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ABSTRACT

ELIANA HEISER DE F. MARQUES. Analysis of Categorical Data from Longitudinal
Studies of Subjects with Possibly Clustered Structures. (Under the direction of
GARY G. KOCH).

Many references in the health sciences dealing with categorical data from studies
with repeated measurements and possibly clustering present analyses that do not
attempt to capture either of these special aspects of the data. Sometimes there may be
analyses taking into consideration the longitudinal feature of the data; but for the most
part, little attention has been given to any clustering of the attribute data.

Studies which involve a data structure with clustering should be analyzed first by
viewing the cluster as the basic unit of analysis. Only if correlation among cluster sub-
units is found negligible can cluster sub-units be appropriately viewed as the basic
analytical units. In this way, care is taken so that estimates of variances are not
underestimated (or overestimated).

Applications of existing methods of analysis for longitudinal categorical data are
discussed, and extensions of available methods for analysis of clustered attribute data
from a two-stage nested design are developed for these non standard type datasets. The
settings of interest for the extensions are the two-stage nested design with one treatment
applied within each cluster, and two treatments applied within each cluster. Two
designs are considered; the completely balanced design and the partially balanced design.
Examples from health sciences studies are used for illustration.

The methodology for the analysis of clustered attribute univariate data from a two-
stage nested design is extended to the case of an outcome measure evaluated under two
conditions (or time points) and generating two binary responses on each subject within a
cluster for the case of one treatment per cluster and the case of two treatments per

cluster. Quantities of interest in such studies are the mean value of an observed



response and correlation coefficients which reflect strength of clustering within a
condition or condition (time) correlation. The proposed extended methodology focuses
on parameter estimators within each condition (time) and the correlation coefficients
between these conditions. Extensions of this methodology to a set of r binary responses

on each subject within a cluster are noted.

iii




ACKNOWLEDGMENTS

I wish to thank two professors, Gary Koch and Dennis Gillings, for their guidance,
understanding and support during the period of my graduate study at UNC. 1 feel
deeply fortunate to have had the opportunity to work closely with Gary Koch, my
dissertation advisor. He has generously shared with me his ideas, comments and
criticisms, and has patiently instructed me on statistical matters. His concern for his
students made him an excellent advisor to me as well as a valuable friend. I also would
like to express my appreciation to Dennis Gillings who from the beginning believed in
my doctoral project and helped and encouraged me to pursue my goal.

My very warm thanks go to Mauro for his constant loving encouragement and
companionable support. He was an excellent listener and healer of my dissertation
aches. He and I ‘dissertated’ long hours together! Also, very special thanks go to my
mother and my sister who instilled in me the energy to be strong in the present and to
work persistently toward the future.

I am grateful for the support of my trailer friends in Biostatistics who made my life
more bearable during this endeavor.

I would like to acknowledge the members of my committee, Drs E. C. Davis, C. M.
Suchindran, C. D. Turnbull and C. Becker for their efforts. Thanks are also due to Ans
Janssens for her invaluable help in producing the typescript.

Finally, a sentence to Gabriel who, even though very little, with his smile gave me
a wealth of enthusiasm and made me realize that I could finish this work more quickly

than I had believed possible.



TABLE OF CONTENTS

Chapter

L.

II.

II.

IV.

INTRODUCTION AND REVIEW OF SOME STUDIES INVOLVING
REPEATED MEASURES AND CLUSTERED ATTRIBUTE DATA

1.1 Introduction

1.1.1 Considerations of Study Design
1.1.2 Aspects of Measurements

1.2 Background on Day Care Center Studies
1.3 Background on Clinical Dental Material Studies
1.4 Dairy Cows Clinical Analysis

1.4.1 Dairy Cows Data Analysis

1.5 Summary and Qutline of the Research

OVERVIEW OF CATEGORICAL DATA ANALYSIS
2.1 Introduction

2.2 Weighted Least Squares Methodology

2.3 Some Aspects of Longitudinal Categorical Data

2.3.1 Linear Models for Means

CLUSTERED ATTRIBUTE BINARY DATA FROM NESTED DESIGNS
3.1 Introduction
3.2 The Two-Stage Nested Design with One Treatment Per Cluster

3.2.1 The Completely Balanced Design
3.2.2 The Partially Balanced Design

3.3. The Two-Stage Nested Design with Two Treatments Per Cluster
DAY CARE CENTER ANALYSIS: A REPEATED MEASUREMENT
STUDY WITH CLUSTERED ATTRIBUTE DATA

4.1 Introduction

4.2 Weighted Least Squares Methodology for Repeated Measurements

vi

11

12

17

20

20

21

25

27

31

31

33

36
45

48

62

62

62



VL

VII.

4.3 Examples
4.3.1 Analysis for Clustered Data
4.4 Mean Scores Application for Non-Clustered Data
4.5 Discussion
ANALYSIS OF CLUSTERED BINARY DATA EXTENDED TO

TWO TIME POINTS OR CONDITIONS FOR ONE TREATMENT
PER CLUSTER

5.1 Introduction
5.2 Methodological Considerations
5.3 The Completely Balanced Design: Two Time Point Responses

5.3.1 Mean Formulations for Estimation
5.4 The Partially Balanced Design: Two Time Point Responses
5.5 Examples

5.5.1 Day Care Center Study

5.5.2 Clinical Dental Material Study
5.5.3 Example for the Partially Balanced Case

ANALYSIS OF CLUSTERED BINARY DATA EXTENDED TO
BIVARIATE RESPONSES FOR TWO TREATMENTS PER CLUSTER

6.1 Introduction
6.2 Methodological Considerations
6.3 The Completely Balanced Design: Two Time Point Responses

6.3.1. Means Formulation for Estimation
6.4 The Modular Case: Two Time Point Response

6.5 Example

ANALYSIS OF CLUSTERED BINARY DATA FOR R-TIME POINTS
7.1 Introduction
7.2 One Treatment Per Cluster: Balanced Case

7.3 One Treatment Per Cluster: Partially Balanced Case

vii

65

66

77

79

81
81
82
85
88
93
95
95

97
99

102

102

103

105

110

118

120

123

123

124

127




7.4 Two Treatments Per Cluster: Balanced Case 128

7.5 Two Treatments Per Cluster: Partially Balanced Case 133
VIII. SUMMARY AND SUGGESTIONS FOR FURTHER RESEARCH 134
8.1 Summary 134
8.2 Further Research 139

BIBLIOGRAPHY 141

viii



CHAPTER 1
INTRODUCTION AND REVIEW OF SOME STUDIES

INVOLVING REPEATED MEASUREMENTS
AND CLUSTERED ATTRIBUTE DATA

1.1 Introduction

In the health and social sciences, researchers often encounter categorical data with
added complexities from a profile of questions in a nested hierarchy and/or cross-
classification. A common feature of these studies is a non-standard data structure with
repeated measurements (subjects of investigation observed under two or more
conditions), which may have some degree of clustering (correlated categorical data from
distinct observational units). For example, Kempthorne (1982) analyzes a psychiatric
diagnosis study previously discussed by Landis and Koch (1977), where 30 subjects are
each separately classified as neurotic or not by six psychiatrists. Each subject is
evaluated six times, and subjects are viewed as clusters.

Some specific examples illustrating one or more of these distinguishing features
come from studies with a series of categorical responses directed at providers or users of
social services. These studies may involve different groups of clusters of subjects, who
are asked questions about their choices among a fixed set of alternative actions under
several scenarios. Moreover, these scenarios may be cross-classified according to two or
more study factors. This is the case, for example, of a study of day care center criteria
for sending sick children home, with members of the staff at centers reporting on the
actions taken under different situations related to a perceived ill child. In terms of the
data structure, there are different features to be identified with relation to this study.

Day care centers are stratified by level (certified center/non-certified center) which can
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be referred to as strata. There are a number of conditions (questions) for which subjects
(staff) are observed and for which day care center may be a source of clustering; if
besides staff, parents are also asked to answer the same set of questions posed to staff,
about criteria to send sick children home, then staff and parents are designated as
subpopulations; other dimensions to be considered, generally also identified as factors,
are age of children (age<2, ages between 2 and 5), presence/absence of fever and
presence/absence of specific symptoms or signs of illness. The answers ’do nothing’, ’tell
parent at the end of the day’, ’call parent to tell them’ and ’call parent for immediate
pickup’, for combinations of the study factors just mentioned above, generate the
response variables that will describe variation among staff and/or parents for different
levels of day care centers.

Another group of studies that need special consideration for its relatively non-
standard data structure comes from the evaluation of dental materials. Such clinical
studies involve patients who receive one or more materials in one or more teeth at one
or more sites. For these types of studies, patient (or the mouth), should be viewed as a
cluster. Technique, operator and restoration material are factors. Differently from
other studies, here only a subset of possible treatments is assigned to any particular
patient. Various characteristics are measured with respect to each restoration. They
are, for example, retention of color, sensitivity, marginal discoloration, number of caries,
etc. The status of each site for each tooth of each person is classified into ordinal
categories at one or more follow-up times which brings in a multiple time structure.
Other aspects of these studies which require attention are the role of multiple operators
and the role of multiple evaluators who perform the follow-up classifications.

Other studies may present a complex discrete data structure encompassing
repeated measurements and clustering attributes. For example, in a diary science
clinical trial for treatment of mastitis in dairy cows discussed by Koch et al. (1978), the

pre-treatment and post-treatment disease status of each of a cow’s four udder quarters




3
is assessed. In this study, the repeated measurements feature is identified from the
before and after treatments, and the measurements obtained from the cow’s four udder
quarters, imply that the cow’s udder is viewed as a cluster. The only factor here is the
treatment which is randomly assigned within herds such that every treatment is
assigned at least once within herd. In the original dataset, there is information on the
two major types of bacteria causing the udder’s infection. This additional component of
the repeated measurements structure characterizes bacteria A and/or bacteria B as
being present/absent in a quarter. One might consider if a larger number of herds and
of cows were available, clustering features at different stages in the study, by identifying
bacteria type within quarter, quarter within cow, cow within herd; this last step might
present further difficulties since cows within the same herd receive different treatments.

Another interesting study which has been in fashion for sometime is the multi-
center, multi-visit clinical trial in which patients are assigned at random to two or more
treatments. A profile of repeated measurements initially and at each of one or more
follow-up visits is recorded for each patient. Such follow-up produces a profile of
possibly correlated measurements for each patient at the several points in time. The
data structure for this clinical trial is pictured as a simpler version than what could be
described for the previous examples. It is a rectangular array that consists of multiple
visits of each of several subjects. A variation here is that some subjects do not appear
at all visits, so one aspect of this structure is missing visits. Because these clinical
studies as well as the dental material studies described earlier encompass a situation
where the response variables are examined along a specific dimension like time or
intensity of a particular stimulus, they are also called longitudinal studies. When the
subjects in such studies come from multiple treatment centers, there can be clustering
due to common aspects of the management and assessment of subjects from the same
center.

Analyses of the previously described types of studies in the health and/or social
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sciences have often been undertaken ignoring the clustered aspects of the data and the
potential impact of the repeated measurements structure. As an illustration, in studies
involving day care centers and their staff (e.g., incidence of illnesses in day care centers),
usually the staff member is regarded as the unit of analysis rather than day care center.
Such analyses actually do not examine day care center, but staff characteristics. So, in
this situation, whenever differences are found, it is not clear if it is the nature of staff or
the nature of day care centers that accounts for the encountered difference. A similar
situation occurs with clinical dental studies where patients are treated for more than one
tooth and sometimes more than one site per tooth. In many of these studies, the unit of
analysis is the tooth; however if mouth was the unit of analysis, it would account for
possible correlation between teeth within the same mouth. These choices of units of
analysis have been a limitation of the standard methods used to analyse such studies.
For example, to ignore a possible clustering effect of day care center when staff is used
as the unit of analysis implies an assumption of no intra cluster correlation; i.e. within
cluster variation characterizes all the variation in the dataset. However, if correlation
among ’sub-units’ (staff, teeth) in a cluster (day care center, mouth) is strong, it is
important to account for the clustered structure of the data in the analysis, i. e., it is
important to adjust for cluster to cluster variability so that estimates of variance are not
under estimated or over estimated. So, an analysis of clustered data structures should
be based first on viewing the cluster as the unit of analysis. If it is possible to
demonstrate that there is negligible correlation among cluster sub-units, i.e., no
clustering effect, then an analysis based on viewing the cluster sub-units as the basic
units of study is justified.

For settings like the ones described above, where researchers may be presented with
particular statistical questions which are not routine, it is important to investigate
alternative statistical methods of analysis. Also, since decision making based on the use

of statistical tools almost always involves collection of data, the way in which data are
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collected becomes extremely important. This involves giving consideration to issues of

structure of the design and types of measurements to be obtained.

1.1.1 Considerations of Study Design.

Study design determines the nature of the randomization process that will generate
the data. This is important for any type of study because it identifies the basis for
inference (or lack of thereof) from observed data to some target population.
Randomization is employed to help average out the effect of many extraneous variables
which may be present in an experiment, and by use of certain special designs, the effects
of many important factors can be studied in the experiment as well as the
interrelationships between these factors. For example, in clinical dental material studies,
it involves using a randomization process to allocate sites, teeth and patients to
c.ombinations of materials, techniques and clinicians. In clinical trials, patients are
allocated to two or more treatments. This allocation may be an unrestricted
randomization scheme or one in which blocks of patients are assigned to different
treatments at random so as to equalize the number of patients in each treatment group

within relevant strata(e.g.,clinics).

1.1.2 Aspects of Measurements.

Measurement structure is concerned with whether the data are expressed on a
continuous, discrete enumeration, ordinal, binary, or nominal scale. In some studies it
also has to do with the method of follow-up; whether it has a single or multi-visit
structure, and also with the potential issue of censoring data from subjects discontinuing
a study before final follow-up. All these aspects are important because the measurement
scale of response variables expresses the nature of information available for statistical
analysis. Illustrative of different aspects of measurements are day care center study

data obtained from subjects (staff) answering a questionnaire with a set of fixed



6
alternative choices and clinical dental study dentists which give scores to their direct
clinical evaluation of different restorations placed with different techniques and different
materials. Data obtained from both of these examples are primarily categorical and
based on the cross-classification of response and explanatory variables.

Essentially, all the information involving these often occurring studies gives rise to
datasets with a fairly complex pattern of data on each subject. Difficulties may increase
if data do not correspond to a fixed pattern of response in the same way across all
subjects, i.e., if it is incomplete, in which case methods to be applied become more
complicated or need to be worked further. Statistical questions of interest generated
from these studies are, for example, comparison of treatments in a clustered data
structure, within and between subject covariation with clustered data, issues of variation
over time in a longitudinal data structure with clustering, evaluation of agreement of
clinicians and/or observers etc. Strategies for the analysis of such datasets include
available methods and refinements or extensions of such methods. For these, special

computing techniques and/or simplifying assumptions may be needed.

1.2 Background on Day Care Center Studies

The number of children enrolled in day care facilities in the United States is large
and rapidly expanding. Presently over eleven million children spend a minimum of ten
hours per week at a day care center (Fosburg,1981). Demand for day care centers will
increase in the future. Information regarding the epidemiology, transmission and control
of infections in child care centers, even though incomplete, is accumulating and
researchers in these areas have been analysing these data in order to generate
suggestions for more effective disease control practices in day care centers.

Doyle (1978), studied the incidence of illness in early group and family day care
using the child as the unit of analysis. Her paper examined rates of reported illness in

chidren under three years of age enrolled in a group day care center and compared these
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rates with those in home-reared children and children in family day care homes. Data
on seven categories of ilinesses were collected by bimonthly interviews with parents
during two consecutive winters. The statistical analysis developed for the data was
based on analysis of variance for five of the seven symptoms; Because of skewed
distributions and heterogeneity of variance, the remaining two variables were reduced to
nominal data and chi-square and Fisher tests were used as appropriate.

It is worthwhile noting that Doyle’s study was done comparing twelve children
from each type of day care and that all data was obtained from parental reports. These
small sample sizes and the questionable validity of parental report are two limitations of
this study. On the other hand, previous studies done on this subject were as much or
more questionable than Doyle’s. For example, Loda et al. (1972), relied on care-taker
reports of illness verified by throat and nasal cultures. Yet, their study lacking an
adequate control group, compared rates for day care children with rates in the general
population from the Cleveland Family Study. Strangert (1976), included control groups
but the method of data collection was different for the center children compared to
family day care and home-reared children. Only center children were examined and
reported routinely by a pediatrician or care-taker; the other children were reported by
parents.

Lemp et al. (1984), reported the first randomized prospective study examining
specific characteristics of day care center staff and their association with day care
centers diarrhea. This was an eight month period study in Texas, where sixty day care
centers were randomly selected from a list of 736 licensed day care centers. Data on
diarrheal illnesses was collected by weekly contacts by phone to determine number of
children and staff who experienced diarrhea during the preceding week.  Self-
administered questionnaires were mailed to day care centers’ staff and directors to
obtain data on characteristics of the centers and their staff. Two units of analysis were

used; center and staff. The statistical analysis done was restricted to calculation of
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incidence of diarrhea and correlation of this incidence with characteristics of the center
and staff.

Sullivan et al. (1984), reported on a longitudinal study of occurrence of diarrheal
disease in day care centers. Their study was based on sixty randomly selected day care
centers in Houston, Texas and the method used to obtain information on episodes of
diarrhea was every week telephone calls. Data was also obtained from directors
concerning management, facility and procedual characteristics of each center. Analysis
of variance and stepwise regression between incidence of diarrhea and selected day care
center characteristics were the statistical tools used to analyse the data, with day care
center as the unit of analysis.

Bartlett et al. (1985) examined diarrheal illness among infants and todlers in day
care centers, comparing it with day care homes and households. This was a prospective
two year study of diarrheal disease, with twenty-two randomly selected infant-todler day
care centers, thirty (random) day care homes with 0-36 month old children and a house
(random) sample with 102 houses with 0-36 month old children. They compared rates
of diarrhea in the three settings using five serial biweekly family based surveys during
the period of highest diarrheal rates, with children as the unit of analysis. Their
statistical treatment of the data involved chi-square tests and a stepwise loglinear model
including occurrence of diarrhea, type of child care setting, presence of 0-36 month
sibling and presence of school age sibling in the family of the study child.

The special article on public health considerations of infectious diseases in child day
care center, in the Journal of Pediatrics (1984), brings about in its conclusions a very
important issue not only to the public health researcher but also to the statistician
helping with the analysis of these types of data. It says that even though more carefully
planned studies have been published more recently, there are still limitations on data on
which to base control strategies for day care centers. This argument is indeed very

important because well designed studies granting thorough statistical analyses will add
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very much to the present understanding of this subject, possibly permitting formulation

of definite guidelines in the future, for all day care centers in the United States .

1.3 Background on Clinical Dental Material Studies

Evaluation of the clinical performance of dental restorative materials has been an
integral part of dental practice for a very long time. The difference between early
studies and the ones done in the last ten to fifteen years lies in the methods used. Many
of the early studies were based predominantly on pure subjective judgement and were
often very extensive. In some situations, there were examininations of several thousand
clinical restorations of unknown history (Allan, D.N.(1969)). Though informative, such
studies did little to provide guidance for future developments. By now, methodology has
become progressively more sophisticated. On the other hand, the rate at which clinical
evaluation techniques have developed lately in dentistry has been so rapid that there has
been little assessment as to whether the methods used are indeed effective.

Statistical analysis underlying almost all analyses of clinical dental studies has been
at a descriptive level for summarization of results; and only very recently, there has been
consideration of study design at the early stage of planning these dental experiments.

Mahler and Marantz (1980), in their study of clinical assessment of dental amalgam
restorations, spend a good part of their paper discussing factors influencing marginal
fractures of restorations. They discuss many factors which may influence the incidence
and extent of marginal fractures, pointing out that these factors should be considered in
any experimental design for these types of studies. These factors are: nature of alloy,
the ability of operator, the oral environment of the patient, the type and position of the
tooth, and class and size of the restoration. Of all factors influencing marginal fracture,
the nature of the alloy has proved to be one of the most significant and has been the
subject of many studies. The operator effect has been recognized in the last ten years as

important. Even though it has been assumed that after suitable instruction, differences



10
in operators would not be a factor affecting the outcome of a clinical investigation,
operator differences have been shown to affect marginal fracture performance in
supposedly well controlled studies (Osborne and Gale, 1974; Letzel et al., 1978; Mahler
and Marantz, 1979b; Goldberg et al., 1979). The patient factor, or more specifically,
the combination of oral environment and occlusal loading within each patient has also
been shown to have a significant effect on marginal fractures (Forsten and Kallio, 1976;
Letzel et al.,1978; Goldberg et al., 1979). The questions of influence of tooth type and
position, and restoration class and size on marginal fracture have been addressed more
recently.

More recent literature in clinical dental material studies show that most of the
factors discussed above have been taken into account. Operators place approximately
equal numbers of restorations of each alloy. The patient factor is considered in the
experimental design along with regard to both size of patient sample and distribution of
alloys within each patient. Tooth type and position, restoration class and size have been
balanced over the variables being studied. However, one very important aspect that has
not been mentioned and/or studied in these more recent clinical dental material studies
has to do with the oral environment of each patient and the correlation structure that
may exist involving teeth and/or sites within the mouths of the patients. Consideration
of this clustering aspect of the data would enhance statistical sensitivity of the
experimental design to be used and along with the factors discussed above would enable
better evaluation for these clinical studies.

The nature of the type of data obtained from social service areas like day care
center studies and clinical dental material studies, and their different complexities
arouses the interest of the applied statistician. Examination of these data from an
underlying statistical viewpoint, with more comprehensive statistical analyses, may
provide knowledge on the analysis of the data which may have not been explored until

this time or that may have been underestimated because it has not been brought
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together in this fashion before.

1.4 Dairy Cows Clinical Trial Data

In a clinical trial for treatment of mastitis described by Heald et al. (1977) and
discussed by Koch et al. (1978) and Kempthorne (1982), two drugs (penicillin and
novobiocin) were used for treatment of infection in dairy cows. The objectives of the
clinical trial were to optimize the doses of each of these two drugs for treatment of
different bacteria and to determine if a combination of penicillin and novobiocin was
justified for treatment of both infections at drying off.

Cows from sixteen southwestern Virginia Holstein dairy farms were in the study.
Technicians who visited the farms on a weekly basis assigned subjective management
scores (poor, fair, good and excellent) to the herds. Cows within each herd were
assigned sequentially to receive one of the following treatments:

1. No treatment (control)

2. 1x10° L.U. Penicillin

3. 2x10° L.U. Penicillin

4. 4x10° LU. Penicillin

5. 4x10? Novobiocin

6. 1x10° L.U. Penicillin + 4x10? Novobiocin

7. 2x10° L.U. Penicillin + 4x10? Novobiocin

8. 4x10° L.U. Penicillin + 4x10% Novobiocin

9. 6x10? Novobiocin

The presence or absence of any infection prior to treatment and after treatment for
each quarter of a cow’s udder constituted the data for analysis. In this study, pre-
treatment and post-treatment status were determined and this together with udder
quarters illustrate a repeated measurements data structure. The basic experimental unit

here was the cow since the four quarters of the cow’s udder were not assumed
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independent.

1.4.1 Dairy Cows Data Analysis

Koch et al (1978) analyzed the mastitis data described in section 1.3 by several
methods for the categorical data on the response to treatment of mastitis. The focus of
the analysis was three fold: 1) to assess extent of interaction among experimental factors
(e.g. herd management, drug treatment) and its implications to model fitting in order
to describe relationships; 2) to account for pre-treatment scores as a covariable and 3)
undertake multivariate analysis with respect to the four quarters simultaneously.

