤ j ≤ n −1

δ(i , n )−δ(i +1, n ) (k , l ) = (i , n ), 2≤ i ≤ n −1

δ(1, 2) (k , l ) = (1, 1)

δ(n −1, n ) (k , l ) = (n , n )

δ(i −1, j ) +δ(i , j +1)−δ(i , j )−δ(i −1, j +1) (k , l ) = (i , j ), 2≤ i < j < n −1

δ(i −1, i ) +δ(i , i +1)−δ(i −1, i +1) (k , l ) = (i , i ), 2≤ i ≤ n −1

1−δ(i , i +1) (k , l ) = (i +1, i )

Proof: We want to show that the inequality system that defines the polytope P E D Cn , trans-

forms into the inequality system for C RYn when applying the map φ. That is, we consider

the inequalities satisfied by δ ∈ P E D Cn , and then make the substitution δ(k , l ) =φk ,l (x ), we

should get the inequality system that describes C RYn . We investigate each type of inequality

that defines P E D Cn .

First, we consider the inequality δ(1, n )≤ 1. Applyingφ we getφ1,n (x ) = 1− x1,n ≤ 1, which

is equivalent to x1,n ≥ 0.

Next we consider the inequalities δ(1, l )≤δ(1, l +1). Applyingφ we get

1−
n
∑

i=l

x1,i ≤ 1−
n
∑

i=l+1

x1,i

which is equivalent to x1,l ≥ 0. Similarly, the inequalitiesδ(k+1, n )≤δ(k , n ) yields the inequality

xk ,n ≥ 0.

For the covering inequalities δ(i , j )+δ(i −1, j +1)≤δ(i −1, j )+δ(i , j +1), substitution and

cancellation yields that this is equivalent to xi , j ≥ 0, using a simple inclusion and exclusion

argument.

The most difficult to analyze are the triangle inequalities,δ(l −1, l +1)≤δ(l −1, l )+δ(l , l +1).

After making the substitution fromφ, we get the inequality

l
∑

i=1

n
∑

j=l

xi , j ≤ 1+ xl ,l

We claim that this is equivalent to the inequality xl ,l ≥ 0. To prove this, we use the double stochas-

tic feature of the polytope C RYn . In particular, we have the
∑ j+1

i=1 xi , j = 1 and
∑n

j=i−1 xi , j = 1. In

particular, the sum of the first l rows of x equals l , while the sum of the first l −1 columns is
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l −1. Since the first l −1 columns are all zero below the subdiagonal, the difference between

these two sums, on the one hand, is equal to 1, and on the other hand, is equal to
∑l

i=1

∑n
j=l xi , j .

Thus we get, 1≤ 1+ xl ,l , or xl ,l ≥ 0.

At this point, we have shown that the inequalities that define P E D Cn become the inequali-

ties, xi , j ≥ 0 for all 1≤ j < k ≤ n , and the inequalities xi ,i ≥ 0 for i = 2, . . . , n −1. This shows that

φ(C RYn )⊆ P E D Cn .

Next, we must verify thatψ is the inverse map ofφ and thatψ(P E D Cn )⊆C RYn . The fact

thatψ is the inverse map can be checked directly by applying it coordinate by coordinate, using

the different formulas forψk ,l . Most of this follows from the argument above. For instance, the

proof that the covering inequality turns into the inequality xi , j ≥ 0, shows that (ψ◦φ)i , j (x ) = xi , j

when 1< i < j < n −1. A similar approach follows for the other coordinates. □
It is worth noting how the mapsφ andψ transform vertices of the two polytopes. This is

easiest to see onφ : C RYn → P E D Cn . Each permutation matrix that is in C RYn has the form

of a block diagonal matrix, where each diagonal block is either a 1×1 block of a 1, or is a k ×k

block that has 1’s on the subdiagonal and a 1 in the upper right corner. The mapφ sends this

permutation matrix to the 0/1 upper triangular array obtained by putting ones precisely in the

part above and to the right of all the blocks of permutation matrices.
Here is an example of such a permutation matrix in C RY9 and the vector rτ that it maps to

in P E D C9 underφ:



































1

0 0 1

1 0 0

0 1 0

0 1

1 0

1

0 1

1 0



































7→



































1 1 1 1 1 1 1 1

0 0 1 1 1 1 1

0 1 1 1 1 1

1 1 1 1 1

0 1 1 1

1 1 1

1 1

0



































.
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CHAPTER

3

IDENTIFIABILITY OF LARGE

PHYLOGENETIC MIXTURES FOR MANY

PHYLOGENETIC MODEL STRUCTURES

3.1 Introduction

Phylogenetic models represent the evolutionary relationship among a collection of taxa (short

for taxonomic unit, which might be genes, species, or some other level of biological classifi-

cation). Basic phylogenetic models are constructed by starting with a rooted tree where the

taxa are vertices. Taxa closer to the root correspond to more ancestral units in the evolutionary

history. Associated to each edge in the tree is a transition matrix. Each transition matrix en-

codes the substitution probabilities of the resulting characters along that edge. Specifying a

substitution model amounts to placing restrictions on the transition matrices.

In the General Markov model there are no assumptions are made on the entries of the

transition matrices, whereas in the Jukes-Cantor model all off diagonal entries are equal so

the transition matrices are highly constrained. Models like the Kimura 2-parameter, Kimura
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3-paramater, and the strand symmetric model sit in between these two extremes.

When using any statistical model in practice, it is desirable if a distribution arising from the

model must uniquely determine the parameters that produced in, i.e. the model should be

identifiable. For basic phylogenetic models, these parameters are the tree parameter and the

transition matrices. The tree parameter is a discrete parameter, in that there are only finitely

many different trees on n leaves. On the other hand, the space of possible transition matrices

forms a continuous parameter space. Questions of identifiability concern both the uniqueness

of the discrete parameters and the continuous parameters as determined from probability

distributions produced by the model. In this chapter, by identifiable we mean generically

identifiable, that is, the parameters that produce a distribution are identifiable except possibly

for a low dimensional subset of the parameter space. All the basic phylogenetic models are

known to be generically identifiable by classic results in the literature [33].

This chapter concerns the identifiability of mixture models, which are more complex models

which use the basic phylogenetic models as building blocks. In a mixture model, we do not

assume that all characters evolve according to the same underlying phylogenetic tree with

a fixed set of parameters. Rather there are (hidden) classes, and depending on which class a

character belongs to, it evolves under the (basic) phylogenetic model according to that class.

Classes might correspond to sites in DNA sequences that evolve at different rates (fast or

slow). Across larger regions of DNA, classes could correspond to different genes which evolve

according to different trees altogether. As mixture models have many more parameters than

the basic phylogenetic models, questions of identifiability become increasingly more difficult

to answer and their analysis requires more advanced tools.

Limited work has been done on the identifiability in group-based mixture models for spe-

cific numbers of classes and for completely general tree structures. For example, identifiability

is known for 2 class mixtures for the Jukes-Cantor and Kimura 2-parameter models [4] for the

Cavender-Farris-Neyman model and the Kimura 3-parameter model [55]. For 3 class mixtures

identifiability is only known for the Jukes-Cantor model [70]. Work has been also been done on

the identifiability of other types of mixture models such as Profile Mixture Models [95], which

represent a useful submodel of general mixture models.

Probably the strongest result on identifiability of mixture models, the main theorem in [80]

gives conditions under which mixture models under the General Markov model are identifiable.

While this result does not allow for arbitrary mixtures with completely unrelated sets of trees, it

does cover a large class of sets of trees, including the same tree mixtures which are the mostly

commonly occurring. In most settings, these results allow for identifiability in a number of
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mixture classes well above any that could be used in practice.

All the results mentioned so far consider generic identifiability, which, while a necessary

consideration to use for mixture models, does not typically produce identifiability results

for submodels. Hence, the main results of [80] only apply to the General Markov model, and

not to any of the submodels: Jukes-Cantor (JC), Kimura 2 parameter model (K2P), Kimura 3

parameter model (K3P) and the Strand Symmetric model (SSM). These submodels are called

equivariant because they have an underlying model symmetry to the assumptions they make

on the transition matrices. The goal of this chapter is to broaden the tools developed from the

main theorem in [80] to also deduce the identifiability of those important submodels.

The outline of this chapter is as follows. Before continuing onto the rest of the chapter,

in the next section we give some important definitions necessary to state the main results of

this chapter. Theorem 3.2.5 gives a general framework for proving identifiability results for

phylogenetic mixture models and Corollary 3.2.6 establishes that the JC, K2P, K3P, and SSM

all satisfy those conditions. In Section 3.3, background on phylogenetic trees and the Markov,

group-based, and equivariant models is given. In Section 3.4, the discrete Fourier transform is

introduced, which will be useful to determine the rank of certain matrices in our computations.

In Section 3.5, Kruskal’s theorem is introduced which gives bounds on the rank of tensors and

will be crucial in the proof of the main theorem. The technical heart of the chapter is Sections

3.6, 3.7, and 3.8. Specifically, in Section 3.6, we prove our general identifiability result showing

that if a Markov model µ satisfies four key properties, then the associated mixture models

will be generically identifiable. Sections 3.7 and 3.8 then prove that the JC, K2P, K3P, and SSM

models all satisfy these technical conditions to derive our main result.

3.2 Key Definitions and Statement of Main Results

The goal of this section is to give the necessary definitions so that we can state our main results.

This section just covers definitions to help make sense of the results. Further definitions will

appear in subsequent sections.

Let T be a single phylogenetic tree with n leaves. Let µ be a Markov model, (for example, JC,

K2P, K3P, SSM, or GMM standing for Jukes-Cantor, Kimura 2-parameter, Kimura 3-parameter,

Strand Symmetric model, or General Markov Model, respectively). Let SµT be the parameter

space of continuous parameters for the underlying model µ on tree T (which consists of

transition matrices for each edge, and a root distribution). Let κ be the number of states of the

random variables being considered (κ= 4 is most common in this chapter). Once we specify
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these parts of a model, there exists a parametrizationψµT which gives the joint distribution

of states on the leaves of T as a function of continuous parameters which specify the root

distribution of the tree and all of the transition matrices on its edges. That is,

ψ
µ
T : SµT →∆

κn−1

where∆κ
n−1 ⊂ [0,1]κn−1 is the probability simplex of non-negative real vectors summing to 1.

Then the image ofψµT is the phylogenetic model M µ
T .

Given a multiset of r phylogenetic trees T1, . . . , Tr , a phylogenetic mixture model can be

defined as the set of convex combinations of distributions from M µ
T1

, . . ., M µ
Tr

.

Definition 3.2.1 Let T= (T1, . . . Tr ) be a r -tuple of trees each with n leaves. Let SµT = SµT1
× . . .SµTr

×
∆r−1, each with underlying model µ. Then, the parametrization map of the mixture model is

defined by

ψ
µ
T : SµT →∆

κn−1

where

ψ
µ
T(s1, . . . , sr ,π) =π1ψ

µ
T1
(s1) + · · ·+πrψ

µ
Tr
(sr )

with si ∈ STi
, and π ∈∆r−1 is the vector of mixing parameters.

Since there is no order on the combination of trees in mixture model, identifiability on

mixture model will have to be defined up to reordering of the trees.

Definition 3.2.2 The tree parameters of an r -tree mixture model on T= (T1, . . . , Tr )are generically

identifiable if for generic choices of s1, . . . , sr and πwith si ∈ SµTi
, and π ∈∆r−1,

ψ
µ
T(s1, . . . , sr ,π) =ψµT′(s

′
1, . . . , s ′r ,π′)

implies that there is a permutationσ ∈Sr (the Symmetric group on r letters) such thatσ ·T= T′.

Definition 3.2.3 The continuous/numerical parameters of an r -tree mixture model on T =

(T1, . . . , Tr ) are generically identifiable if for generic choices of s1, . . . , sr and πwith si ∈ SµTi
, and

π ∈∆r−1,

ψ
µ
T(s1, . . . , sr ,π) =ψµT(s

′
1, . . . , s ′r ,π′)

implies that there is a permutation on the r trees σ ∈ Sr such that σ · T = T, s ′i = sσ(i ) , and

π′i =πσ(i ) for i ∈ [r ].
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In the identifiability of the continuous parameters of a phylogenetic mixture model, we

allow for label swapping, that permutes parameters between two classes of the mixture model

that have the same underlying tree.

We must define the class of mixtures that we prove identifiability in. This amounts restricting

to a subset of r -tuples of trees.

Definition 3.2.4 Let T (r, n , k ) be the set of of r -tuples of n-leaf binary trees (T1, . . . , Tr ) such that

there exists a tripartition of the leaves A|B |C and for each i ∈ [r ] a vertex vi in tree Ti such that

the induced triparition of the leaves in Ti induced by vi is A|B |C . Furthermore, we assume that

#A ≥ #B ≥ #C and #B ≥ k .

We now state our main result, which depends on some technical definitions which will

appear in later sections. However, this gives us the flavor of the results that can be achieved

with these methods, and the fact that certain specific properties need to be proved for a model

µ to deduce identifiability for a mixture model. These properties are nontriviality, the rank

property, the extended rank property, and the No Shuffling Property.

Theorem 3.2.5 Suppose that a phylogenetic model µ on κ > 2 states satisfies the following

properties:

1. µ is non-trivial,

2. µ has the rank property R P (r, k )

3. µ has the extended rank property E R P (r, k )

4. µ has the No Shuffling Property

5. r ≤ κk−1, and

6. n ≥ 2k +1.

Then both tree parameters and the numerical parameters of M µ
T are generically identifiable in

the class of trees T (r, n , k ).

Corollary 3.2.6 Suppose that µ is the Jukes-Cantor model, Kimura-2 or 3-parameter model,

Strand symmetric model, or general Markov model. Suppose that n ≥ 2k +1 and r ≤ 2k −k . Then

both tree parameters and the numerical parameters of M µ
T are generically identifiable in the

class of trees T (r, n , k ).
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Part of our goal in these proofs is to try to give a uniform argument to deduce identifiability

for these models. A key component of the proof of Corolllary 3.2.6 is to prove thatµ has the rank

property R P (r, k ) and extended rank property E R P (r, k ) for the specific values of r and k . To

show this, we prove both properties it for the Jukes-Cantor model for the particular values of r

and k in the Theorem. Since the Jukes-Cantor transition matrices appear in all the other models,

this implies the rank property for the larger models for those values of r and k . However, it is

probably possible to derive stronger results for the other models by more carefully analyzing

the rank property and extended rank property in other models. We discuss this in more detail

in Section 3.7.

3.3 Markov models on trees

In this section, we review background on the combinatorial structure of trees, including splits

and tripartitions associated to tree edges and vertices. We introduce the Markov models on a

tree that are the main object of study in this chapter.

A tree T = (V , E ) is a graph that is connected and has no cycles. The degree of a vertex is

the number of edges incident to the vertex. A vertex of degree 1 is called a leaf. Phylogenetic

trees represent the evolution of taxa with the vertices each representing a different taxa. The

closer a vertex is to the root vertex the older that taxa is evolutionarily. The leaves of the tree

will represent taxa that are alive today. This gives the leaves special importance since the DNA

of those species is observable. The following definitions of phylogenetic trees are standard (see

[86]).

Definition 3.3.1 Let T be a tree and X be a set of labels. Letφ be a map from X to the vertices of

T . The pair (T ,φ) is called a phylogenetic X -tree if the image ofφ is exactly the set of leaves of

T andφ is injective. A binary phylogenetic X-tree is a phylogenetic X -tree where all non-leaf

vertices have degree 3. A rooted tree is a tree with a distinguished vertex called the root.

Removing any edge of a phylogenetic tree separates the leaf labels into two parts, based on

which connected component the leaf is in. This leads to following definition.

Definition 3.3.2 A split A|B of X is a partition of X into two nonempty disjoint sets. A split is

considered valid for an X -tree T if it is obtained by removing an edge from T and taking A and

B to be the two sets of leaf labels for the two component graphs.

Similarly, a tripartition A|B |C is obtained from a binary tree by removing an internal vertex

and A and B and C being the three sets of leaf labels for the three component graphs.
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Let T be a phylogenetic tree. We associate a random variable Xv to each vertex in T . Each

of the random variables Xv has κ states for a fixed value κ. In general terms, the state space of

Xv is [κ] = {1, 2, . . .κ}. If κ= 4 this alphabet can be thought of as DNA bases {A, C ,G , T }. There

are other values for κ that are relevant biologically, such as κ= 20 for amino acids, κ= 61 for

DNA codons, and κ= 2 for DNA where purines and pyrimidines are grouped together. This

chapter will be primarily focusing on κ= 4.

Before defining Markov models on a tree, we will motivate their definition. Consider for

each vertex a sequence using the characters of the alphabet. If κ= 4 that sequence on the vertex

would be the DNA sequence for a gene and each vertex would represent a DNA sequence for

a specific taxa. For simplicity, only point substitutions will be considered, i.e. mutations that

change one DNA letter to another. Thus each sequence will be of the same length for all vertices

in the graph, but possibly have different characters in each location. The Markov model on

the tree is a model for how these sequences change over time. If we assume that each site in

the sequence evolves independently under the same process, we can describe the model just

by assuming we have sequences of length 1, or a single character. Thus, for each vertex we

will associate a random variable with κ= 4 states where the internal non-leaf vertices will be

hidden random variables (since they are unobserved).

To each edge in the graph i → j is associated a Markov transition matrix M i j , which is a

κ×κmatrix whose (xi , x j ) entry is the conditional probability P (X j = x j |X i = xi ). That is:

M i j (xi , x j ) = P (X j = x j |X i = xi ).

To be a Markov transition matrix M i j , we require that all entries are nonnegative, and that the

row sums are all equal to one.

Once a Markov transition matrix is specified for each edge, and a distribution of states

π ∈∆r−1 is specified, we can write down the joint distribution of all states in the model. Let

p (x , y ) denote the joint probability distribution of all random variables, where x corresponds

to leaves and y corresponds to interior vertices. Let ρ denote the root vertex. Then

p (x , y ) =π(yρ)
∏

i→ j∈E (T )

M i j (xi , x j ).

Since we are typically only interested in the distribution of states at the leaves (because we

do not have access to data from the taxa at interior nodes), then we have the probability

83



a

1 b

2 3

M b 2 =







0.25 0.3 0.15 0.3
0.3 0.25 0.4 0.05

0.15 0.4 0.25 0.2
0.3 0.05 0.2 0.45







Figure 3.1: A phylogenetic model with 3 leaves and two internal vertices a and b and a transition matrix

distribution of interest is

p (x ) =
∑

y ∈[κ]Int(T )

p (x , y )

where Int(T ) denotes the interior vertices of T .

Example 3.3.3 Consider the rooted tree in Figure 3.1. Let the transition matrix written here be

associated to the edge from b → 2. Label the columns and rows of the matrix with A, C ,G , T .

Then the entries in this transition matrix represent probabilities of DNA substituion when going

from the species represented in the vertex b to the one represented with the vertex 2. Explicitly the

entry M b 2(xb , x2) is the probability that the variable at Xb mutates from the state xb to the state

x2 at vertex 2. So for example there is a 40% chance Xb =C changes to X2 =G .

Usually when defining a phylogenetic model, we put restrictions on the structure of transi-

tion matrices that are used in the model. We call such restriction on the transition matrices

a Markov model µ. Examples of Markov models are the Jukes-Cantor model, Kimura 2 and 3

parameter models, the strand symmetric model, and the general Markov model. The resulting

structures on the transition matrices are as follows. The matrix M K 3P denotes a generic matrix
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for the Kimura 3-parameter model:

M K 3P =











α β γ δ

β α δ γ

γ δ α β

δ γ β α











.

Note that this matrix only has 3 free parameters, because we require that α+β +γ+δ = 1. The

Kimura 2-parameter model arises as a submodel obtained by requiring that β = δ. And the

Jukes-Cantor model is a further submodel where β = γ=δ.

The Strand Symmetric Model is a larger model where the generic transition matrices have

the following form:

M SSM =











α β γ δ

ε ζ η θ

θ η ζ ε

δ γ β α











.

This model has 6 free parameters associated to each transition matrix (again, because the row

sums must equal 1). Note that this model contains the JC, K2P, and K3P models as submodels.

Finally, the general Markov model makes no restrictions at all on the transition matrices, except

that the matrices are transition matrices.

All of these models are examples of what are called equivariant models, a useful class of

phylogenetic models with key symmetry properties that makes them easier to analyze [27]. A

key family are the group-based models, of which the JC, K2P, and K3P are special cases.

Definition 3.3.4 A phylogenetic model µ is group-based if for all transition matrices, M , asso-

ciated to its edges there exits a function f : G →R such that M (g , h ) = f (g −h )where G is an

abelian group and M (g , h ) denotes the probability of going from state h given that the variable

is in state g in the previous vertex.

