ABSTRACT

ZHANG, YANBING. Cooperative Communication and Information Processing in
Distributed Wireless Networks. (Under the direction of Dr. Huaiyu Dai.)

Large-scale wireless networked systems of intelligent devices are playing an
increasingly important role in our life. In such systems, finding solutions in a collaborative
and distributed fashion, in the absence of a central coordinator, is of great importance. In this
dissertation, we explore some important problems in this area, making certain contributions
to both theory and practice of this broad research topic.

Recent research has shown that cooperation of wireless nodes can achieve much
better energy efficiency, which is known as a main concern for wireless ad-hoc and sensor
networks. But whether cooperation benefits the total energy consumption or not highly
depends on system demands and network topology. In Chapter 2 of this dissertation, we take
an initial step to determine the switching criteria for non-cooperative transmission and some
representative cooperative transmission strategies. Energy efficiency of relevant transmission
strategies is studied both for wideband asymptotes and realistic system settings. General
guidelines are presented for optimal transmission strategy selection in some typical scenarios
involving system level metrics, aiming at minimum energy consumption with a target BER.
We also address the criteria for choosing the optimal strategy according to instantaneous

channel knowledge.

Belief propagation (BP) is considered as a prominent information processing
framework for wireless networks recently. However, infeasible computation and
communication requirement involved in applications entailing non-discrete distributions
limits its use in practical situations. In Chapter 3, an effective approach to address the
message representation/approximation problem in BP algorithms is studied, exploiting the

recently proposed Gaussian particle filtering technique. The effectiveness of our approach is



testified through the self-calibration problem in wireless networks, where the system

dynamism, largely unexplored in the BP study, is explicitly considered.

Distributed and energy efficient in nature, message passing algorithms (such as belief
propagation) are attractive for wireless applications. To this end, we propose a variational
message passing framework for Markov random fields, with more energy and computation
saved compared to the traditional belief propagation algorithm. Based on this framework,
structured variational methods are explored to take advantage of the simplicity of
approximation and the high accuracy of exact inferences. To investigate the asymptotic
performance of this structured distributed inference framework, we first distinguish the intra-
and inter-cluster inference algorithms as vertex and edge processes (corresponding to
reversible and non-reversible Markov chains respectively). Their difference is illustrated, and
convergence rate is derived for the intra-cluster inference procedure which is based on an
edge process (the inter-cluster process has been well studied as reversible Markov chains).
Then, viewed as a mixed vertex-edge process, the overall performance of structured
variational methods is characterized via the coupling approach. The tradeoff between the
complexity and performance of this algorithm is also addressed, which provides insights for

network design and analysis. This constitutes the Chapter 4 of this dissertation.

The structured inference algorithms invoke the requirement of distributed node
clustering. To tackle this problem, we also devise a novel distributed network decomposition
algorithm with the aid of the factor graph model and the max-product algorithm. Formulating
the network decomposition as an optimization problem, we derive a fully distributed
procedure to cluster nodes and achieve the (approximate) minimum cut weight. Simple local
operations and message forms also make it particularly suitable for wireless networks with
limited capability and resource. Moreover, the proposed algorithm is readily extensible, thus
providing a potentially powerful, data-independent clustering scheme for a wide range of

data processing and networking applications.
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Chapter 1

Introduction

1.1.Collaborative Information Processing in Distributed

Wireless Networks

Recent advances in information technology are leading to a paradigm shift towards ad hoc
networking, distributed processing and pervasive computing and communications. Examples
include mobile ad hoc networks, wireless mesh networks, and sensor networks for various
military, commercial, environmental and emergency applications. Due to rapid development
in signal processing, networking and MEMS technologies, these networks are playing an
increasingly important role in our life [1]. Such kinds of large-scale wireless networked
systems consisting of small devices (nodes) capable of sensing, computing, and wireless
communication are referred to as distributed wireless networks in this dissertation, or
wireless networks for short, in contrast to the traditional infrastructure-based wireless

networks, such as cellular networks and wireless LANs (WLAN).

Distributed wireless networks are typically expected to be quickly and easily deployed,
possibly in harsh or inaccessible environments, free of maintenance and robust to dynamism.
For them, collaboration among individual nodes is often a necessity rather than an option,
due to lack of required infrastructure and resource constraints [2]. Conversely, while each

node is limited in capabilities, resources and data access, by interacting locally they can



exhibit daunting global behavior, a phenomenon already observed in many biological
systems. For anticipated applications, cooperative schemes that are distributed, robust,

scalable, and energy-efficient, are much desired.

In general, distributed and cooperative information processing can be conducted with two
infrastructures: a hierarchical one where data are collected and transmitted to some fusion
centers for central processing, without excluding the possibility of local processing and
coordination among nodes; and a flat one where the global computing is effectively
distributed in the whole network solely via local information exchange. This dissertation
investigates both of these infrastructures, but mostly focuses on the latter one, which is far

less explored, and expected to be both more challenging and more fruitful.

While collaborative communication and information processing in distributed wireless
networks is a very active research area, many problems remain open and a general design
framework is lacking. This constitutes the motivation for this dissertation, where we address
some important issues of this broad topic, including cooperative transmission, distributed
localization and tracking, distributed inference and distributed clustering. In subsequent
sections of this chapter, we give a more detailed introduction of each sub-topic treated this

dissertation.
1.2.Energy Efficiency and Transmission Strategy Selection

Energy efficiency is one of the most critical concerns for wireless ad hoc and sensor
networks. Cooperative communications, where some nodes help relay data for others in the
forms of amplify-forward, decode-forward, or process (quantize, compress, estimate, encode,

etc.)-forward recently emerges as an effective diversity technique in wireless networks (see



[3] and references therein). Specifically, by allowing sensor nodes in close proximity to
cooperate in transmission to form a virtual multiple-input multiple-output (MIMO) system,
recent progress in wireless MIMO communications can be exploited to boost the system
throughput, or equivalently reduce the energy consumption for the same throughput and BER
target. However, these cooperative transmission strategies may incur additional energy cost
and system overhead. In the first part of this dissertation, by assuming that data collectors are
equipped with antenna arrays and superior processing capability, we study energy efficiency
of relevant traditional and cooperative transmission strategies: Single-Input-Multi-Output

(SIMO), Space-Time Block Coding (STBC) and Spatial Multiplexing (SM).

We first analyze energy efficiency of the above virtual MIMO schemes in the wideband
regime. The results reveal that, while receive diversity introduces significant improvement in
both energy efficiency and spectral efficiency, further improvement due to the transmit
diversity of STBC is limited, as opposed to the superiority of the SM scheme especially for
non-trivial spectral efficiency. These observations are further confirmed in our analysis of
more realistic systems with limited bandwidth, finite constellation sizes, and a target error
rate. Based on this analysis, some general guidelines are presented for optimal transmission
strategy selection in system level and link level, aiming at minimum energy consumption
while meeting different requirements. The proposed selection rules, especially those based on
system-level metrics, are easy to implement for sensor applications. The framework provided

here may also be readily extended to other scenarios or applications.



1.3.Distributed localization and Tracking in Wireless

Networks

Belief propagation (BP, also known as sum-product algorithm) refers to a general class of
message-passing algorithms intended to solve the NP-hard probabilistic inference problems
by exploiting “partial independence” existing among random variables [4]. Having
succeeded in many diverse fields, BP has also been considered for wireless networks very
recently [5]. Arguably, wireless ad hoc and sensor networks provide an excellent arena for
BP algorithms, where a large number of nodes are only weakly and locally coupled, and
where dominating applications are to draw inference or compute functions based on the
whole collection of data. On the other hand, BP supplies a general and flexible framework

for collaborative information and signal processing in wireless networks.

However, infeasible computation and communication requirements involved in
applications entailing non-discrete distributions limits its use in practical situations with
resource constraints. Particle filtering techniques (or sequential Monte Carlo) [6] can be
exploited to tackle these issues, involving particle-based approximation and importance
sampling. The basic idea is to represent relevant continuous distributions with a list of mass
points (“particles”) together with the associated weights. This approach turns the integral
form of messages into weighted sums of functions, and importance sampling techniques can
be applied to further transform the messages into particles or more general sample-based

density estimates, thus suitable for transmission.

The location information of mobile portable devices is necessary for various emerging
applications like E911 emergence service and ubiquitous computing. It is also indispensable

for wireless sensor networks, in order for sensor nodes to self-organize and collaborate to



achieve predetermined goals. In the second part of this dissertation, we apply this idea of
particle-based belief propagation for the distributed localization and tracking problems.
Particularly, we proposed a distributed self-localization algorithm based on particle-based
belief propagation, for which the majority of nodes determine their own locations through
range estimates between themselves and their neighbors, and through the aid of a few

reference nodes (i.e., nodes with known coordinates).

In this part, we extend the study of previous work in several ways. First we allow some of
nodes to move in the field of interest while keeping track of their own positions. This is a
more ambitious goal, with potential utility in important applications such as animal tracking
and inventory management. Second, we exploit Gaussian particle filtering (GPF) [7] as a
simpler alternative to the nonparametric belief propagation approach in [5][8] and propose a
new Gaussian particle filtering Belief Propagation algorithm (GBP). GBP essentially ap-
proximates the relevant distributions with Gaussian, but insists on updating through particle
propagation. This approach alleviates computational burden of standard particle filtering,
while outperforming other Gaussian-based filtering methods like extended Kalman filtering.
More importantly, it greatly reduces the communication cost as only the mean and variance
of relevant distributions are exchanged, rather than the whole particle set. Our study shows
that it is especially suitable for real-time applications such as tracking where it is desirable to
further reduce communication and computation requirements, and achieves favorable
performance with moderate system turbulence. We also explore the idea of neighboring node

selection to further reduce communication cost.



1.4.Distributed Inference in Wireless Networks

Distributed inference is the primary task of a wide range of wireless networking
applications, like localization, tracking and time synchronization. In general, the objective of
distributed inference is to compute marginal posterior probabilities through local interactions
among nodes, given a set of observations and some underlying graph model. Message
passing algorithms, like belief propagation are attractive for distributed inference in wireless

sensor networks (WSN) due to their energy efficiency, robustness and scalability[2].

In the third part, we proposed a variational message passing framework for Markov
random fields, which is computationally more efficient and admits wider applicability
compared to the traditional approaches. Distributed inference on a flat infrastructure enjoys
the benefits of simplicity and uniformity in message formation, while higher accuracy and
faster convergence can usually be achieved by organizing the whole network into a more
structured one. In this part, we further investigate exploiting substructures of networks to
improve variational methods in real systems. Thus the simplicity of variational methods (for
inter-cluster processing) and the high accuracy of exact inference algorithms (for intra-cluster
processing) can be exploited simultaneously. To our knowledge, this is the first work to
explicitly apply the structured variational methods for distributed inference in wireless

networks.

Then we investigate the asymptotic performance of the proposed structured variational
method. Firstly, we distinguish the intra- and inter-cluster inference algorithms as vertex and
edge processes respectively. Their difference is analyzed and a convergence rate upper bound
is derived for the intra-cluster inference procedure which actually involves non-reversible

Markov chains. Then as a mixed vertex-edge process, the structured variational method’s



overall performance is quantitatively characterized via the coupling approach. A tradeoff
between complexity and performance of this algorithm is analytically addressed, which

provides important insights and guidelines for the system analysis and design.
1.5.Distributed Network Decomposition

Aiming to minimize the sum of cut weights between different clusters of nodes, network
decomposition, or graph partition, lies in the core of a wide range of data processing and
networking applications, like pattern recognition, load balancing and parallel computation.
Especially, it offers flexibility for distributed inference in wireless networks, which we
discussed previously. However, this problem is NP-hard in general, while the current
approximate solutions - spectral clustering algorithm and semi-definite programming

relaxation suffer from complicated computations and the requirement of global knowledge.

In the fourth part of this dissertation, we propose a novel distributed network
decomposition algorithm with the aid of factor graphs. We initially formulate the network
decomposition as an optimization problem. Then based on the max-product algorithm, we
derive a fully distributed procedure to cluster nodes and achieve (approximate) minimum cut
weight by exchanging messages between adjacent nodes, which eliminates the requirement
of global topology knowledge. Simple local operations and message forms also make our
approach suitable for wireless networks with low computational ability nodes. This algorithm
can not only be used for our previously proposed structured variational method framework,
but also provide a powerful, data-independent clustering scheme for general network
decomposition problems. The success of this algorithm is testified in several practical

settings.



1.6.Dissertation Outline

The remaining part of this dissertation is organized as follows: Chapter 2 analyzes the
energy efficiency of various transmission strategies in cooperative wireless networks, based
on which several criteria to select the optimal one are proposed. The study on the distributed
localization and tracking (or called self-calibration) by using Gaussian particle filtering belief
propagation is presented in Chapter 3. Chapter 4 investigates the distributed inference
problem in wireless networks, where we proposed a general structured inference framework
based on variational methods and analyze its performance. In Chapter 5, we devise a novel
distributed clustering scheme to fulfill the requirement of the previous structured inference.
Its effectiveness is also testified for general network decomposition problems. Finally,

concluding remarks and some perspectives on future work are given in Chapter 6.



Chapter 2

Energy-Efficiency and Optimal Transmission

Strategy Selection

2.1. Introduction

Energy efficiency is one of the most critical concerns for sensor applications [9]. Direct
communications between sensor nodes and the (possibly) distant data collector is in general
energy inefficient, as each node needs to transmit highly redundant data. By allowing sensor
nodes in close proximity to cooperate on communication, not only can the collected data be
efficiently fused, but recent progress in wireless multi-input multi-output (MIMO)
communications can be exploited to boost the system throughput, or equivalently reduce the

energy consumption for the same throughput and bit error rate (BER) target.

However, concerning the analysis of energy efficiency in wireless cooperative sensor
networks, two additional factors should be given special consideration: the circuit energy
consumption and the cooperation penalty. The circuit power utilization increases linearly with
the number of cooperative nodes, which is significant especially for short-range transmission.
Furthermore, as the elements of the virtual antenna array are not wired together, cooperative

nodes must communicate among each other to share information and coordinate transmission,



which consumes extra energy and induces additional delay. Therefore, it may not always be
better to enforce cooperative transmission and vice versa. Determination of the optimal
transmission strategy depends on many interacting factors including system demand, network

topology, and availability of channel information.

Energy analysis on cooperative MIMO in sensor networks was investigated in [10], where
it is shown that the Alamouti space-time block coding (STBC) scheme on a cooperative 2 x 2
MIMO is more energy efficient than the traditional single-input single-output (SISO)
approach when the transmission distance is larger than a small threshold. [11] and [12] extend
the idea of virtual MIMO to the V-BLAST (or more general spatial multiplexing (SM))
architecture. In [13], the authors consider the energy efficiency of cooperative STBC with the
low-energy adaptive clustering hierarchy (LEACH) protocol. An explicit distance threshold
over which cooperative transmission is advantageous is given. Synchronization problem is
also addressed. More recent work in this subject [14] endeavors to investigate the diversity-
multiplexing trade-off [15] considering the energy consumption. Their results show that both

diversity and multiplexing gain should be exploited to obtain optimal energy efficiency.

Our work assumes the following differences from previous ones. First, we introduce a
powerful mobile agent (MA) at the receive side as advocated in [16], which is assumed to be
equipped with antenna arrays and complex processors and transceivers. Therefore, while
sophisticated detection techniques can be safely employed at the receiver, its energy
consumption can be excluded from the budget of the overall sensor network, which allows us
to focus on the energy analysis at the cooperative transmit end. This architecture assumes
certain advantages in energy efficiency over the traditional flat multi-hop ad hoc network [16].
Furthermore, it also well addresses the so-called reachback problem in wireless sensor

networks, where information collected by multiple sensors needs to be sent back to a

10



(potentially more capable) collecting node or base station within a given period. Secondly, we
provide a unified and practical framework to analyze and compare the energy efficiency of
various transmission strategies in wireless sensor networks. And lastly, we take an initial step
to quantify the switching thresholds among three representative transmission strategies:
traditional non-cooperative transmission, space-time block coding, and spatial multiplexing,
the latter two of which fall within the cooperative transmission category yet are feasible to
implement for sensor applications. The selection rules are decided such that the best energy

efficiency is achieved with given system or link level demand or knowledge.

