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Boundary Element Solution of Cylinder with Surface Crack
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1 IHTRODUCTICN

Cylinder of circular cross-section are widely used in engineering structures. Surf-
ace cracks often exist on the eylinders, because of the reason of wanufacturing or
utilizing. & lot of disastrous failures were caused by the growth of surface
cracks on cylinders. Thersfore, aceurate siress analyses of such surface-cracked
cylinders are needed for reliable prediction of their fracture strengths and conte-
olling their crack size. Eficient analytical method to this complicated 2-D crack
problems are not available, therefore, numerical methods must be used. Comsidering
the advantaze of Boundary Element Method in reducing dimensions of problem and work
load, this paper studied the semi-zlliptical crack on cylinder of circular cross-
section by using BEM.

2 CRACE ELEMENTS

For a linear elastic material, the displacement field and the stess field near the
crack front can be described througzh a power series r*/%,r,r27%,... and
rY2 p0, r2, ... respectively, i.e.,

Ur=a85ir " Z4azrtanr’2 ]

ti=hisr~ " Z+heythairt {1}

In order to simulate the bzhavior shown in (1). this paper used the traction sin-

gular mid-side-node crack elements near the crack front(Fig. 1). Three independent
sets of shape funtions N, Na and Ne, for interpoclating geometry. displacement and
traction quantities respectively are chosen Tor this kind of crack element. Only
vere eight-noded quadrilateral crack elements used in this paper, their zeometr-
ical shape functions N are eusctly the same as  usual quadrilateral quadratic

Fig.1 Crack Elenents
SMIRT 11 Transactions Vol. G (August 1991) Tokyo, Japan, © 1921

— 147 —



Isoparanetric Jlementsu the displacezent shape functions Hs are derived by a
simple change of coordinates:

Nai(E)=N, (€7 (2

a7 =8 4 Eo =-1e/E00+E 2 (SI
The tracun@m shape Tunctions N can he obtained by multielying the Ha by 2 factor
T{E )=/2//T+E 2, that is
Nti(é):Ndi(é)“’T(@) (43
By using above interpolating functions Mg and He, the displacement and traction
@@mponents are ez{p[r"essed as

where

Ui =g r i Beansr “’F
be=hyar "V RehaithertE . (5)
EquaL ion \5) guarantess that w: and t: show the expected behavier as p— 0, al-
through they are somewhat &ifrurenﬂ from LQU@LR@W {1).

Because of the introduction of the singular factor of 1//1+¢ :z in ¥e. Tolloving
coordinate transformation are necessary vhenever an imteavcti@n is performsd over
such a special crack =lement:

1) The _Scurce pGint W% not on the erack element. In this case let
L- — B 15,» — l u ::)2/9

51 B ca=\{ 2 &

[

(23 Wﬁe source point is an the crack aslepent. In this case, ab
dinate transformatin shovld be made in the basis of soivinb uh@ s
cion over usnal swadrilatersl sight-noded isoparapetric clements
apressed a3t

1= 17n:% 1+32= (Ivn 22572 {7
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3 STREESS INTEMSITY FACTOR COMPUTATION

s

According to EFMg following reiaﬁﬂams between displacements near tha arack ront

J‘
iy
and stress Intensity xact@ﬁfS P} can be obtained, vhen we only consider the displ-

acenents on the crack surface, i.s.

— Un 7] /40 rKII(‘L‘I"V)‘
w | | G-y | (8)
we < Gw = Hras =

vhare s, e, Ve are displacenent components vwith respect to intrinsic coordinates
at the crack front. The sbove formulas show that SIF Kai.Kux ¥eze are only related
£0 H=,Ua,Ue respactively. Take acecunt of the value of r (in the vicinity of the
crack front), the displacement of any point on the crack surface must be esxpressed
by the nodal displacements of the crack zlezent with its shape functions. i.e.

Un 7 & Hasun®®?
[UE “ N Nd uz(f) } ig)
bege < iml b HoguetT?

First. SUPPOSE cracly swrfaue is the sywmetric plane of a crach problem, thus ths
digplacementg @E the point at the crack front must be zero, i.e., un P =u.¢=
ue “%7 =0, (1 . For simplicity, only u= is considered,

ENﬂqu” = A/ 1“"@ 2 Um UU)
i 3
vhere
! 1
1 = (12 & 1) JB{E =2- s o (=8 1) [-/2( & 122+ /2 Ju 42
4 4
i g 1 )
"'(l“* 1) {2+ /Z)uz ‘G’+—-(1 E 1B u T e—(1-8 1) (2T ua ™ (11)
2 2

in the ab@ue formula, the Sec@ﬂd order {i+& z) has heen neglented. If crack sur-
face is not the syemetric plane of the problem, he displa@@ment ue"*? in formula
{11} should be replaced by the half of the diffsrence betwsen displacements on
upper crack surface and counterpart on the lowar crack surface
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Second, 1t is supposed that the contour of crack is am ellipse (Fig.2, special
case: circle) vhich can be described by parametric equations x=c cos® ,y=a sin@ .
Then introduce polar coordinates on the erack({the center of elliptic crack as the
origin, elliptic crack surface ss p-0 plane ), 2o any point on the crack can he
written as

