
ABSTRACT 

ZHANG, YANBING. Cooperative Communication and Information Processing in 
Distributed Wireless Networks. (Under the direction of Dr. Huaiyu Dai.) 
 

Large-scale wireless networked systems of intelligent devices are playing an 

increasingly important role in our life. In such systems, finding solutions in a collaborative 

and distributed fashion, in the absence of a central coordinator, is of great importance. In this 

dissertation, we explore some important problems in this area, making certain contributions 

to both theory and practice of this broad research topic.  

Recent research has shown that cooperation of wireless nodes can achieve much 

better energy efficiency, which is known as a main concern for wireless ad-hoc and sensor 

networks. But whether cooperation benefits the total energy consumption or not highly 

depends on system demands and network topology. In Chapter 2 of this dissertation, we take 

an initial step to determine the switching criteria for non-cooperative transmission and some 

representative cooperative transmission strategies. Energy efficiency of relevant transmission 

strategies is studied both for wideband asymptotes and realistic system settings. General 

guidelines are presented for optimal transmission strategy selection in some typical scenarios 

involving system level metrics, aiming at minimum energy consumption with a target BER. 

We also address the criteria for choosing the optimal strategy according to instantaneous 

channel knowledge.  

Belief propagation (BP) is considered as a prominent information processing 

framework for wireless networks recently. However, infeasible computation and 

communication requirement involved in applications entailing non-discrete distributions 

limits its use in practical situations. In Chapter 3, an effective approach to address the 

message representation/approximation problem in BP algorithms is studied, exploiting the 

recently proposed Gaussian particle filtering technique. The effectiveness of our approach is 



testified through the self-calibration problem in wireless networks, where the system 

dynamism, largely unexplored in the BP study, is explicitly considered.  

Distributed and energy efficient in nature, message passing algorithms (such as belief 

propagation) are attractive for wireless applications. To this end, we propose a variational 

message passing framework for Markov random fields, with more energy and computation 

saved compared to the traditional belief propagation algorithm. Based on this framework, 

structured variational methods are explored to take advantage of the simplicity of 

approximation and the high accuracy of exact inferences.  To investigate the asymptotic 

performance of this structured distributed inference framework, we first distinguish the intra- 

and inter-cluster inference algorithms as vertex and edge processes (corresponding to 

reversible and non-reversible Markov chains respectively). Their difference is illustrated, and 

convergence rate is derived for the intra-cluster inference procedure which is based on an 

edge process (the inter-cluster process has been well studied as reversible Markov chains). 

Then, viewed as a mixed vertex-edge process, the overall performance of structured 

variational methods is characterized via the coupling approach. The tradeoff between the 

complexity and performance of this algorithm is also addressed, which provides insights for 

network design and analysis. This constitutes the Chapter 4 of this dissertation. 

The structured inference algorithms invoke the requirement of distributed node 

clustering. To tackle this problem, we also devise a novel distributed network decomposition 

algorithm with the aid of the factor graph model and the max-product algorithm. Formulating 

the network decomposition as an optimization problem, we derive a fully distributed 

procedure to cluster nodes and achieve the (approximate) minimum cut weight. Simple local 

operations and message forms also make it particularly suitable for wireless networks with 

limited capability and resource. Moreover, the proposed algorithm is readily extensible, thus 

providing a potentially powerful, data-independent clustering scheme for a wide range of 

data processing and networking applications.  
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Chapter 1  

Introduction 

1.1. Collaborative Information Processing in Distributed 

Wireless Networks 

Recent advances in information technology are leading to a paradigm shift towards ad hoc 

networking, distributed processing and pervasive computing and communications. Examples 

include mobile ad hoc networks, wireless mesh networks, and sensor networks for various 

military, commercial, environmental and emergency applications. Due to rapid development 

in signal processing, networking and MEMS technologies, these networks are playing an 

increasingly important role in our life  [1]. Such kinds of large-scale wireless networked 

systems consisting of small devices (nodes) capable of sensing, computing, and wireless 

communication are referred to as distributed wireless networks in this dissertation, or 

wireless networks for short, in contrast to the traditional infrastructure-based wireless 

networks, such as cellular networks and wireless LANs (WLAN). 

Distributed wireless networks are typically expected to be quickly and easily deployed, 

possibly in harsh or inaccessible environments, free of maintenance and robust to dynamism. 

For them, collaboration among individual nodes is often a necessity rather than an option, 

due to lack of required infrastructure and resource constraints  [2]. Conversely, while each 

node is limited in capabilities, resources and data access, by interacting locally they can 
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exhibit daunting global behavior, a phenomenon already observed in many biological 

systems. For anticipated applications, cooperative schemes that are distributed, robust, 

scalable, and energy-efficient, are much desired.  

In general, distributed and cooperative information processing can be conducted with two 

infrastructures: a hierarchical one where data are collected and transmitted to some fusion 

centers for central processing, without excluding the possibility of local processing and 

coordination among nodes; and a flat one where the global computing is effectively 

distributed in the whole network solely via local information exchange. This dissertation 

investigates both of these infrastructures, but mostly focuses on the latter one, which is far 

less explored, and expected to be both more challenging and more fruitful.  

While collaborative communication and information processing in distributed wireless 

networks is a very active research area, many problems remain open and a general design 

framework is lacking. This constitutes the motivation for this dissertation, where we address 

some important issues of this broad topic, including cooperative transmission, distributed 

localization and tracking, distributed inference and distributed clustering. In subsequent 

sections of this chapter, we give a more detailed introduction of each sub-topic treated this 

dissertation. 

1.2. Energy Efficiency and Transmission Strategy Selection  

Energy efficiency is one of the most critical concerns for wireless ad hoc and sensor 

networks. Cooperative communications, where some nodes help relay data for others in the 

forms of amplify-forward, decode-forward, or process (quantize, compress, estimate, encode, 

etc.)-forward recently emerges as an effective diversity technique in wireless networks (see 
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 [3] and references therein). Specifically, by allowing sensor nodes in close proximity to 

cooperate in transmission to form a virtual multiple-input multiple-output (MIMO) system, 

recent progress in wireless MIMO communications can be exploited to boost the system 

throughput, or equivalently reduce the energy consumption for the same throughput and BER 

target. However, these cooperative transmission strategies may incur additional energy cost 

and system overhead. In the first part of this dissertation, by assuming that data collectors are 

equipped with antenna arrays and superior processing capability, we study energy efficiency 

of relevant traditional and cooperative transmission strategies: Single-Input-Multi-Output 

(SIMO), Space-Time Block Coding (STBC) and Spatial Multiplexing (SM).  

We first analyze energy efficiency of the above virtual MIMO schemes in the wideband 

regime. The results reveal that, while receive diversity introduces significant improvement in 

both energy efficiency and spectral efficiency, further improvement due to the transmit 

diversity of STBC is limited, as opposed to the superiority of the SM scheme especially for 

non-trivial spectral efficiency. These observations are further confirmed in our analysis of 

more realistic systems with limited bandwidth, finite constellation sizes, and a target error 

rate. Based on this analysis, some general guidelines are presented for optimal transmission 

strategy selection in system level and link level, aiming at minimum energy consumption 

while meeting different requirements. The proposed selection rules, especially those based on 

system-level metrics, are easy to implement for sensor applications. The framework provided 

here may also be readily extended to other scenarios or applications.  
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1.3. Distributed localization and Tracking in Wireless 

Networks 

Belief propagation (BP, also known as sum-product algorithm) refers to a general class of 

message-passing algorithms intended to solve the NP-hard probabilistic inference problems 

by exploiting “partial independence” existing among random variables  [4].  Having 

succeeded in many diverse fields, BP has also been considered for wireless networks very 

recently  [5]. Arguably, wireless ad hoc and sensor networks provide an excellent arena for 

BP algorithms, where a large number of nodes are only weakly and locally coupled, and 

where dominating applications are to draw inference or compute functions based on the 

whole collection of data. On the other hand, BP supplies a general and flexible framework 

for collaborative information and signal processing in wireless networks.  

However, infeasible computation and communication requirements involved in 

applications entailing non-discrete distributions limits its use in practical situations with 

resource constraints. Particle filtering techniques (or sequential Monte Carlo)  [6] can be 

exploited to tackle these issues, involving particle-based approximation and importance 

sampling. The basic idea is to represent relevant continuous distributions with a list of mass 

points (“particles”) together with the associated weights. This approach turns the integral 

form of messages into weighted sums of functions, and importance sampling techniques can 

be applied to further transform the messages into particles or more general sample-based 

density estimates, thus suitable for transmission. 

The location information of mobile portable devices is necessary for various emerging 

applications like E911 emergence service and ubiquitous computing. It is also indispensable 

for wireless sensor networks, in order for sensor nodes to self-organize and collaborate to 
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achieve predetermined goals. In the second part of this dissertation, we apply this idea of 

particle-based belief propagation for the distributed localization and tracking problems. 

Particularly, we proposed a distributed self-localization algorithm based on particle-based 

belief propagation, for which the majority of nodes determine their own locations through 

range estimates between themselves and their neighbors, and through the aid of a few 

reference nodes (i.e., nodes with known coordinates). 

In this part, we extend the study of previous work in several ways. First we allow some of 

nodes to move in the field of interest while keeping track of their own positions. This is a 

more ambitious goal, with potential utility in important applications such as animal tracking 

and inventory management. Second, we exploit Gaussian particle filtering (GPF)  [7] as a 

simpler alternative to the nonparametric belief propagation approach in  [5] [8] and propose a 

new Gaussian particle filtering Belief Propagation algorithm (GBP). GBP essentially ap-

proximates the relevant distributions with Gaussian, but insists on updating through particle 

propagation. This approach alleviates computational burden of standard particle filtering, 

while outperforming other Gaussian-based filtering methods like extended Kalman filtering. 

More importantly, it greatly reduces the communication cost as only the mean and variance 

of relevant distributions are exchanged, rather than the whole particle set. Our study shows 

that it is especially suitable for real-time applications such as tracking where it is desirable to 

further reduce communication and computation requirements, and achieves favorable 

performance with moderate system turbulence. We also explore the idea of neighboring node 

selection to further reduce communication cost.   
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1.4. Distributed Inference in Wireless Networks 

Distributed inference is the primary task of a wide range of wireless networking 

applications, like localization, tracking and time synchronization. In general, the objective of 

distributed inference is to compute marginal posterior probabilities through local interactions 

among nodes, given a set of observations and some underlying graph model. Message 

passing algorithms, like belief propagation are attractive for distributed inference in wireless 

sensor networks (WSN) due to their energy efficiency, robustness and scalability [2].  

In the third part, we proposed a variational message passing framework for Markov 

random fields, which is computationally more efficient and admits wider applicability 

compared to the traditional approaches. Distributed inference on a flat infrastructure enjoys 

the benefits of simplicity and uniformity in message formation, while higher accuracy and 

faster convergence can usually be achieved by organizing the whole network into a more 

structured one. In this part, we further investigate exploiting substructures of networks to 

improve variational methods in real systems. Thus the simplicity of variational methods (for 

inter-cluster processing) and the high accuracy of exact inference algorithms (for intra-cluster 

processing) can be exploited simultaneously. To our knowledge, this is the first work to 

explicitly apply the structured variational methods for distributed inference in wireless 

networks.  

Then we investigate the asymptotic performance of the proposed structured variational 

method. Firstly, we distinguish the intra- and inter-cluster inference algorithms as vertex and 

edge processes respectively. Their difference is analyzed and a convergence rate upper bound 

is derived for the intra-cluster inference procedure which actually involves non-reversible 

Markov chains. Then as a mixed vertex-edge process, the structured variational method’s 
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overall performance is quantitatively characterized via the coupling approach. A tradeoff 

between complexity and performance of this algorithm is analytically addressed, which 

provides important insights and guidelines for the system analysis and design. 

1.5. Distributed Network Decomposition 

Aiming to minimize the sum of cut weights between different clusters of nodes, network 

decomposition, or graph partition, lies in the core of a wide range of data processing and 

networking applications, like pattern recognition, load balancing and parallel computation. 

Especially, it offers flexibility for distributed inference in wireless networks, which we 

discussed previously. However, this problem is NP-hard in general, while the current 

approximate solutions - spectral clustering algorithm and semi-definite programming 

relaxation suffer from complicated computations and the requirement of global knowledge.  

In the fourth part of this dissertation, we propose a novel distributed network 

decomposition algorithm with the aid of factor graphs. We initially formulate the network 

decomposition as an optimization problem. Then based on the max-product algorithm, we 

derive a fully distributed procedure to cluster nodes and achieve (approximate) minimum cut 

weight by exchanging messages between adjacent nodes, which eliminates the requirement 

of global topology knowledge. Simple local operations and message forms also make our 

approach suitable for wireless networks with low computational ability nodes. This algorithm 

can not only be used for our previously proposed structured variational method framework, 

but also provide a powerful, data-independent clustering scheme for general network 

decomposition problems. The success of this algorithm is testified in several practical 

settings. 
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1.6. Dissertation Outline 

The remaining part of this dissertation is organized as follows:  Chapter 2 analyzes the 

energy efficiency of various transmission strategies in cooperative wireless networks, based 

on which several criteria to select the optimal one are proposed. The study on the distributed 

localization and tracking (or called self-calibration) by using Gaussian particle filtering belief 

propagation is presented in  Chapter 3.  Chapter 4 investigates the distributed inference 

problem in wireless networks, where we proposed a general structured inference framework 

based on variational methods and analyze its performance. In  Chapter 5, we devise a novel 

distributed clustering scheme to fulfill the requirement of the previous structured inference. 

Its effectiveness is also testified for general network decomposition problems. Finally, 

concluding remarks and some perspectives on future work are given in  Chapter 6. 
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Chapter 2  

Energy-Efficiency and Optimal Transmission 

Strategy Selection  

2.1.  Introduction 

Energy efficiency is one of the most critical concerns for sensor applications  [9]. Direct 

communications between sensor nodes and the (possibly) distant data collector is in general 

energy inefficient, as each node needs to transmit highly redundant data. By allowing sensor 

nodes in close proximity to cooperate on communication, not only can the collected data be 

efficiently fused, but recent progress in wireless multi-input multi-output (MIMO) 

communications can be exploited to boost the system throughput, or equivalently reduce the 

energy consumption for the same throughput and bit error rate (BER) target.  

However, concerning the analysis of energy efficiency in wireless cooperative sensor 

networks, two additional factors should be given special consideration: the circuit energy 

consumption and the cooperation penalty. The circuit power utilization increases linearly with 

the number of cooperative nodes, which is significant especially for short-range transmission. 

Furthermore, as the elements of the virtual antenna array are not wired together, cooperative 

nodes must communicate among each other to share information and coordinate transmission, 
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which consumes extra energy and induces additional delay. Therefore, it may not always be 

better to enforce cooperative transmission and vice versa. Determination of the optimal 

transmission strategy depends on many interacting factors including system demand, network 

topology, and availability of channel information. 

Energy analysis on cooperative MIMO in sensor networks was investigated in  [10], where 

it is shown that the Alamouti space-time block coding (STBC) scheme on a cooperative 2 2×  

MIMO is more energy efficient than the traditional single-input single-output (SISO) 

approach when the transmission distance is larger than a small threshold.  [11] and  [12] extend 

the idea of virtual MIMO to the V-BLAST (or more general spatial multiplexing (SM)) 

architecture. In  [13], the authors consider the energy efficiency of cooperative STBC with the 

low-energy adaptive clustering hierarchy (LEACH) protocol. An explicit distance threshold 

over which cooperative transmission is advantageous is given. Synchronization problem is 

also addressed. More recent work in this subject  [14] endeavors to investigate the diversity-

multiplexing trade-off  [15] considering the energy consumption. Their results show that both 

diversity and multiplexing gain should be exploited to obtain optimal energy efficiency. 

Our work assumes the following differences from previous ones. First, we introduce a 

powerful mobile agent (MA) at the receive side as advocated in  [16], which is assumed to be 

equipped with antenna arrays and complex processors and transceivers. Therefore, while 

sophisticated detection techniques can be safely employed at the receiver, its energy 

consumption can be excluded from the budget of the overall sensor network, which allows us 

to focus on the energy analysis at the cooperative transmit end. This architecture assumes 

certain advantages in energy efficiency over the traditional flat multi-hop ad hoc network  [16]. 

Furthermore, it also well addresses the so-called reachback problem in wireless sensor 

networks, where information collected by multiple sensors needs to be sent back to a 
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(potentially more capable) collecting node or base station within a given period. Secondly, we 

provide a unified and practical framework to analyze and compare the energy efficiency of 

various transmission strategies in wireless sensor networks. And lastly, we take an initial step 

to quantify the switching thresholds among three representative transmission strategies: 

traditional non-cooperative transmission, space-time block coding, and spatial multiplexing, 

the latter two of which fall within the cooperative transmission category yet are feasible to 

implement for sensor applications. The selection rules are decided such that the best energy 

efficiency is achieved with given system or link level demand or knowledge. 

The rest of this chapter is organized as follows. Section  2.2 presents the system model and 

our assumptions for analysis. Energy efficiency of relevant transmission strategies is studied 

in Section  2.3, which provides a basis for selection of energy-efficient signaling. Then in 

Section  2.4 and  2.5, general guidelines are proposed for optimal transmission strategy 

selection in some typical scenarios, based on system-level demand and link-level knowledge, 

respectively. Some numerical results are given in Section  2.6. Finally Section  2.7 contains 

some concluding remarks. 

2.2. System Model 

2.2.1. Channel Model 

We assume a hierarchical network structure, in which most plain sensor nodes, equipped 

with a single antenna, are stringently limited in processing capability and power, while a few 

powerful mobile agents take over the burden of complicated network operation and signal 

processing. These mobile agents, furnished with superior communication and processing 

units, can traverse the network to collect data, and reach back to remote control centers 
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through high-speed connections. Examples of mobile agents include manned/unmanned 

airplanes or vehicles, or specially designed light nodes that can hop around in the network. In 

this section, we further investigate the possible advantages of cooperative MIMO transmission 

in wireless sensor networks with mobile agents (SENMA), which can be similarly coined as 

M-SENMA.  

We assume that at some moment TN  neighboring nodes in a SENMA intend to transmit to 

a designed MA equipped with RN antennas. Independent frequency nonselective Rayleigh 

fading is assumed for the channels between each node and the MA, on top of the common 

path loss1. The equivalent discrete-time MIMO system can be described as 

        = +Y HX N ,       (2.1) 

where Y is the received signal at the MA; X contains the substreams transmitted by the nodes; 

H is an R TN N×  channel matrix, whose entries are modeled as independent and identically 

distributed (i.i.d.) normalized complex Gaussian random variables; and N is the background 

noise, assumed to be circularly symmetric Gaussian with zero mean and variance 0N  for each 

component. The common path loss is incorporated in the power of X. It is assumed that 

slotted time division duplexing is employed for communication purposes. The optimal 

transmission strategy is decided at the MA, based on (available) relevant information at the 

system or link level, and fed back to the sensor group via a reverse signaling channel, which is 

also used to transmit beacons for synchronization purpose (as assumed in  [16]). 

