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1. INTRODUCTION TO THE BIOMATHEMATICAL PROBLEMS

1.1l Biological Background

Some of the theory and methodology of random processes is often
applied in the analysis of certain bioelectric data. In the context
of applications, i.e., the analysis of data, a random process is a
mathematical model, not a physical or biological reality. If a set of
data can be usefully considered for some purpose, as if it came from a
certain random process, it is not the same as saying that the physical
or biological object involved is that random process. In fact, the
physical or biological object may not even be statistical or random,
it may be that the specification or analysis of the non-random system
is not feasible (for example, a gas in a closed box).

The concept of the spectrum arises gquite naturally in the study
of a certain class of random processes and this concept will be central
to this dissertation. Since there is more than one way to obtain a
spectrum it is necessary to say that we are particularly concerned
with spectra that arise from a Fourier series analysis, i.e., a Fourier
spectrum,

Formulation of at least part of the biological problem in terms
of a random process model has been useful in the study of electrical
signals from the cortex, called an electroencephalogram or EEG and in
the study of electrical signals from a muscle or group of muscles,
called an electromyogram or EMG (Person and Libkind, 1970). The =tudy
of signals from the heart muscle has the special designation, electro-

cardiogram or ECG. The ECG data is especially attractive for the



application of Fourier series techniques because there is a high
degree of periodicity in even an abnormal signal. The issue of
periodicity will be discussed later with respect to EEG signals.

In fact, the remaining discussion will refer only to EEG signals
and to signals related to the EEG. However, it is worthwhile to
mention the paper by Attinger et al. (1966), in which the validity
of the Fourier series as a mathematical technique in biological
systems, other than the brain, is investigated.

Scientists first became aware that the brain emitted elec-
tricity in the 19th Century. Under the assumption that the signals
contained useful information, various approaches have been employed
to "decipher" the information. Visual analysis was a first and is
a contemporary approach that has widespread clinical use. A
visual analysis is an unaided search by eye, for certain EEG pat-
terns that are known to indicate some pathologic condition of the
central nervous system; for example, epilepsy or brain tumor.

Also in the 19th Century Joseph Fourier used the technigue
which bears his name; it was not too long before scientists and
mathematiclans were trying to use the Fourier series to quantify
and analyze the EEG. The introduction of increasingly more effi-
cient, automatic frequency analyzers from 1938 on until today, has
led to an extensive literature. Prominent among the early work is
that of Dietsch (1932), Koopman (1938) and Knott et al. (1942).

It soon became clear to many that the analysis of the EEG

needed to take into consideration its apparent statistical



properties. In any given record there are always irregularities that
appear to be random and usually there are characteristics which tend
to stabilize with increasing numbers of samples. So the EEG began to
be regarded as a statistical thing proceeding in time, a time series.
It was a short jump to do as N. Wiener suggested and to consider the
EEG as a stationary random process (Wiener, 1958). The next logical
step was to bring to bear the powerful mathematical tool of gener-
alized harmonic analysis (Wiener, 1930).

There are however many objections to the use of Fourier series,
spectra, and stationary random functions for the analysis of EEG
data. ©Some of these objections are eloquently put forth by W. G.
Walter (1960). The early workers thought of the EEG as a voltage-
time function to which a Fourier series analysis could be applied.
Implicit in the application should have been one of two assumptions,
either that the EEG record is a periodic function with a certain
"fundamental' period or, that beyone a certain point in the positive
and negative directions of the time axis the function 1s zero. At
best, an EEG record is partially repetitive and unless something is
drastically wrong, it does not decrease to zero. The choice of a
"fundamental" period is not generally justifiable and, in fact, two
different choices of periods lead to two different Fourier spectra.
Furthermore, until recently the use of automatic frequency analyzers
implied that information about the phase of harmonics or frequency
components would be discarded (Brazier, 1960; Bickford, 1960).

Recent advances have remedied this problem (Kiss, 1970). As will be
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discussed later, the words stationary random process have a number of
precise mathematical meanings depending upon the kind of stationarity
of interest; but it has yet to be demonstrated that the EEG fits any
of the criteria. This dissertation, however, is written with the
assumption that an EEG record is describable by some wide-sense
stationary random process. A considerable amount of attention will
be paid to the phase of harmonics and the role of phase in the
conditions for wide-sense stationarity; the question of the choice

of a "fundamental" period will also be considered.

There is a type of electrical recording from the cortex for
which the objections to Fourier series analysis are at least par-
tially mitigated. Evoked response records are the result of
recording the electrical responses to what are generally periodic
stimuli, like successive clicks or flashes of light. The response
pattern, subject to some apparent random fluctuation, is generally
periodic in nature. Usually the responses are averaged to remove
the randomness and as a consequence such records are called average
evoked potentials (responses) or AEP (AER). The advisability of
averaging is of course subject to discussion (Rosenblith, 1962;
Donchin and Lindsley, 1969).

Having outlined the development of EEG analysis it would be
interesting to see what the concerns of the contemporary researchers
are and what new uses of spectra have been developed or are con-
templated. The electroencephalographer is still concerned with

voltage~time changes recorded from a single electrode on the scalp
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but in a more sophisticated way. Now he is studying the interaction
of many partially correlated voltage-time changes recorded from elec-
trodes dispersed not only over the surface (scalp), but in three
dimensions. That is, he is putting his probes deep into the cortex
where the generators of the electrical processes are.

Some progress seems to be in prospect for locating the cortical
generators of certain frequency bands of the usual EEG spectrum.
Larsen (1969) has subdivided the narrow band spectrum from one to
twenty-five Hz into twenty-five, one Hz increments and, using a
factor analysis technique, has investigated the interdependencies
among the spectral amplitudes. D. 0. Walter (1968) has described a
method called Complex Demodulation which is an attempt to sort out
some consistent uninteresting frequency components. And Bickford
(1960) has suggested that the frequency-analysis system be used as
part of a control system. Many applications of this kind exist,

such as the automatic regulation of anesthesia to a patient.

1.2 Mathematical Aspects

Common mathematical representations of wide-sense stationary
stochastic processes are by finite or infinite series or integrals of
the form

ixkt it
zge or f e dg(1\)
where the § are random variables and g()\) is a random function.

Subject to certain conditions given herein, the series is
guaranteed to be wide-sense stationary; and subject to further con-
ditions, the series is guaranteed to be a stochastic (Bohr-) almost

periodic function.



It is well-known that if the series is defined with non-random
coefficients Ek which are Fourier coefficients of some non-random
function then, in some reasonable sense, the function can usually be
constructed from the series. The situation is more complicated if
the function is a non-trivial stochastic process, if for no other
reason than that the set of all coefficients are described by a
joint distribution function. The relation between the probabilistic
properties of the coefficients and those of the stochastic process
are studied.

Since the coefficients Ek are usually complex-valued random
variables it is possible that the amplitude and phase of §k are also
random variables. The phase properties of a process are considered
with respect to the criteria that need to be satisfied for the

process to be wide-sense stationary.



2. GENERALITIES

2.1 Precis

Some of the mathematical aspects of this research were outlined in
Chapter 1. We shall be more specific in this chapter. The theoretical
framework is that of the Hilbert space.

The two realizations of the abstract Hilbert space that concern
us are related to each other. One realization is a certain collection
of random variables on a probability space; our specific interest being
in the class of wide-sense stationary stochastic processes. The other
realization is Lz(a,b) space, where a and b may be finite or infinite.

The theorems in this work usually concern Fourier series-type
expressions for stochastic processes, or realizations of processes or
deterministic functions. Of particular interest will be the con-
sequences of the wide-sense stationarity property, phase properties
of the Fourier coefficients, uniqueness of convergence and mode of
convergence of stochastic processes. The properties of the Fourier
coefficients will be examined with the intention of answering questions
about what the coefficients can tell us about the statistical pro-
perties of the function.

