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It is a known fact that the integration of non-linear equations of motion is one of the most
elaborate calculation methods. The phenomenological basis of this paper is equations of
motion which are set up in the context of friction/impact problems. Various algorithms are
examined with a view to reducing computing time whilst obtaining qualitatively identical
results. First, it is demonstrated that the explicit algorithms are superior to the implicit
in problems which are characterized by a very large number of impacts. Subsequently,
multi-step procedures and couplings of explicit and implicit algorithms are examined.

In the context of friction/impact problems modal integration with the aid of an explicit or

coupled explicit/implicit integration scheme has proved to be of great advantage.
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1 Introduction

The central objective of our investigations into the integration of non-linear equations of
motion was to reduce the computing time required for the dynamic analysis of PWR fuel
assemblies based on series models. Consequently, our statements below apply primarily to
non-linear equations of motion which are set up in this context. Furthermore, however, they
comprise considerable information value for other problems in which friction and impact
elements are present.

It is usual to integrate non-linear equations of motion numerically with the aid of
explicit or implicit algorithms (Runge-Kutta algorithm, Newmark algorithm, Houbolt
algorithm, Predictor-Corrector procedures).

First it is demonstrated that explicit algorithms are superior to the implicit in
motion phenomena characterized by a large number of impacts. A Runge-Kutta algorithm of the
4th order requires U4 function evaluations per time increment. The Predictor-Corrector
procedures afford far greater ease of calculation where the number of function evaluations
is concerned. All in all however, even these algorithms do not possess any decisive
advantages over the Runge-Kutta algorithm of the 4th order.

In some instances, coupling of the Newmark algorithm and Runge-Kutta algorithm of the
Uth order may give rise to considerable reductions in computing time. Furthermore, it is
shown that, in particular, non-linear modal integration can be applied with success to
friction/impact problems.

2  Comparison between explicit and implicit algorithms

In the consideration of the motion behaviour of PWR fuel assemblies in the core which are
subject to strong excitations (as investigated for accident conditions such as severe
earthquake), it is to be noted that impacts may occur at various points in the core at
almost every point in time. For this reason, global step size control, which of course is
to provide very small increments during an impact phase but relatively large increments
outside an impact phase, does not come into consideration. The nature of the problem as a
whole is explained below on the basis of the explicit Runge-Kutta algorithm of the U4th order
and the implicit Houbolt algorithm as examples.

Let the solution of the differential equation l:g(t,y_) be known up to the time n . At.
Then the solution y,.¢ 1is calculated for time (n + 1) .aAt, assuming that:

AYy =Y " ¥y
1
= [go+(2-V5) z,+ @+\2) 52+g3] ™
where
Z,=8 m-at, y)-at
§1=g(n-at+7,y_n+%’--at (2)
22=g(r1 at+ 2’1n+('%+‘p13) Z+ (1—175——) Z1) At
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Thus only explicit arithmetic operations need be performed to calculate Yo 4 7°
Description of the Houbolt algorithm proceeds from the non-linear differential

equation
b:/l Z+f(£,3’<_):3(t) (3)
Let M be a positive definite mass matrix in this-instance.
To calculate the approximation X041 at time (n + 1) . a t the Houbolt algorithm
discretizes equation (3) as follows:

el ]
Y- wor L2 X =5 X+ 4 X - %00+
1
£ [, 5o 01 B =8 209 x5 -2 x| spy, @
(4) is a non-linear equation which is to be solved for X0+ 1
The use of a tangential stiffness matrix E yields for a Xp =Xy, 1 "X, 2 non-linear

equation of the form

® gor +D ax cag )

which must be solved iteratively. Frequently only one iteration is performed. Then Z is tobe
recalculated in each time increment and furthermore a linear system of equations is_to be
solved.

Thus the computational effort for each time increment is far lower for the explicit
algorithms than for the implicit.

The advantage of the implicit algorithms lies in the fact that they are not restricted
by stability requirements in the selection of time step.

This advantage is of significance when the high-frequency system oscillation components,
which ultimately determine the selection of time step, may be neglected in the integration
process for physical reasons; then it is possible to calculate with a farlarger time step
for the implicit algorithms than for the explicit. But precisely this is not the case in the
calculation of series models for assemblies: An impact which initiates high-frequency
oscillations may occur somewhere in the structure at practically every point in time
(Figure 1) and hence requires integration with a very small time step for reasons of
accuracy. In these instances the explicit algorithms have proved far superior to the

implicit.