Four analyses were performed all together. Weighted least squares regression was
the basic method of analysis in all of them. The first analysis examined the effects of
drug treatment and herd management on post-treatment with the response variable
being post-treatment mean scores, based on the post-treatment number of infected
quarters: 0, 1, 2, 3, 4. The second and third analyses evaluated treatment effectiveness.
One, a bivariate analysis of pre-treatment and post-treatment numbers of infected
quarters was used to assess simultaneously the pre-treatment and post-treatment mean
numbers of infected quarters and hence, their corresponding differences. The other
directly analyzed the estimated mean pre-treatment versus post-treatment difference
score with scores ranging -4, -3, -2, -1, 0, 1, 2, 3, 4. The last methodological strategy
undertook multivariate analysis with respect to the four quarters simultaneously. The
response variable of interest was the udder’s quarter difference; and so there were four
response variables.  Three possible outcomes were associated with each quarter
depending on if i) quarter was infected before treatment and not infected after
(score=1); ii) quarter had same infection status after treatment as before (score=0); iii)
quarter was not infected before treatment but infected after (score=1). Since there were
nine sub-populations corresponding to the treatments and there were 81 possible

multivariate profiles (3*=81), this multivariate analysis of quarter difference score
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involved a 9x81 contingency table for the cross classification of treatment versus the
multivariate quarter difference profiles. It was of interest in this analysis to investigate
if there were differences among treatments for the four quarters , both separately and
simultaneously. The pre-treatment versus post-treatment quarter difference mean score
for infected quarters was the response of interest. The basic findings of the four analyses
agreed with each other. From the first analysis resulted differences among treatments,
no herd management score effect and no differences among the active treatments. When
pre-treatment versus post-treatment mean number of infected quarters was analyzed
through a bivariate analysis (second analysis), results showed that there were no
differences among pre-treatment mean scores but significant differences among post-
treatment mean scores; differences among post-treatment mean scores for the active
(non-control) treatments were non significant. The result of no differences among pre-
treatment mean scores was expected because of the nature of the design. So, in a spirit
analogous to covariance analysis, an analysis was done reflecting equality of pre-
treatment means through standardizing the pre-treatment scores to a common baseline,
to study post-treatment comparisons. Here, the results indicated differences among
post-treatment mean scores for the active treatments and that for control. Also, there
was no pre-treatment versus post-treatment difference for the no treatment (control)
group. Results of this third analysis were essentially the same as for the second analysis.
For this alternative approach to the bivariate analysis, mean difference scores were
different for the treatments although this was not true for the active treatments. In
addition, the estimated mean difference score for the control treatment was not
significantly different from zero. For the last analysis, results for the questions
pertaining to quarter differences within treatments and treatment differences within
quarters indicated that treatment differences were most apparent for quarter two and
that quarter differences were most apparent for treatments six and seven; quarter

differences for the control-treatment were non-significant. Comparison of active
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treatments within each quarter were also provided resulting in that active treatments
within each quarter were non-significant but the simultaneous test of active treatments
within quarters showed a borderline significance, differently from the result of the third
analysis. In view of this situation, two analyses were performed, one where the
simultaneous test was regarded non significant and another regarding it as significant.
In the first case, the extent of improvement between pre-treatment and post-treatment
for the respective four quarters for cows of any of the active (no-control) treatments was
greater for the two quarters on the left than their two counterparts on the right and it
was greater for the front two quarters than their two counterparts at the rear.
Moreover, quarter location differences (left vs right, front vs rear) were both significant
and the interaction between them was not significant. An overall estimate of
improvement was obtained by adding the separate estimates for the four quarters
together. It essentially yielded the same overall estimate as the previous analyses so in
this sense, this multivariate analysis rendered the same conclusion concerning treatment
differences as the simpler analyses described previously for the total numbers of infected
quarters at pre-treatment and post-treatment, but at the same time provided additional
interesting information about the differences in improvement for the four separate
quarters. Alternatively, if the simultaneous test statistic for within quarter equality of
active treatments was interpreted as significant, it became necessary to identify which of
the four quarters was responsible for this significance. Quarter two (left rear) appeared
to be a strong possibility because it had a wider range of difference scores for the active
treatments than the other three quarters. Moreover, treatment nine seemed to be less
effective for this quarter than the other active treatments which again seemed to be
relatively similar with respect to extent of improvement. When an analysis was done
putting all these considerations together, even though the model used provided a
satisfactory framework for characterizing the variaton among quarter difference scores,

the results were more difficult to interpret than for the analysis regarding the
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simultaneous test statistic as non-significant, because there did not seem to be any
sensible reason for treatment nine to act in relation to quarter two as it did. In other
words, the relatively small (estimated) improvement of quarter two for cows given
treatment nine seemed to be either a consequence of data collection or transcription
error or simply a random event. Since this latter interpretation was considered more
reasonable, the analysis regarding the simultaneous test statistic as non-significant was
judged as more preferable than this one. The conclusion from these analyses was that
the various active treatments under study were homogeneous and superior to no
treatment.

Kempthorne (1982), used the dairy cows mastitis data to illustrate the analysis of
clustered attribute data in the framework of a two-stage nested design structure. The
methodology for analysing clustered attribute data is aimed at assessment of the extent
of clustering in the data and its effect on the estimation of the mean response. In this
analysis, the focus of estimation is directed at two parameters, the mean response ()
and the intraclass correlation coefficient (p). Here, as before, the cow rather than the
quarter of udder is the basic analysis unit.

Since the pre-treatment and post-treatment disease status of each of the cow’s four
udder quarters is assessed at given times, this analysis illustrates the applicability of the
methodology for clustering to data having a repeated measurements structure with the
cow’s udder being viewed as the cluster and its quarters as the sub-units of the cluster.

For simplicity, the nine treatments were combined into four groups according to
the two drugs, novobiocin and penicillin. The new sub-groupings were control, penicillin,
novobiocin and a combination of novobiocin and penicillin. The contingency table for
the cross-classification of the four treatments with the bivariate pre-treatment versus
post-treatment joint distribution for numbers of infected quarters is shown in Table 1.1.

Estimation of the mean response and intraclass correlation coefficient was

undertaken with weighted least squares analysis where pre-treatment and post-
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treatment logits and In(l-p) were the elements of the response vector. The mean

response for pre-treatment and post-treatment control obtained was 0.453 (s.e. = 0.021)

Table 1.1 Tabulation of the Bivariate Pre-treatment vs. Post-treatment Joint

Distribution of Number of Infected Quarters for Four Treatments.

Post-treatment Number

Pre-treatment Number of Infected Quarters

Treatment of Infected Quarters 0 1 2 3 4
0 2 3 1 0

1 2 2 0 1 1

Control 2 0 1 2 0 0
3 0 2 1 1 0

4 0 0 0 5 0

0 15 12 1 0 1

1 13 7 1 0 0

Penicillin 2 13 6 6 0 0
3 4 3 5 2 0

4 6 3 2 2

0 12 0 0 0 2

1 6 8 2 0 0

Novobiocin 2 6 1 0 0 0
3 8 2 0 0 0

4 3 2 1 3 1

0 17 2 2 1 0

1 8 5 2 0 0

Combination 2 1 2 4 0
(Penicillin and 3 1 2 0 0
Novobiacin) 4 11 5 1 4 2

and for active post-treatment was 0.196 (s.e.=0.016). This indicated that the

proportion of infected quarters was reduced by 43% under active treatment. The intra-
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class correlation pre-treatment was 0.404 (s.e.=0.035) and post-treatment was 0.218
(s.e.=0.038), i.e., post-treatment intra-class correlation was approximately half of the
size of intra-class correlation pre-treatment.

Analysis of the same data assuming no correlation among udder quarters, (i.e.,
ignoring the clustering effect of the data) was also performed for comparison between
estimates obtained from the two approaches. Table 1.2 summarizes the data when the
udder quarter is viewed as the unit of analysis. A weighted least squares analysis was
used with pre-treatment and post-treatment logits for the four drugs as the vector of
response. The estimated mean response for pre-treatment and post-treatment control
was 0.492 (s.e.=0.015) while the mean response for active post-treatment was 0.197
(s.e.=0.013). It is interesting to note how the standard errors differ when udder and
udder quarter are viewed as units of analysis. When udder quarter is the unit of
analysis, standard errors of the mean responses are substantially underestimated. So,
the analysis taking into consideration the clustering of the data, using udder instead of

udder quarter as the unit of study seems appropriate.

Table 1.2 Data on Number of Infected Quarters.

Pre-treatment: no yes
Drug Post-treatment: no yes no yes
Control 40 24 17 23
Penicillin 193 39 161 51
Novobiocin 101 15 87 25
Combination 123 21 130 46

1.5 Summary and Qutline of the Research

There haven’t been many methods applied in the setting of multivariate repeated
measurement studies involving combinations of categorical response measures, cross-

classification of explanatory variables and possibly clustering. Weighted least squares
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methodology which is appropriate for a variety of analysis situations for categorical
data, will be the focus of the methodological work developed in this dissertation to study
different aspects of the analysis of data generated from these non-standard type
datasets. Aspects addressed will be on calling attention to analyses which deal with
available methods and/or refinements so far not explored as well as developing
extensions of presently available methods when questions are identified for which
available methods don’t seem appropriate.

Methodology to analyse multiple time structure studies and/or clustered attribute
data is presented by chapter. Chapter II presents an overview of categorical data
analysis for repeated measures and linear models for means while Chapter III reviews the
methodology to analyse clustered attribute data from a nested design with one binary
response per subject, for the cases of one and two treatments per cluster. In Chapter
IV, WLS methods will be used to describe variation among responses by staff members
about how to handle perceived ill chidren in a day care center study, when different
types of centers and different symptoms/illnesses of children are considered. The day
care center study provides an opportunity to illustrate the methodology described in
Chapter II, with an added refinement of creating summary measures for centers and by
doing so, taking into account the clustered structure of the data. Chapter V extends the
theory for clustered attribute data from a two stage nested design for one binary
response per subject reviewed in Chapter III, to the case where subjects under
investigation are observed under two conditions generating two binary responses per
subject. This chapter is concerned with the situation of one treatment per cluster. Two
studies, the day care center study and a clinical dental material study, illustrate this
extended methodology. In Chapter VI, the one treatment two binary responses per
subject case studied in Chapter V is extended to the situation of two treatments per
cluster. The day care center study serves as an example for this more complex situation

with an additional dimension incorporated to it, which is the answers given by the
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mothers of the children in those centers. Chapter VII presents a generalization to r
conditions (r binary responses per subject) or alternatively to r-time points for the cases
of one and two treatments per cluster. In Chapters IV to VII, the WLS function vector
of interest takes a range of different forms depending on the data structure, on the
parameters of interest to be estimated and on the hypotheses to be addressed. The
model fits to these function vectors provide a description of the function estimates, of
the variation among them and a framework to test hypotheses of interest.

In conclusion, in this work, performance of the combination of the methodology for
repeated measurements and methods for categorical data analysis is evaluated to address
statistical questions of interest generated from non-standard datasets. Also,
methodology is developed to deal with the clustered aspect of the data for the situation

of r-time points or r binary conditions per subject.



CHAPTER 11

OVERVIEW OF CATEGORICAL DATA ANALYSIS

2.1 Introduction

Until recently there were no general approaches to statistical analysis for
categorical data. Emphasis was on the analysis of two-way tables; only a few books
dealt with categorical data analysis (Maxwell, 1961; Cox, 1970; Fleiss, 1973) and none
focused on the analysis of the relationship between categorical response variables and
subpopulations (i.e., independent random samples from combinations of independent
variables) based on demographic, diagnostic and/or other categorical factors in the
context of a statistical model. Nowadays, for settings in health science research there
are several methods and computing procedures for analytical frameworks concerning
comparisons among subpopulations. The Weighted Least Squares (WLS) approach is
one of these methods for categorical data. It is often an appropriate means of fitting
linear models since the homogeneous variance assumptions of the usual least squares
strategies are not required. The estimates being modeled might be those resulting from
a cross-classification of variables from a multidimensional contingency table.

In order to narrow down this review to methods of interest for the work to be
developed in the following chapters, attention will be given to the following topics:
Weighted Least Squares and some aspects of Weighted Least Squares analysis for
longitudinal categorical data. The notation and style in the following Sections are

similar to those used by Koch et al. (1985), Koch et al. (1986).
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2.2 Weighted Least Squares Methodology

The WLS methodology by Grizzle, Starmer and Koch (GSK, 1969) for discrete
data represented by categories, allows one to describe the variation among a set of
estimates produced from the data, in the context of a general linear model applied to
categorical data. These estimates, or sllummary measures, include a variety of functions
such as proportions, means, ratios etc. For example, in a day care center study of
criteria to send sick children home, the estimates under study might be the proportion of
staff choosing to call parent for child’s immediate pickup; or in a clinical dental material
study of retention of color by teeth restored with either material X or Z, the proportions
of teeth retaining color for the different materials may be the measures of interest. To
perform a WLS analysis it is necessary to have a set of summary statistics as a vector
and a consistent estimator of the covariance matrix of this vector. The GSK strategy
involves three stages: 1) construction of appropriate functions of responses; 2) fitting of
regression models to these functions with WLS estimation; and 3) testing hypotheses
about linear combinations of the model parameters.

Let h=1, 2, ... ,s index a set of s sub-populations as defined in terms of some set of
explanatory variables and I=1, 2, ..., q index a set of q categories which correspond to
response profiles associated with the response variable of interest. Suppose that samples
of size n, are independently obtained by a process which is conceptually equivalent to
simple random sampling from the respective s sub-populations. The data for such a
situation can be summarized in an (s x q) contingency table as shown in Table 2.1,

where n,_, denotes the frequency of response category ! in the sample from the h-th sub-

h!
population. If n, = (n,q, Dy, ... Bpg) denotes the (qx1) vector of the sample
frequencies for the h-th subpopulation then the previous considerations concerning
sampling framework imply that n, follows the multinomial distribution with parameters

n, and ¢, = (Ch1s Ch2s -+ Chq)' where (_, represents the probability that a

randomly selected subject from the h-th sub-population is classified in the l-th response category.
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Table 2.1: An s x q Contingency Table

Response profile categories

Sub-population 1 2 . q Total
1 nyy ny, Nyq ny
2 n21 n22 e n2q n2
K] nsl ns2 ‘e nsq g .

The likelihood function is then given by

® = I {on LTIy ™)/0y 1) (22.1)
h=1 =1

q
with the Chl’s satisfying the constraints ) Chl = 1, for h=1, 2, ... ,s since each subject
=1

is classified into one of the q response categories.

The sample proportions Py = nhl/nh are unbiased estimators for the

corresponding parameters Chl' The covariance matrix of the Phy has the following

structure

Var (ppy) = €y (1= ¢yp) / (2.2.2)
Cov (P> Ppp) = — oy Cppr / P £ (2.2.3)
Cov (ppps Py ) =0 h#h/ . (2.2.4)

Using matrix notation to summarize these statements it follows that

Bp)=¢, Var(p=| . 77 7 [=v(Q) (2.2.5)

where




23

Yh(gh) = {[Dgh - Qhéhl / np} (2.2.6)

is the covariance matrix for the h-th sub-population, with ¢ = (¢}, {2’ - ¢s')
denoting the compound vector of parameters for all s sub-populations and similarly,
p= (131’, P2’y - Bs’)’ denoting the sample proportion vector. A consistent estimator
for V(¢) is V(p), where p has been substituted for ¢.

A general class of linear models for describing the variation in F, the vector of

functions of response data, can be expressed as

E, (F)=E, (E(p))=F ({)=X8 (2.2.7)

where X is the specification matrix, 3 is the vector of parameters to be estimated and
E A denotes asymptotic expectation.

Most often, F is any vector of functions obtained fr\om combinations of linear,
logarithmic, or exponential transformations of the response data. YF can be obtained
using linear Taylor series methods as described by Koch, Imrey, Singer, Atkinson and
Stokes (1985).

The WLS estimated model parameters b and covariance matrix V| are

b= (XVFX)'XVEE (2.2.8)
and
V, = XVEX)T . (2:2.9)

=(E-Xb)'VF (E-Xb) . (22.10)

When the sub-populations are moderately large (i.e., np, > 20), Qw has an approximate
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chi-square distribution with degrees of freedom equal to the difference between the
dimensions of F and b.

If model (2.2.7) fits the data as determined from the goodness of fit statistic, it is of
interest to study which factors are related to the response variable, i.e., to perform tests
of linear hypotheses pertaining to the parameter vector B.

Specifically, hypotheses of the form

Hy:C8 =0 (2.2.11)

where C is a known (¢ x t) matrix of full rank ¢ < t and 0 is a (¢ x 1) vector of 0s,

may be tested with the Wald statistic

Qc = b'C(C V, C' yCb (2.2.12)

which has approximately a chi-square distribution with ¢ degrees of freedom in large

samples under HO' In this framework, the test statistic Qc reflects the amount by
which the goodness of fit Wald statistic in (2.2.10) would increase if model (2.2.7) were
reduced by substitutions based on additional constraints implied by (2.2.11). Thus,
these methods permit the total variation within F(¢{) to be partitioned into specific
sources and hence represents a statistically valid analysis of variance for the
corresponding estimator functions F.

Predicted values for F(¢) based on model (2.2.7) can be obtained from

!
il
e
R
]
el

X'V X)'X'VEE . (2:2.13)

L5 AR

They are useful to calculate in order to facilitate model interpretation. A consistent

estimator for their covariance matrix is given by V=XV, X"
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A large range of problems in categorical data analysis can be examined using the
GSK methodology. The function F in (2.2.7) may be quite simple, for example, a
proportion, or complex, for example, a rank correlatic.m coefficient between two response
variables. These functions can be expressed in terms of sequential applications of any of

the following matrix operations:

i) linear transformations of the type
Fi(p)=A;p =2 (2.2.14)
where A is a matrix of known constants coefficients;

ii) logarithmic transformations of the type

EQ(E) = l'.l(l}) = a5 (2.2.15)

where | transforms a vector to the corresponding vector of natural logarithms;

iii) exponential transformations of the type
Fi(p) = exp (p) = a3 (2.2.16)

where exp transforms a vector to the corresponding vector of exponential functions,'
i.e., of anti-logarithms.

Linear functions of the form A;p can be used to generate marginal frequencies in
repeated measurements data; log linear functions of the form A, ln (Ap) can be used
to generate logits; and compound functions such as (1— exp Aj ln (C + Ay Ayp)
where C is a vector of constants, produce estimates such as intraclass correlation

coefficients for clustered data.

2.3 Some Aspects of Longitudinal Categorical Data

An essential feature of a broad range of statistical investigations classified as
repeated measurement studies is that each subject (or experimental unit) is observed
under two or more conditions. Some classes of repeated measurement studies are split-

plot experiments and change over designs. Split-plot experiments use two or more
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stages of randomization. In the first stage, subjects are allocat:.ed to treatments or
randomly selected from strata; in the subsequent stages, conditions é,r.e allocated within
subjects. Change over designs are arrangements in which different treatments are
applied to the same subjects in different periods, i.e. response of each subject is observed
at specified locations in time and space and thus, conditions correspond to combinations
of location and treatment. Another important class which involves studies like the ones
described in Sections 1.1 and 1.3 is that of longitudinal studies. In longitudinal studies
subjects being observed are systematically linked to conditions. The usual dimension for
such linkage is time, but it also can be locations in space or different components of a
concept, item or process (Koch et al, 1987). Some examples of such studies are 1) In a
study of clinical dental materials, different types of restorations are assigned at random
to patients’ teeth and plagque retention in these restorations is evaluated every six
months for three years; 2) In a political survey, each subject is asked about the degree of
trust in three political institutions (the Presidency, the Senate, and Supreme Court).
Subjects are drawn from different demographic groups. The three institutions constitute
the conditions (Koch et al, 1987); 3) In a day care center study, staff members are asked
questions about how to handle perceived ill chiidren under different situations as such:
children may belong to different age groups (age<2, 2<= age <5); may have
symptoms/signs of illness (runny nose, conjunctivitis} and may or may not have fever.
The set of questions resulting from the cross-classification of these factors cons‘titute the
conditions while the dimension for linkage between subjects and conditions is not time
but different components of a process; 4) The dairy cows mastitis study presented in
Chapter I (Section 1.3) also serves as an illustration of a longitudinal study. There cows
are examined before and after treatment with examinations characterizing the two
conditions and the linkage between cows and conditions being the timing(before/after).

When dealing with longitudinal studies of categorical data, WLS methods are

useful for describing variation of mean scores across groups and conditions and other

&
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questions of interest, through a regression model. Since the sample mean is the
summary statistic of interest for the analyses to be discussed later, linear models for

means is presented next.

2.3.1. Linear models for means.

Let h=1,2, ..., s index a set of distinct sub-populations from which samples with
size n, have been independently obtained by a process conceptually equivalent to simple
random sampling. Let i-=1,2, ... 0y index the subjects in the sample from the h-th sub-
population and let yu.=(¥pi1» Yniz» ..:¥piy)’ denote the vector of responses according to
k conditions (longitudinal categorical data) k=1,2, ..., r for which the k-th condition for
the i-th subject has possible outcomes {=1,2, ..., L. For reference purposes, consider the
data structure shown in Table 2.2,

An illustration of data with this structure comes from a day care center study
where day care centers are stratified in certified and not certified groups. Staff ;-nem.bers
in each day care center answer specific questions about how to handle perceived ill
children. Each question generates a binary response, with staff member choosing to call
parent to send sick child home or not. Here the two groups representing the two types
of day care centers may be viewed as two distinct sub-populations, with subjects in each
sample being staff, and conditions are the questions posed to staff; each condition has
two possible outcomes. It is of interest to compare staff actions from the two types of
day care centers with respect to answers given to the different types of questions posed
to them.

If a, = (ay;, ayas --» 8y ) denotes a set of finite scores corresponding to the
respective outcomes of the k-th response, then the sample mean for the k-th response

among subjects in the sample from the h-th sub-population can be expressed as

k
Ik = i, 2 Ynik = (2k2n Y/np) = ajen” (2.3.1)
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l'able 2.2;: Data Array for Longitudinal Studies

Categorical Variables

Sub-population  Subject 1 2 e k e r
1 1 ylu y112 e Yllk PPN yllr
1 2 Y121 Y122 Y12k Yior
i | Yinj1 Ying2 - Yingk - Yingr
Y211 ¥a12 Ya1k Y21s
2 ¥Ya21 Y222 e Yook e ¥a2r
2 N2 Yan,1 Y22 oo Yanpk oo Yan,r
8 1 Ys11 Ys12 Ys1k Yoi1r
8 2 Ys21 Ys22 o Ysox e Ysar
8 g Y¥sng1  Ysng2 - Ysngk -+ Ysngr

(k)
hi

(k)

here g,(,k) = (npyy -0 “#8)’ denotes the vector of frequencies n_;’ for the Lth outcome

of the k-th response variable in the sample from the h-th sub-population and
ng) =(D‘S;) /n,(,k)) denotes the corresponding vector of sample proportions.

Since the scores {a,;} are finite, the elements of the covariance matrix V{)_/h‘i} exist;
it follows from the Central Limit Theory that the vector ¥h = Fhyo - Yhe) has
appr'oximately a multivariate normal distribution for sufficiently large samples {e.g.
ny >20} with

E(Zn) = #ns V) = & T (2.3.2)

where py = (ppy, ..., By, ) is the vector of means for the r response variables in the
entire h-th sub-population, i.e., pp, = ak g,(‘k) where g,&k) = E(g,&k)) is the vector of
probabilities CS) for the lth outcome of the k-th response for a randomly selected

subject from the h-th sub-population. Also, it is assumed that they are defined so that

2.p is non-singular.
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The covariance matrix V(¥,) for the {¥,} can be consistently estimated by

-
-3

V(Fh) = 1

22 iz (o = In) (mi = En)' (2.3.3)

H
et

(for the representation of V(¥,) in terms of proportions see Koch et al,1985).