The rest of this chapter is organized as follows. Section 2.2 presents the system model and
our assumptions for analysis. Energy efficiency of relevant transmission strategies is studied
in Section 2.3, which provides a basis for selection of energy-efficient signaling. Then in
Section 2.4 and 2.5, general guidelines are proposed for optimal transmission strategy
selection in some typical scenarios, based on system-level demand and link-level knowledge,
respectively. Some numerical results are given in Section 2.6. Finally Section 2.7 contains

some concluding remarks.

2.2.System Model

2.2.1. Channel Model

We assume a hierarchical network structure, in which most plain sensor nodes, equipped
with a single antenna, are stringently limited in processing capability and power, while a few
powerful mobile agents take over the burden of complicated network operation and signal
processing. These mobile agents, furnished with superior communication and processing

units, can traverse the network to collect data, and reach back to remote control centers

11



through high-speed connections. Examples of mobile agents include manned/unmanned
airplanes or vehicles, or specially designed light nodes that can hop around in the network. In
this section, we further investigate the possible advantages of cooperative MIMO transmission
in wireless sensor networks with mobile agents (SENMA), which can be similarly coined as

M-SENMA.

We assume that at some moment N, neighboring nodes in a SENMA intend to transmit to
a designed MA equipped with N, antennas. Independent frequency nonselective Rayleigh

fading is assumed for the channels between each node and the MA, on top of the common
path loss®. The equivalent discrete-time MIMO system can be described as

Y =HX+N, (2.1)
where Y is the received signal at the MA; X contains the substreams transmitted by the nodes;

H is an N, x N, channel matrix, whose entries are modeled as independent and identically

distributed (i.i.d.) normalized complex Gaussian random variables; and N is the background

noise, assumed to be circularly symmetric Gaussian with zero mean and variance N, for each

component. The common path loss is incorporated in the power of X. It is assumed that
slotted time division duplexing is employed for communication purposes. The optimal
transmission strategy is decided at the MA, based on (available) relevant information at the
system or link level, and fed back to the sensor group via a reverse signaling channel, which is

also used to transmit beacons for synchronization purpose (as assumed in [16]).

As mentioned before, three basic transmission strategies are considered in this work:

single-input multi-output (SIMO), which corresponds to traditional non-cooperative

! Rayleigh fading is commonly assumed in MIMO and SENMA studies whenever rich scattering exists in
environments. This is a pretty accurate assumption when the distance between MA and the sensor fields is fairly
large while sensors are densely deployed. More complex channel models can be readily incorporated, which
will complicate the expression but otherwise is not expected to influence the results qualitatively.
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transmission with the SENMA structure, STBC and SM, which exploit diversity and spatial
multiplexing gains in MIMO systems, respectively [17]. In the cooperative STBC scheme,

N, nodes collaborate to send out an N, x p space-time block X with orthogonal rows to

realize full diversity gain, where p represents the number of time slots in transmission. As is
known, the maximum likelihood (ML) detection of each transmitted symbol is decoupled,

equivalently represented as

y=[H]. x+n, (2.2)
where|[H]_, the Frobenius norm of H, is Gamma distributed with parameter NN, and 1, and

the equivalent noise n still has variance N, . It can be shown that the spectral efficiency
(bits/s/Hz) of the STBC system is given by [17]

CS®(SNR) = rE[Iog (L+H; SNR/ N, )} | (2.3)
where r is the code rate of STBC, E[x] denotes the expectation of a random quantity x, and

SNR denotes the identical energy per user per block symbol divided by N, . This expression

should be compared to that of a SIMO system (corresponding to direct communications

between a sensor node and an MA) with maximum ratio combining [17]
C*™(SNR) = E[ log(l+| A SNR) |, (2.4)
where| A’ is Gamma distributed with parameter N, and 1. For the cooperative SM scheme,

each sensor node sends an independent symbol each time, which can be viewed as a space-
only code without loss of generality:
y=Hx+n, (2.5)

where y, x and n denote column vectors. The spectral efficiency of SM is given by [17]

C™(SNR) = E[|og\1+HHH-SNRH, (2.6)
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where SNR is defined on the per-user basis as before to make a fair comparison.

2.2.2. Energy Model

The transmit energy consumption per bit of a communication link is given by [18]

&( Eb (47)%d"™
Eoc= N, N e Mo @7
77 0 t~=r

where Eb/NO is the energy efficiency of signaling schemes to be discussed in the following,
N, is the single-sided power spectral density of the receiver noise, (47)°d"/G,G,A* reflects
the end-to-end loss in transmission (n, is the path loss exponential), M is the link budget

margin, and £/#7 is a coefficient accounting for the RF power amplifier effect with & the

peak-to-average ratio of the modulation scheme and » the drain efficiency of the amplifier.

Due to the stringent energy constraints and (relatively) short transmission distances in
sensor networks, the circuit energy consumption, largely neglected in previous study, should
be explicitly addressed. As the SENMA architecture is assumed, we focus on the circuit
energy consumption at the transmit nodes. We assume the circuit power consumption in

transmission and reception are the same for each sensor node, denoted as P., and P .
According to [10], P.; typically includes that of the digital-to-analog converter, the mixer, the
transmit filters, and the frequency synthesizer, while P, typically includes that of the analog-

to-digital converter, the mixer, the receive filters, the frequency synthesizer, the low noise
amplifier, and the intermediate frequency amplifier. Therefore, the total circuit energy

consumption per bit when N, nodes simultaneously transmit at an aggregate data rate R, (b/s)

IS given by

14



For

E.=N; (2.8)

b

To quantify the extra cost for cooperative MIMO transmission, we assume a simple
cooperation protocol for illustration purpose, for which K, out of N, nodes have data to
transmit (while others serve as relays). It is also assumed that cooperative nodes only
communicate with one single MA at any moment, or they can choose the one with the best
signal quality, as in the coverage of multiple MAs. Each of the K, data nodes broadcasts its

information to all the other nodes in this group using different time slots. The energy

consumption per bit required for such cooperation is given as

P P
ECP = KT (%"’ ETX,SISO + (NT _1) %j (2-9)

b b

where E, oo accounts for the required transmit energy per bit for the local SISO

communications among cooperative sensor nodes. Note that while one node transmits, the

other (N, —1) nodes receive simultaneously. Other system overhead is ignored for

simplicity. Depending on applications the local transmission channels can be modeled with

either additive Gaussian noise or Rayleigh fading.

15



2.3.Energy Efficiency of Non-Cooperative and Cooperative

Transmission

In this section, we first analyze the energy efficiency of several relevant transmission
strategies in the wideband regime to obtain some insights, then turn to more realistic system

settings.
2.3.1. Wideband Asymptote

The wideband asymptotic analysis is to approximate the Shannon capacity C as an affine
function of energy per bit normalized to the noise spectral density (i.e., E,/N,) in the zero

SNR neighborhood (corresponding to high-to-optimal energy efficiency) as [19]

Iog%(c):log5 +£IogZ+o(C),2 (2.10)
0

0 min 0

where (E, / N,),,.. is the (normalized) minimum required energy for reliable communications,

and S, stands for the wideband slope of the spectral efficiency-energy efficiency curve (in

terms of bits/s/Hz/3dB). These two key parameters can be obtained as [19]

n2 2O

<o T <O &

E, _
NO min B IB
with C, C the first and second derivatives of the spectral efficiency (e.g., (2.3), (2.4) and

(2.6)) at SNR =0, and g the parameter relating E, / N,, SNR and C(SNR) as

SNR
C(SNR)'

E, _
T (212)

% The basis of logarithm is 10 unless specifically indicated in the following, and o(C) denotes higher-order
terms of C.



which equals to 1 for SIMO, r for STBC, and N, for SM. We summarize these two key

parameters for relevant transmission strategies (with Rayleigh fading) in Table 2-1.

Table 2-1 Wideband Analysis of Communications Systems Subject to Rayleigh Fading

SISO | SIMO | STBC SM
(E,/N).. | N2 | In2/N; | In2/N; | In2/N,
S 1 2N, | 2rN;N; | 2NN,
Np+1 | N;N;+1 | N;+N;

Wideband analysis shows that receive diversity effectively lowers the minimum required

energy by a factor of N, . However, (E,/N,),,, alone does not reveal the whole picture as it

min

could not differentiate various communication systems with receive antenna arrays but

different transmit signaling. On the other hand, S, demonstrates their differences in spectral

efficiency given certain energy efficiency in the wideband regime. In general, we have

< 2Ny < 2N; N, < 2N; Ny '
Np;+1 N:N;+1 N;+N;

(2.13)

But as the number of antennas grows, the S, of SIMO and STBC approaches a limit of 2,

while that of SM grows without bound. We know that the wideband slope for the AWGN
SISO channel is 2, which is reduced to 1 here due to Rayleigh fading. Essentially, the
diversity in SIMO and STBC alleviates the fading effect and brings it back to 2. The transmit
diversity of STBC facilitates this process, whose effect quickly diminishes when there are

sufficient receive antennas. On the other hand, with sufficiently large N, the S, of SM
approaches 2N, resulting in a tremendous boost of spectral efficiency even in the low-
power regime. These observations are visualized in Figure 2.1 for N; =2, N =4, and will

be further confirmed for realistic system settings through the analysis below.
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Figure 2.1 Wideband behaviors with Rayleigh fading

2.3.2. Realistic Setting

Data throughput, bit error rate and power consumption are three important and often
competing optimization objectives in the design of a wireless network. In this section, we
relate E, /N, to a target BER P, and the size of the employed modulation constellation and
antenna arrays, with the latter two essentially determining the system’s spectral efficiency R
(b/s/Hz) and data throughput R, = RB (when the system bandwidth B is fixed). Without loss
of generality, we assume M-ary square Quadrature Amplitude Modulation (QAM) with Gray
mapping in our analysis. Equal-power and equal-rate allocations are assumed for cooperative
MIMO systems for ease of implementations. At the receiver side, maximum ratio combining

(MRC) is employed for SIMO, and ML detection for STBC and SM. While ML detection is

decoupled for STBC due to orthogonal designs, it can be well approximated by sphere
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decoding with polynomial complexity for SM systems [20]. The reader is referred to [12] for

discussions of suboptimal detection methods for SM.

The average BER of an orthogonal STBC, following the performance analysis for diversity

techniques in fading channels, can be very accurately approximated as [18][21]

— g\ N NN 1] '
Pystoc = (1— = j[l ”) > [ n ](—““) (2.14)
' log, M JM L 2 — | 2

with
p=|-% and g= -+ 310.ME, (2.15)
l+a N, 2(M -1) N,
For most applications of interest, we can further simplify (2.14) as
NN
TR2N N, -1
P.stec ® 4 1- = 1 TR . (2.16)
log, M JM )\ 4(a +1) N, N,

The required E, /N, with target BER P, for STBC can in turn be obtained as

4[1_ 1 ] 2NTNR 1 1/NyNg

E, 2(M-1)| 1 VM N; Ny

—*lsrec ® Ny - -1/ (2.17)
N, 3log, M | 4 P.log, M

Note that by taking N, =1 in (2.17), we readily get the analytical results for a SIMO system
with MRC, and further letting N, =1 gives us results for SISO.

The performance of SM with ML detection can be tightly upper-bounded by a (weighted)
sum of pairwise error probability (PEP). The summation can be over all pairwise error events
(union bound) or over just a few dominant events (typically with minimum distance). An

exact formula for the average PEP has been obtained in [22]
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P(x; > Xx) =(i] " NR_l[ZNR _Jj(r)' , (2.18)

1+r = I
with
r=y(T/27 +T +T/2+1 and T'=x, —x;[ /N,. (2.19)

Seeming different, (2.18) is actually the same as the average PEP for SIMO, given by (c.f.

(2.14) with N, =1)

(1= " NN, -1+ !
P(x.axi)z(l—ﬂj R (“—”) (2.20)
' 2 — | 2
when
p=r=1 (2.21)
r+1

A detailed proof is given in Appendix A. After some algebra, (2.21) readily leads to

a =1T (c.f. (2.15) and (2.19)), which in turn admits

, _6log, M E

Hxi _XjHZ =dy, = M_1

(2.22)

the right hand side of which is readily recognized as the squared minimum distance of a
square QAM symbol with average energy per bit E,. Since error performance is typically
dominated by the minimum-distance error events, we make the following assumption for the
performance of equal-power and equal-rate SM with ML detection:

Es Es

N_ s ™ N_ lsivo » (2.23)

0 0

which is sufficient for our following study and has been verified through simulations.
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Based on the above analysis, we obtain the following simple linear relationship between
energy efficiency and spectral efficiency for the three transmission strategies of interest,

which bears a similar form as the wideband analysis (see Appendix B for details).

E,
log N_b lsmo® Se MR+ E i, (1), (2.24)
0
Iog% |STBC ~ SO—(l) R+E., (NT) ) (2.25)
o r
E,
IogN_ |SM ~ SO(NT)R +Epin @), (2.26)
0
where
Sp(N;) = log2 : (2.27)
NT
E_(N.)=log(N,)+———log| 4 2NeNe =1) (2.28)
. = 4+ . .
min T g T NTNR g NTNR e

Note that again (2.24)~(2.26) are obtained with some simplifications. Nonetheless it is
sufficient for our study and further verified through simulations. An example is given in

Figure 2.2, where transmission energy E., of the three transmission strategies as a function

of spectral efficiency is plotted (see Section VI for parameter settings). Qualitatively similar
observations as revealed in the wideband analysis are made here: compared with SIMO,
STBC lowers the required energy by exploiting the diversity gain, whose potential is
somewhat limited; in contrast, multiplexing gain in SM improves the system energy

efficiency by orders of magnitude®, when high spectral efficiency is also desired.

® Note the difference in the slope: S,(1) and S,(N,).
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Figure 2.2 Transmit energy comparison with different spectral efficiency
2.4.0ptimal Transmission Strategy Selection — System

Level

The above analysis provides us a convenient framework to make optimal transmission
strategy selection with respect to some system-level metrics. In the following, aiming at
minimum energy consumption with a target BER, we present design guidelines for some

representative scenarios. For simplicity, we will assume K; =1 and ignore E,, s, in (2.9), as

this term is typically negligible compared to the circuit energy part if the local communication
radius is small enough. We further assume that the coding rate r =1 for STBC without loss of

generality.
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24.1. Given Transmission Distance

Suppose the distance between the sensor nodes and the MA d is given, and our objective is
to find the most energy efficient transmission strategy with no other constraints. In this
scenario SM is beyond consideration when spectral efficiency or delay is not a concern; the
other two schemes will employ BPSK to save energy consumption. Denote the corresponding

spectral efficiency as R, . If the transmit energy dominates (i.e., circuit energy consumption

and cooperation penalty is relatively negligible), it turns out that STBC is always the best, as

E... (N;) is adecreasing function of N, .

Criterion la: Regarding transmit energy consumption, for any transmission distance, the
optimal transmission strategy is STBC.

If circuit energy consumption and cooperation penalty can not be ignored, it is expected
that for small transmission distance, the saving of STBC in transmit energy can not justify the

extra costs. By solving E;y guo + Ec simo + Ecp.simo < Erx stec + Ec stac + Ecp.stac With respect

to distance, the selection criterion is obtained as follows.