Essentially, Chapter 2 contains statements of known theorems and
definitions which are fundamental to understanding the sequel. The
accompanying discussion of these definitions and theorems usually is
for the purpose(s) of pointing out how they fit into this work, to
clarify something or to emphasize something. To include such infor-
mation in the later chapters would tend to make the development

somewhat disjoint.
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The literature upon which this work is based is diverse and large,
The Fourier series is a traditional tool in the hands of communications
(and control) engineers, statisticians interested in time series, and
mathematical analysts {and probabilists). To provide some perspective
for the sequel, a brief review of some of the mathematical develop-
ments that influenced the contemporary view of Fourier-type series is

presented as part of Section 2.2.

2.2 Mathematical Development

The Fourier series came into use prior to the twentieth century.
For the moment, define the Fourier series of the non-stochastic function
f(t) formally as,
ixkt

2. ~% .
(2.1) f(t) z c, e

The function f£(t) may be complex-valued and an element of La(a,b); the

e, are a certain set of complex-valued coefficients which are called

k
Fourier coefficients; and the set of Xk’ called Fourier exponents, are
real-valued numbers. For real-valued f£(t) (2.1) may be written in
terms of sines and/or cosines.

It would be reasonable to inquire what it is about a series of
the form of 1(2.1) that has made it of interest to mathematical
theorists, engineers and statisticians. By attributing certain
properties to f(t) and to the set [Xk] engineers found that the series
had a natural relationship with certain fundamental concepts basic to

their field, e.g. frequency bandwidth, filters, signal to noise ratio,

white noise, etc. Because time series are often of a cyclic nature,
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statisticians developed analytical techniques such as the periodogram,
which is closely tied to Fourier-type series analysis. Theorists find
ample numbers of problems in pathologic, i.e., apparently physically
uninteresting functions. It is interesting that N. Wiener, a competent
mathematician, wrote a book (Wiener, 1949) devoted to establishing a
dialogue, based upon the common foundation underlying their areas,
between time series statisticians and communications engineers.

Coincidental with the development of the Fourier series was the
increasing acceptance of the techniques of Oliver Heaviside which are
now incorporated into what is called operational calculus {Churchill,
1958). A large part of operational calculus is based upon the theory
of the Fourier integral and is denoted as Fouriler transform theory.
The Fourier transform of the non-stochastic function g(t) is defined
formally as,

1= iwt
(2.2) J{g(t)}~@ng(t)e dt
The function g(t) may be a complex-valued element of LE(-m, ®),

Equations (2.1) and (2.2) are stated as formal expressions to
reflect the possibilities that the infinite series in (2.1) may not
converge for any t, it may converge but not necessarily to f(t) (Hardy
and Rogosinski, 1968, p. 5) or that the integral in (2.2) may not
exist. Quite often (2.1) will converge and (2.2) for the same function
will not exist and vice-versa.

Proceeding formally, it is possible to develop the equation in

(2.2) from the Fourier series (Titchmarsh, 1948). The union of the
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methodologies of Fourier series and Fourier transforms is often termed
spectral analysis or generalized harmonic analysis. The theory of
generalized harmonic analysis is in large part the work of Wiener (1930);
the objective being to achieve a unified theory, incorporating the de-
sirable features of each constituent theory. Other attempts at synthe-
sis are based upon extensive use of the Dirac delta function.

For our purposes it will be sufficient to note that the use of a
Fourier transform implies a continuous spectrum; the existence of the
integral in (2.2) often is tied to the finiteness of the integral of
lg(£)|? over all t; i.e., g(t) is said to be a finite-energy function.
The use of the Fourler series implies a discrete or line spectrum, the
nature of which is part of this dissertation. It was stated earlier
that certain properties are often attributed to f(t); one such
property is periodicity. Clearly, the integral of If(t)I2 over all
time will not be finite if f(t) is non-zero and periodic but the same
integral over one period could be finite. The Fourier series repre-
sents f(t) over one period and by induction over all time. Therefore,
it is often assumed that f(t) ¢ Lz(a, a+d) where d is the period of
£(t).

Because of the nature of Fourier series and periodic functions
it is common practice to construct an artificial function fD(t), from

a non-periodic f(t); i.e.,

£(t) lt] <D

£(8)

0 lt] 2D .
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This is appealing because often one's interest in f(t) is only over
some finite interval D. There are some difficulties for some uses but,
frequently, the Fourier series analysis of fD(t) instead of f(t) is
quite acceptable.

At first glance, the introduction of a wide-sense stationary
(see Definition 2.8, below) stochastic process Z(t,w) instead of f(t)
or g(t) would not seem to cause much difficulty if one considers w
as a fixed element of an ensemble and treats Z(t,w), now a realiza-
tion of the process, as an ordinary function of time. This is what
early workers thought but it is not quite correct. One might also
question many operations done with respect to Z(t,w) such as in-
tegration over w or t, convergence of infinite sums, ergodic
assumptions, etc., but many questions are resolved in & way consistent
with the non-stochastic theory.

It is intuitively clear that a wide-sense stationary stochastic
process cannot display the necessary trend to decrease to zero and
therefore be termed a finite-energy process; hence, it is not useful
to look for the Fourier transform of Z(t,w). This dilemma is to some
extent circumvented by the use of the well-known Fourier transform
pair: the covariance (or autocorrelation) function and the spectral
function. This pair of functions plays a central role in the analysis
of wide-sense stationary processes and in the more encompassing,
generalized harmonic analysis theory.

Assume for the moment that Z(t,w) is both wide-sense stationary

and periodic with period 4 (see Definitions 2.8 and 2.9). Then it can
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be demonstrated that the Fourier coefficients, found by a Fourier
analysis of Z(t,w), are random variables and that they are pairwise
uncorrelated -- a desirable statistical property. Let us assume now
that Z(t,w) is a wide-sense stationary process, but not periodic, and
that we are interested in the interval D which is a subset of the
parameter set, T of the process. It is generally possible to express
Z(t,w) over D in a Fourier series just as fD(t) was expressed. How-
ever, Root and Pitcher §1955) demonstrate that the Fourier coeffi-
cients are then only asymptotically uncorrelated. This fact should
be noted when reading the early literature.

The above change in the statistical properties of the coeffi-
cients is not an unimportant point. The primary reason for using a
stochastic process as a mathematical model is because the properties
of the statistical parameters can be defined and studied. Properties
of these random Fourier coefficients can be investigated to develop
an understanding of the stochastic process. The expectation of the
square of the absolute value of a Fourier coefficient corresponds to
its variance. So the problem of estimating the spectrum of the process
becomes a problem of estimating variance components. If the process
is assumed to be Gaussian, the Fouriler coefficients are pairwise in-
dependent random variables and the process is then represented by a
sum of independent random variables, a highly developed area of
probability theory (Gnedenko and Kolmogorov, 1968).

We asked earlier why it was that the Fourier series find uses in

several disciplines. The answers given were, at one level, satisfactory.



However, now that we have developed some insight into the nature of
Fourier coefficients, we can carry the answers a bit further. It
was noted that the Fourier series of a function implies a discrete
spectrum; denote the number xk as & point in the spectrum and the
square of the absolute value of the kEE Fourier coefficient as the
spectral value corresponding to hk. The set of numbers [Xj],
j=1, 2, ... are associated with the frequency domain. It may be
sald then, that the Fourier series lends itself to a frequency-
domain interpretation; why estimate the spectral density instead
of the covariance function? One answer 1s statistical simplicity:
two frequencies in the spectrum, represented by two Fourier co-
efficients may be related in an uncorrelated or independent sense
(if the appropriate conditions are satisfied); whereas two times,
represented by the values of the realization are in general de-
pendent or correlated. Another benefit of the frequency domain is
in the area of filters and linear operators where the "frequency"
Xk is associated with the characteristic '"frequency response"
function for linear systems.