Results in (2.3.1-2.3.3) indicafe conceptual similarities between the sample means
{71} and the functions of multinomially distributed counts {n ,} presented in Section
2.2, thus providing motivation for the use of WLS methods to fit linear models which
describe variation among the {u,}. The formulation of WLS methods through means
rather than the proportion vector p has the advantage that justifying asymptotic
properties follow from more broadly applicable conditions. 'These are sufficient sample

sizes {n,} for the approximate normality of the {y,} and consistency for Vg, where

(71 % ..., ¥s) is the compound vector of sample means, rather than approximate

¥
normality of p.

In Chapter IV, a description of the technical background which pertains to the use
of linear models for means along with examples will be presented. There y;, will again
represent the response of the i-th subject for the k-th condition in the h-th group. For
each group, the subjects will be assumed to be representative of a corresponding infinite
sub-population in the sense of simple random sampling.

Sample means to be calculated from the different studies to be analyzed with WLS
methodology for illustration in later chapters, will be produced with the help of the
computer program MISCAT(Stanish et al, 1978). This program generates an array of
statistics, including mean scores, corresponding standard errors, estimates of the linear
model, residuals, predicted values of the mean, standard errors and test statistics. The
software was developed as an extension of the categorical data analysis program
GENCAT(Landis et al, 1976), which is a special-purpose program that uses weighted

least squares estimation in the analysis of multidimensional contingency tables. Some of
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the advantages of MISCAT over GENCAT are: 1) It operates on case record data as
oposed to contingency tables and so enables direct construction of proportions and
means for scored categories; 2) when some data are missing, calculation of the mean and
covariance matrix are modified according to the methodology presented by Stanish,
Gillings, and Koch (1978) so as to reflect the inherent structure of the missing data.
The methodology behind this computer program is asymptotic and thus appropriate
only if sample sizes within each sub-population are large (e.g., at least 15).

The day care center study described previously provides an opportunity to
illustrate the application of WLS methods to address statistical questions of interest for
longitudinal studies. Chapter IV will be concerned with exploring different aspects of 7
analyses of such data. Linear model descriptions of the proportions of staff choosing to
call parent for immediate pickup of a perceived ill child will be considered for a cross-
classification of such variables such as age, level of temperature, symptoms/signs of

illness of child and type . of day care center.



CHAPTER III

CLUSTERED ATTRIBUTE DATA FROM NESTED DESIGNS

3.1 Int ctio

The word cluster, or clustering, is usually associated with sample survey methods; '
however nowadays, studies in a variety of contexts other than these, involve data
structures which may have some degree of clustering. For example, in the study of
mastitis treatment for cows discussed in Section 1.4, the pre-treatment and post-
treatment disease status of each cow’s four udder quarters is assessed. The cow’s udder
can be viewed as the Vcluster while its quarters are the sub-units of the cluster,
Alternatively, in a rat fertility study, couples might mate three times over a period of
months and each mating cutcome noted as successful or not. Here, the matings are the
sub-units of the clusters or couples (Kempthorne 1982}). Sfill, another illustration of
data with a clustered stru;:ture is given by the day care center study mentioned in
Section 1.1. There, day care staff members answer questions about a fixed set of
alternative actions regarding how to handle perceived ill children. If day care center is
considered as the unit of analysis, methods to account for a possible correlation
structure of multiple staff within a day care center can be applied with staff as sub-units
of analysis.

In studies like the ones des;:ribed, a parameter of primary interest is x, the overall
mean response associated with a set of clustered attribute data. For example, in the
day care center study, it may be of interest to compare proportions of staff from the two
different levels of day care centers {certified/non certiﬁed) who choose to call parent to

pick up the child given the presence of specific symptoms or signs of illness. Another




32
parameter of interest in this setting is p, the intraclass correlation among cluster sub-
units.

Overall estimates of the mean response x for combining the cluster specific
information may be obtained through approaches based on one of the following
strategies: 1) direct formulation of different types of means and 'their variances; 2)
maximum likelihood methods, assuming an underlying probability distribution; 3)
weighted least squares methods assuming a sampling framework. The assumptions

required to apply each of these three methods are

method (1): estimates used in the direct estimation procedure come from a random
sample of clusters obtained from a defined population of clusters .

method (2): sample size should be sufficiently large so that the estimated
parameter vector relative to maximum of the likelihood function has
an approximate normal distribution.

method (3): i) random selection either explicitly via the research design (involving
random selection of subjects from a large study population) or
implicitly via conceptual representation from stratified simple random
sample assumptions.
ii) Sufficiently large sample size for F (vector of functions of
probabilities in the analysis) to have an approximate multivariate
normal distribution.

iii) Sufficiently large sample size and available information to obtain a
consistent estimate Vg for the covariance matrix of F.

Weighted least squares and maximum likelihood are methods that rely on large
sample size to ensure approximate normality. For maximum likelihood methods, sample
size should be sufficiently large for the model structure to imply that the maximum
likelihood estimates of its parameters have an approximate multivariate normal
distribution. The large sample requirements for weighted least squares methods refer to
sample size being sufficiently large. so that the functions to be analyzed (proportion,
mean score etc.) have an approximate normal distribution. A comprehensive discussion
 of these issues is given by Koch, Gillings aind Stokes (1980).

When dealing with ciustered categorical data, the methodology developed has been

mostly focused on the two stage nested design. Previous work has concentrated

3]
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primarily on the estimation of the overall mean response x using individual cluster
means., More recently, Kempthorne {(1982) focused on two parameter estimators within
each cluster: the cluster mean and the joint probability that two distinct observations
within a cluster both have the same attribute. By considering both of these quantities
initially, the parameters of primary interest were effectively the cluster mean and the
intraclass correlation coefficient. A summary of the theoretical framework underlying
this type of analysis follows. It presents methodology for analysing data with one binary
response in the setting of a two-stage nested design. The notation and style used are

based on Kempthorne (1982).

3.2 The Two Stage Nested Design with One Treatment per g:lﬁste;

In the simplest sampling setting, a certain property that is to be measured is
decided and is recorded for every unit that comes into the sample. This property of the
units is referred to as characteristic or attribute.

Suppose now that each unit in the population can be divided into a number of
sma.ll(;.r units, or sub-units; i.e., consider a finite population of N clusters with D
observations in each cluster. Let y.‘-J- be a typical population member (i=1, 2, ... ,N;
i=1,2,... ,D).' Assume that n clusters are randomly se:lected without replacement from
the population of N clusters and that d; observations are randomly sampled without
replacement from th;. population of D observations within the i-th cluster. Refer to a
typical sample element as Yij (i=1, 2, ..., n; j=1, 2, ... ,d;). Note that styled subscripts
refer to observations in the population and roman subscripts refer to those obtained
from the two-stage sampling process. It is of interest in this framework to consider the
situation when D—oco and N—eco. In this case, sampling with replacement and sampling
without replacement are equivalent. This is convenient because the mathematics of
sampling with replacement is easier to work with than the mathematics of sampling

without replacement i.e., formulas for the variances and estimated variances of estimates
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made from the sample are often simpler when sampling is with replacement than
. - without replacement. So, the theory corresponding to sampling without replacement
from a finite population is examined first for the particular situation when D and N tend
to infinity, where D is considered infinite either if actual size of cluster is very large, or
coucep‘tually if range of potential observations in a cluster is large. Later, sampling with
replacement is assumed based on the equivalence of the two sampling procedures for

large D and N so that variances of estimators of interest can be shown.

Following Kempthorne (1982), let

1 if the j-th observation in the i-th cluster
has the attribute of interest
Yij =

0 otherwise

The model of interest is characterized by

E(yij)=w= Pr(an observation in a selected cluster has the attribute)

. E(yy yij,)=z\= Pr(two distinct observations in the same cluster both have the same
' attribute)

E(yj; Vi yij,,)=§= Pr(three distinct observations in the same cluster all have the
same attribute)

E(yij Yigr Yijer yij"') = 5 = Pr(four distinct observations in the same cluster all have
the same attribute)

Then, the i-th cluster in the population has mean

. D
mo= 5.)31 Yij i (3.2.1)
J—_"

the population mean is

(3.2.2)

=
I
=
1=
._=l

. The probability that two distinct observations from the i-th cluster both have the same
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attribute is given by

, RD (Fyy)'-(Tv)
— = J =
NEDDD&y Ty = T D-D)
(Dx,)*-Dx, 1
DO-1 - *.-['f”b_— it .

and the overall probability that two distinct observations from the same cluster both

have the attribute is

1 X
A= N.E A . (3.2.4)
i=1
As the number of observations D tend to infinity, these parameters have simple

representations in terms of the x.’s, the mean responses for the clusters in the

population. For example, for A;,

1—r7:
limA; =_1li {w. — =—= = n? 3.2.5
Dln_l,o'o Do {w' (= = p=1) } i ( )

so, the overall parameter A can be expressed as

N -
Y limy;, =
i=l D—oo ¢

(3.2.6)

g
—
22—
-MZ
_)-
—

It
Zl—

A=

2}
fitg=
Y
- N

N
When N tends to infinity the overall mean response x = %—IE 7, may be viewed
=

as the average over an infinite number of small intervals (7, ¥ 4+ dr) between 0 and 1

inclusive so that

N 1
r:%@lx‘.:J pf(p)dp (;.2.7)
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while

N 1
A=§§1 ﬁ:[ p2 f( p ) dp (3.2.8)

i.e., a8 D — o0 and N — oo the basic parameters have integral representation in terms
of f(p}), the density of , . B

Another parameter of interest is the intraclass correlation coefficient p. It reflects

the strength of the clustering for a set of data. It is a function of the parameters x and

A

Cov(y::,y.1) 2
= P Aemt i i
p= Varly,) a(i-7) ~ intraclass correlation coefficient. (3.2.9)

Note that when D—oo

2~

i=

N N N
(A - 173 = [ﬁ _21 2 - ( N x,.)2] = 1%.21 (r; —7)2 >0 (3.2.10)
= =
s0 the numerator of 3.2.9 is > 0 and p is non-negative.
Two designs are examined next in the context of two stage random sampling with

binary responses; the completely balanced and the partially balanced design.

3.2.1 The Completely Balanced Design

Consider a population of N clusters, each cluster with D observations. First select
a sample of n clusters (primary units) from N, then select a sample of size d of sub-units
from each chosen primary unit. Even though -sampling is done without replacement,
since D and N are considered to be infinite, sampling wit‘:h and without replacement are
viewed as equivalent to each other and so sampling with replacement may be assumed.

Unbiased estimators of the population quantities are given by
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d n
i 2y R4
& ==L ::i =L =y (3.2.11)
§E§ iy Ty -1 Tyl -y
j = SLizi=l =4 = 3.2.12
nd(d — 1) nd(d — 1) ~ nd(d-—1) (3.2.12)
n d d d .
22 3 X Yy -1)(y;~2) T yi-3y?+2y..
f= LRI T = 1 e = (3.2.13)
- nd{d—1) nd(d—1)(d—2) = nd(d-1)(d—2) -
3PP
SRy Yii¥ip Vi Y _ Z': ¥i. (i = (v, —2)(y,—3)
T T hd(d—1)(d—2)(d—3) nd(d—1)(d—2)(d—3)
):y —GEy.+11):y.
ud(d 1)(d - 2)(d 3) (3.2.14)
The analysis of variance table for the two-stage sampling process is presented in .

Table 3.1.

Table 3.1 Analysis of Variance: two- stagq_a.sampling process

source of degrees of sum of squares expected mean
variation freedom squares
mean 1 ndy2 02 + do2 + ndp?
between clusters a—-1 dZ()‘ri'—?..)z ¢ + do3
within clusters n({d—-1) Z:'Z(yij _?i.)z o?

)
total{corrected nd—1 EZ(yu—y..)z

ij

for the mean)

Note that as a consequence of the two-stage

observations may be written in terms of = and the =

random sampling process, the Yij




38

r

yij=1r+(1r|—1r)+(yij—1ri) yi=1,2,...,0n;j=1,2,...,d (3.2.15)

where (x; — 7) is the cluster effect and (y; — ;) is the sub-sampling residual; both
random effects. Now, if uy=x, a; = »; — x and &j=Yy — 'wi, then (3.2.15) may be
written as

Yy =4 +at+e, i=1,2,..,n;j=1,2...d . (3.2.16)

Observe that in terms of population parameters, according to a sampling process
from an infinite population, E(x;—%) = 0, E(y;—~x) = 0, Var(r;—7) = E(m—7) =

=E(a?)= 0,? and Var(yy; — m) = E (y;; — x)?= E(ei"}) = ¢’ where

N
02 = %'21 (r, = m2=r—-x2 (3.2.17)
i=
2 =71 § 1-7) = A 3.2.18
ae—ﬁ—Di=11r'.(—1r'._ar— . (3.2.18)
Also,
Cov{m—m, yy—m}=E{(mj~7)(y;—m)} = E{ae;} = 0. (3.2.19)

Thus, the analysis of variance for the two-stage sampling process (Table 3.1) is
similar in spirit to the two-stage nested random effects ANOVA where a; and e¢; are
independent and identically distributed random variables, for which E{a;} = E{e;} =0,
Var{a;} = o3, Var {e;} = o2 and Cov{a,, e;}=0.

In order to estimate the variance components from Table 3.1, the expected mean

squares are equated to the observed mean squares;

2 Ji=ti=1 (3.2.20)

and
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d_z_"fl (¥;.-9-)?

62 +de2 =82 — (3.2.21)
From (3.2.18) it follows that
n d a
E g (Yij—yi_)
E(s2) = x — A hence (x=X) = s2 =l_1J;(1d—1) ; (3.2.22)
and it is straightforward to show that
82 = B (7 +(d-1) A —d#?) . (3.2.23)

So, if the number of clusters n is large (which is the case of interest here), the
- A.
parameter estimators # and A (or equivalently ¥.. = % and s§=1r—A) contain essentially

all of the information needed to estimate the variance components of the two-stage

nested design.
The covariance matrix of the vector of parameter estimates ¥.. and s§= s2 from a

sampling with replacement perspective can be written as the following sum of matrices:

g.. (A-=?) (A—72)—(£—=A)
Var = % - +
s? i (A—72)—(£—7}) (A=72)=2(E—72)+(n—A?)
| (x=2) (r=2)—2(x—¢)
+4 +
(r=2)—2(A=¢) (x—A)—4(xr—€)+4(E—n)
0 0 0
+ 2d(d—1) (3.2.24)

0 A=2+n
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Now, if the observations can be grouped in an appropriate compact way,

2

. expressions for the parameter estimators ¥.. and s® can be formulated by using a

MISCAT computation approach through means. For each i, let F,;=%, and

Fi (d 1)
Fl ? 1 n Yi- 1 n Fil 1 n
F = =l ,[=8X]| ,|=8X =52 F
F, 8 i=1 8] i=1 Fi, i=1
(3.2.25)
also
L & vl
V(E) = 4 3 (F;~F)(F;—F) = Var (3.2.26)
no=1 82

is a consistent estimate for the covariance matrix of F.
- Alternatively, data grouping can be done in a frequency table fashion. In this

. regard, a compact structure for the data can be presented as

J 0 1 2 et d
number of clusters fO fl f2

with j units having

the attribute

where the n clusters are sub-divided into (d+1) groups based on how many units they
have possessing the attribute of interest.

Note that

and
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This grouped data formulation shows the parameter estimators # and A as

3 5G-1 g
_ =0

d V)
5 _ S jG-1)
A nd([d-1) ~ Epd(d-1) P’
£ ot
" 2. Jd=) L s s

d
BT 2R e LR

where pj=fj/n is the proportion of clusters for which j units have attribute.
Using the GSK methodology described in Chapter I, the proportions (t:l/n) can be

written as a vector of response functions:

NP )
fo/n Po -‘

h/n " (3.2.27)
fa/n P4

To perform the WLS analysis it is assumed that the observed data {fj} coming
from this one sub-population follows a multinomial distribution with parameters n and ¢
= ({gs €15 €2+ .- €4)'; then the sample distribution p = (Pos P1s --» Pg) has (from
Ch;.pter IT, (2.2.5)), E(p) = ¢, and Var{p}={D,—¢¢{'}/n. A consistent estimator for
the covariance matrix of { is Var(p)={Dp—pp‘}/n. |

Thus,
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v..
= élp =
82 -
fo/n
1 2 3 d—1
_ 0 d 3 a ‘oo T 1 f1/n -
- o 1 2(d—-2) 3(d-3) 1 0 - s
d d(d-1) d{d-1) d
fy/n
L 4 (3.2.28)
The estimated covariance matrix of the estimated F is given by
7.
Var| =4, V(p) AL = V(E) . (3.2.29)
8
The intraclass correlation coefficient
-1 r:)t
s s
is estimated by a compound function, through a series of matrix operations:
P =1—expAzln[C+ AAF] (3.2.30)

where (C+A,A,F) produces #, (1—~#%) and sz(z(x:z\)); and A;ln(C+A,AF)

generates the fraction ln(w:A/ﬁ'(l—i)) with

, 10 0
Ay=|-1 0],A;= [.1 -1 1] andC=| 1] . (3.2.31)
0 1 0

The estimated variance of p based on linear Taylor series, is given by
Var(p) = Da,A3D3jA2 A, V(p) A1A5D:: A4D,, (3.2.32)

where
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An illustration of the GSK methodology to analyse categorical data from a two-
stage nested design with one treatment per cluster is given by Kempthorne and Koch
(1983). This data was adapted from Fleiss and discussed by Landis and Koch (1977).
It is a study where 30 subjects were each classified separately by six psychiatrists as
neurotic or not. Here each cluster is of size 6. The frequency of subjects diagnosed as

neurotic by the psychiatrists (j=0, 1, ..., 6) is presented in Table 3.2.

Table 3.2 Frequency of Subjects Diagnosed as Neurotic by Psychiatrists

Number of diagnoses Number of Subjects Proportion of Subjects

of neurosis (j)

0 14 14/30
1 4 ) 4/30
2 0 0

3 2 2/30
4 6 4/30
5 3 5/30
6 1 6/30

Estimates of the overall mean and within cluster variance are obtained by

¥.. T
g2 - xZ2A =M=
[ 14/30 ]
4/30
0 1/6 2/6 3/6 4/6 5/6 1 0 0.305] .
= 2/30 | = =F
0 5/30 8/309/30 8/30 5/30 0 o.112|  ©
6/30
3/30
1/30
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!

The covariance matrix of ¥ is obtained by using (3.2.29) :

7. 0.00396  0.00096

82 0.00096  0.00047

and the standard errors for ¥.. and s are 0.063 and 0.022 respectively. If clustering
were ignored Var(y..)=0.00118 and the s.e.=0.034. Thus, the variance ignoring
clustering is about (1/3) the variance accounting for clustering.

The intraclass correlation is estimated using (3.2.30) :

p = 0471,
with standard error of 0.073.
Note  that when clustering is taken into  account, Var{y..}=
2 g2 4, 2 -
=%+g—3=)‘—Tﬂ'- +(Wn_d/\)' Now if o'§=0, or A=1rz, then Var{y..}=

=(a§/nd)=(1r-A)/nd:(‘.r—rz)/ndzr(l—w)/nd and the design effect due to clustering

A—n? (m—2)
( N )+( “"')=d(x—w2)+<w—n=

1r(1n—1r) m(l—m)

is

- RO < = a0 = 230,

It is of interest to test if g=0. Since ;_e.’;(m>1.96, one can .interpret p as
significantly different from zero; thus some adjustment for clustering is needed.
However, because p is defined as a relatively complex ratio, concern may arise about the
use of a normal distribution approximation. So, 1n(5n/i'2)/s.e.(ln(i/1‘r2) is also evaluated,
since it is linear on log-scale and thereby may be more realistically normal. It follows
that 1n(A/#%)=0.73 and s.e.(ln(3/#))=0.184. Thus In(3/#?)/s.e.(ln(A/#%))>1.96, and

thereby reinforces the conclusion for an analysis that adjusts for clustering.
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3.2.2 The Partially Balanced Design
In some experimental studies there may be different groups of clusters, each group
having different numbers of observations, i.e., there may be a group of clusters each
having 5 observations, another group which has 7 observations in each cluster and etc.
This is a situation where the design is constructed so that there are modules with
different cluster sizes. Each module is balanced so, there is only one set of unbiased
estimators.

Suppose the m-th module has oy, clusters each of size dy; . Let

1 if the j-th observation in the i-th cluster

of the m-th module has the attribute
Yijm=

0 otherwise
(m=12,.. . Mi=12,..nm;j=12,..,dm).

The set of estimators for the m-th module have the same forms as expressions
(3.2.11), (3.2.12), (3.2.13) and (3.2.14) with addition of an 'm’ subscript on y;; , n , and
d. Here, similarly to the completely balanced case, the parameter estimators 9 (=¥..m
=%m) and s (=(¥—A)m) contain essentially all the informatiom necessary for
estimation of the variance components.

Grouping th_e data as for the completely balanced case, provides a convenient way
for evaluation of the covariance structure of ¥ and s, since both estimators may be
expressed as linear functions of the frequencies fj,m of the number of clusters in the m-th

module possessing j units with the attribute.

The vector of parameter estimators may be written as

-

¥m -
= él,m Pm = Fm ’ (3.2.33)
Sm

where
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1 2 3 dm—1
° am  dm dm dm
Al,m = )
dm dm(dm—1) dm(dm—1) dm

-

and phi= (Po.m’Pl,m’---'Pd.m)' An unbiased estimator of the covariance matrix of Fp, is

¥m

Vm = Var 62 = Al.m v (Em) f.\i,m (3.2.34)
m,
where V(pm) = [(%n)(ppm — Pm Pm)] is a consistent estimator of the covariance

matrix of Fp,.
These modular estimators can be combined by WLS methods in GSK to produce

overall estimators of the parameters of interest, provided each module fulfills the

requirement  of  sufficiently large nmy(say ng,>15). Thus, F’ =
=[¥,., s%, ¥ s%, v o sﬁl] is the (2M x 1) vector of modular estimators of # and
(r — A). Variation among the elements of F can be investigated by fitting linear

regression models by WLS and goodness of fit of these models may be tested as
described in Section 2.1.

Here, the model of interest is

where _ ;
10
01
10 -
X =[01]|,and 8 =
(2mx2) | . N L
10
01

Tor
il
&
<
L,
ES
(el
<
e R

o)

.a'l
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with covariance

where

(3.2.36)

1<
)
I

where each V of V is defined as in (3.2.34).

If the number of clusters in a module is small (say, nm<10) then the elements of
Pm are not based on sufficiently large sample sizes for WLS and the estimates obtained
by applying GSK methodology do not necessarily have the optimal properties which
follow from asymptotic arguments. In this case, the mean of the Fy could be used as an
estimator of # when the model was considered reasonable.

A dose response study discussed in Kempthorne and Koch (1983) will be used to
illustrate the modular case situation. Consider a study in which it is of interest to
estimate the mean proportion of successful matings among pairs of rats. Suppose there
are four modules of mating pairs such that there are two distinct cluster sizes. Table 3.3
shows the data arising from this study.

In previous examination of these data (Koch and Kempthorne, 1981) it was determined

that the doses of 0 and 50 were equivalent so distinction between them can be ignored.