As mentioned before, three basic transmission strategies are considered in this work: 

single-input multi-output (SIMO), which corresponds to traditional non-cooperative 
                                                 
1 Rayleigh fading is commonly assumed in MIMO and SENMA studies whenever rich scattering exists in 
environments. This is a pretty accurate assumption when the distance between MA and the sensor fields is fairly 
large while sensors are densely deployed.  More complex channel models can be readily incorporated, which 
will complicate the expression but otherwise is not expected to influence the results qualitatively. 
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transmission with the SENMA structure, STBC and SM, which exploit diversity and spatial 

multiplexing gains in MIMO systems, respectively  [17]. In the cooperative STBC scheme, 

TN  nodes collaborate to send out an TN p×  space-time block X with orthogonal rows to 

realize full diversity gain, where p represents the number of time slots in transmission. As is 

known, the maximum likelihood (ML) detection of each transmitted symbol is decoupled, 

equivalently represented as 

       
F

y x n= +H ,            (2.2) 

where
F

H , the Frobenius norm of H, is Gamma distributed with parameter T RN N  and 1, and 

the equivalent noise n still has variance 0N . It can be shown that the spectral efficiency 

(bits/s/Hz) of the STBC system is given by  [17] 

                                            ( )2(SNR) log 1 SNR /STBC
TF

C rE N⎡ ⎤= +⎢ ⎥⎣ ⎦
H ,                          (2.3) 

where  r  is the code rate of STBC, E[x] denotes the expectation of a random quantity x, and 

SNR denotes the identical energy per user per block symbol divided by 0N . This expression 

should be compared to that of a SIMO system (corresponding to direct communications 

between a sensor node and an MA) with maximum ratio combining  [17] 

      2(SNR) log(1 | | SNR)SIMOC E A⎡ ⎤= +⎣ ⎦ ,        (2.4) 

where 2| |A is Gamma distributed with parameter RN  and 1. For the cooperative SM scheme, 

each sensor node sends an independent symbol each time, which can be viewed as a space-

only code without loss of generality: 

= +y Hx n ,                                   (2.5) 

where y, x and n denote column vectors. The spectral efficiency of SM is given by  [17] 

   (SNR) log SNRSM HC E ⎡ ⎤= + ⋅⎣ ⎦I H H ,                        (2.6) 
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where SNR is defined on the per-user basis as before to make a fair comparison. 

2.2.2. Energy Model 

The transmit energy consumption per bit of a communication link is given by  [18] 

                                                  
2

2
0

(4 ) pn
b

TX r g
t r

E dE N M
N G G

ξ π
η λ
⎛ ⎞

= ⋅⎜ ⎟
⎝ ⎠

,                                    (2.7) 

where 0bE N  is the energy efficiency of signaling schemes to be discussed in the following,  

rN  is the single-sided power spectral density of the receiver noise, 2 2(4 ) /n
t rd G Gπ λ  reflects 

the end-to-end loss in transmission ( pn is the path loss exponential), gM  is the link budget 

margin, and /ξ η  is a coefficient accounting for the RF power amplifier effect with ξ  the 

peak-to-average ratio of the modulation scheme and η  the drain efficiency of the amplifier.  

Due to the stringent energy constraints and (relatively) short transmission distances in 

sensor networks, the circuit energy consumption, largely neglected in previous study, should 

be explicitly addressed. As the SENMA architecture is assumed, we focus on the circuit 

energy consumption at the transmit nodes. We assume the circuit power consumption in 

transmission and reception are the same for each sensor node, denoted as CTP  and CRP . 

According to  [10], CTP  typically includes that of the digital-to-analog converter, the mixer, the 

transmit filters, and the frequency synthesizer, while CRP  typically includes that of the analog-

to-digital converter, the mixer, the receive filters, the frequency synthesizer, the low noise 

amplifier, and the intermediate frequency amplifier. Therefore, the total circuit energy 

consumption per bit when TN  nodes simultaneously transmit at an aggregate data rate bR (b/s) 

is given by  
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CT
C T

b

PE N
R

= .     (2.8) 

To quantify the extra cost for cooperative MIMO transmission, we assume a simple 

cooperation protocol for illustration purpose, for which TK  out of TN  nodes have data to 

transmit (while others serve as relays). It is also assumed that cooperative nodes only 

communicate with one single MA at any moment, or they can choose the one with the best 

signal quality, as in the coverage of multiple MAs. Each of the TK  data nodes broadcasts its 

information to all the other nodes in this group using different time slots. The energy 

consumption per bit required for such cooperation is given as  

, ( 1)CT CR
CP T TX SISO T

b b

P PE K E N
R R

⎛ ⎞
= + + −⎜ ⎟

⎝ ⎠
                                     (2.9) 

where ,TX SISOE  accounts for the required transmit energy per bit for the local SISO 

communications among cooperative sensor nodes. Note that while one node transmits, the 

other ( 1)TN −  nodes receive simultaneously. Other system overhead is ignored for 

simplicity. Depending on applications the local transmission channels can be modeled with 

either additive Gaussian noise or Rayleigh fading. 
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2.3. Energy Efficiency of Non-Cooperative and Cooperative 

Transmission 

In this section, we first analyze the energy efficiency of several relevant transmission 

strategies in the wideband regime to obtain some insights, then turn to more realistic system 

settings. 

2.3.1. Wideband Asymptote 

The wideband asymptotic analysis is to approximate the Shannon capacity C as an affine 

function of energy per bit normalized to the noise spectral density (i.e., 0/bE N ) in the zero 

SNR neighborhood (corresponding to high-to-optimal energy efficiency) as  [19] 

   ( )
0 0 0min

log log log 2 ( )b bE E CC o C
N N S

= + + ,2       (2.10) 

where 0 min( / )bE N  is the (normalized) minimum required energy for reliable communications, 

and 0S  stands for the wideband slope of the spectral efficiency-energy efficiency curve (in 

terms of bits/s/Hz/3dB).  These two key parameters can be obtained as  [19] 

  
0 min

ln 2
(0)

bE
N C

β= � , 
2

0

2 (0)

(0)

C
S

C

⎡ ⎤⎣ ⎦=
−

�
�� ,       (2.11) 

with C� , C��  the first and second derivatives of the spectral efficiency (e.g.,  (2.3), (2.4) and 

(2.6)) at SNR = 0, and β  the parameter relating 0/bE N , SNR and (SNR)C  as 

     
0

SNR
(SNR)

bE
N C

β= ,      (2.12) 

                                                 
2 The basis of logarithm is 10 unless specifically indicated in the following, and ( )o C  denotes higher-order 
terms of C. 
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which equals to 1 for SIMO, r for STBC, and TN  for SM. We summarize these two key 

parameters for relevant transmission strategies (with Rayleigh fading) in Table  2-1. 

Table  2-1 Wideband Analysis of Communications Systems Subject to Rayleigh Fading 

 SISO SIMO STBC SM 

0 min( / )bE N  ln 2  ln 2 / RN  ln 2 / RN  ln 2 / RN  

0S  1 2
1

R

R

N
N +

 
2

1
T R

T R

rN N
N N +

 
2 T R

T R

N N
N N+

 

Wideband analysis shows that receive diversity effectively lowers the minimum required 

energy by a factor of RN . However, 0 min( / )bE N alone does not reveal the whole picture as it 

could not differentiate various communication systems with receive antenna arrays but 

different transmit signaling. On the other hand, 0S  demonstrates their differences in spectral 

efficiency given certain energy efficiency in the wideband regime. In general, we have 

         2 2 21
1 1

R T R T R

R T R T R

N N N N N
N N N N N

≤ ≤ ≤
+ + +

.    (2.13) 

But as the number of antennas grows, the 0S  of SIMO and STBC approaches a limit of 2, 

while that of SM grows without bound. We know that the wideband slope for the AWGN 

SISO channel is 2, which is reduced to 1 here due to Rayleigh fading. Essentially, the 

diversity in SIMO and STBC alleviates the fading effect and brings it back to 2. The transmit 

diversity of STBC facilitates this process, whose effect quickly diminishes when there are 

sufficient receive antennas. On the other hand, with sufficiently large TN , the 0S  of SM 

approaches 2 RN , resulting in a tremendous boost of spectral efficiency even in the low-

power regime. These observations are visualized in Figure  2.1 for 2TN = , 4RN = , and will 

be further confirmed for realistic system settings through the analysis below. 
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Figure  2.1 Wideband behaviors with Rayleigh fading 

2.3.2. Realistic Setting 

Data throughput, bit error rate and power consumption are three important and often 

competing optimization objectives in the design of a wireless network. In this section, we 

relate 0/bE N   to a target BER eP  and the size of the employed modulation constellation and 

antenna arrays, with the latter two essentially determining the system’s spectral efficiency R 

(b/s/Hz) and data throughput bR RB= (when the system bandwidth B is fixed). Without loss 

of generality, we assume M-ary square Quadrature Amplitude Modulation (QAM) with Gray 

mapping in our analysis. Equal-power and equal-rate allocations are assumed for cooperative 

MIMO systems for ease of implementations. At the receiver side, maximum ratio combining 

(MRC) is employed for SIMO, and ML detection for STBC and SM. While ML detection is 

decoupled for STBC due to orthogonal designs, it can be well approximated by sphere 
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decoding with polynomial complexity for SM systems  [20]. The reader is referred to  [12] for 

discussions of suboptimal detection methods for SM. 

The average BER of an orthogonal STBC, following the performance analysis for diversity 

techniques in fading channels, can be very accurately approximated as  [18] [21] 

     
1

,
02

14 1 1 11
log 2 2

T R T R
N N lN N

T R
e STBC

l

N N l
P

lM M
μ μ−

=

− +⎛ ⎞− +⎛ ⎞⎛ ⎞ ⎛ ⎞= − ⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠
∑�    (2.14) 

with  

                                
1
αμ
α

=
+

 and 2

0

3log1
2( 1)

b

T

EM
N M N

α =
−

.       (2.15) 

For most applications of interest, we can further simplify (2.14) as 

                 ,
2

2 14 1 11
log 4( 1)

T RN N
T R

e STBC
T R

N N
P

N NM M α
−⎛ ⎞⎛ ⎞⎛ ⎞≈ − ⎜ ⎟⎜ ⎟⎜ ⎟ +⎝ ⎠⎝ ⎠ ⎝ ⎠

 .      (2.16) 

The required 0/bE N  with target BER eP  for STBC can in turn be obtained as  

           

1/

0 2 2

2 114 1
2( 1) 1| 1
3log 4 log

T RN N
T R

T Rb
STBC T

e

N N
N NE M MN

N M P M

⎛ ⎞⎛ ⎞−⎛ ⎞⎛ ⎞⎜ ⎟−⎜ ⎟⎜ ⎟⎜ ⎟− ⎜ ⎟⎝ ⎠⎝ ⎠⎜ ⎟≈ −⎜ ⎟⎜ ⎟
⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

.       (2.17) 

Note that by taking 1TN =  in (2.17), we readily get the analytical results for a SIMO system 

with MRC, and further letting  1RN =  gives us results for SISO.  

The performance of SM with ML detection can be tightly upper-bounded by a (weighted) 

sum of pairwise error probability (PEP). The summation can be over all pairwise error events 

(union bound) or over just a few dominant events (typically with minimum distance). An 

exact formula for the average PEP has been obtained in  [22] 
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2 1 1

0

2 11( ) ( )
1

R R
N N

R l
j i

l

N
P r

lr

− −

=

−⎛ ⎞⎛ ⎞→ = ⎜ ⎟⎜ ⎟+⎝ ⎠ ⎝ ⎠
∑x x ,   (2.18) 

with  

2( / 2) / 2 1r = Γ +Γ +Γ +  and 
2

0/i j NΓ = −x x .            (2.19) 

Seeming different, (2.18) is actually the same as the average PEP for SIMO, given by (c.f. 

(2.14) with 1TN = ) 

1

0

11 1( )
2 2

R R
N lN

R
j i

l

N l
P x x

l
μ μ−

=

− +⎛ ⎞− +⎛ ⎞ ⎛ ⎞→ = ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠

∑ ,                          (2.20) 

when  

 1
1

r
r

μ −
=

+
.                                                         (2.21) 

A detailed proof is given in Appendix  A. After some algebra, (2.21) readily leads to 

1
4α = Γ (c.f. (2.15) and (2.19)), which in turn admits 

 
2 2 2

min
6 log

1i j b
Md E

M
− = =

−
x x ,                                        (2.22) 

the right hand side of which is readily recognized as the squared minimum distance of a 

square QAM symbol with average energy per bit bE . Since error performance is typically 

dominated by the minimum-distance error events, we make the following assumption for the 

performance of equal-power and equal-rate SM with ML detection: 

0 0

| |b b
SM ML SIMO

E E
N N− ≈ ,     (2.23) 

which is sufficient for our following study and has been verified through simulations. 
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Based on the above analysis, we obtain the following simple linear relationship between 

energy efficiency and spectral efficiency for the three transmission strategies of interest, 

which bears a similar form as the wideband analysis (see Appendix  B for details).  

  0 min
0

log | (1) (1)b
SIMO

E S R E
N

≈ + ,      (2.24) 

0
min

0

(1)log | ( )b
STBC T

E S R E N
N r

≈ + ,    (2.25) 

0 min
0

log | ( ) (1)b
SM T

E S N R E
N

≈ + ,    (2.26) 

where  

 0
log 2( )T

T

S N
N

= ,     (2.27) 

min

2 11( ) log( ) log 4 T R
T T e

T RT R

N N
E N N P

N NN N
⎛ ⎞−⎛ ⎞

= + ⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

.  (2.28) 

Note that again (2.24)~(2.26) are obtained with some simplifications. Nonetheless it is 

sufficient for our study and further verified through simulations. An example is given in 

Figure  2.2, where transmission energy TXE  of the three transmission strategies as a function 

of spectral efficiency is plotted (see Section VI for parameter settings). Qualitatively similar 

observations as revealed in the wideband analysis are made here: compared with SIMO, 

STBC lowers the required energy by exploiting the diversity gain, whose potential is 

somewhat limited; in contrast, multiplexing gain in SM improves the system energy 

efficiency by orders of magnitude3, when high spectral efficiency is also desired. 

                                                 
3  Note the difference in the slope: 0 (1)S  and 0 ( )TS N . 
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Figure  2.2 Transmit energy comparison with different spectral efficiency 

2.4. Optimal Transmission Strategy Selection – System 

Level 

The above analysis provides us a convenient framework to make optimal transmission 

strategy selection with respect to some system-level metrics. In the following, aiming at 

minimum energy consumption with a target BER, we present design guidelines for some 

representative scenarios. For simplicity, we will assume 1TK =  and ignore ,TX SISOE  in (2.9), as 

this term is typically negligible compared to the circuit energy part if the local communication 

radius is small enough. We further assume that the coding rate 1r =  for STBC without loss of 

generality. 
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2.4.1. Given Transmission Distance 

Suppose the distance between the sensor nodes and the MA d is given, and our objective is 

to find the most energy efficient transmission strategy with no other constraints. In this 

scenario SM is beyond consideration when spectral efficiency or delay is not a concern; the 

other two schemes will employ BPSK to save energy consumption. Denote the corresponding 

spectral efficiency as minR . If the transmit energy dominates (i.e., circuit energy consumption 

and cooperation penalty is relatively negligible), it turns out that STBC is always the best, as 

min ( )TE N  is a decreasing function of TN .   

Criterion 1a: Regarding transmit energy consumption, for any transmission distance, the 

optimal transmission strategy is STBC. 

If circuit energy consumption and cooperation penalty can not be ignored, it is expected 

that for small transmission distance, the saving of STBC in transmit energy can not justify the 

extra costs. By solving , , , , , ,TX SIMO C SIMO CP SIMO TX STBC C STBC CP STBCE E E E E E+ + < + +  with respect 

to distance, the selection criterion is obtained as follows. 

Criterion 1b: Regarding total energy consumption, given a transmission distance d, choose 

SIMO when 

      
( )min

min min

1
1 1// (1) ( )

min
2 ( )T

th nR n E E N
d d

e e R

βα
< =

−
,   (2.29) 

where 

1/
2

2(4 )

n

t r

r g

G G
N M B
λ ηα

ξ π
⎛ ⎞

= ⎜ ⎟⎜ ⎟
⎝ ⎠

,                (2.30) 

          ( )1/
1 ( 1) n

T CT T CRN P N Pβ = + − ,                    (2.31) 
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and choose STBC otherwise. 

2.4.2. Spectral Efficiency Demand 

In many applications a specific spectral efficiency demand R is also imposed, due to either 

the Quality-of-Service requirements or the network stability concerns. If only the transmit 

energy is concerned, STBC is uniformly better than SIMO for any spectral efficiency, and the 

switching threshold between STBC and SM turns out not to depend on the transmission 

distance (c.f.  (2.25) and (2.26)). 

Criterion 2a: Regarding transmit energy consumption, given a spectral efficiency demand R, 

choose STBC when 

      min min
0

0 0

(1) ( )
(1) ( )

T

T

E E NR R
S S N

−
< =

−
,    (2.32) 

and choose SM otherwise. 

If the total energy consumption is considered, selection among the three schemes is more 

complicated and generally depends on the transmission distance as well. A key observation is 

that the switching threshold between STBC and SM is still given by (2.32) and is independent 

of d. The following selection criterion follows after some algebra. 

Criterion 2b: Regarding total energy consumption, given a transmission distance d and a 

spectral efficiency demand R, when 0R R< , if transmission distance d satisfies (c.f.(2.29) 

~(2.31)) 

( )min min

1
1 1// (1) ( )2 ( )T

th nR n E E N
d d

e e R

βα′< =
−

,      (2.33) 

choose SIMO, otherwise choose STBC; when 0R R> , if the transmission distance d satisfies 
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( )min

2
2 1/(1) / /(2 2 )T

th nE n R NR
d d

e R

βα
< =

−
,      (2.34) 

where 

  ( )1/
2 ( 1 1/ ) ( 1) n

T T CT T CRN N P N Pβ = + − + − ,       (2.35) 

choose SIMO, otherwise choose SM. 

2.4.3. Delay Constraint 

In some scenarios (emergency or real-time applications) a hard limit is put on the total 

transmission delay. As one expects, the delay constraints are closely related to spectral 

efficiency demands. From the definition of cooperative MIMO transmission strategies, they 

can be explicitly derived as below: 

SIMO s
SIMO

NT T
R

= ,        (2.36) 

     
,

STBC s
STBC STBC l

N NT T
R R

⎛ ⎞
= +⎜ ⎟⎜ ⎟

⎝ ⎠
,    (2.37) 

             
,

( 1) /T T
SM s

SM SM l

N N NNT T
R R

⎛ ⎞−
= +⎜ ⎟⎜ ⎟

⎝ ⎠
,    (2.38) 

where N is the total number of bits to be transmitted, sT  is the symbol duration, R denotes the 

spectral efficiency for long-haul transmission while ,lR  stands for local cooperation4. The 

second terms in STBCT and SMT represent the additional delay incurred by cooperation. 