In theory an even wider class of processes than the class of
wide-sense stationary processes can be expressed in terms of a
series of uncorrelated random variables. Such series are called
Karhunen-Loeve expansions. The problem with using these expansions
is that evaluation of the coefficients usually involves the solution
of sometimes difficult integral equations and that all relation to

the frequency domain is lost (Davenport and Root, 1958, p. 99).
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We have pointed out that the frequency approach is securely built
into the tradition but this does not imply that it is always the best
approach. An alternate approach stated with speech analysis in mind,

but with wider implications, is suggested in a paper by Bremermann

(1968).

2.3 Mathematical Compendium

In order that the presentation of the new work in this disser-
tation be more efficient, this section is devoted to rather well-known
definitions and theorems. The interrelationship between the established
literature and the present study is discussed.

The analysis is all done in the context of an abstract Hilbert
space H, say. Two realizations of this space are of interest to us,
the space La(a,b) and a certain class of random variables defined on

the probability space (£}, G, P). These spaces are now defined:

Definition 2.1: Let (a,b) denote a finite or infinite interval on

the real axis. Denote by La(a,b) the set of all complex~valued
Lebesgue measurable functions f(.) defined on (a,b) such that

If(-)la is Lebesgue integrable on (a,b).

Definition 2.2: The space (Q, G, P) is a probability space. That is,

’

{0 is what we shall call the basic setl, where w ¢ () is a possible

1The basic set is often called the sample space.
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outcome or event, so Q is the collection of these; G is a sigma algebra
of sets of w. P(A) is the probability measure of the set A, where

AeG, ACq.

Definition 2.3: An abstract Hilbert space is an infinite-dimensicnal

inner product space. H is a complete metric space with respect to the

metric generated by the inner product.

There is an extensive literature on Hilbert spaces so we refer
only to a few properties and implications that are of special concern
to us.

The inner product, defined on La(a,b), of functions f and g is

b
(2.3)  (f,g) = [ f£(t)g(t)at .
a

The corresponding norm, defined on La(a,b), of f(t) is
o i
kel = ([ |£]%at)2 = o.
a

Note the following: if f and g are orthogonal, (f,g) = O; the domain
of definition need not be a one dimensional interval, but could be any
higher dimensional interval; if f and g differ only on a set of
Lebesgue measure zero they are not regarded as distinct.

The inner product of complex-valued random variables §1 = gl(w)

and §2 = Ez(w) defined on (Q, G, P) is

(2-)"') (gl’ §)=6§ E:

2 1 2

where &(+) is the expectation operator and & §1 =& §2 = 0. The norm
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of a random variable §l is
i
(2.5) g Il = (elg |2)2 = o.

Note the following: if §l and §2 are uncorrelated random variables,
(§1, gz) = 0; if random variables §1 and §2 differ only a set of
probability measure zero they are said to be equivalent or non-distinct
random variables and satisfy,

P(§ #E)=0
(2.6) and/or

elg - € 1°=o.

The inner product, defined on H, of elements X and Y is denoted
by (X,Y). Note that the space H is not in general separable. Since
there is a norm topology on H there are notions of convergence in
Lz(a,b) and in the class of random variables defined on (Q, G, P).

We shall return to questions of convergence and separability in the
sequel.

A geometric conception of a stochastic process Z(t,w) is as a
family of random variables with parameter t ranging over some index
set T and where w ¢ Q. For every fixed t, the random variable Z(t,w)
corresponds to definite point of the Hilbert space, H; when t varies
over T, the result is a one-parameter family of points, or a curve
in H. Of course, the word "curve" implies some notion of continuity
(and therefore convergence).

Another way to conceive of a real-valued stochastic process is as

a function Z(t,w) defined on T x Q = R such that for each t ¢ T, Z(t,w)
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is a measurable map of Q - R; i.e., for each t, Z(t,w) is a random
variable.! ILet ¥ be the space of all real-valued functions on T and
B be a suitably chosen sigma algebra of subsets of X, then Z(t,w)
defines a measurable map of (Q, G) into (X, B). The space X is
called the sample function or realization space.

Without going into the details, it is clear that there is an
induced probability distribution on (¥, B). By choosing n arbitrary
elements of T, tl, tz, +e+> b say, n random variables Z(ti,w),
Z(tg,w), ooy Z(tn,w), with a joint probability distribution, are
defined. Thus, a family of finite-dimensional distributions might
be constructed with the intention of deducing as much as possible
about the induced probability distribution. Or, a family of finite-
dimensional distributions may be known a priori; under what con-
ditions does there exist a stochastic process associated with these
distributions?

Such questions are answered by what 1s called the Kolmogorov
theorem. Henceforth, the symbols FF-DD will frequently be used to

dencte the family of finite-dimensional distributions.

Theorem 2.1: (Kolmogorov) The FF-DD of any given stochastic process
uniquely defines the probability distribution over the sample space ¥
for all sets of the sigma algebra B over the intervals in ¥. And, a

necessary and sufficient condition for the existence of any stochastic

'The usual abuse of notation which does not distinguish between
the name and the value of a map will be followed.
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process is that the given FF-DD satisfies the conditions of symmetry

and consistency (see Definitions 2.4 and 2.5).
Proof: not given; see Cramér and Leadbetter (1967).

We shall now proceed to examine this crucial theorem. We have
said that ¥ is the space of all real-valued functions x(t) on T.
Corresponding to any arbitrary finite set of t-values, tl, ta’ N
t,, the random variables Z(tl,w), e Z(tn,w) are defined. These n

random variables will have a joint n-dimensional distribution with

distribution function

(2.7) F(xl, X5 eees X5 b b e tn) =

P(Z(tl,w) S X5 eens Z(tn,w) <x )=

Hﬂ%ﬂﬂsx k=1,2, ..., n)

Kk’

where x, = xtt.).
J ( J)

Definition 2.4: The family of all joint probability distributions of

the form (2.7) for all finite n and all possible values of t, con-

stitutes the family of finite-dimensional distributions (FF-DD)

associated with the stochastic process Z(t,w).

Definition 2.5: The symmetry condition requires that the n-dimensional

distribution function (2.7) be symmetric in all pairs (Xj’ tj), 50
that F(+) remains invariant when the X and tj are subjected to the

same permutation.
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Definition 2.6: The consistency condition is expressed by the relation

lim F(xl, ceey X

X = + ©®
n

F(xl, ceey X

Definitions 2.5 and 2.6 are taken from Cramér and Leadbetter (1967).
Any FF-DD satisfying these conditions can be associated with some
stochastic process.1 The notation used in Definitions 2.5 and 2.6
is one of a number of acceptable notations. It is used in these
definitions because it closely resembles the distribution function
definition occurring in ordinary probability theory. However, in
Section 5.3 a different notation is suggested, advantages and dis-
advantages are discussed and an example is given. The essential
point we want to make here is that for different selections of dis-
crete subsets of T, the domain of the corresponding distribution
function, as a function of tl, te’ cuny tn’ is different, and there-
fore the functions are themselves different.

There are many ways to categorize stochastic processes.  We
will distinguish between those which are stationary and those which
are not. Of those that are stationary we will distinguish between
two types of stationarity: wide-sense stationary, henceforth also
denoted by the symbols WSS, and strict-sense stationary. In order

to categorize we identify some standard characteristics that will be

}The usual abuse of notation is adhered to, where the same symbol
is used to denote the n-dimensional distribution function and its
marginal distributions.
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useful. The FF-DD is certainly one method of identification. Others

are the mean value function m(t),

(2.8) n(t) = € Z2(t,w),

where &(-) denotes the expectation operator; the covariance function

0 is

®8(t,s), where m(t)

(2.9) B(t,s) = & Z(t,w) Z(s,w)

for all t ¢ T, and s € T; and the characteristic function of a random
vector in = fh(w) = [X(tl,w), X(tz,w), cee, X(tn,w)]T, where the com=
ponents of the vectors in and a are real-valued, and where [.....~]T is
the transpose of [......], is

R 19X
(2.10)  o(q) =ee "

It has been pointed out that for a fixed t ¢ T, the stochastic
process corresponds to a random variable; for a set of t-values a
random vector is formed. Characteristic functions are used extensively
in Chapter 5 because, among other reasons, they are another way to
express the symmetry and consistency conditions.