4 T 3
] N
] 6 %1
]
5 2
Fig., 2 Crack Surface &nd Arbitrarily Chosen Crack Element

v=pacosd . (<Kp =1 7

y=phsin®, <8 <2n (12
ve arbitrarily choose a crack elepent in crack swrface (Fig. 2}, those eight-nodal
coordinates sre
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vhere L is the size
tlon (13) and shape
crack eﬂem@@?é
D= %@ il g= 1 =—(12§ )
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-5
the erack slement along ¢ -coordinate. O<L<i, From squa-
unction N, we can obtain the coordinates of any point in the

W
e
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B= T8, Ne=Bo— £.6
i=)

Let A%=c®cos®6 +a®s

42 p= e {15}
AL
Substitute egpression (15) and expression (10) into expression (B)., ve obtain

Er 1=Fq
K x ST {16}

T U-vHJE S
S

) 3
In the above formuls term ——— can be determined by taking inte account geometrie
ST
relation (Luc ot al. 1888), ses Fig. 3.
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bie Fig. 3 (Georitric Relation
A -y 1 a b
= {17)
r casﬂm, n') \/520032614*a281n2® ) (2%cos® 8 +hZsin® 6 )
SMbSLTLML@ c;prescn@n (17‘q into ezpression (16}, then
K «=f(8)- (18}
vhere
Exn <bZc0s20 +a35ip20 )
f(8)= , 8= 8g-£.8 (18}
201=v =)/ abl
Siwilarly, following forwmulas can be obtained:
Koz=1(3) - u,’ {20)
an:f”{@)“ut’ (21)

un'=— (14 & ) (L -2~ «f?)untz’f—“(W*; 1) [=2(E 122¢/T) Jun *?

4
i N i
e {19 g ) {20/ D ua e — (1= & 1230 2o — (1~ & 1) (2P ¢ (22}
2 2 2
i
e’ == (108 ) SE(E 2= N/*)utﬁﬁﬂx——(ﬁ—w,n)[- F2CE 142+ /2) Jue 98
4
t 2
~—(1+é ) (2« \/*)ut‘@)~—-(ﬂ & 12)utﬂ?3+——(1 ) (24T @ {23

4 RESULT aKD DISCUSSION

To verified the feasibility of above mentioned nathod and the reliability of self-
wade computer program. two examples are computed, which are a wniformly loaded
cylinder of circular ercss-section with 2 central penny-shazped crack aﬂd a finite-
thickaess plate subjected to tension vith a semi-elliptieal surface crack. Throush
error analysis, we obtained a optimized size of crack elements along its radzatnom
frow erack front. its value is L=0.18a {z is the erack depth). It have been proved
that gzood agreement with related references (Benthem et al. 1973 and Mclowan 1980)
can be chieved vhen the cptimized size was used.

Considering the supposition of plane strain is not proper to the region near the
intersection of the crack and the Tree surface, we made a modified formula for SIF
in this region:
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Ki'= L{l-v?)(8™-6)+8 ] (24)

B

where ©®=12.8° is the bouad angle of the tramsition region.

Using this self-nade progrom, semi-elliptical surface crack of cylinder was stud-
ied. Two load conditions (axial tension and pure bending): four relative crack-
depth (a/R=0.05, 0.1. 0.2, 0.4} and five elliptical shapes (a/c=0.2, 0.4, 0.6, 0.8,
0.98) were computed. Obtained stress intensity mesnification factor (SINF) =25 a
function of a/R shown %m gig, 4, vhere SI¥F defined as

Kz (O
M= (25)
(Po~/7a® ) [sinZ 08 +(a/c)2cos2 9 ]170
wvhere ¢ =1¢1.484(a/c)¥-%° for a/ec<],

Distribution of 31IF along crack front shown at Pig.5.

In pure bending case. the conditions considered was the same as tension and the
numerical results shown at Fig. 6 and Fig. 7.
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5 CONCLUSIOoN
ular crack clement and by

{1) The nethod Tor cstipsting SIF based @L traction sing
ell rified to be reliable and has

introducing paramstric eguation of ipse vas ve

higher sccuracy.

(2) The SINF were mainly influcnced by relative crack-depth a/R, crack depth to

lenzth retio afc and elliptical angle @.

{3) From Fig.4 and Fig 7, it cen be sesn mhﬂt the crack grommh tend to the crack

depth to length ratio afc =qual to 0.6~0.8. For "aﬂﬂow surface crac E the maximum

SIF occurred at the deepest point. on the other hand, for close to semi-circular

surface crack, the ninipue SIF oceurred at the decpest p@imtm These shov the saze
[

as the striped zraghs of the grovth of fatigne ssction of axle.
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