Therefore, for each given spectral efficiency-delay pair, there is an achievable region dictated 

by (2.36), (2.37) and (2.38), beyond which one has to meet one while violating the other. 

Another point worth noting is that, if the delay constraint is too stringent, then local 
                                                 
4 Here we only consider the time for data transmission and ignore the associated overhead for simplicity. 
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cooperation can not be afforded, and SIMO becomes the only choice. By defining the 

average normalized delay per bit /( )sD T T N=  to remove the system dependence, we 

formalize the selection rule for a given D  below. For simplicity we assume the spectral 

efficiency for local transmission is the same for STBC and SM, denoted as lR . Substituting 

the above equations into(2.24), (2.25) and (2.26) leads to the relationship of delay and energy 

efficiency for different transmission strategies: 

                                          0
min

0

(1)log | (1)b
SIMO

SIMO

E S E
N D

= + ,                                  (2.39) 

           0
min

0

(1)log | ( )1
b

STBC T

STBC
l

E S E N
N D

R

= +
−

,          (2.40) 

 0
min

0

( )log | (1)( 1) /
b T

SM
T T

SM
l

E S N EN NN D
R

= +
−

−
.    (2.41) 

From (2.39), (2.40) and (2.41), a tradeoff between delay and energy consumption can be 

observed. Stringent delay requirement results in large energy consumption. With delay 

constraint relaxed, more energy savings can be achieved. Similarly, by solving the cross-

points of delay-energy curves, we can get the following switching criterion. 

Criterion 3: Regarding transmit energy consumption, given a delay constraint D , choose 

SIMO when  

 0
1

l

D D
R

< = ,      (2.42) 

choose STBC when (cf. (2.32)) 

                  1
0

1 1

l

D D
R R

> = + ,                (2.43) 

otherwise choose SM. 
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The selection criteria regarding total energy consumption and joint delay-distance 

consideration can be similarly addressed and the details are omitted here since they don’t 

provide further insights. 

2.5. Optimal Transmission Strategy Selection – Link Level 

In certain circumstances, when the channel is quasi-static and sufficient feedback is 

affordable, transmission strategies can be determined based on instantaneous channel 

characteristics. The problem of switching between STBC and SM to minimize the error rate 

has been addressed in  [23] [24]. Here we extend the work to selecting among STBC, SM or 

SIMO to minimize the required transmit energy for a given BER and spectral efficiency. The 

problem regarding total energy consumption minimization follows a similar approach as 

discussed above and thus will not be explicitly addressed here. 

With an MRC receiver, the (conditional) error rate for SIMO is bounded as  [17] 

     
2

| min,2
|

0

( ) || ||
2

s SIMO SIMO
e SIMO SIMO e SIMO

E d
P N Q

N

⎛ ⎞
⎜ ⎟≤
⎜ ⎟
⎝ ⎠

h h ,        (2.44) 

where eN  is the average number of nearest neighbors in constellation, |s SIMOE  is energy per 

symbol per transmit antenna, 2|| ||SIMOh  is the squared norm of the channel, and min,SIMOd  is the 

minimum distance of a unit-energy symbol. For a target eP  and spectral efficiency R , we 

have 

 
2

10
2 2
min,

2|
|| ||

e
b SIMO

SIMO SIMO e

N PE Q
d R N

−⎛ ⎞⎛ ⎞
≥ ⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠h

                              (2.45) 

Similarly, an upper bound of the (conditional) error rate for STBC is given by  
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2

| min,2
| 1

0

( ) max || ||
2T

s STBC STBC
ee STBC MIMO kk N

E d
P N Q h

N ≤ ≤

⎛ ⎞
⎜ ⎟≤
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⎝ ⎠

H ,       (2.46) 

where kh  is the kth column of MIMOH , and other symbols are defined as before. It is known 

that 2 2
max1

max || || ( )
t

k MIMOk N
h λ

≤ ≤
≤ H , where max ( )MIMOλ H  is the maximum singular value of the 

channel. So we have 

             

2

10
2 2
min, max

2|
( )

T e
b STBC

STBC MIMO e

N N PE Q
d R Nλ

−⎛ ⎞⎛ ⎞
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.      (2.47) 

An upper bound of the (conditional) BER for SM with ML detection is given by  [23] 

 
2 2
min min,

0

( )|| ( )
2

MIMO SMs SM
e SM MIMO e

T

dEP N Q
N N

λ⎛ ⎞
⎜ ⎟≤
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⎝ ⎠

H
H ,                       (2.48) 

where min ( )MIMOλ H  is the minimum singular value of the channel, from which we can obtain 

 
2

2
10

2 2
min, min

2|
( )

T e
b SM

SM MIMO e

N N PE Q
d R Nλ

−⎛ ⎞⎛ ⎞
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.                              (2.49) 

Based on these results, a qualitative selection rule is given below. 

Criterion 4: Regarding transmit energy consumption, when instantaneous channel 

information is available, choose the scheme that makes the corresponding 

metric min, || ||SIMO SIMOd h , min, max ( )STBC MIMO

T

d
N

λ H
, min, min ( )SM MIMO

T

d
N

λ H
largest5. 

2.6. Numerical Results 

In this section, some numerical examples are provided to better illustrate our main results 

above. In simulations, a real system operating at 2.5GHz is assumed with bandwidth 10B =  

                                                 
5 For square QAM modulation 2

min, /

6
2 1TSM R Nd =

−
, 2 2

min, min,
6

2 1SIMO STBC Rd d= =
−

. 
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kHz. The following values are taken for the parameters in Equation (2.7); 0.35η = , 

161 /rN dBm Hz= − , 5t rG G dBi=  and 40gM dB= . For square QAM we have  

 max 3( 1)
( 1)av

M
M

ξ
−

= =
+

E

E
.                                             (2.50) 

The typical energy consumption values of various circuit blocks are quoted from  [10], with 

97.8CTP = mw and 112.8CRP = mw.  

First, the switching bounds given spectral efficiency demand and transmission distance are 

illustrated for some values of TN  in Figure  2.3. Based on Criterion 2a, the potential 

transmission scheme category (STBC/SIMO or SM/SIMO) is determined by 0R (c.f. (2.32)), 

while the distance thresholds are plotted according to Criterion 2b (c.f. (2.33) and (2.34)). 

Delimited by these thresholds, the preferable working regions of different transmission 

strategies are indicated in the figure (by arrows). It can be seen that with spectral efficiency 

growing, the curves converge to the x-axis. So the system tends to have only one choice: SM. 

Also note that since the advantage of STBC over SIMO in terms of transmit energy is 

somewhat limited, it overtakes SIMO only for a large distance. 

We visualize the distance, spectral efficiency and delay-based criterions jointly in Figure 

 2.4, where unachievable regions have been ignored. From this figure, we can draw a 

comprehensive conclusion on the preference of transmission strategies for cooperative 

wireless sensor networks: With stringent delay constraint, SIMO is the only feasible strategy; 

at the large-distance low-spectral efficiency corner, STBC is preferable; and under other 

conditions, SM is the optimal scheme. 
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Figure  2.3 Switching bound based on spectral efficiency and distance 
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Figure  2.4 Switching bound based on spectral efficiency, delay and distance 
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Finally, we illustrate the link-level selection criterion by studying the statistical 

probabilities of selecting SM, STBC and SIMO with different spectral efficiency demands. In 

Figure  2.5, it is seen that the probability of choosing SM tends to be 1 as spectral efficiency 

demand grows. 
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Figure  2.5 Probability of selecting SIMO, STBC and SM 
 

2.7. Summary 

In this chapter, we have investigated the energy efficiency of different cooperative 

transmission strategies in wireless networks. We have shown that, even though STBC and 

SM assume some advantages in transmit energy efficiency over the corresponding SIMO 

approach, such advantages fail to justify the additional circuit energy consumption and 

cooperation penalty in some cases. On the other hand, we have found that SM does offer 

substantial energy savings for high-rate communications, which significantly reduces the 
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critical distance over which MIMO transmission overtakes the corresponding SIMO in 

sensor networks. We have also quantified the switching thresholds among STBC, SM and 

SIMO under various scenarios. The proposed selection rules, especially those based on 

system-level metrics, are easy to implement for sensor applications. The framework provided 

here may also be readily extended to other scenarios or applications. Meanwhile, note that it 

is better to interpret the results presented here qualitatively, and applications of them on real 

systems might require a more careful examination of relevant channel and energy 

consumption models. 
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Chapter 3  

Cooperative Self-Calibration via Particle Belief 

Propagation  

3.1. Introduction 

In recent years, belief propagation (BP)  [4], which has proved successful in artificial 

intelligence, computer vision, and coding, attracts more and more attention in wireless 

network research. Distributed in nature, BP also possesses many other advantages in 

scalability, robustness, and energy-efficiency, demonstrating tremendous potential to 

facilitate probabilistic inference and signal processing in collaborative wireless networks  [2]. 

Despite these desirable features, it’s not straightforward to employ BP algorithms for 

distributed communication and processing in wireless networks involving continuous 

distributions (e.g., estimation, localization and tracking): the message construction often 

involves intractable integrals, and we can not send out messages of infinite dimensions. One 

can simply recourse to discretization, which may not be efficient, especially for problems 

with large range or high dimension. 

Particle filtering (or sequential Monte Carlo)  [6] is a powerful technique to address this 

issue, which represents a continuous probability function with a list of mass points 

(“particles”) together with the associated weights. There is considerable work in this area 



 34

(e.g.,  [25] [26] [28]), but much is left to be done. In particular, depending on applications, the 

involved computations may still be prohibitive, should thousands of particles be required. 

This further increases the communication cost when distribution-related messages need to be 

exchanged in the network (e.g., as dictated by the BP algorithm). 

Incorporating particle filtering into BP was pioneered by  [8], and applied to the (static) 

self-localization problem in sensor networks in  [5]. The location information of mobile 

portable devices is necessary for various emerging applications like E911 emergence service 

and ubiquitous computing. It is also indispensable for wireless sensor networks, in order for 

sensor nodes to self-organize and collaborate to achieve predetermined goals. A distributed 

self-localization algorithm such as that in  [5] is of great interest, for which the majority of 

nodes determine their own locations through range estimates between themselves and their 

neighbors, and through the aid of a few reference nodes (i.e., nodes with known coordinates). 

In this chapter, we extend the study of previous work in several ways. First we allow some 

of nodes to move in the field of interest while keeping track of their own positions. This is a 

more ambitious goal, with potential utility in important applications such as animal tracking 

and inventory management. Second, we exploit Gaussian particle filtering (GPF)  [7] as a 

simpler alternative to the nonparametric belief propagation approach in  [8] [5], and propose a 

new Gaussian particle filtering Belief Propagation algorithm (GBP). GBP essentially ap-

proximates the relevant distributions with Gaussian, but insists on updating through particle 

propagation. This approach alleviates computational burden of standard particle filtering, 

while outperforming other Gaussian-based filtering methods like extended Kalman filtering. 

More importantly, it greatly reduces the communication cost as only the mean and variance 

of relevant distributions are exchanged, rather than the whole particle set. Our study shows 

that it is especially suitable for real-time applications such as tracking where it is desirable to 
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further reduce communication and computation requirement, and achieves favorable 

performance with moderate system turbulence. We also explore the idea of neighboring node 

selection to further reduce communication cost.   

The rest part of this chapter is organized as follows: Section  3.2 describes the system 

models and formulates the problem. The proposed dynamic self-calibration algorithm based 

on BP with Gaussian particle filtering is presented in Section  3.3. In Section  3.4, some 

simulation results are given. Section  3.5 concludes the chapter. 

3.2. System Models and Problem Statement 

3.2.1. Motion Model 

Suppose we have S nodes in the field. The state variable of interest contains each node’s 

position p and velocity v, denoted as [ , ]T
i i ip v=x , 1 i S≤ ≤ . A commonly used discrete-time 

model (e.g.  [28]) is assumed for the time evolvement of the state variables:  

     1n n n+ = +X ΦX ΩW ,              (3.1) 

where the state vector 1, ,,...,
T

n n S n⎡ ⎤= ⎣ ⎦X x x , with , , ,[ , ] ,T
i n i n i np v=x  collects the positions and 

velocities of S nodes (both are complex comprising 2-D coordinates) at time n ; 

Φ⎡ ⎤
⎢ ⎥Φ⎢ ⎥=
⎢ ⎥
⎢ ⎥Φ⎣ ⎦

0 0
0 0

Φ

0 0

"
"

# # % #
"

, 

Ω⎡ ⎤
⎢ ⎥Ω⎢ ⎥=
⎢ ⎥
⎢ ⎥Ω⎣ ⎦

0 0
0 0

Ω

0 0

"
"

# # % #
"

, 
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with
1
0 1

sT⎡ ⎤
Φ = ⎢ ⎥

⎣ ⎦
, 

2 / 2s

s

T
T

⎡ ⎤
Ω = ⎢ ⎥

⎣ ⎦
(where sT is the sampling period); 

1, 2, ,

T

n n n S nW W W⎡ ⎤= ⎣ ⎦W "  stands for acceleration turbulence and its components are 

typically modeled as Gaussian with zero mean and covariance matrix 

2 2 2
11 12 1
2 2 2
21 22 2

2 2 2
1 2

S

S

S S SS

C

σ σ σ
σ σ σ

σ σ σ

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

"
"

# # % #
"

. 

3.2.2. Distance Measurement Model 

For range measurement, received signal strength (RSS) is commonly used considering 

node complexity and cost. In this paper, we follow the same assumption as in  [5], i.e. node i 

obtains a noisy measurement of its distance ijd  to its neighboring node j as 

       | |ij i j od v= − +p p ,             (3.2) 

where the observation noise 2~ (0, )o ov σN  is Gaussian. Extension to more general 

communication models and other ranging techniques is straightforward.  

3.2.3. Problem Formulation 

The geometric structure of wireless networks can be characterized by a graph 

model ( , )refG V V E= + , where V and refV represent the mobile node set and reference node 

set, respectively (vertices); E denotes the communication link set (edges) in the network. 

Then self-calibration in wireless networks aims to infer the posterior probability: 
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1( ,... ,... , | , ( , ) )i S ijp i V d i j E∈ ∈x x x .     (3.3)  

By Markovian assumptions on { }ix  (thus the network can be regarded as a Markov 

random field), we can turn to find the marginals 

( | , , ) ( | , ( , ) )i j ij i i ijp d j p d i j E∈Γ ∝ ∈x x x , i V∈ ,             (3.4) 

where iΓ  stands for the set of neighbor nodes of i , without calculating the joint probability 

(3.3). This kind of problems essentially falls into the targeted category of belief propagation 

algorithm. 

3.3. Gaussian Particle Filtering based Belief Propagation 

for Self-Calibration 

3.3.1. Belief Propagation Algorithm 

Belief propagation is a class of distributed algorithms, originally intended to solve the NP-

hard probabilistic inference problems by exploiting “partial dependence” among the random 

variables. The essence of the BP algorithm is the message-passing rule and belief-updating 

rule. Given the potential function ( )i iφ x for each node i and the compatibility 

function ( , )ij i jψ x x for each pair of neighboring nodes ( , )i j , the message from node i to j at the 

kth iteration is a function of jx , defined as  

  
1

1
1

\

( )( ) ( , ) ( ) ( ) ( , ) ,
( )

i

k
k k i i
ij j ij i j i i ki i i ij i j ik

k j ji i

bm m d d
m

ψ φ ψ
−

−
−

∈Γ

∝ ∝∏∫ ∫
xx x x x x x x x x
x

 (3.5) 

The second line above is obtained through (3.6) below. Roughly speaking, it represents 
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the current belief (approximated posterior probability distribution) that node i  has about jx , 

given its own observations and received messages from other parts of the graph in the last 

round. The belief node i  has about its own variable is updated as  

       ( ) ( ) ( )
i

k k
i i i i ji i

j

b mφ
∈Γ

∝ ∏x x x .                     (3.6) 

For our problem, the node potential function assumes the prior distribution of the state 

variable ix  (uniform if no priors are available), i.e.,  

 ( ) ( )i i ipφ =x x ,                                                       (3.7) 

while the compatibility function is set based on the mutual distance measurement, i.e.,  

 ( )( , )
oij i j v ij i jp dψ = − −x x p p ,                                        (3.8) 

where in this paper 2~ (0, )
ov op σN  denotes the conditional probability of the observed 

distance given node location information. 

The BP updates and beliefs are easily computed in closed form for a discrete case, which 

is not well-suited for localization and tracking problems. The idea of representing the 

messages by the conventional particle method is not practical either, because a typical 

problem requires hundreds, or even thousands of particles, imposing problems especially on 

communications in resource-constrained wireless networks. Another more important reason 

is that, if the messages in (3.6) are represented by particles, they are virtually guaranteed to 

have no samples which are exactly the same, and thus their product will be everywhere zero.  
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3.3.2. Belief Propagation with Gaussian Particle Filtering 

The key idea of Gaussian particle filtering is to perform the filtering through particles 

while approximating the posterior distribution by single Gaussians. Hence, in the 

computation at each node, particle-based approximations and importance sampling are 

exploited to simplify calculations. The obtained particles for outgoing messages, however, 

are transformed into Gaussian distributions, and only the means and the variances are 

propagated among nodes.  

Denote by ( ; , )x μ ΣN a Gaussian distribution for random variable vector x  with mean 

vector μ  and covariance matrix Σ . Suppose at the end of the kth iteration for time n, the 

message from node i to its neighbor node j is , ,( ; , )k k
ij n ij nx μ ΣN , and the belief of node i is 

, ,( ; , )k k
i n i nx μ ΣN . Without loss of generality, it is assumed that κ  iterations of the BP 

algorithm are executed for each time interval. At the beginning of a time instant, we draw 

samples 0( )
, 1{ }m M

i n m=x  and 1( )
, 1{ }m M

ij n m=x uniformly from , 1 , 1( ; , )i n i n
κ κ

− −x μ ΣN  and , 1 , 1( ; , )ij n ij n
κ κ

− −x μ ΣN , 

respectively; and if either node is moving, new estimates are obtained through state 

evolvement equation (3.1). In the following iterations, samples ( )
, 1{ }k m M

i n m=x  and ( 1)( )
, 1{ }k m M

ij n m
+

=x  

are drawn uniformly from , ,( ; , )k k
i n i nx μ ΣN  and , ,( ; , )k k

ij n ij nx μ ΣN , respectively. 

In general, at the start of iteration ( 1)k +  for time n , given M samples (particles)  

( )
, 1{ }k m M

i n m=x  and ( 1)( )
, 1{ }k m M

ij n m
+

=x , the message composition step in the BP algorithm becomes6 

                                                 
6 ( )

, ,
( )k k m

ji n i n
m x stands for the value of 

, ,
( ; , )k k

ji n ji n
x μ ΣN at point ( )

,

k m

i n
x . 



 40

           

,1
,

,

( )
,

1

.