Criterion 1b: Regarding total energy consumption, given a transmission distance d, choose

SIMO when
_«a B
d< d1h1 - 2Rmin/” ((eEmin(l) _eEmin(NT))R ' )1/n ) (229)
where
G G 12 1/n
o= 2 7 , (2.30)
E(4r)°NM B
B.=(N;Per +(N; —DP )", (2.31)
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and choose STBC otherwise.
2.4.2. Spectral Efficiency Demand

In many applications a specific spectral efficiency demand R is also imposed, due to either
the Quality-of-Service requirements or the network stability concerns. If only the transmit
energy is concerned, STBC is uniformly better than SIMO for any spectral efficiency, and the
switching threshold between STBC and SM turns out not to depend on the transmission
distance (c.f. (2.25) and (2.26)).

Criterion 2a: Regarding transmit energy consumption, given a spectral efficiency demand R,

choose STBC when

R < RO — Emin (1)_ Emin(NT) ’ (232)
So(D) =S, (Ny)

and choose SM otherwise.

If the total energy consumption is considered, selection among the three schemes is more
complicated and generally depends on the transmission distance as well. A key observation is
that the switching threshold between STBC and SM is still given by (2.32) and is independent

of d. The following selection criterion follows after some algebra.

Criterion 2b: Regarding total energy consumption, given a transmission distance d and a

spectral efficiency demand R, whenR <R, , if transmission distance d satisfies (c.f.(2.29)

~(2.31))

, B
d< dthl - 2R/n ((eEmm(l) _eEmin(NT))R)lln ) (2.33)

choose SIMO, otherwise choose STBC; when R >R, if the transmission distance d satisfies

24



__a A
d< dthz - @ Bmin M/ ((ZR _9RIN )R)lln ) (2-34)

where
162 :((NT +1-1/ NT)PCT +(NT _1)PCR )lln ) (2.35)

choose SIMO, otherwise choose SM.
2.4.3. Delay Constraint

In some scenarios (emergency or real-time applications) a hard limit is put on the total
transmission delay. As one expects, the delay constraints are closely related to spectral
efficiency demands. From the definition of cooperative MIMO transmission strategies, they

can be explicitly derived as below:

N
Taimo R T, (2.36)
SIMO
Tsrac =Ts{ N + N Jl (2.37)
RSTBC RSTBC,I
I :T{ N (N —1)N/NT}, (2.38)
RSM RSM,I

where N is the total number of bits to be transmitted, T, is the symbol duration, R denotes the
spectral efficiency for long-haul transmission while R | stands for local cooperation®. The

second terms in Tg,. and T, represent the additional delay incurred by cooperation.

Therefore, for each given spectral efficiency-delay pair, there is an achievable region dictated
by (2.36), (2.37) and (2.38), beyond which one has to meet one while violating the other.

Another point worth noting is that, if the delay constraint is too stringent, then local

* Here we only consider the time for data transmission and ignore the associated overhead for simplicity.
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cooperation can not be afforded, and SIMO becomes the only choice. By defining the
average normalized delay per bit D=T/(T,N) to remove the system dependence, we
formalize the selection rule for a given D below. For simplicity we assume the spectral
efficiency for local transmission is the same for STBC and SM, denoted asR,. Substituting

the above equations into(2.24), (2.25) and (2.26) leads to the relationship of delay and energy

efficiency for different transmission strategies:

E S, (1)
log =2 =2+E_ (D, 2.39
g NO |SIMO DS|MO m|n( ) ( )
E, S, (@

Iog_blsmc:L)l"‘ Emin(NT)a (2.40)

N, D ——

STBC R|

B _ So(N)
Iog NO |SM - B (NT _1)/ NT + Emin (1) ' (241)

SM R|

From (2.39), (2.40) and (2.41), a tradeoff between delay and energy consumption can be
observed. Stringent delay requirement results in large energy consumption. With delay
constraint relaxed, more energy savings can be achieved. Similarly, by solving the cross-

points of delay-energy curves, we can get the following switching criterion.

Criterion 3: Regarding transmit energy consumption, given a delay constraint D, choose

SIMO when

D<D, =—, (2.42)

choose STBC when (cf. (2.32))

D>D =—+—, (2.43)

otherwise choose SM.
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The selection criteria regarding total energy consumption and joint delay-distance
consideration can be similarly addressed and the details are omitted here since they don’t

provide further insights.
2.5.0ptimal Transmission Strategy Selection — Link Level

In certain circumstances, when the channel is quasi-static and sufficient feedback is
affordable, transmission strategies can be determined based on instantaneous channel
characteristics. The problem of switching between STBC and SM to minimize the error rate
has been addressed in [23][24]. Here we extend the work to selecting among STBC, SM or
SIMO to minimize the required transmit energy for a given BER and spectral efficiency. The
problem regarding total energy consumption minimization follows a similar approach as

discussed above and thus will not be explicitly addressed here.

With an MRC receiver, the (conditional) error rate for SIMO is bounded as [17]

2

NT Es dmin
I:)eISIMO (hSIMO) < NeQ (\/ II\SIIMO ” hSlMo ”2 ;IMO ! (244)
0

where N, is the average number of nearest neighbors in constellation, Eqsimo 1S €NErgy per
symbol per transmit antenna, || g, |I* is the squared norm of the channel, and d;, o is the

minimum distance of a unit-energy symbol. For a target P, and spectral efficiency R, we

have

2
2N P
E, lsmo> 2 QI(TQJ (2.45)
P driin,SIMO g I R( N,

Similarly, an upper bound of the (conditional) error rate for STBC is given by
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1<k<Ng 2

NI Es dr121in
I:)el STBC (HMIMO) <N eQ{\/—I\SITBC max ” hk ”2 ﬂ}’ (2-46)
0

where h, is the kth column of H,,,,,, and other symbols are defined as before. It is known

that max || b, IP< A2, (Hyo) » Where A (H,,uo) iS the maximum singular value of the

channel. So we have

2
E, lyoe 5y (Ql [QJ] . (2.47)
dmin,STBCﬂ“max (HMIMO) R N

An upper bound of the (conditional) BER for SM with ML detection is given by [23]

(2.48)

Es |s|v| ﬂ’nzwin (HMIMO)driin,SM
2N, N, ’

Pe |SM (HMIMO) < N_eQ(\/

where A, (Hy,uo) 1S the minimum singular value of the channel, from which we can obtain
2NZN P
E, lsw=— e Q" (Tej : (2.49)
dmin,SM ﬁ“min (HMIMO)R Ne

Based on these results, a qualitative selection rule is given below.
Criterion 4: Regarding transmit energy consumption, when instantaneous channel

information is available, choose the scheme that makes the corresponding

dmin,STBC/ﬂimax (HMIMO) dmin,SM ﬂ“min (HMIMO)

N,

H 5
r‘netnc‘dmin,SIMO ” hSIMO ”1 IargeSt '

2.6.Numerical Results

In this section, some numerical examples are provided to better illustrate our main results

above. In simulations, a real system operating at 2.5GHz is assumed with bandwidth B =10

® For square QAM modulation d? __© 6

- d 2 =d 2 -
min,SM ! min,SIMO — “min,STBC — '
2R/NT _1 2R -1
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kHz. The following values are taken for the parameters in Equation (2.7); n=0.35,

N, =-161dBm/Hz, GG, =5dBi and M, =40dB . For square QAM we have

G 3(M -1
e, (M’

The typical energy consumption values of various circuit blocks are quoted from [10], with

(2.50)

P.; =97.8 mw and P, =112.8mw.

First, the switching bounds given spectral efficiency demand and transmission distance are

illustrated for some values of N, in Figure 2.3. Based on Criterion 2a, the potential
transmission scheme category (STBC/SIMO or SM/SIMO) is determined by R, (c.f. (2.32)),

while the distance thresholds are plotted according to Criterion 2b (c.f. (2.33) and (2.34)).
Delimited by these thresholds, the preferable working regions of different transmission
strategies are indicated in the figure (by arrows). It can be seen that with spectral efficiency
growing, the curves converge to the x-axis. So the system tends to have only one choice: SM.
Also note that since the advantage of STBC over SIMO in terms of transmit energy is

somewhat limited, it overtakes SIMO only for a large distance.

We visualize the distance, spectral efficiency and delay-based criterions jointly in Figure
2.4, where unachievable regions have been ignored. From this figure, we can draw a
comprehensive conclusion on the preference of transmission strategies for cooperative
wireless sensor networks: With stringent delay constraint, SIMO is the only feasible strategy;
at the large-distance low-spectral efficiency corner, STBC is preferable; and under other

conditions, SM is the optimal scheme.
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Finally, we illustrate the link-level selection criterion by studying the statistical
probabilities of selecting SM, STBC and SIMO with different spectral efficiency demands. In
Figure 2.5, it is seen that the probability of choosing SM tends to be 1 as spectral efficiency

demand grows.
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Figure 2.5 Probability of selecting SIMO, STBC and SM

2.7.Summary

In this chapter, we have investigated the energy efficiency of different cooperative
transmission strategies in wireless networks. We have shown that, even though STBC and
SM assume some advantages in transmit energy efficiency over the corresponding SIMO
approach, such advantages fail to justify the additional circuit energy consumption and
cooperation penalty in some cases. On the other hand, we have found that SM does offer

substantial energy savings for high-rate communications, which significantly reduces the
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critical distance over which MIMO transmission overtakes the corresponding SIMO in
sensor networks. We have also quantified the switching thresholds among STBC, SM and
SIMO under various scenarios. The proposed selection rules, especially those based on
system-level metrics, are easy to implement for sensor applications. The framework provided
here may also be readily extended to other scenarios or applications. Meanwhile, note that it
is better to interpret the results presented here qualitatively, and applications of them on real
systems might require a more careful examination of relevant channel and energy

consumption models.
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Chapter 3

Cooperative Self-Calibration via Particle Belief

Propagation

3.1.Introduction

In recent years, belief propagation (BP) [4], which has proved successful in artificial
intelligence, computer vision, and coding, attracts more and more attention in wireless
network research. Distributed in nature, BP also possesses many other advantages in
scalability, robustness, and energy-efficiency, demonstrating tremendous potential to

facilitate probabilistic inference and signal processing in collaborative wireless networks [2].

Despite these desirable features, it’s not straightforward to employ BP algorithms for
distributed communication and processing in wireless networks involving continuous
distributions (e.g., estimation, localization and tracking): the message construction often
involves intractable integrals, and we can not send out messages of infinite dimensions. One
can simply recourse to discretization, which may not be efficient, especially for problems

with large range or high dimension.

Particle filtering (or sequential Monte Carlo) [6] is a powerful technique to address this
issue, which represents a continuous probability function with a list of mass points

(“particles™) together with the associated weights. There is considerable work in this area
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(e.g., [25][26][28]), but much is left to be done. In particular, depending on applications, the
involved computations may still be prohibitive, should thousands of particles be required.
This further increases the communication cost when distribution-related messages need to be

exchanged in the network (e.g., as dictated by the BP algorithm).

Incorporating particle filtering into BP was pioneered by [8], and applied to the (static)
self-localization problem in sensor networks in [5]. The location information of mobile
portable devices is necessary for various emerging applications like E911 emergence service
and ubiquitous computing. It is also indispensable for wireless sensor networks, in order for
sensor nodes to self-organize and collaborate to achieve predetermined goals. A distributed
self-localization algorithm such as that in [5] is of great interest, for which the majority of
nodes determine their own locations through range estimates between themselves and their

neighbors, and through the aid of a few reference nodes (i.e., nodes with known coordinates).

In this chapter, we extend the study of previous work in several ways. First we allow some
of nodes to move in the field of interest while keeping track of their own positions. This is a
more ambitious goal, with potential utility in important applications such as animal tracking
and inventory management. Second, we exploit Gaussian particle filtering (GPF) [7] as a
simpler alternative to the nonparametric belief propagation approach in [8][5], and propose a
new Gaussian particle filtering Belief Propagation algorithm (GBP). GBP essentially ap-
proximates the relevant distributions with Gaussian, but insists on updating through particle
propagation. This approach alleviates computational burden of standard particle filtering,
while outperforming other Gaussian-based filtering methods like extended Kalman filtering.
More importantly, it greatly reduces the communication cost as only the mean and variance
of relevant distributions are exchanged, rather than the whole particle set. Our study shows

that it is especially suitable for real-time applications such as tracking where it is desirable to
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further reduce communication and computation requirement, and achieves favorable
performance with moderate system turbulence. We also explore the idea of neighboring node

selection to further reduce communication cost.

The rest part of this chapter is organized as follows: Section 3.2 describes the system
models and formulates the problem. The proposed dynamic self-calibration algorithm based
on BP with Gaussian particle filtering is presented in Section 3.3. In Section 3.4, some

simulation results are given. Section 3.5 concludes the chapter.

3.2.System Models and Problem Statement

3.2.1. Motion Model

suppose we have S nodes in the field. The state variable of interest contains each node’s
position p and velocity v, denoted as x, =[p;,v,]', 1<i<S. A commonly used discrete-time

model (e.g. [28]) is assumed for the time evolvement of the state variables:

X, = ®X, +QW,, (3.1)

where the state vector X, = x, ..., xsyn]T ,with x, . =[p, v, ], collects the positions and

velocities of S nodes (both are complex comprising 2-D coordinates) at time n;

o 0 0 0
0 o 0 0 Q

@Z . ,Q: ]
0 0 @ 0 0 Q
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1 T 2
with CD:[O 15} , Q:{TST/Z} (where T, is the sampling period);

S
W, =[len W,, - Ws’n]T stands for acceleration turbulence and its components are

typically modeled as Gaussian with zero mean and covariance matrix

0121 0_122 0_125
2 2 2
C= O-.Zl 0.22 0.23
0_521 0_522 0525
3.2.2. Distance Measurement Model

For range measurement, received signal strength (RSS) is commonly used considering
node complexity and cost. In this paper, we follow the same assumption as in [5], i.e. node i

obtains a noisy measurement of its distance d;; to its neighboring node j as
d; =pi—p; [+, (3.2)

where the observation noise v, ~(0,0) is Gaussian. Extension to more general

communication models and other ranging techniques is straightforward.

3.2.3. Problem Formulation

The geometric structure of wireless networks can be characterized by a graph

modelG =(V +V_.,E), where V and V_. represent the mobile node set and reference node

ref ? ref

set, respectively (vertices); E denotes the communication link set (edges) in the network.

Then self-calibration in wireless networks aims to infer the posterior probability:
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p(x;,..X;, .. Xg, 1€V [dy, (i, ]) € E). (3.3)

By Markovian assumptions on{x;} (thus the network can be regarded as a Markov
random field), we can turn to find the marginals

p(x; |x;.d;, jel})oc p(x; |dy, (1, ) €E), i€V, (3.4)

where T'; stands for the set of neighbor nodes of i, without calculating the joint probability

(3.3). This kind of problems essentially falls into the targeted category of belief propagation

algorithm.

3.3.Gaussian Particle Filtering based Belief Propagation

for Self-Calibration

3.3.1. Belief Propagation Algorithm

Belief propagation is a class of distributed algorithms, originally intended to solve the NP-
hard probabilistic inference problems by exploiting “partial dependence” among the random
variables. The essence of the BP algorithm is the message-passing rule and belief-updating

rule. Given the potential function ¢(x;) for each node i and the compatibility
functiony;; (x;, x;) for each pair of neighboring nodes i, j), the message from node i to j at the

kth iteration is a function oij , defined as

mil;(Xj)OCJ.l//ij(Xi,Xj)ﬂ(Xi)H m (X )dX OCJ.!//U(X X) | (X) dx

i’
kel;\j IJ(.l( ) I

(3.5)

The second line above is obtained through (3.6) below. Roughly speaking, it represents
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the current belief (approximated posterior probability distribution) that node i has about x;,

given its own observations and received messages from other parts of the graph in the last

round. The belief node i has about its own variable is updated as

bik (x;))c g (Xi)H mlj'(i (x;). (3.6)

jer;

For our problem, the node potential function assumes the prior distribution of the state

variable x; (uniform if no priors are available), i.e.,

$(x;) = p(x;), (3.7)

while the compatibility function is set based on the mutual distance measurement, i.e.,
Vi (Xi1xj) =p, (dij _Hpi _ij)' (3.8)

where in this paper p, ~N (0,072) denotes the conditional probability of the observed

distance given node location information.