Table 3.3 Number of Mating Pairs with ’j’ Successiful Matings

Number of mating Number of successful mating Number of

Module Dose per mating pair j: 0 1 2 mating pairs
1 0 1 2 28 0 30
2 0 2 2 4 24 30
3 50 1 i 19 0 20
4 50 2 1 5 13 19
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Thus, model (3.2.35) for the modular estimates of x and (x—2A) has the form :

L
*2
('—")2

T3

il
4
1=

LI
EEPIN
L J

D o O b= =
[l = T — T = B e B o
o
|
S

noting that only » can be estimated from modules with cluster size 1. The fit of the
model was reasonable (Q=4.04, 4 d.1., p=0.40). Estimates of = and p were obtained by
application of a series of linear, exponential and logarithmic functions to the estimated

parameter vector ,@ obtained from the ‘WLS procedure;
#=0.906+0.026 , 5=0.230+0.270.

If clustering were ignored then s.e. for # would be 0.029. Since éﬁ and
ln(i/iz)/s.e.(ln(i/fr2)) are both <1.96, p can be interpreted as not significantly
different from zero and for this study, an analysis considering clustering would not be

necessary.

3.3 The Two-stage Nested Design with Two Treatments per Cluster

In Section 3.2.1, the theoretical framework for the two-stage nested design with one
treatment (sub-population) per cluster was presented. The theory discussed there is
now extended for the case of two treatments (sub-populations). per cluster along the
lines discussed in Kempthorne and Koch (1983). There are three possible situations
under this design. They are described as 1) after randomly drawing a fixed number of

observations from each cluster, they are randomly allocated to each treatment; 2) a
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fixed number of observations are randomly drawn from sub-population 1 in each cluster
and a fixed (usually equal) number of observations are randomly drawn from sub-
population 2 in each cluster; 3) a fixed number of observations are first randomly
drawn from each cluster and then classified as falling into sub-population 1 and 2. The
number of observations classified into each sub-population under this third situation
might not be equal. Due to this unbalanced nature, only settings 1 and 2 will be studied
here.

The structure of the data in each of these settings involves one type of psu (the
cluster) and two types of ssu’s (treatments or sub-populations). For example, in a
sample survey, men and women (sub-populations) in neighbohoods (clusters) may be
asked if they have liberal political views or not. Alternatively, two types of interviewing
methods (treatments) may be applied to sets of subjects (units) in neighborhoods
(clusters). Each of the two settings of interest involves random selection of clusters.
Consider setting (1) where there is a finite population of clusters. In each of these
clusters there are D potential observations for treatment 1 and D potentia.i observations
for treatment 2 so that there are 2D potential observations for the 2 treatments in each
of the N clusters. Suppose a random sample without replacement is obtained from this
population of N clusters. From each sampled cluster, 2d observational units are dra:.vn
at random and then randomly aliocated to the two treatments so that d receive
treatment 1 and d receive treatment 2. Now, with regard to setting (2), let each
population within a cluster have D observations so that there are 2D observations
within each of the N clusters. Let n clusters be randomly sampled without repiacement
from the population of N clusters. Further suppose that d observations are drawn at
random from the D observations of sub-population 1 in each sampled cluster and d
observations are drawn at random from the D observations of sub-population 2 in each
sampled cluster. So, there are 2d observations in each of the sampled clusters., The

sampling framework of primary interest in both of these settings is when D-+oc and
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N—o00, in which case, sampling with replacement and sampling without replacement are
equivalent.

Let

1 if the j-th observation receiving treatment h in the
i-th cluster has the attribute under study

Yhij =
0 otherwise

where h=1,2; i=1,2,...,n ; j=1,2,...d. In setting (2), h would denote the sub-population

rather than treatment. The model of interest is characterized as:

E(¥nij) = 7, = Pr{an observation receiving treatment h in a randomly selected
cluster has the attribute),

E(yhﬁyhu,) = A, = Pr(two distinct observations receiving treatment h in a randomly
selected cluster both have the attribute),

E(ylijyzij') = ¥ = Pr(two observations receiving different treatments in a randomly
selected cluster both have the attribute),

The finite population formulas for these parameters are not necessarily the same for
settings (1) and (2); but when D — oo, their formulations are the same and may he
expressed in terms of r,. and 7,;s the mean responses associated with treatments 1 and
2 in the clusters of the population.

Also of interest are the within cluster treatment correlation coefficients (py,) and the
intraclass cross-correlation r which is the correlation among different subunits of the

same cluster receiving different treatments:

COV(Yhij, yhij’) - Ah—wﬁ
Var(yhij) T omp(l=m,)’

y = h=1,2 (3.2.37)

Cov (y1ip Yoy)  _ Y77,

T = = . 3.2.38
JVPT(YIU)Var(y2U) J’rl(l-'l)(l_'z) ( )

These parameters are measures of the strength of clustering and thus are of interest in

. the study of clustered data structures.

o
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Various inequalities among the population parameters are of interest in establishing
bounds. They are important with respect to estimation of certain covariance matrices.
Some quantities of interest may be shown to be non-negative directly, like in expression
(3.2.10) in Section 3.2, while other inequalities are established by Cauchy-Schwarz
inequality. Bounds concerning the parameters of interest are studied by Kempthorne
(1982).
. The Completely Balanced Case: Two Treatments (or Sgb-gogglatfons) per Cluster
Consider a two-stage random sample of n clusters containing 2d observations where
the population of clusters is of size N, the population of (potential) observations is of
size D, and both N and D tend to infinity. There are d subjets randomly allocated to
each treatment within each cluster. This case of the two-stage nested design may be
viewed as a generalized randomized block design where two treatments are assigned

within each block. Unbiased sample estimators for the basic parameters in this balanced

case are
n d n
;1 .;1 Yhij Z Yhi-
. fp = —— = =L h=1,2 , (3.2.39)
n d d n
Z ﬁjgl Yhii Vit 3 Ypi.~Yhe-
1, — — = _i=1 -
An = nd(d—1) =T hdd=1) h=1,2, (3.2.40)
and
n d d
. -;1 ?1?2 Yij Y2 2 Yii- Yaie
) P = =2=li=l = (3.2.41)

nd? n

As for the one treatment per cluster situation, the observations Yhij may be written

as a consequence of the two-stage random sampling process, in terms of a set of
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components:
yhlj =7 + (ﬂ'h—f) + (T-i—f) + (‘l'hi—ﬂ'h-"fti""r) + (yhij—‘lrm), (3.2.42)

where 7., = %.gly"ii’ T = (7 +75)/2, v, = %ig:lrhi, and * = (7y+n,)/2 are the
population par;n:eters associated with Yhij § (rh—'.r)_is the fixed effect due to treatment
h, (x,;—7) is the random effect due to cluster i, (Tpi—Tp—7,;+7) is the random effect
associated with the h-th treatment and i-th cluster, and (Yhij—*pn;) is the random

subsampling residual. Observe that

[l\gS

(7, — ) =0

h=1

and

2
E (ﬂ'hi -_— Wh - ”*i + 'ﬂ') = 0 fol' a.ll io
h=1
The sample observation Ypij may be presented like'in (3.2.16), Section 3.2.1, as
Yhij = ¥+t + 2, + (ta)y + ehij: (3.2.43)

2 2
where 37 t,= 0 and ), (ta),; = 0.
h=1 h=1
Under a sampling process with replacement, E{(ta),,} = 0, E{a;} = 0, E{e,;} =
0, and Cov{(a;, ep;} = Cov{(ta),,, ep} = 0.
Suppose appropriate conditions apply to the model parameters so that one can

assume

E{(r,;—7)?} = E{a?} = o3

E{(my—mp—my 72} = B{(t2)}} = of,
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E{(Ynij—fhi)z} = E{egij} = o8
and
Cov{s;, (ta),;} = 0.

Thus, the model for the two-stage sampling process with two treatments per cluster and
the classical two-stage nested mixed effects model are analogous to each other and the
analysis of variance methods can be used to obtain unbiased estimat;s of the variance
components in the balanced case.

Functions of the population parameters of interest here are:

2
1 & 2_142 2 _(mM1—7
3,5 =32 (""" = ( 3 ) , (3.2.44)
N a2 a2 _
F=f L (ri—- 2= Qury)#(pmr2) 20 mt) | (3.2.45)
2 _ 1 % E: (‘.!' _ —x, .+ 2 (’\1"7'§)+(’\2_"'§)_'2(¢—”1”2) (3 246)
ta = 2N h=1=1 hiTTh T TS = 4 ’ o

o8 = 2—[\1]'—]) 22: % )l% (Ynis — i) = (#1—/\1);(!2_'\2) 3 (3.2.47)

h=1 i=1l;=1
and
2
p2 = 22 = (”1“2“'2) . (3.2.48)
Thus,
(02—0))=(¥—m,7,) (3.2.49)
and

(a§+a?a)=

A — a2 .2
{0 "1);‘(4\2 73)} (3.2.50)
2_ 2 2, 2y _1¢
where (05 —0%,) = Cov (yhijp Ypy) and (o3 +0%,) = §hz_:10°"'(yhij' Fhijt)-
It is important to note from the above expressions that the ANOVA method does
not give estimates of the principal functions of the parameters such as (x,—A),

(,\h—rﬁ), or (—n,7,) but estimates of linear functions of these principal functions of
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the parameters. By using expressions (3.2.45), (3.2.46) and (3.2.47) one may derive
. estimates for the variance components from estimators such as (3.2.39)-(3.2.41) for the

Ths Ap, and ¢. For example

hi:l_gi:l(yhu-yhp)z ~ a
T () =83 = HmTa)+(m=A))  (3:251)

A convenient way to estimate 7, 73, (A;—n;), (A,—7,), and ¢ is through means of
appropriate functions. This also facilitates the construction of estimates of the
corresponding covariance matrix.

Let for each i, F!l =y1| R Fi2 =y2l N FI3=s¥i’ Fi4 = 312)| a'nd Fi5 == Y1i-Y2i-‘

Then
_ - - 4 . — — _ _
Ty Fy ¥1 ¥1i- Fi
Ty F, ¥2 | T ] Fis .
.= 2 2
E=i{fy—dp | = F3 | = | st = iy | =iy | Fs |= 1T F
. . 2 i=1 3 i=1 i=1
( a2 /‘21) Fu 2 85 Fia
Fg ¥ ¥1i.¥2i FiSJ
- - - - - - - - - (3.2.52)
and
171-- 1Arl
. ¥2.. L
V(F) = #R—:; (F, — EXF; - By = Vvar| s |= Var| =23,
5% ”2:)‘2
) ¥ (3.2.53)

Alternatively, the observations'yhij can be grouped in such a way that a 2 way
table can be formed with the observed number of clusters with j successes on treatment
1 and j' successes on treatment 2 as the frequency of cell counts. Such compact

. structure for the data is presented in Table 3.4 where n clusters are sub-divided into
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(d+1)groups based on the number of units receiving treatments land 2 that have the

attribute of interest.

Table 3.4: Frequencies of Clusters with j Successes on Treatment 1 and j' Successes on

Treatment 2.

¥y Treatment 2
j 0 1 2 d total
0 foo for foz foq fo+
f10 f11 fi2 f1q fi+
Treatment 1 2 fzo f21 f2‘2 e f?d f2+
d fao {41 fa2 fad fat
Note that fj+ = number of clusters with j successes on treatment 1 and f+j = number

of clusters with j successes on treatment 2.

Here

Y f
9y =y =20 = (A
1 1.+~ "nd So \d i+
. Jg f'H_d. j
V2. = 72 =50 = 3 () Py

d | .
2 - j§o @5+ 4 i(d—Jj)
81 = (71—2y) = Tnd(d-1) =j=0 [d(d_l)] Pi+
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j=0
and d d
20 _’20 1’ fur d ,
5 _—1=0j'= — it
v= nd —j§oJ-§° 2) Pijr »

where observed proportions P4 and p +j *re shown in Table 3.'5.

Table 3.5: Observed proportions of clusters with J successes on treatment 1 and j’

successes on treatment 2.

j' Treatment 2
J 0 1 2 d Total
0 Poo Po1 Po2 Pdd Po+
Treatment 1 1 P1g P11 P12 Pia P14
2 P20 P2 P22 . P2g P24
d Pdgo Pa1 P2 .o Pdd Pay
Total| pPyo - P4y P+2 P+d Pi+

Since these five parameter estimators are linear functions of the frequency counts
i:u, » they can be expressed in matrix notation. Using the GSK methodology described in
Section 2.3, the vector of response functicns is P=(Poo: Poys ---» Pgg)- To perform the
WLS analysis it is assumed that the observed frequencies {t:u,} follow a multinomial

distribution with parameters n and {=((pg, -..» {4q)-

The vector of parameter estimators may be expressed in matrix notation as

r ] B ] B T
. 2 L2 'y’
sy Ty el
3 | (12=22) w el
v b W

L _ | _ N _
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where
' - 12 d-—1
u —[O’a!as- d. !1]!
w —[03 a: d(d—l)’ e i 0
and

are vectors of dimension (d+1). The covariance matrix of this vector of parameter

estimators is estimated by

Var| ... | = 1;\1\!1(?) Aj=VY(F) (3.2.55)

N

The parameters of interest in this two treatment per cluster case of the two-stage
nested design are 7,, 75, p;, po and 7. These may be estimated jointly by applying a
series of linear, logarithmic and exponential transformations to the estimated parameter

vector (7, ¥,, s?, s%, {b)' If the correlation coefficients are rewritten as

h=1,2 (3.2.56)

and

(3.2.57)
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it follows that
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(3.2.58)

]

L]

where

Il
o

0

~iN

and Ag =

0

0

i
«h

Il
Lol

(3.2.59)

If the design is constructed so that there are M modules with different cluster sizes,

then representation of F becomes
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F = (#1721 10 831 ¥ -0 T Fome ST e 8200 O)' (3:2.60)

where the elements of F may be presumed to have an approximately multivariate
normal distribution, provided the number of clusters {npn} are sufficiently large for all
m(m=1,2,...,M). A model analogous to (3.2.35) is then fit by WLS.

The study of treatment of mastitis in dairy cows described in Section 1.3 is used
to illustrate the balanced data case of a two-stage nested design with two sub-
populations per cluster (Kempthorne and Koch (1983)). Each cow’s pre-treatment
status (diseased versus not diseased) was determined; Table 3.6 summarizes this
information. Questions of interest are 1) whether there is a difference between the
proportion of diseased quarters on the front of the udder (7p) and proporil:ion of
diseased quarters on the back of the udder (rg) and 2) whether the intraclass
correlations for front and back quarters (pF and pg) and the intra;::la.ss cross-correlat.ion

(r) are significantly different from one another as well as zero.

Lable 3.6: Number of Cows with 0, 1, or 2 Diseased Quarters

Number of Cows with j Diseased

Front Quarters

0 1 2 Total
Number of Cows 0 7 6 3 16
with j’ Diseased 1 81 48 25 154
Back Quarters 2 11 25 69 104
Total 99 78 97 274

This is an example of setting (2). The front and back portions of the udder constitute
the two sub-populations in each cluster, i.e. , each quarter of the udder is either diseased
or not disea.ged. Sincg the data are balanced, a grouped data formulation is used to
examine the questions of interest. The data for this example is presented in Table 3.6.

By applying expression (3.2.54) to the (9 x 1) vector of observed proportions p obtained
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from Table 3.6 the vector of parameter estimates can be obtained. Table 3.7 shows

these estimates and standard errors.

Table 3.7: Parameter Estimates and Standard Errors: Dairy Science Example

Parameter ™ 3: PR B T
function
Estimate 0.496 0.661 0.431 ot 0.241
s.e. (0.026) (0.017) (0.055) -t (0.028)
+og =0 -

Results from Table 3.7 indicate that the mean number of diseased quarters on the back
portion of the udder is significantly greater than the mean number of diseased quarters
on the front portion of the udder. The intraclass correlation for front quarters and
intraclass cross correlation coefficient are both significantly different from zero
(%x.ge and ;%

correlation coefficient for back quarters is estimated as zero since (iB-—fr%)<0. The

> 1.96 for both correlation coefficients). The intraclass

variance of rp and of 7. if clustering were ignored, would be Va.r(w“F)-_-O.OOOQl
(s..=0.030) and Var(#R)=0.00082 (s.e.=0.027). Also results for s.e{rp—mg) with
and without accounting for clustering are 0.023 and 0.041 respectively. So, an analysis
adjusting for clustering seems appropriate.

Studies like the ones described in Chapter I are suitable to analyses based on
clustered attribute data methodology. The day care center study is one such example.
Several ways of applying WLS methods will be illustrated w‘lith this dataset. One way
will be for a two-stage nested design setting with one treatﬁent per cluster if day care
center is the primary unit and staff is the secondary unit of analysis (staff viewed as
conceptually representative of a corresponding large sub-population in the sense
equivalent to simple random sampling). Another way will be to take into consideration
answers given by parents of day care children. With addition of this new information,

the data may be viewed as a two stage nested design situation with two sub-
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populations, staff and parents, per cluster. Different linear model descriptions will also
be pursued for this day care center data where the simplest one will deal with (within}
day care means of staff’s answers analyzed across day care centers (Chapter IV). A
more sophisticated description will attempt to develop extensions of the methodology
presented in Sections 3.2 and 3.3 where instead of observing a binary response on each
unit, a m;t of binary responses is of interest (each staff ‘member answers yes/no to a set
of questions). Chapters V, VI and VII will address these issues, via definitions of

extended models along with their parameters of interest.




CHAPTER IV

DAY CARE CENTER ANALYSIS: A REPEATED MEASUREMENTS STUDY
WITH CLUSTERED ATTRIBUTE DATA

4.1 Int ctio

This chapter describes applications of weighted least squares methods to analyze a
series of categorical responses that pertain to cross-classified scenarios for categorical
choices of actions related to the health and social service areas. WLS methods for the
analysis of repeated measures of categorical data for the chosen responses from a day
care center study is presénted with a refinement to deal with correlated categorical data,
taking into account the possible clustering of the data. Two examples dealing with day
care centers are discussed. These examples evolve from a study of day care centers
criteria for sending sick children home. The study deals with day care center staff who
are asked questions of what to do under the situations where the child may have fever,

other illness symptoms or a combination of these two factors. There, the questions of

interest are:

1. How day care center staff take care of children who are perceived to be sick;

2. What specific symptoms or signs in children prompt day care center staff to
act;

3. Do these actions vary with the center characteristic of being certified (i.e.,
allowing for partial reimbursement from the government for needy children) or
non-certified.

Analysis of these multivariate data is done using the computer program MISCAT.

4.2 WLS methodology for repeated measurements

A straightforward framework for repeated measurements studies involves a set of
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subjects who often come from two or more subpopulations, with subjects in each group
(or subpopulation) having their responses observed for a distinct set of conditions.
These conditions can be based on a single factor or a cross-classification of two or more

factors. For this framework, questions of interest are:

1. evaluation of group effects

evaluation of condition effects

description of the pattern of variation of response distributions across groups
and conditions.

Rl

For this study, attention is focused on responses from s=2 groups of subjects. The
response for the i-th subject in the h-th group for the k-th condition is denoted by yg;;
h=1,2, ..,8 i=12,..,n,; k=1,2,.,r. Each subject’s response is classified into two
possible values (a binary observation) indexed by {=0 or {=1. Weighted least squares
methods, as described by Grizzle, Starmer and Koch (1969), are useful for aescribing the
variation among groups and conditions for certain summary statistics, such as
proportions, means and ratios, through regression models. Here, attention is given to
the extensions of these methods provided by Koch, et al. (1977) for repeated
measurements studies and Koch, et al. (1986) for longitudinal data. They are directed
at the descriptiqn of the variation of the mean scores u,, = é a; ¢hkl with respect to

=0

a;=0 and a;=1 (binary case}, across groups and conditions, where ¢, ., = Pr(yp=10-
The binary response situation leads to pp, = ¢, ;.

An estimator for p,, is B, = ‘nz'il 8nik / Dh where gp = a; for yp, =4 Bpy is the

i=
across subjects mean of the scores a; (I=0,1) for the h-th group and the k-th condition.
Let g, = (8piz» -+ Bpyy)’ denote the (r x 1) vector of response scores for the i-th
subject in the h-th group. When the groups of subjects from the respective
subpopulations are co;xceptug.lly equivalent to simple random samples and are
sufficiently large (e.g., o> r + 25), then g, = nzr;ll 9his /0 has approximately a
i=

multivariate normal distribution. A consistent estimate of the covariance matrix is
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given by

Veh = 5 3 (8nis — Zn)(&nis — Bn)- (4.2.1)
H) "h =1

A general class of linear models for describing the variation among the pni for the

cross-classification of the s=2 groups and d conditions can be éxpressed as u = X8

where g = (11, By s Bips Bays Bazs -y Hae)'s X is a known (2r x t) design matrix of
full rank t< 2r and § is the unknown (t x 1) vector of model parameters.

The weighted least squares estimators for B are given by

1

s 1]
L]

b=(X"VFX)x'y (4.2.2)

oL

where § = (g{, £5)’ is the composite vector of means gnk for all (group x condition)

combinations; also Yg is the (2r x 2r) block diagonal matrix with Yg,h as diagonal

blocks and serves as a consistent estimate for the covariance matrix of g.

The goodness of fit for the model can be assessed through the Wald statistic

-]
|
w4
o
e
g
o
Lo -]
|
F
o
e
]
Wl

Qw = WW VWt we (423)

TR

for which W is a full rank orthocomplement to X'; the statistic Qw has an approximate
chi-square distribution with (2r—t) degrees of freedom (d.f.). For models considered
appropriate, the linear hypothesis H,:C B = 0c can be tested with the statistics
Qc = b C (C Yp(_l")'l(}t_) which has approximately a chi-square distribution with
d.f.=c under the null hypothesis.

Finally, predicted values for u are defined by p# = Xb and a consistent estimate for
their covariance matrix is given by Vp = }__(YQ)_(’ where Vy is the estimated covariance

matrix for b.

¥}
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Extensions for the previously described methods can be specified for situations with

$>2 subpopulations and for functions other than the mean scores u,,. For other
functions of the first order marginal distributions {¢hkl} or of higher order marginal
distributions, see Koch, et al. (1986). The application of weighted least squares methods
to the mean scores p,, for responses by day care center staff to questions concerning

childrer with iliness symptoms is illustrated with examples in Section 4.3

4.3 Examples

All licensed Day Care Centers located in three North Carolina counties, as of
January 1985, identified from the North Carolina Day Care Licensing Board, were
stratified by their "level” into two groups; certified centers {C) and uncertified centers
(NC). Thirty three of 126 uncertified centers were randomly selected, and all 29
certified centers not previously used in a pretest were included in the study. All staff
working in each of the selected DCC’s were included as the study population. Each staff
member completed a self-administrative questionnaire which asked among other
questions, how staff would handle mildly ill children given the presence or absence of
fever and presence or absence of specific symptoms/signs. Only a subset of the
questions asked will be addressed here. The responses to questions of temperature alone,
symptoms/signs alone and combinations of temperature and symptoms were: "Do
nothing,” "Tell parent at the end of the day,” "Call parent to tell them,” and "Call
parent for immediate pick-up”. In total, the data comprised information from 302
questionnaires. Some questions were specific to care of children in a certain age bracket.
Staff members of DCC’s that did not handle children of that specific age left those
questions blank.