( )
,

( )
1 , ,

( )
( ) ( , )

( )

( )
( , )

( )

( , )
.

( )

k
i n ik

ij n j ij i j ik
ji n i

M
k m

i i n
m

ij i j ik
ji n i

k mM
ij i n j

k k m
m ji n i n

b
m d

m

d
m

m

ψ

δ
ψ

ψ

+

=

=

∝

−
=

=

∫

∑
∫

∑

x
x x x x

x

x x
x x x

x

x x
x

                (3.9) 

Considering the compatibility function given in (3.8), the associated weights for new 

message particles ( 1)( )
, 1{ }k m M

ij n m
+

=x  can be easily obtained as  

 ( )( 1)( ) ( ) ( 1)( ) ( )
, , , , , ,/ ( )

o

k m k m k m k k m
ij n v ij n i n ij n ji n i nw p d p p m+ += − − x .                    (3.10) 

For the purpose of numerical stability, a normalization step is necessary: 

    ( 1)( ) ( 1)( ) ( 1)( )
, , ,

1

/
M

k m k m k m
ij n ij n ij n

m

w w w+ + +

=

= ∑ .     (3.11) 

In the spirit of Gaussian particle filtering, the mean and variance of the outgoing message 

are computed recursively as 

          1 ( 1)( ) ( 1)( )
, , ,

1

M
k k m k m
ij n ij n ij n

m
w+ + +

=

=∑μ x ,         (3.12) 

     1 ( 1)( ) 1 ( 1)( ) 1 ( 1)( )
, , , , , ,

1
( )( )

M
k k m k k m k k m H
ij n ij n ij n ij n ij n ij n

m
w+ + + + + +

=

= − −∑Σ μ x μ x .     (3.13) 

Besides ease of transmission, this Gaussian distribution is also used for particle sampling 

in the next iteration. 

The belief of each node can be obtained conveniently (c.f. Table  3-2) due to Gaussian 

approximations. 
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3.3.3. GBP Algorithm for Self-Calibration 

Based on the discussion above, the Gaussian Particle Filtering-based Belief Propagation 

(GBP) scheme is composed of two recursive steps: outgoing message composition and local 

marginal updating. These two steps are iteratively executed in each time step. For each new 

time step, two changes are accommodated due to mobility: old estimate needs updating 

according to the motion model, and a new distance measurement is available.  

Our proposed GBP algorithm for dynamic self-calibration of collaborative wireless nodes 

is presented in Table  3-1 and Table  3-2. 

Table  3-1 Outgoing Messages Composing Algorithm 

((k+1)th iteration at nth time step) 

At node i, execute the following operations for every neighbor 

node ij∈Γ : 

1. If 0k =  (the first iteration in a new time interval), draw 

samples { }0( )
, 1

Mm
i n m=

x  and { }1( )
, 1

Mm
ij n m=

x uniformly from 

, 1 , 1( ; , )i n i n
κ κ

− −x μ ΣN and , 1 , 1( ; , )ij n ij n
κ κ

− −x μ ΣN , respectively, and 

update them according to Eq. (3.1) when applicable. Go to 3.  

2. Draw samples { }( )
, 1

Mk m
i n m=

x  and { }( 1)( )
, 1

Mk m
ij n m

+

=
x uniformly from 

, ,( ; , )k k
i n i nx μ ΣN  and , ,( ; , )k k

ij n ij nx μ ΣN , respectively. 

3. Obtain the associated weights ( 1)( )
,
k m

ij nw + by Eq. (3.10) and  
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Table 3-1 Continued 

(3.11).     

  4.  Estimate the mean 1
,

k
ij n
+μ  and variance 1

,
k
ij n
+Σ  by Eq. (3.12) and 

(3.13); then transmit them to node j. 

 
Table  3-2 Local Marginals Updating Algorithm 

 ((k+1)th iteration at nth time step) 

At node i, compute the variance and mean as 

( )
1

11 1
, ,

i

k k
i n ji n

j

−
−+ +

∈Γ

⎛ ⎞
= ⎜ ⎟
⎝ ⎠
∑Σ Σ  

( ) ( )11 1 1 1
, , , ,

i

k k k k
i n i n ji n ji n

j

−+ + + +

∈Γ

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
∑μ Σ Σ μ  

 

3.3.4. Remarks 

Remark 1: In the GBP algorithm, the message from node i to its neighbor node j is 

1 1 1
, , ,( ) ~ ( ; , )k k k

ij n ij n ij nm + + +x x μ ΣN  and the belief of at each node i is 1 1 1
, , ,( ) ~ ( ; , )k k k

i n i n i nb + + +x x μ ΣN ; both of 

them are simply characterized by two parameters. It is also worthy noting that resampling is 

not required in GPF, in contrast to the conventional particle filtering methods. 

Remark 2: Here we use Gaussian approximation to simplify computation and 

communication tasks. However, mixture of multiple Gaussian distributions (which is called 
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Gaussian sum particle filtering in  [30]) can be used to improve estimate accuracy, even 

though it correspondingly increases computational complexity. 

Remark 3: With belief propagation incorporated, our algorithm enjoys greater robustness 

as compared with conventional particle filtering techniques, since multiple iterations can be 

carried out for each observation to achieve higher accuracy. On the other hand, by adopting 

the “guess-calculation-selection” approach, this algorithm dramatically reduces computation 

and communication complexity, therefore is more suitable for real-time applications. 

Remark 4: Information-driven sensor node selection  [31] can be conveniently pursued 

within this framework, where the objective is to find the neighbor ĵ of node i whose 

observation ĵid  maximizes the expected location entropy reduction:  

ˆ arg max( ( ) ( | )) arg max ( ; )
i i

i i ji i jij i
j H H d I d

∈Γ ∈Γ
= − =x x x ,                    (3.14) 

with ( ; )i jiI dx being the mutual information between the target location ix and the sensor 

observation jid . In the Gaussian case, this rule reduces to 

4
,

1ˆ arg min ( | ) arg min log (2 ) | |
2i i

k
i ji ji nj j

j H d eπ
∈Γ ∈Γ

⎡ ⎤= = ⎣ ⎦x Σ ,                (3.15) 

where ,
k
ji nΣ  denotes the covariance matrix we obtain in Table  3-1. The above discussion can 

be extended to the scenario where several neighbor nodes of best quality are selected. In 

practice, to avoid excessive communication cost, some threshold on the entropy can be set 

such that only qualified neighbor nodes are allowed to communicate. 
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3.4. Simulation Results 

Firstly, we use a relatively simple network topology as shown in Figure  3.1 to testify joint 

localization and tracking, where node 1, 5 and 6 are reference nodes. Initial estimates 

(squares in Figure  3.2) of the other seven nodes to be localized are randomly and uniformly 

picked from the whole field, and the nonparametric belief propagation approach in  [8] is 

exploited for initial localization. As seen in Figure  3.2, the estimated locations (stars) are 

satisfactory. Then, we allow node 2 and 9 to move, and with our GBP algorithm (one 

iteration per time slot), good tracking performance is observed. The variance of observation 

noise and acceleration is set as 1 and 0.05, respectively. 

 
Figure  3.1 Topology of a simple network 
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Figure  3.2 Performance of joint localization and tracking 

Then we testify our algorithm in a more realistic setting. A 30-node random geometric 

network is constructed in a 200m by 100m field, with identical transmission range of 50m for 

each node. A snapshot is given in Figure  3.3, with 8 reference nodes indicated by squares. 

The direct neighbors are connected by dash lines. 
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Figure  3.3 Snapshot of a random geometric network 
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In this scenario, all 22 internal nodes are mobile, and their movement is simultaneously 

tracked through the assistance of 8 reference nodes. A rough comparison of true and 

estimated trajectories in Figure  3.4 shows satisfactory performance. 

For comparison, we also show the maximum likelihood (ML) estimation in Figure  3.4, 

which is defined as 

( )2

, , , , ,
ˆ ( , )

ˆ ˆ ˆarg min | |
n

ML n i j n i n j n
i V i j E

d
∈ ∈

= − −∑ ∑
p

p p p , 

where 1, , , ,ˆ ˆ ˆ ˆ ˆ,..., ,... ,...
T

n n i n j n S n⎡ ⎤= ⎣ ⎦p p p p p denotes the position estimation for all sensor nodes 

(with reference nodes excluded); and , ,i j nd  denotes the estimated distance between node i and 

j at step n. This optimization problem can be solved by a standard least square descent 

procedure  [29]. 
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Figure  3.4 True and estimated trajectory of moving nodes 
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To quantitatively analyze the performance, mean square error (MSE) is adopted as a 

measurement metric, defined as  

2

, ,
1

1 ˆMSE
| |

N

i n i n
n i VN V = ∈

= −∑∑ p p , 

where ,i np  and ,ˆ i np  represents node i’s true and estimated coordinates after κ  iterations at 

time step n, and  N  is the total observation and  tracking period. We also average the total 

MSE over all mobile nodes. 

In  [34] a MSE lower bound for localization based on distance measurement is given as 

( )2 2
, ,ˆ 4 /i n i n o iE σ− ≥ Γp p  

where iΓ stands for the number of neighbors of node i. We can readily get the lower bound 

for average MSE as 2MSE 4 /oσ≥ Γ with Γ  being the average number of neighbors over the 

whole network. Therefore, it is expected that with increased node density in the same area, 

better connectivity can lead to more accurate estimation results, given the algorithm 

converges correctly. In Figure  3.5, we can see the average MSE per node for our GBP 

algorithm decreases steadily with the node density increasing, where we fix the number of 

reference nodes as 8. In the same scenario, the performance of ML estimate deteriorates 

slightly, due to the increase of the problem size (with the fixed maximum iteration number 50 

and tolerance 610− ). 
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Figure  3.5 Effect of node density on performance 

As discussed in section  3.3.4, to alleviate the communication burden (and thus to reduce 

the energy consumption), we can only have nodes that have high quality information to send 

messages and others are simply suppressed. This will definitely induce some performance 

loss. But the deterioration can be compensated by performing more iterations at each time 

step, at the cost of increased computational complexity. In Figure  3.6, we demonstrate this 

tradeoff, where we can observe that the average MSE when selecting 4 neighbors while 

performing three iterations per time slot is comparable to that selecting 8 neighbors while 

performing one iteration per slot (the average number of neighbors is about 8.64). Since the 

energy spent on computation is typically negligible as compared to that on communications 

 [32], this approach is favorable for energy-constrained wireless networks. 
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Figure  3.6 Trade-off between communication and computation 

Finally, we evaluate the effect of particle numbers adopted in the algorithm. A different 

measure, mean square error ratio (MSER) is used, which is defined by 

2

, , , , , ,
1

1 ˆ ˆMSER /
| |

N

i n i GPF BP n i n i ML n
n i VN V −
= ∈

⎡ ⎤= − −⎣ ⎦∑∑ p p p p , 

where ,i np , , ,ˆ i GPF BP n−p and , ,ˆ i ML np  respectively denote the true node coordinates, the GPF-BP 

estimates and the ML estimates for node i at time n. MSER is a measure of the algorithm’s 

performance, compared with the optimal one. Obviously, the closer MSER is to 1, the better 

is the performance. We can see from Figure  3.7 that 100-200 particles are enough to achieve 

good performance. 
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Figure  3.7 Mean square error ratio with different particle numbers 

3.5. Summary 

Inspired by current active study on belief propagation in wireless networks, we go one 

step further to push it for practical use. Gaussian particle filtering is introduced into message 

composition, transmission and processing, resulting in a significant alleviation on 

computation and communication burden. We also take the system dynamism into 

consideration, which is largely unexplored in the study of belief propagation.  

We believe that under this common Bayesian framework, relevant applications can be 

jointly considered conveniently. In this paper, node self-localization and tracking are jointly 

studied, and we further consider node selection to reduce energy cost while maintaining 

certain localization quality. Within this setting, we can consider other relevant applications, 

such as node relocation to improve network connectivity and coverage. Localization can also 

be jointly studied with time synchronization and geographic routing problems. It is 

anticipated that such joint consideration not only introduces savings through sharing of 
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common computation modules, but more importantly, leads to performance improvement 

through joint optimization. 
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Chapter 4  

Distributed Inferences in Structured Wireless 

Networks  

4.1. Introduction 

Distributed inference constitutes the primary task of a wide range of wireless sensor 

networking applications, like localization, tracking and time synchronization. In general, the 

objective of distributed inference is to compute marginal posterior probabilities through local 

interactions among nodes, given a set of observations and some underlying graph model. 

Message passing algorithms, like belief propagation (BP)  [4], consensus propagation (CP, a 

special case of Gaussian BP)  [35] and Gossip algorithm  [36], are attractive for distributed 

inference in wireless sensor networks (WSN) due to their energy efficiency, robustness and 

scalability. However, BP and related algorithms are known not always to converge in general 

cyclic graphs, and computationally intractable when continuous variables are involved. 

Although sampling methods can be used for approximation, they are computationally 

intensive, stochastic in nature and difficult to analyze. 

Variational methods  [37], an alternative for approximate interference, involve the 

minimization of the Kullback–Leibler (KL) divergence between the target probability 

distribution and some “simpler” variational distribution. Being a deterministic approach, they 



 53

are amenable to analysis, computationally efficient, and admit wide applications regarding the 

underlying models, whether acyclic or cyclic, discrete or continuous. Variational message 

passing (VMP) was studied in  [38] for directed Bayesian networks. In this chapter, we 

generalize the previous results and consider a general distributed inference problem. We 

derive a variational message passing framework for Markov random fields (MRF), which 

assumes certain advantages in modeling wireless networks. In particular, we formulate 

explicit message passing rules for distributions in the exponential family, which covers a large 

class of probabilistic models.  

Distributed inference on a flat infrastructure enjoys the benefits of simplicity and 

uniformity in message formation, while higher accuracy and faster convergence can usually 

be achieved by organizing the whole network into a more structured one. However, structured 

variational approaches are mainly studied in the artificial intelligence area  [39] [40], and little 

consideration is given to their applications in real networks. In this work, we further 

investigate exploiting substructures of networks to improve variational methods in real 

systems. Thus the simplicity of variational methods (for inter-cluster processing) and the high 

accuracy of exact inference algorithms (for intra-cluster processing) can be exploited 

simultaneously. To our knowledge, this is the first work to explicitly apply the structured 

variational methods to distributed inference in wireless networks. 

For both the inter-cluster and intra-cluster inferences, typically a stochastic weight matrix 

is employed, which is conformant to the underlying graphical structure (network topology). 

Hence the convergence of the structured variational algorithms is closely related to the 

mixing time of a random walk on the corresponding graph. According to  [35], random walks 

on graphs can be categorized as vertex process-based or edge process-based ones. The 

essential difference between these two is that the former is a process on nodes that transitions 
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along edges and is allowed to “backtrack”, while the later is a process on directed edges that 

transitions towards nodes where “backtrack” is forbidden. As we will see, distributed 

algorithms derived from the variational method can be characterized by a vertex process, 

typically involving reversible Markov chains; while belief propagation and its variants 

correspond to edge processes, typically involving non-reversible Markov chains.  

Even though quite a few techniques exist for analyzing the convergence of reversible 

Markov chains, including spectral theory, conductance, canonical paths and multi-commodity 

flow (see  [41]and the references therein), few of them can be successfully applied to non-

reversible cases.  [42] analyzes a non-reversible random walk in the one-dimensional chain 

through a direct probabilistic approach. A study on the convergence properties of consensus 

propagation is given in  [35] through function mapping and matrix analysis; an explicit result 

on convergence time is derived for the cycle, with conjectures given for higher-dimensional 

tori. Structured variational methods, as we will formulate in Section  4.5, are actually mixed 

vertex-edge processes involving hybrid Markov chains, entailing even more difficulties on 

analysis. In this work, we use a “divide and conquer” strategy to investigate its performance: 

first we analyze the convergence of the intra-cluster edge process, where we derive an upper 

bound on the mixing time for the two-dimensional (2-d) torus; then we extend the coupling 

technique  [43] to combine the results for edge and vertex processes to obtain a 

characterization of the overall performance. As a result, the performance-complexity tradeoff 

in structured variational methods is analytically addressed.  

The rest part of this chapter is organized as follows. Section  4.2 formulates the general 

variational method and derives its message passing form for MRF, which is exemplified in a 

Gaussian MRF. Structured variational methods are proposed and analyzed in Section  4.3. 

Section  4.4 analyzes the convergence rate of the intra-cluster algorithm. In Section  4.5, we 
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explore the overall convergence rate, together with the tradeoff between complexity and 

performance. Section  4.6 presents some supporting simulation results. Finally, concluding 

remarks are given in Section  4.7. 

4.2. Variational Message Passing in MRF 

4.2.1. Variational Method and Mean Field Approach 

Assume 1[ ,..., ]T
NX X=X is an N-dimensional random vector and 1[ ,..., ]T

My y=y is the 

observation (M is not necessarily equal to N). The basic idea of variational methods is to 

approximate the posterior probability ( | )P X y  with some variational distributions ( )Q X  by 

minimizing the KL divergence between them: 

  
( )

( )( || ) ( ) log ( ) log ( | ) ,
( | ) Q

QKL Q P Q d H Q P
P

= = − −∫ XX

XX X X y
X y

 (4.1) 

Where ( )H Q  is the entropy of ( )Q X  and 
( )Q X

 refers to expectation with respect to ( )Q X . 

Clearly the best candidate is 

{ }*
( )

( )
( ) arg max log ( | ) ( )

Q
Q

Q P H Q= +
X

X
X X y .           (4.2) 

One simple and widely adopted form for variational distributions is to assume all 

variables are independent: 

  
1

( ) ( )
N

i i
i

Q Q X
=

=∏X ,    (4.3) 

which is also referred to as the mean field (MF) approach. This approach yields 
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( )

( )

log ( | ) ( )

( ) log ( | ) ( ) log ( )

( ) log ( | ) ( ) ( ).
i ik i k

Q

i i i i i i
ii i

k k k k iQ XX
i k

P H Q

Q X P d Q X Q X d

Q X P dX H Q H Q
≠ ≠

+

= −

= + +∏

∑∏ ∏∫ ∫

∑∫

X

X X

X y

X y X X

X y

     (4.4) 

It is easy to verify that maximizing the objective function in (4.4) with respect to the 

marginal ( )k kQ X , k∀ , gives the standard Gibbs’ distribution through the following set of 

fixed-point equations  [37] 

  *
*

( )
log log ( | ) constant terms

i ii k
k Q X

Q P
≠

= +∏X y , 1,...,k N= .           (4.5) 

4.2.2. Variational Message Passing in MRF 

Among well known graphical models, Markov random fields exhibit certain modeling 

convenience for wireless networks, as they can be conveniently mapped to real 

communication graphs  [44]. A pairwise MRF7 is an undirected graph ( , )V E  with maximum 

cliques of size 2, where V and E denoting the vertex and edge set respectively and each node 

i V∈  is associated with a random variable iX . Define for each node a local potential 

function ( )i iXφ  , and for each edge ( , )i j E∈  a compatibility function ( , )ij i jX Xψ , the 

Hammersley-Clifford theorem  [4] indicates that the posterior probability admits the 

following product form: 

,
( , )

1( | ) ( ) ( , )i i i j i j
i V i j E

P X X X
Z

φ ψ
∈ ∈

= ∏ ∏X y ,      (4.6) 

where Z is a normalization factor (called partition function in physics).  