The BP updates and beliefs are easily computed in closed form for a discrete case, which
is not well-suited for localization and tracking problems. The idea of representing the
messages by the conventional particle method is not practical either, because a typical
problem requires hundreds, or even thousands of particles, imposing problems especially on
communications in resource-constrained wireless networks. Another more important reason
is that, if the messages in (3.6) are represented by particles, they are virtually guaranteed to

have no samples which are exactly the same, and thus their product will be everywhere zero.
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3.3.2. Belief Propagation with Gaussian Particle Filtering

The key idea of Gaussian particle filtering is to perform the filtering through particles
while approximating the posterior distribution by single Gaussians. Hence, in the
computation at each node, particle-based approximations and importance sampling are
exploited to simplify calculations. The obtained particles for outgoing messages, however,
are transformed into Gaussian distributions, and only the means and the variances are

propagated among nodes.

Denote by & (x;p,X) a Gaussian distribution for random variable vector x with mean

vector p and covariance matrix X. Suppose at the end of the kth iteration for time n, the

message from node i to its neighbor node j is W(x;p:}yn,zﬁvn), and the belief of node i is

N(x;pi,, i) . Without loss of generality, it is assumed that « iterations of the BP

algorithm are executed for each time interval. At the beginning of a time instant, we draw
samples {x/"}", and {x;}_ uniformly from v (x;p{, ) and vV(x;ps, . 25 L)

respectively; and if either node is moving, new estimates are obtained through state

evolvement equation (3.1). In the following iterations, samples {x/™3}" and {x{"M"

i,n 1J,n

are drawn uniformly from o (x;pf,, X)) and & (x;pf ,, Zi ), respectively.

In general, at the start of iteration (k+1) for time n, given M samples (particles)

{xKMIM and {x"“U™IM the message composition step in the BP algorithm becomes®

i,n ij,n

6 m| (x;") stands for the value of a(x;p) x| )atpoint x".
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|n(X) )
mj, , (x ) B

25(x k(m)
- J‘WU (XHX ) mel k dXi (39)
m;; (x;)
(x4, x))
Z l//lj i,n

S mk (k™)

mi (%) o [y (%, %)) ==

Considering the compatibility function given in (3.8), the associated weights for new

(k+1)(m)
ij,n

message particles {x: IV, can be easily obtained as

wlerm) p( Hpk(m) pl(lk+1)(m>H)/m (xM). (3.10)

ij,n ji,n

For the purpose of numerical stability, a normalization step is necessary:
—(k+1)(m) (k+1)(m) (k+1)(m)
Vvij,n u n /ZV\/” n (311)

In the spirit of Gaussian particle filtering, the mean and variance of the outgoing message

are computed recursively as

M
k+1 (k+1)(m) (k+1)(m)
uu n ZWU n Ij n (312)
m=1
kl % (k1)() kl (k1)() k+1 (kl)()H
+ +1)(m + +1)(m + +1)(m
Ij n Z ij,n Ij n u n )(uu n Ij n ) ' (313)

m=1

Besides ease of transmission, this Gaussian distribution is also used for particle sampling

in the next iteration.

The belief of each node can be obtained conveniently (c.f. Table 3-2) due to Gaussian

approximations.
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3.3.3. GBP Algorithm for Self-Calibration

Based on the discussion above, the Gaussian Particle Filtering-based Belief Propagation
(GBP) scheme is composed of two recursive steps: outgoing message composition and local
marginal updating. These two steps are iteratively executed in each time step. For each new
time step, two changes are accommodated due to mobility: old estimate needs updating

according to the motion model, and a new distance measurement is available.

Our proposed GBP algorithm for dynamic self-calibration of collaborative wireless nodes

is presented in Table 3-1 and Table 3-2.

Table 3-1 Outgoing Messages Composing Algorithm

((k+1)th iteration at nth time step)

At node i, execute the following operations for every neighbor

node jer';:

1. If k=0 (the first iteration in a new time interval), draw

M M .
samples  {x/'"} . and {xim . uniformly  from
m= m=

i,n ij,n
N (X Eiy) and vV (x;pg o, X5 , respectively, and

ij,n-1

update them according to Eq. (3.1) when applicable. Go to 3.

M M .
2. Draw samples {x.k(m)}m_l and {x(k*l)(m)}m_1 uniformly from

i,n ij,n

N(xpt,, ZE) and v (x;pf , ZE ), respectively.

3. Obtain the associated weights W™ py Eq. (3.10) and

ij,n
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Table 3-1 Continued

(3.11).

4. Estimate the mean p£* and variance XX by Eq. (3.12) and

ij,n ij,n

(3.13); then transmit them to node j.

Table 3-2 Local Marginals Updating Algorithm

((k+1)th iteration at nth time step)

At node i, compute the variance and mean as

i<z )|

jeT;

u?:1=2?:1(2(2§:i)1(u§1i )J

jeT;

3.34. Remarks

Remark 1: In the GBP algorithm, the message from node i to its neighbor node j is

M (x) ~ v (x; e, £E1) and the belief of at each node i isb™ (x) ~ v (x; u ™, £ ; both of

ij,n ij,n? “=ij,n n in? n
them are simply characterized by two parameters. It is also worthy noting that resampling is

not required in GPF, in contrast to the conventional particle filtering methods.

Remark 2: Here we use Gaussian approximation to simplify computation and

communication tasks. However, mixture of multiple Gaussian distributions (which is called
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Gaussian sum particle filtering in [30]) can be used to improve estimate accuracy, even

though it correspondingly increases computational complexity.

Remark 3: With belief propagation incorporated, our algorithm enjoys greater robustness
as compared with conventional particle filtering techniques, since multiple iterations can be
carried out for each observation to achieve higher accuracy. On the other hand, by adopting
the *“guess-calculation-selection™ approach, this algorithm dramatically reduces computation

and communication complexity, therefore is more suitable for real-time applications.
Remark 4: Information-driven sensor node selection [31] can be conveniently pursued
within this framework, where the objective is to find the neighbor j of node i whose

observation dii maximizes the expected location entropy reduction:

A

| =arg njl?;x(H (x;)—H(x;|d;))=arg max I(x;;d;), (3.14)

with I (x;;d;;) being the mutual information between the target location x; and the sensor

observationd; . In the Gaussian case, this rule reduces to

A

- . 3 .1 4| gk
=arg rj_rllrri1H(xi |d;)=arg r}lwzlog[(Zﬂe) | X* |], (3.15)

ji,n

where XX denotes the covariance matrix we obtain in Table 3-1. The above discussion can

ji,n
be extended to the scenario where several neighbor nodes of best quality are selected. In
practice, to avoid excessive communication cost, some threshold on the entropy can be set

such that only qualified neighbor nodes are allowed to communicate.
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3.4.Simulation Results

Firstly, we use a relatively simple network topology as shown in Figure 3.1 to testify joint
localization and tracking, where node 1, 5 and 6 are reference nodes. Initial estimates
(squares in Figure 3.2) of the other seven nodes to be localized are randomly and uniformly
picked from the whole field, and the nonparametric belief propagation approach in [8] is
exploited for initial localization. As seen in Figure 3.2, the estimated locations (stars) are
satisfactory. Then, we allow node 2 and 9 to move, and with our GBP algorithm (one
iteration per time slot), good tracking performance is observed. The variance of observation

noise and acceleration is set as 1 and 0.05, respectively.

Ref 1 (0 100)

ode 2 (20 80

MNode 8 (-50 70)

Node 10 (80 60)

e 4 (60 40)

A No(\ikt;; 00 A

Ref 5 (-100 0) Ref6 (100 0)
Figure 3.1 Topology of a simple network
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Figure 3.2 Performance of joint localization and tracking
Then we testify our algorithm in a more realistic setting. A 30-node random geometric
network is constructed in a 200m by 100m field, with identical transmission range of 50m for
each node. A snapshot is given in Figure 3.3, with 8 reference nodes indicated by squares.

The direct neighbors are connected by dash lines.

100 %
o0l U Reference node / M\
O Sensor node !

80+

70+

60 -

40+

30

20+

10+

0
-100  -80 -60 -40 -20 0 20 40 60 80 100

Figure 3.3 Snapshot of a random geometric network
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In this scenario, all 22 internal nodes are mobile, and their movement is simultaneously
tracked through the assistance of 8 reference nodes. A rough comparison of true and

estimated trajectories in Figure 3.4 shows satisfactory performance.

For comparison, we also show the maximum likelihood (ML) estimation in Figure 3.4,

which is defined as

f)ML,n = argAminz Z (di,j,n_lﬁi,n _lsj,n |)2 ,

Py ieV (i,j)eE

A A~ A A ~ T .- . .
where p, =[Py y,-resDi B jni-Ps, | deNotes the position estimation for all sensor nodes

(with reference nodes excluded); and d; ; , denotes the estimated distance between node i and

j at step n. This optimization problem can be solved by a standard least square descent

procedure [29].

120
A reference node
100 - " O initial position i
/D AR true trajectory
®>/N GK g~~~ — GBP estimation
80r S ML estimation | T
Q O NI
A ) 0 —_ I~ _ =N
N 9/ { (/ //
60 N . \ | / i
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i\ xw/ (;(r \§ @’ )
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G P 7
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0 | il
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Figure 3.4 True and estimated trajectory of moving nodes
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To quantitatively analyze the performance, mean square error (MSE) is adopted as a

measurement metric, defined as

wherep, , andp, , represents node i’s true and estimated coordinates after « iterations at

time step n, and N is the total observation and tracking period. We also average the total

MSE over all mobile nodes.

In [34] a MSE lower bound for localization based on distance measurement is given as

E(Hpi'n b, 2) > 462 11|

where I, |stands for the number of neighbors of node i. We can readily get the lower bound

for average MSE as MSE > 457 /

1_“‘ With‘ﬂ being the average number of neighbors over the

whole network. Therefore, it is expected that with increased node density in the same area,
better connectivity can lead to more accurate estimation results, given the algorithm
converges correctly. In Figure 3.5, we can see the average MSE per node for our GBP
algorithm decreases steadily with the node density increasing, where we fix the number of
reference nodes as 8. In the same scenario, the performance of ML estimate deteriorates
slightly, due to the increase of the problem size (with the fixed maximum iteration number 50

and tolerance10°°).
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Figure 3.5 Effect of node density on performance

As discussed in section 3.3.4, to alleviate the communication burden (and thus to reduce
the energy consumption), we can only have nodes that have high quality information to send
messages and others are simply suppressed. This will definitely induce some performance
loss. But the deterioration can be compensated by performing more iterations at each time
step, at the cost of increased computational complexity. In Figure 3.6, we demonstrate this
tradeoff, where we can observe that the average MSE when selecting 4 neighbors while
performing three iterations per time slot is comparable to that selecting 8 neighbors while
performing one iteration per slot (the average number of neighbors is about 8.64). Since the
energy spent on computation is typically negligible as compared to that on communications

[32], this approach is favorable for energy-constrained wireless networks.
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Figure 3.6 Trade-off between communication and computation
Finally, we evaluate the effect of particle numbers adopted in the algorithm. A different

measure, mean square error ratio (MSER) is used, which is defined by

/Hp| 2~ Pimin

T

wherep; ., P; gpr_gp nand P, respectively denote the true node coordinates, the GPF-BP

MSER _WZZ[HPI 2 —Picer_gpan

estimates and the ML estimates for node i at time n. MSER is a measure of the algorithm’s
performance, compared with the optimal one. Obviously, the closer MSER is to 1, the better
is the performance. We can see from Figure 3.7 that 100-200 particles are enough to achieve

good performance.
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Figure 3.7 Mean square error ratio with different particle numbers

3.5.Summary

Inspired by current active study on belief propagation in wireless networks, we go one
step further to push it for practical use. Gaussian particle filtering is introduced into message
composition, transmission and processing, resulting in a significant alleviation on
computation and communication burden. We also take the system dynamism into

consideration, which is largely unexplored in the study of belief propagation.

We believe that under this common Bayesian framework, relevant applications can be
jointly considered conveniently. In this paper, node self-localization and tracking are jointly
studied, and we further consider node selection to reduce energy cost while maintaining
certain localization quality. Within this setting, we can consider other relevant applications,
such as node relocation to improve network connectivity and coverage. Localization can also
be jointly studied with time synchronization and geographic routing problems. It is

anticipated that such joint consideration not only introduces savings through sharing of
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common computation modules, but more importantly, leads to performance improvement

through joint optimization.
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Chapter 4

Distributed Inferences in Structured Wireless

Networks

4.1.Introduction

Distributed inference constitutes the primary task of a wide range of wireless sensor
networking applications, like localization, tracking and time synchronization. In general, the
objective of distributed inference is to compute marginal posterior probabilities through local
interactions among nodes, given a set of observations and some underlying graph model.
Message passing algorithms, like belief propagation (BP) [4], consensus propagation (CP, a
special case of Gaussian BP) [35] and Gossip algorithm [36], are attractive for distributed
inference in wireless sensor networks (WSN) due to their energy efficiency, robustness and
scalability. However, BP and related algorithms are known not always to converge in general
cyclic graphs, and computationally intractable when continuous variables are involved.
Although sampling methods can be used for approximation, they are computationally

intensive, stochastic in nature and difficult to analyze.

Variational methods [37], an alternative for approximate interference, involve the
minimization of the Kullback-Leibler (KL) divergence between the target probability

distribution and some “simpler” variational distribution. Being a deterministic approach, they
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are amenable to analysis, computationally efficient, and admit wide applications regarding the
underlying models, whether acyclic or cyclic, discrete or continuous. Variational message
passing (VMP) was studied in [38] for directed Bayesian networks. In this chapter, we
generalize the previous results and consider a general distributed inference problem. We
derive a variational message passing framework for Markov random fields (MRF), which
assumes certain advantages in modeling wireless networks. In particular, we formulate
explicit message passing rules for distributions in the exponential family, which covers a large

class of probabilistic models.

Distributed inference on a flat infrastructure enjoys the benefits of simplicity and
uniformity in message formation, while higher accuracy and faster convergence can usually
be achieved by organizing the whole network into a more structured one. However, structured
variational approaches are mainly studied in the artificial intelligence area [39][40], and little
consideration is given to their applications in real networks. In this work, we further
investigate exploiting substructures of networks to improve variational methods in real
systems. Thus the simplicity of variational methods (for inter-cluster processing) and the high
accuracy of exact inference algorithms (for intra-cluster processing) can be exploited
simultaneously. To our knowledge, this is the first work to explicitly apply the structured

variational methods to distributed inference in wireless networks.

For both the inter-cluster and intra-cluster inferences, typically a stochastic weight matrix
is employed, which is conformant to the underlying graphical structure (network topology).
Hence the convergence of the structured variational algorithms is closely related to the
mixing time of a random walk on the corresponding graph. According to [35], random walks
on graphs can be categorized as vertex process-based or edge process-based ones. The

essential difference between these two is that the former is a process on nodes that transitions
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along edges and is allowed to “backtrack”, while the later is a process on directed edges that
transitions towards nodes where “backtrack” is forbidden. As we will see, distributed
algorithms derived from the variational method can be characterized by a vertex process,
typically involving reversible Markov chains; while belief propagation and its variants

correspond to edge processes, typically involving non-reversible Markov chains.