In the next section, we explain how the discrete Fourier transform can simplify the presen-

tation of the group-based models.

3.4 The Discrete Fourier Transform

The discrete Fourier transform is a useful tool that, for certain phylogenetic models, can

be applied to simplify the parametrization of the model, to get a parametrization in a new
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coordinate system that involves polynomials with fewer terms. For the case of group-based

models (including the Jukes-Cantor, Kimura 2 and 3 parameter models), it simplifies the

phylogenetic model on a tree into a toric variety. For the strand symmetric model, the discrete

Fourier transform does not produce a toric variety, but another variety that is considerably

simpler than the standard parametrization.

Definition 3.4.1 Let G be a finite abelian group and let Ĝ =Hom(G ,C×) be its dual group of

one dimensional representations. Let f be a function f : G →C. The discrete Fourier transform

of f is the function f̂ : Ĝ →C defined by

f̂ (χ) =
∑

g∈G

f (g )χ(g ).

Definition 3.4.1 provides the Fourier transform for an arbitrary finite abelian group. We

will see how this is applied and can simplify the parametrization for a group-based model and

other equivariant models.

First we describe the transformation for the group-based models, and then we show how

the parametrization looks of the group-based models in the Fourier coordinates. Let T is a

rooted tree with m leaves, in a group based model, for each edge we have a transition matrix

M e that satisfies M e (g , h ) = f e (g −h ) for some particular function f e : G →R. Additionally

there is a root distribution π : G →R. For the group-based models we consider here, we will

assume that the root distribution π is always the uniform distribution.

Let H (e ) be the head vertex of edge e and T (e ) be its tail vertex. Let λ(e ) be the set of leaves

below e and let I n t be the set of interior vertices of T . Then the joint probability of observing

(g1, . . . , gm ) at the leaves is:

p (g1, . . . , gm ) =
∑

g∈G I n t

π(g r )
∏

e∈T

M e (gT (e ), gH (e ))

=
∑

g∈G I n t

π(g r )
∏

e∈T

f e (gT (e )− gH (e )).

See Chapter 15 of [91] for more details.

Now we compute the Fourier transform p : G m →R over the group G m . Note that the dual

group of a product group is the product of the dual groups. So, as a linear change of coordinates,

this transformation is

p̂ (χ1, . . . ,χm ) =
∑

g1,...,gm∈G

χ1(g1) · · ·χm (gm )p (g1, . . . , gm ).
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The Fourier transform of p can be described with the following product formula:

p̂ (χ1, . . . ,χm ) = π̂

�

m
∏

i=1

χi

�

∏

e∈T

f̂ e

�

∏

i∈λ(e )

χi

�

This was first discussed in [45, 53].

Example 3.4.2 Consider the rooted 3 leaf tree with underlying Jukes-Cantor model. Let f i (A) = bi

and f i (C ) = f i (G ) = f i (T ) = ai . We make the identification that A = (0,0) ,C = (0,1), G = (1,0),

and T = (1, 1). The four characters of Z2×Z2 are the rows of the following character table:

A C G T

χA 1 1 1 1

χC 1 −1 1 −1

χG 1 1 −1 −1

χT 1 −1 −1 1

So the Fourier transform for a particular edge is

f̂ i (χA) = 3ai + bi and f̂ i (χC ) = f̂ i (χG ) = f̂ i (χT ) = bi −ai .

Note that the Fourier transform of the uniform distribution has

π̂(χA) = 1, and π̂i (χC ) = π̂
i (χG ) = π̂

i (χT ) = 0

Let xi = 3ai + bi and yi = bi −ai .

We use the shorthand A =χA, . . . , and we write qAAA = p̂ (χA,χA,χA), . . . . Then we have

qAAA = x1 x2 x3, qAC C = qAG G = qAT T = x1 y2 y3,

qC AC = qG AG = qT AT = y1 x2 y3, qC C A = qG G A = qT T A = y1 y2 x3,

qC G T = qC T G = qG C T = qG T C = qT C G = qT G C = y1 y2 y3,

qχ1χ2χ3
= 0 otherwise.

For a group-based model on the group G =Z2×Z2, we can express the parametrization in
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the following form. We have Fourier parameters a A|B
g for each split A|B in the tree, and each

group element g . The parametrization in Fourier coordinates looks like

qg1···gn
=







∏

A|B∈Σ(T )a
A|B
∑

a∈A ga
if
∑n

i=1 g i = (0, 0)

0 otherwise.

Then, depending on the specific model, there might be equalities that hold between some the

Fourier parameters. In the Jukes-Cantor model, for each split A|B ∈Σ(T ), we have that

a A|B
(0,1) = a A|B

(1,0) = a A|B
(1,1).

3.5 Tensors and Flattenings

In this section, we discuss how to think about the probability distribution associated to a

phylogenetic mixture model as a multi-way tensor. The tensor perspective is useful, because

we can also consider flattenings of our tensor to lower order tensors, and matrices, in order

to use Kruskal’s theorem and matrix ranks of flattenings to prove identifiability results. The

approach us using Kruskal’s theorem to prove identifiability results first appeared in [6].

For a tree with n leaves, and random variables withκ states, the joint probability distribution

in our model is naturally considered as a κ×· · ·×κ n-tensor, inside of
⊗n

i=1R
κ. From this n-way

tensor, we can also consider the tensor naturally as a lower order tensor, by grouping indices

according to a set partition of the coordinates. Such a reorganization of the tensor is called a

flattening.

Definition 3.5.1 Let P be an order n tensor in
⊗n

i=1R
κi . Let A1| . . . |Ak be a partition of [n ]. The

flattening of P according to A1| . . . |Ak , is an order-k tensor obtained by grouping indices according

to the partition A1| . . . |Ak , and is denoted FlatA1|···|Ak
(P ). Specifically, FlatA1|···|Ak

(P ) is the image of

P under the natural map
n
⊗

i=1

Rκi →
k
⊗

i=1

�

⊗

a∈Ai

Ra

�

.

In particular, FlatA1|···|Ak
(P ) is a

∏

a1∈A1
κa1
× · · ·×

∏

ak∈A1
κak

tensor.

Note that in the specific case when κi = κ for all i , and if k = 2, then we have our partition

A|B and FlatA|B (P ) is a matrix of size κ#A ×κ#B .
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Example 3.5.2 Let T be a 3×3×3 tensor with generic entries ti j k , and consider the partition

A|B = 1|23. Then

Flat1|23 =







t111 t112 t113 t121 t122 t123 t131 t132 t133

t211 t212 t213 t221 t222 t223 t231 t232 t233

t311 t312 t313 t321 t322 t323 t331 t332 t333







One key advantage to considering probability distributions as tensors is that we can use

tensor rank as a tool to answer questions of identifiability in phylogenetic models. To explain

the key tool in this area, Kruskal’s theorem, we need to review some concepts related to tensor

rank.

For j = 1,2,3, let m j = (m j (1), . . . , m j (κ j )) ∈Rκ j . Let m 1⊗m 2⊗m 3 denote the κ1×κ2×κ3

tensor whose (u , v, w ) entry is m 1(u )m 2(v )m 3(v ). The tensor m 1⊗m 2⊗m 3 is called a rank 1

tensor. A tensor is said to have rank r if it can be written as the sum of r rank 1 tensors, and

cannot be written as the sum of r −1 rank 1 tensors. Kruskal’s theorem concerns the uniqueness

of the representation of a rank r tensor as the sum of r rank 1 tensors. To express this, we first

introduce the triple product notation of matrices.

Definition 3.5.3 Let M j be a r × κ j matrix with i th row m j
i = (m

j
i (1), . . . m j

i (κ j )). Then let

[M1, M2, M3] be defined by

[M1, M2, M3] =
r
∑

i=1

m 1
i ⊗m 2

i ⊗m 3
i .

The triple product [M1, M2, M3] is a κ1×κ2×κ3 tensor and its (u , v, w ) entry is

[M1, M2, M3](u ,v,w ) =
r
∑

i=1

m 1
i (u )⊗m 2

i (v )⊗m 3
i (w ).

Note that there is a natural nonuniqueness that is always present. IfΠ is an r×r permutation

matrix, and r × r diagonal matrices D1, D2, D3 such that D1D2D3 = I dr , then

[M1, M2, M3] = [ΠD1M1,ΠD2M2,ΠD3M3].

If

[M1, M2, M3] = [N1, N2, N3]
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and there exist Π and D1, D2, D3 such that

[N1, N2, N3] = [ΠD1M1,ΠD2M2,ΠD3M3]

when we say that N1, N2, N3 are related to M1, M2, M3 by scaling and simultaneous permutation

of the rows. If this is the only way we can have [M1, M2, M3] = [N1, N2, N3] then we say that

[M1, M2, M3] uniquely determines M1, M2 , M3 up to simultaneous permutation and scaling of

the rows. Note that this means that the rank one tensors that appear in the decomposition are

themselves unique.

The existence of a unique of the decomposition in the Kruskal theorem depends on the

notion of the Kruskal rank of a matrix.

Definition 3.5.4 Let M be a r ×κmatrix. The Kruskal rank of a matrix M , written as rankK (M )

is the largest k such that every subset of k rows of M is linearly independent.

Note that rankK (M )≤ rank(M ) but if M is of full row rank (that is, rank(M ) = r , it will also

be full Kruskal rank. Now we are ready to state Kruskal’s Theorem.

Theorem 3.5.5 (Kruskal’s Theorem) [66] For j = 1,2,3, let M j be an r ×κ j matrix and let I j =

rankK M j . If

I1+ I2+ I3 ≥ 2r +2

then [M1, M2, M3] uniquely determines M1, M2, and M3 up to simultaneous permutation and

scaling of the rows.

The motivation for considering tensor rank comes from the fact that the probability dis-

tribution from a single tree can be represented as a triple product, when considered around

a given vertex. Specifically, let T be a tree, let v be a vertex of degree 3 in T . We can assume

that v is the root of the tree. The vertex v introduces a tripartition A|B |C of the leaves. Let

diag(π) be a diagonal matrix with the root distribution. Let MA be the κ×κ#A matrix which is

the flattenings of the conditional distribution of XA given Xv . Similarly, define MB and M̃C as

conditional distributions of XB given Xv and XC given Xv , respectively. Then, if P is the joint

distribution of states at the leaves of our tree T , we have

FlatA|B |C (P ) = [MA, MB , diag(π)M̃C ] = [MA, MB , MC ].

where we let MC = diag(π)M̃C . This representation was first developed in [4], and used to prove

identifiability results in a number of hidden variable models including phylogenetic models.
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Note that we could have absorbed the diagonal matrix diag(π) into any of MA, MB or M̃C .

Since we are always working with generic distributions, this would not change the Kruskal rank

or tensor rank. Hence we can consider MA, MB , and MC as either conditional distributions

given Xv , or just as joint distributions.

3.6 A General Theorem on Identifiability of Phylogenetic Mix-

tures

Our goal in this section is to prove our main general result about the identifiability of phy-

logenetic mixture models, Theorem 3.2.5. To do this, we must first define the rank property,

extended rank property, the standard Markov model property, and the No Shuffling Property,

and show how they are related to identifiability of mixture models.

Definition 3.6.1 The Markov modelµ is said to have the Rank property R P (r, n ) if the following

holds: For any trees T1, . . . , Tr on n leaves, and generic probability distributions Pi ∈ M µ
Ti

, the

matrix
�

Flat[n−1]|n (P1) Flat[n−1]|n (P2) · · · Flat[n−1]|n (Pr )
�

has rank rκ.

Definition 3.6.2 The Markov model µ is said to have the extended rank property E R P (r, n ) if

the following holds: For any tree T1 on n+1 leaves that does not contain the split [n−1]|{n , n+1},
and any trees T2, . . . Tr on n leaves, and generic probability distributions Pi ∈M µ

Ti
, the matrix

�

Flat[n−1]|{n ,n+1}(P1) Flat[n−1]|n (P2) · · · Flat[n−1]|n (Pr )
�

has rank (r −1)κ+κ2.

A useful fact about both the rank property and extended rank property is that they satisfy

persistence properties in their values.

Proposition 3.6.3 Let µ be a Markov model such that the rank property R P (r, n ) holds. Then

the rank property R P (s , m ) holds for all s ≤ r and m ≥ n. Similarly, if the extended rank property

E R P (r, n ) holds, then the extended rank property E R P (s , m ) holds for all s ≤ r and m ≥ n.
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Proof: Suppose that R P (r, n ) holds. Let

Q =
�

Flat[n−1]|n (P1) Flat[n−1]|n (P2) · · · Flat[n−1]|n (Pr )
�

.

Then the associated matrix Q ′ which is used to check R P (s , n ) for s ≤ r is obtained from Q

by taking a submatrix of the columns of Q . Since Q had full column rank Q ′ must have full

column rank as well.

Now suppose that m ≥ n . Construct the matrix Q ′ to check R P (r, m ). Each of the distri-

butions obtained to form Q is gotten by marginalizing the corresponding distribution from

Q ′. We can assume we are marginalizing some collection of random variables besides the last

variable, m . On the level of matrices, Q is obtained from Q ′ by adding together rows of Q ′. Since

we assumed that Q has rank rκ and Q is obtained as a linear transformation of Q ′, and has

exactly rκ columns, it must also have had rank rκ, so µ satisfies R P (r, m ).

The same arguments work verbatim for the extended rank property. □
One further property we need of our phylogenetic models is a certain notion of standardness

of the set of transition matrices, as that will allow us to deduce that the matrices have a suitable

Kruskal rank.

Definition 3.6.4 A Markov model µ is standard if it satisfies the following conditions:

• the model is generically identifiable on trees

• the model contains the identity matrix, and

• the model contains two transition matrices M1 and M2 such that any pair of column

vectors obtained from taking two columns of M1, or one column of M1 and one column of

M2 are linearly independent.

Proposition 3.6.5 Let µ be a standard Markov model. Let T1, . . . , Tr be trees on n leaves with

n ≥ 2. Let P1, . . . , Pr be generic probability distributions Pi ∈M µ
Ti

. Then the matrix

Q =
�

Flat[n−1]|n (P1) Flat[n−1]|n (P2) · · · Flat[n−1]|n (Pr )
�

has Kruskal rank ≥ 2 for any r .

Proof: By marginalizing, we can assume that all the trees are just a single edge with 2 leafs. To

see that the matrices have Kruskal rank ≥ 2, we just need to look at the case where r = 1, 2, and
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taking any pair of columns from the resulting two transition matrices. However, the definition

of standard specifically covers these cases, which shows that matrix Q has Kruskal rank at least

2. □
Last we come to the No Shuffling Property, which says that parts of probability distributions

on different trees cannot be combined to get a distribution on another tree.

Definition 3.6.6 A Markov model µ is said to the have the No Shuffling Property if the following

holds: For any trees T1, . . . , Tr with n ≥ 3 leaves and generic probability distributions Pi ∈M µ
Ti

, let

Q be the matrix

Q =
�

π1Flat[n−1]|n (P1) π2Flat[n−1]|n (P2) · · · πr Flat[n−1]|n (Pr )
�

where π ∈∆r is generic. Form a new matrix Q ′ by taking κ not necessarily distinct columns of Q ,

and let P be the resulting tensor. If P ∈M µ
T for some T , then all columns of Q ′ must have come

from the same Pi .

The importance of the No Shuffling Property is that it implies that if we permute the columns

of Q , we can still tell which columns belong together (coming from the same distribution and

same tree). This follows because it is not possible to get a distribution from a tree by taking a

combination of some of the columns from different trees.

Our goal at this point is to show how a model that satisfies these properties can be made to

follow the proof strategy from [80], closely following the outline of those ideas, but substituting

in these new properties in place of directly using the General Markov model to prove the results.

Lemma 3.6.7 Let µ be a Markov model that satisfies the extended rank property E R P (r, k ) and

let r ≤ κk−1. Let P be a probability that is a generic mixture of of r generic distributions from

trees T1, . . . , Tr on n leaves. Suppose that A|B is a split with #A > k and #B > k .

1. If every tree T1, . . . , Tr displays the split A|B then rank(FlatA|B (P ))≤ κr.

2. If there is some tree Ti that does not display the split A|B then rank(FlatA|B (P ))>κr.

Proof: If A|B is compatible with all trees in T, then, by passing to binary resolutions of the Ti ,

let A|B be associated to the edge ei = (ai , bi ) in Ti . Then one sees that

FlatA|B (P ) =M T
A Q MB .
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Here Q is the κr ×κr block-diagonal matrix whose i th κ×κ block gives the joint probability

distribution of states for the random variables at ai and bi , weighted by the component pro-

portion πi . The matrices MA, MB are stochastic, of sizes κr ×κ#A, κr ×κ#B , with entries in the

i th block of κ rows giving probabilities of states of variables in A, B conditioned on states at ai ,

bi . Since Q is a κr ×κr matrix it has rank at most κr , which implies that FlatA|B (P ) has rank at

most κr as well.

Suppose next that A|B is not compatible with at least one of the trees in T, say T1. To show

that FlatA|B (P ) generically has rank greater than κr , it is enough to give a single choice of

parameters producing such a rank. Indeed, this follows from Proposition 3.2 in [80], applied to

the model and the variety of matrices of rank at most κr .

For each Ti with i > 1 choose all Markov matrices for all internal edges of Ti to be the identity,

Iκ. Since T1 is not compatible with A|B , by Theorem 3.8.6 of [19], it has an edge e = (c , d ), with

associated split C |D , such that all four sets A ∩C , A ∩D , B ∩C , B ∩D are nonempty. For all

internal edges of T1 except e , choose Markov matrices to be Iκ as well. Since the effect of an

identity matrix on an edge is the same as contracting that edge. For simplicity, we will refer to

these contradicted trees by their original labeling and just work with these contracted edge

trees. This reduces our model to the case where for i > 1, Ti is a star tree with central node ai ,

and T1 has the form of two star trees, on C and on D , that are joined at their central nodes by e .

Let P = P1+P ′ where P1 is the mixture component from T1, and P ′ the sum of the compo-

nents on the star trees T2 = · · ·= Tr . Then one sees that

M2 := F l a tA|B (P
′) =N T

A R NB ,

with R an κ(r −1)×κ(r −1) diagonal matrix giving the distribution of states at ai in components

2, . . . , r weighted by πi and NA, NB are stochastic matrices of sizes κ(r −1)×κ#A, κ(r −1)×κ#B

with entries giving conditional probabilities of states of variables in A, B conditioned on

states/components at the ai . By choosing the positive root distributions at the nodes ai , and

positive πi , R is ensured to have positive diagonal entries, and hence have full rank.

Consider P1 where all matrices on pendant edges of T1 are chosen to be Iκ. Also, both the

root distribution at c and Me are chosen to have all positive entries. Then let

M1 := FlatA|B (P1) =N T
1,AR1N1,B .

where R1 is a κ2 × κ2 diagonal matrix with entries giving the joint distribution at c and d

weighted by π1, and N1,A, N1,B have all zero entries except for a single 1 in each row, and full
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row rank. Thus M1 has rank κ2. Moreover, it has at most one non-zero entry in each row and

column, so both im(M1) and ker(M1) are coordinate subspaces.

Since FlatA|B (P ) =M1+M2 andµhas the extended rank property E R P (r, k ), rank(M1+M2)>

κr and thus we are done. □
Next goal is to show how to use the ranks of flattenings from Lemma 3.6.7 to identify the

key features of a phylogenetic mixture model.

Lemma 3.6.8 Suppose that T= (T1, . . . , Tr ) ∈T (r, n , k ), and let P ∈M µ
T be generic. Suppose that

µ satisfies R P (n , k ) and E R P (n , k ). Then we can use ranks of flattenings to find a partition on

[n ] into three sets A, B , C with #A ≥ k , #B ≥ k , such that A|B ∪C and B |A∪C are valid splits for

all the trees T1, . . . , Tr .

Proof: To find such an A|B |C , we simply test all the tripartitions that have #A ≥ k and #B ≥ k .

We know, by the definition of T (r, n , k ), that there must exist a triple A′|B ′|C ′ where each of the

splits A′|B ′ ∪C ′, B ′|A′ ∪C ′, and C ′|A′ ∪B ′ holds for all the trees T1, . . . , Tr . According to Lemma

3.6.7, a split D |E has rankFlatD |E (P ) ≤ rκ if and only if the split D |E appears in all the trees

T1, . . . , Tr , provided that κ#D > rκ and κ#E > rκ. By our assumptions on k , this holds. So, the

ranks of flattenings will find a triparition A|B |C of the desired type. □
Note that just because we find A|B ∪C and B |A ∪C using the ranks of flattenings, it does

not necessarily imply that C |A ∪B is a valid split in all the trees. This is in spite of the fact that

we know that there exists a triple A′|B ′|C ′ that is a common tripartition to all trees. Flattenings

cannot necessarily find that tripartition alone. However, we can use Lemma 3.6.8 to prove our

identifiability results anyways. This result follows the proof of Theorem 4.4 of [80].