                                                 
7 MRF with higher order cliques can always be converted into an equivalent pairwise MRF. 
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The exponential family includes a variety of commonly used distributions in practice, 

like Bernoulli, Poisson and Gaussian  [45]. In the following, we assume that both the potential 

functions { }iφ  and the compatibility functions { }ijψ  take this form, given by 

{ }( , ) exp ( ) ( )T
i i i i i i iX y X gφ ∝ +θ η θ ,             (4.7) 

{ }( , ) exp ( , ) ( )T
ij i j ij ij i j ij ijX X X X gψ ∝ +θ η θ ,                  (4.8) 

whereθ ’s andη’s are usually referred to as the natural parameters and sufficient statistics, 

respectively. 

To facilitate variational message passing, rearrange ( , )T
ij ij i jX Xθ η  in terms of iX : 

( , ) ( ' ) ' ( )T T
ij ij i j ij ij iX X X=θ η θ η ,    (4.9) 

where 'ijθ may be a function of jX .Let ( )i iXη� be the union of sufficient statistics ( )i iXη  

and ' ( )ij iXη , then the corresponding terms in (4.7) and (4.8) can be rewritten as 

   ( ) ( )T T
i i i i i iX X=θ η θ η� � ,                (4.10) 

               ( , ) ( ' ) ' ( ) ( )T T T
ij ij i j ij ij i ij i iX X X X= =θ η θ η θ η� � ,              (4.11) 

where the newly obtained { }iθ�  and { }ijθ�  are named the extended natural parameters and 

{ }( )i iXη�  the extended sufficient statistics. 

It’s easy to verify that the optimal mean-field approximation *
iQ  (c.f. (4.5)) is also a 

member of the exponential family with sufficient statistics ( )i iXη�  and natural parameter 

vector 
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* *

*

( ) ( )k k k kk i k ii

i i ijQ X Q X
j≠ ≠∈Γ

= +
∏ ∏∑θ θ θ� � ,         (4.12) 

where iΓ stands for the neighboring node set of node i. Noting 
( )k kk i

i iQ X
≠

=
∏

θ θ� �  

and
( ) ( )k k j jk i

ij ijQ X Q X
≠

=
∏

θ θ� � , we can obtain the iterative variational message passing rules in 

MRF for the exponential family as: 

• Messaging passing: ( 1)

( )

( )n
j j

n
j i ij Q X−→ =m θ�  ; 

• Parameter updating: ( ) ( )

i

n n
i i j i

j
→

∈Γ

= + ∑θ θ m� . 

That is, the message from one node to the other is the expected value of the extended 

parameter in the corresponding edge compatibility function (with respect to its current 

variational approximation). In turn, a node sums up all the messages from its neighbors, 

together with the extended parameter in its own potential function, to get the updated 

parameter of its variational distribution.  Note its similarity with belief propagation (in the 

logarithm scale). 

4.2.3. Variational Message Passing in Gaussian MRF 

For concreteness of discussion, consider a Gaussian pairwise Markov random field (MRF) 

X on an undirected graph ( , )G V E= ; this is a widely adopted model for distributed inference 

in wireless networks. Each node i V∈ is associated with a spatial component iX  of X , 

assumed a priori to have mean 1 | |[ ,..., ]S Vμ μ=μ  and covariance matrix  
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,        (4.13) 

where 2
Sσ  is the prior variance of each component, and 2

ijσ denotes the covariance between 

node i and j. Every node i makes a noisy linear observation  

   ,i i i iy H x ξ= + 1, ,| |i V= " ,                (4.14) 

where channel gain iH  is assumed to be known, and noise iξ  is Gaussian with zero mean 

and variance 2σ . Given the observation vector 1 | |[ ,..., ] ,T
Vy y=y  the posterior probability 

( | )P X y  is Gaussian distributed as8 

    ( )1 2( | ) ~ ( ) / ,S SP σ−− −X μ y H y Hμ FN ,              (4.15) 

where diag( )iH=H , 1 2 2
| | | |[ ] /ij V VF σ−
×= = Σ +XF H .  

With the variational method, the posterior probability (4.15) is approximated by a simpler 

“variational” distribution 

   { }2 2

1 1

ˆ ˆ( ) ( ) exp ( ) /
N N

i i i i i
i i

Q Q X Xα μ σ
= =

= = − −∏ ∏X ,     (4.16) 

where ˆiμ and 2ˆiσ are the posterior mean and variance respectively. Variational message 

passing to estimate ˆiμ takes the iterative form: 

   ( ) 2 ( 1)
MF, MF,ˆ ˆ( ) / /

i

n n
i i i i i ij j ii ij

y H H F Fμ μ σ μ μ−
∈Γ

⎡ ⎤= − − +⎣ ⎦∑ ,            (4.17) 

                                                 
8 Let ~ ( , )Z μ ΣN be a Gaussian random vector with mean μ and positive definite covarianceΣ . One can define 
a new set of parameters ( , )θ Λ by 1θ μ−= Σ , 1−Λ = Σ , and alternatively denote 1~ ( , )Z θ− ΛN . ( , )θ Λ are called 
information parameters. 
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which can be represented as 

     ( ) ( 1)ˆˆ ˆn n
MF V MF S

−= + +μ Ay BP μ Cμ ,                                           (4.18) 

where A , B andC are relevant coefficient matrices, while  the stochastic matrix ˆ
VP  defines 

an irreducible, aperiodic and reversible Markov chain with entries  

/ ,   ( )

0,               otherwise;
i

ij ijj
ij

F F j i
P ∈Γ

⎧ ∈Γ⎪= ⎨
⎪⎩

∑ .          (4.19) 

4.3. Structured Variational Methods for Distributed 

Inference 

Although attractive for its computational simplicity, the naive mean field approach may 

not yield sufficient accuracy or fast convergence due to the independence restriction on 

variational distributions. A natural idea for improvement is to integrate exact or more 

accurate probabilistic inference algorithms with the naive mean field method, if some 

probabilistically tractable substructures (clusters) can be identified. This approach is referred 

to as the structured mean field (SMF) method  [39]. However, SMF is mainly studied in the 

artificial intelligence area, and little consideration is given to their application in real 

networks. Besides, its quantitative performance is also largely unexplored. In this section, we 

discuss this method in Gaussian MRFs, which is a widely adopted model for distributed 

inference in wireless networks, and analyze its convergence. In Section  4.3 and  4.4, we will 

give a rigorous analysis on its convergence rate. 
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4.3.1. Structured Mean Field 

Given s clusters identified by some means, denoted as 1,..., sC C , the variational 

distribution Q for the SMF approach factors across the clusters as 

1

( )
i

s

i C
i

Q Q
=

=∏ X .        (4.20) 

The inter-cluster message updates resulting from the SMF approximation are analogous to 

the naive mean field method, which can be established through our previously proposed 

variational message passing framework. Intuitively we can interpret the SMF method as an 

MF approach over “mega variables”
iCX . Within a cluster, any exact or more accurate 

inferencing algorithm can be applied, like the junction tree method or (loopy) belief 

propagation. As the cluster size increases, exact algorithms are performed on more nodes, 

which will result in a better approximation, while this also inevitably increases the 

computational burden. So it’s important to choose appropriate cluster sizes to balance 

approximation accuracy and computation complexity.  

4.3.2. Distributed Inference in Structured Gaussian MRF 

We can factorize the posterior probability (4.15) as the product of the prior marginal 

(assumed the same for all nodes) and joint correlation functions 

,
( , )

1( | ) ( | ) ( , )i i i i j i j
i V i j E

P p y X p X X
Z ∈ ∈

= ∏ ∏X y ,                          (4.21) 

( | )i i ip y X , viewed as a function of iX , takes the form 

2 2( | ) ( / , / )i i i i i i ip y X y H Hμ σ= −N        (4.22) 
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And the pairwise correlation function 

2 1
( , ) ~ ,

1
i ij

ij i j S
j ij

p X X
μ ρ

σ
μ ρ

⎛ ⎞⎡ ⎤ ⎡ ⎤
⎜ ⎟⎢ ⎥ ⎢ ⎥⎜ ⎟⎣ ⎦ ⎣ ⎦⎝ ⎠

N , ij∈Γ ,                          (4.23) 

where ijρ is the correlation coefficient between iX and jX .                                    

 We adopt belief propagation for intra-cluster inference, for which clearly the messages 

and node beliefs are all Gaussian distributed. Assuming the message ( )n
ijm and the belief ( )n

ib are 

parameterized by 

( ) 1 ( ) ( )( ) ~ ( , )n n n
ij ij ijm x θ− ΛN  and ( ) 1 ( ) ( )( ) ~ ( , )n n n

i i ib x q W−N , 

we can obtain the updating rules as (see Appendix  C. for detailed derivations) 

( )
( )

( )

( 1) 2 2
\{ }( )

2 22 2 ( 1)
\{ }

( 1) 2
\{ }( )

2 2 ( 1)
\{ }

( ) (1 )

(1 )1 (1 )

1

1 (1 ) ,

i

i

i

i

n
ij i ki i ij j S ijk j j ij in

ij n
S ijS ij i kik j

n
i ki Sk jn

ij n
S ij i kik j

u

V

V

V

ρ θ μ ρ μ σ ρ μ ρ μ
θ

σ ρσ ρ

σ

σ ρ

−
∈Γ

−
∈Γ

−
∈Γ

−
∈Γ

⎧ + + − − −⎪ = +⎪ −+ − + Λ⎪
⎨

+ Λ +⎪
Λ =⎪

+ − + Λ⎪
⎩

∑
∑

∑
∑

   (4.24) 

with 

2 2 2

2 2

/ / ,

/ ,
i i i i i

i i

u H y H

V H

σ μ σ

σ

= −

=
          (4.25) 

and  

( ) ( )

( ) ( ) .
i

i

n n
i i kik

n n
i i kik

q u

W V

θ
∈Γ

∈Γ

⎧ = +⎪
⎨

= + Λ⎪⎩

∑
∑

                            (4.26) 

In the following, we discuss inter-cluster message updates. In a clustered graph, the 

posterior probability can be reformulated as 
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,
1( | ) ( ) ( , )

i i i j i j

i j Ci

C C C C C C
C C C

P
Z

φ ψ
∈ ∈Γ

= ∏ ∏X y X X X ,         (4.27) 

where { }iC C= denotes the entire cluster set, and 
iCΓ  is the collection of Markov blanket 

clusters (MBC) of iC . MBC are defined as the neighboring clusters that intersect with the 

Markov blanket (MB) of cluster iC , ( )iMB C , which is the set of nodes outside of iC  but 

connected to some nodes in iC . Figure  4.1 gives a conceptual illustration for MB and MBC.  

... ...

... ...

... ...

...
1C

 

Figure  4.1 Markov blanket (shaded nodes) and Markov blanket clusters (shaded clusters) for  
cluster C1. (reproduced Figure 1 in  [40]) 

It can be shown (c.f. Appendix  D.) that the extended natural parameters of the cluster 

potential and cluster compatibility functions are given by 

   2{ / , }
iC i iy i Cσ= ∈θ  and 2 2 , ,

2 (1 )i j i

ij
C C j i C

S ij

X i C j
ρ

σ ρ
⎧ ⎫−⎪ ⎪= ∈ ∈Γ⎨ ⎬−⎪ ⎪⎩ ⎭

θ� .       (4.28) 

By substituting (4.28) into the variational message passing rules we derive in Section 

 4.2.2, inter-cluster updating can be readily obtained for the “gateway” node i in the 

cluster iC as 

( ) 1( ) ( 1) 2 ( 1) ( 1)
2 2

( ) 2 (1 )
i

ijn n n n
i i j j

j MB C S ij

y y W q
ρ

σ
σ ρ

−− − −

∈

= −
−∑ .              (4.29) 



 64

That is, gateway nodes use the estimates of their neighbors in the Markov blanket to “update” 

observations, and use these “new” observations for the next round intra-cluster inference. 

4.3.3. Convergence Analysis 

Combining inter- and intra-cluster updates, we can see the inverse variance updating in 

belief propagation is independent with the MF approach. Define function (c.f. (4.24)) 

( )
2

\{ }

2 2
\{ }

1
( )

1 (1 )
i

i

i ki Sk j
ij

S ij i kik j

V
F

V

σ

σ ρ
∈Γ

∈Γ

+ Λ +
=

+ − + Λ

∑
∑

Λ ,          (4.30) 

where 2| | 1[ ] , ( , )E
ij R i j E×= Λ ∈ ∈Λ , then we have 

Lemma 4.1 : ( )ijF Λ is continuous, monotonic and bounded for 0ijΛ > , ( , )i j E∀ ∈ . 

Proof:  See Appendix  E. 

It is observed that the inverse variance iteration converges much faster than the message 

mean iteration. So we can allow the inverse variance iteration within every cluster to run first 

till the variance is sufficiently low. In the following, we analyze the convergence of the mean 

iteration, assuming that variance has already converged to some { }ijΣ . 

Without loss of generality, we assume 0Sμ = , then the message mean iteration in 

Equation (4.24) can be rewritten with the conventional parameter pair ( ijμ , ijΣ ) as (c.f. 

footnote 8) 

( )( )
( )( )

12 ( 1)
\{ }( ) ( 1)

12 2 2 2
\{ }

/
( )

1 (1 ) /
i

i

n
k jij ij i i ki kin n

ij ij
k jS ij i ki

H y
G

H

ρ σ μ
μ

σ ρ σ

− −
∈Γ−

−
∈Γ

Σ + Σ∑
= =

+ − + Σ∑
μ ,              (4.31) 
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where ( 1) ( 1) 2| | 1[ ]n n E
ij Rμ− − ×= ∈μ , ( , )i j E∈ . 

Lemma 4.2 : ( )ijG μ is a contraction mapping. 

Proof: Let
( ) 12 2 2

\{ } 2 2 2 2

(1 )
(1 )

S ij ki
ki j

S i ij

K
H

σ σ ρ
σ σ ρ

−− Σ
=

+ −
, 2 2 2 2(1 )

ij ij i i
ij

S i ij

H y
y

H
ρ

σ σ ρ
Σ

=
+ −

, and 2 2(1 )
ij ij

ij
S ij

ρ
υ

σ ρ
Σ

=
−

, then 

Equation (4.31) can be reformulated to 

( 1)
\

( )\( ) ( 1)

\
( )\

( )
1

n
ij ij ki j ki

k N i jn n
ij ij

ki j
k N i j

y K
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−

∈−

∈

+
= =

+

∑
∑

μ .                 (4.32) 

Define
\{ }

( )\{ }

1
1ij

ki j
k N i j

K
γ

∈

=
+ ∑

, ( ) 2 2diag R E E
ijγ

×= ∈D , ( ) 2 2diag R E E
ijυ ×= ∈V  and 

2 1[ ] R E
ijy ×= ∈y . Further define a stochastic matrix 2 2ˆ R E E

E
×∈P  with the entries 

( )

( ') ( ')\{ ( )}

( ') ( ')\{ ( )}
, ' ': ( ') \ ( )

,    ( ) ( ') but ( ') ( )
ˆ

0,                   otherwise.
s e

s e d e d e

s e d e d e
e e e s e d e

K
s e d e s e d e

K
∈Γ

⎧
= ≠⎪⎪= ⎨

⎪
⎪⎩

∑P    (4.33) 

where ( )s e and ( )d e denote the source and destination node of edge e. The iteration (4.32) can 

be written in a vector-matrix form as 

( ) ( )( ) ( 1) ( 1)
BP BP BP

ˆn n n
E G− −= + −μ Dy V I D P μ μ� ,        (4.34) 

which leads to 

( ) ( ) ( ) ( )

( ) ( )
( )

ˆ' '

'

'

EG G

η

∞ ∞

∞ ∞

∞

− = − −

≤ − −

≤ −

μ μ V I D P μ μ

V I D 1 μ μ

μ μ

           (4.35) 
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with 1η < . The last inequality comes from the fact that for sufficiently large n, 

2 2

1
(1 )

ij

S ij ij

ρ
σ ρ

<
− Σ

, i.e. ( ) 1n
ijυ < . Thus, ( )G μ  is a maximum-norm contraction mapping and 

hence has a unique fixed point. This proves the convergence of the mean in Gaussian belief 

propagation.                                                   □  

In conclusion, we have: 

Theorem 4.1 : In a Gaussian MRF, the structured variational method using Gaussian BP as 

the intra-cluster inference algorithm converges. 

Proof: Taking inter-cluster updating into account, the change in observations (4.29) will only 

reflect on ( )ny , which will be cancelled out in ( ) ( ')ij ijG G−μ μ . So  Lemma 4.2 still can be 

applied, and the conclusion follows. 

SMF also requires some overhead for clustering, which can be done before the network 

setup and can be adjusted during network operation when necessary. In  [46], it has been 

proven that the quality of SMF is bounded by the total correlation associated with the cross-

border edges, implying that to better approximate the true marginal, it’s preferable to capture 

strong coupling within cluster. We have designed a distributed clustering scheme, which can 

minimize the dependence between the clusters, thus improve the algorithm performance. 

Please refer to  Chapter 5 for details. 

4.4. Performance of Intra-Cluster Algorithms 

Although successfully employed in SMF for intra-cluster inferences, belief propagation 

algorithm’s performance is largely unexplored, which gives rise to more complexity. In this 

work, we use a “divide and conquer” strategy to investigate the performance of SMF: in this 
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section we first analyze the performance of the intra-cluster algorithm, where we derive an 

upper bound on its convergence rate for the two-dimensional (2-d) torus; then we utilize this 

result in Section  4.5 to obtain a understanding on the overall algorithm performance. 

4.4.1. Vertex, Edge and Mixed Process 

Both updates in (4.18) and (4.34) have coefficient matrices P̂ , which define a stochastic, 

irreducible and aperiodic Markov chain. The P̂  for (4.18) is a | | | |V V×  matrix defined on 

the vertex set (c.f. (4.19)), while for (4.34) it turns out to be a 2 | | 2 | |E E× matrix defined on 

the set of directed edges (c.f. (4.33)). These two schemes correspond to vertex process and 

edge process respectively. 

Figure  4.2 illustrates the distinction between a vertex process and an edge process. As (a) 

shows, the states in a vertex process are nodes (the circles), while the allowable (two-way) 

transition between the states is determined by the undirected edges. In contrast, the states in 

an edge process are represented by the directed edges (the arrows in (b)), and the transitions 

are guided by the directions that the arrows point to. In other words, the transition can only 

occur between states whose directions do not point against each other, which corresponds to 

the condition ( ) ( ')s e d e= but ( ') ( )s e d e≠  in (4.33), and the rule in BP that the message from 

one neighbor only contributes to the new messages sent to other neighbors (but not back to 

itself) (c.f. (4.31)). For structured variational methods, we constrain the edge process only 

within clusters, and employ the vertex process to exchange information between clusters. 