3 Comparison of various integration algorithms

In the integration of fuel assembly models which contain friction and/or impact elements it
is advisable to use the exnlicit Runge-Kutta algorithm of the U4th order for the reasons
described above. A model problem is examined below to establish the extent to which other
algorithms yield improvements with regard to computing times as against the Runge-Kutta
algorithm. For this purpose, a simplified single fuel assembly lumped-mass horizontal quel
which is excited by a sinusoidal function at points 1, 8, 12, 13, 14 is analysed (Figuré 2).
In this model the fuel assembly itself is idealized in the form of suitably dimensioned
beams. The impact phenomena are represented by a pair of series-connected springs, one

linear spring and one non-linear spring containing a gap.
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3.1 Multi-step procedures

For the purpose of integration of our model problem, Predictor-Corrector procedures composed

of the explicit Adams-Bashforth procedure of the i'"

order and the implicit Adams-Moulton
procedure of the (i+1)th order are analysed.

To obtain results of similar quality to those of the Runge-Kutta procedure of the
Uth order, it was necessary to correct the approximation calculated by means of the
Predictor 2 to 3 times using the Adams-Moulton procedure whilst employing identical time
increments. As with the Runge-Kutta procedure, 3 to U4 function evaluations per time
increment again proved necessary and thus significant reductions in computing time were not

achieved.

3.2 Coupling of Newmark Algorithm (Trapezoidal Rule) and
Runge-Kutta Algorithm of the 4th order

A mechanical structure whose non-linear component consists exclusively of impact springs can
be integrated very rapidly by coupling of the implicit Newmark with the explicit Runge-Kutta
algorithm. The algorithm is very effective especially when the total duration of the impact
phases is at the most of the order of magnitude of the phases in which no impacts occur.

This is the case in our model problem.

Outside the impact phases the equations of motion are linear; they can then be
integrated directly with the Newmark algorithm by using a large step h1.

During an impact phase the non-linear equations of motion are to be integrated with the
explicit Runge-Kutta algorithm by using a small time step h2.

This algorithm possesses a number of advantages over the Runge-Kutta algorithm:

- h1 is no longer restricted by the stability limit of the Runge-Kutta algorithm since the

Newmark algorithm is absolutely stable.

- Under linear conditions the computing effort for the Newmark algorithm is smaller than
for the Runge-Kutta algorithm.

On integration of our model problem we established that, compared with the Runge-Kutta
algorithm, reduction of the computing time by a factor of 4 to 5 is possible.

The disadvantage of this algorithm is that it can only be applied expediently in the
context of problems in which only a few impacts occur in the sense defined in the above.

This disadvantage does not exist in the integration method described below.

3.3 Modal integration

The basis. of our consideration is the equation of motion formulated as follows:

M‘£+I§§_:E(t,£,.§) (6)

For the sake of simplicity it is assumed that the damping matrix C = Q. In this instance g
is a mass matrix, K as the stiffness matrix contains the linear part of our structure
(main component), F the non-linear part of our structure (friction or impact forces) in the

form of an external force.
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We then consider the eigenvalue-problem

2

E 4 =A] ¥y b
where

T

—A-i I‘:’I _é&: 61(\( (8) N
Let

S T )
and

Z (10)

The equations of motion then obtained constitute a set of scalar equations formulated as
follows:

e ne ze= [T Bt x 0] (1

The advantage of (11) over the formulation of the equations of motion selected in (6) lies
in the fact that for physical reasons it is necessary to integrate completely not all but
only the essential modes. When applied to our test problem the essential modes would be:

~ The low-frequency modes of our fuel assembly

- High-frequency modes which are primarily activated during the impact phases. These are the
oscillations of the points 9, 10, 11 against the "rest" of the fuel assembly (points 1 to
8).

The scalar equations in (11) relevant to the motion behaviour are then integrated using the
Runge-Kutta procedure.

Thus it was possible in our model problem to reduce the computing time as against the
customary application of the Runge-Kutta algorithm by a factor of approximately 2 whilst
obtaining qualitatively similar results.

Couplings with the Newmark algorithm, as described in 3.2, are possible in an analogous
manner in this instance and can bring about further reductions in computing time. Preumont
has also reported on the use of modal integration for non-linear equations of motion /1/.

4 Conclusions

It was demonstrated that the explicit algorithms are superior to the implicit for the

integration of problems in which a large number of impacts and possibly friction occur.
Then various algorithms were compared with one another on the basis of a model problem.

The result was that reasonable computing times can be achieved with modal integration and

possible coupling of Newmark and Runge-Kutta algorithms.
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