Lemma 3.6.9 Let µ be a standard Markov model that satisfies R P (r, k ) and the No Shuffling

Property. Suppose that the trees T= (T1, . . . , Tr ) have a known common tripartition A|B |C with

#A ≥ #B ≥ k . Then both T and the numerical parameters of the µ-mixture model on T are

generically identifiable.

Proof: Since all the trees in T share a common tripartition, we can write a distribution in the

mixture model as a triple product

FlatA|B |C (P ) = [MA, MB , MC ]

where the matrices are MA, MB , and MC are as described at the end of Section 3.5.
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Since the model µ satisfies the rank property R P (r, k ), for generic choices of parameter the

matrices MA and MB will each have rank rκ. The fact that µ is standard guarantees that MC

has Kruskal rank ≥ 2.

The triple product representation expresses FlatA|B |C (P ) as the sum of rκ rank 1 tensors.

But since

rankK (MA) + rankK (MB ) + rankK (MC )≥ rκ+ rκ+2= 2rκ+2

we can apply Kruskal’s theorem to see that the matrices MA, MB , and MC can be recovered up

to scaling and permuting the rows.

Each of the rows of the recovered matrices MA, MB , MC will have entries from a scaled slice

from a tree distribution on a subtree of one of the Ti (the subtree from the common vertex to

the leaves A). We need to group these rows together by the mixture components they come

from. However, since we have assumed that µ satisfies the No Shuffling Property, there is only

one way to do this for MA. Since the ordering of rows of MA denotes the order of the rows of

MB and MC , we can reassemble each scaled probability distribution πi Pi as the triple produce

[Mi ,A, Mi ,B , Mi ,C ] for submatrices of MA, MB , MC respectively.

From the scaled distribution πi Pi we recover the mixing weight via the sum

πi =
∑

( j1,..., jn )∈[κ]n
πi Pi ( j1, . . . , jn ).

Then we can get the distribution Pi for the single tree Ti . We use that µ is a standard model, so

the tree parameter Ti and numerical parameters are generically identifiable. □
The next Lemma closely follows the proof of Theorem 4.6 in [80].

Lemma 3.6.10 Let µ be a standard Markov model that satisfies R P (r, k ) and the No Shuffling

Property. Suppose that the trees T = (T1, . . . , Tr ) have a known tripartition with A|B |C with

#A ≥ #B ≥ k such that A|B ∪C and B |A ∪C are valid splits in all trees T1, . . . , Tr . Then both T

and the numerical parameters of the µ-mixture model on T are generically identifiable.

Proof: Let P be a generic distribution of the µmixture model. Fix some c ∈ C , let D (c ) =

A∪B ∪{c }. Consider the marginalization of P to the set D (c ), and call this distribution Pc . This

is the probability tensor for the induced r -tuple of trees

T|D (c ) = (T1|D (c ), . . . , Tr |D (c )).
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Note that all the trees of T|D (c ) share the common triparition A|B |{c }, which satisfies the con-

ditions of Lemma 3.6.9, so that tree parameters and numerical parameters are generically

identifiable on this subset of the leaves. We also have that

FlatA|B |{c }(Pc ) = [MA, MB , Mc ].

Since µ satisfies the rank property R P (r, k ), we can assume that MA has full rank. Thus, there is

a right inverse matrix QA with the property that MAQA = Irκ, where Irκ is the rκ identity matrix.

Our goal is to use the matrix QA to finish the disentangling of distributions that go into P .

Now, since A|B ∪C is a valid split in all the trees T, we can write a factorization

FlatB∪C |A(P ) =M T
B∪CΠ

gMA

where M̃A and MB∪C are stochastic matrices of probabilities of the states of the leaves in A

and B ∪C conditioned which tree Ti we are in and on the states at the root wi in each tree

where Ti |A attaches to the rest of Ti . The matrix Π is a diagonal matrix whose entries are the

root distribution probabilities times the mixing weights. A key feature is that the order of all

components can be taken so that all the parameters associated to a particular tree Ti can be

assumed to be in the same block of rows.

Now we can write MA =RgMA where R is a block diagonal matrix whose i th block gives the

conditional probability of state changes from the root wi to the adjacent vertex in Ti away from

A. We can assume that this matrix is invertible since the blocks are just µ-transition matrices,

and generically those are nonsingular since µ is standard.

Now we can compute

FlatB∪C |A(P )QA =M T
B∪CΠR−1MAQA =M T

B∪CΠR−1.

This shows that taking the columns of FlatB∪C |A(P )QA in blocks ofκwe obtain entries associated

to only one mixture component at a time. Multiplying a block of those columns by the associated

corresponding rows of MA =RgMA we obtain a single mixture component πi Pi from the single

tree Ti , multiplied by the mixing weight πi . We can identify πi by summing all entries of this

tensor, as in the proof of Lemma 3.6.9. Then the fact that the tree and numerical parameters

are generically identified for the model µ for a single tree completes the proof. □
Now we are in a position to combine all components to complete the proof of the main

structural theory on identifiability of mixture models.
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Proof: [Proof of Theorem 3.2.5] Let P be a generic distribution from a mixture model with

some T = (T1, . . . , Tr ) ∈ T (r, n , k ). We need to show that from P alone, we can find T and the

numerical parameters of the model. According to Lemma 3.6.8, it is possible to use ranks of

flattenings to find a tripartiion A|B |C of the leaf set such that A|B∪C and B |A∪C are valid splits

in all the trees Ti , and both #A ≥ k and #B ≥ k . Once those are identified, Lemma 3.6.10 shows

that it is possible to identify the trees Ti , the mixing weights, and the numerical parameters for

each tree. □

3.7 Rank property, Extended Rank Property, and Standard

Property for the Jukes-Cantor Model

In this section, we will prove that the Jukes-Cantor model satisfies the Rank Property, Extended

Rank Property, and Standard condition with appropriate conditions on r and k . While this

might seem narrow, a key observation is that if any of these properties are satisfied for a certain

model µ, they are also satisfied for all models µ′ that contain µ as submodels. Since the Jukes-

Cantor model is contained in all the equivariant models as a submodel, this will prove that

those three properties are also satisfied for those models.

First we will prove that the models under consideration in this chapter are all standard

models, the most straightforward property to prove for a model.

Lemma 3.7.1 The JC, K2P, K3P, SSM, and GMM models are all standard Markov models.

Proof: All five models contain the identity matrix, and are known to be identifiable on trees

(e.g. using the tensor rank arguments from [4]).

Recall that the Jukes-Cantor model consists of all transition matrices that have one value

b for all off diagonal entries and a different value a for all diagonal entries. Clearly, the Jukes-

Cantor model contains the identity matrix setting b = 0 and a = 1. For the second property

related to Kruskal ranks we can take the identity matrix, together with any other matrix in the

model that does not have rank 1 (e.g. take b = ε and a = 1− (κ−1)ε). This pair of matrices will

satisfy the condition on independence of column vectors. □
A key fact that we will use (and that was also used in the proofs in [80]), is that matrices that

are generalized Vandermonde matrices have full rank for generic choices of parameters.

Definition 3.7.2 Let x u1 , . . . , x ur be monomials in C[x1, . . . , xn ]. Let v1, . . . , vs ∈Cn vectors. Then
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the matrix

V (u1, . . . , ur ; v1, . . . , vs ) =









v u1
1 v u2

1 · · · v ur
1

...
...

...
...

v u1
s v u2

s

... v ur
s









is called the generalized Vandermonde matrix.

Proposition 3.7.3 Let x u1 , . . . , x ur be distinct monomials in C[x1, . . . , xn ]. Let v1, . . . , vr ∈ Cn

generic vectors. Then the generalized Vandermonde matrix V (u1, . . . , ur ; v1, . . . , vr ) has rank

r .

Proof: Since all vectors u1, . . . , ur are distinct, there are integers is an assignment of variables

xi = t di , so that the resulting powers of the variable t t u1d , t u2d , . . . are all distinct. Then the

result follows from the fact that the standard Vandermonde matrix has full rank for generic

values. □
More generally, we have the following useful fact about the matroid that is determined by a

generalized Vandermonde matrix.

Proposition 3.7.4 Let x u1 , . . . , x ur be not necessarily distinct monomials in C[x1, . . . , xn ]. Sup-

pose that there are l distinct monomials among them. Let v1, . . . , vs ∈Cn generic vectors. Then

any nonzero vector in the row span of V (u1, . . . , ur ; v1, . . . , vs ) has at least l − s +1 nonzero entries.

Proof: We can assume that there are no repeats in the list of monomials, since any repeats

must necessarily yield repeated nonzero entries of vectors in the row span. Suppose that there

is a nonzero vector x in the row span of V =V (u1, . . . , ur ; v1, . . . , vs ) that had s or more nonzero

entries. Let S be a set of exactly s of those entries. After permuting columns, we can assume

that those are the first s entries of x . The fact that x is a nonzero vector of the row span means

that there is an invertible s × s matrix M such that M V has x as the bottom row. Consider the

square-submatrix V ′ =V (u1, . . . , us ; v1, . . . , vs ) obtained by taking the first s columns of V . By

Proposition 3.7.3 V ′ is invertible, so M V ′ is also invertible. But M V ′ has a row of all zeroes

(from taking the subvector of x ). This shows that there must be at least r − s + 1 non-zero

entries in x . □

Lemma 3.7.5 The Jukes-Cantor model satisfies the rank property R P (r, k ) for r ≤ 2k−1−k +1

when κ≥ 3.
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Proof: Let r and k satisfy r ≤ 2k −k +1. We must show that for any trees T1, . . . , Tr on k leaves,

and generic probability distributions Pi ∈M µ
Ti

, the matrix

�

Flat[n−1]|n (P1) Flat[n−1]|n (P2) · · · Flat[n−1]|n (Pr )
�

has rank rκ. However, by the fact that rank of a matrix being≤α is a closed condition, it suffices

to show that there is a single choice of parameters that gives the rank rκ.

Suppose that T is a tree. Note that if we set the transition matrix on an edge to be the identity

matrix (which is a transition matrix in the Jukes-Cantor model), that will give a probability

distribution on a tree obtained from T by contracting the corresponding edge. Hence, if we set

the transition matrices of all internal edges of the tree to be the identity matrix, this will give us

distributions on the star tree. So distributions on the star tree appear as distributions in the

model on any tree. Thus the result follows if we prove the Lemma when T1 = T2 = · · ·= Tr are all

the star trees.

To this end, let T1, . . . , Tr be star trees with k leaves, and consider the matrix

M =
�

Flat[k−1]|k (P1) Flat[k−1]|k (P2) · · · Flat[k−1]|k (Pr )
�

.

Our first step is to apply the Fourier transform to the parametrization. Let Qi be the Fourier

transformation of the probability distribution Pi . The Fourier transform is linear, and it trans-

forms the matrix M into a new matrix M ′ which is

M ′ =
�

Flat[k−1]|k (Q1) Flat[k−1]|k (Q2) · · · Flat[k−1]|k (Qr )
�

.

The new matrix M ′ is obtained from M by row and column operations, so M and M ′ have the

same rank.

Now we analyze the parameterization in the Fourier coordinates. For the Jukes-Cantor

model on a star tree Ti we have that

q (g1, . . . , gk ) =







∏k
i= j a (i , j )

g j

∑k
j=1 g j = 0

0 otherwise

where we have a set of parameter a (i , j )
g for each tree Ti , each edge j , and each group element
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g ∈G . For the Jukes-Cantor model we have that

a (i , j )
(1,0) = a (i , j )

(0,1) = a (i , j )
(1,1)

for all i and j . We can rearrange rows and columns of M ′ so that it has a block form, grouping

all the columns by the value of gk , and grouping the rows so that, for a fixed value of gk we

have all the (g1, . . . , gk−1) so q (g1, . . . , gk ) ̸= 0 are together.

After this rearrangement of rows and columns, M ′ will be a block diagonal matrix, with κ

blocks, each block of size κk−2× r . We need to show that each of these blocks has full rank, so

we get that the total rank is r ×κ as desired.

To show that that block matrices have the appropriate rank, we note that each such matrix

is a generalized Vandermonde matrix. Indeed, each entry of the matrix is a monomial, and

each column is an identical copy of the first column, but with new variables. Note, however,

that the condition a (i , j )
(1,0) = a (i , j )

(0,1) = a (i , j )
(1,1) will yield repeated monomials in each column. So to

complete the proof, we need to figure out how many distinct monomials there are, so we can

apply Proposition 3.7.3.

Consider the map from

φ :Z2×Z2→{0, 1},φ(g , h ) =







0 if g = h = 0

1 otherwise.

Then two monomials q (g1, . . . , gk ) and q (h1, . . . , hk ) are identical if and only ifφ(g i ) =φ(hi ) for

all i . So we just need to count the number of equivalence classes for each fixed value of gk .

This is straightforward to do: if φ(gk ) = 0, then (φ(g1), . . . ,φ(gk−1)) can be any string in

{0, 1}k−1 except the strings that have exactly one 1. There are 2k−1−k +1 such strings. On the

other hand, ifφ(gk ) ̸= 0 then (φ(g1), . . . ,φ(gk−1)) can be any string in {0, 1}k−1 except the string

with all zeroes. There are 2k−1−1 such strings. We need to take the smaller of these two values

to get a consistent rank across all the blocks. Hence this shows that the Jukes-Cantor model

satisfies R P (r, k )with r ≤ 2k−1−k +1. □

Corollary 3.7.6 The Kimura 2-parameter model, the Kimura 3-parameter model, and the strand

symmetric model all satisfy the rank property R P (r, k )with r ≤ 2k−1−k +1.

Proof: We just need to show the existence of a single choice of parameters that give the

desired rank condition. However, since the Jukes-Cantor model is a submodel of all of those
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other models, the result of Lemma 3.7.5 gives the desired result. □
Note that the bound r ≤ 2k−1 − k + 1 is not best possible for those other models besides

the Jukes-Cantor model. Each model would require a more careful analysis to improve the

results. Following the proof, for the group-based models, it suffices to determine the number

of distinct monomials of different types in the block structure of the matrix M ′. Both Kimura

2-parameter and 3-parameter models will have significantly more distinct monomials than

the Jukes-Cantor model, and so the rank property will hold for larger values of r .

Now we proceed to prove the Extended rank property for the Jukes-Cantor model. Again,

that will also give a result for other models, though it is probably not the best possible for K2P,

K3P, SSM.

Lemma 3.7.7 The Jukes-Cantor models satisfies the extended rank property E R P (r, k ) for r ≤
2k−1−k +1 when κ≥ 3.

Proof: Let T1 be a tree on k +1 leaves that does not contain the split [k −1]|{k , k +1}, and any

trees T2, . . . Tr on k leaves, and generic probability distributions Pi ∈M µ
Ti

. Consider the matrix

the matrix

M =
�

Flat[k−1]|{k ,k+1}(P1) Flat[k−1]|k (P2) · · · Flat[k−1]|k (Pr )
�

.

We must show that M has rank (r −1)κ+κ2, generically.

As in the proof of Lemma 3.7.5, it suffices to prove that there is a single choice of parameters

that achieves the desired rank. Then we can set many parameters equal to identity matrices,

and consider the resulting trees that arise by contracting those edges. To that end, we can

assume that trees T2, . . . , Tr are all k leaf star trees.

As in the proof of Lemma 3.7.5, we apply the Fourier transform to all probability distributions

to get a matrix

M ′ =
�

Flat[k−1]|{k ,k+1}(Q1) Flat[k−1]|k (Q2) · · · Flat[k−1]|k (Qr )
�

.

Looking at the final blocks we have the matrix

�

Flat[k−1]|k (Q2) · · · Flat[k−1]|k (Qr )
�

.

This is the same matrix we have seen in the proof of Lemma 3.7.5, with one fewer set of columns.

So it has rank (r −1)κ since JC has the rank property R P (r −1, k ) with these values of r and

k . Furthermore, after reordering rows and columns, as in the proof of Lemma 3.7.5, it can be
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broken into 4 blocks, each of which is a generalized Vandermonde matrix.

The 4 generalized Vandermonde matrices from the previous paragraph each have size

r − 1× 4k−2, and those generalized Vandermonde matrices each have full rank. We want to

use Lemma 3.7.4 to complete the proof. In particular, we will show that there is a choice of

parameters for the tree T1 so that the resulting matrix Flat[k−1]|{k ,k+1}(Q1) has the property that

each of the four vectors that it contributes to the support of one of the four Vandermonde

submatrices has at most 4 nonzero entries. This will insure that M ′ has the correct rank, by

applying Lemma 3.7.4. With these observations in mind, we consider various restriction on the

tree T1 and matrices Flat[k−1]|{k ,k+1}(Q1) that can be produced.

First of all, T1 must have a split that is that is not compatible with [k − 1]|{k , k + 1}. After

relabeling the leaves, we can assume this split has the form

A j |B j = {1, . . . , j −1, k}|{ j , . . . , k −1, k +1}

for some j between 2 and k −1. We can assume that T1 is the tree with only this one split A j |B j

as an internal split, by setting all other internal edges to have an identity matrix as the transition

matrix. We must consider a few scenarios based on the sizes of the sets A j and B j .

Case 1: Both #A j and #B j are even. In this case, we take all the transition matrices associated

to pendant edges in the tree to be the identity matrix as well. Our assumption on T1 yields a

specific structure on the Fourier coordinates of the distributions in the model on T1. Considering

a vector (g1, . . . , gk+1) ∈G k+1 we can break this into blocks (h1, h2, gk , gk+1), where

h1 = (g1, . . . , g j−1) h2 = (g j , . . . , gk−1).

For a Fourier coordinate q (h1, h2, gk , gk+1) to be nonzero, we must have the following

1. g1 = g2 = · · ·= g j−1 = gk

2. g j = g j+1 = · · ·= gk−1 = gk+1

3.
∑k+1

j=1 g j = (0, 0).

Conditions (1) and (2) are coming from the fact that the only nontrivial transition matrix for

the model is the one corresponding to the split A j |B j . Condition (3) is the standard condition

for Fourier coordinates in a group-based model. However, since both #A j and #B j are even,

condition (3) is automatically satisfied by any vectors that satisfy conditions (1) and (2). Note

that there are exactly 16 nonzero values of q (h1, h2, gk , gk+1), one for each of the possible pairs
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(gk , gk+1) ∈G 2. Since the columns of Flat[k−1]|{k ,k+1}(Q1) are indexed by those pairs, we see that

each column of Flat[k−1]|{k ,k+1}(Q1) has exactly one nonzero entry, and they appear in different

rows. Furthermore, the rearrangement of rows and columns so that

�

Flat[k−1]|k (Q2) · · · Flat[k−1]|k (Qr )
�

is a block matrix has blocks indexed by the value of gk . Hence, we have that each block of

Flat[k−1]|{k ,k+1}(Q1) contributes a four dimensional column space, all of which have at most 4

nonzero entries. This shows that M ′ will have rank (r −1)4+42, as desired.

Case 2: One of #A j and #B j is even, and one is odd. We can assume that #A j is odd and #B j

is even. We set all the pendant edge parameters to the identity matrix except for the edge going

to leaf k +1. As in Case 1, we consider a vector (g1, . . . , gk+1) ∈G k+1 we can break this into blocks

(h1, h2, gk , gk+1), where

h1 = (g1, . . . , g j−1) h2 = (g j , . . . , gk−1).

For a Fourier coordinate q (h1, h2, gk , gk+1) to be nonzero, we must have the following

1. g1 = g2 = · · ·= g j−1 = gk

2. g j = g j+1 = · · ·= gk−1

3.
∑k+1

j=1 g j = (0, 0).

Note the change that we will not need gk+1 to be equal to the other values in Condition (2).

Hence we have three groups of coordinates, each of which have an odd number of elements

(the groups being A j , {k +1} and B j \ {k +1}). Let

h1 := g1 = g2 = · · ·= g j−1 = gk and h2 := g j = g j+1 = · · ·= gk−1

then we get a valid coordinate when

h1+h2+ gk+1 = (0, 0).