Since it is recognized that staff within the same center may tend to provide
relatively similar responses, first day care center is viewed as a cluster and staff members

as the subunits of a cluster; and second, subjects or staff are viewed as independent.
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4.3.1 Analysis for clustered data
The study of day care center criteria to send sick children home involves a data
structure with possibly some degree of clustering. If day care center is considered as the
unit of analysis, WLS methods to account for the correlation structure of multiple staff
within a day care center can be applied by working with (within) day care center means
of staff’s answers analyzed across day care centers. Accounting for the clustered
structure of the data in the analyses is relevant so that applicable variances are not
underestimated (or overestimated).
The estimation methods described in Section 4.2 are revised to focus on day care
centers as primary, and staff members as secondary units of analysis. For this situation,

the response for the j-th subject in the i-th cluster, h-th group and k-th condition is

denoted by ¥hijk with i=1,2, ..., ny; h=1,2, ...5; k=1,2, .., r; and j=1,2, .., dp,;. An
estimator for gy, , the mean score, is given by
Tty Ny 9pi
2. Bhik ig?h}_:l (Bhijk /dhi)
Gk = Sl— = =57 : (4.3.1)

where gy =a; for y,; =1 Let 8y, =(&iy» Bhiz» ---» Bpj ) denote the response vector of

mean scores for the h-th group and the i-th cluster then

3
=

R

=

*

s -]
F
Il
s
I
—
=

(4.3.2)

represents the vector of mean of means scores at the k-th condition for the h-th group.
If the sample sizes n, are sufficiently large, then the {gh} approximately have
multivariate normal distributions and consistent estimates for the corresponding

covariance matrices are
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2
-

Vah = L T @nie — En)Enis — &n)' - . (4.3.3)

Oh i=1
Example 1; Choice for [nmediate Pick-up When Tvpe of Day Care Center, Age of Child
and Level of Temperature are taken jnto account -

This first example is concerned with stafl’s choice of calling the parent for
immediate pick-up for a child with diarrhea, taking into consideration both types of
DCC’s (C and NC), scenarios encompassing two age groups (age < 2, 2 < age < 5) aad
three levels of temperature (99° - 99.9°F, 100° - 100.9°F, 101° - 101.9°F).

Analysis of the proportion of staff choosing immediate pick-up is done by first

transforming the responses to the indicator

1 if the response yy;;, is call parent for pick up
Bhijk = { Y (4.3.4)

0 if otherwise

then calculating the mean of means g, ,, ="

i by calculating the proportion of staff
choosing immediate pick-up within a DCC and then averaging these proportions across
DCC’s for the 2 groups (certified (level 0) and non-certified (level 2) DCC’s). There are
ny =17 certified and n, =23 non-certified DCC’s with both age groups. The {12 x 12)

covariance matrix V§ has the form

v.=| °? ' (4.3.5)

{17-1]

where V§ 1 and V§ 5 are the estimated covariance matrices for the two types of DCC’s

obtained from (4.3.3). The vector of means §=(g&;, §,)' for the respective (temperature
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x DCC level x age of child) combinations and the corresponding standard errors are

. given in Table 4.1,

Table 4.1; Observed and Predicted Staff’s Choice of Immediate Pick-up Averaged

Proportions and Standard Errors for Example 1

Observed Predicted
Level Age Temperature proportion s.e. proportion s.e.
0 <2 99°. 99.9°F 0.162 0.061 0.127 0.026
0 <2 100°-100.9°F 0.369 0.078 0.348 0.045
0 <2 101°-101.9°F 0.646 0.078 0.630 0.062
0 2-5 99°- 99.9°F 0.071 0.045 0.039 0.023
0 2-5 100°-100.9°F 0.275 0.072 0.260 0.041
o 2-5 101°-101.9°F 0.557 0.078 0.542 0.053
2 <2 99°- 99.9°F 0.089 0.040 0.127 0.026
2 <2 100°-100.9°F 0.395 - 0.07¢ 0.348 0.045
2 <2 101°-101.9°F 0.870 0.053 0.860 0.035
2 2-5 99°- 99.9°F 0.039 -~ 0.030 0.039 0.023
. 2 2-5 100°-100.9°F 0.265 0.068 0.260 0.041
2 2-5 101°-101.8°F 0.787 0.061 0.772 0.031

In the absence of an apriori model for the means Ehxk> the cell mean (or identity)
model X; = I,, is used to obtain a preliminary assessment of the sources of variation
across the two subpopulations (levels of DCC’s) and the six scenarios.

Table 4.2 shows preliminary hypotheses of interest, with their corresponding
contrast matrices relative to the cell mean model X,.

The first three entries address respectively the null hypotheses of no variation
among (i) the two subpopulations, (ii) the two age groups and (iii) the three levels of
temperature; test statistics for hypotheses H, and Hy are significant (a=0.05). Tests for
the interaction of age x DCC level, age x temperature level and age x temperature x

. DCC level show non-sigificant results (a=0.05). However, for the null hypothesis Hy,
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no DCC level x temperature level interaction, the Wald statistic of 14.93 (d.f.=2) is

significant with P<0.01. Because of this significant interaction, a model including main

effects and the DCC level x temperature interaction is fit to the data.

Table 4.2: Results of Hypothesis Tests from Cell Mean Model for Staff’s Choice of
Immediate Pick Up Proportions for Cluster Analysis of Example 1

Approximate

Hypothesis C Matrix Q¢ (d.f.) p-value
H,: No difference between M11111-1-1-1-1-1-1] 0.83 0.36
the 2 DCC levels (1)
H,: No difference between [1 1 1-1-1-1 1 1 1-1-1-.1] 12.87 <0.01
the 2 age groups (1)
H;: No difference among the [i -(1) _2 i -(1:' _2 i -(1, _[1) } -(1] _2] 257.64 <0.01
3 levels of temperature (2)

H,: No age group vs. DCC i11-1-1-1-1-1-111 1] 0.0007 1.00

level interaction (1)

Hg: No DCC level vs. temp. } -[1] _[11 } -(1) _? :i (l) (1) :i é 2 14.93 <0.01
level interaction - - (2)

Hg: No age group vs. temp. i -(1] _2 :i é (1) i -(1) _[1) :i é 2 1.54 0.46
level interaction - - (2)

H;: No age group vs. temp. i .[ll _(1) :i {1) 2 :} (13 (1] i -(1) _2 0.97 0.62
level vs. DCC level - ‘ - (2)

The design matrix X, along with §, the vector of parameters have the form




70

1 0 0 O 0 o0 O
1 0 o0 1 o0 o0 0O _ _
1 o 0 ¢ 1 o0 O B2 1
1 0o 1 ¢ 0 0 0O B2
1 o 1 1 0 ¢ 0 P23
X, = 1 0 1 0 1 0 0f,8,= |8, (4.3.6)
1 1 0 0 o0 0 0O Bas
1 1 0 1 o0 1 0 Bae
1 1 0 O 1 0 1 Ba 1
1 1 1 o0 o0 o0 0 - -
1 11 1 0 1 O
1 1 1 0 1 o0 1
where Baq = reference cell parameter corresponding to age<2, NC DCC and
tempere;ture of 99-99.9 F.
Baa = increment for C BDCC’s for temperature of 99-99.9 F.
Bas = increment for 2<age<5.
Baa = increment for temperature of 100-100.9 F for NC DCC’s
Bas = increment for temperature of 101-100.9 F for NC DCC’s
Bae = interaction increment for C DCC’s and temperature of
100-100.9 F.
Baz = interaction increment for C DCC's and temperature of
101-101.9 F.

The use oi; this model is supported by the non-significance (a=0.25) of the Wald
Statistic Q\y,=1.24 (d.f.=5).

Statistical tests for model parameters indicate that the model X, can be simplified
by removal_ of B3, and F, 6. Thus, consideration is given to the final model X, and its

parameters 35 where

-

»)
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1 0 0 0 O
1 0 1 0 0
1 0 0 1 0 _
1 1 0 0 o0 B3
1 1 1 0 0 B3.2
X3 = 1 1 0 1 0|, f3=|833 (4.3.7)
1 0 0 0 O Bia
1 0 1 0 0 Bas
1 0 o0 1 1 - -
1 1 0 0 o
1 1 1 0 0
1 1 0 1 1

L -

for which 83,, 832, 83,3, P34 Bas have the same interpretation as their respective
counterparts 8,1, B3 3, B2,4 Ba2,5, By 7 for the model X,. The use of the model X, is
supported by the non-significance (a=0.25) of the Wald statistic Q,y,=4.56 with d.f.=7
and p=0.71. The estimated model parameters are by = [0.127, -0.088, 0.221, 0.503,
0.230) and their estimated covariance matrix is

— -—

66.21 -26.46  -4.25 7.03 -57.13
.26.47  41.11  -10.02 -46.83  38.83
V,. = | -425 -1002 146.13 121.08 -55.07 | x10°°

7.03 -46.83 121.20 305.18 -231.02
57.13 38.83 -55.07 -231.42 311.71

b —

Predicted values along with standard errors for this final model are presented in the last
two columns of Table 4.1.

We conclude from this example that age and temperature of the perceived ill child
are factors that contribute significant information towards staff’s choice for immediate
pick-up. Predicted percentages of pick-up for sick children of age less than two years are

higher than those for children between ages of two and five years. As for temperature
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level, predicted percentages increase with temperature. It is interesting to note that
staff’s choice for immediate pick-up predicted percentages for temperature bracket of

101°-101.9° F are higher for certified centers than for uncertified centers.

Example 2: Choice for Immediate Pick-Up for Children Between Ages of 2 and 5 Years,
Three Symptoms/Signs of llnesses and Elevated or Normal Temperature

In this example, weighted least squares methods are applied to data involving only
children between ages of 2 and 5 years, with one of the three symptoms crankinéss,
diarrhea or conjunctivitis and in the presence (100°-100.9° F) or absence (<100°F) of
elevated temperature. In order to study the proportion of staff choosing immediate
pick-up under this new set of conditions, we first dichotomize the responses of interest as
in (4.3.4) of Example 1; then the proportion of staff choosing to call parent is calculated
for each day care center and then averaged across day care centers for each condition of
interest. These means of means for the (temper;ture X symptoms) computations by

level of DCC are shown in Table 4.3 together with their corresponding estimated

standard errors.

Table 4.3: Observed and predicted staff’s choice of immediate pick-up average

proportions and standard errors for Example 2

Uncertified Day Care Ctr Certified Day Care Ctr
\ Observed Predicted Observed Predicted
Fever Symptom Prep. s.é. Prep. s.e. Prep. s.e, Prep. s.e.
No None - - - - - - - -
No Crankiness 0.07 0.041 0.04 0.035 0.03 0.013 0.02 0.012
No Diarrhea 0.46 0.075 0.51 0.061 0.74 0.036 0.71 0.027
No Conjunctivitis  0.57 0.067 0.51 0.061 0.67 0.056 0.71 0.027
Yes  None 0.30 0.069 0.37 0.057 0.47 0.061 0.49 0.051
Yes  Crankiness 0.37 0.067 0.37 0.0567 048 0.056 0.49 0.051
Yes Diarrhea 0.65 0.069 0.70 0.042 0.83 0.042 0.84 0041

Yes Conjunctivitis  0.73 0.050 0.70 0.042 0.84 0.050 0.84 0.041
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Since an apriori model is not available, the cell mean (or identity) model X, =I; is
used to obtain a preliminary assessment of the statistical significance for the sources of
variation concerning the cross-classification of {temperature x symptoms) for each of the
two levels of DCC’s separately.

Table 4.4 shows the preliminary hypotheses of interest along with C matrices for
both levels of DCC’s. It can be seen that there is no statistically significant difference
between elevated temperature alone and crankiness plus fever nor between the signs of
diarrhea and conjunctivitis in the presence or absence of elevated temperature for either
type of DCC. For uncertified DCCs there is no elevated temperature by symptom
interaction. In view of these findings, the following tentative model is examined for

goodness of fit, for each type of day care center separately.

1000] r -
1100 Ban
1100 B34
X,=|1010 = X,8, _ (4.3.8)
1010 Ba,3
1001
1001 | P2 |

The parameter 3, , represents the predicted reference value for crankiness and no
elevated temperature 3, ; represents the effect of diarrhea and conjunctivitis under no
elevated temperature, 8, ; represents the effect of elevated temperature alone and
crankiness in the presence of elevated temperature and J; , represents the effect of
diarrhea and conjunctivitis in the presence of elevated temperature. The use of this
model is supported by the non-significance (a=0.10) of the weighted least squares (or

Wald) statistic Qyy,

Qw-_-

_ (468 (d.£.=3, p=0.20) (NC)
{ (4.3.9)

1.58 (d.f.=3, p=0.66) (C)
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Table 4.4: Results of Hypothesis Tests from Cell Mean Model for Staff’s Choice of

Immediate Pick Up Proportions for Examplé 2

Uncertif. DCC’s

Certified DCC’s

Qc p-value Qe p-value
Hypothesis C-Matrix (d.f.) (d.f.)
H,: No difference between 56.36 <0.01 418.85 <«0.010
symtoms in absence B [1] i g g g g] (2) (2)
of fever
H,:No difference between 56.13 «0.01 119.74 <0.010
crankiness and [1 0-1000 0] (D) (1)
conjuntivitis in the
absence of fever
H4:No difference between 2.57 0.109 1.14  0.283
diarrhea and [01-1000 o] (1) (1)
conjunctivitis in the
absence of fever
H,4: No difference between 39.96 «<«0.01 49.15 <0.010
symptoms in the [g g g g (1) 2:{' (2) (2)
presence of fever
Hg: No difference between 3493 <«0.01 42.43 <0.010
crankiness and ooo10-] (1 (1)
conjunctivitis in the
presence of fever
Hg: No difference between 1.86 0.173 0.02 0.828
diarrhea and [00000 1-1] (1) (1)
conjunctivitis in the
presence of fever
H;:No difference between 0001-100 47.62 <0.01 57.98 <«0.010
" fever alone and 00010-10 (3) (3)
600100-1

symptoms plus fever
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Table 4.4;: Continued

Uncertif. DCC’s  Certified DCC’s
Qc p-value Qe p-value

Hypothesis C-Matrix (d.f.) (d.f.)

Hg: No difference between 1.91 0.167 0.02 0.504
fever alone and [Poo1-100] (1 _ (1)
crankiness plus fever

Hg:No difference between 26.31 <«0.01 3195 <0.010
fever alone and 0oo1e0-10] (1) (1)
diarrhea plus fever

H,o:No difference between 37.55 <«0.01 42,70 <0.010
fever alone and [poo100 -1] (1) (1)
conjunctivitis plus fever

H,,:No fever x symptom _ 2.59 0.27 28.27 <0.010
interaction B ](.]_-11 3 -(} _01 11 (2) (2)

H,,:No difference between 1000-10 Ol 14.17 <«0.01 71.67 <«0.010
symptoms in the 01000-10 (3) (3)
presence and absence of 01000 -1_
fever

H,3:No difference between 1245 <«0.01 61.23 «0.010
crankiness in the [1 00010 0:| (1) (1)
presence and absence of
fever

H,4:No difference between 7.04 <0.01 2.80 0.09
diarrhea in the presence I:O 10001 0] (1) (1)
and absence of fever

H,5:No difference between 6.02 0.02 1291 <0.010

. conjunctivitisin the [0 0 1 0 0 0-1] (1) (1)

presence and absence

of fever
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The estimated model parameters and their estimated covariance matrices are

0.043 | [ 11.99 -6.03 11.65 -6.89 |
0.469 -6.03 37.48 3.31 11.17 N
BNOY= | o303 | YENOT| 1165 331 4427 2182 | X 1°
0.655 6.80 1117 21.82 23.85
[ 0.024 | [ 144 200 -1.02 -2.12
0.688 200 9.83 594 825
b =l gass | Ye© | 102 o083 2633 1108 |Z 10 -
0.819 212 825 1198 19.53

Predicted values of the proportions for choosing immediate pick-up are obtained
from ji=Xb. These quantities along with their estimated standard errors are shown in
Table 4.3. There, it can be seen that the predicted percentage for staff’s choice of
immediate pick-up for uncertified DCC’s is 70% when child presents symptoms/signs of
diarrhea and conjunctivitis in the presence of elevated temperature; 51% for these
symptoms but not elevated temperature; 37% when child has elevated temperature with
or without crankiness and only 4% for the symptom of crankiness alone. Thus, the
symptoms/signs of diarrhea and conjunctivitis with a temperature of less than 100° F
are perceived by the staff as a more serious illness situation than temperature of 100°-
100.9°F alone; and when elevated temperature accompanies these two symptoms, the
proportion of staff personnel that opts for calling parents for immediate pick-up of the
child is even higher, When predicted percentages for certified DCC’ are examined, a
similar pattern is observed to that of uncertified DCC’s but with higher predicted
percentages except for the symptom of crankiness in the absence of elevated
temperature. These predicted percentages are 84% for diarrhea and conjunctivitis in the
presence of elevated temperature and 71% when temperature is lower than 100°F; 49%

when child has elevated temperature alone or with crankiness and only 2% for crankiness
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alone. So, except for crankiness alone, certified day care centers show much higher
percentages for choosing tl) call parents for immediate pick-up of the perceived ili chiid
than the uncertified day care centers.

While DCC appears to be the appropriate unit of analysis for these data due to the
possible correlation among staff’s answers in a DCC, it is interesting to note if estimates.
and their standard errors differ when staff is viewed as the unit of analysis. This
approach essentially ignores any clustering; that is it assumes that there is no correlation

among staff answers within a cluster.

4.4 Mean scores application for non-clustered data

Analysis of the proportion of staff choosing immediate pick-up for the situation of
staff Being the unit of analysis is done by first transforming the responses to an indicator
like in (4.3.4), then calculating the means g, =i§j‘g:ighijk/igldhi' with d1,=zi:dli=95
and d2.=zi:d2i=69. The (12x12) covariance matrix YE has a similar expression to that
in (4.3.5) but with the Ygi replaced by counterparts to the Ygi in (4.2.1).

For both examples, preliminary hypotheses of interest are assessed with a cell
. mean model, and based on those findings tentative models similar to the ones used in

section 4.3 are examined for goodness of fit. For example 1, the Q,,, statistic is 5.12

(d.f.=7, p-value=0.65); and for Example 2,

{3.71 (d.f.=3, p=0.29)
Qw =
1.67 (d.f.=3, p=0.64)

Estimates of the observed and predicted proportions for staff’s choice of Immediate
Pick-Up and standard errors for Examples 1 and 2 are presented in Table 4.5.

When standard errors of the estimated observed and predicted values from Table
4.5 are compared with those in Tables 4.1 and 4.3 it is observed that in the approach

where staff is the unit of analysis, the standard errors are substantially underestimated
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when compared to those obtained from the analyses when the correlation structure

. among staff within a DCC is taken into account.

Table 4.5, Estimates of the Observed and Predicted Staff’s Choice of Immediate l:"ickup

Proportions and Standard Errors

Example 1
Final Model
Observed Predicted
Level Age Temperature Proportion s.e. Proportion s.e.
0 <2 99°- 99.9°F 0.126 0.034 0.136 0.021
0 <2 100°-100.9°F 0.347 0.049 0.351 0.034
NG 0 <2 101°-101.9°F 0.642 0.049 0.653 0.043
0 2-5 99°- 99.9°F 0.074 0.027 0.060 0.019
0 2-5 100°-100.9°F 0.242 0.044 0.275 0.032
0 2-5 101°-101.9°F 0.579 0.051 0.577 0.040
2 <2 99°- 99.9°F 0.116 0.039 0.136 0.021
2 <2 100°-100.9°F ~0.420 0.059 0.351 0.036
. o 2 <2 1016-101.9°F 0.885 0.039 0.874 0.031
2 2-5 99°. 99.9°F 0.058 0.028 0.060 0.019
' 2 25 100°-100.9°F 0.290 0.055 0.275 0.032
2 2-5 101°-101.9°F 0.812 0.047 0.799 0.031
NC: uncertified C: certified
Example 2
Level 0 Level 2
Observed Predicted Observed Predicted
Fever Symptom Prep. s.e. Prep. s.e. Prep. s.e. Prep. s.e.
No None - - - - - - - -
No Crankiness 0.032 6.016 0.031 0.015 0.026 0.013 0.024 0.013
No Diarrhea 0.500 0.045 0.501 0.036 0.683 0.037 0.666 0.031
No Conjunctivitis 0.532 0.044 0.501 0.036 0.650 0.038 0.666 0.031
Yes  None 0.294 90.041 0.324 0.036 0.455 0.040 0.476 0.034
Yes  Crankiness 0.365 0.043 0.324 0.036 0.494 0.041 0.476 - 0.034
Yes  Diarrhea 0.651 0.042 0.627 0.035 0.831 0.030 0.832 0.025

Yes Conjunctivitis 0.635 0.043 0.627 0.035 0.831 0.030 0.732 0.025
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4.5 Discussion

Applications of weighted least squares methods for analysis of possibly correlated
categoric:;\l responses from a study of day care centers’ criteria for sending perceived sick
children home are evaluated through 2 examples with respect to what actions they take
for situations where the child may have fever, other illness symptoms or a cross--
classification of thes;a 2 conditions.

When staff is considered the unit of analysis, i.e., when the possibility of clustering
in the data is ignored, the standard errors obtained are smaller than when day care
center is considered the unit of analysis with staff members as sub-units. This indicates
that correlation among cluster sub-units for this study may not be negligible and that
viewing sub-units (staff) as independent of one another may not give reasonable results.
In the light of these conclusions, the summary of results that follows is based on
considering DCC as the unit of analysis.

Day care center staff seem to act differently with regard to taking care of children
perceived to be sick, depending on thclz age of child, temperature and level of day care
center. When only these three factors are taken into consideration, age of the child
seems to contribute significant information for staff’s choice of calling parent or not for
immediate pick-up; while levels of center and temperature interact with each other.

When three specific symptoms/signs,- crankiness, diarrhea and conjunctivitis, are
taken into account in the presence and absence of elevated temperature for children
between the ages of 2 and 5 years, the results obtained are straightforward to interpret.
Temperature of 100°F-100.9°F with no symptoms is considered a less serious
symptom/sign of illness than diarrhea and conjunctivitis; elevated temperature of
100°F-100.9°F along with any of these two symptoms shows the highest percentage for
calling parent for immediate pick-up. The sign of elevated temperature alone and in the
presence of crankiness are similar, and finally crankiness with temperature of less than

100°F leads only to a relatively small proportion of staff to call parent for immediate
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pick-up.

With respect to variation in action by the two types of day care centers, the
attitude of staff members under the situation where age and temperature of child are
taken into account does not vary significantly with level of center except for the
temperature of 101°F-101.9°F when percentage for choosing to call parents is hiéher for
certified centers than for u_ncertiﬁed. When an analysis of symptoms and
normal/elevated temperature is considered, except for crankiness alone, certified centers
show larger percentages for choosing to call parents for immediate pick-up than
uncertified centel:s.

The following three chapters present the theory to analyse clustered attribute dat.a
from two stage nested designs for the situation of more than one binary response per
subject. Extension for the case of two binary responses and the generalization to r
binary responses per subject are presented. Examples for the two binary response

situation are used to illustrate that extension.

17

't



CHAPTER V

ANALYSIS OF CLUSTERED BINARY DATA EXTENDED TO
TWO TIME POINTS OR CONDITIONS: ONE TREATMENT PER CLUSTER

5.1 Introduction

In Chapter I the theoretical framework for the analysis of clustered attribute
univariate binary data in a two stage nested design with one treatment per cluster was
reviewed. The methodology presented there is now extended to the situation where
instead of observing one binary response on each sub-unit or subject within a cluster, an
outcome measure is evaluated under two conditions (e.g., two time points) for a given
subject generating two binary responses on each subject within a cluster.