Even though quite a few techniques exist for analyzing the convergence of reversible
Markov chains, including spectral theory, conductance, canonical paths and multi-commodity
flow (see [41]and the references therein), few of them can be successfully applied to non-
reversible cases. [42] analyzes a non-reversible random walk in the one-dimensional chain
through a direct probabilistic approach. A study on the convergence properties of consensus
propagation is given in [35] through function mapping and matrix analysis; an explicit result
on convergence time is derived for the cycle, with conjectures given for higher-dimensional
tori. Structured variational methods, as we will formulate in Section 4.5, are actually mixed
vertex-edge processes involving hybrid Markov chains, entailing even more difficulties on
analysis. In this work, we use a “divide and conquer” strategy to investigate its performance:
first we analyze the convergence of the intra-cluster edge process, where we derive an upper
bound on the mixing time for the two-dimensional (2-d) torus; then we extend the coupling
technique [43] to combine the results for edge and vertex processes to obtain a
characterization of the overall performance. As a result, the performance-complexity tradeoff

in structured variational methods is analytically addressed.

The rest part of this chapter is organized as follows. Section 4.2 formulates the general
variational method and derives its message passing form for MRF, which is exemplified in a
Gaussian MRF. Structured variational methods are proposed and analyzed in Section 4.3.

Section 4.4 analyzes the convergence rate of the intra-cluster algorithm. In Section 4.5, we
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explore the overall convergence rate, together with the tradeoff between complexity and
performance. Section 4.6 presents some supporting simulation results. Finally, concluding

remarks are given in Section 4.7.

4.2.Variational Message Passing in MRF

4.2.1. Variational Method and Mean Field Approach

Assume X =[X,,.., X,J" is an N-dimensional random vector and y=[y,,...,y,]" is the

observation (M is not necessarily equal to N). The basic idea of variational methods is to

approximate the posterior probability P(X|y) with some variational distributions Q(X) by

minimizing the KL divergence between them:

KL@QIIP) = [ Q(X)log ?(’f))dX— HQ-(I0gP(X |V} (&)

Where H(Q) is the entropy of Q(X) and < > refers to expectation with respect to Q(X).

Q(X)

Clearly the best candidate is
Q'(%) =argmax {(log P(X|¥))q, + H(Q)} (4.2)

One simple and widely adopted form for variational distributions is to assume all

variables are independent:
N
Q(X)=HQi(Xi)1 (4.3)
i=1

which is also referred to as the mean field (MF) approach. This approach yields
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(log P(X 1))y, +H(Q)
= [ TTQ(X)logP(X|y)dX - | TTQ:(X) X logQ (X, )X (4.4)

=, QX (g PXIY))[ gy X4 +HQI+ 2 HQ).

izk
It is easy to verify that maximizing the objective function in (4.4) with respect to the
marginal Q, (X,), Vk, gives the standard Gibbs’ distribution through the following set of

fixed-point equations [37]

log Q; =(log P(X|Y)>H, ox, Heonstant terms , k=1, N . (4.5)

4.2.2. Variational Message Passing in MRF

Among well known graphical models, Markov random fields exhibit certain modeling
convenience for wireless networks, as they can be conveniently mapped to real

communication graphs [44]. A pairwise MRF’ is an undirected graph (V, E) with maximum
cliques of size 2, where V and E denoting the vertex and edge set respectively and each node

ieV is associated with a random variable X;. Define for each node a local potential
function ¢,(X;) , and for each edge (i, j)e E a compatibility function y;(X;,X;), the

Hammersley-Clifford theorem [4] indicates that the posterior probability admits the

following product form:

P = [T T wis(Xo X)), @)

ieV (i,))eE

where Z is a normalization factor (called partition function in physics).

" MRF with higher order cliques can always be converted into an equivalent pairwise MRF.
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The exponential family includes a variety of commonly used distributions in practice,
like Bernoulli, Poisson and Gaussian [45]. In the following, we assume that both the potential

functions {¢} and the compatibility functions {y; } take this form, given by
(X, y) < exp{0/m,(X,)+9,(6,)}, 4.7)

Vi (X, Xj) oc eXp{eiTj“ij (X, Xj)+ Ojj (eij)} , (4.8)

where®’s andn’s are usually referred to as the natural parameters and sufficient statistics,

respectively.

To facilitate variational message passing, rearrange GiT,-'li,- (X;, X;) interms of X;:

ﬂiTjrlij(xi!Xj):(e'ij)Tnlij(Xi)’ (4-9)
where 8, may be a function of X, .Let,(X;) be the union of sufficient statistics n, (X;)

andn’; (X;) , then the corresponding terms in (4.7) and (4.8) can be rewritten as
0/n,(X,)=0"1(X,), (4.10)
07m, (X, X;) = (07) 0y (X)) =0} (X)), (411)
where the newly obtained {ﬁi} and {ﬁij} are named the extended natural parameters and
{M;(X,)} the extended sufficient statistics.

It’s easy to verify that the optimal mean-field approximation Q; (c.f. (4.5)) is also a
member of the exponential family with sufficient statistics %, (X;) and natural parameter

vector
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*

0 = <6‘ >Hk¢iQE(xk) - JZF: <6” >Hk$iQ;(xk) ' (412)

where T, stands for the neighboring node set of node i. Noting <6i>l_[ Q(X):éi

and <§i.> = <9i.> , We can obtain the iterative variational message passing rules in
J HMQk(Xk) ! Q; (X))

MREF for the exponential family as:

joi

) ) =<~__> ;
e Messaging passing: m 0, (X,

e Parameter updating: 0" =0, + z m®, .
jeT;

That is, the message from one node to the other is the expected value of the extended
parameter in the corresponding edge compatibility function (with respect to its current
variational approximation). In turn, a node sums up all the messages from its neighbors,
together with the extended parameter in its own potential function, to get the updated
parameter of its variational distribution. Note its similarity with belief propagation (in the

logarithm scale).
4.2.3. Variational Message Passing in Gaussian MRF

For concreteness of discussion, consider a Gaussian pairwise Markov random field (MRF)

X on an undirected graphG = (V, E) ; this is a widely adopted model for distributed inference
in wireless networks. Each node i€V is associated with a spatial component X, of X,

assumed a priori to have meanpg =[z,..., 4,,] and covariance matrix
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2 2 2
O-S 0-12 e O-].]V |

g | n O 7 om| (4.13)
Own Owp 0%
where o7 is the prior variance of each component, and o; denotes the covariance between
node i and j. Every node i makes a noisy linear observation
Y, =Hx +&,i=1-|V], (4.14)

where channel gain H; is assumed to be known, and noise & is Gaussian with zero mean
and variance o’ . Given the observation vector y:[yl,...,yl\,l]T, the posterior probability

P(X|y) is Gaussian distributed as®
P(X—ps|y)~ & (H(y-Hps)/ o* F), (4.15)

where H=diag(H,), F=[F,

-1 2 2
vy =2x TH /0.

With the variational method, the posterior probability (4.15) is approximated by a simpler

“variational” distribution
Q) = JQ(X)=a] Jexp{-(x, - 24) 167}, (4.16)

where z and 67 are the posterior mean and variance respectively. Variational message

passing to estimate z takes the iterative form:

A = 0 -H) Mo =Y R |1+, (4.17)

8 LetZ ~ & (1, %) be a Gaussian random vector with mean x and positive definite covariance £ . One can define

a new set of parameters (9,A)by @ =X"x, A=X", and alternatively denote Z ~ ¥ *(8,A). (8, A) are called
information parameters.
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which can be represented as
iy = Ay +BP, " +Cpg, (4.18)

where A , B and C are relevant coefficient matrices, while the stochastic matrix f’v defines

an irreducible, aperiodic and reversible Markov chain with entries

3 :{Fu /2 Fir TeTE) (4.19)

0, otherwise;

4.3.Structured Variational Methods for Distributed

Inference

Although attractive for its computational simplicity, the naive mean field approach may
not yield sufficient accuracy or fast convergence due to the independence restriction on
variational distributions. A natural idea for improvement is to integrate exact or more
accurate probabilistic inference algorithms with the naive mean field method, if some
probabilistically tractable substructures (clusters) can be identified. This approach is referred
to as the structured mean field (SMF) method [39]. However, SMF is mainly studied in the
artificial intelligence area, and little consideration is given to their application in real
networks. Besides, its quantitative performance is also largely unexplored. In this section, we
discuss this method in Gaussian MRFs, which is a widely adopted model for distributed
inference in wireless networks, and analyze its convergence. In Section 4.3 and 4.4, we will

give a rigorous analysis on its convergence rate.
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4.3.1. Structured Mean Field

Given s clusters identified by some means, denoted as C,,...,C,, the variational

1 sy

distribution Q for the SMF approach factors across the clusters as
Q :HQi (Xci) . (4.20)
i=1

The inter-cluster message updates resulting from the SMF approximation are analogous to
the naive mean field method, which can be established through our previously proposed
variational message passing framework. Intuitively we can interpret the SMF method as an

MF approach over “mega variables” X. . Within a cluster, any exact or more accurate

inferencing algorithm can be applied, like the junction tree method or (loopy) belief
propagation. As the cluster size increases, exact algorithms are performed on more nodes,
which will result in a better approximation, while this also inevitably increases the
computational burden. So it’s important to choose appropriate cluster sizes to balance

approximation accuracy and computation complexity.
4.3.2. Distributed Inference in Structured Gaussian MRF

We can factorize the posterior probability (4.15) as the product of the prior marginal

(assumed the same for all nodes) and joint correlation functions

PX1y) == TT P 1 %) TT i, (X X,). (4.21)
Z

iev (i,))eE
p,(y; | X;), viewed as a function of X;, takes the form

pi(yi|xi):W(yi/Hi_lui’62/Hi2) (4.22)
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And the pairwise correlation function

pij(xi,xj)~w[[5‘},a§[n ’?‘D, jer,, (4.23)

where p; is the correlation coefficient between X;and X;.

We adopt belief propagation for intra-cluster inference, for which clearly the messages

and node beliefs are all Gaussian distributed. Assuming the message m"” and the belief b™ are

parameterized by

m” 00~ (65"

AD) and b (x) ~ & (™, W, "),

we can obtain the updating rules as (see Appendix C. for detailed derivations)

(n-1) 2 )
P (ui +Zkeﬂ\{i}9ki + (4 _Pijﬂj)/o's A-p; )) + Hi— Pk
1+ O-SZ (l_plf)(v' + Zkeri\{j}A(k?_l)) 0-52 (1—,0”?)
(n-1) 2
AW = Vit Zkeri\{j}Aki +]7/GS
ij —
1+‘7s,2(1—,0i,?)(Vi +Zkel‘i\{j}Al(<i 1))’

6" = (4.24)

with

u, = H;y; /O'Z_Hizﬂilo'zv

4.25
V,=H? /o (429

and

4.26
W =Vi+> AP (4.20)

(n) _ (n)
{ G =y +Zk€ri G

In the following, we discuss inter-cluster message updates. In a clustered graph, the

posterior probability can be reformulated as
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PXI3) =5 [ ok (%) TT Ve, (Xe Xe,), 4.27)

C;eC Cjel"ci

where C ={C;} denotes the entire cluster set, and I'; is the collection of Markov blanket
clusters (MBC) ofC,. MBC are defined as the neighboring clusters that intersect with the
Markov blanket (MB) of clusterC,, MB(C,), which is the set of nodes outside of C, but

connected to some nodes inC, . Figure 4.1 gives a conceptual illustration for MB and MBC.

Figure 4.1 Markov blanket (shaded nodes) and Markov blanket clusters (shaded clusters) for
cluster C1. (reproduced Figure 1 in [40])

It can be shown (c.f. Appendix D.) that the extended natural parameters of the cluster

potential and cluster compatibility functions are given by

. ~ —p; ) i
0. ={y./o%ieCland .. =i— X . ieC,jel. }. 4.28
¢ ={Vi/o",ieC} oXel {20_52(1_/)5) pleli e Ci} (4.28)

By substituting (4.28) into the variational message passing rules we derive in Section
4.2.2, inter-cluster updating can be readily obtained for the “gateway” node i in the

clusterC, as

(M _ ) _ 2 Pi (1)) (0D
YO =yt ot Y (W) g (4.29)
jemzl(ci) 20'52 (1—[05) ( J ) ]

63



That is, gateway nodes use the estimates of their neighbors in the Markov blanket to “update”

observations, and use these “new” observations for the next round intra-cluster inference.
4.3.3. Convergence Analysis

Combining inter- and intra-cluster updates, we can see the inverse variance updating in

belief propagation is independent with the MF approach. Define function (c.f. (4.24))

Vi + ZKd"i\{j}Aki +]/O-52

- 1+ 652 (1—Pi,?)(vi JrZker,\{j}Aki)

F.(A)

Il

, (4.30)

where A =[A;]e R* (i, j) € E, then we have
Lemma 4.1 : F;(A)is continuous, monotonic and bounded forA; >0, V(i, j) e E.

Proof: See Appendix E.

It is observed that the inverse variance iteration converges much faster than the message
mean iteration. So we can allow the inverse variance iteration within every cluster to run first
till the variance is sufficiently low. In the following, we analyze the convergence of the mean

iteration, assuming that variance has already converged to some {Z;}.

Without loss of generality, we assume u =0, then the message mean iteration in
Equation (4.24) can be rewritten with the conventional parameter pair (z;,%;) as (c.f.
footnote 8)

2Py (Hiyi 167+ Tuerpn(Za) ”éinil))
1+ 05(1—/05)(Hi2 10"+ Zierpgiy (2w )_l) |

" =Gy (n"?) =

i T

(4.31)
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where u(nfl) — [ﬂignfl)] c RZlEle, (|, J) cE.

Lemma 4.2 : G;(u)is a contraction mapping.

0'20'2 1— p2) (. - > o.H.v. 0.
Proof: Let Ky, =— 5 , p;‘)( k'z i = ”;O” > 2 —, and v, =— 1 — Ll —, then
o +osH (1-pj) o”+osH (1~ pyj) os(1-pj)
Equation (4.31) can be reformulated to
Yij T U; Z Kki\j:ulsin_l)
M _ G (n" D) = keN(i)\j . 4.32
Hi () Y K (4.32)
keN (i)\]

1

1+ Z Ky

keN (iI)\{j}

Define ;= . D= diag(yi,- ) eR?®¥E v =diag (Uij ) c R2EM2E 4ng

y =[y,1e R*". Further define a stochastic matrix P, e R****® with the entries

K eng e
X ()OI} , s(e)=d(e) buts(e") = d(e)
o = Z Kseyaenacen (4.33)
' e"s(e)el)\d(e)

0, otherwise.

where s(e) and d (e) denote the source and destination node of edge e. The iteration (4.32) can

be written in a vector-matrix form as

A

ufanp) = Dy+V(I—D) PEllg]F:l) = G(ufanpil))v (4.34)
which leads to

6 (w)-G(w)], =[[V(1-D) P (-n)|.
<[v(-p)1]_ |(n-n)
<nf(r-n)

(4.35)

0

0
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with 7<1 . The last inequality comes from the fact that for sufficiently large n,

%<i i.e. ué”) <1. Thus, G(p) is a maximum-norm contraction mapping and
Os (1_pij) zij

hence has a unique fixed point. This proves the convergence of the mean in Gaussian belief

propagation. (]
In conclusion, we have:

Theorem 4.1 : In a Gaussian MRF, the structured variational method using Gaussian BP as

the intra-cluster inference algorithm converges.

Proof: Taking inter-cluster updating into account, the change in observations (4.29) will only

reflect on y™, which will be cancelled out in G;(n)—G;(n'). So Lemma 4.2 still can be

applied, and the conclusion follows.

SMF also requires some overhead for clustering, which can be done before the network
setup and can be adjusted during network operation when necessary. In [46], it has been
proven that the quality of SMF is bounded by the total correlation associated with the cross-
border edges, implying that to better approximate the true marginal, it’s preferable to capture
strong coupling within cluster. We have designed a distributed clustering scheme, which can
minimize the dependence between the clusters, thus improve the algorithm performance.

Please refer to Chapter 5 for details.
4.4.Performance of Intra-Cluster Algorithms

Although successfully employed in SMF for intra-cluster inferences, belief propagation
algorithm’s performance is largely unexplored, which gives rise to more complexity. In this

work, we use a “divide and conquer” strategy to investigate the performance of SMF: in this
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section we first analyze the performance of the intra-cluster algorithm, where we derive an
upper bound on its convergence rate for the two-dimensional (2-d) torus; then we utilize this

result in Section 4.5 to obtain a understanding on the overall algorithm performance.