Nothing explicit has been said about the index set T. Another
way to categorize stochastic processes is by the properties of the
set T. In this dissertation we will deal with continuous parameter
processes (T is a continuous set) and discrete parameter processes
(T is a set of discrete elements). In particular, if Z(t,w) is a con-

tinuous parameter process, T = (0, ») CRY, if Z(t,w) is a discrete
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parameter process, T = T% = [1, 2, ..., n] (n will often be infinite,

in which case T¥ is a left closed, right open interval).

Definition 2.7: A stochastic process is strict-sense stationary if

all its finite-dimensional distribution functions remain the same if
the whole set of points, tl, ta’ ceny tn’ is shifted by some finite
distance 1. That is, if
P 5 + + oo =
F(xl, X s s X3 BT t2 T, R tn+T)
F(xl, X o wees X3 b, B, e, b )

2 n

for any n, t t vee, £t and T.
y I, 0ty s by

Definition 2.8: A stochastic process is wide-sense stationary* {wss)

if € Z(t,w) = m(t) = m, a constant and if B(t,s) = B(t-s) = B(7)
where T = t-s, t ¢ T, s ¢ T (it will be discussed later that, without
loss of generality, we will usually assume m(t) = O in this work).

In general, the mean value function and the covariance function
do not uniquely specify the process but if the process if Gaussian,
then m(t) and B(T) completely specify the process. That is, they
completely define all the distribution functions.

In this study we are generally concerned with processes that
are WSS. A subclass of the class of WSS processes consists of

those which are periodic.

+The following terms are synonymous: second-order stationary,
Khinchin-sense stationary, wide-sense stationary, covariance station-
ary, and weakly stationary.
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Definition 2.9: (a) A purely periodic stochastic process with period

d is one whose covariance function is purely periodic with period d.
(b) Another definition, perhaps easier to visualize,

is, Z(t,w) is purely periodic with period 4 if

z(t,w) = Z(t+d,w) ¥ t ¢ T a.s.t
Parts (a) and (b) are stated as definitions but it can be shown
(Dubes, 1968, p. 426) that they are related by an "if, and only if"
relation.

Henceforth, such processes and functions will be denoted by
p.p.(d) meaning purely periodic with period 4.

The discussions in Sections 1.2 and 2.2 perhaps indicate that
periodicity, or the absence of it, plays a major role in the type of
analysis which can be validly done. It will be useful now to clarify
something which has occurred in the literature and might be misleading.

In the book edited by Rosenblith (1962), p. 84, W. M. Siebert
asserts that a p.p.(d) stochastic process is not stationary and
suggests useful ways to evaluate the first two moments. The assertion
is correct if strict-sense stationarity is meant but not true if WSS
is meant. The former condition requires that the distribution function
be independent of arbitrary shifts T, whereas it is clear that the

distribution function of a p.p.(d) process is independent only of

1 The symbol a.s. denotes almost surely. This is the probabilistic
counterpart of a.e.
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shifts that are multiples of the period. 1In contrast, suppose Z(t,w)

is the p.p.(d) process and that & Z(t,w) = 0. Then

B(t) = & (Z2(t+7,0) Z(t,w)) = & (Z(t+d+T,w) Z(t,w))

B(r) = 8 (71+d)

where Definition 2.9 (b) is used. The result is gratifying. One, it
clearly shows that the covariance function is periodic; two, B(+) does
not depend on the choice of t € T, confirming that Z(t,w) is a WSS
process.

A wider class of WSS processes than that of the class of purely
periodic processes is the class of almost periodic WSS processes.
Henceforth, such processes (and functions) will also be denoted by
a.p. An extensive literature concerned with non-stochastic a.p.
functions exists (Besicovitch, 1954; Bohr, 1947; Corduneanu, 1968;
Maak, 1967; Wiener, 1930). The literature for stochastic a.p.
functions i's less extensive (Bochner, 1956; Slutsky, 1938).

"Delta-epsilon"-type definitions of almost periodic functions
anq processes are given by the authors listed above and need not
concern us here. It is through the following theorems that the a.p.

concept will be applied.

Theorem 2.2: (Bohr's Fundamental Theorem) The closure s(t) of the

N int
class of all finite sums s(t) = L ae " is identical with the class
1

of almost periodic functions.

Proof: not given; see Bohr (1947), p. 80.
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Theorem 2.3: (Approximation Theorem of Bohr) Every almost periodic

N ia t

function f(t) can be approximated by finite sums s(t) = ¥ 8 e
7

iy

uniformly for t e (-®, ®), where the exponents A, are chosen to be

Fourier coefficients of f(t).

¢

Proof: not given; see Bohr (1947), p. 81.

Theorem 2.4: A random function Z(t) satisfies the definition of being

an almost periodic function if, and only if, it is the limit, as p = =
P it

uniformly in t e (-», ®) of finite exponential sums & a e % for the
n=1

set of real kh.

Proof: not given; see Bochner (1956), p. 23.

An a.p. function or process is a generalization of a p.p.(d)
function or process; i.e. all p.p.(d) functions or processes are a.p.
but the converse is not true.

A related theorem (Loeve, 1963; Rosenblatt, 1962; Wiener, 1930)
shows that certain stochastic processes Z(t,w) can be represented in
the form of a Fourier-Stieltjes integral

@ i)t
(2.11) Z(t,w) = I e dE(\w)
-
where E(\,w) is a process of orthogonal increments.

With the intention of making a point about the numbers Xl, Xz,
cony xn’ and recalling the central role that the covariance function
plays in the theory of spectra, note that Bochner (1933) and Khinchin

(1934) showed that the covariance function B(r) of any WSS process can

5
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be represented in the form of an integral,
© INT

(2.12)  B(r) = [ e ar(n)
-00

where F(\) is a real, non-decreasing, bounded function called the
spectral distribution function of the stochastic process. This is
referred to as the Bochner-Khinchin Theorem; a proof of which is in
Rosenblatt, 1962. Based on the representation theorems of probability
theory, (2.12) may also be expressed by a suitable integral over a
measure (Feller, 1966).

A special case of equation (2.11), which is clearly of interest
in the present work, involves the representation of certain WSS pro-

cesses Z(t,w) in the form

n int
(2.13) Z(t,w) = & ;K(m)e e ,
k=1

where the set of gk(w) are complex-valued random variables, the set of

-xk are (discrete) real numbers, t ¢ T, and n may be finite or infinite

(Cramér and Leadbetter, 1967; Slutski, 1938), with a covariance function
of the form
ia t

n
(2.14) B(1) = Zbe n
1

where

(2.15) b, = 3|§K(w)|2 and € § () ?J]E) = 0



26
n

The expression I 6|§k(w)|2 is often referred to as the spectral
measure of Z(t,w). ki% the sum is finite and the A values discrete
we say that Z(t,w) is a process with a finite total spectral measure.

In Section 3.1 we shall show the known proof of a theorem that
states that the necessary and sufficient conditions for a process of
the form (2.13) to be WSS is that the coefficients, gk(w), be pair-
wise uncorrelated (orthogonal) (also see equation (2.15)). We have
pointed out previously the desirability of this property.

Reference has been made to general representations of a.p. and
p.p.(d) functions both in the deterministic and stochastic contexts.
The present work is basically concerned with Fourier representations
so we shall summarize below the Fourier series for the four cases of
interest. Certain of these will be considered in detall in the sequel.

A version of equation (2.1) where f(t) is a deterministic

function is rewritten as

int
(2.16)  £(t) ~% c e " (?)
k=-n

We distinguish between the a.p. and p.p.{d) cases as follows:

. 217 .