The basic data structure in this new setting involves clusters, one treatment group
per cluster and two binary responses from each subject in a cluster. For example, in a
study of day care center staff’s belief and knowledge about infections in DCCs, staff
members may be asked if they would call the parent to pick up a child, if child had
temperature and one of the symptoms, new cough or unusually cranky. Here, the basic
unit of analysis is the DCC and the{ two binary responses are answers by staff to each of
the questions related to the situations, temperature and new cough and temperature and
cranky (yes, no). Alternatively, in a clinical dental material study, patients may be
treated for re‘storations in two or more teeth. These patients are then followed over a
period of two years, with an annual check up. A characteristic like plaque retention
(rating of plaque presence or absence in restored teeth) may be of interest. At each
follow up time, a binary response is generated from evaluation of each tooth with

relation to a chosen characteristic.
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5.2 Methedological Consideration

The theoretical framework of interest here is similar to that described for the
univariate binary data situation where n clusters were randomly sampled without
replacement from a finite population of N clusters and d; subjects were randomly
sampled without replacement from a population of D subjects within the i-th sampled
cluster (i=1,2,...,n; j=1,2,..., d;).

The sampling framework of primary interest in this setting is when D—oo and
N—co. In this case sampling with replacement and without replacement are equivalent.
For reasons discussed in Chapter III, the situation corresponding to sampling without
replacement from a finite population is formulated initially and then the case where D
and N tend to infinity is examined. Later on, sampling with replacement is assumed by
equivalence of the two sampling procedurea.' |

Let

1 if the k-th response of the j-th subject

in the i-th cluster is favorable
Yijk =

0 otherwise
with i=1,2, .., n; j=1,2, ..., d;; k=1,2,

The model of interest is characterized by

E(yijk) = m, = Pr (k-th response for a given subject in a cluster is favorable)

E(yiikyij'k) = Ay = Pr (k-th responses for two distinct subjects in a cluster are
favorable)

E(yijkyijk') = § = Pr (both responses for a subject in a cluster are favorable)

E(yiikyli’k') = ¢ = Pr (response k from subject j and response k'’ from subject j’ in
a cluster are favorable)

In this setting, the i-th cluster in the population has mean

D
Th =B L Yix k=12
=
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and the population mean is

itz

=5  Ta k=12
From a sampling without replacement poiat of view,

‘

i} The probability that the k-th binary responses for distinct subjects in a given
: cluster, are both favorable is the parameter A,

with

D 2 D
D D (El Yir) - @;1"%*)
Ak = D(D D Z?:‘: 2 Yix yu’k D(D-1) =

_ _ .2 Ta (—my)
=Tx [#ik -~ D=1 ] = I:K_W

ii) The probability that both responses for the same subject in a cluster are
. favorable is the parameter 0,

1
=N,

[\g=2

with
1 D
= 15.21 Yigk ¥ije!
J:

ili) The probability that response k for subject j and response k' for subject j’ in
the same cluster are both favorable is the parameter ¢;

lN
=NZ %

{1

with

1 D D
qS'- - D(D-—-l) _,-E#}.:—.:l Yijk y:‘j’k’
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If for the overall probability associated with the parameters A, the number of

observations D tends to infinity, then

. . l—= 2
So, the corresponding overall parameter may be expressed as

(1N LN 1 X

D—oo i=1 D—oo i=1

When both D and N tend to infinity, the same expression may be obtained. Note that
‘N

the overall mean response T = 1% 3 7, May be viewed as an average over an infinite
i=1

number of small intervals 0<(7,, 7, + d7 )<1 so that

1
Tk ~ IO Pific(Pi) d(py)

Tk=

2
Irs=

with f(p) the density of x4 . Similar correspondences exist for the other parameters.

Other parameters of interest in this setting are

Cov (yijk’ yij’k) = A — Wa

Cov (yijk’ yijk’) =0 — m xp

ar
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Cov (yUks Yﬁlkr) =¢ — 7 ':k'

and the correlation coefficients

2
P = A — T
f—x, LW

Y =
Jrk(l—rk) T l—7)

¢_wk wk'
V=
Jr(l=m)m(1-m,)

The first correlation coefficient measures the strength of clustering in a set of data

within a condition, the second reflects time correlation and the third, reflects correlation

between times for different subjects in the same cluster,

5.3 The Completely Balanced Design: Two-Time Point Responses

A random sample of n clusters is obtained from a population of N clusters, a
sample of d subjects is selected from D subjects within each sampled cluster, and the
population of N clusters and the population of D observations both tend to infinity.
Two binary responses are observed on each sampled subject.

Unbiased estimates of the population quantities are given by

it
Mea

2 2o Yijk
ik =l .I-l; f— ?--k (5.3.1)
1| d d n n 2 .
L LY VikVigk L yieUik—l) L ¥k — V.
jtk _i=1 j#j=1 - =1 —i=1

nd(d—1) nd(d—1)  _ nd(d—1) (5.3.2)
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2 Yiik Yine ]
=1 ik Yijk

it

n ¢ d n

Yiie Yiine! . o —ndd

- _i§1 (Eé.l'gl ik 7ij k) _i§1 Yig Yig! ndg
nd(d-1) = nd(d—1)

(5.3.4).

Note that the observations Yijx may be written in terms of the x; parameters as a

consequence of the two stage random aampling process as:

Yii1 LS T~ ™ Yijr — i1
= + + (5.3.5)
Yii2 L T2~ T2 Yija— %2

for i=1,2,...,n; j=1,2,...,d; k=1,2; where (x, —n,) is the random cluster effect element
and (yj; —7;) is the sub-sampling residual element for response k.

If pe = myy 2y = (m—7y) and () =(¥ijx —7ik)» then (5.3.5) may be written as

Observe that in terms of population parameters, according to a sampling process

from an infinite population, : .

a1 T =7y 0 i1 Yij1— i1 0

a2 Tizg— T3 0 €ij2 Yijz— T2 0
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2
3 i—*1 %a,1 PaC31%3 2
Var = Var = ,
2
2j2 T2~ T2 Pa¥31% 2 a2
e.. sig =W 0’2 [+a (4
i1 Yiii— %1 el PeCa 1%¢2
Var = Var = )
€i2 Yii2— %2 PeTa,1%¢.2 Ta 2
3 €41 0 0
Cov , =
ajg €ij2 0 o

By defining

E()'ijk) = Hg = T

Var(yj) = 02, + 02y = 7 (1-m,) ,

2
Cov(yii Yiji) = %ak = «\k—wi )

Cov(¥ijk: Vi) = Pa%akak + Pefe ke = =Tk
Cov(yij» yij’k') = Pala k5t = P—Ty T s
one can note that

B—¢=peae'kge.kt 5

_2 -
T —A=0ak >

o= (6—4)
J(r1=2)(73=23) ,

P

¢_'k”k’
Pa= > >
JOe—mD A —72)

and

The analysis of variance for the two stage sampling process for this setting has the same




{eiik} are mutually independent and
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~ BN
3j2

i1
~ BN

) (;
) (¢

5.3.1 Means formulation for Estimation

a1

Pa%3,1%3,2

Te.1

PeTe 1% 2

where BN means ‘has bivariate normal distribution’.

Pal,y1%3.2

2
Ta,2

Pel¢ 1% 2

)

Oe,2

)
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form for each response as that one in Table 3.3 with addition of ‘k’ subscript to Yij» Yies
-+, 03 and ¢3. This analysis of variance is identical in form to that for the classical

two-stage nested random effects ANOVA model where the random variables {ajc} and

If the observations ¥jjk can be grouped in an appropriate way, expressions can be

Note that the parameter estimates #, and 8 may be written as

n d
|§1j§1 Vil 1] &
n = nd = i‘ii§1 F, =
n d
_E}: Yij2 n
x = =¥=1 =1 E F., =
- 2 — nd ni=1 i2
n d
. .E E lekyl.lk’ n
B=I=IJ=1 =-EF'
nd n i3

formulated for the parameter estimators.

(5.3.7)

(5.3.8)

(5.3.9)
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while
n d
3 2 uz:lj);l(yi‘il Fin) 1<
(F1—Ay) = 8g1 = 8] =— n(d—1) = Ei§1 Fig =F, , (53.10)
4]
p 2 El Wiz~ Fi) 1 ¢
(Fp—Ay) =85, =85 == J-n(d—l) = ﬁi§1 Fis = Fg , (53.11)
and
N (T R I
(6—9) =3¢ 12=28) =i§1 a(d—1) = ﬁi§1 Fig="Fg
(5.3.12)
It follows that
Ty Fy Fir
T Fa Fis
- 1 n 1 n
F = b = |Fs | =32 | FafFa X F (5.3.13)
T —A) Fq ) Fia
Fy—4, Fg Fis
8—¢ Fg Fig
_ _ L L

Note that E(sﬁ) = =X and E(s,,,) = #—¢. The data formulation presented in

{5.3.7) through (5.3.12) show that the parameter estimates of interest can be obtained

- n
through means, thus the covariance matrix estimate is V(F) = % Y (E,—EXF;-F).
n=i

=1

The means F can be transformed to obtain estimates for other quantities of interest.
The parameters of primary interest in this one treatment two binary responses case
are Ty, T5, pq, Po. 7 and v. These may be estimated jointly by applying a series of

linear, logarithmic and exponential transformations to the estimated parameter vector

F =[fy, %5, 8, (F3=X1), (Fg=3)(8—9)]".
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If the correlation coefficients are written as

A —-#2 A 7 o —A
by = K =K _ 1) XK |=1_- K Tk y—192 5.3.14
K= RI=7) (;E )(1“"1:) F(l-#y) » )

(5.3.15)

A é—ﬁ'ki‘kf
1= -

ENEET i'k,(l—i'k.)z

L=
x,
t
e
g
ey
P
q a'
G
x
o
T
—
1} =
L e ®
x
o
——
N

and

. 1
R (1-7) (i’Trk, ){(—1_ik)(1_ik,)} (5.3.16)

then it follows that

LB
Lp
2 ’
= exp [A4In[A3[C5 +exp[A,In(Cy +A,F)]]]] (5.3.17)
i’z ' ’
¥
]
where
1 9 0 0 o0 0 0
-1 O 0 0 0 o0 1
0 1 0o 0 o0 o 0
A1 - 0 -1 0 0 0 0 3 Cl = 1 )

0 o 1 0O ¢ 0 ]

0 0 o 1 ¢ 0 ¢

0 0 0 0 1 0 0

0 o 1 0 o0 -1 0
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10000000—‘ 0T
0 0 0 0 0 0 © 0
-1 -1 0 0 0 1 0 O -1
A, = o 0 -1 -1 0 0 1 0 |[,Co=|-1 |,
-1 0-1 0 1 0 0 O -1
14 1 -3 o o o o 0
-1 0 -1 0 0 0 0 1 -1
3 -3 3 -4 o0 o0 o0 o 0
1 00000O0TO0OUO 100000000
01000000 01000000
0 0-1 0 0 0 0 O 001000 CO0CO
A= 0 0 0-1 0 0 0 0 |andA;=[ 0 0 0 1 0 0 0 O
00001000 0 0001100
00000 10 0 0o 00 000 1 1
000 00O0C 10 - -
0 00 000 01

Expression (5.3.17) is easily calculated with the help of the computer program ~MISCAT,
which produces estimates of the parameters along with their estimated covariance
matrix. This vector of estimated parameters is the result of a sequence of operations
where the |.'natrix operations (C, +A,F) create from F in (5.3.13) the parts necessary to
form numerators and denominators in the expressions for the four correlation coefficients
(5.3.14), (5.3.15) and (5.3.16). Taking logarithms results in In{C,+A,F). By
premultiplying this vector by A,, the logarithms of the ratios involved in estimating the
,&’s are formed with addition of appropriate logarithms generating desired products for
numerators and denominators, and subtraction generating ratios. If now the
exponential of the logarithmic function is taken, the vector of constant C, is added and

the matrix A5 is pre-multiplied, then all terms necessary to form the expressions for the
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i
p‘s are generated. Premultiplication of the vector just obtained by A 4» adds logarithmic
terms producing products and resulting in the logarithm of the primary functions of
interest. Finally taking exponential of the logarithmic functions produces the desired
estimates of the parameters x,, 75, p,, P2, v and »,

Alternatively, statistical tests for the correlation coefficient parameters being zero.

are performed by evaluating

ln(:—g)
—Tk/ (5.3.18)

ln(i ‘2 ,)
A LL VA (5.3.19)

énd

(5.3.20)

using a normal distribution approximation. Note that the numerators of these
expressions and their estimated covariance matrix are obtained by using the following

matrix operations on the vector (5.3.13):
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1 1
A
1 2
10(1—9:—)
%2
ln(_é.
"2
where
1 0 06 0 0 0—1 _ _
0 1 0 0 0 0 -2 0 1 0 0 0
A= 1 0 0 -1 0 0 and A, = 0 -2 0 1 0 0
0 1 0 0 -1 0 -1 -1 H 0 1 0
0 0 1 0 0 0 -1 -1 0 0 0 1
0 0 1 0 0 -1

If it would be of interest to estimate In(#/¢) along with its s.e., one last line

(0 00 0 1-1) should be added to matrix A,.

5.4, The Partially Balanced Design: Two Time-Point Responses

As it was described in Chapter III Section 3.2.2, in some experimental situations
modules may be formed with clusters of different sizes grouped accordingly. As before,
subjects within a cluster generate two binary responses each. In this modular case, each
module is balanced so there is only one set of estimates for each module.

Suppose the m-th module kas np, clusters, each of size d;;. Let

1 if the k-th response for subject j in the i-th
cluster of the m-th module is favorable
yijkm =

0 otherwise
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where i=1,2, ..., nyy; j=1,2,.., d;y; k=1,2; m=1,2,..., M.~
The set of estimators for the m-th module has the same form as expressions (5.3.1)
to (5.3.4) with addition of an ‘m’ subscript O Yjj, b and d. Grouping the data to form
means as was done in Section 5.3, provides a convenient way for evaluation of the basic
parameters for this case as well as their covariance matrix. These modular estimators
can be combined to generate overall estimators of the parameters by using the WLS
approach, provided each ’module fulfills the requirement of sufficiently large nny, (say

Im 2 15).

In this way,
Em =[#1m=F1im> Fam=F2m: m=F3m> 52m=Fam» %2m=Fsm>» 512m=Fem]’
=M =17 1m=%1m* " 2m 2m' "mMm—Y3ms "1m 4m* °2m Smr *12m—* ém

is a (6x1) vector of modular estimates and variation among the elements of F (6Mx1)

E(GMxl) =[F,Fa...Fm...FyJ

can be studied by using the GSK methodology with the model

E(F)= X 9§
where
1
Ig L
X Ig a8 9
MemMxe) = | . | 3nd L =
(SMxe) : T1=Ay
Is 72—A2
@ L
6—¢

The estimate § of g is obtained from B = ()_('VP})_()'I}_(’Y'F}E with

N,
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\_/3=()_('Y'F¥)_()'1. Here, V is a block diagonal matrix with diagonal blocks Vi where
- H. n -
Vm= V(Em)== 3 (Fim—Em)(Eim—Fm)"

Omi=1

If the number of clusters in a module is small (n;, <15) then estimates derived by
the GSK methodology do not necessarily have the optimal properties which follow from
asymptotic arguments and so, alternative approaches such as direct estimates like mean:

. . 1 M 1 M
of means may be used, i.e. with G:M Y, Fmand Ve=33 Y Vm
m=1 2 M‘m=1
Examples are presented in the next Section to illustrate the extensions of

estimation strategies developed in this chapter, and to provide a description of the

possible correlations within clusters.

5.5 Examples
In this Section, the methodology for clustered attribute binary data with two
responses per subject is illustrated by way of examples for the balanced case and

modular case.

5.5.1 Day Care Center Study

The methodology developed in Section 5.3 can be used to examine data from the
day care center study. ’-I‘he data are adapted to be compatible with what is required by
the estimation strategies being illustrated. In this study, staffl members answer
questions about decision of calling parent to take a perceived ill child home if child has
certain symptoms or signs of illness. Of interest are the two situations: i) child has new
cough; ii) child is unusually cranky. These questions involve children between ages 2
and 5 and running a temperature of 100°F to 101°F. The answers to the two questions
generate the binary responses from each subject within each cluster. There are 18 day
care centers with 5 staff members in each center. The 5 staff members were randomly
selected from staffs of at least this size.

Estimates for x4, 75, 8, (x;—A;), (xg—A;) and (8 —¢) along with standard errors,
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can be obtained through the categorical data analysis program MISCAT which provides

for the direct calculation of means.

So,
_ -
* F, 0.39 |
) Fs 0.34
F = 6 = = y
F, 0.17
(y~3y) Fg 0.18
(¥3-15) Fe 0.11
(6-9)

and s.e.(F) = (0.076, 0.075, 0.071, 0.026, 0.028, 0.026)". If clustering had been ignored,f
s.e. (#;)=0.051 and s.e.(#,)=0.052.

The hypothesis of no difference between proportions of staff answering favorably to
call parent for immediate pick up of sick child under the two situations of new cough
(%,) and unusually cranky (%,) was tested using Hy:CB=0,C=[1 -1 0 0 0 0]
The result was non significant.

The parameters of primary interest in this one treatment two binary responses
example are 7y, 75, p;, pn. v and ». These may be estimated by using (5.3.17).
Estimates of the four correlation coefficients along with standard errors are prlesented in
Table 5.1,

A test of whether these quantities are null, obtained by evaluating expressions
(5.3.18), (5.3.19) and (5.3.20) and using a normal distribution approximation, indicated
that they are significantly different from zero («=0.05). Also, the intraclass correlation
coefficients g,, p, and v are not significa;ntly different from each other but are different

from the (condition) correlation coefficient y (a=0.05). It is interesting to note that

the result obtained with this subset of the -data. for the estimated proportion of staff calling
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Lable 5.1; Correlation Coefficients for Day Care Center Study, Completely Balanced

Case
Parameter
function Estimate {s.e.)
= 0.299 0.104
1 Ip(cough) ( )
= 0.266 0.105
P2 p(cranky) ( )
7=7(cough, cranky 0.769 (0.078)
same subject )

v= l"(diﬁ“. ilinesses

0.306 (0.090)
diff. subjects)

for parent to pick up a child with elevated temperature and unusually cranky is in the
range of those obtained in Chapter IV. However, the extended methodology presented in
this chapter deals with estimates of cluster specific information, namely the vector
(5.3.13) with its elements expressed as means of the observed data. This provides a
method to estimate the different intraclass correlation coefficients as well as the
condition correlation coefficient along with standard errors through a straightforward

compound function vector (5.3.17).

5.5.2 Clinical Dental Material Study

In a twelve month clinical study of performance of restoration materials, patients
were treated for one or more teeth and examined at follow-up times at six and twelve
months. At each of these points in time, the 178 placed restorations were evaluated for

color matching ability. The criterion for rating the restorations is defined as:

Alfa - restoration matches adjacent tooth structure in color and translucency

Bravo - mismatch in color and/or translucency is not outside normal range of
tooth color and translucency

Charlie -  mismatch in color and/or translucency is outside the normal range
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No restorations received ”Charlie” ratings (clinically unacceptable).

Three materials were used in the study. Previousjdata analyses revealed that the
materials were equivalent and so distinction between them could be ignored. It is of
interest to take into consideration the oral environment of each patient, studying the
correlation structure that may exist involving teeth within the same mouth. To
perform this analysis, a subset of the data was used with 21 patients or clusters, each
with 3 restored teeth.

Estimates of the proportions of teeth rated Bravo at six and twelve months along
with the four correlation coefficient estimates and standard errors for this completely

balanced case are presented in Table 5.2.

Table 5.2: Estimates of Proportions and Correlation Coefficients for Dental Study

Parameter
function Estimate (s.e.)
T1=7(6 months) - 0.15 (0.041)
T2=7(12 months) 0.30 _ (0.069)
p1=p( 6 months ) 0.02 (0.112)
diff. subjects .
diff. subjects
7‘_‘7( 6,12 months) 0.46 (0.121)
same subject
"="'( diff. times ) 0.24 (0.076)
diff, subjects

Table 5.2 shows that the proportion of teeth rated Braveo doubled at 12 months.
Tests of the correlation coefficients being null were performed. The correlation
coefficients py, v and v are all different from zero (a=0.05) with the intraclass
correlation coefficients p, and v different frorn..the time correlation coefficient 4. The

intraclass correlation coefficient at 6 months, p,, is not significantly different from zero.



99
5.5.3 Example for the Partially Balanced Cage

Data from the day care center study are adapted to illustrate how partially
balanced clustered attribute data can be analyzed with the extended proposed
methodology. Consider the situation where there are three modules of 17, 20 and 13
clusters each, with clusters in each module of sizes 2, 5 and 8 respectively. The two.
questions posed to staff members in the Example in Section 5.5.1 for the completely
balanced case will be used to generate the two binary responses in this modular
situation, The number of clusters in each module is considered reasonably good for the
GSK methodology to be applied, so that overall estimates of the parameters of interest
can be obtained.

The following model was fit to the vector of module estimates of =,, =, 4,

(x1—=21)s (®y—75), and 8—¢.

70
Ta21)
é(1)
(i1—i1)(1) [~ 7
(iz—;\z)(l)
(0-%)q)

-]

(5.3.21)

g
il
I

e L I L

[~ ]
il

4

&

[+ ]

(18x1) *1(3)

"2 (6-4)
9(3) L J
(F1=31)(3)
(*2—12)(3)
(8—9)(3) ]

The fit of the model was reasonable (Q=19.2 with 12 degrees of freedom; p=0.08).

Parameter estimates for model (5.3.21) are presented in Table 5.3. By applying a series




100
‘of linear, logarithmic and exponential functions as in (5.3.17) to the estimated
parameter vector 3 in (5.3.21) obtained from the weighted least squares procedure,
estimates of the intraclass correlation coefficients and condition correlation coefficient

were obtained. These estimates are summarized in Table 5.4.

Table 5.3: Parameter estimates and standard errors for modular example.

Parameter
estimator 7 L ) b (F1=31)  (%p=35) (6—9)
Module 1 0.559 0.412 0.353 0.206 0.176 0.088
(0.092) (0.095) (0.091) (0.060) (0.058) {0.046)
Module 2 0.394 0.419 0.350 0.174 0.181 0.106
(0.075) (0.075) (0.071) (0.027) (0.028) {0.025)
Module 3 0.541 0.484 0.461 0.224 0.201 0.155
(0.070) (0.082) (0.087) (0.026) (0.025) (0.024)
ﬁ 0.535 0.537 0.486 0.203 0.201 0.139

(0.034) (0.031)  (0.036) (0.013) (0.015) (0.016)

Table 5.4: Correlation Coefficient Parameter Estimates for the Modular Example

Overall Woeighted Least Square
parameter Estimate 8.e.
pr=p cough 0.184 0.050
(dlff chlldren)
P2= P( cranky ) : 0.192 0.048
diff. children
= 7(cough cranky) 0.800 . 0.034
diff. children
0.242 0.051

”=”(difr. illnesses)
diff. children
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The proportion of staff calling for parent to pick up child unusually cranky is
approximately the same as for the situation of a child with new cough. The intraclass
correlation coefficients are all different from zero (a=0.05). Alse p,; and p, are different
from {a=0.05). The condition correlation coefficient is different from zero and
different from the three intraclass correlation coefficients. Findings for this modular case
agree with those in Section 5.5.1, although standard errors f;n- this example are smaller

due to increased sample size.




- CHAPTER VI

ANALYSIS OF CLUSTERED BINARY DATA EXTENDED TO
BIVARIATE RESPONSES FOR TWO TREATMENTS PER CLUSTER

6.1 Introduction

In Chapter V discussion centered on the two stage nested design with one
treatment (or sub-population) per cluster and two conditions for each subject within a
cluster. The methodology presented there is now extended to the case of two
treatments (or sub-populations) per cluster.