This leads to a mixed vertex-edge process model as shown in (c). 
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Figure  4.2 Vertex Process (a), Edge Process (b) and Mixed Process (c) 

The convergence behavior of vertex processes has been well studied in the context of 

reversible Markov chains. In particular, it is not difficult to prove that the mixing time of a 

reversible Markov chain on a 2-d n n× torus is 2
mix ( )t O n=  [47], which characterizes the 

convergence time of vertex processes and thus the variational method. However, the 

performance of edge processes, which in general involves non-reversible Markov chains, is 

still largely unexplored. And to the best of our knowledge, there is no formal convergence 

discussion on the mixed model. 

It has been observed that certain non-reversible chains mix substantially faster than 

corresponding reversible chains, by overcoming the diffusive behavior of the latter  [42] [49]. 

Motivated by this finding, we have explored the idea of constructing non-reversible chains to 
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achieve fast distributed averaging in wireless networks, and proposed a class of Location-

Aided Distributed Averaging (LADA) algorithms  [50]. But all of these works only focus on 

some specific values of the probability that the random walks make turns (typically on the 

order of 1/scale of the graph). 

 For many other distributed algorithms, including BP and CP, however, the turning 

probabilities of associated chains are not tunable, but determined by the algorithms and 

applications. A conjecture is put forth in  [35] that the convergence time of consensus 

propagation (with corresponding turning probability a constant) on a 2-d n n× torus is 

3/2( )O n . In this section, we verify this conjecture through deriving a general upper bound for 

the mixing time of edge processes on a 2-d torus, assuming a turning probability ( ) /q n n , 

where ( )q n satisfies lim ( )
n

q n
→∞

→∞ and ( ) / 1/ 3q n n ≤ (for the case that ( )q n is constant, refer 

to  [42] [50]). This result will also facilitate the analysis of the overall performance of 

structured variational methods in the next section. 

4.4.2. Convergence Rate of Edge Process 

For a Markov chain P̂ on the state space Ω  with stationary distributionπ , the mixing time 

  { }mix 1
ˆ( ) max inf :|| ( , ) || / 2t

i
t t iε ε= ⋅ − ≤P π         (4.36) 

specifies the time that P̂ takes to converge to the ε -vicinity of its stationary distribution.  We 

begin with citing a result from  [50], which applies to general Markov chains. 

Lemma 4.3 : For any irreducible and aperiodic Markov chain P̂  with stationary 

distributionπ ,  



 70

1 1
mix ( ) log( ) log((1 ) ) 1 ( )fillt c t cε ε − −⎡ ⎤≤ − +⎣ ⎦ ,            (4.37) 

where fill
ˆ( ) max inf{ : ( , ) }t

it c t i c= ⋅ ≥P π , 0 1c< < . 

As shown in Figure  4.3, a two-tuple 0 1( , )s s ∈ 2{ ,..., 1,1,..., }n n− −  is used to represent an 

edge process on an n n×  torus. Specifically, given node (1,1)  on the left-bottom corner, and 

( , )n n  on the right-top corner, four outgoing edges of node ( , )i j pointing to the East, North, 

West and South directions are respectively labeled as ( , )i j , ( , )j i− , ( , )i j− −  and ( , )j i− . The 

states are only allowed to turn left or turn right with the probability ( ) /q n n  and move 

forward with the probability1 2 ( ) /q n n− , but can’t backtrack (e.g., the transition from ( , )i j  

to ( 1, )i j− − −  is forbidden while the other three are allowed).  
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Figure  4.3 State labeling of edge process on a 2-d torus 

Due to our state representation, it can be verified that the state evolution (whether 

horizontal or vertical) admits:   

   ( )1 1
0 0 1 1Moving Forwrd 1,i i i is s s s+ +⇒ = + = ,             (4.38) 

( )1 1
0 1 1 0Turning Left , 1)i i i is s s s+ +⇒ = = − − ,                                       (4.39) 
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  ( )1 1
0 1 1 0Turning Right , 1i i i is s s s+ +⇒ = − = + .                       (4.40) 

Without loss of generality, assume the random walk starts from state 0 0
0 1( , ) ( , )s s a b= . 

Let 0 1 20, , ,...T T T=  be the time instances that the random walk makes turns, and L / RiD =  be 

the corresponding turning direction (Left or Right) at time i, then for the time 1[ , )k kt T T +∈ , 

with k being the total number of turns before time t, the destination state evolves as 

1 1

1 1

1 0 1
0 1

1 0 1

( , + ) L
( , )

( , ) R.

k k

k k

T T
t t k k k k

T T
k k k k

t s T s T T D
s s

t s T s T T D

− −

− −

−

−

⎧ + − − − =
= ⎨

− − + − =⎩
              (4.41) 

Clearly, the number of possible destination states grows with the number of turns made. For 

example, when 1 2[ , )t T T∈   

1 1 1
0 1

1 1 1

( , ) L
( , )

( , ) R;
t t t b T a T D

s s
t b T a T D
+ − − − =⎧

= ⎨ − − + =⎩
         (4.42) 

and when 2 3[ , )t T T∈  

2 1 2 1 1 2

2 1 2 1 1 2
0 1

2 1 2 1 1 2

2 1 2 1 1 2

( , ) L, L
( , ) L, R

( , )
( , ) R, L

( , ) R, R.

t t

t a T T b T T D D
t a T T b T T D D

s s
t a T T b T T D D

t a T T b T T D D

− − − − − + = =⎧
⎪ + − + + − = =⎪= ⎨ + − + − + = =⎪
⎪ − − − − + − = =⎩

          (4.43) 

Generally, with k total number of turns, the destination state has 2k possibilities; when k is 

even, it is given by 

1 2 10

1 2 11

( ) ( )
( ) ( )

t
k kk

t
k k

T T T at Ts
T T T Tbs
− −

−

± − ± +−⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎡ ⎤
= + + +⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ± − ± −±⎣ ⎦ ⎣ ⎦⎣ ⎦⎣ ⎦

" ,                (4.44) 

and when k is odd, it is given by 



 72

1 2 2 10

1 2 3 11

( ) ( ) ( )
( ) ( ) ( )

t
k k k

t
k k k k

b t T T T T Ts
T T T T T as

− −

− − −

± + − ± − ± −⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤
= + + +⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥± − ± − ± +⎣ ⎦⎣ ⎦ ⎣ ⎦⎣ ⎦

" ,      (4.45) 

where the plus/minus signs are determined by the turning directions. 

By symmetry, the stationary distribution of this Markov chain is uniform with 

probability 21/ 4n . As dictated by Lemma 1, we need to find the minimum time step t such 

that 2
0 1Pr(( , ) ( , )) /t ts s x y c n= ≥ for any 2( , ) { ,..., 1,1,..., }x y n n∈ − − for some constant c.  

Intuitively, both 0
ts  and 1

ts  in (4.44) and (4.45) are sums of independent geometric random 

variables, which allows us to examine the final state probability by the Central Limit 

Theorem. This is done in the  Lemma 4.5 below, which requires a technical result in  Lemma 

4.4 to simplify analysis. 

Lemma 4.4 : With high probability (w.h.p. the probability approaches 1 as n →∞ ), there 

exists a constant 1 0c >  such that there are at least 3/2( )q n⎢ ⎥⎣ ⎦ positive odd integers (time 

indices)  i satisfying 

3/4
1 / ( )i iT T n q n+ ⎢ ⎥− ≤ ⎣ ⎦  and 3/4

1 / ( )i iT T n q n− ⎢ ⎥− ≤ ⎣ ⎦  

in the first 1 ( )c q n n⎢ ⎥
⎣ ⎦ steps. 

Proof:  c.f. Appendix  F. 

Divide the whole turning time index set {1,2,...} into two subsets 1S  and 2S , where 1S  is 

the set of positive odd integers i such that 3/ 4
1 / ( )i iT T n q n+ ⎢ ⎥− ≤ ⎣ ⎦  and 3/ 4

1 / ( )i iT T n q n− ⎢ ⎥− ≤ ⎣ ⎦ , 

as in  Lemma 4.4, and 2S  contains the rest. To examine the probability of the final states, it is 

sufficient to consider the conditional probability for any given set 
2 2

{ }S j j ST T ∈= .  If i k j< < , 
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it is known that  1 1
1( | , )

1i i iP T k T i T j
j i− += = = =
− −

. Therefore, given 
2ST , for every 1i S∈ , 

the component vector  1

1

( )
( )

i i

i i

T T
T T

−

+

± −⎡ ⎤
⎢ ⎥± −⎣ ⎦

 in (4.44) and (4.45) is a uniform random vector on the 

space { }23/ 4 3/ 4/ ( ) ,..., 1,1,..., / ( )n q n n q n⎢ ⎥ ⎢ ⎥Ω = − −⎣ ⎦ ⎣ ⎦ . We thus can derive: 

Lemma 4.5 : There exists a constant 0c > such that if 1 ( )t c q n n> , 

( )2

2
0 1Pr ( , ) ( , ) | /t t

Ss s x y T c n= ≥ ,      (4.46) 

for any { }2( , ) ,..., 1,1,...,x y n n∈ − − . 

Proof:  See Appendix  G. 

Combining  Lemma 4.3 and  Lemma 4.5, we get the following conclusion:  

Theorem 4.2 : On a 2-d n n× torus, the mixing time of an edge process with turning 

probability ( ) /q n n  is ( ( ) )O q n n  w.h.p. 

As a result, the convergence time of consensus propagation  [35] and our intra-cluster BP 

inference (4.24) is 3/2( )O n , with ( ) /q n n c=  for some constant c in the worst case. 

4.5. Performance-Complexity Tradeoff in Structured 

Variational Methods 

It has been shown in Section  4.4.1 that the performance of structured variational methods is 

governed by a mixed vertex-edge process, or equivalently a hybrid Markov chain model. The 
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complexity of this model precludes direct application of any standard techniques in the 

literature. In this section, we explore the coupling technique  [43] to analyze this model. 

Coupling provides a simple and elegant way of bounding the mixing time, and isn’t tied 

to reversibility. Essentially, a coupling of Markov chains is a process 0{ , }t t tX Y ∞
= with the 

property that both { }tX and { }tY are Markov chains with the same transition matrix P̂ of 

interest, but typically with different starting states. Once the two chains simultaneous visit to 

a single state, they stay together at all times after that, i.e. 

If ' 't tX Y= , then t tX Y=  for 't t≥ . 

For starting states x and y, let 

        ,
0 0min{ : | , }x y

t tT t X Y X x Y y= = = = ,                        (4.47) 

then the coupling time is defined as 

,
couple ,max ( )x y

x yt E T= ,          (4.48) 

which can serve as an upper bound for the mixing time according to the Coupling Lemma 

 [43]: 

   mix couple( ) lnt tε ε≤ .                     (4.49) 

We assume an n n× torus is equally divided into s s×  clusters, each of size 

( / ) ( / )n s n s× , and consider a vertex-edge process on it as indicated in Figure  4.2 (c). Then 

by investigating the coupling time of two random walks on such a clustered graph, we can 

obtain a characterization for the mixing time. Firstly, we study how quickly an edge process 

can “escape” from a 2-d torus (or how long it can stay in the torus before hitting any 

outgoing edges on the boundaries), and obtain the following result: 
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Lemma 4.6 On a 2-d n n× torus, the average staying time of an edge process is upper-

bounded by ( ( ) )O q n n  w.h.p. 

Proof: See Appendix  H. 

Using this result, the mixing time of a mixed vertex-edge process can be characterized as 

follows: 

Theorem 4.3 : On a 2-d n n× torus, the mixing time of a mixed vertex-edge process with 

equal cluster size of ( / ) ( / )n s n s×  is ( )3/2O sn  w.h.p. 

Proof: Suppose two random walks start from two randomly selected points in this clustered 

graph, then the coupling process can be described as follows: firstly, these two random walks 

wander inside their respective clusters (edge process) until they hit the gateway nodes and 

exit the starting clusters. From then on, they roam over the network, repeatedly entering and 

leaving clusters, and finally arrive at a same cluster. This journey, on the high level, can be 

regarded as a vertex process on an s s×  torus with “mega-vertices”, which take 2( )O s steps to 

couple. At each mega-vertex (cluster), the average staying time is 3/ 2(( / ) )O n s according to 

 Lemma 4.6. Besides, we need to consider the scenario that even these two walks reach the 

same cluster; one of them may leave early, by hitting gateway nodes before coupling with the 

other walk. In this case, the above journey is repeated. We assume this probability as 

hit couplePr( )pτ τ τ= < , where hitτ  and  coupleτ  are the expected time to hit a boundary node in a 

cluster and the coupling time in the same cluster, respectively. Then the total time to couple 

these two random walks is given by 
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( ) ( )

( ) ( )

2 3/2 3/2 1
couple

1

2 3/2 3/2

( ) ( / ) ( / ) (1 )

( ) ( / ) / (1 ) ( / ) / (1 ),

i

i
t i O s O n s O n s p p

O s O n s p O n s p

τ τ

τ τ

∞
−

=

⎡ ⎤≤ + −⎣ ⎦

= − + −

∑
        (4.50) 

where the first term gives the total roaming time among the clusters, while the second term 

corresponds to the staying time or coupling time in the same cluster of two random walks.  

To evaluate pτ , assume x is the state of the random walk which just steps into a cluster, z 

is a boundary node of that cluster, and a is the state of the random walk which has entered 

this cluster earlier. It has been shown that  [52], the probability that starting from node x, a 

random walk hits node z before it hits a is given by the ratio of the effective resistance9 

between a and x and that between and a and z  

  hit , hit ,
( )( )
( )x z a

R a xp P
R a zτ τ τ ↔

= < =
↔

.            (4.51) 

Since both x and z are boundary states, while we don’t have any further information about a 

but to assume it’s uniformly randomly located inside the cluster, ( )R a x↔  and ( )R a z↔  

are on the same order, and so pτ  is a constant.  

We thus have 

( )2 3/2 3/2
mix couple( ) ln ( ( / ) )t t O s n s O snε ε≤ = = .            (4.52) 

□ 

Note that  Theorem 4.3 includes previous results for the vertex process ( s n= ) and edge 

process ( 1s = ) as two special cases. 

                                                 
9 The effective resistance between node i and j is the expected number of traversals in a random walk starting at 
i and ending in j  [52]. 
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To inspect how clustering affects the message complexity, note for the total 2s clusters, 

each cluster has 2( / )n s nodes and hereby 24( / )n s directed edges. On each directed edge, two 

metrics, the message mean and variance, are exchanged in the BP algorithm, except for the 

4( / )n s  outgoing ones across the cluster boundaries. Instead, on these cross-cluster edges, 

only the estimated means are transmitted. So the message complexity per iteration in the 

SMF algorithm is 

{ }( )2 2 2 22 4( / ) 4( / ) 4( / ) (8 4 )O s n s n s s n s O n ns⎡ ⎤− + = −⎣ ⎦ .         (4.53) 

Comparing (4.52) and (4.53), we can observe the performance-complexity tradeoff inherent 

in SMF: as the cluster size increases, accurate algorithms are performed on more nodes; this 

results in faster convergence, but also inevitably increases communication burden. An 

appropriate cluster size should be selected for SMF depending on applications, to achieve a 

balance among estimation accuracy, convergence rate, computation complexity, and energy 

efficiency. 

4.6. Simulation Results 

In this section, we present some numerical results to support the previous analysis. The 

proposed scheme is testified in a real setting by comparing the performance of BP, MF and 

SMF on the same random network. Note that BP and MF can be viewed as the two extremes 

for SMF, with one cluster, and clusters of size 1, respectively. We consider a Gaussian MRF 

estimation as discussed in Section  4.3.2, and adopt a similar simulation setting as in  [53], 

with 150 nodes being randomly distributed in a unit plane. The estimation mean square error 

(MSE) is used as the comparison metric, defined by 
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2 2
ˆ ˆ ˆ/mMSE = −x x x ,        (4.54) 

with ˆ mx denoting the estimation vector at the mth iteration, and x̂ being the exact estimation 

(the MMSE solution). 

Two clustering schemes are used in the simulation: one is our proposed distributed one 

and the other is the centralized scheme in  [46], which uses a semi-definite programming 

solver based on interior-point methods.  Since the centralized algorithm utilizes the global 

graph knowledge and seeks solutions in an iterative way, it yields the optimal results. The 

correlation between node i and j is defined as   

exp( / )ρ σ= −ij ij dd , 

where ijd is the Euclidean distance between i and j, and σ d is the attenuation parameter, which 

is set to 10 in our simulations. 

Figure  4.4 compares the convergence rate of these three approaches, where the cluster size 

limits are set to 3 and 8 respectively for SMF (which will constrain the convergence rate upper 

bounds according to our conclusions in Section  4.4.2). The results verify that BP converges 

faster than the other two. But we also observe that even when the network is divided into very 

small clusters, SMF can still significantly speed up the convergence; in this case there is not 

much increase in computational complexity as compared to MF. A fairly large cluster size 

(less than 8) achieves almost indistinguishable performance to that of BP. It is also observed 

that our distributed clustering scheme leads to close results to the optimal one, but with a 

much lower computation overhead. 
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Figure  4.4 Mean square error of estimation versus iteration number 

Another important factor for wireless networks is the energy consumption. This 

comparison is illustrated in Figure  4.5 where we assume for simplicity that the communication 

energy is proportional to the message complexity, and the computation energy is neglected. 

Note that compared to MF, BP exchanges more messages per round but converges faster. It is 

interesting to observe that for this simulation setting SMF consumes the least communication 

energy to obtain the same estimation accuracy, which indicates its potential superiority in 

practice. 
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Figure  4.5 Mean square error of estimation versus communication energy 

Figure  4.4 and Figure  4.5 verify that an appropriate cluster size should be selected for 

SMF depending on applications, involving tradeoffs among estimation accuracy, convergence 

rate, computation complexity, and energy efficiency. 