This follows because each hi is equal to the sum of the g l ’s in its group, because all are equal and

the number of such elements is odd. We see that there are exactly 16 possibly solutions (choos-

ing values for h1 and h2 arbitrarily forces a value for gk+1. Furthermore, all possible pairs coordi-

nates (gk , gk+1) are possible. Thus, as in Case 1, we see that each column of Flat[k−1]|{k ,k+1}(Q1)has

exactly one nonzero entry, and they appear in different rows. Furthermore, the rearrangement
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of rows and columns so that

�

Flat[k−1]|k (Q2) · · · Flat[k−1]|k (Qr )
�

is a block matrix has blocks indexed by the value of gk . Hence, we have that each block of

Flat[k−1]|{k ,k+1}(Q1) contributes a four dimensional column space, all of which have at most 4

nonzero entries. This shows that M ′ will have rank (r −1)4+42, as desired.

Case 3: Both #A j and #B j are odd. We set all the parameters corresponding to pendant

edges to the identity matrix except for leaf 1, which we allow to be arbitrary. As in Case 1, we

consider a vector (g1, . . . , gk+1) ∈G k+1, and we analyze which Fourier coordinates q (g1, . . . , gk+1)

can be nonzero. With our assumption on the transition matrices, we must have

1. g2 = · · ·= g j−1 = gk

2. g j = g j+1 = · · ·= gk−1 = gk+1

3.
∑k+1

j=1 g j = (0, 0).

Note that g1 does not appear in the first group. So we have three groups where we will have

equal values

h1 := g2 = · · ·= g j−1 = gk and h2 := g j = g j+1 = · · ·= gk−1 = gk+1.

Since the first group A j \ {1} has an even number of elements, the sum of these elements

will always be (0,0) regardless of what h1 is. On the other hand, the second group has an odd

number of elements, so h2 equals the sum of all those elements. Then by condition (3), we

are forced to have g1 = h2. Hence, there are 16 possible Fourier coordinates that have nonzero

entries. As in Cases 1 and 2, they allow for all 16 different possibilities for the pairs (gk , gk+1),

and will hence give that M ′ has rank (r −1)4+42 as desired. □
As in the case of the rank property, we also can see a similar result for the extended rank

property, for the other equivariant models we have studied. We omit the proof which is the

same as for the rank property. Again, these results are probably not best possible for those

other models, and paying attention to the structure of the generalized Vandermonde matrices

that arise in the other models can yield stronger results.

Corollary 3.7.8 The Kimura 2-parameter model, the Kimura 3-parameter model, and the strand

symmetric model all satisfy the extended rank property E R P (r, k )with r ≤ 2k−1−k +1.
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3.8 The No Shuffling Property

In this section, we prove that the models JC, K2P, K3P, and SSM satisfy the No Shuffling Property.

Like the results from the previous section on the rank property and extended rank property, we

are able to just show the result for the JC model and immediately deduce it for all other models.

Recall the No Shuffling Property:

Definition 3.8.1 A Markov model µ is said to the have the No Shuffling Property if the following

holds: For any trees T1, . . . , Tr with n ≥ 3 leaves and generic probability distributions Pi ∈M µ
Ti

, let

Q be the matrix

Q =
�

π1Flat[n−1]|n (P1) π2Flat[n−1]|n (P2) · · · πr Flat[n−1]|n (Pr )
�

where π ∈ ∆r be generic. Form a new matrix Q ′ by taking κ columns of Q , and let P be the

resulting tensor. If P ∈M µ
T for some T , then all columns of Q ′ must have come from the same Pi .

Note the No Shuffling Property does not have any conditions on r . The results should hold

for every r (and we can of course, stop at r = κ). Also, note that if we prove the No Shuffling

Property for a Markov model µ just for trees with 3 leaves, this will prove that the property also

holds for trees with n leaves with n ≥ 3 as well. Otherwise, there is some n , and trees T1, . . . , Tr

and generic distributions Pi ∈M µ
Ti

, where we form the matrix

Q =
�

π1Flat[n−1]|n (P1) π2Flat[n−1]|n (P2) · · · πr Flat[n−1]|n (Pr )
�

where π ∈∆r be generic. Then we can form a new matrix Q ′ by taking κ columns of Q , and let

P be the resulting tensor. If P ∈M µ
T for some T , then we can marginalize to tree leaves and the

same statement will be true for three leaves as well, contradicting that we had the No Shuffling

Property for n = 3. Hence, for the rest of this section, we will restrict to three leaf trees.

To show the No Shuffling Property, we will use phylogenetic invariants that come from the

general Markov model, specifically certain commutation invariants described in [8, 87].

Theorem 3.8.2 Let P be a κ×κ×κ tensor giving a distribution from the general Markov model

with κ states on a 3 leaf tree with κ > 2. For i = 1, . . . ,κ let P(i ) be the κ×κ matrix slice P(i ) =

(P (i , u , v ))u ,v . Then

P(i )(adj(P( j )))P(k )−P(k )(adj(P( j )))P(i )

for any i , j , k .
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Note that adj(A) denotes the classical adjoint of A, which is det(A)A−1 for an invertible

matrix, and is well-defined even for singular matrices (since the entries are all polynomials in

the entries of A).

Lemma 3.8.3 Let µ be any phylogenetic Markov model on κ= 4 states that contains the Jukes-

Cantor model. Then µ satisfies the No Shuffling Property.

Proof: We proved this result via a computation, and using the phylogenetic invariants from

the general Markov model described in Theorem 3.8.2. Specifically, we generated three random

tensors from the Jukes-Cantor model parameterization P 1, P 2, P 3. Then from those 4×4×4

tensors, we choose three matrix slices, and evaluate them in the polynomials from Theorem

3.8.2. We find that that this evaluates to zero only if the three matrix slices come from the same

P i .

The fact that the invariants from the General Markov Model evaluate to zero only when all

three slices come from the same P i , proves that all models that contain the Jukes-Cantor model

will satisfy the No Shuffling Property. Indeed, if the No Shuffling Property is not satisfied for

some model µ, then for all generic distributions from that model, there will be some choice of

slices from different P 1, P 2, P 3, that satisfy the invariants that come from that model. The fact

that the invariants vanish for the generic distributions in the model, implies that they vanish

for all distributions that come from the model. Since the General Markov Model contains

every phylogenetic model, the invariants for the General Markov model are contained in the

ideal of invariants for any other model. Since we have produced a distribution in the Jukes-

Cantor model that does not satisfy the phylogenetic invariants for the General Markov model

with any non-standard set of slices, this proves that no model that contains the Jukes-Cantor

model will satisfy those invariants for General Markov model. Hence any model containing the

Jukes-Cantor model satisfies the No Shuffling Property. □
With the tools from Sections 3.7 and 3.8 in hand, we are ready to apply Theorem 3.2.5 to

deduce Corollary 3.2.6.

Proof: [Proof of Corollary 3.2.6] According to Theorem 3.2.5, to deduce Corollary 3.2.6, we

must show that all of the models JC, K2P, J3P, SSM, GMM:

1. are standard Markov models,

2. satisfy the rank property R P (2k −k , k ),

3. satisfy the extended rank property E R P (2k −k , k ), and
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4. satisfy the No Shuffling property.

The fact that all the models are standard is the content of Lemma 3.7.1.

The JC model satisfies the rank property R P (2k −k , k ) by Lemma 3.7.5. Any supermodel of

the JC model will hence satisfy R P (2k −k , k ) as well. The JC model satisfies the extended rank

property E R P (2k −k , k ) by Lemma 3.7.7. Any supermodel of the JC model will hence satisfy

E R P (2k −k , k ) as well. Finally, Lemma 3.8.3 shows that all the models that contain JC satisfy

the No Shuffling Property. □
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CHAPTER

4

METHODOLOGICAL CONSIDERATIONS

FOR SEMIALGEBRAIC HYPOTHESIS

TESTING WITH INCOMPLETE

U-STATISTICS

4.1 Introduction

Statistical models are typically described by a map from a parameter space to a set of distribu-

tions. Often the parameter space Θ can be identified with a full-dimensional subset ofRd with

submodels arising by restricting to a subset Θ0 ⊂Θ. In many instances Θ0 is described by a set

of polynomial equality and inequality constraints on Rd , in which case we say the submodel is

semialgebraic. (An algebraic model requires polynomial equality constraints only; the prefix

semi- allows for inequalities.) Semialgebraic models are common in statistics, encompassing

many log-linear models [40], latent class models [7, 51], discrete and Gaussian graphical models

[68], as well as phylogenetic models [91]. The underlying algebraic structure of semi-algebraic
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sets often yields valuable insights into model selection and inference [17, 83, 93, 22].

A semialgebraic set Θ0 may be geometrically quite complicated. Singularities can occur

where the dimension of Θ0 collapses or it self-intersects. It may also have components of

different dimensions, as well as boundaries. Such irregularities create difficulties for standard

approaches to hypothesis testing. For instance, a likelihood ratio test using a χ2 distribution is

only justified through approximating the model by a tangent space. While some research has

addressed such issues of model geometry [43, 76, 44], it is common for empirical studies to

simply ignore the challenges irregularities pose due to the lack of available tools.

Recently, Sturma, Drton, and Leung [89], building on previous work [34, 35, 85], proposed a

general hypothesis testing procedure based on randomized incomplete U-statistics [16, 18, 58]

in order to overcome these problems. In addition to presenting the method and establishing its

asymptotic behaviour, they provided a running example using the tetrad constraints of factor

analysis and applied their method to a biological dataset, testing a semialgebraic Gaussian tree

model.

In this chapter, we investigate the practical performance of the Sturma, Drton, and Leung

(SDL) method through several other models, drawn from evolutionary biology. In particular

we study how implementation choices such as constraint specification, kernel order, and

decomposition into reducible components affect test performance. Our study offers practical

insights for researchers applying the SDL method to semialgebraic models, particularly in

biological settings where singularities are common.

Our first example models come from phylogenomics—the inference of species relationships

from genomic-scale sequence data. These models are used to test whether biological species

relationships are sufficiently described by an evolutionary tree or whether more complex de-

pictions involving hybridization or gene flow are needed. These are semialgebraic submodels

of the general trinomial model, allowing for 2-dimensional plotting of rejection regions, provid-

ing immediate visual insight into testing behaviour. Although more traditional deterministic

tests have been developed for such models (see Appendix A.2), and we do not expect the SDL

methodology to supplant them, comparison with those methods allows for better judgment of

SDL performance.

We then consider the Cavender-Farris-Neyman (CFN) 2-state model of nucleotide sub-

stitution on a 4-taxon gene tree, a more complicated model in a higher dimensional space.

After exploring the use of the SDL test for hypothesis testing when assuming a specific gene

tree topology, we then adapt the test to present a novel inference procedure for topological

gene trees. We emphasize that this procedure depends only on knowing semialgebraic de-
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scriptions of the models for different trees without performing any likelihood computation or

optimization.

These examples allow us to examine not only the general applicability of the SDL test to

biologically meaningful models, but also the practical implications of certain parameter choices

that must be made in order to implement the method. We explore the effects of user-specified

options on statistical performance such as Type I and Type II errors. We also investigate the

stochasticity of the test under different parameter regimes. Since SDL p -values have some

randomness due to the test procedure, it is desirable to limit their variation when possible.

While [89] suggests that the subsample size used in calculating the incomplete U-statistics

should be small, moderately increasing it can greatly reduce variation while still controlling

error.

Another user choice examined here is the specific constraints defining the semialgebraic

parameter space Θ0, as these are not uniquely determined. We show that constraint choice

can have a significant effect on the test’s rejection region, and that using a redundant set of

constraints is often desirable. We offer one approach which automatically produces a redundant

set of constraints through convex combinations, making the test less dependent on the initial

constraint choice. We also illustrate that redundant constraints not produced by our approach

may be needed for better performance. A minimal set of constraints may lead to a highly

conservative test, with performance improved by the introduction of valid but seemingly

unrelated inequalities.

In addition, the intrinsic geometry of the model also plays a role in unexpected ways. If a

model can be decomposed into irreducible components, doing so and using an intersection-

union framework with the SDL test on each component can increase the test’s statistical power,

as one of our examples shows.

Finally, the SDL test procedure depends on a kernel function that must be symmetrized,

although this can be computationally prohibitive. However, we found that a partial symmetriza-

tion, applying surprisingly few random permutations, is a highly effective substitute and can

give good performance.

We emphasize that we ultimately obtained excellent performance of the SDL method for

all models we considered. However, we believe that naive use for a specific model of interest,

without exploration of the issues we found, is unlikely to achieve the best performance possible.

While we give no new theoretical results in this chapter, we advance awareness of potential

pitfalls thereby guiding users to better application of the methodology.

This chapter proceeds as follows. In Section 4.2, we introduce relevant background and
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outline the methodology from [89]. In Section 4.3, we introduce four basic submodels of the tri-

nomial model, with details of their biological motivation deferred to Appendix A. Section 4.3.4 is

the main section of Chapter 4, presenting the issues and lessons learned through application of

the hypothesis testing procedure to the four submodels. In Section 4.4, we apply the hypothesis

test to the CFN model.

Our implementation of the test in R with the Rcpp package [79] is adapted from code used

in the TestGGM package [88] shared by N. Sturma. Our code is freely available on GitHub at

github.com/marinagarrote/Semialg-Hypothesis-Test-with-Incomplete-U-Stats, along with

Supplementary Materials for this Chapter 4.

4.2 The SDL Test

We first outline the hypothesis testing methodology of [89] for semialgebraic models, henceforth

referred to as the SDL test.

4.2.1 Semialgebraic models and hypothesis testing

A statistical model

M := {Pθ : θ ∈Θ}

is semialgebraic if its parameter space Θ is a semialgebraic subset of Rd , i.e., a finite union of

sets, referred to as basic semialgebraic sets, defined by finitely many polynomial equalities and

inequalities.

Semialgebraic statistical models arise frequently in applications. For example, the classical

Hardy-Weinberg model for two alleles in equilibrium can be described by a single parameter

θ ∈ (0, 1), with a parametrization map defined by

φ(θ ) = (θ 2, 2θ (1−θ ), (1−θ )2),

possibly composed with a multinomial map for multiple samples. Alternatively, one may define

the model by taking Θ to be the image of φ in the probability simplex ∆2. In this case, Θ is

implicitly defined by the constraint y 2 − 4x z = 0, together with the linear constraints that

define∆2 (namely, x , y , z ≥ 0 and x + y + z = 1), and is thus semialgebraic.

To set notation in a hypothesis testing framework, we consider a model with parameter

spaceΘ ⊆Rd (which need not be semialgebraic) and a semialgebraic submodel with parameter
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space Θ0 ⊂ Θ. Following [89], we assume throughout Θ0 is a basic semialgebraic set. Noting

that an equality is equivalent to two inequalities, we assume

Θ0 :=
�

θ ∈Rd : fi (θ )≤ 0 for all i = 1, . . . , p
	

, (4.2.1)

where the fi are polynomials. Given data consisting of n independent and identically dis-

tributed (i.i.d.) samples and assuming that

X1, . . . , Xn ∼ Pθ

for some θ ∈Θ, we define the null and alternative hypotheses

H0 : θ ∈Θ0 and H1 : θ ∈Θ\Θ0, (4.2.2)

respectively.

4.2.2 Overview of the SDL test

The SDL test uses randomized incomplete U-statistics and a Gaussian multiplier bootstrap

approximation of the test distribution to perform hypothesis testing in the setting described in

Section 4.2.1. We outline the main objects and steps of the method, focusing on computations.

For full justification, see [89].

The kernel function

The incomplete U -statistic is defined using a kernel function to coarsely approximate f (θ ). Let

f :Θ→Rp , f (θ ) := ( f1(θ ), . . . , fp (θ )), where the fi are the constraint polynomials of Eq. (4.2.1).

For some m ≥ 1, let h :Rm →Rp be a kernel function, i.e., a measurable symmetric function

satisfying E [h (X1, . . . , Xm )] = f (θ ) for i.i.d. X i ∼ Pθ . Section 4.2.3 gives details about the specific

construction of such an h .

The quantity m—called the order of the kernel—is a user-specified choice of a subsample

size. Given a random subsample X i1
, . . . , X im

of the data, h (X i1
, . . . , X im

) estimates f (θ ), though

perhaps poorly if m is small. The SDL method averages many such estimates to construct a

better one: the randomized incomplete U-statistic.
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The incomplete U-statistic and the SDL test statistic

Now that we have defined the kernel function, we can define the SDL test statistic. Let In ,m be

the set of m-element subsets of [n ] = {1, 2, . . . , n}, viewed as ordered m-tuples,

In ,m := {(i1, . . . , im ) ∈Zm : 1≤ i1 < · · ·< im ≤ n} .

Choose a computational budget parameter N ≤
�

n
m

�

. For each ι ∈ In ,m let Zι ∼Bernoulli(N /
�

n
m

�

),

and define ÒN :=
∑

ι∈In ,m
Zι. The randomized incomplete U-statistic is

U ′n ,N :=
1
ÒN

∑

ι∈In ,m

Zιh (X ι), (4.2.3)

where X ι := (X i1
, . . . , X im

) if ι = (i1, . . . , im ).

The SDL test statistic, T , is the maximum component of the studentization of U ′n ,N :

T := max
1≤ j≤p

p
nU ′n ,N , j

Òσ j
, (4.2.4)

where Òσ2
j is a stochastic approximation ofσ2

j , the variance of the j -th coordinate of U ′n ,N (see

Section 4.2.2 for details on the computation of Òσ2
j ).

The critical threshold

A large value of T is interpreted as evidence against H0. More precisely, T is judged using an

approximate distribution of a related statistic,

Tc := max
1≤ j≤p

p
n
�

U ′n ,N , j − f j (θ )
�

Òσ j
. (4.2.5)

Since E
�

U ′n ,N

�

= f (θ ) for all θ ∈ Θ0, Tc differs from T only in centring. Moreover, since the

functions f j are non-positive on the null model, T ≤ Tc whenever θ ∈ Θ0. Thus, using the

distribution of Tc to assess T would yield a conservative test. Although the exact distribution

of Tc is unknown, it can be approximated, as we describe next.

Let U #
n ,n1

be the Gaussian multiplier bootstrap of
p

n
�

U ′n ,N − f (θ )
�

presented in detail in

the next section. The bootstrap statistic U #
n ,n1

has two independent sources of randomness:

(1) the collectionDn = {X1, . . . , Xn}∪
�

Zι : ι ∈ In ,m

	

and (2) a sample from
�

n
m

�

+n1 independent
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standard normal random variables

R =
�

ξ′ι : ι ∈ In ,m

	

∪
�

ξi1
: i1 ∈ S1

	

,

where S1 is a pre-specified subset of [n ] and n1 = |S1|. Now let

W := max
1≤ j≤p

U #
n ,n1, j

Òσ j
. (4.2.6)

To estimate a p -value, we fix a large number A (chosen by the user), and then generate a

sequence of random variables W (1), . . . , W (A) by evaluating W on each of A independent copies

of R . The resulting p -value estimate is

bp :=
#
�

i ∈ [A] : W (i ) ≥T
	

A
.

The Gaussian bootstrap approximation.

The above procedure for estimating p -values is justified by [89, Corollary 2.10], which shows

that, under technical assumptions, the conditional law of W givenDn approximatesTc for large

n . As a consequence, the SDL test is asymptotically conservative [89, Corollary 3.1]. Nonetheless,

it is important to understand how the approximation of Tc depends on user-specified test

parameters when n is bounded, as this can affect the p -value distribution and hence the

statistical properties of the SDL test in practice.

The approximation proceeds in two steps: first the quantity
p

n
�

U ′n ,N − f (θ )
�

from Sec-

tion 4.2.2 is approximated by a Gaussian random vector Y , and subsequently Y is approxi-

mated by a Gaussian bootstrap U #
n ,n1

defined in this section. By [89, Theorem 2.4], the expression
p

n
�

U ′n ,N − f (θ )
�

is well approximated asymptotically by the p -variate Gaussian

Y ∼Np

�

0, m 2Γg +αnΓh
�

, (4.2.7)

with

αn :=
n

N
, Γh :=Cov [h (X1, . . . , Xm )] , and Γg :=Cov

�

g (X1)
�

,

where g :=E [h (x , X2, . . . , Xm )] is the Hájek projection of h .

While the covariance matrix m 2Γg +αnΓh of Y is typically unknown, since Y =m Yg +
p
αn Yh

for independent Yg ∼Np (0,Γg ) and Yh ∼Np (0,Γh ), an approximation of Y can be obtained from

approximating the distribution of these two normal random variables:
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Yh : To approximate Yh , let
�

ξ′ι : ι ∈ In ,m

	

be a collection of independent standard normal

variables, and define the multiplier bootstrap

U #
n ,h :=

1
p

ÒN

∑

ι∈In ,m

ξ′ι
p

Zι
�

h (X ι)−U ′n ,N

�

.

The distribution of U #
n ,h is used to approximate Yh .