The basic data structure in this setting involves clusters, two treatment (sub-
population) groups and two binary responses for each subject within a cluster. Of
interest here is the situation where a fixed number of cbservations (subjects) are
randomly drawn from sub-population 1 in each cluster and a fixed (usually equal)
number of observations are randomly drawn from sub-population 2. For example, in a
sample survey, men and women (sub-populations) in neighborhoods (clusters) may be
asked to choose in an opinion poll at time t,, and time t, (six months later), between
two candidates for public office. Alternatively, in the day care center study discussed in
Chapter IV, two questions about how to handle a perceived ill child are posed to staff
members and also to mothers of the day care centers’ children. In this example, there
are two sub-populations, staff and mothers, day care centers are the clusters and
subjects, staff and mother, contribute with two binary responses each. Here, it is of
interest to develop measures of within cluster association and then apply these measures

to staff and parents responses in order to compare them.
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6.2. Methodologijcal Considerations

The framework for this problem of two sub-popuiations per cluster is similar to

that of one treatment per cluster. However, new parameters need to be defined because
of more than one treatment within a cluster.

Let

1 if k-th response of the j-th subject in the i-th
cluster and h-th sub-population is favorable
Yhijk =

0 otherwise

where h=1,2;i=1,2, .., n; j=1,2, .., d;; k=1,2.

The model for this framework is formulated from the following definitions:

E(ypij) = ™k = Pr (the k-th response of a subject in sub-population h in a
randomly selected cluster is favorable),

E(yhijk yhij'k) = An = Pr (the k-th responses for two different subjects in sub-
population h in a randomly selected cluster,
are both favorable),

E(yhijkyhijk’) = 8, = Pr (both responses for the same subject in sub-population h
in a randomly selected cluster are favorable),

E(yhijkyhij'k') = ¢, = Pr (response k of subject j and response k’ of subject j in
sub-population h in a randomly selected
cluster are favorable),

E(yhi.ikyh’.ij’k) = ¢, = Pr (the k-th responses for subjects j and j' receiving
treatments h and h’ respectively are both

favorable),

and
E(yhijkyh’ij'k') = ‘bhk,h'k' = Pr (response k for subject j in sub-population h, and

response k' for subject j’ in sub-population h’
are both favorable).

In this setting, the mean response associated with treatment (or sub-population) h

for the i-th cluster in the population is

D
Thik = %El Yhigk h=1,2; k=1,2.
J=
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. and the overall mean response associated with treatment (or sub-population) h is
N
Tk = 1%'}:1 mmx  b=1,2 k=12
fam
Other parameters of interest are

COV(Yr.Uk: yhij'k) = Ak — tﬁk
C°"'(Yhijka yhijk') =6, - Thk Tnk!
' COV(Yhijks yhij’k’) = tf'h"’rhk""l'uk'
Cov(¥hijk: i) = ¥k — Thk sk
Cov(yhijk’ Yh'ij'k') = “"nu.n'k' = ThkThrw

and the correlation coefficients

2
P = Ank = Thk
P (=)

J”hk(l““hk)”hk'(l'*hk')
b — Ph =~ Thi T
h
J"hk(l_'hk)whk'(l_”hkl)
— Vi~ Thk Th'k
Tk =

AL = T )T (1= 70 )
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Phk.h'k! ™ Thk Tnrie
J I'hk(l —rhk)'h'k'(l -'l'h,k,)

“(hk,n'k') =

These correlation coefficients describe aspects of clustering that are of interest in
situations with the two stage nested design, two treatments per cluster, two binary

responses per subject.

6.3 The Completely Balanced Design: Two-Time Point Responses

Consider a two-stage random sample with n clusters, two sub-populations per
cluster, d subjects with two outcomes per subject within a sampled cluster. Discussion
here focuses on the case where the cluster and subject population sizes N and D are
viewed as infinite. In the balanced case, the unbiased sample estimators of the

population parameters are

n d
}_‘.1 _El Y hijk
- = -
Thi =J—ud—- = ¥h..k » (6.2.1)
n d n 2 n 2
Z: yhukyhuk _}: Yhik — Yheok 2 Yhi-k—0dFpi
LT _i=l = i=1 (6.2.2)
hk nd(d 1) nd{d—-1) © nd(d-1) ’
) E JE Y hijk Y hiji’
_i=li=1
6 nd 9 (62'3)
n d n '
; 2 E yhukyhu'k' 2 Yhi-k yhi.k’—ndah
by = 2I2I= =i=l (6.2.4)
h nd(d 1) nd(d—1) i _ h
n d d n
. Z:l Z:lz_: Yhigk¥nige 2 Ihi-k Fnti-k
b = i=1j=1j'=1 — i=1 - (6.2.5)
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and n d d n
) Eljglj,};lyhijkyn'u'k' ig:l?hi-kyn'i-k'
Yhih'k! = ad? =Tw ‘ (6.2:6)

As a consequence of the two stage random sampling process, the observations Yhiik

may be written in terms of the x,, parameters as

Yhija L3 Th1— 7y i1 — "1 Thit— Th1—Tain t 7™ Yhij1 ~ i1
= + + + +
Yhij2) T2 Tha— %3 Ti2—%2 | Thiz = Tha —Tyiat+ 7o ¥hii2 = iz
(6.2.7)
i=1,2,...,n; j=1,2,.,d; h=1,2; k=1,2. Here, m =(m;,+75}/2,

Teik =(T1ix + T2 }/2 and m, are the population parameters associated with the
sampled observations Yhijk: The (mpe—m)s (Thi—7i)s (Thik —Thk —Teix + %) and
(¥hijk —"nik) in (6.2.7) are respectively, a fixed element due to treatment h, a random
effect element for the i-th cluster, a random effect element associated with the h-th
treatment and i-th cluster, and the sampling residual element, all for response k. Also,
hél(whk—wk)=0 a“dhél(”hik_”hk‘”:ik+”k)=o'

Expression (6.2.7) may be rewritten in terms of an analysis of variance model as:

Yhij1 m th1 ajy (ta)hiy Enij1
= + + + + (6.2.8)
Yhij2 Ha tha aiy (ta)niz €hij2

2 2
Where E thk =0 and 2 (ta)hlk =G.
h=1 h=1

From the definitions of the elements in the model (6.2.8), it follows that

AT
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8y T 1 0 ehij1 Yhij1 — *hin 0
E =E = , E =E|- = ,
8jy Tyin— T2 0 hij2 Yhij2 — Thi2 0
(ta)niy Thit— T~ i1 1 0
=E = s
(tadniz Thiza—%h2— Taiz T %2 0
and
a5 €hij1 (ta)niy nijn 0 0
Cov , = Cov . =
32 €hij2 (ta)nin hij2 09
Suppose appropriate conditons apply to model parameters so that one can assume
2
a1 Tein— M1 Tan Pa%3 1932
Var = Var = 2 N
a2 Teiz— T2 Pa%3,1%,3,2 73,2
€ — T 0’2 o ag
hij1 Yhijt — Thi1 el Pele¢ 1%e,2
Var = Var = ’ ,
€hij2 ¥hij2 — "ni2 Pele 17¢ 2 Te,2
2
(ta)hiy Thit=Th1— Tein T71 | Tta,1 Pta%13,1%a,2
Var = Var = )
(ta)niz Thia—Th2 ~Fai2t 72 Pta%ta,1%1a,2 Tta.2
and

{ ajy (ta)niy } 00
Cov . =
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It then follows from the structure of the analysis of variance model (6.2.8) that
E(yhi}k) = Bk
Va.r(yhijk) = "g.k + "tza,k + ai,k = Tpe(1~%py) >
C_""(Ynukv Yhija) = “g.k + "tza.k = '\nk"ﬁk J
Cov(¥pij+ Yhijk') = Pa% k% t Pta%takTrax t PefekTe s = Bn—ThkTpys o
Cov(¥hijks Yhijrkt) = Pa%a ki + Pta%taxTta e’ = PhThkTni' »
Cov{(¥nijis Ynrig) = Tak—Ctak = ¥k~ TnkTpr since (ta) . = ~(ta)n
Cov(¥nijkr Ynijer) = Pa%a k%3 k' ~PtatakTtan’ = Yhih'k! ™ Thk Thix' -

One can also note that

Bh"'ﬁh = Pe¥g kTe i »

Thk —Ahk = "'gk ’
and
. = O —¢, )
A [CIOE WRTE NP T

P

The analysis of variance for the k-th response from this two stage sampling process with

two treatments per cluster is presented in Table §.1.

*)
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Table 6.1; Analysis of Variance for the Two-Stage Nested Design with Two Treatments

per Cluster
Source of Degrees of Expected
Variation Freedom Sum of Square Mean Square
mean 1 2ny?, K ‘g,k +2d"'§.k +2nd pE
d 2 - 2 2 2 2 2
between 1 n h'z_jl(Yh--u y..x) Ue,k+data.k+n(=_lzlthk
treatments B B
. ' 2 2 2
among n—1 2d }° (y.i..—y...k) Tek +2daa,k
i=1
clusters
2 n 2 2
treatment n—1 dY Y (Thik—h..xt ol +dog, «
=1i= ' !
by cluster =¥k +Y...k)2
{interaction)
. 2 n d 2 2
subject 2n(d-1) 2 X ¥ (Yhijk —Thi-x) Tk
h=li=1j=1
within
treatment
by cluster
(residual)
2 n 2
total 2nd—1 hz:l‘zl'zl(yhijk —y...k)
=ll= J=
(corrected)

This analysis of variance is similar to that for the classical two-stage nested model with

random and fixed effects, (model 6.2.2), where {a; }, {(ta)y; } and {ep} are mutually

independent and

2
[+ 4
~ BN ( g ) ' ( a'l
Pa¥3,1%a2

~ BN

L

Pa%3,1%,,2

)

a2

2
0 Te,1 Pele 1%e2
o) 2
Pele1%e,2 T2

)

.
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2
(ta)ny 0 Tta1  Pta%ta,1%ta,2
~ BN 0 ] 2

(ta)ns Pta%ta,1%ta,2 Tta,2

where ~ BN means ‘has bivariate normal distribution’.
In this model, the {(ta),; } are subject to the constraint- -} (ta),, =0 and the fixed
h

treatment effects {t,, } have the constraint } t,, =0.
h

6.3.1 Means Formulation for Estimation
If the observations Yhiji are grouped in an appropriate way, then the parameters of
interest can be estimated using GSK methodology to analyse categorical data.

Note that the parameter estimators #,, and 9,.. may be written as

n d
iglj-z-:l Vi 1
41 =T = ﬁ'zl Fil =F, (6.2.9)
1=
n d
igljgl y.‘u_|2! 1 n
1=
n d
i-z-:x .;1 Y2ii | &
1=
n d
i‘—‘:l '>;1y2”2 18
Rpp =—11— =ﬁ_21 Fiy = F, (6.2.12)
1=
n d
X iZ:lj;l Y11 Y1ij2 n
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n d
; i‘—\:n;1 Yap Yz g
b2 = nd = ﬂi);l Fig = Fe (6.2.14)
Also, one can form
n d 2
. s g GwVad”
T11—Ay =81 = @=1) = ﬁigl F,; = F, (6.2.15)

n d 2
2 Y (Yig2—Yi-2)

- 1 j2=1 j=1 1 & _
Fla—A1p = 83y = — a(d—1) = ﬁig:l Fig = Fg (6.2.16)
n d
. ) ig}_:l (V21— Y2i0)? Lz
Fy1=Ay =83 = 2(d=1) = ﬁigl F,g = Fy (6.2.17)
n d 2
. s El 'Z:l (quz an 2) 1 n

ﬁ.22“A22 = 832 = == n(d—l) = 'ﬁlgl Fi,lo = FIO (6218)

n
2 Fi=Fy (6.2.19)

i=1

d-—1

{jg:l(yun _yli-l)(yliji.’_yli-z)}: !

ST, {,é(yzm—vm-l)(ym—ym.z)}

n
1=1 i=1
n e
.2 Fiia¥aia | &
¥, == —fg—— =53 3% Fj13=Fia (6.2.21)
i=1
): ¥1i-2¥2i-2 n

(6.2.22)

~€._n

i
=11
\S!
-
>

|
"
>
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- P n

n
i; Yu2¥2ia | g

V1221 = Sb—p— = nigl Fi16 = Fis - (6.2.24)
It follows that
- - - — -

LB¥! Fy F,

T2 F, Fi»

T Fj Fi3

Ty Fq Fisa

2 Fs Fig

2 Fe Fig

f-An Fq

F= | #p=dpp [ = | Fy = %.ﬁ Fe | = 13 F. (6225

. - i=1 i=1
T21—2n Fy Fig

Foa—Aa Fio Fi 10

8,9, Fiy Fi1y

02=92 Fy2 Fi12

vy Fis Fiia

Y2 Fia Fi1a

$11.22 Fis F; s

Y1221 Fie F; 16

— — - - - -

The data formulation presented in (6.2.9) to (6.2.25) shows that the parameter

estimates of interest can be obtained through means; the corresponding covariance

1]

matrix estimate is YFz% 2 (F,=F)}F,—=F). The means F can be transformed to
= Dhi=1

obtain estimates for other quantities of interest.

The parameters of primary interest in the two treatment per cluster, two binary
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reaponses per subject case are 7y, %14, To1, T2, Phkr Ther ¥no Tk a0d Yihk.h'k')" These
parameters may be estimated jointly by applying a series of linear, logarithmic and
exponential transformations to the estimated parameter vector (6.2.25).

If the correlation coefficients pp,, 7y, ¥ps T 20d Wk, h'k’) BF€ written as

< L
Pry = =T _ o _ Tk
(1= %) Frk(1=Tp)

) . 1
4y = O =T i ¥ e _f __®n _1) ( Ty Thi! 2
JEnc (=0 F (1= ) \ Pk hie A T

D= O~ Thk T hie! =
J*hk(l—i’hk)ink'(l-ihk')

‘bhk.h'k'_*hk*h'k'

J ihk(l _ihk)ih'k'(l_ih'k')

“hih'k' =




then it follows that

11,29

Wiz2,21

where

A =
20 % 16

QO
Q=
Ll =
(= — ]

“16

4,12

"1 = exp(Asln(A4(C; +exp(A3In(C; +Ajexp(A,1InF))))))
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(6.2.26)
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o - O o O O C O O O O o O O © © 0 o o @
=0 O O O O O O 0O o o c 0 o o o o o o o

N
S
N
N

[
L

C,=[0000-1-1-1-1-1-1 0 0-1-1 0 0 0 0 0 0},

A, = -1
20 % 0 4 ’

I12

and
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A =
16 % %0

These computations are easily performed using the computer program MISCAT.
Alternatively statistical tests for the correlation coefficient parameters being zero

are performed by evaluating

: (6.2.27)
s.e. In ﬂ—k)
'Ek
'“(i 92 )
hk 5"‘ : (6.2.28)
h
s.e. ln(*hk*hk')
$h
ln(*hk*nw)
=7 (6.2.29)
s.e. Iln| = ¢!‘ .
Thk ¥ hi!
¥n
(6.2.30)
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] 'phk.h'K'
| =—=
Tk e

Yranier \
s.e. ln| K
whk'h'k'

using a normal distribution approximation. The numerators of these expressions and

(6.2.31)

their estimated coavariance matrix are obtained by using the matrix operations
L=A,In(A,F) on vector F in (6.2.25), where L is the vector whose elements are the

numerators described in (6.2.27) to (6.2.31) and

B 0 0

1 46 “4,4

I -1 0

& 6 6.4

A, = where B =L, 0 Jand B_=[0 1],
16 x 16 1 4 “42 2 “24 "2

B 0 0

2 26 2.4

0 0 I

46 46 4

.21 I 0 0

4 4 4,4 4,4
-1-100
00-1-1
A = 0 I 0
12 % 36 -1-100 "4, "4 “a,4

00-1-1
-10-10
0-10-1
-100-1 94,4 g4.4 14
0-1-1 0

6.4 The Modular Case: Two-Time Point Responses

When the structure of the data is such that modules of different cluster sizes can be

LN
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formed, then the means estimation approach just presented can be used for each module,
which makes estimation of parameters as well as evaluation of their covariance structure
convenient and somewhat simplified.

If the m-th module has nmy clusters, each of size 2d,, where d,; observations are

from sub-population 1 and dy observations are from sub-population 2, then

1 if k-th response in m-th module for the j-th observation in
the i-th cluster and h-th sub-population, has the attribute

Yhijkm =
0 otherwise
(m=1,2,..M; h=1,2; i=1,2,..,, nm; j=1,2,..., dy; k=1,2).
Estimators for the m-th module are identical to those in expressions (6.2.9) up to

(6.2.24) with the addition of an ‘m’® subscript to n, d and yhijk,s' So, the vector of

parameter estimates for the m-th module may be written as

(IG-F-;";')z [T, m> gh,ms ihk,m_j‘hk,ms éh.m_$h,m! 'n-bh,ms 'b(hk,h'k'),m]' {6.2.32)

The GSK methodology can be used to obtain overall parameter estimators and

standard errors of these estimators by fitting the linear model

E(F) = X8
where
Faemxyy = [E1. -« Em .. E],
X = 1 @ lyyyand = (%, Ops Tnk—Anks In—6ns ¥hs Ypypeie)’- The

(16MX16M) {16X16)
estimate of ,t? is obtained as for the one treatment situation by computing ,t? =
(X'y‘g!)_()'lzoy'gg with V(8) = (xrygx)'l where Vp is block diagonal with block

om =1
Estimates derived by GSK methodology will have optimal properties only if the

Dm
diagonal elements YFm= "li' Y (Fim=FmXFip—Fm).
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number of clusters in a module is reasonably large (nm>15); otherwise other methods

such as direct estimates like mean of means may be employed.

6.5 Example

In this section a completely balanced case example with the two sub-populations.
per cluster and two binary responses per subject is presented.

The day care center dataset with an additional component of it, mothers of the day
care children, as the other sub-population, will be used to illustrate the implementation
of this methodology. Among other questions answered by the mothers in a self
administered questionnaire, similar to the one filled out by the staff members of the day
care centers, some had to do with how they wanted day care staff to act {call parent to
pick up child or not) if child was perceived as having fever and/or symptoms/signs of
illness. Some of the questions of interest in this two sub-population setting are:
i) whether parents have a correlation structure in relation to day care centers; and, ii) if
answer is yes, is this correlation larger or smaller than that for stafl. Answers to these
questions are obtained by applying the measures for within cluster response similarity
developed in this chapter. to staff and parent data and then comparing the cnes for
parents with the ones for staff.

In this example, data on parents and staff are adopted to be compa.tible with what
is required by the estimation strategy being illustrated. There are 19 clusters and 8
subjects per cluster, with 4 in each sub-population. Each subject contributes with two
binary responses (yes, no) to the question of calling or not the parent to pick up a child
if he/she is i) with sore throat or ii) unusually cranky. Since the data are balanced, the
means estimator formulation can be used to examine the questions of interest.

By applying the compound vector (6.2.26) with its series of linear logarithmic and
exponential operators to vectors (6.2.25), #’s and p’s are jointly estimated. The

weighted least squares estimates of these parameters as well as their standard deviations
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are summarized in Table 6.2.

Table 6§.2: Parameter estimates and standard errors for the two sub-populations

balanced data example

Focus of WLS estimate
estimation Parameter function (s.e.)
'8 mean response
staff/sore throat (x;y) 0.64 (0.066).
staff/cranky (7,,) 0.36 (0.071)
mother/sore throat (x5 )" 0.51 (0.051)
mother/cranky (x,5) 0.34 (0.049)
p's intraclass correlation
staff/sore throat (p,,) 0.11 (0.084)x
staff/cranky (p;5) 0.20 (0.146)*=
mothers/sore throat (p,,) 6.02 (0.093)
mothers/cranky (p5,) 0.08 (0.072)
staff/sore throat cranky (7v,) 0.44 (0.077)*=
mothers/sore throat cranky (75) 0.59 (0.077)#*=
: . staff/subject k, sore throat
subject k', cranky (1) 0.14 (0.074)=
mothers/subject k sore throat 0.01 (0.070)
subject k’, cranky (v;)
mothers,staff/sore throat (7,) 0.05 (0.0653)
mothers, staff/cranky (r,) 0.01 (0.062)
mothers/sore throat (wy; 25) 0.01 {0.062)
. staff/cranky
mothers/cranky (w4 2) 0.009 (0.051)

stafl/sore throat

" **Significant at 0.05
* Significant at 0.1

Results from Table 6.2 show mean responses for staff calling parent to pick up
a child significantly higher (a=0.05) if child has a sore throat than if he/she is unusually

. cranky. Similar results hold for mothers answers of what they would want staff to do



122
under these two situations. Proportion of staff calling for child with sore throat is not
signficantly different from mothers proportion of what they wanted staff to do under
that particular situation. For cranky children, proportions are very close for the two
groups, staff and parents. In both cases, child with a sore throat or unusually cranky,
staffs proportion are a little higher (even though not significantly) than those for
mothers. If clustering had been ignored, s.e. (%;;) = 0.055, s.. (*12) = 0.055,
s.e. (¥57) = 0.057 and s.e. (#,,) = 0.054. The time correlation coefficient for staff’s
responses to the two questions (0.44) and for mothers responses of what they wanted
staff to do under the two situations (0.59) are significantly different from zero butchild
is signiﬁcantly different from zero (cx=b.05) while for sore throat is of borderline not
from each other., Intraclass correlation for staff’s answers to the question of a cranky
significance. Mothers answers intraclass correlation coefficient for the two questions are
not different from zero. The correlation coefficient for staff involving different subjects
and different questions is significantly different from zero («=0.05). The correlation .

coefficients involving different sub-populations are not significantly different from zero.
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CHAPTER VII

ANALYSIS OF CLUSTERED BINARY DATA FOR R TIME POINTS

7.1 Introduction

Chapters V and VI presented the theoretical framework for the analysis of
clustered attribute data where two conditions generating one binary response each, were
observed on each subject. The methods presgnted there are readily extended to the
situation where a set of r binary responses is observed on each subject within a cluster.
Some examples of studies with r binary responses are: 1} a clinical dental material study
where patients with two or more treated teeth are examined every six months for a
period of three years for one characteristic of interest such as plaque retention in treated
teeth (Yes, No); 2) a day care center study where a set of questions about sick child care
is posed to staff members. It is of interest to learn how staff handle the situations of a
child having a temperature of 100°F-101°F and one of the following symptoms: i) new
runny nose, ii) ear pain, iii) new cough, iv) diarrhea, v) conjunctivitis, vi) unusually
cranky. The response of interest is that of calling parent for immediate pick up of
perceived ill child or not.

The extension from two to r (>2) binary responses has some complexity due to the
increase in number of parameters to be estimated. The one and two treatments per
cluster situations will be examined. The finite population parameters are formulated by
assuming a sampling without replaéement framework. As in previous chapters, the
infinite case is of particular interest, that is, the case where N and D tend to inﬁnity. In

this infinite case, sampling with and without replacement are equivalent.
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7.2 Qnue Treatment per Cluster; Balanced Cage

Consider a finite population of N clusters, ea(.:h containing D observations (or
subjects). Let n clusters be randomly selected without replacement from N clusters and
d observations randomly selected from I observations in the respective n sampled
clusters.

Let

1 if k-th response for the j-th subject ?
in the i-th cluster is favorable
Yijk =

0 otherwise
where i=1,2,...,n; j=1,2,...,d and k=1,2,...r.