4.7. Summary 

In this chapter, we develop a general variational message passing framework for 

distributed inference in Markov random fields. Structured variational methods are explored 

to achieve a nice tradeoff among various aspects of system performance and complexity. We 

also investigate the asymptotic performance of our proposed structured variational methods 

for distributed inference. We adopt a direct probabilistic approach to analyze the 

convergence of an edge process which models the intra-cluster processing, and devise a 

coupling process to characterize the overall performance concerning a more complicated 

mixed vertex-edge process. The tradeoff between the complexity and performance in this 
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algorithm is also addressed. But a remaining problem is, in structured variational methods 

how to partition node clusters to achieve the optimal performance. We will investigate this 

problem in the next chapter and propose an efficient way to solve it. 
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Chapter 5  

Distributed Network Decomposition: A 

Probabilistic Greedy Approach 

5.1. Introduction 

Identifying substructures in a large graph and minimizing the connections between them 

plays a key role in various applications, such as pattern recognition, parallel computation, and 

exploratory data analysis in scientific and medical study. Especially, as we discussed in the 

last chapter, it can offer flexibility to structured inference in wireless networks. While 

heuristic approaches abound  [54], many of them suffer from lack of solid theoretical 

justification, raising concerns on their optimality and applicability to wider applications. One 

exception is the spectral clustering algorithm, which is shown to solve a relaxation of the NP-

hard min-cut problem subject to cluster size balancing constraint  [56] [57]. Most applications 

of spectral clustering are centralized (both in terms of knowledge and computation), not 

feasible for large-scale networked systems. A partial solution in a distributed environment is 

provided in  [62], where the first K principle eigenvectors of a symmetric weighted adjacency 

matrix are calculated, with poly(K) computation, communication and storage requirement per 

node. Depending on network instances and applications, such requirement may still be 

demanding (if K needs to scale with the network size). 
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Distributed clustering attracts much attention in wireless networking area  [58], but the 

approaches there consider little about the probabilistic dependence between the nodes. More 

recently, a distributed clustering algorithm, affinity propagation (AP), was proposed in  [59] 

for data processing. As a distributed variant of the k-medoids clustering method, affinity 

propagation formulates message-passing rules between the data points, until a set of 

exemplars and corresponding clusters gradually emerges. Inspired by this approach, we 

propose a fully distributed network decomposition algorithm, whose objective is instead to 

solve the above mentioned NP-hard min-cut problem subject to cluster size balancing 

constraint. We exploit the factor graph model and the max-product algorithm to derive the 

message passing forms for our algorithm, which upon convergence produces some candidate 

solutions. Then we take a greedy approach to gradually approach the optimal solution. 

The rest part of this chapter is organized as follows. Section  5.2 formulates the problem 

and briefly introduces the factor graph and the max-product algorithm. Our novel distributed 

clustering algorithm is discussed in Section  5.3. Section  5.4 presents some supporting 

simulation results. Finally, concluding remarks are given in Section  5.5. 

5.2. Problem Formulation 

5.2.1. Problem Statement 

Consider an undirected graph ( , )G V E= with vertex V and edge set E, with a non-negative 

edge weight matrix | | | |E EW R ×∈ , where the entry ijw denotes the general weight on the edge 

( , )i j E∈  (such as communication cost, distance or similarity metrics depending on specific 

applications). W does not need to be symmetric. A K-cluster decomposition of the network is 
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a collection of disjoint vertex subsets 1{ ,..., }KP C C= satisfying 1 KC C V=∪"∪ . The cut 

weight associated with the decomposition P is the sum of the edge weights connecting 

vertices in different clusters (doubled for ease of exposition): 

( , ) ,
,

( ) ( , )
i

j i j

i j E i C
j C C C

P w i j
∈ ∈

∈ ≠

Ω = ∑ .     (5.1) 

A classical problem of network decomposition is to find a partition P that minimizes ( )PΩ  

under some regulations so as to avoid trivial solutions. In this work, we focus on the L-

bounded min-cut decomposition, with no cluster in partition having more than L vertices. 

Define an N K× indicator matrix [ ]ikB b=  with the entry ikb  serves as an indicator that if 

the vertex i belongs to the cluster kC : 

1
0

k
ik

k

i C
b

i C
∈⎧

= ⎨ ∉⎩
,      (5.2) 

for 1,...,i N= and 1,...,k K= . Then the total weight ( )PΩ can be expressed in the form of  

( ) trace( )T TP W B WBΩ = −1 1 ,          (5.3) 

where 1 is the 1N × vector with all entries one, and T denotes the transpose operation. 

The problem of interest can be equivalently formulated as the following optimization 

problem: 

     maximize trace( )TB WB  

     subject to {0,1}ikb ∈  

         B column orthogonal                    (5.4) 

     || ||FB N=  

     T
N KB L≤1 1 . 
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where the objective corresponds to the total intra-cluster weights, || ||F⋅  denotes the Frobenius 

norm, and the inequality in the last constraint is understood element-wise. Essentially the last 

three constraints respectively indicate that every vertex only belongs to one cluster, all 

vertices are clustered, and no cluster contains more than L vertices. 

5.2.2. Factor Graph and Max-Product Algorithm  

A factor graph  [4] is a bi-partite graph consisting of a set of N variable nodes 

1{ ,... }NX X=X  and M function nodes 1{ ,..., }Mf f . Each function mf depends on a subset of 

variable nodes 1{ ,..., }
m NX X XΓ ⊆ , which are directly connected to it. The whole factor graph 

represents a global function as the product of all its function nodes 

1

( ) ( )
m

M

m
m

F f XΓ
=

=∏X .                    (5.5) 

For example, in the following Figure  5.1, a factor graph with 3 variable nodes 

1 2 3, ,X X X and 2 function nodes 12 23,f f is illustrated. This implies a global function that can 

be factorized in the following way 

1 2 3 12 1 2 23 2 3( , , ) ( , ) ( , )F x x x f x x f x x= .      (5.6) 

 

Figure  5.1 A factor graph example 
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The max-product algorithm, a variant of the sum-product algorithm, involves the 

exchange of messages between variable nodes and function nodes to obtain the (pseudo)-

mode of (5.5)  [4].  The message sent from a variable node nX to a function node mf is a 

function of nx and reflects the current probability distribution (“belief”) about nX given 

evidence from all its neighbor nΓ  except mf , taking an element-wise product form as 

'
' \

( ) ( )
n

n m n m n n
m m

x xν μ→ →
∈Γ

= ∏ .             (5.7) 

Similarly the message sent from a function node 'mf to variable node nX , m nμ → takes the form 

'
' '

' ' '\ ' \

( ) max ( ) ( )
m

m m

m n n m n m nX n n n

x f x xμ ν
Γ

→ Γ →
∈Γ

= ∏ .                    (5.8) 

Which reflects the current beliefs about nX given the function and its other neighbors rather 

than n. Finally, the best configuration *x of the variable x is given by 

    * arg max ( )
n

n

n m n nmx
x xμ →∈Γ
= ∏ , 1 n N≤ ≤          (5.9) 

5.3. Distributed Clustering via Factor Graph 

To implement the network decomposition problem (5.4) in a distributed way, we use 

alternative binary variables {0,1}ijb ∈ to indicate the cluster assignment. For , 1,...,i j N= , 

1ijb =  means node i and node j in the same cluster, and 0ijb = otherwise ( jjb is always 1). An 

additional feature of this setup is that, in contrast to most existing clustering algorithms, no 

cluster heads are imposed; nodes self-organize into clusters satisfying the objective. If needed, 

cluster head election can be conducted at a later stage.  
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jiγ

 

Figure  5.2 Factor graph structure for distributed clustering 

A factor graph for our distributed clustering problem is illustrated in Figure  5.2, where 

each variable node ijb is paired with a function node related to the corresponding weight, 

evaluated as exp{ }ij ijb w . We further add function nodes 1( ,..., )j j Njf b b , 1,...j N=  to enforce 

the last constraint in (5.4): 

1
1

1 if ,
( ,..., )

0 otherwise.

N
iji

j j Nj
b L

f b b =
⎧ ≤⎪= ⎨
⎪⎩

∑      (5.10) 

We also impose function nodes ( , )ij ij jig b b , , 1,...i j N= , to guarantee that ijb  and jib  

always coincide, which, together with our clustering process below, ensure that each node 

belongs to one and only one cluster: 

1 if ,
( , )

0 otherwise.
ij ji

ij ij ji

b b
g b b

=⎧
= ⎨
⎩

        (5.11) 

This configuration leads to a global function 
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1
1 1

1
1 1 1

( , ; , 1,..., )

( , ) ( ,..., )

1exp log ( , ) log ( ,..., )
2

ij ij

ij ij

N N N
b w

ij ij ji j j Nj
i j i j

N N N N N

ij ij ij ij ji j j Nj
i j i i j i j

F b w i j N

e g b b f b b

b w g b b f b b

= = =

= = = = =

=

=

⎧ ⎫
= + +⎨ ⎬

⎩ ⎭

∏∏ ∏

∑∑ ∑∑ ∑

       (5.12) 

where the first term in the exponent corresponds to our objective function in (5.4), while the 

second and third term are intended for excluding solutions violating the constraints. In the 

following, we exploit the max-product algorithm to derive message-passing rules that lead to 

the best inference of , 1{ }N
ij i jb =  which maximize (the exponent of) (5.12). 

As shown in  0Figure  5.2, five types of messages are passed between variable nodes and 

function nodes, where messages outgoing from variable nodes follow (5.7) as: 

(0) (0) 0,
( )

(1) (1) 1;
ij ij ij

ij ij
ij ij ij

b
b

b
δ λ

γ
δ λ

=⎧
= ⎨ =⎩

               (5.13) 

and 

(0) (0) 0,
( )

(1) (1) 1.
ij ij ij

ij ij
ij ij ij

b
b

b
δ θ

ψ
δ θ

=⎧
= ⎨ =⎩

             (5.14) 

As in  [59], these binary messages can be efficiently represented by the corresponding 

scalar ratios: 

(1) (1) (1)
(0) (0) (0)

ij ij ij
ij ij ij

ij ij ij

γ δ λ
γ δ λ

γ δ λ
=� � ,                     (5.15) 

(1) (1) (1)
(0) (0) (0)

ij ij ij
ij ij ij

ij ij ij

ψ δ θ
ψ δ θ

ψ δ θ
=� � .                                (5.16) 
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By (5.8), the messages outgoing from the weight function node ijw can be interpreted as 

( ) ij ijb w
ij ijb eδ = , normalized ratio as (1) / (0) ijw

ij ij ij eδ δ δ =� .  

Messages outgoing from the g-constraint function nodes are given by (5.9): 

(0) 0,
( ) max ( , ) ( )

(1) 1.ji

ji ij
ij ij ij ij ji ji jib ji ij

b
b g b b b

b
γ

θ γ
γ

=⎧
= = ⎨ =⎩

                 (5.17) 

So we have  

(1) (1)
(0) (0)

ij ji
ij ji

ij ji

θ γ
θ γ

θ γ
= =� .                   (5.18) 

For message ijλ  outgoing from the function nodes ijf , we only need to consider the cases 

i j≠ , for which we differentiate two scenarios. If there exist at least L-1values of 'i such that 

' 1i jψ >  (i.e. ' '(1) (0)i j i jψ ψ> ), sorted as (1) (2) ( 1)
' ' '

L
i j i j i jψ ψ ψ −≥ ≥ ≥" , then 

1 ( 1) ( 1)
1 ( 1) ( 1) ' '

': '

1
( )
' '

1 ': '
2

( )
' '

1 ': '

( ) max max max max ( ,..., ,..., ) ( )

(0) 0,

(0) 1.

j i j i j Nj
ij ij j j i j ij i j Nj i j i jb b b b i i i

L
l

i j i j ij
l i i i
L

l
i j i j ij

l i i i

b f b b b b b b

b

b

λ ψ

ψ ψ

ψ ψ

− +
− +

≠

−

= ≠

−

= ≠

⎡ ⎤
= ⎢ ⎥

⎣ ⎦
⎧

=⎪⎪= ⎨
⎪ =
⎪⎩

∏

∏ ∏

∏ ∏

" "

       (5.19) 

On the other hand, if there is only ' 1L L< − such 'i , then  

'
( )
' '

1 ': '

'
( )
' '

1 ': '

(0) 0,
( )

(0) 1.

L
l

i j i j ij
l i i i

ij ij L
l

i j i j ij
l i i i

b
b

b

ψ ψ
λ

ψ ψ

= ≠

= ≠

⎧
=⎪⎪= ⎨

⎪ =
⎪⎩

∏ ∏

∏ ∏
                 (5.20) 

Combine (5.19) and (5.20), we get 
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( 1) ( 1)
' '

( 1)
'

(1) 1/ 1,
1 1.(0)

L L
ij i j i j

ij L
i jij

λ ψ ψ
λ

ψλ

− −

−

⎧ ≥⎪= = ⎨ <⎪⎩
               (5.21) 

And (c.f. (5.16), (5.18) and (5.15)) 

ij ij ij ij ji ij ji jiψ δ θ δ γ δ δ λ= = = .        (5.22) 

Let logij iju ψ= , logij ijv λ= , the above equations can be rewritten as  

( 1) ( 1)
' ' ( 1)

'( 1)
'

0
min{0, }

0 0

L L
i j i j L

ij i jL
i j

u u
v u

u

− −
−

−

⎧− >⎪= = −⎨ <⎪⎩
.                   (5.23) 

( 1)
'min{ , }L

ij ij ji ji ij ji ij ji j iu w w v w w w w u −= + + = + + − .             (5.24) 

According to the max-product algorithm, ijb  should be determined as 

(1 sgn( )) / 2.ij iju v+ + As there are typically multiple j such that 1ijb = , to facilitate the 

clustering process, we take a greedy approach by letting node i choose  

* arg max{ }ij ij
j

j u v= + ,       (5.25) 

as the one that is in the same cluster as itself, and send this result to all its neighbors. 

Finally, every node obtains all its neighbors’ clustering information by exchanging its co-

cluster neighbor selection. 

After the above (first round) clustering process complete, we can regard the generated 

clusters as “mega-nodes”, and carry out the similar message passing operation between 

these clusters, to determine which clusters need to be further combined. Assume totally 

1K clusters formed in the previous round, then as before, we can get the cluster-based factor 

graph (for those clusters whose cardinalities are less than L) as follows: 
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ijΛ

ijΘ

ijΨ

ijΓijΔ

jiΓ

11( ,..., )j j K jF B B
 

Figure  5.3 Factor graph structure of “mega-nodes” clustering 

Here variables {0,1}ijB ∈ , 1, 1,...,i j K= , are cluster combination indicators. 1ijB = means 

cluster i and cluster j should be combined, and 0ijB = otherwise. ijW  is the sum of weights 

on all inter-cluster edges between Cluster i and j. Similarly, function ( , )ij ij jiG B B  , 

1, 1,...i j K= enforces that ijB and jiB are always consistent.  Function 
11( ,..., )j j K jF B B  

guarantees that the size of the combined cluster is still less than L:  

1

1
1

1
1 if | |

( ,..., )
0 otherwise,

K
ij ii

j j K j
B C L

F B B =
⎧ ≤⎪= ⎨
⎪⎩

∑ ,              (5.26) 

where | |iC  denotes the cardinality of cluster i.  

Follow the previous procedure, we can get the message form (c.f. (5.22)) 

ij ij ji jiΨ = Δ Δ Λ .            (5.27) 

For ijΛ , if there is only 'L 'i i≠ such that ' 1i jΨ >  and '
'' 1

| | | |L
i ii

C L C
=

≤ −∑ , sorted as 

(1) (2) ( ' 1)
' ' '

L
i j i j i j

−Ψ ≥ Ψ ≥ ≥ Ψ" , then  
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1 ( 1) ( 1)
1 ' '

': '

'
( )
'

1
'

( )
'

1

( ) max max max max ( ,..., ) ( )

0,

1.

j i j i j Kj
ij ij j j Kj i j i jB B B B i i i

L
l

i j ij
l
L

l
i j ij

l

B F B B B

b

b

− + ≠

=

=

⎡ ⎤
Λ = Ψ⎢ ⎥

⎣ ⎦
⎧

Ψ =⎪⎪= ⎨
⎪ Ψ =
⎪⎩

∏

∏

∏

" "

  (5.28) 

If there exist at least 'L 'i i≠ such that ' 1i jΨ >  and '
'' 1

| | | |L
i ii

C L C
=

> −∑ , then  

   

1 ( 1) ( 1)
1 ' '

': '

( )
'

1

' 1
( )
'

1

( ) max max max max ( ,..., ) ( )

0,

1.

j i j i j Kj
ij ij j j Kj i j i jB B B B i i i

L
l

i j ij
l

L
l

i j ij
l

B F B B B

B

B

− + ≠

=

−

=

⎡ ⎤
Λ = Ψ⎢ ⎥

⎣ ⎦
⎧

Ψ =⎪⎪= ⎨
⎪ Ψ =⎪⎩

∏

∏

∏

" "

   (5.29) 

where L and 'L are chosen such that  

1
| |L

ll
V L

=
<∑ ,  1

1
| |L

ll
V L+

=
>∑ , and

' 1
| | | |L

l il L
V V

= −
<∑ , 

'
| | | |L

l il L
V V

=
>∑ .           (5.30) 

Combine (5.28) and (5.29), we get 

'( )
' '' 1

'

'
'' 1

1 / | | | |,(1)
(0)

1 | | | | .

L
Ll

i j i iiji
l Lij

Lji
i ii

C L C

C L C

=
=

=

⎧
Ψ > −Λ ⎪

Λ = = ⎨Λ ⎪ ≤ −⎩

∑∏

∑
             (5.31) 

Let logij ijU = Ψ , logij ijV = Λ , we get 

'( )
' '' 1

'

'
'' 1

| | | |,

0 | | | |,

L
Ll

i j i ii
l Lij

L
i ii

U C L C
V

C L C

=
=

=

⎧
− > −⎪

= ⎨
⎪ ≤ −⎩

∑ ∑

∑
.          (5.32) 

ij ij ji jiU W W V= + + . 
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Finally, if there exists 0ij ijU V+ > , cluster i choose 

* arg max{ }ij ij
j

j U V= + ,       (5.33) 

as the one that is combined with itself; otherwise, it keeps unchanged. This process is 

recursively carried out until no clusters can be combined. 

5.4. Simulation Results 

In this section, we present some numerical results to test the effectiveness of the proposed 

algorithm. Firstly, we compare our approach with some other clustering algorithms, including 

affinity propagation  [59]  HEED, a well-known distributed clustering scheme in wireless 

networks  [61], (modified so that only node degree is considered and the metric residual 

energy is ignored), and  a centralized semi-definite programming method which solves a 

relaxation of the equi-min-cut problem  [46]. 

We consider a setting where nodes are randomly distributed on a unit plane. The weight 

on the edge between node i and j is set as exp( / )ij ijw d σ= − , where ijd is the Euclidean 

distance between i and j, and σ is the attenuation parameter, which is set to 10 in our 

simulations.   

In Figure  5.4, we fix the number of clusters as 10, and compare the ratio cuts of the four 

approaches for different network sizes, which is defined as   [54] 

1
1

cut( , )RatioCut( ,..., )
| |

K
k k

K
k k

C CC C
C=

= ∑  
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where
( , ) , ,

cut( , )
k k

k k ij
i j E i C j C

C C w
∈ ∈ ∉

= ∑ is the cut weight of cluster kC . We can see as the network 

size increases, the performance of our distributed algorithm approaches that of the centralized 

one, and it consistently outperforms the other two. It is also observed that the computational 

time of our algorithm is compatible with HEED and AP, while that of the centralized method 

is tens and up to one hundred times longer. Note that since AP can only implicitly control the 

cluster size through one parameter, it results in a worse performance. 
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Figure  5.4 Ratio cut comparison with different network sizes 

Then, with the network size fixed to 60, we examine the performance for different numbers 

of clusters in Figure  5.5 and observe the similar trend.  
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Figure  5.5 Ratio cut comparison with different cluster sizes 

Next, we consider structured variational method in a Gaussian MRF (see  4.3 for details), 

with 300 nodes randomly distributed in a unit plane. The estimation mean square error is used 

as the comparison metric, 

2 2
ˆ ˆ ˆ/mMSE = −x x x , 

with ˆ mx denoting the estimate at the mth iteration, and x̂ being the optimal estimate (the MMSE 

solution). 