4.4.1. Vertex, Edge and Mixed Process

Both updates in (4.18) and (4.34) have coefficient matrices P, which define a stochastic,
irreducible and aperiodic Markov chain. The P for (4.18) is a |V | x|V | matrix defined on
the vertex set (c.f. (4.19)), while for (4.34) it turns out to be a 2| E |x2| E |matrix defined on

the set of directed edges (c.f. (4.33)). These two schemes correspond to vertex process and

edge process respectively.

Figure 4.2 illustrates the distinction between a vertex process and an edge process. As (a)
shows, the states in a vertex process are nodes (the circles), while the allowable (two-way)
transition between the states is determined by the undirected edges. In contrast, the states in
an edge process are represented by the directed edges (the arrows in (b)), and the transitions
are guided by the directions that the arrows point to. In other words, the transition can only
occur between states whose directions do not point against each other, which corresponds to
the conditions(e) =d(e") but s(e’) = d(e) in (4.33), and the rule in BP that the message from
one neighbor only contributes to the new messages sent to other neighbors (but not back to
itself) (c.f. (4.31)). For structured variational methods, we constrain the edge process only
within clusters, and employ the vertex process to exchange information between clusters.

This leads to a mixed vertex-edge process model as shown in (c).
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(i+1,-i+1)

(i-1,i+1) 3 (i+1,i+1)

. (i-Li+l)

(ii+1)

(i+1,i-1)

@ 27 ﬁ (b)

©

Figure 4.2 Vertex Process (a), Edge Process (b) and Mixed Process (c)
The convergence behavior of vertex processes has been well studied in the context of
reversible Markov chains. In particular, it is not difficult to prove that the mixing time of a

reversible Markov chain on a 2-d nxntorus is t_. =0O(n?) [47], which characterizes the

convergence time of vertex processes and thus the variational method. However, the
performance of edge processes, which in general involves non-reversible Markov chains, is
still largely unexplored. And to the best of our knowledge, there is no formal convergence

discussion on the mixed model.

It has been observed that certain non-reversible chains mix substantially faster than
corresponding reversible chains, by overcoming the diffusive behavior of the latter [42][49].

Motivated by this finding, we have explored the idea of constructing non-reversible chains to
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achieve fast distributed averaging in wireless networks, and proposed a class of Location-
Aided Distributed Averaging (LADA) algorithms [50]. But all of these works only focus on
some specific values of the probability that the random walks make turns (typically on the

order of 1/scale of the graph).

For many other distributed algorithms, including BP and CP, however, the turning
probabilities of associated chains are not tunable, but determined by the algorithms and
applications. A conjecture is put forth in [35] that the convergence time of consensus

propagation (with corresponding turning probability a constant) on a 2-d nxn torus is
O(n*?). In this section, we verify this conjecture through deriving a general upper bound for
the mixing time of edge processes on a 2-d torus, assuming a turning probabilityq(n)/n,

where q(n) satisfies limq(n) — «cand g(n)/n<1/3(for the case that g(n)is constant, refer

to [42][50]). This result will also facilitate the analysis of the overall performance of

structured variational methods in the next section.

4.4.2. Convergence Rate of Edge Process

For a Markov chain P on the state space Q with stationary distribution sz, the mixing time

tmix

(¢) = maxinf {t:||f’t(i,-)—n||1/2£g} (4.36)

specifies the time that P takes to converge to the ¢ -vicinity of its stationary distribution. We

begin with citing a result from [50], which applies to general Markov chains.

Lemma 4.3 : For any irreducible and aperiodic Markov chain P with stationary

distributionz ,
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t (8) <[ log(¢ ) /log((L-¢) 1) +1 ]t (€), (4.37)
where t., (c) = max, inf{t : P'(i,") > ca}, O<c<1.

As shown in Figure 4.3, a two-tuple(s,,s,) € {-n,..,~11,...,n¥ is used to represent an
edge process on an nxn torus. Specifically, given node (1,1) on the left-bottom corner, and
(n,n) on the right-top corner, four outgoing edges of node (i, j) pointing to the East, North,
West and South directions are respectively labeled as (i, j),(j,—1),(-i,—]) and(-j,i). The
states are only allowed to turn left or turn right with the probability q(n)/n and move
forward with the probabilityl—2q(n)/n, but can’t backtrack (e.g., the transition from (i, j)

to (—i—1,—]) is forbidden while the other three are allowed).

Figure 4.3 State labeling of edge process on a 2-d torus

Due to our state representation, it can be verified that the state evolution (whether

horizontal or vertical) admits:

Moving Forwrd = (sy" = s, +1, 5, =3}), (4.38)

Turning Left = (s,* =5}, 5" =—s, -1)), (4.39)

70



Turning Right = (55 = —s}, 5" =5} +1). (4.40)

Without loss of generality, assume the random walk starts from state (s¢,s’) = (a,b) .
LetT, =0,T,,T,,... be the time instances that the random walk makes turns, and D, =L /R be

the corresponding turning direction (Left or Right) at time i, then for the timet €[T,,T,,,),

with k being the total number of turns before time t, the destination state evolves as

(t+s'* =T~ ~T+T,) D=L

4.41
(t—s-T, s +T,-T,,) D, =R (+41

<s;,s;>={

Clearly, the number of possible destination states grows with the number of turns made. For

example, when t [T, T,)

(S s) = (t+b-T,-a-T,) D=L (8.42)
0 (t-b-T,a+T) D, =R; '
and when t €[T,,T,)
(t-a-T,-T,-b-T,+T,) D,=L,D,=L
(S 5) = (t+a-T,+T,b+T,-T,) D,=L,D,=R (4.43)
0 (t+a-T,+T,b-T,+T,) D,=R,D,=L '

(t-a-T,-T,,—b+T,-T,)  D,=R,D,=R.

Generally, with k total number of turns, the destination state has 2“ possibilities; when k is

N{t—TkHi(Tk_l—Tk_z)},_,{im+a)}’ .42
Si +b i(Tk _Tk—l) i(Tz _Tl)

and when Kk is odd, it is given by

even, it is given by
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{5{)} _ [ib + (t _Tk):| " |:i(Tk1 _Tkz)} et {i(Tz _Tl):| ’ (4.45)
S, i(Tk _Tk—l) i(kaz _kas) lL(T1 +a)
where the plus/minus signs are determined by the turning directions.

By symmetry, the stationary distribution of this Markov chain is uniform with
probabilityl/4n*. As dictated by Lemma 1, we need to find the minimum time step t such

that Pr((s;,s;) = (x,y)) >c/n* for any (x,y)e{-n,..,-11..,n} for some constant c.
Intuitively, boths; and s; in (4.44) and (4.45) are sums of independent geometric random

variables, which allows us to examine the final state probability by the Central Limit
Theorem. This is done in the Lemma 4.5 below, which requires a technical result in Lemma

4.4 to simplify analysis.

Lemma 4.4 : With high probability (w.h.p. the probability approaches 1 as n — «), there

exists a constantc, >0 such that there are at least Lq(n)s’2 J positive odd integers (time

indices) i satisfying

T..~T,<|n/q(n)** ] and T,-T,, <[ n/q(n)*"* |
in the first Lcl q(n)nJ steps.

Proof: c.f. Appendix F.

Divide the whole turning time index set {1,2,...} into two subsets S, and S,, where S, is
the set of positive odd integers i such that T, - T, sLn/q(n)s"‘J and T, -T_, < Ln/q(n)mJ,
as in Lemma 4.4, and S, contains the rest. To examine the probability of the final states, it is

sufficient to consider the conditional probability for any given set T, ={T } Ifi<k<j,

jes;
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it is known that P(T, =k |T,_, =1,T,, = ]) Therefore, given T, , for every ieS,,

:j—l—l

i(Ti _Ti—l)

the Component vector {
i(Ti+1 _Ti)

} in (4.44) and (4.45) is a uniform random vector on the

space Q = {—Ln/q(n)s’“J,...,—1,1,...,Ln/q(n)mJ}2 . We thus can derive:

Lemma 4.5 : There exists a constantc > 0such that if t >c,/q(n)n,
Pr((sy,s1) = (x, )| Ts, )= c/n’, (4.46)

for any (x, y)e{—n,...,—l,l,...,n}z.
Proof: See Appendix G.
Combining Lemma 4.3 and Lemma 4.5, we get the following conclusion:
Theorem 4.2 : On a 2-d nxntorus, the mixing time of an edge process with turning
probability g(n)/n is O(\/q(n)n) w.h.p.

As a result, the convergence time of consensus propagation [35] and our intra-cluster BP

inference (4.24) is O(n¥?), with q(n)/n=c for some constant c in the worst case.

4.5.Performance-Complexity Tradeoff in Structured

Variational Methods

It has been shown in Section 4.4.1 that the performance of structured variational methods is

governed by a mixed vertex-edge process, or equivalently a hybrid Markov chain model. The
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complexity of this model precludes direct application of any standard techniques in the

literature. In this section, we explore the coupling technique [43] to analyze this model.

Coupling provides a simple and elegant way of bounding the mixing time, and isn’t tied
to reversibility. Essentially, a coupling of Markov chains is a process {X,,Y,};, with the
property that both {X,}and {Y,} are Markov chains with the same transition matrix P of
interest, but typically with different starting states. Once the two chains simultaneous visit to
a single state, they stay together at all times after that, i.e.

If X, =Y, thenX =Y, fort>t".
For starting states x and y, let
T =min{t: X, =Y, | X, =XY, =V}, (4.47)

then the coupling time is defined as

tooupe = Max,  E(T*Y), (4.48)

couple

which can serve as an upper bound for the mixing time according to the Coupling Lemma

[43]:
i (€) <tpeINe. (4.49)

We assume an nxn torus is equally divided into sxs clusters, each of size
(n/s)x(n/s), and consider a vertex-edge process on it as indicated in Figure 4.2 (c). Then
by investigating the coupling time of two random walks on such a clustered graph, we can
obtain a characterization for the mixing time. Firstly, we study how quickly an edge process
can “escape” from a 2-d torus (or how long it can stay in the torus before hitting any

outgoing edges on the boundaries), and obtain the following result:
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Lemma 4.6 On a 2-d nxntorus, the average staying time of an edge process is upper-
bounded by O(,/g(n)n) w.h.p.

Proof: See Appendix H.
Using this result, the mixing time of a mixed vertex-edge process can be characterized as

follows:

Theorem 4.3 : On a 2-d nxntorus, the mixing time of a mixed vertex-edge process with

equal cluster size of (n/s)x(n/s) is O(\/gng"z) w.h.p.

Proof: Suppose two random walks start from two randomly selected points in this clustered
graph, then the coupling process can be described as follows: firstly, these two random walks
wander inside their respective clusters (edge process) until they hit the gateway nodes and
exit the starting clusters. From then on, they roam over the network, repeatedly entering and

leaving clusters, and finally arrive at a same cluster. This journey, on the high level, can be

regarded as a vertex process on ansxs torus with “mega-vertices”, which take O(s*) steps to

couple. At each mega-vertex (cluster), the average staying time is O((n/s)*?)according to

Lemma 4.6. Besides, we need to consider the scenario that even these two walks reach the
same cluster; one of them may leave early, by hitting gateway nodes before coupling with the
other walk. In this case, the above journey is repeated. We assume this probability as
p, =Pr(z,, <t

), where 7, and 7, are the expected time to hit a boundary node in a

couple couple

cluster and the coupling time in the same cluster, respectively. Then the total time to couple

these two random walks is given by
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e < gi[o@)o((n 15)"?)+0((n/s)*) |- p,)p!* .50

=0(s")O((n/s)"*)/ @~ p.)+O((n/5)™)/ (1= p,),

where the first term gives the total roaming time among the clusters, while the second term
corresponds to the staying time or coupling time in the same cluster of two random walks.
To evaluate p_, assume x is the state of the random walk which just steps into a cluster, z

is a boundary node of that cluster, and a is the state of the random walk which has entered
this cluster earlier. It has been shown that [52], the probability that starting from node x, a
random walk hits node z before it hits a is given by the ratio of the effective resistance®

between a and x and that between and a and z

R(a < Xx)

R(a<>2) (4.51)

p, =P (Thit,z < Thit,a) =

Since both x and z are boundary states, while we don’t have any further information about a

but to assume it’s uniformly randomly located inside the cluster, R(a <> x) and R(a < z)

are on the same order, and so p, is a constant.
We thus have
trin (2) <t IN& = O(s°(n/5)°?) = O(Vfsn*?). (4.52)
O]

Note that Theorem 4.3 includes previous results for the vertex process (s=n) and edge

process (s =1) as two special cases.

° The effective resistance between node i and j is the expected number of traversals in a random walk starting at
i and ending in j [52].
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To inspect how clustering affects the message complexity, note for the total s clusters,
each cluster has (n/s)®nodes and hereby 4(n/s)?directed edges. On each directed edge, two

metrics, the message mean and variance, are exchanged in the BP algorithm, except for the

4(n/s) outgoing ones across the cluster boundaries. Instead, on these cross-cluster edges,

only the estimated means are transmitted. So the message complexity per iteration in the

SMF algorithm is
0(32 {2[4(n/s)*-4(n/s) || +s*4(n/ s)) = O(8n? - 4ns). (4.53)

Comparing (4.52) and (4.53), we can observe the performance-complexity tradeoff inherent
in SMF: as the cluster size increases, accurate algorithms are performed on more nodes; this
results in faster convergence, but also inevitably increases communication burden. An
appropriate cluster size should be selected for SMF depending on applications, to achieve a
balance among estimation accuracy, convergence rate, computation complexity, and energy

efficiency.
4.6.Simulation Results

In this section, we present some numerical results to support the previous analysis. The
proposed scheme is testified in a real setting by comparing the performance of BP, MF and
SMF on the same random network. Note that BP and MF can be viewed as the two extremes
for SMF, with one cluster, and clusters of size 1, respectively. We consider a Gaussian MRF
estimation as discussed in Section 4.3.2, and adopt a similar simulation setting as in [53],
with 150 nodes being randomly distributed in a unit plane. The estimation mean square error

(MSE) is used as the comparison metric, defined by
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MSE = ||§;m —§||2 /||§<||2 , (4.54)

with x,, denoting the estimation vector at the mth iteration, and x being the exact estimation

(the MMSE solution).

Two clustering schemes are used in the simulation: one is our proposed distributed one
and the other is the centralized scheme in [46], which uses a semi-definite programming
solver based on interior-point methods. Since the centralized algorithm utilizes the global
graph knowledge and seeks solutions in an iterative way, it yields the optimal results. The

correlation between node i and j is defined as

p; =exp(=d; /oy),

where d; is the Euclidean distance between i and j, and o is the attenuation parameter, which

is set to 10 in our simulations.