The following parameter definitions characterize the basic model of interest

E(yijjx) = m¢ = Pr (k-th response for j-th subject in i-th cluster is favoraBle)

E(yix yij’k) = Ax = Pr (k-th binary responses for two distinct subjects in a cluster
are favorable)

E(Yik Yijr) = ¢ = Pr (that responses k and k' of a subject in a cluster are both
favorable). There are Cg such 8’s (1<k<k’<r).

E(Yuk yij:ka) = ¢ = Pr (response k from subject j and response k’ from subject j’
are favorable). There are C¥ such ¢’s (1<k<k’<r).

So, there are for the respective clusters, when x's, A’s, #’s and ¢’s are combined,
r(r+1) parameters to be estimated.

Additional parameters of interest are the within cluster correlation coefficients.

Let
Cov(¥ijk» Yiyw) = ".k—’rﬁ , g
Cov(yijx yijk') = Oy — "k 1<k<k'<r
and Cov(yijk, yij‘k') = ¢kk'_'k’rk' 1<k<k’<r .

Then,




2

and

— D=7
B ~ Tk T
J'k(l—'k)'k"(l-'w)

Tee! = 1<k<k'<r ,

¢kk' "y

Ve g =

1<k<k’<r .

Unbiased estimators of the population quantities are

and

Also, if

and

nd(d—1) =T add-1

1<k<k'<r

TICESY 1<k<k’<r

n d 2
22 (ix—Tix)
g2 _i=l1j=1

k = n(d—1)

n d
E E (yijk_yi’k)(yijk'_yi-k’)
_i=1j=1

k! = a(d—1) ’
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(7.2.1)

(7.2.2)

(7.2.3)

(7.2.4)

(7.2.5)

(7.2.6)
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then, Sa=(ik_:\k) and B! = (ékkl_&kkl)'

The parameter estimators ¥, and ékk' may be written as

n d
y-
i_a§u§1 Ul_lnF _F 707
17" nd "'ﬁi;l i1 = M1 (7.2.7)
n d
i;u‘;l yljl’ 1 n
fr="—ta =82 Fur =Fu (7.2.8)
1=
n d
. ,_E ; Yin Y2 L&
2=="1g — =1k Fn =Fa (7.2.9)
n d
S i§n§1 Yoo-¥ir L n
a(r'l).f = nd = _l]i;l Fi?.l’(r-l) = Fz,r(r-l) (7210)

Also one can form

- =is n
(rr=4y) =f == = —.%_Z:1 Figy = Fay (7.2.11)
1=
,_Eg (yﬁf_Filr)z 1 &
(Fr—A;) = 8¢ TCES)) = ,-1_):1 Fi3, = F3, (7.2.12)
1=

. . 1 & 1 d 1 &
(f12=¢12) =812 =5 2 mjgl Yin—Fua W Yie—Fia 10 = ﬁ'gl Fis1 = Fagy

=1 i
: (7.2.13)
i ; - _1& 1 4 B
B0, =b0-1)0) = 8y = ﬁigl a?1j§1 Yiitr-) " Fiagreny N Yie ~Fiar | =
1 n
= ﬁigl Fi4,r(r—1) = F4,r(r-1)- (7.2.14)

It then follows that
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P Fu Fii1
Ll Fy Fiir
812 Fa Fia1
O e-1).r Far-1) . Fi2.r(r-1) .
F= (F1—-M) = | Fa = tli,E Fis1 = %_): ;.
. ] i=1 . i=1
(Fe—A¢) Fa Fiar (7.2.15)
(012—¢12) Fa Fia1
(a(r-l),r—é(r-l),r) F4,r(r—1) Fi4,r(r-1)

The data formulation presented in (7.2.5}) — (7.2.12) shows that the parameter
estimates can be obtained as functions of means of suitably defined quantities. The
1 &

corresponding covariance matrix estimate is V. = =5 3 (F;—F)(F,—F)" with F and

F n? i=1

F; from (7.2.13).

The parameters of primary interest are 7’s and p’s. Estimates of these r(r+1)
parameters along with their estimated covariance matrix can be obtained as it was done
in Chapter V, by applying a series of appropriate linear, logarithmic and exponential

transformations to the estimated vector F (7.1.13).

7.3 QOne Treatment per Cluster: Partially Balanced Design

" Let

1 if the k-th response for subject j in the
i-th cluster of m-th module is favorable
Yijkm =

0 otherwise

i=1,2,....,om: j=1,2,...,dm; k=1,2,...,r; m=1,2,.. .M.

The estimators for the m-th module have the same form as expressions (7.2.1),
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(7.2.2), (7.2.3), and (7.2.4) with addition of an "m” subscript on Yiji> @ and d. In order
to produce estimates of the parameters and the estimated covariance matrix for each
module, a means formulation approach may be done as in section 7.2 (expressions
(7.2.5) — (7.2.12)).

These modular estimators can be combined by using WLS analysis provided each.
cluster has sufficient sample size. The vector Fry, of means for the m-th modult_: has the
same structure as F' in (7.2.13) but with an "m” added to all subscripts of the elements
of F.

This modular situation can be studied by using WLS methodology with the model

E(F)=Xpg
where h

- - - -
I,(r+1) {7}
Ir(r-M.) {9kk'}

X = and B =
[r(r+1)Mxr(r+1)] : [r(r+1)x1] | {72}

Trte+1) (O — Prur}

The estimate @ is obtained from ,@2()5'\_{'1,5':)_()'1}1{'\_/'1}1_3‘ and an estimate for its

covariance matrix is V B=(X'Y-F1}~()-1' Here, Vp is a block diagonal matrix with
- n

diagonal blocks V=V(Fm) = - 3 (Fin— Fm)(Fim—FEm)’ where B, is as F; in
i=1

bmj—
(7.2.13) with "m” added to all subscripts of the elements of F,.

7.4 Two Treatments per Cluster: Balanced Case

Let

1 if k-th response of j-th subject in i-th
cluster of h-th population is favorable
Yhijk =

0 otherwise




129

. where h=1,2; i=1,2,...,n; j=1,2,....d; k=1,2,....r.
The following definitions characterize the basic model of interest in this two

treatments situation:

E(yhijk) = xp, = Pr (k-th response of a subject in subpopulation h, in a randomly
selected cluster is favorable)

: E(Yhijx yh'u"k) = Apk = Pr (k-th responses for two different subjects in a randomly
selected ciuster in population h, are both favorable)

E(yhijk yhijk') =0y = Pr (responses k and k' for a subject in a cluster are both
' favorable). There are C} of such 6,’s or 2C} ’s
(1<k<k’<r).

E(Yhijk yhij'k') = d’h,kk' = Pr (rfaspoPse k from subject j and response k' from
subject j' are favorable). There are C} 4,’s or 2C}
¢'s (1<k<k'<r).

E(yhijk yh'ij’k) = ¢ = Pr (k-th responses for subject j in subpopulation h and
subject }' in sub-population h' are favorable)

E(Yhijk yh’ij’k’) = 'phk,h'k' = Pr (response k for subject j in subpopulation h and
response k' for subject j* in subpopulation h’ are
favorable). There are Prz such ¢’s (1<k#k'<r,
1<h<h’<2).

[

L]

Thus, for the respective clusters with two sub-populations per cluster and r responses
per subject, there are 32 4+2r parameters.

Other parameters of interest are the intraclass correlation coefficients.

Let

COV(Yhijk Yhij-k) - Ahk—ﬂ'ﬁk, h=1,2; k=1,2,...,l’ s
Cov()’hijk, Yhijkn) =éh,kk'_rhkrhk' 1<k<k'<r; h=1,2,

COV(Yhijk ’ yhij’k') = (¢h,kk’ —Thk 'hk’) 1<k<k’<r,

Cov{Ynijks Yhripw) = (Yk—TnkTpy) 1<k<k’<r; h=12,
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COV(Yhijkl yhl“lkl) = whk.h'k’—'hkwhk’) 15k<k’$l’; h=1,2 .

Then,
2
oy = bk~ Thi
PR T (1=7n)
O kk! — T hi Fhi?
Thkk! = 7 : 1<k<k’<r,
' J'hk(l_'hk)rhk'(l_'hkf)
vy = ekl 7T i 1<k<k/sr
hkk! = < <r,
T = P~ Thk T 1<k<k'<r,
and
Vi~ Thk e 1<k<k’<r

W —
hk,h'k
( D7 T (L= T P =)

Unbiased estimators of the population parameters are:

n d
i T
I _ﬁ_ = Fp..k
n d d n
E E,E Yhijk Ynij'x P Yhi-k — Yh--k
i —i=l1 J#FI'=1 _i=1
hk nd(d-1) nd{d—1) ’
n d
) Ef j§1 Yhijk Ynijk’
Bh,kk' - Ild 15k<k'$l‘ ¥

2 2 X Inik Vhifk' Y YniekYpiow =040
i=1

nd{d-1)

1 = 1<k<k'<r ,

(7.4.1)

(7.4.2)

(7.4.3)

(7.4.4)

“*



':bk =! ' = 71 1<k<k'<r,

n d d n
Yhiik Yt i i
i§1 j§1j'z=:1 hijk ThK’ — i§157m k Intiow

¢hk'hlkl = nd2 1$k<k'5r .

The parameter estimators %, ékk" {bk, 'I’hk.h'k’ may be written as

n d
igl.igl yhuk 1 n
Tpe =——g = ﬁ_):l Fiink = Fink
1=
n d
. gf_:l Ihijk Y hijk’ n
g '=|—1l— =1ZF. , = F R
h,.kk ad ﬁi—l i,2h kk 2hkk
n d d
2 2 X Ynik Ynvijk o
12’ =I=IJ"—‘13=1 =—1'E F. =F
K nd2 ni=1 i3k 3k
n d d
2 2 X Ynik Yt
- _i=1j=1j'=1 _ o F = F
'l’hk.h'k’ - nd2 = ﬁ.E i, 4hk,h'k’ — T 4hk,h'k' °
i=1

Also one can form

n d 2
) ) i;ﬁ);:l (yhijk_Flhk) L& .
(Fhk = Ank) = She = 2d=1) = 'ﬁi;l Fisnk = Fsnk

and

(ah.kk’_¢h.kk‘) = Bk =

1
n-
i

d
{J_gl (Yhijk —Yhi-k)(yhijk' —¥hi-xt) }
d-1

it

131

(7.4.5)

(7.4.6)

(7.4.7)

(7.4.8)

(7.4.9)

(7.4.10)

(7.4.11)



132

%iil F; 6.k =-F6h.kk’ : (7.4.12)
It then follows that -
Fiy = (Fiyarr o Fiage Flaae o Fia) (7.4.13)
Fiy = (Fi 21,120 -+ Fi21,¢-10.00 Fi22120 -0 Fi22.-1),0) (7.4.14)
Fiy = (Fia3s - Figs)’ (7.4.15)

Fi4 = (Fi.411.22’ Fi,411,23’ Ty Fi.411,r—1,r’ Ty F‘i,41r,121’ l;‘i.41r,22’ tr Fi.41r,2(r~1))! ’

(7.4.16)
Fis = (Fis110 - Fisaps Fisa1s - Fisgr)' (7.4.17)

and
FIG =- (Fi,61.12’ DTS Fi,ﬁl,(r—l),r’ Fi62,12’ ey Fi.ﬁi’,(r—l),r)’ y (7.4.18)

50

Ei = (Fiy Fiz Fis Fiy Fis Fig)’ (7.4.19)

and

1 L

F=33 F. (7.4.20)

This data formulation presented in (7.4.7) up to (7.4.20) shows that the parameter

-

estimates #y,, Anks Bkk" B> Y and ‘bhk,hk' can be obtained through means, i.e., the

1 &
a2,

vector F in (7.4.20). The corresponding covariance matrix estimated is Vg =
- ni=1

(E;—EXF;—F) with F; from (7.4.19) and F from (7.4.20).
There are _(3r2+2r) parameters of primary interest in this two-subpopulation
setting. The x’s and p’s can be estimated along with their covariance matrix by

applying a series of appropriate linear, logarithmic and exponential transformations to

"

ok

k]
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the estimated vector F in (7.4.20).

7.5 Two Treatments per Cluster: Partially Balanced Case
Suppose data can be grouped in such a way that modules of the same size clusters

can be formed.

1 if k-th response in m-th module for the j-th subject in the
i-th cluster and h-th sub-population, has the attribute
Yhijkm =
0 otherwise
(m=1,2,...M; h=1,2; i=1,2,....dm; j=1,2,.., r; k=1,2}.

The estimators for the m-th module are like those in expressions (7.4.1) up to
(7.4.6) with the addition of an "m” subscript to n,d and the y,;; ’s.

Grouping the data in terms of means as it was done in (7.4.7) through (7.4.12), the
modular estimators can be analyzed using the WLS methodology provided the number
of clusters within modules is sufficiently large.

The parameter estimates for the m-th module have the same structure as F in
(7.4.20} but with an "m” added to all subscripts of the elements of F.

The WLS procedure can be applied to obtain overall parameter estimators by

fitting the linear model

with X = 1 ® 1 . The estimate for 8 is
[(3r24+2r)M x(3r24-2r)] [(3r242r)x(3r242r)] [Mx1]

B=(XVFX)! X'VFF with V(3)=(X'VFX)'. Here Vp is block diagonal with block
diagonal elements YE = 5 (lj‘im—Em)(Eim‘—Em)' where F, .. has the same

structure of F; in (7.4.18) but with an "m” added to all subscripts of the elements of F;.



CHAPTER VIII

SUMMARY AND SUGGESTIONS FOR FURTHER RESEARCH

Many references in the health and/or social science areas dealing with categorical
data type studies with repeated measurements and possibly clustering present analyses
that do not attempt to capture either of these special aspects of the data. Sometimes
there may be an ‘over time’ question addressed in the analysis taking into consideration
the longitudinal feature of the data; but for the most part, little attention has been
given to any clustering of the attribute data. This dissertation has a.im.t;d to examine
these types of data from an underlying viewpoint with more comprehensive statistical
analyses. Applications of existing methods of analysis for longitudinal categorical data
were discussed, methodology for the analysis of clustered attribute binary data for
different design settings was extended, and real data were used for illustration.

In Chapter I, specific examples of studies illustrating one or more distinguishing
aspects of non-standard datasets were presented. Common features of these studies
were that subjects under investigation were observed under two or more conditions and
there were correlated categorical data for observations from distinct sampling units.
Chapter II reviewed aspects of weighted least squares analysis for longitudinal data.

Methodology for analysis of clustered attribute data from nested designs was
reviewed in some detail in Chapter III. The settings of interest were the two stage
nested design with one treatment applied within each cluster and with two treatments
applied within each cluster. Two designs were reviewed: the completely balanced, and
the partially balanced designs. A sampling without replacement framework was used to

define the mean and joint probability parameters within a cluster. A sampling with

811
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replacement framework (equivalent to sampling without replacement in an infinite
population setting) could the1’:| be assumed in order to simplify parameter functions of
interest for the covariance structure of the data; in this regard, the finite populations
under consideration are viewed as sufficiently large to be essentially infinite. The models
for the two stage random sampling process and the classical two stage nested random.
effects ANOVA with the distributional assumptions were noted to be analogous. The
paraﬁneter estimates of interest were the mean #, the within cluster variance (¥ — 1),
and the intraclass correlation coefficient jp (a function of # and the joint probability A
for pairs of observations from the same cluster). Two ways were described to estimate
* and (i'—i) Jjointly; a means formulation and a frequency table approach. In the first,
estimators of x and (x—A) are written as means while in the second, they are written as
linear functions of frequency counts f. In both situations, after writing the data
formulation in matrix notation, the methodology of Grizzle et al (1969) for analysing
categorical data can be used to obtain estimates of the parameters and the estimated
covariance matrix associated with them. The primary parameters of interest, » and p,
were jointly estimated by applying a series of linear, logarithmic and exponential
transformations to thle estimated parameter vector whose elements are # and (i—:\).
These estimation procedures were used in the completely balanced case and in the
partially balanced case; for the latter, modular estimates # and (# —A)m were obtained,
and then the methodology of Grizzle, et al (1969) was applied to obtain overall
parameter estimates through weighted least squares (WLS) if the number of clusters in
each module was sufficiently la.rgt? for _the asymptotic theory to be valid. QOtherwise,
alternative approaches such as direct estimates like means of means was suggested.
Examples to illustrate the two design cases were reviewed and alternative tests for p
being zero were suggested and evaluated.

In Chapter IV, availability of existing methodology was illustrated by way of

examples. This chapter described WLS methods to analyze a day care center study
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encompassing a ‘structure where staff of day care centers answered more than one
question about how to handle a perceived ill child and there might be some degree of
clustering associated with answers given by staff from a day care center. Analysis of
this dataset was undertaken first by using day care center as the unit of analysis in
order to account for the possible correlation structure of multiple staff members within a

day care center; then it was analyzed by using staff members as the unit of analysis and

hence ignoring the possibility of a clustering effect. When day care center was the unit

of analysis, within day care center means of staff’s answers were analyzed across day
care centers. In both analyses, cross-classifications of factors (e.g. type of day care, age
of child, fever condition) were taken into account and the response of interest was (yes,
no) for decisions staff persons would make about sending a perceived ill child home or
not. The results showed that when staff was the unit of analysis, i.e., when the
possibility of clustering was ignored, standard errors obtained were smaller than when
day care center was considered the unit of analysis with staff as sub-units. This
indicated that correlation among cluster sub-units might not be ﬁegligible and viewing
staff as independent of or;e another would underestimate variances.

In Chapter V, the methodology reviewed in Chapter IIl was extended to the case of
clustered binary data with two time points or conditions, with one treatment per cluster
in the two-stage nested design. Correspondence between the two stage sampling process
and the classical two-stage nested random effects ANOVA was noted. In this extended
setting, in addition to the mean response and within cluster variance for each condition
or time point (7,, x5, (#y—A;) and (x,—A,)), there are ¢ (the probability that both
responses for a subject in a cluster are favorable) and the within cluster covariance for
two conditions, {#—¢). A means formulation for the estimation of these parameters
was presented for the completely balanced design. After writing this means formulati-on
in terms of matrices, estimates of the parameters and the covariance matrix associated

with them can be specified. The quantities of primary interest in this two binary
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responses or two conditions case are the mean response and the intraclass correlation
coefficient for each condition (7,, p;. %3, pp) and the time or condition correlation
coefficients; v, for same subject and different conditions and v, for different subjects and
different conditions. Analogous to the one binary response case in Chapter III, estimates
of ‘these parameters may be obtained by applying a series of linear, logarithmic and
exponential transformations to the estimated parameter vector of means obtained with
the means formulation approach. Alternative statistical tests for the correlation
coefficients being zero were proposed using a normal distribution approximation. These
same estimation approaches were used in the partially balanced case within each module
to obtain modular estimates #my, (¥ —A)m, #m and (§—4)y. In the modular case as in
Chapter III, WLS analysis was applied to obtain overall parameter estimates if the
number of clusters in each module was sufficiently large for the theory to hold.
Otherwise, an alternative approach was suggested. Three examples illustrated this
extended methodology, two for the balanced case and one for the modular case. The
first balanced case example examined data from the day care center study. Estimated
means and correlation coefficients were obtained along with standard errors. The four
correlation coefficients, when tested being equal to zero, provided results different from
zero. The second balanced case example was a clinical dental material study of
performance of restorations. After all parameters of interest were estimated and
correlation coefficients tested to be equal to zero, one intraclass correlation coefficient
(for one of the times) was not significantly different from zero. The last example
considered the situation where there were three modules for the day care center study.
The four estimated correlation coefficients were significantly different from zero.
Findings for this modular example agreed with those of the first example. Extensions to
the two treatments per cluster case were given in Chapter VI. Analogous to Chapter \V,
the similarity between the analysis of variance for the k-th response from the two stage

sampling process and the analyses of variance for the classical two-stage nested model
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with random and fixed effects was noted. An extension of the means formulation in
Chapter V for estimation of the parameters of interest was presented for the completely
balanced case. After writing this formulation in matrix notation, estimates of the
parameters and the covariance matrix of these estimates were specified. A series of
transformations, similar to the one in the previous chapter, was then applied to this
vector of estimated means in order to obtain estimates of the primary parameters of
interest, means and within clusters correlation coefficients along with their estimated
covariance matrix. This set of estimated parameters for this two treatments per cluster
situation involves four ﬁleans, %11y %5, ¥5; and #,, (two for each treatment) and
twelve within cluster correlation coefficients where_ four are intraclass correlation
coefficients, pyy1, P10, Po1s P20; tWo are time or condition correlation coefficients, ¥4, ¥5;
there are two intraclass cross-correlation coefficients, ¥,, ¥, (among different sub-units
of the same cluster receiving different treaments); two correlation coefficients for
different sub-populations and same conditions, #,, ¥,; and two for different sub-
populations and different conditions &,y 55, @15 5;. Alternative tests for the;e within
cluster correlation coefficients being zero were proposed. These same estimation
approaches were used in the partially balanced case, within each module to obtain
modular estimates. Weighted least squares analysis was then applied to obtain overall
parameter estimates undér the assumption of sufficiently large numbers of clusters in
each module. An example, the day care center study illustrated this extended
methodology. This study with the addition of answer given by parents, may be viewed
as a two-stage nested design situation with two sub-populations, staff and parents.
Estimates of the 16 parameters were obtained along with standard errors. Tests for the
correlation coefficients being zero indicated that the two intraclass correlation
coefficients for staff (py4, p;,), the two condition correlation coefficients (v, 7,) and
the correlation coefficient for staff with different subjectp and different conditions (v;)

were significantly different from zero.
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The methodology presented in Chapter V and VI was extended in Chapter VII to
the situation where a set of r binary responses is observed on each subject within a
cluster. These extensions had some complexity due to the increase in the number of
parameters to be estimated. Means formulation for this more general situation were
presented and a series of transformations on this vector of means (as it was done in
previous chapters) was suggested in order to obtain the set of parameters of primary
interest, the x's and p’s. For the completely balanced case there are r(r+1) such
parameters for the one treatment per cluster case and 3r242r parameters for the two
treatment per cluster case (r=1, 2, .., .r). For the partially balanced situation there are
r(r+1)M and (3r2+2r)M parameters for the M modules for the one treatment case and
two treatments case respectively.

The analytical resn{lts obtained from the examples d_iscgsse(i throughout the
chapters appear to indicate that studies which involve a data structure with possibly
some degree of clustering should be analyzed first viewing the cluster as the basic unit of
study. If correlation among cluster sub-units is found to be negligible, then cluster sub-
units can be viewed as the basic analytical units. In this way, care is taken sc that

estimates of variances are not underestimated .

8.2 Future Research

A setting not addressed in this dissertation was that of unbalanced designs.
Metheds of obtaining overall parameter estimates for the unbalanced case for the one
treatment and two treatments per cluster extensions can be explored. Note that the
fully unbalanced data structure does not fit in the framework of the classical weighted
least squares methodology of Grizzle, et al (1969) since each element of the vector ¥
may be based on a sample of size 1 { i.e., a single cluster). Thus, alternative methods
are needed to obtain parameter estimates for this case.

One such alternative approach, direct formulation of an estimate of the mean



140
response, was suggested when the number of clusters in the modular situations described
for the one and two treatments per cluster case, was not sufficiently large for the
asymptotic theory to hold. Even though the number of clusters in each module in the

last example of Chapter V were of moderate sizes, it would be interesting to assess how

a direct estimator such as a mean of means along with its standard error could compare

with the one obtained with WLS procedure.
For both the completely balanced and partially balanced designs, the proposed
methods presented in Chapters V, VI and VII can be extended further to the three stage

nested design or other more complex situations.
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