Yg : Since g is not explicitly known, approximating Yg is more complicated. Fix some S1 ⊆ [n ]
and let n1 = |S1|. For each i1 ∈ S1, partition [n ]\{i1} into K := ⌊ n−1

m−1 ⌋ disjoint subsets of size

m −1: S (i1)
2,1 ,S (i1)

2,2 , . . . ,S (i1)
2,K . For each i1 ∈ S1, we estimate g (X i1

) using the divide-and-conquer

estimator

Gi1
:=

1

K

K
∑

k=1

h (X i1
, X

S
(i1)
2,k
).

With G := 1
n1

∑

i1∈S1
Gi1

, define

U #
n1,g :=

1
p

n1

∑

i1∈S1

ξi1

�

Gi1
−G

�

, (4.2.8)

where
�

ξi1
: i1 ∈ S1

	

is a collection of n1 independent standard normal variables. The

distribution of U #
n1,g is used to approximate Yg .

Finally, the combined Gaussian bootstrap used to approximate the distribution of Y is

U #
n ,n1

:=mU #
n1,g +

p

αnU #
n ,h .

Studentization.

For studentization of the statistics T and W (Eqs. (4.2.4) and (4.2.6)) we estimateσ2
1, . . . ,σ2

p .

From the previous subsection, these can be obtained as Òσ2
j :=m 2

Òσ2
g , j +αnÒσ

2
h , j , where

Òσ2
g , j :=

1

n1

∑

i1∈S1

�

Gi1, j −G j

�2
and Òσ2

h , j :=
1
ÒN

∑

ι∈In ,m

Zι
�

h j (X ι)−U ′n ,N , j

�2
.

4.2.3 Kernel construction

Now that we have laid out all the components of the SDL test, we discuss particulars about con-

structing a kernel function that satisfies the requirements of Section 4.2.2. For a semialgebraic
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model, the following procedure for constructing a kernel h is suggested in [89, Section 4].

For each polynomial inequality fi (θ )≤ 0, i ∈
�

1, . . . , p
	

used in defining the model, write

fi (θ ) = a0+
s
∑

r=1

∑

j=( j1,..., jr )
ji∈{1,...,d }

a jθ j1
· · ·θ jr

, (4.2.9)

with a0, a j ∈R. Then the following steps construct a symmetric, unbiased estimator hi (X1, . . . , Xm )

of fi (θ ) from independent X i ∼ Pθ , θ ∈Θ0:

1. For some η≥ 1, find functions bθ1, . . . , bθd :Rη→Rwith E
�

bθ j (X1, . . . , Xη)
�

= θ j .

2. With m =η ·max1≤i≤p {deg( fi )}, an unbiased estimator of fi (θ ) is h̆i (X1, . . . , Xm ), where

h̆i (x1, . . . , xm ) := a0+
s
∑

r=1

∑

j∈Jr

a j

r
∏

z=1

bθ jz

�

x(z−1)η+1, x(z−1)η+2, . . . , xzη

�

.

3. With Sm the symmetric group, the components of a symmetric kernel h :Rm →Rp are

given by:

hi (x1, . . . , xm ) :=
1

m !

∑

π∈Sm

h̆i

�

xπ(1), . . . , xπ(m )
�

.

Note the symmetrization of step 3 is computationally expensive if deg( fi ) is large. In Sec-

tion 4.3.4 we discuss this issue further.

4.2.4 SDL test parameters

Finally, we catalogue the different parameters that are needed for the SDL test, as these pa-

rameter choices will be explored in the context of our applications below. In addition to a

semialgebraic description of a model, the SDL testing procedure requires four parameter

values. They are listed here along with suggested values from [89].

m : The order m of the kernel h is determined by the constraint degrees and the number of

data points η used to estimate the θi . For the theoretical analysis of error bounds in [89,

Theorem 2.4], it is assumed that 2≤m ≤
p

n , while the bound itself depends quadratically

on m . The authors suggest that m be small, as “larger m imply worse performance of

the Gaussian approximation in terms of the required sample size” [89, Remark 2.6].
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N : The computational budget parameter N specifies the average number of terms in the ran-

domized incomplete U-statistic. The asymptotic error bounds of [89] require N /|In ,m |<
1/2, but choosing N =O (n ) is suggested as the error bounds vanish asymptotically under

certain circumstances. Simulations in [89] suggest larger N provides more statistical

power, but the authors warn too large an N may cause the test to perform poorly near

model irregularities. Ultimately, they they offer that N = 2n was reasonable for their

model simulations.

n1: The parameter n1 specifies the number of terms used in the sum in Eq. (4.2.8) to estimate

Yg . In [89], a suggested value of n1 = n , the maximum possible, is given so that bootstrap

accuracy is maximized.

A: The final parameter, A, governs the number of samples W used in approximating their

distribution via bootstrap, with a suggested value of A = 1000.

4.3 Trinomial submodels

Here we explore the behaviour of the SDL test on some simple null semialgebraic models that

arise when considering the coalescent model in phylogenomics. Their small size, in terms of

dimension, allows for rejection regions to be visualized and compared to those from other

methodologies.

4.3.1 Basic examples

(0,1,0) (0,0,1)

(1,0,0)

(0,1,0) (0,0,1)

(1,0,0)

(0,1,0) (0,0,1)

(1,0,0)

(0,1,0) (0,0,1)

(1,0,0)

Model 1 Model 2 Model 3 Model 4

Figure 4.1: Parameter spaces (blue line segments) of four submodels of the trinomial model, with
parameter space∆2. The submodels capture the form of the quartet Concordance Factor if the species
relationships have specific features, as described in the text.
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Our first four example models are depicted inside the 2-simplex in Fig. 4.1. Each character-

izes the frequencies of the three possible quartet gene tree topologies if four species are related

by a tree or network with certain features. Appendix A.1 provides a more complete explanation,

but knowledge of the application is not necessary for a reader primarily interested in the SDL

test for other uses.

While each model is composed of line segments, they exhibit a variety of geometric features

that may affect testing behaviours. Model 1 is regular. Model 2 has a boundary point in the

interior of the simplex, causing a discontinuity in the asymptotic distribution of standard

statistics. Model 3 has no boundary points in the simplex but exhibits a singularity (in the sense

of algebraic geometry) at the centroid, where 3 lines cross. Again this causes a discontinuity in

the asymptotic distribution, with slow convergence to it for parameters near the centroid. In

Model 4 the centroid is both a singularity and a boundary of each of the component lines.

Because of their importance for testing whether biological data shows evidence for specific

species relationships involving hybridization or other lateral gene flow, specialized test distri-

butions for null hypotheses of Model 2 and 4 are derived in [76] and for Model 3 in [10]. Tests

using these are implemented in the R package MSCquartets [81]. These improve on a naive

use of a standard distribution such as a χ2 that ignores the singularities and boundaries of the

models. Model 1, of course, can be tested with a standard approach, as it lacks any irregularities.

Thus for all these models we can compare SDL test behaviour to the behaviour of deterministic

tests.

We also consider several other semialgebraic trinomial submodels that we do not depict

here. These are the Hardy-Weinberg equilibrium model for 2 alleles (a regular model for which

good deterministic test methods are established) and two artificial models chosen because of

their specific algebraic nodal and cuspidal singularities. For these last two models we know

of no other methods addressing their singularities, but they nonetheless illustrate important

issues that may arise with general semialgebraic models.

Appendix A.2 presents rejection regions using current deterministic testing procedures for

the null Models 1-4, as well as for the Hardy-Weinberg model, for a dataset of size 300.

4.3.2 Semialgebraic descriptions of trinomial models

Each of the models depicted in Fig. 4.1 is easily given a semialgebraic description. With the

parameter space Θ for each of the models viewed as a subset of∆2 ⊆R3, we use coordinates

(x , y , z ), with x + y + z = 1, x , y , z ≥ 0, for simplex points.
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Model 1 y − z = 0.

Model 2 y − z = 0, 1/3− x ≤ 0.

Model 3 (y − z )(x − y )(x − z ) = 0.

Model 4 (x − y )(x − z )(y − z ) = 0, (x − z )2(y − z )2(1/3− x )≤ 0,

(x − y )2(y − z )2(1/3− y )≤ 0, (x − y )2(x − z )2(1/3− z )≤ 0.

Note that other semialgebraic descriptions of these models exist, and although these are

‘simple’ ones, we have no well-defined notion of a ‘simplest description’ in general. For instance,

the linear inequality given above in the description of Model 2 could be replaced by others

and the effect of changing this description is one issue with the SDL test that we investigate in

Section 4.3.4.

4.3.3 SDL rejection regions for trinomial submodels

One way to understand a hypothesis test is through its rejection region at various test levels.

For the models above, we considered all possible datasets (up to ordering) of size n = 300, that

is all collections of 300 vectors each of which is a standard basis vector inR3. The counts of the

3 basis vectors in such a dataset are then normalized (i.e., the mean of the vectors is computed)

to give a point in the simplex. Applying the SDL test for a model to the dataset, this point can

be coloured according to the dataset’s p -value, indicating rejection at various levels.

Note that rejection is based on the incomplete U-statistic of the data, which includes

randomness, and the test distribution, which also includes randomness. Thus rejection region

plots produced in this way may vary even though they are testing identical “data” and there is

no well-defined “rejection region” in the simplex. Nonetheless, such plots, and the stochastic

variation they show, give helpful insight into test behaviour.

In Section 4.3.4 we follow this procedure to colour the simplex for various models using

nominal test levels of 0.10, 0.05, and 0.01 to delineate between purple, blue, green, and red

colourings. Throughout, we use datasets of size n = 300. This size was chosen so that the

rejection region plots were not overly pixilated, yet easily interpretable visually, since for very

large n the size of the fail-to-reject region shrinks tightly around the model line segments.
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Figure 4.2: SDL test behaviour for Model 1, with m = 1, 5, and 15 (top row to bottom). The left column
shows nominal vs. empirical sizes for the SDL and LR tests; the middle, histograms of p -value differences;
and the right, SDL rejection regions.

4.3.4 The SDL test of trinomial submodels

For datasets of size n = 300, we fix parameters of the SDL test to N = 1000, A = 1000, and

n1 = n = 300 throughout, but vary m . Our values of A and n1 follow suggestions of [89], since

we only observed noticeable changes in performance with extreme variations from suggested

values. Varying N or m has more impact. However, we found increasing N to 1000 reduced

the randomness in our p -values and, with appropriately chosen m , still allowed us to ensure

our tests were conservative. We therefore only vary m as [89] already illustrated the effects of

varying N .
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The order m of the kernel

As constructed in Section 4.2.3, the kernel function h depends on m =η ·maxi

�

deg( fi )
	

data

points, with η the number per scalar parameter. While [89] suggests that m should be chosen

to be small, we experimented with different choices of η and found that choosing a minimal

value was generally not optimal as it could lead to both lower statistical power and increased

stochasticity of the SDL p -values.

This conclusion is illustrated in Figure 4.2, which compares SDL p -values from Model 1

(which has only regular points) using m = 1,5, and 15 (top to bottom), along with p -values

from the standard Likelihood Ratio (LR) test. We estimated parameters with the mean of η=m

data values. The left column of Figure 4.2 compares the nominal level versus empirical test

sizes of the SDL test (red) and LR test (blue) from 1000 simulated datasets of size 300, with

model parameters (1/3, 1/3, 1/3). The middle column histograms show the differences between

the approximate p -values of the SDL test and the p -values computed with LR, for the same

1000 datasets. The right column depicts the SDL rejection region for all datasets of size n = 300.

Importantly, Figure 4.2 illustrates the danger of choosing m too large, since it impacts the

conservativity of the SDL test. For η=m = 1, the test is highly conservative (top left), with SDL

p -values tending to be larger than LR p -values (positive histogram mean). At m = 5, the test

retained an acceptable size (middle left), and additional simulations with other parameters

(not shown) indicate that m = 5 was a uniformly good choice. On the other hand, m > 5 resulted

in invalid tests with an excess of small p -values. Figure 4.2 illustrates this for m = 15, with the

leftmost plot exhibiting for most levels an excess in the test size, and the histogram a negative

mean.

On the other hand, choosing η=m very small (e.g., m = 1) is also suboptimal. For m = 1,

the rejection region plot (top right) has a smaller rejection region than for the LR test (shown in

Fig. A.2 of Appendix A.2), and its p -values exhibit substantial random variability. By contrast,

increasing m had the benefit of increasing both the size of the rejection region and the precision

of the SDL p -values (right column), with the latter observation also evident in the histograms,

which concentrate with larger m . To quantify this, we also compute the variance of the SDL

p -values from 100 test applications for each of 100 simulated datasets, and observed a decrease

from 0.068 for (m = 1) to 0.030 for (m = 5).

We note that while choosing m minimally gives a conservative test here, in our examples

below, and in [89], there are no theoretical assurances that this will be the case for all models.

Regardless, varying m in the models we explored suggests a clear tradeoff between increasing

m to reduce the stochasticity of p -values and type II errors, and keeping m small to reduce type
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I errors. However, the value of m at which the test size exceeded the nominal level is dependent

on the specific model, constraints used to describe it, and the model parameter θ ∈Θ0, and we

were unable to develop any general rules to apply. Simulation at a number of model points

seems to be the most informative approach.

In the following subsections, we use the largest m which simulations suggest gives a valid

test size at a number of model points, including singularities and boundary points. For instance,

we find that for Model 2 (discussed in the next subsection) m = 5 gave good performance

for the boundary parameter point (1/3,1/3,1/3), with empirical test size closely tracking the

nominal level (plot not shown). However, for parameters (2/3,1/6,1/6), this choice of m gives a

conservative test for Model 2, and m = 20 gives a more powerful yet valid test at that point. We

nonetheless consider m = 5 for Model 2 as the better choice overall.

Choice of model constraints

Semialgebraic models may have many different semialgebraic descriptions in which the poly-

nomial equalities and inequalities differ. The choice of specific model constraints can impact

the shape of the rejection region for the SDL test.
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Figure 4.3: Rejection regions for Model 2 under the SDL test using (L to R) a) the constraints y − z ≤ 0,
z − y ≤ 0, and 1/3− x ≤ 0; b) replacing the last inequality by 2/3− x − y ≤ 0; c) including r = 10 random
convex combinations of the inequalities of (a) ; and d) including r = 100 random convex combinations.

For Model 2 with m = 5 data points in the kernel function, we illustrate this in Fig. 4.3. On

the left we use the constraints given in the previous section. Note that the ‘flat bottom’ of the

purple region reflects the horizontal boundary from the constraint 1/3− x ≤ 0.

For the next plot in Fig. 4.3 the inequality 1/3− x ≤ 0 is replaced by 2/3− x − y ≤ 0, giving

a different description of the same model. Again the shape of the rejection region reflects
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the choice of the constraint. While both of these regions are valid in the sense of ensuring an

acceptable rejection rate for data generated by the model, the fact that an arbitrary choice of

constraints determines the shape of the rejection region is undesirable.

To be agnostic in terms of semi-algebraic description, it would be preferable to simulta-

neously use all possible constraints for the model. But by including only a small number of

additional model constraints in a redundant model description, we found we could approxi-

mate that situation for Model 2.

In particular, after first converting the equality constraint to two inequalities, we created 10

and then 100 random convex combinations of the original three inequalities and included them

in the SDL procedure. This gave the two rightmost plots in Fig. 4.3, with ‘rounded’ bottoms,

approximately reflecting all the linear constraints that might be used to truncate the model line

at the centroid of the simplex. Using more random combinations more consistently smooths

the boundary, but at additional computational cost.

For this example, with a complete geometric view of the model in the ambient simplex,

we could have chosen fewer specific combinations for the same effect. In more general set-

tings, however, choosing randomly has the advantage of not requiring any detailed geometric

understanding of the model.

However, it may be necessary to use many such combinations, especially when the model’s

co-dimension is large. For a simple example, a model that is a half-line in a d -dimensional

simplex is minimally described by d − 1 linear equalities and 1 linear inequality, or 2d −
1 inequalities. Rejection region boundaries using such a set of constraints form a roughly

polyhedral cylinder with opposite sides approximately parallel (due to the equality constraints),

which is cut off by a hyperplane (from the inequality). If d is large, an adequate number of

combinations to approximate a full set of inequality constraints might be quite large, but would

give a rounder boundary.

For the work that follows, we introduce a new parameter, r , indicating the number of

random convex combinations of the model’s specified inequality constraints to include as new

constraints in the SDL testing procedure. By ‘random’ we mean that if the model is specified

by D inequality constraints then the convex sum weight w for each new constraint is an

independent random variable w ∼Dirichlet(D ; 1, 1, . . . , 1), meaning that w is drawn uniformly

from∆D−1.

In Section 4.3.4 we consider a more complex situations in which supplying additional

redundant constraints may be desirable.
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Symmetrizing the kernel

As described in Section 4.2.3, we construct our kernel function h of m data points from the semi-

algebraic model constraints by a process including symmetrization. Then the symmetrization

occurs over the symmetric groupSm .

For general semialgebraic models there is no upper bound on the degree of defining con-

straints, so even if η may be chosen to be small, m = ηmaxi deg fi may be large. Moreover,

as was discussed in Section 4.3.4, performance of the method is sometimes improved by

choosing η larger than its theoretical minimum. Thus m may be large in practice, and a full

symmetrization may not be computationally feasible.

To investigate situations in which symmetrization of the kernel by summing over all data

permutations is not feasible, we focus on Model 3 with η = 5 so m = 15. (Since this model

is defined by a single equality constraint, convex combinations of the resulting inequalities

would have no effect.) From the construction of the kernel we already have symmetry within

the 5-element blocks of data points which are averaged to estimate each parameter. Thus full

symmetrization would only require

15!

(5!)3
≈ 7.5×105

permutations, though this is already computationally excessive. We therefore explore summing

only over a relatively small number, s , of permutations, chosen uniformly at random. We

sample these permutations anew each time the kernel must be evaluated, both for computing

the test statistic and for estimating the distribution by which it is judged.

s=1
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Figure 4.4: Rejection regions for Model 3 under the SDL test using (L to R) s = 1, 10, and 100 random
permutations to partially symmetrize h̆ . For all, m = 15.
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In Fig. 4.4 (left) we see that even a single (s = 1) random permutation produces an ap-

propriately symmetric rejection region, though that region is quite small. With even s = 10

permutations used (middle) the rejection region grows considerably. This trend continues

through s = 100 permutations, although the gain between these last two is not large.

While our explorations indicate that this random partial symmetrization scheme can be

effective, theory justifying its use is currently lacking. The incomplete U-statistics already

incorporate two sources of randomness — the data and the subsampling/bootstrapping of the

test procedure — and random partial symmetrization brings in a third which is not considered

in [89]. Moreover, our simulations are all low-dimensional and we did not explore thoroughly

how increasing dimension may affect the number of random permutations needed. While in

Section 4.4 we explore one higher dimensional case, extension of the underlying theory of the

SDL test is needed.

Irreducible components and an intersection-union test

Some natural semialgebraic statistical models are formed as the union of several components,

such as the intersecting line segments that comprise Models 3 and 4. More specifically, in

algebro-geometric terms, a model may be Zariski-dense in a variety with several irreducible

components. Although for these examples the irreducible components are simply lines, more

generally irreducible components may be of higher degree but will have degree at most that of

the full model. Computational algebra software can be used to calculate equality constraints

of the components.

m=25; r=10; s=10
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m=5; r=10; s=0
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Figure 4.5: (L) Rejection region for Model 4 obtained from SDL test using semialgebraic description
given above. (R) Rejection region for an Intersection-Union test using the SDL tests for the 3 irreducible
components of Model 4 (each essentially Model 2).
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In addition to performing the SDL test directly for Model 4 using the constraints given

above, we performed an intersection-union test by applying the SDL test to each irreducible

component, rejecting the full null hypothesis if we reject it for each of the component null

hypotheses. Thus we take the maximum of the p -values from the irreducible component tests

as an overall p -value.

Fig. 4.5 shows comparison plots for Model 4, using the standard SDL test and the intersection-

union variant. In both we used η = 5 data points to estimate individual model parameters,

giving m = 25 and 5, respectively, due to the different degrees of the constraints. Note the

intersection-union test led to both a larger rejection region and less randomness in its bound-

ary. Indeed, the direct SDL test for Model 4 remained conservative for all values of m we tried

(up to 45) and in particular the null hypothesis was never rejected in a very large central region

of the simplex. In addition to having much greater power, the intersection-union test was faster

to compute, and showed less random behaviour.