(i) 1If M = kxl, where kl = <, the ) are said to be har-
monically related; if f(t) is a purely periodic function of period d,
the series represents f(t) Vt; if f(t) is not p.p.(d) but d is chosen
in some way, the series may still represent f(t) but over a sub-

interval of t; these matters have been discussed in Section 2.2, 1In
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either case, the Fourier coefficient®, ¢, , is defined by

t+d int
(2.17) ¢, = % [ ft)e * at
t

k,

k=0, +1, +2, ...;

(ii) 1f N are not related as in (i) but are chosen in some other
suitable way, then (2.16) is said to be an almost periodic repre-

sentation of f(t) and the Fourier coefficient!, ¢ _, is defined by

k,
D il b
(2.18) ¢, = lim % j f{t)e k dt k =0, +1, +2, ...;
Do 0

where kk are non-zero real numbers. The number n in (2.16) may be
finite or infinite. Integration in ¢2.17) and (2.18) is in the sense
of Lebesgue.
The stochastic analog of (2.16) which is used to represent
certain WSS stochastic processes, Z€t,w) is
n ith
(2.19) z(t,w) ~ T g (w)e (7)
=-n
Again, we distinguish two cases:
(iii) If the A, are harmonically related and z(t,w) is periodic
with a period d, or if 4 is chosen in some other suitable way, the
series may still represent Z{t,w) over a subset of T (see previous

discussions in this section and in Section 2.2); then the stochastic

Fourier coefficient §k(w) = Ek is

1Tt would be more accurate to write Fourier-Lebesgue coefficient
because of the Lebesgue integrals but in the interest of brevity we
do not.
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t+d -iNt
(2.20) g = % f ' z(t,w)e xk dt
t

(2) k=0, +1, +2, ... .

(iv) If the xk are not harmonically related but are chosen in
some other suitable way, then (2.19) is said to be an almost periodic
representation of Z(t,w) and the corresponding stochastic Fourier

coefficient Ek(w) = g is

. D -in b
(2.21) g =lin g [ z(s,w)e at (2) k=0, +1, +2, ...
D © 0

where the Xk are non-zero real numbers. Again n may be finite or
infinite (subject to convergence criteria).

The (?) that appears in four of the last six equations reflects
that the modes of convergence of the possibly infinite series and of
the stochastic integrals must be carefully considered. In this work
(2.20) and (2.21) will be Riemann integrals in the quadratic mean
sense.

Clearly, we are using the expressions "Fourier series" and
"Fourier coefficients" in a number of situations and will specify the
situation when it is not clear.

Much of the preceding has revolved about the set of numbers Xk.
The same kk occur in the representation of the process and in its
covariance function. It should be noted that all Fourier series
representations have discrete Xk values which is what is meant by a
discrete spectrum. When a pair of xk terms are not harmonically
related they are said to be incommensurate.

In the sequel the stochastic process Z(t,w) is considered to be

complex-valued and may be written
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(2.22) zZ(t,w) = X(t,w) + iv(t,w).

Miller (1969) discusses the properties of the three processes, Z(t,w),
X(t,w) and Y(t,w). Discussions up to now have merely specified (when
necessary) whether Z(t,w) was complex-valued or real-valued
gY(t,w) =0 a.s.).

The stochastic process, say Z(t,w), under consideration will be
assumed to be of zero mean value without any loss of generality, i.e.

n(t) = € Z(t,w) =0 VteT, we
This is a standard assumption in the literature. The book by Dubes
(1968) does not make the assumption; the book by Loeve (1963) dis-
cusses the assumption in some detail.

Some abbreviations and symbols have been introduced as this
chapter developed. These are now collected for reference in the
sequel. A complete list of abbreviations and symbols with the page

number of first occurence precedes Chapter 1.

WSS wide-sense statlonary

FF-DD family of finite-dimensional distributions
p.p.(d) purely periodic of period 4

8.D. almost periodic

T continuous parameter set

T* discrete parameter set

s.p.(s) stochastic process(es)

r.v.(s) random variable(s)

X space of all real-valued functions on T or T¥
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(x,)
x, )
[x_]
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complex conjugate of x
sequence of terms, X,
discrete parameter s.p.; X, is a r.v. for each n ¢ T*
set of terms X

transpose of matrix A

Some of the footnotes which appear in this work occur because in

the discussion a name was used, whereas there are other names equally

acceptable and well known, which have the same meaning. To some extent

this situation reflects the discussion of Section 2.2, where it was

pointed out that engineers, statisticians and mathematicians have con-

tributed, more or less in conjunction, to the development of stochastic

processes. A partial list of such terms which appear frequently follows:

1.

2.

(3: sample space; basic set; basic probability space
wide-sense stationary (ws8); covariance stationary; second-
order stationary; Khinchin stationary; weakly stationary

T: index set; parameter set

Stochastic process; random function

quadratic mean; mean square

almost surely (a.s.); almost certainly

sample function; realization
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3. A GENERAL SERIES REPRESENTATION

3.1 WSS and the Properties of the Coefficients

Some of the properties of finite and infinite sum representations
of stochastic processes will be presented in this chapter. 1In pre-
ceding chapters the motivation for representing stochastic processes
by a sum of terms was largely historical; i.e., it was a logical
extension of the work done on deterministic problems, albeit capable

of being expressed in the firm mathematical structure of Hilbert space

theory.
It is possible to motivate the series representation of a WSS
int
process expressed in terms of the orthogonal system, e s k g T*

in a different way. Consider the s.p. as a function of two variables,
t ¢ Tand w e Q, and try as a reasonable analytical expression of
their interrelation, the product of a random and a deterministic
function, say

z(t,w) = E(w)f(t).
By imposing upon this model the conditions necessary for Z(t,w) to be
WSS ;8 z(t,w) = 0, B(t,s) = B(1), t and s both ¢ T), it can be shown
(Yagiom, 1962, p. 31) that Z(t,w) is WSS if, and only if, it is of
the form

it
z(t,w) = E(w)e .
Then, apply the principle of superposition as a possibly valid

and meaningful way to represent a more general WSS s.p., say,

th

n i
Z(t,w) =k§l §K(w)e .
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With this type of approach one eludes the need to specify how the set
of coefficients, [Ek], and the set of exponents, [Xk] are determined.
We have, in Chapter 2, specified some ways to construct both sets.

Theorem 3.1 given below is from Yaglom (1962). We state the
theorem because it is fundamental to many theorems that follow and we
give the proof (a paraphrasing of that in Yaglom, 1962) because the
method employed will also be used later in this work.

t

n i
Theorem 3.1: The stochastic process Z(t,w) = & Ek(w)e ke , where n

k=1
is finite, is zero mean WSS if, and only if, the coefficients Ek(w)

are pairwise uncorrelated random variables with the mean value zero.

Proof: (Yaglom, 1962, p. 38) By Definition 2.8, if € Z(t) = O and if
B(t,s) = € z2(s)Z(t) is a function of T = t-s only, then Z(t) is a

WSS s.p. Let us calculate B(t,s) but substituting (t+7) for s and
let us consider the case n = 2. The remark at the end of the proof

will show the result for a general n.

ir (t+T) in (t+7) =it
€ z(t+7)z(t) = ef(ge * +Ee ? ) (Be * o+
_ it
Ee 7))
_ iaT _oint o dat(a-n ) dnT
€z(t+n)Z(E) = efg8e ' +EFe Z+gFe ' Fe P o4

_ods(a-n ) i
gEe 2162

271
Then, by the linearity of the expectation operator,
inT inT
(*) & 2(t+m)2(8) = elg |Pe T+ efg |Pe 7+
it(A =N ) + in T 1(A -2 )+id 7T
sgze 1 2 1 +e§—§'e 2 1 2
12 21

Suppose that Z(t,w) is zero mean and WSS. In order for expression (%)
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to be a function of T only, say B(r), those terms of tpe sum which are
functions of t must either cancel or be zero. Since el ‘ # O for any
values of xk or t and since in general, these terms do not cancel,
(Remark 6 on Theorem 3.2 contains the essential relation to establish
this from a linear independence argument), it follows that
e Ebfa =& §1Eb = 0., That is, §1 and §2 are pairwise uncorrelated
random variables. Furthermore, if € Z(t,w) = O, then

iAt it

e z(t,w) =e ? egl(w)+e 2 agz(w)=o
implies that & §k(w) =0, k=1, 2, ...; that is, §k(w) are zero mean
r.v.s.