Figure 4.4 compares the convergence rate of these three approaches, where the cluster size
limits are set to 3 and 8 respectively for SMF (which will constrain the convergence rate upper
bounds according to our conclusions in Section 4.4.2). The results verify that BP converges
faster than the other two. But we also observe that even when the network is divided into very
small clusters, SMF can still significantly speed up the convergence; in this case there is not
much increase in computational complexity as compared to MF. A fairly large cluster size
(less than 8) achieves almost indistinguishable performance to that of BP. It is also observed
that our distributed clustering scheme leads to close results to the optimal one, but with a

much lower computation overhead.
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Figure 4.4 Mean square error of estimation versus iteration number
Another important factor for wireless networks is the energy consumption. This
comparison is illustrated in Figure 4.5 where we assume for simplicity that the communication
energy is proportional to the message complexity, and the computation energy is neglected.
Note that compared to MF, BP exchanges more messages per round but converges faster. It is
interesting to observe that for this simulation setting SMF consumes the least communication
energy to obtain the same estimation accuracy, which indicates its potential superiority in

practice.
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Figure 4.5 Mean square error of estimation versus communication energy
Figure 4.4 and Figure 4.5 verify that an appropriate cluster size should be selected for
SMF depending on applications, involving tradeoffs among estimation accuracy, convergence

rate, computation complexity, and energy efficiency.
4.7.Summary

In this chapter, we develop a general variational message passing framework for
distributed inference in Markov random fields. Structured variational methods are explored
to achieve a nice tradeoff among various aspects of system performance and complexity. We
also investigate the asymptotic performance of our proposed structured variational methods
for distributed inference. We adopt a direct probabilistic approach to analyze the
convergence of an edge process which models the intra-cluster processing, and devise a
coupling process to characterize the overall performance concerning a more complicated

mixed vertex-edge process. The tradeoff between the complexity and performance in this
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algorithm is also addressed. But a remaining problem is, in structured variational methods
how to partition node clusters to achieve the optimal performance. We will investigate this

problem in the next chapter and propose an efficient way to solve it.
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Chapter 5

Distributed Network Decomposition: A

Probabilistic Greedy Approach

5.1.Introduction

Identifying substructures in a large graph and minimizing the connections between them
plays a key role in various applications, such as pattern recognition, parallel computation, and
exploratory data analysis in scientific and medical study. Especially, as we discussed in the
last chapter, it can offer flexibility to structured inference in wireless networks. While
heuristic approaches abound [54], many of them suffer from lack of solid theoretical
justification, raising concerns on their optimality and applicability to wider applications. One
exception is the spectral clustering algorithm, which is shown to solve a relaxation of the NP-
hard min-cut problem subject to cluster size balancing constraint [56][57]. Most applications
of spectral clustering are centralized (both in terms of knowledge and computation), not
feasible for large-scale networked systems. A partial solution in a distributed environment is
provided in [62], where the first K principle eigenvectors of a symmetric weighted adjacency
matrix are calculated, with poly(K) computation, communication and storage requirement per
node. Depending on network instances and applications, such requirement may still be

demanding (if K needs to scale with the network size).
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Distributed clustering attracts much attention in wireless networking area [58], but the
approaches there consider little about the probabilistic dependence between the nodes. More
recently, a distributed clustering algorithm, affinity propagation (AP), was proposed in [59]
for data processing. As a distributed variant of the k-medoids clustering method, affinity
propagation formulates message-passing rules between the data points, until a set of
exemplars and corresponding clusters gradually emerges. Inspired by this approach, we
propose a fully distributed network decomposition algorithm, whose objective is instead to
solve the above mentioned NP-hard min-cut problem subject to cluster size balancing
constraint. We exploit the factor graph model and the max-product algorithm to derive the
message passing forms for our algorithm, which upon convergence produces some candidate

solutions. Then we take a greedy approach to gradually approach the optimal solution.

The rest part of this chapter is organized as follows. Section 5.2 formulates the problem
and briefly introduces the factor graph and the max-product algorithm. Our novel distributed
clustering algorithm is discussed in Section 5.3. Section 5.4 presents some supporting

simulation results. Finally, concluding remarks are given in Section 5.5.

5.2.Problem Formulation

5.2.1. Problem Statement

Consider an undirected graph G = (V, E) with vertex V and edge set E, with a non-negative
edge weight matrix W e R®, where the entry w; denotes the general weight on the edge

(i, j) € E (such as communication cost, distance or similarity metrics depending on specific

applications). W does not need to be symmetric. A K-cluster decomposition of the network is
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a collection of disjoint vertex subsets P ={C,,...,C, }satisfying C,U---UC, =V . The cut

weight associated with the decomposition P is the sum of the edge weights connecting

vertices in different clusters (doubled for ease of exposition):

Q(P) = Z w(i, j). (5.1)
(i,))eE ieC;
j€C;,Ci#C;

A classical problem of network decomposition is to find a partition P that minimizes Q(P)

under some regulations so as to avoid trivial solutions. In this work, we focus on the L-

bounded min-cut decomposition, with no cluster in partition having more than L vertices.

Define an N x K indicator matrix B =[b, ] with the entry b, serves as an indicator that if

the vertex i belongs to the clusterC, :

1 ieC
W (5.2)
0 i1eC,

for i=1,...,Nand k =1,..., K . Then the total weight Q(P) can be expressed in the form of
Q(P) =1"W1-trace(B'WB), (5.3)
where 1 is the N x1vector with all entries one, and T denotes the transpose operation.

The problem of interest can be equivalently formulated as the following optimization

problem:

maximize trace(B'WB)

subject to b, €{0,1}
B column orthogonal (5.4)
IBll-=vN

B'1, <LI,.
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where the objective corresponds to the total intra-cluster weights, ||-||- denotes the Frobenius

norm, and the inequality in the last constraint is understood element-wise. Essentially the last
three constraints respectively indicate that every vertex only belongs to one cluster, all

vertices are clustered, and no cluster contains more than L vertices.
5.2.2. Factor Graph and Max-Product Algorithm

A factor graph [4] is a bi-partite graph consisting of a set of N variable nodes

X ={X,,..X} and M function nodes{f,,..., f,,}. Each function f_depends on a subset of
variable nodes X <{X,,..., X}, which are directly connected to it. The whole factor graph

represents a global function as the product of all its function nodes
M
FX) =TT (X)) (55)
m=1

For example, in the following Figure 5.1, a factor graph with 3 variable nodes

X;, X,, X;and 2 function nodes f,,, f,,is illustrated. This implies a global function that can

be factorized in the following way

F (X, X0 %5) = T, (%, %) T (%, X)) - (5.6)

Figure 5.1 A factor graph example
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The max-product algorithm, a variant of the sum-product algorithm, involves the
exchange of messages between variable nodes and function nodes to obtain the (pseudo)-

mode of (5.5) [4]. The message sent from a variable node X, to a function node f is a
function of x, and reflects the current probability distribution (“belief”) about X given

evidence from all its neighbor I", except f _, taking an element-wise product form as

Vn—>m(Xn): H :um'—m(xn)' (57)

m'el’;\m

Similarly the message sent from a function node f to variable node X, , x,, ,,takes the form

:um‘an (Xn) = !(T:azf] fm(xl"mv) H Vn'»m'(xn) ' (5'8)

n'el,:\n

Which reflects the current beliefs about X given the function and its other neighbors rather

than n. Finally, the best configuration x*of the variable x is given by

x,=argmax [ [ = #,,,(x), 1<n<N (5.9)

5.3.Distributed Clustering via Factor Graph

To implement the network decomposition problem (5.4) in a distributed way, we use

alternative binary variables b; €{0,1} to indicate the cluster assignment. For i, j=1..,N,
b; =1 means node i and node j in the same cluster, and b; = 0 otherwise (b is always 1). An

additional feature of this setup is that, in contrast to most existing clustering algorithms, no
cluster heads are imposed; nodes self-organize into clusters satisfying the objective. If needed,

cluster head election can be conducted at a later stage.
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Figure 5.2 Factor graph structure for distributed clustering

A factor graph for our distributed clustering problem is illustrated in Figure 5.2, where

each variable node b is paired with a function node related to the corresponding weight,
evaluated asexp{b,w;}. We further add function nodes f,(b,;,....b), j=1...N to enforce
the last constraint in (5.4):

1 if Y " b <L,
0 otherwise.

fj(blj""’ij)z{ (5.10)

We also impose function nodes g; (b;,b;), i,j=1..N, to guarantee that b, and b,

always coincide, which, together with our clustering process below, ensure that each node

belongs to one and only one cluster:

1 ifb.=b.,
e (5.11)
0 otherwise.

gij (bij1bji) :{

This configuration leads to a global function
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F(b;, w;3i, j=1,...,N)
S, byiw; N
=TTITe™™ o, 0. b T f;(bymnibyg) (5.12)
i=1 j=i j=1
N N 1 N N N
:exp{zzbnwn +§zz|09 gij (bij!bji)+zlog fj(bljy"-’ij)}
i=l j=i i=1 j=i =1

where the first term in the exponent corresponds to our objective function in (5.4), while the
second and third term are intended for excluding solutions violating the constraints. In the

following, we exploit the max-product algorithm to derive message-passing rules that lead to

the best inference of {b; }i“"jzl which maximize (the exponent of) (5.12).

As shown in OFigure 5.2, five types of messages are passed between variable nodes and

function nodes, where messages outgoing from variable nodes follow (5.7) as:

b )= é‘ij (0)/14 (0) bij =0,
““”{%m%m b, =1 .13)
and
5ij (O)Qij (0) bij =0,
Vi (bij) = { 5” (1)9ij ) bij _1 (5.14)

As in [59], these binary messages can be efficiently represented by the corresponding

scalar ratios:

e h® G040, 619
70) ~ 5,(0)%(0)

. A l//ij (l) _ é‘ij (1)6” (1) A 0
"0 5,06,0

(5.16)

88



By (5.8), the messages outgoing from the weight function node w; can be interpreted as
by i i A _ %
0;(b;)=e"", normalized ratio as o; =6;(1)/5;(0) =e
Messages outgoing from the g-constraint function nodes are given by (5.9):

?/ji(o) bij =0,

7ji(l) bij =1. G147

Hij (bij) = ”Eflix 0jj (bij’bji)Vji (bji) :{

So we have

’ ‘9ij (0) 7/ji(0) "

(5.18)

For message 4; outgoing from the function nodes f;;, we only need to consider the cases

ij !

i # ], for which we differentiate two scenarios. If there exist at least L-1values of i'such that

> (iey,; () >y,,(0)), sorted as ! >y D .. 2y then

(b ) nglax -maxmax-- maX|:f (bl (| l)jb (i+1) - ij)H Vi J(bl j)j|

i b(, -1) ] b(l+1)1 bNJ (M2

ﬁw"’Hl//. i(0) b =0, (5.19)

(M

[TvOT1v© b =1.

(MK

On the other hand, if there isonly L'< L —1suchi’, then

HW|(I)HV/| 1(0) b _O

Byl =y (5.20)

Hl//|(l)Hl//|J(o) b _1

(MK

Combine (5.19) and (5.20), we get
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AQ (Ul Y >,
ﬂ,u — IJ( ) — l//l ] Wl(ﬂil) (5.21)
2;(0) 1 yi; o <l
And (c.f. (5.16), (5.18) and (5.15))
Wy = 0305 = 057 i = 03054 - (5.22)
Letu; =logy;, v; =log 4;, the above equations can be rewritten as
—u? w0
i’ i’ H L-1
" :{ OJ u.‘.ﬂ.‘l) <0 ming0, —u’; 3. (5.23)
i'j
Uy =Wy + W, +V; = mindw; +w,, w, +w, —ult ™} (5.24)

According to the max-product algorithm, b, should be determined as

(L+sgn(u; +Vv;)) /2. As there are typically multiple j such that b, =1, to facilitate the

clustering process, we take a greedy approach by letting node i choose

- =argmax{u; +v;}, (5.25)
i

as the one that is in the same cluster as itself, and send this result to all its neighbors.
Finally, every node obtains all its neighbors’ clustering information by exchanging its co-

cluster neighbor selection.

After the above (first round) clustering process complete, we can regard the generated
clusters as “mega-nodes”, and carry out the similar message passing operation between
these clusters, to determine which clusters need to be further combined. Assume totally

K, clusters formed in the previous round, then as before, we can get the cluster-based factor

graph (for those clusters whose cardinalities are less than L) as follows:
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Figure 5.3 Factor graph structure of “mega-nodes” clustering

Here variables B; {0,3}, i, j=1..,K;, are cluster combination indicators. B; =1means

cluster i and cluster j should be combined, and B; = 0otherwise. W; is the sum of weights

on all inter-cluster edges between Cluster i and j. Similarly, function G;(B;,B;) ,

i, j=1..K, enforces that B; and B; are always consistent. ~Function F;(B;,...,By ;)

guarantees that the size of the combined cluster is still less than L:

Fi(By.... Byj) ={1 DI |_Ci <t (5.26)
0 otherwise,
where | C, | denotes the cardinality of cluster i.
Follow the previous procedure, we can get the message form (c.f. (5.22))
Wi =200 (5.27)

For A; , if there is only L' i'=i such that¥;; >1 and ziillci. |<L-|C,|, sorted as

ij !

\Pu(l} > \PI(ZJ) >.0> \Pi(,Lj"l) , then
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A;(By) = max.--- max max- nggx{Fj(Blj,...,BKj)H‘Pi.j(Bi.j)}

i Bini Biwj i

ﬁw b, =0,

1=1

Hw b, =1.
If there exist at least L"i'=isuch that ¥;,; >1 and ziillci. |>L-|C, |, then

A (B;) =max---max max--- max{F (B, BKJ)H‘P, (B ,)}

Bll B(, -1 B(Hl)l Byj (MK

-
H\Pi(.'} B, =1.
1=1
where L and L 'are chosen such that
L L+1 L
z|:1|V| <L, Z Vi [>L, andz, AV IIVLL Z|:[-|V| >V .

Combine (5.28) and (5.29), we get

L
0] L
A A]I(l) /jll_E['\Pi'j Zi':ll Ci > L_lci I
A0 | :
' 1 Y I<L-Icl.
Let U; =log'¥;, V; =log A, we get

L L
_Zui('lj) Zi-:1| C.l>L=|C |,
=L .

L
0 > .IGISL-IC]

V. =

ij

Uij =Wij +Wji +Vji .

92

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)



Finally, if there existsU; +V; >0, cluster i choose

j-=argmax{U; +V,}, (5.33)
i

as the one that is combined with itself; otherwise, it keeps unchanged. This process is

recursively carried out until no clusters can be combined.
5.4.Simulation Results

In this section, we present some numerical results to test the effectiveness of the proposed
algorithm. Firstly, we compare our approach with some other clustering algorithms, including
affinity propagation [59] HEED, a well-known distributed clustering scheme in wireless
networks [61], (modified so that only node degree is considered and the metric residual
energy is ignored), and a centralized semi-definite programming method which solves a

relaxation of the equi-min-cut problem [46].

We consider a setting where nodes are randomly distributed on a unit plane. The weight

on the edge between node i and j is set as w; =exp(-d; /o), where d; is the Euclidean

distance between i and j, and o is the attenuation parameter, which is set to 10 in our

simulations.

In Figure 5.4, we fix the number of clusters as 10, and compare the ratio cuts of the four

approaches for different network sizes, which is defined as [54]

. _
RatioCut(C,,...,C, ) = ZM
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wherecut(C,,C.)= >, w, is the cut weight of clusterC, . We can see as the network
(i,))eE ieCy, jeCy

size increases, the performance of our distributed algorithm approaches that of the centralized
one, and it consistently outperforms the other two. It is also observed that the computational
time of our algorithm is compatible with HEED and AP, while that of the centralized method
IS tens and up to one hundred times longer. Note that since AP can only implicitly control the

cluster size through one parameter, it results in a worse performance.

24 T
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2
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|
30 40 50 60 70 80 90
Network Size

Figure 5.4 Ratio cut comparison with different network sizes

Then, with the network size fixed to 60, we examine the performance for different numbers

of clusters in Figure 5.5 and observe the similar trend.
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Figure 5.5 Ratio cut comparison with different cluster sizes
Next, we consider structured variational method in a Gaussian MRF (see 4.3 for details),
with 300 nodes randomly distributed in a unit plane. The estimation mean square error is used

as the comparison metric,

MSE =%, —x[, /[[,
with x,, denoting the estimate at the mth iteration, and x being the optimal estimate (the MMSE
solution).