Model 3 can similarly be decomposed, with an SDL intersection-union test showing better

performance than was obtained in Section 4.3.4. We suspect that similar gains can be achieved

for other reducible models

Higher degree irreducible models

As seen for Models 3 and 4, the degree of the model’s constraints seems to affect the power of the

test, particularly around singularities, but somewhat for points far from these. If the model can

be decomposed into irreducible components of lower degree, an intersection-union approach

may ameliorate the behaviour. To investigate the effect of degree further, we considered several

irreducible models of degree 2 and 3.

m=4; s=6
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Figure 4.6: Rejection regions for SDL tests of (L-R) (a) the Hardy-Weinberg 2-allele model defined by
y 2−4x z = 0, (b) a nodal cubic model defined by (y −1/3)2−6(x −2/5)2(x −1/9) = 0, (c) a cuspidal cubic
model, defined by (y −1/3)2− (x −1/3)3 = 0.
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The Hardy-Weinberg 2-allele model, whose SDL rejection region is shown in Fig. 4.6(a), is a

quadratic model with no irregularities. The rejection region for n = 300 is close to that for the

standard chi-squared test of the model (Fig. A.2 of Appendix A.2) with the added stochastic

variation inherent in uses of SDL. Note the low value of m = 4 here; higher values produced

excesses in small p -values

Fig. 4.6(b) shows results for a nodal cubic model (chosen for its degree and geometry rather

than any application) with a single crossing singularity. The higher degree seems to result in

both less power than seen in previous models, and more stochastic variation at the boundary of

the rejection region, at least for the same choices of test parameters used for previous models.

In Fig. 4.6(c) the SDL test is applied to a cuspidal cubic model. Note the large region (extend-

ing downward and right from the cusp) on which the test fails to reject the model. In that region

the equality constraint is nearly met, with the polynomial taking on small values, resulting in

an inability of the SDL approach to reject the model. This is an important feature to note, since

it shows that a minimal set of model constraints may fail to adequately distinguish between

points on the model and some off the model for an SDL test.
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m=15; s=10; r=10
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Figure 4.7: Rejection regions for SDL tests of the cuspidal cubic (L-R) with (a) constraints supplemented
by 1/3− x ≤ 0; (b) constraints supplemented by the inequality from (a) plus r = 10 random convex
combinations of inequalities, and (c) constraints supplemented by 3 linear inequalities as described in
the text and r = 10 random convex combinations of inequalities.

In Fig. 4.7(a) we see that adding a single linear inequality which is satisfied on the model

expands the rejection region, and increases the test’s power. This further reinforces the point

of Section 4.3.4 that ideally one would use all semialgebraic constraints satisfied on the model.

However, the linear constraint introduced here is not suggested by the model’s defining equa-

tion, and it is unclear how one might determine a good finite set of supplementary constraints

in an automated way. Through human agency, doing so would be facilitated by a thorough
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understanding of the model geometry, but particularly in high dimensional settings that may

be difficult to obtain.

Fig. 4.7(b), which uses the same inequality constraint as in (a), illustrates an instance of

the random convex combination approach of Section 4.3.4 failing to have much impact. For

Fig. 4.7(c) we included two additional linear inequalities, with bounding lines stretching from

the cusp to the points at which the model intersects the simplex boundary. These improve

performance, though note the slight bulge in the non-rejection region to the right of the cusp.

Adding additional non-linear constraints, with appropriate concavity, can remove this bulge,

though such an approach is ad hoc.

The conservative nature of the SDL test near model singularities may be partially explained

by the vanishing of the gradients of the equality constraints at such points. This implies the

constraints will be nearly satisfied at nearby points off the model, and (if there are only equality

constraints) the incomplete U-statistics may be close to 0 as well. Notice this is quite different

from the behaviour at non-singular boundary points of a model as in Section 4.3.4.

Finally, note in Fig. 4.7(a) the reduced stochasticity of the rejection region boundary for the

linear constraint vs. the cubic. This suggests that using low degree constraints (when possible)

is preferable.

4.4 Hypothesis Testing and Inference of Phylogenetic Trees

We next explore the performance of the SDL method for testing and inference of phylogenetic

tree topologies through phylogenetic invariants. Introduced in [31, 67], phylogenetic invariants

are polynomials vanishing on pattern distributions in genetic alignments. They have been

widely studied and used to establish parameter identifiability for various models [e.g., 1, 90,

2, 9, 41, 24], and underlie several inference methods [23, 37, 48, 5, 27]. (See [91] for a general

introduction.) Viewing invariants as equality constraints on the data distribution, the SDL

method offers a new statistical approach for their use.

4.4.1 The CFN model and its semialgebraic descriptions

We focus on the Cavender-Farris-Neyman (CFN) model for 2-state sequence evolution on 4-leaf

binary trees [84, Chapter 8]), a higher-dimensional model than those considered in previous

sections. The two states 0, 1 usually represent purines (A,G) and pyrimidines (C,T) in DNA

sequences.
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Figure 4.8: The 4-leaf binary tree topologies, with edge lengths ti . The names Tx y |z w indicate the
partition of leaves induced by the central edge.

Let T be one of the leaf-labeled trees of Fig. 4.8. Arbitrarily introducing a tree root repre-

senting the common ancestor of 1,2,3,4, the CFN base substitution process on an edge of

length t is given by a two-state, continuous-time, time-reversible Markov chain, with equal

state transition rates and expected number of transitions t , proceeding from the parent to

child node. Time reversibility ensures this model is independent of root location.

The CFN model on T is the marginal distribution of states on leaves, as internal tree states

are hidden, represented by the 2×2×2×2 tensor

p = (pi j k l )i , j ,k ,l∈{0,1}, pi j k l =P
�

X1 = i , X2 = j , X3 = k , X4 = l
�

,

where X i is the state at leaf i . This models a single site in a sequence alignment arising from

tree T , with all aligned sites viewed as i.i.d. samples. Fixing the topology of T , but varying edge

lengths gives a parametrized family of models on T . Reparametrizing with θi := e −2ti gives this

family a polynomial parameterization:

φT : (0, 1]5→∆15 ⊂R16.

By the term CFN model on a topological tree T , we mean the parametrized family of statistical

models given by the imageM of this map. As the polynomial image of a semialgebraic set,M
is a semialgebraic subset of∆15. The polynomials vanishing on this set, and thus all polynomial

equality constraints for the model, form an ideal IT , which can be computed using Gröbner

basis techniques with computational algebra software such as Macaulay2 [49].

The set of points on which the polynomials in IT vanish form an algebraic variety VT ⊃M .

Both VT andM are of dimension 5, matching the number of numerical edge length parameters

on T . IT is finitely generated, and any choice of generators gives sufficient equality constraints

to define VT .

130



For T = T12|34, one set of defining equations for VT is the 2 quadratic constraints:

f1 = det

�

q0000 q0011

q1100 q1111

�

= 0, f2 = det

�

q0101 q1001

q0110 q1010

�

= 0, (4.4.1)

where q0000 := p0000 +p0001 +p0010 +p0011 +p0100 +p0101 +p0110 +p0111,

q1111 := p0000 −p0001 −p0010 +p0011 −p0100 +p0101 +p0110 −p0111,

q0011 := p0000 −p0001 −p0010 +p0011 +p0100 −p0101 −p0110 +p0111,

q1100 := p0000 +p0001 +p0010 +p0011 −p0100 −p0101 −p0110 −p0111,

q1010 := p0000 +p0001 −p0010 −p0011 +p0100 +p0101 −p0110 −p0111,

q0101 := p0000 −p0001 +p0010 −p0011 −p0100 +p0101 −p0110 +p0111,

q0110 := p0000 +p0001 −p0010 −p0011 −p0100 −p0101 +p0110 +p0111, and

q1001 := p0000 −p0001 +p0010 −p0011 +p0100 −p0101 +p0110 −p0111,

along with the 9 linear equations:

(p0000 +p0001 +p0010 + . . .+p1111)−1= 0,

p0000 −p1111 = 0, p0001 −p1110 = 0, p0010 −p1101 = 0, p0011 −p1100 = 0,

p0100 −p1011 = 0, p0101 −p1010 = 0, p0110 −p1001 = 0, p0111 −p1000 = 0.

(4.4.2)

The linear polynomials are model invariants, since they are zero for any of the 3 topological

trees, and the quadratics are topology invariants, as they are not zero for some tree [28].

Computation shows (see Appendix A) that VT ’s singularities are

(VT )sing =
�

φT (θ1, . . . ,θ5) : θ1, . . . ,θ5 ∈ [0, 1] and θ1 = θ2 = 0 or θ3 = θ4 = 0 or θ5 = 0
	

.

Since θi = 0 corresponds to ti =∞, which produce sequence data that is uncorrelated at the

ends of an edge, such singularities are unlikely to be relevant to empirical analyses.

For the stochastic model θi ∈ (0,1], one findsM ⊊ VT ∩∆15, but imposing additional

polynomial inequalities restricts from VT toM [71, 65]. In particular, the quadratic inequality

q0101q1010+q1001q0110−2
�

q0011q1100

�

≤ 0 (4.4.3)

expresses t5 ≥ 0, with similar inequalities for the pendant edges. We consider only the inequality

in Eq. (4.4.3), as it is the only one that changes for different tree topologies.

While Eqs. (4.4.1) and (4.4.2) give one set of equality constraints for VT , others are equally

natural. We say that a topology invariant F ∈ IT is partially distinguishing if there exists a tree

T ′ ≠ T on the same taxa such that F ∈ IT ′ as well. If F is not partially distinguishing, we say

131



that it is completely distinguishing. We consider the following five specific choices of quadratic

topology invariants that, together with the linear invariants, generate IT . Explicit formulas are

given in Appendix A.3.1.

(CDD) Completely Distinguishing Determinantal: These are derived from the determinantal

polynomials in Eq. (4.4.1) together with Eq. (4.4.2) (see Appendix A.3.1 for the explicit

construction).

(PDR) Partially Distinguishing Rank: These constraints are indirectly obtained from 3×3 minors

of a certain flattening of the tensor p described in [9].

(PDM) Partially Distinguishing Minimal: This is a minimal basis obtained by applying the

mingens function of Macaulay2 to the kernel ofφT .

(CDR) Completely Distinguishing Rank: These two polynomials are the sum and difference of

the polynomials of PDR).

(CDM) Completely Distinguishing Minimal: These two polynomials are the sum and difference

of the invariants of PDM.

4.4.2 Data simulation

To evaluate the SDL test on the CFN model, we focused on datasets from the trees studied in

[56], shown in Fig. 4.9 (left), where tree T12|34 has edge lengths t1 = t3 = a and t2 = t4 = t5 = b ,

for varying a , b > 0.

A dataset consists of n independent samples drawn from the multinomial distribution with

parameter

p =
�

p x x x x , p x x x y , p x x y x , p x x y y , p x y x x , p x y x y , p x y y x , p x y y y

�

∈∆7, (4.4.4)

where x , y represent distinct states in {0, 1}, and the coordinates of p are p x x x x = p0000+p1111,

p x x x y = p0001+p1110, and so forth, where p =φT (θ1(a ),θ2(b ),θ3(a ),θ4(b ),θ5(b )) and θi (t ) = e −2t .

We thus assume a priori that the linear constraints of Eq. (4.4.2) hold, allowing us to reduce the

length of the data vector of length 16 to 8, and subsequently ignore those equalities.

We consider two collections of datasets:

1. Collection 1. We generated 30 datasets of size n = 1000 site samples for each pair of

parameters (a , b )with a and b ranging from 0 to 1.2 in increments of 0.05.
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Figure 4.9: Left: The tree T12|34 with edge lengths t1 = t3 = a and t2 = t4 = t5 = b , in units of expected
number of substitutions per site. Right: The tree space, with a , b varying from 0 to 1.2. In red, nine
parameter pairs with a , b ∈ {0.05, 0.2, 0.8}. The dashed blue curve is the lower boundary of the Felsenstein
zone, defined by θ (b )2−2θ (a ) +θ (a )2 > 0 for θ (t ) = e −2t [46].

2. Collection 2. We selected nine parameter pairs to be analysed in greater detail, with

a , b ∈ {0.05, 0.2, 0.8}. We generated 1000 datasets for each choice of parameters, with

each dataset consisting of n = 1000 site samples.

Collection 1 samples from throughout the tree space of Fig. 4.9 (right). The upper left region

is the “Felsenstein zone,” leading to datasets susceptible to long branch attraction, which makes

accurate tree inference by standard methods difficult [46, 52]. The nine parameter choices

underlying Collection 2 are indicated in red dots in the figure.

4.4.3 SDL test parameters and hypotheses

To apply the SDL test we must choose its test parameters, m , n1, N , A as well as a partial sym-

metrization level s . For our data sets of size n = 1000, preliminary investigations led us to

use

m = 12, N = 1000, n1 = 80, A = 5000, s = 100.

Large values of n1, N , s lead to substantial computation, but the values above gave a good

balance between performance and runtime. For example, no major impact on the test results

was observed compared with n1 = 500 and N = 5000.
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We consider each of the five different sets of quadratic equality constraints presented in

Section 4.4.1. We also increased the number of polynomial constraints by adding r = 20 random

convex combinations of the original ones.

We denote by H12|34 the hypothesis that the true tree topology is T12|34, and similarly H13|24

and H14|23. Constraints for tests of H13|24 and H14|23 can be found by permuting taxon labels

from those for H12|34, and are given in Ap. Since our simulated data is always sampled from a

T12|34 tree, in our experiments H12|34 is always the true hypothesis and the other two are false.

4.4.4 Hypothesis tests results

We compute p -values from simulated data to test several different null hypotheses.

Collection 1

As an initial exploration of the behaviour of the SDL test, we examined the distribution of all

p -values from Collection 1 for each of the three hypotheses H12|34, H13|24, and H14|23. Aggregating

p -values across a wide range of parameter values (a , b ) in a single histogram gives insight into

the overall behaviour of the test.

Since varying the model constraints can affect test behaviour (Section 4.3.4), we created

histograms for the five sets of quadratic equality constraints in Section 4.4.1. No other con-

straints, including Eq. (4.4.3), were used. For each constraint set, we also added r = 20 random

convex combinations of the resulting inequalities.

Fig. 4.10 presents aggregated p -values for each of 4 conditions (CDM and PDM, r = 0

and 20), for the true null hypothesis H12|34 (left) and a false null hypothesis H13|24 (right). (See

Appendix A.3.2 for all five constraint sets.)

For r = 0 and the true H12|34, the PDM set shows anti-conservative behaviour, with an

excess of small p -values. The CDM constraints, on the other hand, shows conservative be-

haviour, with an excess of large p -values. For the false H13|24, the CDM constraints gave a greater

concentration of p -values near zero compared to the PDM constraints, suggesting greater

power.

Increasing r did not substantially change the behaviour of the test with the CDM set.

However, for the PDM set, increasing r had two important and beneficial effects: first, it

decreased the number of small p -values when testing H12|34, and second, it increased the

number of small p -values when testing H13|23. This suggests for PDM, the addition of convex

combination constraints simultaneously made the test more conservative as well as increased
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Figure 4.10: Aggregated p -values for a test of the true null hypothesis H12|34 (left) and a false null
hypothesis H13|24 (right) for datasets in Collection 1. Constraints sets CDM and PDM, and number of
convex combinations r = 0 and 20 are varied.

its statistical power. However, the effect of adding convex combinations constraints highly

depends on the choice of starting constraints, as we discuss in Appendix A.3.2.

Although these effects of increasing r might appear relatively small, they are based on

aggregated p -values from a large parameter regime, and it is possible specific regions of the

parameter space might exhibit more substantial effects. In Appendix A.3.3 we show this is the

case, by analysing a particular choice of parameters (a , b )within the Felsenstein zone (a region

of particular interest for the phylogenetics community).

Collection 2

We next examine the performance of the SDL test more closely, for the 9 particular edge

parameters shown in Fig. 4.9. Fig. 4.11 shows histograms of 1000 p -values, with the test differing

only in use of the topology constraints CDM and PDM; in both cases the internal branch

inequality Eq. (4.4.3) is not used.

Despite this seemingly small difference, the SDL test with the CDM polynomials tends to

be both more conservative and more powerful than when compared to the PDM polynomials.

Fig. 4.11 illustrates that when testing the true hypothesis H12|34 PDM is more likely have p -values

close to zero for 8 out of the 9 choices of model parameters. On the other hand, when testing

the false H13|24, both CDM and PDM constraints produce small p -values for a , b ∈ {0.05, 0.2}.
However, for 4 of the remaining 5 choices for (a , b ), the test utilizing the CDM constraints gave

small p -values for the incorrect null hypothesis substantially more often than the test utilizing

the PDM constraints. Results for H14|23 (not shown) were similar to those for H13|24.
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Figure 4.11: p -values obtained from the SDL test on Collection 2 for different constraint sets: CDM (top
3 rows) and PDM (bottom 3 rows). The hypotheses tested are H12|34 (left 3 columns) and H13|23 (right 3
columns), with r = 0.

The SDL test performed quite poorly when testing the correct model hypothesis H12|34 for

trees with short edge parameters. For example, when (a , b ) = (0.05, 0.05) the test produced far

too many small p -values, regardless of whether the polynomials were the CDM or PDM sets,

though worse for the second.

Effect of internal edge constraint

We also investigated the effect on the SDL test of augmenting the CDD set with the inequality of

Eq. (4.4.3), expressing that the tree’s internal edge length is non-negative. Fig. 4.12 compares the
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distribution of p -values using the CDD generating set with the internal edge inequality verses

without it, amalgamating all test results for Collection 1 on a true H12|34 and false H13|24null

hypothesis. Tests of the false H14|23 were similar, and are omitted.

Based on the aggregated p -values, including the internal edge inequality appears to make

the test more conservative, with no appreciable change in power. These results were essentially

unchanged for r = 10 and 20. An analogous analysis (not shown) considered test results for the

datasets of Collection 2, not amalgamating over different parameters. We observed a similar

behaviour as in Fig. 4.12: Testing H12|34 gave an increase in the number of large p -values and a

decrease in the number of very small p -values. In fact, for 8 of the 9 parameters, there was a

reduction in the number of p -values less than 0.1, with the exceptional case, (a , b ) = (0.2, 0.2),

showing no difference.

This effect of adding a constraint may seem counter-intuitive. By further restricting the

model, one might think the test would be more inclined to reject a true hypothesis H12|34.

Indeed, the test statistic T is defined in Eq. (4.2.4) as a maximum over all constraints, so an

additional constraint can only lead to larger T values. However, the critical threshold Tc , as

well as the quantities W (1), . . . , W (A) used to approximate it (see Eqs. (4.2.5) and (4.2.6)) also

correspondingly increase. For our simulations, we did not observe a significant increase in the

value of T when the new inequality was included, but we did observe a shift in the distribution

of W to larger values across many parameter choices. This is clearly shown in Fig. 4.12 (right)

comparing the amalgamated distribution of W with and without the internal branch inequality

for aggregate data from 1000 trees drawn randomly from the treespace shown in Fig. 4.9. Similar

tests with data drawn from fixed trees support this conclusion.

For the false H13|24, the aggregate histogram plots in Fig. 4.12 (middle two plots) shows no

effect from including the internal branch inequality. However, in testing H13|24 and H14|23 on

Collection 2 (not shown), we observed an effect dependent on the region of the parameter

space. When a , b ≤ .2, the inclusion of the internal edge inequality had no appreciable effect

on the observed distribution of p -values, which were overwhelmingly concentrated near zero

regardless. However, for (a , b ) ∈ {(.8, .05), (.8, .2), (.2, .8)}, including the internal branch inequality

increased the number of small p -values. However (a , b ) = (.05, .8)with H13|24 was exceptional,

showing almost no difference.

4.4.5 SDL-Based Phylogenetic Inference

We next investigate the potential of the SDL test as an inference method for tree topology from

sequence data. Standard statistical approaches for this depend on repeated calculation of a
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Figure 4.12: Histograms of p -values when testing H12|34 (left two) and H13|24 (middle two) showing the
effect of including the internal edge constraint. The plot for H14|23 is omitted because it is similar to that
of H13|24. Right: Histogram of W (1), . . . , W (A), approximating the test distribution Tc for CDD (red) and
CDD + inequality (blue) for aggregate data from 1000 trees with random parameters a , b ∈ (0, 1.2].

likelihood function depending not only on the tree topology but also its edge lengths, with

a search or MCMC exploration over all these parameters. The SDL methodology suggests a

procedure to avoid consideration of the edge length “nuisance parameters” and likelihood

calculations by first calculating SDL p -values for each possible tree topology and then selecting

the tree with the highest p -value. We implemented this procedure for the CFN model with 4

taxa.