The converse, if §1 and §2 are zero mean, (pairwise) uncorrelated
r.v.s, then Z(t,w) is WSS and zero mean follows immediately. The ex-
tension from n = 2 to a general n is straightforward (see Remark 1 on
Theorem 3.1).

Q.E.D.

Remark 1 on Theorem 3.1: If Z(t,w) is a zero mean WSS s.p. and is

ikkt

represented by a sum of n terms of the form §ke , k=1, 2, ..., n,

the expression (%) in Theorem 3.1 is replaced by

n n _ -ik.t+ixk(t+7)
ez(t+r) Z{t) =2 £ e g8 e 7
3=1 k=1 J
This sum may be written as
n inT
z Iékl?*exk
k=1
by the same arguments used in the theorem. For any finite n, Theorem

3.1 is established.
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Remark 2 on Theorem 3.1: It will not be proven here but intuitively it

is reasonable that Theorem 3.1 will be valid for a non-finite n and a
suitable mode of convergence. In fact, some of the Fourier series ex-
pressions in Section 2.3 are examples of special cases of infinite

series.

3.2 Real-valued, WSS Processes and the Properties of the Coefficients

In Theorem 3.1 the coefficient Ek(w) is a complex-valued r.v. It

is always possible then to express Ek as,

(3-1) %t(w) = % (ak(w) - iﬁk(w)) k=1,2, ..., n,

vhere o = ak(w) and B, = Bk(w) are real-valued r.v.s.

In analysis the complex-valued s.p. Z(t,w) is often used but in
practice, one observes only real-valued processes, X(t,w). The next
theorem states the conditions that the elements of the sum,
izt

E.e J

(3.2)  z(t,0) = 5 &

dJ

ISR
I e

must satisfy in order that Z(t,w) be real-valued (n, finite or in-
finite).

The method of proof and the statement of the conditions as being
necessary and sufficient are perhaps original but certainly the con-
ditions are not. TFor the non-stochastic case, the conditions are
usually given in the context of expressing a complex-valued Fourier
series in terms of a real-valued Fourier series involving sine and

cosine functions.
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Theorem 3.3 will consider the second order properties that the

coefficients o and sk possess.

Theorem 3.2: Let Z(t,w) be a zero mean, WSS stochastic process® which
can be represented for all t ¢ T in the form of (3.2) where the Xj

are distinct, non-zero, real-valued numbers, the éj(w) are distinct,
non-zero, complex-valued random variables expressable as in (3.1),

and n is a finite, even positive integer. A necessary and sufficient
condition that Z(t,w) be real-valued is that the indices be assignable

to §k and Ak in such a way that sz = -

ey 800 € (0) = E, (w)

2
for k =1, 2, ..., n/2.

Proof: For convenience, let Z(t,w)

B (0)

this does not affect the generality of the proof. Substitution of Ek

z(t), §k(w) = 8 ak(w) = a, and

B,- Letn= 4 for computational ease; we shall see that

in z(t) yields

Z(t) =2 [(@¢ - ip ) (cos N t+i sin A t) +
1 1 1 1
(0 - ip ) f{cos N t+i sin A t) +
2 2 2 2
(0 - ip ) (cos N t+i sin A t) +
3 3 3 3

(¢ - ip ) fcos A t+i sin A t)] V t ¢ T and a.s.
4 4 4 4

1The possibility that Z(t,w) = O ¥ t, a.s. is excluded.
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or

(#) Z(t) =% [(¢ cos A t+B sin A t+a cos N t+B sin A t) +
1 1 1 1 2 2 2 2
(0 cos A t+B sin At + o cos At + B sin A t)] +
3 3 3 3 4 4 4 4
2 [(o¢ sin A t-p cos A t+a sin A t-f cos A t) +
2 1 1 1 1 -] 2 2 2
(¢ sin A t-p cos At +
3 3 3 3

o sin A t-B cos A t)] ¥V t and a.s.
4 4 4 4

For sufficiency, show that if-§1 = E; and §3 E4, A= -xg and

1
1

1 (o - 18,), the

A = -X\, then Z(t) is real-valued. From §k
3 4

following identification scheme is constructed for k = 1, 2, 3, k:

al=a2=ﬂ,aa=a4=ﬂ2, Bl=~52=51:and53='54=§2a

1
A ==\ =K s and \ 3
1 3

-A = K . Substitution of M., (.,
1 2 J J

4 2 J
j =1, 2 into (¥) yields the real-valued expression (the imaginary
terms cancel),
Z(t) = [N cos K t+{ sin K t +
1 1 1 1
N cos K t+{ sin Kt] V¥Vt e T and a.s.
2 2 2 2
which demonstrates that the condition is sufficient for Z(t) to be
real-valued.
For necessity, show that if the imaginary part of expression (*)
is zero, then € = €, € =€, A = -\ and A = -\ .
1 2 3 4 1 2 3 4
The imaginary part of expression (*) set equal to zero yields

*%) L i 5= i -
(**) 3 [(a& sin A o-B cos X t+a sin )t 82 cos kat) +

(0 sin A t-p cos At +
3 3 3 3

o sin A t-B cos At)]=0 <V teTanda.s.
4 4 4 4
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For any 1 <k s n (=b), o = |§k| cos YK ané B = -|§k| sin ¥, ,
where Y, = Yk(w) is the angle, arc taxl(ai~) . Substituting into (¥*%),
[(|& | cos ¥ sin A t+|€ | sin ¥ cos A t +
1 1 1 L 1 1
|€ | cos ¥ sin A t+|E | sin ¥ cos A t) +
2 2 2 2 2 2
(18 | cos ¥ sin A t+|€ | sin ¥ cos At +
3 3 3 3 3 a
|&€ | cos ¥ sin A t+|€ | sin ¥ cos A t)] =
4 2 a 4 a 4
[]€ | (cos ¥ sin A t+sin ¥ cos \ t) +
1 1 1 1 1
|€ | (cos ¥ sin A t+sin ¥ cos A t) +
2 2 2 2 2
|€ | (cos ¥ sin A t+sin ¥ cos A t) +
3 3 3 3 3
|€ | (cos ¥ sin ) t+sin ¥ cos A t)] =
4 4 4 a 4
(t) (16 | sin (A t+¥ ) + |&€ | sin (A t+¥ ) +
1 1 1 2 2 2
|€ | sin (A t+¥ ) + |€ | sin (A t+¥ )] =0 ¥V t ¢ T and a.s.
3 a a 4 a a

By taking successive derivatives of (1) the numbers Ak’ to in=-

_creasing powers, will appear as coefficients. The derivatives are

1
taken with respect to t and since the functions are random functions,

we specify that the derivatives are defined in the quadratic mean
sense. Some factors relevant to taking the g.m. derivatives are given
in Remark 5. For computational purposes we will take six derivatives
of (t); if the zeroth derivative (the functions themselves) are
counted, seven derivatives are taken. In general, then, (2n-1)

derivatives must be taken. Rewriting (1),

4
T |&| sin (A t+¥,) =0 V¥Vt e T and a.s.
51| s Oy ey,
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The seven derivatives may be expressed by the set of equations,

;;: xkj lgkl {sin (xk t+‘¥k)}(j) j=0,1,2,3, ..., 6 VteTl
and a?i. Consider the four equations in which the kk have exponents
0, 2, 4, 6 and note that the set of equations is valid for all t.
Therefore it is no essential specialization to consider the set of

equations for t = 0. Now, let x = |§k| sin Yk so that the set

k=

of equations is

4 .
N ka Xk =0 a.s., j =0, 2, h, 6
k=1

These four equations correspond to four hyperplanes in x-space.
It follows that the random vector i = (xl, xz, seey x4) is almost
surely in the intersection of the four planes. If the coefficient
matrix of the four equations is non-singular the intersection consists

of one point i = (0, 0, 0, 0) which is excluded by the hypothesis.