Figure  5.6 compares the convergence rates of the SMF approach with our distributed 

clustering and HEED clustering. The results verify that BP converges fastest, while SMF can 

significantly speed up the convergence. A reasonable cluster size (8 in this setting) achieves 

performance very close to that of BP. It is observed that our distributed clustering scheme 

yields more accurate estimation than HEED. 
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Figure  5.6 Performance of distributed clustering for structured inferences-Convergence Rate 
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Figure  5.7 Performance of distributed clustering for structured inferences- Energy 
Consumption 

Another important factor for wireless networks is the energy consumption. This 

comparison is illustrated in Figure  5.7, where we still assume that the communication energy 

is proportional to the message complexity, and the computation energy is neglected. Note 

that compared to MF, BP exchanges more messages per round but converges faster. It is 
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observed that by balancing the cluster size, our proposed distributed clustering scheme also 

consumes less energy than HEED for inference. 

5.5. Summary 

Motivated by the requirement of efficient distributed clustering in large-scale networking 

and data processing applications, we propose a fully distributed network decomposition 

approach with the aid of factor graph modal, aiming to minimize the dependence between the 

clusters. By this algorithm, every node can decide the cluster assignment itself by simply 

exchanging messages with its direct neighbors, with the absence of the global knowledge. 

The effectiveness of this algorithm was testified by simulation. It also demonstrates 

superiorities over other clustering schemes in distributed inference and general network 

decomposition problems. 
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Chapter 6  

Conclusions and Future Work 

6.1. Conclusions 

As a research frontier in academia, distributed wireless networks are starting to migrate 

from theory to practice. However, this trend is hindered by the lack of a general and solid 

information processing framework for collaborative computing and communications. In this 

dissertation, we have addressed some important aspects of cooperative communication and 

information processing in distributed wireless networks. It has the potential to advance the 

theory and practice of these areas. Our proposed framework and fundamental research apply 

to wireless ad hoc and sensor networks. They can also be extended to virtual scenarios where 

a set of “nodes” distributed over an arbitrary network cooperate on some joint tasks through 

information exchange, e.g., some routers across the Internet chosen to monitor the traffic for 

flow control and security.  

In  Chapter 2, we have investigated the energy efficiency of different transmission 

strategies in cooperative wireless networks. We have shown that, even though STBC and SM 

assume some advantages in transmit energy efficiency over the corresponding SIMO 

approach, such advantages fail to justify the additional circuit energy consumption and 

cooperation penalty in some cases. On the other hand, we have found that SM does offer 

substantial energy savings for high-rate communications, which significantly reduces the 
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critical distance over which MIMO transmission overtakes the corresponding SIMO in 

wireless networks. We have also quantified the switching thresholds among STBC, SM and 

SIMO under various scenarios. The proposed selection rules, especially those based on 

system-level metrics, are easy to implement for sensor applications. The framework provided 

here may also be readily extended to other scenarios or applications. 

In  Chapter 3, Gaussian particle filtering is introduced into message composition, 

transmission and processing, resulting in a significant alleviation on computation and 

communication burden. We also take the system dynamism into consideration, which is 

largely unexplored in the study of belief propagation. In this chapter, node self-localization 

and tracking are jointly studied, and we further consider node selection to reduce energy cost 

while maintaining certain localization quality.  

 Chapter 4 developed a general variational message passing framework for distributed 

inference in Markov random fields. Structured variational methods are explored to achieve a 

nice tradeoff among various aspects of system performance and complexity. We also 

investigate the asymptotic performance of our proposed structured variational methods for 

distributed inference. We adopt a direct probabilistic approach to analyze the convergence of 

an edge process which models the intra-cluster processing, and devise a coupling process to 

characterize the overall performance concerning a more complicated mixed vertex-edge 

process. The tradeoff between the complexity and performance in this algorithm is also 

addressed. 

Motivated by the requirement of the distributed structured inference in large-scale 

networking, we propose a simple and fully distributed network decomposition algorithm in 

 Chapter 5, which not only facilitates our proposed structured variational methods in wireless 

networks, but is general enough to admit wide applications. 
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6.2. Achievements 

We have tackled some open and interesting problems in collaborative communication and 

information processing in distributed wireless networks, and made contributions to four main 

areas: energy efficiency of virtual MIMO and optimal transmission strategy selection, 

distributed joint localization and tracking, distributed structured inference and distributed 

clustering. Part of this PhD work has been published or submitted for publication ( [63] [64], 

 [65],  [66],  [67],  [68],  [69],  [70],  [71],  [72],  [73]), which include two published journal 

articles, seven published conference papers, as well as one journal article and one conference 

paper under review. 

6.3. Future Works 

The study of this dissertation can be improved in the following directions: 

1. Within the setting in  Chapter 3, we can further consider other relevant applications, 

such as node relocation to improve network connectivity and coverage. Localization 

can also be jointly studied with time synchronization and geographic routing 

problems. It is anticipated that such joint consideration not only introduces savings 

through sharing of common computation modules, but more importantly, leads to 

performance improvement through joint optimization. 

2. The analysis in  Chapter 4 is mainly conducted on a 2-d torus, which captures the 

essence of a planar network; while extension to the geometric random network model 

would be a challenging yet interesting problem. Moreover, we only consider linear 

estimation there; it is also promising to explore the application of structured 

inferences in other scenarios (e.g. non-linear estimations). 
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3. In  Chapter 5, we devised a distributed clustering scheme, and testify its performance 

through simulations. But its theoretical optimality is still unexplored. A more rigorous 

comparison between our proposed algorithm and the semi-definite programming 

method is also worth investigation.   
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A. Proof of the Equivalence of PEP for SM-ML and SIMO 

Proof: Comparing (2.18) and (2.20) with (2.21), we just need to verify: 
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We use mathematical induction for this proof. The case of 1L =  is trivial. Starting from 

2L = , we can see that the left hand side (LHS) is 
1 2

(1 ) 1 3
0 1 1

rr r
r

⎡ ⎤⎛ ⎞ ⎛ ⎞
+ + = +⎢ ⎥⎜ ⎟ ⎜ ⎟ +⎝ ⎠ ⎝ ⎠⎣ ⎦

, while the 

right hand side (RHS) is 
3 3

1 3
0 1

r r⎛ ⎞ ⎛ ⎞
+ = +⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
.  

Assume (A.1) is satisfied for L p= , i.e. 
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Consider the case of 1L p= + : 
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Substitute (A.2)in, we get 
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Using the formula
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And also note
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expressions into the last line of (A.4), we obtain  
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which equals to the RHS of (A.1) for 1L p= + . 

B. Derivation of  (2.24) (2.25) and (2.26) 

Equation (2.17) can be further approximated as 
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Taking logarithm on the both sides of (B.1), we have 
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where compared to (B.1), we further neglect log log M in (B.2). Denote 
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a simple expression of 0log /bE N  can be obtained as 
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0
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Note min, min, min (1)SM SIMOE E E= =  and min, min ( )STBC TE E N= . For a given spectral efficiency 

R  (bps/Hz), the constellation size for STBC is /2R rM =  where r is the rate of STBC, for 

SIMO 2RM =  and for SM /2 TR NM = . So, if we denote 0
log 2( )T

T

S N
N

= , (2.24), (2.25) 

and (2.26) can be obtained from (B.4) directly. 

C. Derivation of Gaussian Belief Propagation Formulas 

(4.24) and (4.26) 

Comparing (4.22) and (4.23) with the standard Hammersley-Clifford equation in MRF, we 

have the node potential function  

1( ) ( , )i i i iX u Vφ −=N  (C.1) 

with 
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and the edge compatibility function 
1( , ) ( [ , ] , )T

ij i j ij i j ijX Xψ μ μ−= ϒ ϒN      (C.3) 

With 
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Note that with information parameter representation, if 1
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Assuming the message ( )n
ijm and the belief ( )n

ib are parameterized by 

( ) 1 ( ) ( )( ) ~ ( , )n n n
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i i ib x q W−N , 

and consider the general message updating and belief computing formulas in belief 

propagation 
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By applying the Gaussian product formulas on message update equation, we have the 

product terms inside the integral sign 

1 1
\{ }( , ) ( ) ( ) ~ ( , )

i

n
k jij i j i i ki i ij ijx x x m xψ φ ϑ− −
∈Γ Λ∏ N ,             (C.5) 



 116

where  

2 2

1
\{ }2 2

(1 )

(1 ) i

j ij i

S ij
ij

i ij j n
k ji ki

S ij

u

μ ρ μ
σ ρ

ϑ
μ ρ μ

ϑ
σ ρ

−
∈Γ

−⎡ ⎤
⎢ ⎥−⎢ ⎥= ⎢ ⎥−
⎢ ⎥+ + ∑

−⎢ ⎥⎣ ⎦

,     (C.6) 

2 2 2 2

1
\{ }2 2 2 2

1
(1 ) (1 )

1
(1 ) (1 ) i

ij

S ij S ij
ij

ij n
k ji ki

S ij S ij

V

ρ
σ ρ σ ρ

ρ
σ ρ σ ρ

−
∈Γ

−⎡ ⎤
⎢ ⎥− −⎢ ⎥Λ = ⎢ ⎥−
⎢ ⎥+ + Λ∑

− −⎢ ⎥⎣ ⎦

.    (C.7) 

Using the marginalization equation to perform the integration over ix , we can obtain the 

message updating rule (4.24). The belief updating rule (4.26) follows similarly. 

D. Derivation of Cluster Potential and Compatibility 

Function 

Without loss of generality, we assume 1iH = and S =μ 0 . Note with information 

parameter representation 1( ) ~ ( , )p ϑ− Λx N , ( )p x can be written as  

1( ) ~ exp
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Define the extended sufficient statistics for the cluster iC  
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where { }iX denotes the array containing all iX s for ii C∈ , and [{ },{ }]TX Y stands for the 

cascade of { }X and{ }Y . Thus we can rearrange (D.1) in cluster-wise as  

{ }

,

2 22 2

1( | ) ( ) ( , )

{ } { }1 exp [{ },{ / 2}] exp ,{0}
{ } { }2 (1 )

1 exp ( ) exp

i i i j i j

i j Ci

i j Ci

i i i

i

C C C C C C
C C C

iji i
i i j

C C Ci iS ij

T
C i C C C

C C

P X y X X X
Z

X X
V X

X XZ

X
Z

φ ψ

ρ
μ

σ ρ

∈ ∈Γ

∈ ∈Γ

∈

=

⎧ ⎫⎡ ⎤⎧ ⎫−⎧ ⎫⎡ ⎤ ⎡ ⎤⎪ ⎪ ⎪ ⎪ ⎪ ⎪= − ⎢ ⎥⎨ ⎬ ⎨ ⎨ ⎬ ⎬⎢ ⎥ ⎢ ⎥−⎪ ⎪⎣ ⎦ ⎪ ⎪ ⎣ ⎦⎢ ⎥⎩ ⎭ ⎪ ⎪⎩ ⎭⎣ ⎦⎩ ⎭

=

∏ ∏

∏ ∏

∏ θ η θ�� { }( )
j i

j Ci

T
i C

C

X
∈Γ
∏ η�

.   

Therefore, the extended natural parameters of the cluster potential and cluster 

compatibility functions are given by 

[{ },{ / 2}],
iC i i iV i Cμ= − ∈θ  and 2 2 ,{0} , ,

2 (1 )i j i

ij
C C j i C

S ij

X i C j
ρ

σ ρ

⎡ ⎤⎧ ⎫−⎪ ⎪= ∈ ∈Γ⎢ ⎥⎨ ⎬−⎪ ⎪⎢ ⎥⎩ ⎭⎣ ⎦
θ� . 

Since the second term of 
i jC Cθ� is zeros, we only need to consider the first one. For simplicity, 

we can write  

2{ / , }
iC i iy i Cσ= ∈θ  and 2 2 , ,

2 (1 )i j i

ij
C C j i C

S ij

X i C j
ρ

σ ρ
⎧ ⎫−⎪ ⎪= − ∈ ∈Γ⎨ ⎬−⎪ ⎪⎩ ⎭

θ� . 

E. Proof of  Lemma 4.1 

Proof: Following the approach in  [35], define function 



 118

1 1( ) xf x
x x

α βα
β γ γ γ β γ

⎛ ⎞+
= = + −⎜ ⎟+ +⎝ ⎠

,           (E.1) 

where 21i SVα σ= + , 2 21 (1 )S ij iVβ σ ρ= + − , 2 2(1 )S ijγ σ ρ= − .Since 1/ 0γ >  and 

2 2 2/ / [ (1 )] 0ij S ijα β γ ρ σ ρ− = − − < , it’s straightforward to verify that ( )f x is continuous, 

strictly increasing and bounded by (0,1/ )γ . This leads to the convergence of the inverse 

variance iteration.                                                                                        □ 

F. Proof of  Lemma 4.4 

Proof: Since 1i iT T+ − is a geometric random variable with parameter 2 ( ) /q n n , we can readily 

compute the probability 

( )

( )3/4

3/4 3/4
1 1

2
/ ( )

Pr / ( ) , / ( )

1 (1 2 ( ) / ) .

i i i i

n q n

p T T n q n T T n q n

q n n

+ −

⎢ ⎥
⎣ ⎦

⎢ ⎥ ⎢ ⎥= − ≤ − ≤⎣ ⎦ ⎣ ⎦

= − −
       (F.1) 

which is non-vanishing as n →∞ . By the Chernoff bound, the probability that there are at 

least 3/2( )q n⎢ ⎥⎣ ⎦  positive odd integers i with 3/4
1 / ( )i iT T n q n+ ⎢ ⎥− ≤ ⎣ ⎦ and 3/4

1 / ( )i iT T n q n− ⎢ ⎥− ≤ ⎣ ⎦  

in the first 3/2
1 ( )c q n  steps satisfies 

[ ]2 3/2
1 1 1

11 exp 1 1/ ( )
2

p c p c pq n⎛ ⎞> − − −⎜ ⎟
⎝ ⎠

,         (F.2) 

which approaches 1 as n goes to infinity, providing 1 1/c p> . Furthermore, the random 

variable 3/2( )q n
T⎢ ⎥
⎣ ⎦

is the sum of 3/2( ) / 2q n⎢ ⎥⎣ ⎦  independent random variables with zero mean and 

variance between 2 2/ 3 ( )n q n  and 2 2/ 2 ( )n q n . By Chebyshev’s inequality 
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3/2

3/2

1( )

1( )

3/2 2 2

2 2
1

2 3/2
1

lim Pr ( )

1 lim Pr ( )

( ) / ( )1 lim
2 ( )

11 lim
2 ( )

1.

q nn

q nn

n

n

T c q n n

T c q n n

q n n q n
c q n n

c q n

⎢ ⎥→∞ ⎣ ⎦

⎢ ⎥→∞ ⎣ ⎦

→∞

→∞

⎛ ⎞<⎜ ⎟
⎝ ⎠

⎛ ⎞= − ≥⎜ ⎟
⎝ ⎠

≥ −

= −

=

                     (F.3) 

Thus the constant 1c is the desired constant.              □ 

G. Proof of  Lemma 4.5 

Proof:  From  Lemma 4.4, we know that if 1 ( )t c q n n> , there are at least 3/2( )q n⎢ ⎥⎣ ⎦  uniform 

random vectors on Ω , with zero mean and covariance matrixΣ  whose entries are all on the 

order of 2 3/2/ ( )n q n . Denote these random vectors as ( )m nX , 3/21,..., ( )m q n⎢ ⎥= ⎣ ⎦  and let 

1/ 2 3/ 4( ) ( ) / ( )m mn n q n−=Y Σ X , then from the Central Limit Theorem, the summation of ( )m nY  

converges to a standard multivariate normal distribution  

3 / 2( )
2 1 2 21

( ) ~ ( , )q n
n mm

n
⎢ ⎥
⎣ ⎦

× ×=
= ∑S Y 0 IN .    (G.1) 

Let ( )Pr 1 || || 2nc = ≤ ≤S , where || ||⋅ denotes the Euclidean distance, then  

( )3/ 4 1/ 2Pr ( ) 2nn q n n c≤ ≤ ≥Σ S .                     (G.2) 

From above, we know nS is a zero-mean unimodal symmetric random vector, therefore 

( )3/ 4 1/ 2 2Pr ( ) /nq n n c n= ≥Σ S  .                    (G.3) 
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Let nU be the sum of 3/2( )q n⎢ ⎥⎣ ⎦ i.i.d. random vectors which are uniform on Ω , then nU  and 

3/ 4 1/ 2( ) nq n Σ S have the same distribution. Thus if 1 ( )t c q n n>  

( ) 2
0 1Pr [ , ] /

Tt t Ts s x y c n⎡ ⎤ = ≥⎣ ⎦ , 

for all { }2[ , ] ,..., 1,1,...,Tx y n n∈ − − .                     □ 

H. Proof of  Lemma 4.6 

Proof: From the state representation of edge process (c.f. Figure  4.3), we know hitting an 

outgoing edge on the boundary corresponds to 0 1ts = − or n. According to (4.44) and (4.45), 

0
ts is given by  

1 2 1
0

1 2 2 1

( ) ( ) is even
( ) ( ) ( ) is odd

k k kt

k k k

t T T T T a k
s

b t T T T T T k
− −

− −

− ± − + + ± +⎧
= ⎨± + − ± − + + ± −⎩

"
"

, 

which is the sum of ( ( ) / )k O tq n n= uniformly distributed random variables with zero mean 

and variance 2 3/ 2/ ( )n q n . When 2 ( )t c q n n= (i.e. 3/ 2( ( ) )k O q n= ) and only consider 0
ts n= , 

we can use local limit theorem ( [51], page 10) to get 

( )
2

3/ 4
03/ 4 2 3/ 2 3/ 2

1( ) Pr( ) exp
( ) 2 / ( ) ( )2

tn nq n s n
q n n q n q nπ

⎧ ⎫⎪ ⎪= → −⎨ ⎬
⎪ ⎪⎩ ⎭

, 

or 0Pr( ) 1/ 2ts n n eπ= →  as n →∞ . Then by the Chernoff bound, the probability that there 

is at least one time that the walk hits the boundary edges before 2 ( )t c q n n= is 

2

2 3 3
11 exp 1 1/ ( ) ( ) 1
2

p c q n c q n⎛ ⎞⎡ ⎤> − − − →⎜ ⎟⎣ ⎦⎝ ⎠
 

where 3 2 / 2c c eπ= . So 2 ( )c q n n is an upper bound for the average staying time.      □ 
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