Performance for differing constraint sets

Fig. 4.13 shows results of this method applied to p -values from Collection 1, following a standard

graphical depiction introduced in [56]. The columns of plots correspond to different choices

of constraint sets, and the rows to r = 0 and 20. Within each plot, each pixel corresponds to

a pair (a , b ) of edge length parameters, as in Fig. 4.9. Grey levels indicate the frequency of

inferring the true tree topology (black=100%, white=0%). The red curves demarcate a region

of good performance where correct inference occurs with frequency at least 90%. This region

forms a right-skewed hump along the horizontal axis, similar to those produced by other well-

performing methods [56, 48, 27]. In this region, the SDL method performs well in part due to

the p -values for H13|24 and H14|23 being highly concentrated near zero (see Figs. 4.10 and 4.11).

The left two columns of Fig. 4.13 compare the use of the constraint sets CDM and PDM (m =

12), as in Fig. 4.10. For r = 0, CDM outperformed PDM both in terms of raw success percentage

and overall shape and size of the dark region. However, this advantage was diminished with

improved performance of PDM when r = 20 convex combination constraints were included. A

similar pattern was observed for CDR and PDR as we show in Appendix A.3.2.

This observation that for r = 0, the use of CDM gives better performance for model selection
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than PDM is consistent with our conclusions from Section 4.4.4 on hypothesis testing. However,

when we increase the number r of convex combinations this performance gap almost entirely

disappears, suggesting that the use of convex combinations may be a powerful general-purpose

tool to improve performance of the SDL test, especially when the geometry of a model is not

fully understood.

We next investigated whether the performance of the SDL-based inference method im-

proved with the inclusion of the internal edge inequality, Eq. (4.4.3). Fig. 4.13 (right) presents

results for the CDD constraints, showing the more complete semi-algebraic model descrip-

tion expands the region of good performance. This reinforces previous observations about

the importance of using the full semi-algebraic description for phylogenetic model selection

[26, 25]. We also found that increasing m from 12 to 30 resulted in a larger region of good

performance. Despite theoretical reasons to prefer smaller values of m , for model selection

choosing m = 30 resulted in a better performance, even though the p -value distributions

showed little difference.

Figure 4.13: Performance of the SDL test for inferring the tree topology T12|34 using different constraint
sets and values of m . Left: CDM and PDM constraints with m = 12. Right: CDD constraints with m = 12,
CDD with the inequality of Eq. (4.4.3) and m = 12, CDD with the inequality and m = 30. Rows vary
the number of convex combinations, r = 0 and r = 20. Grey levels represent the frequency of correctly
inferring the topology for edge length pairs (a , b ) (black 100%, white 0%).
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Comparison with other inference methods

We compared the performance of SDL-based inference to that of two other phylogenetic

reconstruction methods, Maximum Likelihood and the Singular Value Decomposition (SVD)

method. The SVD approach is also motivated by polynomial model constraints, as it relies

on the fact that a certain matrix flattening of the probability tensor p , determined by the tree

topology, must have rank 2. Although based on essentially the same constraints as PDR, it uses

the Singular Value Decomposition of an estimate of p to measure its closeness (in Frobenius

norm) to one of rank 2, choosing the tree topology minimizing this. SVD-based inference has

been exploited for empirical inference several in phylogenetic settings [5, 37, 48].

Fig. 4.14 shows the performance of these three methods on identical simulated data. For

the SDL approach we use the CDD constraint set together with the internal edge inequality,

m = 30 and r = 20. For the gold standard maximum likelihood estimation (MLE), calculations

used the Julia package FourLeafMLE.jl [54]. An important conclusion of Fig. 4.14 is that

with well-chosen user-specified parameters, the SDL method can achieve overall performance

approaching Maximum Likelihood, and better than the SVD approach most often used in

algebraic approaches to inference.

Of special note is the performance of the SDL test for tree parameters in the Felsenstein

zone (see Fig. 4.9) in which correct inference is difficult for all methods. The SDL test achieved

a success rate of 60.2%, compared to 71.65% for MLE and 37.13% for SVD. Thus while perfor-

mance declined in this region, for SDL the decline was considerably less than for SVD. We also

observed that the SDL test substantially reduced (especially compared to SVD) the bias toward

a specific false hypothesis (i.e., long branch attraction) in the Felsenstein zone, as is common

for other methods. For more details see Appendix A.3.3.

However the SDL approach is by far the more computationally intensive than the other two

methods. The computational time producing this figure for the SDL-based approach was 12.57

hours (using an R and C++ implementation) versus 53.2 minutes for MLE (in Julia) and 11.25

seconds for SVD (in R) (see Section 4.5 for more details).

4.5 Implementation Details and Computational Performance

The code used in our simulations is primarily written in R (version 4.2.2), with performance-

critical parts implemented in C++ and integrated using the Rcpp package (version 1.0.12). The

code, which builds on the original implementation from [89], is available at:

140



Figure 4.14: Performance of 3 methods of topological tree inference on data from Collection 1: (left)
the SDL-based inference method using the CDD constraint set with the internal edge inequality, with
m = 30 and r = 20, (middle) Maximum Likelihood [54],(right) the SVD method.

github.com/marinagarrote/Semialg-Hypothesis-Test-with-Incomplete-U-Stats.

All computations were performed with an Intel(R) Core(TM) i5-10400 CPU @ 2.90GHz Processor

equipped with 64 GB RAM, running Debian 12.5.

Average computation times for the trinomial models presented in Section 4.3 are as follows.

For Model 1 computing a single p -value took an average of 0.21 seconds when m = 1, 0.09

seconds when m = 5, and 0.06 seconds when m = 15. In the case of Model 2, the average time

to compute a single p -value was 0.09 seconds for r = 0, 0.12 seconds for r = 10, and 0.3 seconds

for r = 100. Model 3 p -values required an average of 0.11 seconds for s = 1, 0.36 seconds for

s = 10, and 2.88 seconds for s = 100.

To efficiently run simulations for the CFN model in Section 4.4, we used the parallel
package in R (version 4.2.2) and 6 cores. For a fixed choice of parameters (a , b ) as defined in

Section 4.4.2, the average runtime for a single p -value was approximately 0.78 seconds when

r = 0 and 0.97 seconds when r = 20. The chosen constraint set of polynomials had negligible

effect on these runtimes.

Finally, the MLE computations presented in Section 4.4.5 were carried out using Julia
(version 1.10.3).

4.6 Conclusion

The SDL method offers a general-purpose framework for hypothesis testing for models defined

by polynomial constraints. It is a strong and much needed technique, especially in settings
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where traditional frameworks are not available, such as when models have singularities or

boundaries. Indeed, as illustrated by the trinomial submodels in Section 4.3, the method’s

performance can closely match that of traditional deterministic tests, such as the likelihood

ratio or χ2, where they are justified, but is more widely applicable. By focusing on two well-

studied types of algebraic models used in phylogenetic inference, our investigation confirms

that the method performs well across different settings. While no alternative method matches

its generality, our results emphasize that thoughtful implementation choices, particularly

around the key elements of constraint specification, kernel construction, and symmetrization,

are necessary to enhance test performance.

In the case of the multispecies coalescent trinomial submodels, the SDL method not only

recovers rejection regions that closely match those of conventional tests when available, but

also remains valid at boundary and singular points, such as line crossings and nodes. However,

our simulations show that near singularities, the complement of the rejection region widens,

making rejection more difficult. This indicates that the behaviour of the test is influenced not

just by the zero set of the defining polynomials, but also by the size of constraint polynomial

values near that set. As we see in those models, adding redundant constraints, especially near

singularities and boundaries, can increase the power of the test, but how to choose these in a

general manner requires further investigation.

For the CFN model, we illustrated how the SDL method can be used both for hypothesis

testing and selection among non-nested models. This is especially useful in situations such as

phylogenetic tree inference where the three possible four-leaf topologies give rise to intersect-

ing semi-algebraic sets. In addition, the CFN model highlighted how the choice of generating

polynomials for the defining ideal plays a key role. Generators that are completely distinguish-

ing for the tree topology of interest lead to better-calibrated tests than partially distinguishing

ones. Furthermore, this case study illustrated how the addition of convex combinations or

extra constraints can have mixed effects, sometimes improving and sometimes degrading

performance. Both of these issues raises the question of whether it is possible to develop a

principled method for constraint choice.

Both types of models that we explore in this chapter are relatively small, in terms of ambient

dimension, in terms of the number of constraints, and in terms of the constraint degrees. The

method presents computational challenges for moving to higher dimensional, and higher de-

gree, settings. In particular, full symmetrization is infeasible for large degree constraints, which

requires larger m , but our results indicate that partial symmetrization using a modest number

of permutations performs well in practice. This raises an important theoretical question: How
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many permutations are sufficient to approximate the fully symmetrized kernel, and how does

this number scale with dimension and degree?

While our case studies were chosen from evolutionary biology, they highlight that the SDL

method fills a critical methodological gap in statistics for any semi-algebraic model. However,

its performance is intimately tied to both algebraic and geometric aspects of the model. Future

work under the lens of algebraic geometry would be helpful to develop a more complete

theoretical understanding of how types of singularities and constraint choices influence the

behaviour of the method, especially in higher dimensional settings in which visualisation is

difficult. Such developments would further enhance the utility of the SDL method for both

hypothesis testing and model selection in phylogenetics and other fields.
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APPENDIX

A

COALESCENT MODELS

A.1 The multispecies coalescent model

The (network) multispecies coalescent (MSC) [77, 72] models the formation of gene trees

within species trees or networks, for example as in Fig. A.1. A gene tree describes the history of

a single genetic locus drawn from individuals in several extant species, as lineages trace back

through individuals in the ancestral species populations, coalescing at common ancestors.

While constrained by the species relationships, a gene tree may differ from them significantly,

due to multiple gene lineages remaining distinct in an ancestral population until coalescence

between less closely related species becomes possible. This effect, called incomplete lineage

sorting, is most pronounced when edges in the species tree or network are short (in number of

generations) or population sizes are large (since bottlenecks promote coalescence).

Considering only trees or networks relating four species, a quartet Concordance Factor (CF)

for a fixed network is the vector of probabilities of the 3 possible unrooted topological gene

trees shown in Fig. 4.8 that may arise under the coalescent model. To be precise, we fix the

order

C F = (p12|34, p13|24, p14|23),
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a b c d a b c d
Present

Past

Figure A.1: Gene trees (in red) form within a species tree and network (black ‘tubes’)

for some fixed designation of species 1, 2, 3, 4.

Under the MSC model, the form of CFs arising from metric species networks with certain

topological structures has been studied in several papers, leading to the four submodels of∆2

depicted in Fig. 4.1. Model 1 is all CFs that may arise from a species network with a cut edge

separating species 1,2 from 3,4 [4]. Model 2 is all CFs that arise from a species tree with the

same species separation [4, 76]. Model 3 is all CFs from a network with a cut edge separating

the species into some pair of sets of two [3], and Model 4 all CFs from a tree with such a cut

edge [76]. Models 3 and 4 are obtained from Models 1 and 2 by considering the union of models

obtained by permuting CF entries. It is also known that all points in∆2 arise as CFs of some

networks [12], so rejecting these models in a hypothesis test is a natural way to find evidence

for gene flow or hybridization [15].

From genomic sequences, one may infer many gene trees and from them estimate fre-

quencies of the three possible quartet gene tree topologies. A hypothesis test with one of the

above null models can then, give insight into an unknown network structure. For instance,

rejection of Model 3 suggests that the data did not arise on a tree, so hybridization or intro-

gression occurred among the species. Specialized test distributions for null hypotheses of

Model 2 and 4 are derived in [76] and for Model 3 in [10] that improve upon a naive use of a

standard distribution that ignores the singularities and boundaries of the models. (Model 1

can be tested with a standard distribution, as it lacks any irregularities.) However, these models

are all semialgebraic, and the SDL approach offers an alternative testing framework without

the need for such detailed work for each model.
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A.2 Deterministic tests

For comparison to the rejection region plots produced by the SDL tests in Section 4.3.4 we show

those for deterministic tests for models 1-4 and Hardy-Weinberg with sample size n = 300.

For Model 1 this is a standard Likelihood Ratio test; for Models 2, 3, and 4 we use the tests

implemented in MSCquartets [81] as “T1”, “cut”, and “T3”. These last all use non-standard

test distributions for the Likelihood ratio statistic, to deal with the boundaries and singularities

of these models. For the Hardy-Weinberg 2-allele model we use a standard chi-squared test.
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Figure A.2: Rejection regions for Models 1, 2, 3, 4, and Hardy-Weinberg 2-alleles, using deterministic
tests, as described in text, with sample size n = 300.

A.3 Additional Details on the CFN model

A.3.1 Generating sets for the CFN ideal

This section details the derivation of generating sets for the ideal associated with the 4-taxon

Cavender-Farris-Neyman (CFN) model presented in Sections 4.4.1 and 4.4.2, and provides

explicit formulas for them.

Although initially presented in 24 = 16 dimensions, using pairwise equalities of certain

pattern probabilities, the model can also be presented in 8 dimensions. Specifically, let

• IT ⊂C[pi j k l ] be the full phylogenetic ideal in the ring of 16 site pattern probabilities pi j k l ,
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i , j , k , l ∈ {0, 1}.

• I T ⊂ C[p x y z t ], the ideal in the ring of 8 symmetrized pattern probabilities p x y z t (e.g.,

p x x x x = p0000+p1111).

Our data consists of n independent multinomial samples, with parameter

p =
�

p x x x x , p x x x y , p x x y x , p x x y y , p x y x x , p x y x y , p x y y x , p x y y y

�

∈∆7, (A.3.1)

and we seek generators of I T in the p coordinates.

With C[p ] :=C[pi j k l ], and C[p ] :=C[p x y z t ], the relationship between IT and I T is given by

the ring homomorphismψ :C[p ]→C[p ] that substitutes each p x y z t with its definition as a

sum of two pi j k l :

ψ(p x x x x ) = p0000+p1111, ψ(p x x x y ) = p0001+p1110, . . . ψ(p x y y y ) = p0111+p1000.

Let L s y mm ⊂C[p ] be the ideal generated by the 8 linear symmetry relations,

p0000−p1111 = 0, p0001−p1110 = 0, . . . , p0111−p1000 = 0.

Then

IT =ψ(I T ) + L s y mm . (A.3.2)

We will show that I T is generated by the linear polynomial, ℓ := (p x x x x +p x x x y +p x x y x +

p x x y y +p x y x x +p x y x y +p x y y x +p x y y y )−1, along with a set of quadratic polynomials. It then

follows from Equation A.3.2 that IT is generated by the symmetry ideal L s y mm , the linear poly-

nomialψ(ℓ) = (
∑

i j k l pi j k l )−1, and theψ-images of the aforementioned quadratic polynomials

(which remain quadratic in the pi j k l coordinates). The sets CDD, CDM, CDR, PDM and PDR

consist of variations of these quadratics in the p i j k l coordinates.

For the tree T = T12|34, we calculate generators for I T using Macaulay2 (version 1.21). Below,

we code the parametrization of the p x y z t in terms of transformed edge lengths θi = e −2ti , with

pxxxx, pxxxy, etc., corresponding to the coordinates p x x x x , p x x x y , etc..
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i1 : R = QQ[θ1, θ2, θ3, θ4, θ5]
i2 : Sp = QQ[pxxxx, pxxxy, pxxyx, pxxyy, pxyxx, pxyxy, pxyyx, pxyyy]

i3 : β = θ -> (1-θ)/2
i4 : α = θ -> (1+θ)/2

i5 : Pxxxx = α(θ1)*α(θ2)*α(θ3)*α(θ4)*α(θ5) + α(θ1)*α(θ2)*β(θ3)*β(θ4)*β(θ5) +
α(θ3)*α(θ4)*β(θ1)*β(θ2)*β(θ5) + α(θ5)*β(θ1)*β(θ2)*β(θ3)*β(θ4)
-- p0000 + p1111

i6 : Pxxxy = α(θ1)*α(θ2)*α(θ3)*α(θ5)*β(θ4) + α(θ1)*α(θ2)*α(θ4)*β(θ3)*β(θ5) +
α(θ3)*β(θ1)*β(θ2)*β(θ4)*β(θ5) + α(θ4)*α(θ5)*β(θ1)*β(θ2)*β(θ3)
-- p0001 + p1110

i7 : Pxxyx = α(θ1)*α(θ2)*α(θ3)*β(θ4)*β(θ5) + α(θ1)*α(θ2)*α(θ4)*α(θ5)*β(θ3) +
α(θ3)*α(θ5)*β(θ1)*β(θ2)*β(θ4) + α(θ4)*β(θ1)*β(θ2)*β(θ3)*β(θ5)
-- p0010 + p1101

i8 : Pxxyy = α(θ1)*α(θ2)*α(θ3)*α(θ4)*β(θ5) + α(θ1)*α(θ2)*α(θ5)*β(θ3)*β(θ4) +
α(θ3)*α(θ4)*α(θ5)*β(θ1)*β(θ2) + β(θ1)*β(θ2)*β(θ3)*β(θ4)*β(θ5)
-- p0011 + p1100

i9 : Pxyxx = α(θ1)*α(θ3)*α(θ4)*α(θ5)*β(θ2) + α(θ1)*β(θ2)*β(θ3)*β(θ4)*β(θ5) +
α(θ2)*α(θ3)*α(θ4)*β(θ1)*β(θ5) + α(θ2)*α(θ5)*β(θ1)*β(θ3)*β(θ4)
-- p0100 + p1011

i10 : Pxyxy = α(θ1)*α(θ3)*α(θ5)*β(θ2)*β(θ4) + α(θ1)*α(θ4)*β(θ2)*β(θ3)*β(θ5) +
α(θ2)*α(θ3)*β(θ1)*β(θ4)*β(θ5) + α(θ2)*α(θ4)*α(θ5)*β(θ1)*β(θ3)
-- p0101 + p1010

i11 : Pxyyx = α(θ1)*α(θ3)*β(θ2)*β(θ4)*β(θ5) + α(θ1)*α(θ4)*α(θ5)*β(θ2)*β(θ3) +
α(θ2)*α(θ3)*α(θ5)*β(θ1)*β(θ4) + α(θ2)*α(θ4)*β(θ1)*β(θ3)*β(θ5)
-- p0110 + p1001

i12 : Pxyyy = α(θ1)*α(θ3)*α(θ4)*β(θ2)*β(θ5) + α(θ1)*α(θ5)*β(θ2)*β(θ3)*β(θ4) +
α(θ2)*α(θ3)*α(θ4)*α(θ5)*β(θ1) + α(θ2)*β(θ1)*β(θ3)*β(θ4)*β(θ5)
-- p0111 + p1000

i13 : P = {Pxxxx, Pxxxy, Pxxyx, Pxxyy, Pxyxx, Pxyxy, Pxyyx, Pxyyy};
i14 : f = map(R, Sp, P);

Minimal generating sets To compute the Partially Distinguishing Minimal (PDM) generating

set for the ideal I T in the p x y z t coordinates, we compute a minimal generating set for the

kernel of the homomorphism f.
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i15 : I = kernel f;
i16 : M = mingens I;
i17 : netList flatten entries M

+--------------------------------------------------------------------------------+
o17 = |pxxxx + pxxxy + pxxyx + pxxyy + pxyxx + pxyxy + pxyyx + pxyyy - 1 |

+--------------------------------------------------------------------------------+
|pxxyx*pxyxx - pxxyy*pxyxy + pxxxy*pxyyx + pxxyx*pxyyx + pxxyy*pxyyx + |
|pxyxx*pxyyx +pxyxy*pxyyx + pxyyx*pxyyx + pxxxy*pxyyy + pxyyx*pxyyy - pxyyx |
+--------------------------------------------------------------------------------+
|pxxxy*pxyxx + pxxxy*pxyxy + pxxyx*pxyxy + pxxyy*pxyxy + pxyxx*pxyxy + |
|pxyxy*pxyxy - pxxyy*pxyyx + pxyxy*pxyyx + pxxyx*pxyyy + pxyxy*pxyyy - pxyxy |
+--------------------------------------------------------------------------------+

The kernel computation yields three generators for I T : one linear, ℓ=
∑

p x y z t −1, and two

quadratic. The PDM set consists of the quadratics:

h 1 = p x x y x p x y x x −p x x y y p x y x y +p x x x y p x y y x +p x x y x p x y y x +p x x y y p x y y x +p x y x x p x y y x+

p x y x y p x y y x +p x y y x p x y y x +p x x x y p x y y y +p x y y x p x y y y −p x y y x , and

h 2 = p x x x y p x y x x +p x x x y p x y x y +p x x y x p x y x y +p x x y y p x y x y +p x y x x p x y x y +p x y x y p x y x y−

p x x y y p x y y x +p x y x y p x y y x +p x x y x p x y y y +p x y x y p x y y y −p x y x y .