Therefore, the determinant of the coefficients is zero. That is,

] 1 1 1 1
)"12 )\22 }\2 )\42
3
det | A % At At A4 =0
1 2 3 4
)\6 )\6 )\5 )\6
1 2 3 4_4

This is in the form of the well-known Vandermonde determinant

(Smirnov, 1964). Therefore,
(%) M2 -2 (A2-23) (A%-23) (A %-123)
1 2 1 3 L 4 2 3
(A\?-223)(A2-12%)=0
2 4 3 4

There are many combinations of xk values that will satisfy (1%).
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Five combinations are listed below as representative of the different
possible cases. We then indicate that three of these should be ex-
cluded because they contradict the hypothesized condition that the Ak

be distinct.

(1) A =+\ and A = +\ *3 A # A .....excluded
1 2 3 4 1 3

(2) A =-) and A = -\ 3. A # A
1 2 3 4 1 3

(3) A =+X and A = -\ =D A # X .....excluded
1 2 3 4 1 3

A4) A = +\ and A, N\ arbitrary
-2 3 4

(5) A =\ =+\ and \ arbitrary .....excluded
1 2 - 3 4

Since no special conditions are associated with any k-value, it
is acceptable to say that showing the consequences of e.g., case (h),
is equivalent to showing the consequences of Xs = -k4, A, A
arbitrary. We call this a symmetry argument.

A brief discussion of the excluded cases may be founa in
Remark 2. In what follows we will use the result: given a sum of
sinusoids, e.g., 2 sin ® t+a2 sin ¢; t =0 a.s. and V t, where
0 # © # @ # 0, it follows that a =a = O. Remark 6 is devoted to

a discussion of this result.

Case (2) (A ==, A =-=\):
1 2 3 4

Substituting into (¥¥),
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0 sin A t-B cos A t-o sin A t-p cos A t+
1 1 1 1 2 1 2 1
o sin A t-B cos A t-a sin A t-p cos A t] =
3 3 3 3 a 3 4 )
[i6 | (cos & sin A t+sin 8 cos A t) +
1 1 1 1 1
|86 | (cos ® sin A t+sin & cos A t)] =
3 : 3 3 3 3
Cls | sin (A t+8 ) + |6 | sin (A t+8 )] =0 Vv t, a.s.
1 1 1 3 3 3

1
where, 6 = |6 (w)] =+ [(a -a )2+ (B + B )2]2 ana
1 1 1 2 1,0
8 = |6 (w]=[(e -a)®+ (B +B)?J2and & and & are the
3 3 3 4 3 4 1 2
angles corresponding to § and 8§ , respectively.
1 a
The implication is that 6§ = 8§ = O a.s. (Remark 6). It
1

3
follows that « = +o¢ , B = -B and ¢ =+a, B = -B a.s. When
1 2 3 4

4 3

substituted into § = 3 (ok -in), the result is gl = Eé and

€ = €. Substitution of these values of the complex coefficients
3 4

in equation (3.2) where n is an even integer now, yields the real-
valued process

Z2(t) = (@ cos X\ t+B sin A t+o cos A t+P sin A t) V t and a.s.
1 1 1 1 3 3 3 3

Case (4) (A = +) and A\, A arbitrary):
1 — 2 3’ & 4

xl = +)\ 1s excluded by hypothesis. For xl = -\ substitution
2 2
into (**) yields,
[(¢ sin N t-B cos A t-o sin N t-fp cos A t) +
1 1 1 1 2 1 2 1
(0 sin A t-B cos At + @ sin A t-B cos At)] =
3 3 3 3 4 4 4 4
(|6 | sin (A t+8 ) + & sin A t-B cos A t +
1 1 1 3 3 3 3
o sin A t-B cos At]=0 Y t and a.s.
4 4 4 4

Py
where 8 = +[(o¢ -o )° + (B +B )®12 and & is the appropriate angle
1 1 2 1 2 1

associated with 61.
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Again, the implication is that & = O, but now,
1
a =B =a =p =0 also. It follows that € = § = O which contra-
3 3 2 4 3 4

dicts the non-zero condition of the hypothesis. Hence, case t4) is

not possible.

Of the five cases considered that satisfy the determinant, only
case (2) is neither excluded by the conditions of the hypothesis on
the exponents nor leads to excluded conditions in the hypothesis on
the coefficients. By the symmetry argument, equally valid are the
rema.ining relations, A, = -\, 4 # m, etec.

Case (4) contained arbitrary exponents ka and k4. By the
symmetry argument, any arbitrary exponents will lead to excluded
results.

This completes the necessity part of the proof for n = L. It
has been indicated throughout that n can be any even number. More
than five cases will result if n > L4, These cases are always selected
by examination of how the appropriate Vandermonde determinant can be
made equal to zero, subject to the condition that expressions ofthe
form of (¥*) are also satisfied. Therefore, the selection of n = L

was made with no essential loss of generality.

Q.E.D.

Remarks on Theorem 3,2:

1. It is repeated again that the theorem is proven for the class
of WSS process that can be expressed in the form of (3.2), where the
only conditions imposed on the series are those required for the sum

to be a WSS process.
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2. It is possible to argue that the hypothesis of the theorem is
too rigid in requiring that n be an even number and that the kk and Ek
be a.s. non-zero and distinct. Of course, some of these conditions are
interrelated: if §k =0 a.s. or,§k = §j a.s., k # j then (3.2) with
an even n could be written with an odd n. It can be shown that using
the techniques of the proof any of the forementioned conditions could
be relaxed with no detriment to the conclusions.

3. In analogy with Remark 2 on Theorem 3.1, Theorem 3.2 could
be shown for a non-finite n and a suitable mode of convergence.

L. In the standard Fourier series treatment of the (el t)base
set the coefficients and exponents are numbered: k = ...-n, ...-1, O,
+l, ..., *n, ... . Then, if the process (or function) is real-valued,
gk = E—k and kk = -x_k V k € T*%. The concept of negative frequencies
is not a problem, but a discussion may be found in Stuart (1961), p. u48.

5. In the necessity part of the proof repeated gq.m. derivatives

with respect to t are taken of the expression,

4
(i) izi § sin (xi t+Yi) =0 YVt and a.s.

Clearly, if the first order g.m. derivative with respect to t of
(i1) € sin (A t+y )
1 1 1
exists, the first order g.m. derivative of (i) exists. The derivative

will, as one might expect, be

(iii) A E cos (N t+y ),
1 1 1 1

!

which also has a g.m. derivative (a sine function), and so on.
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Therefore, that the derivative of (ii) is (iii) is sufficient to
demonstrate that ni order g.m. derivatives of (i) exist.
The second order s.p. A(t,w) is said to be differentiable in
the g.m. sense if l.i.m. % [A(t+h,w)-A(t,w)] exists V(t,t+h) CT,

h-0
We write then,

A'(t) = 1.im. £ [A(t+h) - A(t)] = 1.im. Q(t,h)
h=0 h=0

which is equivalent to writing lim €[A'(t) - Q(t,h)|? = o.
h-0

The derivative may be evaluated directly or by the limit of the
generalized second derivative of the covariance function of A{t,w)
(Loeve, 1963, p. 470). We do not do the algebra here. The derivative
of § (w) sin (A t+¥ ) is as one might expect, A € (w) cos () t+¥ ).

1 1 1 11 1 1

It follows from the preceding discussion that the derivative of
(i) exists to arbitrary order.

That the derivative exists for all t ¢ T and a.s. is based upon
the general theory of g.m. calculus. Lukacs (1968) in the proof of
the corollary to theorem 5.3.1 explains that ¥V t ¢ T is required
essentially because the increment (t,t+h) is a subset of T. The
a.s. statement follows from a theorem (Lukacs, 1968, p. 37) that if a
sequence of r.v.s converges in gq.m. to two r.v.s, then the two r.v.s
are equivalent (equal a.s.).