Figure 5.6 compares the convergence rates of the SMF approach with our distributed
clustering and HEED clustering. The results verify that BP converges fastest, while SMF can
significantly speed up the convergence. A reasonable cluster size (8 in this setting) achieves
performance very close to that of BP. It is observed that our distributed clustering scheme

yields more accurate estimation than HEED.
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Figure 5.7 Performance of distributed clustering for structured inferences- Energy
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Another important factor for wireless networks is the energy consumption. This
comparison is illustrated in Figure 5.7, where we still assume that the communication energy
is proportional to the message complexity, and the computation energy is neglected. Note

that compared to MF, BP exchanges more messages per round but converges faster. It is
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observed that by balancing the cluster size, our proposed distributed clustering scheme also

consumes less energy than HEED for inference.
5.5.Summary

Motivated by the requirement of efficient distributed clustering in large-scale networking
and data processing applications, we propose a fully distributed network decomposition
approach with the aid of factor graph modal, aiming to minimize the dependence between the
clusters. By this algorithm, every node can decide the cluster assignment itself by simply
exchanging messages with its direct neighbors, with the absence of the global knowledge.
The effectiveness of this algorithm was testified by simulation. It also demonstrates
superiorities over other clustering schemes in distributed inference and general network

decomposition problems.
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Chapter 6

Conclusions and Future Work

6.1.Conclusions

As a research frontier in academia, distributed wireless networks are starting to migrate
from theory to practice. However, this trend is hindered by the lack of a general and solid
information processing framework for collaborative computing and communications. In this
dissertation, we have addressed some important aspects of cooperative communication and
information processing in distributed wireless networks. It has the potential to advance the
theory and practice of these areas. Our proposed framework and fundamental research apply
to wireless ad hoc and sensor networks. They can also be extended to virtual scenarios where
a set of “nodes” distributed over an arbitrary network cooperate on some joint tasks through
information exchange, e.g., some routers across the Internet chosen to monitor the traffic for

flow control and security.

In Chapter 2, we have investigated the energy efficiency of different transmission
strategies in cooperative wireless networks. We have shown that, even though STBC and SM
assume some advantages in transmit energy efficiency over the corresponding SIMO
approach, such advantages fail to justify the additional circuit energy consumption and
cooperation penalty in some cases. On the other hand, we have found that SM does offer

substantial energy savings for high-rate communications, which significantly reduces the
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critical distance over which MIMO transmission overtakes the corresponding SIMO in
wireless networks. We have also quantified the switching thresholds among STBC, SM and
SIMO under various scenarios. The proposed selection rules, especially those based on
system-level metrics, are easy to implement for sensor applications. The framework provided

here may also be readily extended to other scenarios or applications.

In Chapter 3, Gaussian particle filtering is introduced into message composition,
transmission and processing, resulting in a significant alleviation on computation and
communication burden. We also take the system dynamism into consideration, which is
largely unexplored in the study of belief propagation. In this chapter, node self-localization
and tracking are jointly studied, and we further consider node selection to reduce energy cost

while maintaining certain localization quality.

Chapter 4 developed a general variational message passing framework for distributed
inference in Markov random fields. Structured variational methods are explored to achieve a
nice tradeoff among various aspects of system performance and complexity. We also
investigate the asymptotic performance of our proposed structured variational methods for
distributed inference. We adopt a direct probabilistic approach to analyze the convergence of
an edge process which models the intra-cluster processing, and devise a coupling process to
characterize the overall performance concerning a more complicated mixed vertex-edge
process. The tradeoff between the complexity and performance in this algorithm is also

addressed.

Motivated by the requirement of the distributed structured inference in large-scale
networking, we propose a simple and fully distributed network decomposition algorithm in
Chapter 5, which not only facilitates our proposed structured variational methods in wireless

networks, but is general enough to admit wide applications.
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6.2. Achievements

We have tackled some open and interesting problems in collaborative communication and
information processing in distributed wireless networks, and made contributions to four main
areas: energy efficiency of virtual MIMO and optimal transmission strategy selection,
distributed joint localization and tracking, distributed structured inference and distributed
clustering. Part of this PhD work has been published or submitted for publication ([63][64],
[65], [66], [67], [68], [69], [70], [71], [72], [73]), which include two published journal
articles, seven published conference papers, as well as one journal article and one conference

paper under review.

6.3.Future Works

The study of this dissertation can be improved in the following directions:

1. Within the setting in Chapter 3, we can further consider other relevant applications,
such as node relocation to improve network connectivity and coverage. Localization
can also be jointly studied with time synchronization and geographic routing
problems. It is anticipated that such joint consideration not only introduces savings
through sharing of common computation modules, but more importantly, leads to

performance improvement through joint optimization.

2. The analysis in Chapter 4 is mainly conducted on a 2-d torus, which captures the
essence of a planar network; while extension to the geometric random network model
would be a challenging yet interesting problem. Moreover, we only consider linear
estimation there; it is also promising to explore the application of structured

inferences in other scenarios (e.g. non-linear estimations).
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3. In Chapter 5, we devised a distributed clustering scheme, and testify its performance
through simulations. But its theoretical optimality is still unexplored. A more rigorous
comparison between our proposed algorithm and the semi-definite programming

method is also worth investigation.
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A. Proof of the Equivalence of PEP for SM-ML and SIMO

Proof: Comparing (2.18) and (2.20) with (2.21), we just need to verify:

Lt —1+]1 =
(1+r)L‘1Z( |+)[ﬁj IZ[ | jr'- (A.1)

1=0

We use mathematical induction for this proof. The case of L =1 is trivial. Starting from

1 2
L =2, we can see that the left hand side (LHS) is (1+ r){(0j+(lj%} =1+3r, while the
+r

3) (3
right hand side (RHS) is +| [r=1+3r.
0) \1

Assume (A.1) is satisfied forL = p, i.e.

@+ r)"‘lf(p_llﬂj(le =§(2p|_1]r'. (A2)

1=0

Consider the case of L = p +1:

LHS = (L+1)° (ij(Ljp F(L+1)P H(“'J[Lj
p \1+r =\ | 1+r
2

(A.3)

Substitute (A.2)in, we get

LHS :(2 p]rp +(L+r1)? H[Zp—l}l —(Zp_zj(—Zp_ljrp(H r)
p 1=0 | p-1 p

(2p) , &(2p-1), el2p-1), ,&%(2p-1 | 2p-2)(2p-1) ,
_[p]r +§( I jr +2r§( I Jr +r g‘( | jr {p—l][—p Jr (L+T).

(A.4)
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. X X X+1
Using the formula( J+( j:( ] we have
y y-1 y
2p-1 2p-1 2p+1
+2 = ,
1 0 1
2p-1 2p-1 2p-1 2p+1
+2 + = ,
2 1 0 2

2p-1 2p-1 2p-1 2p+1
+2 + = .
p-1 p-2 p-3 p-1

And also note(2 pj+ 2(2 P _1]{2 P —1}_(2 P _1j[£] = (2 P +1j . Substitute these
p p-1 p-2 p-1 p p

expressions into the last line of (A.4), we obtain

LHS = 2(2'“1} (A5)

which equals to the RHS of (A.1) for L= p+1.

B. Derivation of (2.24) (2.25) and (2.26)

Equation (2.17) can be further approximated as

4(2NTNR —1) 1/NTNR
E, M N. N
" lsrec® Ny — . (B.1)
N, 6log, M P.log, M
Taking logarithm on the both sides of (B.1), we have
E. 2N-N, -1
|Og5z logM +log(N, )+ L Iog({ TR j/F’e}, (B.2)
N, N, N, N, N,
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where compared to (B.1), we further neglect loglog M in (B.2). Denote

E_(N,)=log(N,)+ L ogf o 2N Ne=1),p (B.3)
min T) g T NTNR g NTNR e [? :

a simple expression of log E, / N, can be obtained as

Iog% ~logM +E_,,(N;). (B.4)

0

Note E, i, sv = Eminsivo = Emin @) and E ;. srec = Enin (N;) . For a given spectral efficiency

R (bps/Hz), the constellation size for STBC is M =2*'" where r is the rate of STBC, for

SIMO M =2% and for SM M =2~"" _ So, if we denoteSo(NT):Ioi2

T

. (2.24), (2.25)

and (2.26) can be obtained from (B.4) directly.

C. Derivation of Gaussian Belief Propagation Formulas

(4.24) and (4.26)

Comparing (4.22) and (4.23) with the standard Hammersley-Clifford equation in MRF, we

have the node potential function

(X)) =N (U, V) (C.1)
with
=H.y. /o*-Hu | c*
ul |y| o i ful o (CZ)
V.=H?/o?,
and the edge compatibility function
vy (X0, X)) =V O L 17,05 (C.3)

With
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1 1 —Fij
1= ﬁ{ p,}
os(1- Pij) ~Pij 1

Note that with information parameter representation, if p,(x)~~'(4,A,) and
p,(X) ~ ¥ (9, A,) are two different distribution on the same random Gaussian random
vector X, then the product density p,(X)=ap,(X)p,(X)~N"(%,,A,) With

3,=9+9, and A, =A, +A,. Moreover, if x and x,are two joint Gaussian random

G A, A
vectors with distribution p(xi,x2)~ﬂ\/lq 1}[ H lzD , then the marginal
l92 AZl AZZ

distribution p(x,) ~ & (4, A,) is also Gaussian with information parameters given by

{ '§1 = ‘91 - A12A£;'92 (C.4)

/_\1 =Ny — Ale;;Am
Assuming the message m"” and the beliefb™ are parameterized by

™ (y) ~ Ar-L(gMm
m;"” (X) ~ V(6

ij !

Ai(jn)) and bi(n)(x) - Wﬁl(Qi(n)vWi(n)) ,

and consider the general message updating and belief computing formulas in belief

propagation
mi(jn) (%) = [ v (%, %) 06T e, M2 (% )dx;
bi(n) (%) = ad, (%) ier, mﬁi”) (%) -

By applying the Gaussian product formulas on message update equation, we have the

product terms inside the integral sign

Wi (X0 X)) ) M er iy mg " (x) ~ W_l(‘gij’Aij) , (C.5)
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where

os (1_pi?)
%= R , (C6)
Hi = PijH; .
1 P ]
os(1-p;) oll-p?)
Aij = S ! S I] . (C7)
L L +V + Yr iy An
(otl-p)) oil-p) TN

Using the marginalization equation to perform the integration over x., we can obtain the

message updating rule (4.24). The belief updating rule (4.26) follows similarly.

D. Derivation of Cluster Potential and Compatibility

Function

Without loss of generality, we assume H,=1and p, =0 . Note with information

parameter representation p(x) ~ & (9,A), p(x)can be written as
T 1,
p(x) ~ exp{& X—EX Ax},
then (c.f. (C.1) and (C.3))

P(X1y)== H¢(X)H v (X5 X5)

ieV (i, ])eE

:ZHexp{yIX ~ZVX. }H exp{——[x X, ]r, L)((J} (D.1)

ieV (i,J)eE

Define the extended sufficient statistics for the cluster C,
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n, (Xci) = [{XI}} i

| 1€C,
{X7}

where {X,} denotes the array containing all X;s for ieC,, and [{X},{Y}]" stands for the

cascade of {X}and{Y}. Thus we can rearrange (D.1) in cluster-wise as

P(X] y):%H%i(xci) H l//Ci,Cj(XCi’xcj)

C;eC Cjchi

1 {X} — P {X}
-3 [Tew {[{ui},{—vi 2} [{X}}}H eXp{H—zag o X,},{O}} fo}}}

- % H EXp {ﬁgnﬁ' (Xci )} H eXp {éziciﬁi (Xci )}

C;eC CjeFCi

Therefore, the extended natural parameters of the cluster potential and cluster

compatibility functions are given by

0. =[{u}.{-V,/2}],ieC; and éc-c- ZI:{%XJ}’{O}]J eC,jel..
' i 205 (1_pij) '

Since the second term of écicj is zeros, we only need to consider the first one. For simplicity,

we can write

w4

0. ={y./c%ieC}andf.. ={-———3
o =WilonieC) “C { 205(1-p;)

Xj,ieCi,jeFCi}

E. Proof of Lemma 4.1

Proof: Following the approach in [35], define function

117



a+x 1

_ 1 (B 1
f(x)_ﬂwx_f(a 7Jﬂ+7><’ D

where a=V,+1cl |, B=1+cl(-pV, , y=0i(l-p;) .Since 1/y>0 and

a-pBly=-p;lloi1-p{)<0, it's straightforward to verify that f(x) is continuous,
strictly increasing and bounded by (0,1/y). This leads to the convergence of the inverse

variance iteration. ]

F. Proof of Lemma 4.4

Proof: SinceT.

i+1

—T.is a geometric random variable with parameter 2q(n)/n, we can readily

compute the probability

p=Pr(T,,—T, <[ n/q()* |, T,-T., <[ n/q(n)™ )
w2 (F.1)
=(1—(1—2q(n)/n)t”"‘(”) J) |

which is non-vanishing as n — o . By the Chernoff bound, the probability that there are at

least Lq(n)”J positive odd integers i with T, -T < Ln/q(n)mjand T-T, sLn/q(n)mJ

3/2

in the first c,q(n)”“ steps satisfies

D, >1—exp(—%[1—1/clp]2 clpq(n)s’z], (F.2)

which approaches 1 as n goes to infinity, providingc, >1/ p . Furthermore, the random

variabIeTLq(n)s,ZJ is the sum of | q(n)** /2 | independent random variables with zero mean and

variance between n®/3q(n)* and n*/2q(n)>. By Chebyshev’s inequality
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lim Pr(TLq(n)e”zJ < q(n)n)

n—oo

=1-1lim Pr(ﬂq(nm > q(n)nj

n—oo

3/2 2 2
>1-1im 31 /4(n) (F.3)
> 2¢q(n)n

=1-lim———
= 2¢,q(n)**
=1.

Thus the constantc, is the desired constant. 0]

G. Proof of Lemma 4.5

Proof: From Lemma 4.4, we know that if t > c,\/q(n)n, there are at least Lq(n)mJ uniform

random vectors on Q, with zero mean and covariance matrix X whose entries are all on the

)3/2

order of n?/q(n)**. Denote these random vectors as X_(n), m:1,...,Lq(n)3’2J and let

Y, (n)=X"?X_(n)/q(n)**, then from the Central Limit Theorem, the summation of Y_ (n)

converges to a standard multivariate normal distribution

S, =Sy ()~ v (0,,.1,.,). G.1)

=1

Letc= Pr(l S, lI<2), where || - || denotes the Euclidean distance, then

Pr(n < Hq(n)s"‘):“ZSn

< 2n) >c. (G.2)
From above, we know S, is a zero-mean unimodal symmetric random vector, therefore

Pr (Hq(n)sm Euzsn

=n)2c/n2 . (G.3)
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LetU, be the sum of | g(n)** |i.i.d. random vectors which are uniform on Q, then U, and

q(n)**x"*S, have the same distribution. Thus if t > ¢,4/q(n)n
Pr([s}, s;]T =[x, y]T)ZC/nZ,
forall [x, yI' € {-n,..,~11,..,n}". O

H. Proof of Lemma 4.6

Proof: From the state representation of edge process (c.f. Figure 4.3), we know hitting an
outgoing edge on the boundary corresponds to s; =—1or n. According to (4.44) and (4.45),
s is given by

o t-T, =T, -T )+ +x(T,+a) k is even
O #b+(t-T) (T -T. )+ -++(T,-T,) kisodd’

which is the sum of k =O(tq(n)/n)uniformly distributed random variables with zero mean
and variance n®/q(n)*?. When t =c,/q(n)n (i.e. k =0(q(n)*?)) and only considers; =n,
we can use local limit theorem ([51], page 10) to get

n 3/4

gy A

Pr(sy =n) —>iexp - n
0 \/Z 2(n2/q(n)3/2)q(n)3/2 !
or Pr(s; =n) —1/n+2ze asn— . Then by the Chernoff bound, the probability that there

is at least one time that the walk hits the boundary edges before t =c,./q(n)nis

P, >1—exp(—%[1—1/03Jq(n)]2 cg\/q(n)j —>1

where ¢, =c,/~2ze . Soc,,/q(n)nis an upper bound for the average staying time. [
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