The Completely Distinguishing Minimal (CDM) generating set is formed by the linear

combinations h 1+h 2 and h 1−h 2.

Completely Distinguishing Determinantal generating set For group-based models such

as the CFN, applying a linear change of coordinates (a Fourier or Hadamard transformation

[52, 90]) is often advantageous. The new coordinates qx y z t simplify the parametrization and

the description of I T . For the CFN model on the tree T = T12|34, this change of coordinates is as

follows:
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i18 : Sq = QQ[qxxxx, qxxyy, qxyxy, qxyyx, qyxxy, qyxyx, qyyxx, qyyyy];

i19 : Qxxxx = Pxxxx + Pxxxy + Pxxyx + Pxxyy + Pxyxx + Pxyxy + Pxyyx + Pxyyy
o19 = 1
i20 : Qxxyy = Pxxxx - Pxxxy - Pxxyx + Pxxyy + Pxyxx - Pxyxy - Pxyyx + Pxyyy
o20 = θ3*θ4
i21 : Qxyxy = Pxxxx - Pxxxy + Pxxyx - Pxxyy - Pxyxx + Pxyxy - Pxyyx + Pxyyy
o21 = θ2*θ4*θ5
i22 : Qxyyx = Pxxxx + Pxxxy - Pxxyx - Pxxyy - Pxyxx - Pxyxy + Pxyyx + Pxyyy
o22 = θ2*θ3*θ5
i23 : Qyxxy = Pxxxx - Pxxxy + Pxxyx - Pxxyy + Pxyxx - Pxyxy + Pxyyx - Pxyyy
o23 = θ1*θ4*θ5
i24 : Qyxyx = Pxxxx + Pxxxy - Pxxyx - Pxxyy + Pxyxx + Pxyxy - Pxyyx - Pxyyy
o24 = θ1*θ3*θ5
i25 : Qyyxx = Pxxxx + Pxxxy + Pxxyx + Pxxyy - Pxyxx - Pxyxy - Pxyyx - Pxyyy
o25 = θ1*θ2
i26 : Qyyyy = Pxxxx - Pxxxy - Pxxyx + Pxxyy - Pxyxx + Pxyxy + Pxyyx - Pxyyy
o26 = θ1*θ2*θ3*θ4

The generating set for the ideal I T in the qx y z t coordinates is found by computing the kernel

of g.

i27 : Q = {Qxxxx, Qxxyy, Qxyxy, Qxyyx, Qyxxy, Qyxyx, Qyyxx, Qyyyy};
i28 : g = map(R, Sq, Q);
i29 : netList entries gens kernel g

+---------+-------------------+-------------------------+
o29 = |qxxxx - 1|qxxyy*qyyxx - qyyyy|qxyyx*qyxxy - qxyxy*qyxyx|

+---------+-------------------+-------------------------+

Transforming back to the p x y z t probability coordinates, the linear polynomial qx x x x −1

becomes ℓ=
∑

p x y z t −1, and the two quadratics yield the Completely Distinguishing Determi-

nantal (CDD) set.
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i30 : qxxxx = 1; -- pxxxx + pxxxy + pxxyx + pxxyy + pxyxx + pxyxy + pxyyx + pxyyy
i31 : qxxyy = pxxxx - pxxxy - pxxyx + pxxyy + pxyxx - pxyxy - pxyyx + pxyyy;
i32 : qxyxy = pxxxx - pxxxy + pxxyx - pxxyy - pxyxx + pxyxy - pxyyx + pxyyy;
i33 : qxyyx = pxxxx + pxxxy - pxxyx - pxxyy - pxyxx - pxyxy + pxyyx + pxyyy;
i34 : qyxxy = pxxxx - pxxxy + pxxyx - pxxyy + pxyxx - pxyxy + pxyyx - pxyyy;
i35 : qyxyx = pxxxx + pxxxy - pxxyx - pxxyy + pxyxx + pxyxy - pxyyx - pxyyy;
i36 : qyyxx = pxxxx + pxxxy + pxxyx + pxxyy - pxyxx - pxyxy - pxyyx - pxyyy;
i37 : qyyyy = pxxxx - pxxxy - pxxyx + pxxyy - pxyxx + pxyxy + pxyyx - pxyyy;

i38 : M1 = matrix{{qxxxx, qxxyy},
{qyyxx, qyyyy}}

i39 : M2 = matrix{{qxyxy, qyxxy},
{qxyyx, qyxyx}}

i40 : −F1 = det(M1)
o40 = - pxxxx^2 + pxxxy^2 + 2pxxxy*pxxyx + pxxyx^2 - 2pxxxx*pxxyy - pxxyy^2 -

2pxxxy*pxyxx - 2pxxyx*pxyxx + pxyxx^2 + 2pxxxx*pxyxy + 2pxxyy*pxyxy -
pxyxy^2 + 2pxxxx*pxyyx + 2pxxyy*pxyyx - 2pxyxy*pxyyx - pxyyx^2 -
2pxxxy*pxyyy - 2pxxyx*pxyyy + 2pxyxx*pxyyy + pxyyy^2 + pxxxx - pxxxy -
pxxyx + pxxyy - pxyxx + pxyxy + pxyyx - pxyyy

i41 : F2 = det(M2)
o41 = - 4(pxxxy*pxyxx - pxxyx*pxyxx - pxxxx*pxyxy + pxxyy*pxyxy +

pxxxx*pxyyx - pxxyy*pxyyx - pxxxy*pxyyy + pxxyx*pxyyy)

Note that for the Fi defined in lines i38 and i39 of the code above 〈ψ(Fi )〉+ Lsymm = 〈 fi 〉+
Lsymm, where f1, f2 are the polynomials of Eq. (4.4.1). In other words, up to the symmetries in

Lsymm and a constant factor,ψ(Fi ) is the same as fi , i = 1, 2.

Rank generating sets The probabilities pi j k l for the tree T can be arranged into a 4×4 matrix

according to the partition 12|34 of its leaves, where rows are indexed by the states of leaves 1, 2

and columns by the states of 3, 4:

Flat12|34(p ) =











p0000 p0001 p0010 p0011

p0100 p0101 p0110 p0111

p1000 p1001 p1010 p1011

p1100 p1101 p1110 p1111











=
1

2











p x x x x p x x x y p x x y x p x x y y

p x y x x p x y x y p x y y x p x y y y

p x y y y p x y y x p x y x y p x y x x

p x x y y p x x y x p x x x y p x x x x











.
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The matrix Flat12|34(p ) has rank at most 2, reflecting a conditional independence statement

holding for leaves separated by the central edge of T [9]. Therefore, its 3×3 minors are polyno-

mials in the CFN ideal IT . We use this to construct the Partially Distinguishing Rank (PDR) set,

working from the matrix 2 ·Flat12|34(p ) expressed in the p variables.

i44 : Flat1234 = matrix{{pxxxx, pxxxy, pxxyx, pxxyy},
{pxyxx, pxyxy, pxyyx, pxyyy},
{pxyyy, pxyyx, pxyxy, pxyxx},
{pxxyy, pxxyx, pxxxy, pxxxx}};

i45 : I = minors(3, Flat1234);
i46 : netList primaryDecomposition I

+-------------------------------------------------------------------+
o46 = |ideal (pxxyx*pxyxx - pxxyy*pxyxy - pxxxx*pxyyx + pxxxy*pxyyy, |

| (pxxxy*pxyxx - pxxxx*pxyxy - pxxyy*pxyyx + pxxyx*pxyyy) |
+-------------------------------------------------------------------+
|ideal (pxyxy - pxyyx, pxyxx - pxyyy, pxxxy - pxxyx, pxxxx - pxxyy) |
+-------------------------------------------------------------------+
|ideal (pxyxy + pxyyx, pxyxx + pxyyy, pxxxy + pxxyx, pxxxx + pxxyy) |
+-------------------------------------------------------------------+

The ideal generated by all 3×3 minors of 2 ·Flat12|34(p ) (Flat1234 in the code) is not prime.

The first component in the primary decomposition o46 corresponds to the CFN model. The

quadratic polynomials from this component form the PDR set:

g 1 = p x x y x p x y x x −p x x y y p x y x y −p x x x x p x y y x +p x x x y p x y y y ,

g 2 = p x x x y p x y x x −p x x x x p x y x y −p x x y y p x y y x +p x x y x p x y y y .

The Completely Distinguishing Rank (CDR) set consists of the polynomials g 1+g 2 and g 1−g 2.

A.3.2 Additional results for Collection 1: Comparison of different constraint

sets

We provide additional results on the performance of the SDL test on data from Collection 1,

supplementing Sections 4.4.4 and 4.4.5 of the main text.
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Aggregated p -value histograms

We analyse the performance of the five different choices of model constraints introduced in

Section 4.4.1 by aggregating p -values across Collection 1. Fig. A.3 and Fig. A.4 are analogous to

the left and right parts of Fig. 4.10 in the main text, but also include the CDD, CDR and PDR

constraints. These figures further support that the test behaviour is affected by the choice of

model description.

Figure A.3: Aggregated p -values for a test of the true null hypothesis H12|34 from datasets in Collection
1. Columns correspond to choices of defining polynomials. Rows correspond to the value of r .

In the r = 0 case, Fig. A.3 shows that the partially distinguishing sets PDR and PDM do

not produce conservative tests due to an excess of small p -values when testing H12|34. On the

other hand, for both CDD and CDR, the p -value distribution appears to be close to uniform,

and CDM gives an especially conservative test, with an excess of large p -values (as previously

seen in Section 4.4.4). Overall, completely distinguishing polynomials seem to produce a

conservative test when r = 0. In Fig. A.4 we observe that for r = 0, the completely distinguishing

constraints had slightly greater concentration of p -values near zero compared to the partially

distinguishing constraints, similarly to what we observed in Section 4.4.4.

The effects of varying r in both figures are relatively minor, and whether the effect was ben-

eficial or not depended on whether the initial choice of constraints was partially distinguishing

or completely distinguishing. When only partially distinguishing constraints were used, adding

convex combinations improved performance by increasing the number of small p -values when

testing the wrong model parameter (see Fig. A.4). The beneficial effect observed in Fig. 4.10
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Figure A.4: Aggregated p -values for a a test of H13|24 (a false null hypothesis) from datatsets in Collection
1. Columns correspond to choices of defining polynomials. Rows correspond to the value of r . The test
of H14|23 produced similar results.

that increasing r made the test more conservative for PDM was not similarly observed for PDR.

On the other hand, when completely distinguishing constraints were used, adding convex

combinations constraints risks negatively affecting the quality of the p -values. Evidence for

this can be seen in Fig. A.3, which shows that for CDR, the test appears to be conservative when

r = 0, but not when r = 20 due to an increased proportion of small p -values.

SDL-based Phylogenetic Inference

We analyse the performance of the SDL phylogenetic inference method for all five constraint

sets in Fig. A.5, which is analogous to the left part of Fig. 4.13, but includes the additional sets

CDD, CDR, and PDR.

The conclusions from this figure are comparable to those of Section 4.4.5. First, in the case

r = 0, the use of completely distinguishing constraint sets yields better performance than

partially distinguishing sets (viz., columns 1,2,3, which have larger dark region and higher

success percentages than columns 4,5). The completely distinguishing sets CDD, CDM, and

CDR all performed similarly: the differences in p -value distributions among them observed in

Fig. A.3 appeared to have no bearing on their performance for inference in this setting.

The second important conclusion from Fig. A.5 is that the performance of the partially

distinguishing generating sets PDR and PDM increased when r was increased from 0 to 20.

Indeed, as a result of this improvement, all five sets performed comparably in the r = 20 case.

This improvement in performance for PDM and PDR is consistent with our observations in
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Fig. A.4, that — at least for partially distinguishing constraints — increasing r appeared to

increase the power of the test.

Figure A.5: Performance of the SDL test for inferring the tree topology T12|34. Columns correspond to
different CFN model constraints (CDD, CDM, CDR, PDM, PDR), and rows represent the number of
convex combinations used, r = 0 and r = 20. Grey levels represent the frequency of correctly inferring
the topology for edge length pairs (a , b ) (black 100%, white 0%).

Note that variations in performance using different algebraic constraint sets for inference

were previously observed [82], with symmetrizing ideal generators improving model selection.

A.3.3 Lack of long branch attraction bias

In this section we analyse the SDL test’s behaviour for trees in the Felsenstein zone (see Fig. 4.9),

showing it differs from that of common methods used for phylogenetic inference. In particular,

maximum parsimony [46] exhibits a long-branch attraction bias in this region, in which the

false topology T13|24, pairing the two taxa on long pendent edges, is most frequently inferred.

Similar bias is observed for maximum likelihood [92, 78] and previous algebraic methods [48].

In Fig. A.6, we present p -values obtained from the SDL test using data generated from one

tree with Felsenstein zone parameters a = 0.8, b = 0.05, with n = 10, 000. We compared the SDL

test using two different sets of constraints: CDM (left plots) and PDM (right plots); in both cases

the internal edge inequality of Eq. (4.4.3) was also used. We tested the three null hypotheses

H12|34, H13|23, and H14|23 (plot columns) for r = 0 and 20 (plot rows).
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The choice of the CDM versus PDM constraints produces a marked discrepancy in test

behaviour, especially for r = 0. The first row of Fig. A.6 (r = 0) shows that the SDL test is much

more likely to reject H13|24 than H14|23 for small test levels when using the CDM constraints;

on the other hand, the two false hypotheses are rejected at roughly equal frequency with the

PDM constraints. Both of these behaviours are in contrast with classical phylogenetic inference

methods, which would tend to strongly support H13|24 over H14|23. Constraints CDM and PDM

produce almost-uniform distributions of p -values when testing H12|34.

The second row of Fig. A.6 shows that the addition of r = 20 convex combinations for both

the CDM and PDM constraints reduced the asymmetry between test results of H13|24 and H14|23,

and gave a more powerful test. Moreover, the test remained conservative for all values of r .

However, a slight bias for H13|24 appears, but only for the PDM constraints.

In contrast to Fig. 4.10, which showed increasing r had little effect on the aggregated p -value

distribution over a larger set of parameters, Fig. A.6 indicates that for certain parameter values,

incorporating convex combinations can have a major effect — in particular, by increasing the

power of the SDL test.

The general lack of bias toward H13|24, together with the overall conservativeness of the

test, indicates that the SDL test can perform quite well in the Felsenstein zone. Furthermore,

the differing p -value distributions between CDM and PDM underscore how the choice of

constraint sets can significantly impact SDL test performance.

Figure A.6: Histogram of p -values for CDM (left) and PDM (right) for a tree in the Felsenstein zone
(a = 0.8 and b = 0.05) with n = 10000 bp and m = 12.

The reduced long branch attraction bias for SDL is not unique to the parameters used for

Fig. A.6, but persists across the Felsenstein zone. In Table A.1, we present the percentage of

times that each of the three possible quartet topologies is inferred by the SDL, MLE and SVD
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methods from data in Collection 1, both across the whole treespace shown in Fig. 4.9 and only

across the Felsenstein zone.

These results show that for all three inference methods the topology T13|24 was inferred

more frequently than T14|23 across the full parameter space, but especially in the Felsenstein

zone. However, the SDL-based method showing the least susceptibility to this preference. In

the Felsenstein zone, there is an extreme bias for the SVD method, with T13|24 inferred 46.07%

of the time, even more frequently than the 37.13% for the true T12|34. For MLE, the effect was

less pronounced, although T13|24 was inferred noticeably more often than T14|23 (15.74% vs.

10.35%). For the SDL-based method (using the CDD constraints with r = 20), the imbalance

was proportionally smallest among the three methods (21.78% vs. 18.02%).

Treespace Felsenstein Zone

12|34 13|24 14|23 undecided 12|34 13|24 14|23 undecided

SDL 69.51% 15.8% 14.69% - 60.2% 21.78% 18.02% -

MLE 78.25% 8.86% 6.95% 5.94% 71.88% 15.74% 10.36% 2.01%

SVD 65.82% 19.64% 14.54% - 37.13% 46.07% 16.8% -

Table A.1: Estimated tree topologies for the three methods SDL, MLE and SVD and the three topologies
12|34, 12|34 and 12|34 in the entire treespace of Fig. 4.9 and in the Felsenstein Zone. The undecided
column reports the percentage of times that MLE fails to distinguish between topologies.

A.4 Technical Assumptions

In order for the SDL test to be asymptotically valid for a particular hypothesis testing problem,

there are a number of technical assumptions which need to be satisfied. In this section, we

state the six conditions assumed in [89], and verify that they hold for the models considered in

Chapter 4. Despite their technical nature, these conditions are all straightforward to verify for

the models we consider.

To state the conditions, let X1, . . . , Xm ∼ Pθ be iid random variables, and letµ= (µ1, . . . ,µp )⊤ :=

E [h (X1, . . . , Xm )]. In addition, defineσ2
h , j :=E

�

�

h j (X1, . . . , Xm )−µ j

�2
�

and

σ2
g , j := E

�

�

g j (X1, . . . , Xm )−µ j

�2
�

. For any positive β , define the functionψβ (x ) = exp(x β )− 1,

and for any random variable Y define ∥Y ∥ψβ := inf
�

t > 0 :E
�

ψβ (|Y |/t )
�

≤ 1
	

.
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The theoretical results in [89] assume that there exists a constant β ∈ (0, 1] and a sequence

D1, D2, . . .≥ 1 such that:

(C1) E
��

�h j (X1, . . . , Xm )−µ j

�

�

�

≤σ2
h , j D l

n for all j = 1, . . . , p and l = 1, 2.

(C2) ∥h j (X1, . . . , Xm )−µ j∥ψβ ≤Dn for all j = 1, . . . , p .

(C3) There existsσ2
h > 0 such thatσ2

h ≤min1≤ j≤p σ
2
h , j .

(C4) There existsσ2
g (1) > 0 such thatσ2

g (1) ≤min1≤ j≤p1
σ2

j ,g for some positive integer p1 < p .

(C5) There exists k such that ∥g j (X1)−µ j∥ψβ ≤ n−k Dn for all j = p1+1, . . . , p .

(C6) E
�
�

�g j (X1)−µ j

�

�

2+l
�

≤σ2
g , j D l

n for all j = 1, . . . , p and l = 1, 2.

In the above conditions, it is furthermore assumed that 2≤m ≤
p

n , n ≥ 4, p ≥ 3. (Note that

in Model 1 of Section 4.3, we have only p = 2, but the assumption that p ≥ 3 is not strictly

necessary; for more detailed discussion of these assumptions, see [89, Section 2.1]).

Next, we check that conditions (C1)-(C6) hold:

• First observe that condition (C3) is satisfied whenever h j (X1, . . . , Xm ) is not almost surely

constant, which is straightforward to check for all the examples considered in Chapter

4, since in all our examples X1 takes the form of a multinomial random variable with a

single trial.

• Second, for the examples considered in Chapter 4, the state space S of X1 is always a

finite set, and hence h j (X1, . . . , Xm ) is almost surely bounded. Together with (C3), this

implies that we can choose finite Dn satisfying

Dn ≥



 max
1≤ j≤p

x1,...,xm∈S

�

�h j (x1, . . . , xm )−µ j

�

�

σ2
h , j



∨1

for all n ≥ 1. Moreover, for this choice of Dn , condition (C1) holds

• Next we show that by possibly making each Dn larger, it is possible to find Dn large enough

that (C6) is also satisfied. On the one hand, ifσ2
g , j = 0 then the inequality in (C6) holds

trivially with both sides equal to zero. On the other hand, for j withσ2
g , j > 0, the inequality
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in (C6) is satisfied if

Dn ≥ max
l∈{1,2}

 

max
j :σ2

g , j>0
max
x1∈S

�

�g j (x1)−µ j

�

�

2+l

σ2
g , j

!
1
l

,

and without loss of generality we can assume this inequality holds since right-hand side

is finite (due to the maximums being taken over finite sets).

• Furthermore, we will show that the terms of the sequence D1, D2, . . . can also be chosen

large enough to satisfy (C2). To see this, write Y = h j (X1, . . . , Xm ) and observe that since

Y has finite state space, there exists finite C j such that |Y | ≤ C j almost surely. It then

follows by definition of ∥·∥ψβ that ∥Y ∥ψβ ≤C j/
β
p

log(2). Again, without loss of generality,

Dn may be chosen so that Dn ≥C j/
β
p

log(2)which is sufficient to imply (C2).

• Finally, it remains to consider conditions (C4) and (C5), which together are referred to

as the mixed degeneracy conditions in [89]. In fact, there is nothing to show: for all the

examples considered in Chapter 4, we have p =O (1) as n→∞, and as a consequence of

this, conditions (C4) and (C5) hold trivially, as discussed in [89, Section 2.1].
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