6. Consider the following equation:

(1) a sin 8 t+ta sin €t =0 V t e T and a.s.
1 1 2 2
where 6 and © are distinct non-zero real numbers and a and a are
1 2 1 2
random variables. We assert that a =a = 0, a.s. Rather than
1 2
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actually proving the assertion three related procedures are indicated.
This is useful because these techniques are a good demonstration of the
inner consistency of this dissertation and of the nice properties of
the Hilbert space structure.

Consider the space LE(O, 2m), the element O ¢ Lego, 2m), and the
orthogonal base (sin ekt) in Lz(o, 2m). It is known that in the

Euclidian n-space Rn, every vector x ¢ R may be written in the form
n

X = f (x, ek) e, s where (ek) k=1, n 5@ complete orthonormal base.

By letting x = 0, (i) is clearly established. The Hilbert space

representation is an extension where the sequence of partial sums of
n
terms f (x, ek) e
deviate least in the L -norm, for specified n, from x. In either
2

can be shown (Kolmogorov and Formin, 1961) to

case, (x, ek) will correspond to the ay in (i) and must be zero.

It is instructive to consider (i) from the almost periodic
function theory discussed earlier. The uniqueness theorem of H. Bohr
states that if the Fourier coefficients are zerc the corresponding a.p.
function is identically zero (Bohr, 1947).

Finally, using the well-known theorem that a system of homogeneous
linear equations will have non-trivial solution if, and only 1if, the
appropriate determinant is zero, in this case, for all t ¢ T. Pick

two elements of T, say t and t ; and construct the determinant
1 2

—

sin & t sin 8 ¢

det
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which can be shown to be non-zero for certain t and t , proving that
1 2

a.1 = ag = 0 a.s. by contradiction.
We note that similar arguments may be made if (i) is replaced by
a sin & t+a cos & t =0 V¢t eTanda.s.
1 1 2 2
or if there are more terms in the sum.

Equation (2.22) shows that any complex-valued s.p. can be written
as the sum of a real-valued and an imaginary-valued process. In the
next theorem we assume that Z(t,w) is real-valued and denote it by
X(t,w).

Theorems 3.1 and 3.2 specified the conditions that the r.v.s §k
have to satisfy for Z(t,w) to be WSS and real-valued, respectively.
Theorem 3.3 which follows, specifies the conditions that random
variables o and B in (3.1) have to satisfy when Z(t,w) is WSS as
well as real-valued.

The results of Theorem 3.3 are known and are generally associated
with Fourier series expressions like (2.19) and involve the evaluation
of the integrals which define the Fourier coefficients. The method of

proof given here is not associated with any particular definition of

the coefficients and is perhaps original.

Theorem 3.3: If X(t,w) is a real-valued, zero mean, WSS stochastic

process, if X(t,w) is written in a series of the form

m ixkt

(3.3) X(t,w) = £ g YteT, a.s.,
k=1 °



and if each coefficient §k = §k(w) can be written in the form of
equation (3.1); then, the coefficients o and B have the following
covariance properties:
aakaj=eskaj=o Yk #j
e .
% By

where k = 1, 2, ..., m/2and j =1, 2, ..., m/2,

0 Yk, j

Proof: The proof of this theorem is based upon Theorem 3.2, which
showed that a necessary and sufficient condition for X(t,w) to be
real-valued is that

S S 8Y
and upon the technique employed in the proof of Theorem 3.1,

and § =’§'kfork=1, 2y vee, m/2
' 2

ak~1

Without loss of essential generality, let m = 4 so that X(t,w)

is written

izt in t i t int
X(t,w) =€e * +E€e ® +Ee 2 +85e *

1 2 3 4

int  _ -int int ikt
X(t,w) =€e * +Ee ' +Ee ® +Ee 3

1 1 3 3

The correlation function of X(t,w) (€ X(t,w) = 0) is
g {X(t+1)X(t)}

in (e+1)  _ -in (t+T)
e {(Ele : +Ee +

1

-ns(t+-r))

B(t)

B(r)

I

in (t+7)
Ee 3 + § e

3 3
( “ivt — +iM t -in t
"ge 1 +— 1 3
1

EERY t)
e 3

e + Ee +
3

LYY
o™

L6
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AT in (2t+T) AN (t+T)-in t
(i) B(r) =e{gEEe * +E§e * + EEe ! I
171 101 1°3

in (+r)+in b i) (2t+T) -in T
1 3 1. E 1

EEe

+EEe
13 1 1

=i ferT)-in e -id (tHT)HiN
ggfe * +Ege 7 3
1 3

3

in (t+7) -in t i (t+¢)+ixlt
3

§ e P+ EEe ° +
31 1l 3

_ AN T in (2t+r) =i tein (t+T)
EEe 2 +EEe B +EEe 1 3 +
3 3 3 3 31l

_ iN t=in (b+T)
ggel 3

31

__-ix (2t+T) =i
+E§8e °®
3 3
As in the proof of Theorem 3.1 all terms of the form € (] -+, which are
multiplied by an exponential which is a function of t, must be zero.
Of these, choose € § § =28 § € = 0 which we may expand in terms of @
1 3 1 3

and Bk’

e(3(a -ip ) 3(a -ip )] = €[H(e -iB ) 3(a +ip )1 =0

10 3 3 1 1 3 3
e - -1 +o = € + +1 - =0
(e o -B B)-i(aB +aB)] ((o o +88 ) +i(aB -oB)l]

Therefore,

oo -pB)=¢Eaa +pB)=0

13 13 13 13

and

-e(ap +aP)=+E(a P -aB)=0
31 1 3 1 3 31



Furthermore,
oo =+€ BB and € aa =-E BB
13 1 3 1 3 1 3
(ii) and
Eoap =-Eagp and ap =+ ap
3 1 1 3 1 3 31

The four equations in (ii) can only be satisfied if € @ = eEBpp
e alsa =€ aasl = 0., Similar results follow for other pairs of
cross-products in (i). Generalizing (see Remark 1, following this
theorem), the result is

€ o a = & B Bj = 0 Yk # j, where k =1, 2, ..., m/2

e o Bj =0 and j =1, 2, «.., m/2.
Consider the pair, € §1 §1 and & El El; from (i) we know that these
also must be zero: €& € =€€E € =0

1 0 1

Expanding,

6[(a1 -iﬁl) (qa -iBI)]

1l

el(a +ip ) (@ +ip )]l =0
1 1 1 1

el(a®-?) -2ia B )=2(a®B?) +2ip]=0
1 1 11 1 1 11
Hence,

Eoa B =0
11

By consideration of the pairs € § § and & E E,ea p =0
a 3 3 3 3 3

follows. Generalizing, the result is

o B =0 Yk, wherek =1, 2, vo., m/2,
Hence,
. =0 Yk #J
5 # 3
0 Vk, J

e o aj =& Sk B
e o Bj

-
1l

1, 2, .., m/2

i

and j =1, 2, «.., m/2

Q.E.Do

48
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Remark 1 on Theorem 3.3: This theorem was essentially proven through

re-indexing equation (3.3) and using the odd integers from 1 to m.
At the point of first generalization however, the equally acceptable
technique of indexing consecutively from 1 to m/2 was ilntroduced.
This slight "incongruity" is intended to be a simplification. The
statement of the theorem is in terms of the latter system.

A related situation typically occurs in the indexing change
when going from an exponential to & sine-cosine form of the Fourier

series.

Remark 2 on Theorem 3.3: From the theorem, nothing of interest can

be said about the terms € o 2 and € B, sj, k=3, k=1, 2, ..., m/2,

where % and Bk are real-valued random variables. We show below that
these are not generally zero.
Recall from the proof of Theorem 3.1 that the coefficient,
§ =% (o -if )
is not in general zero valued. It is not difficult to show that
elg |? = & [elo |1 + elp |2],
the left hand side of which appears in the covariance function as a
bk" and is not generally zero or the covariance function would be
Zero.

Hence the variances 6|ak|2 and 6|Bk|2 are related to the term

8|§k|2, at least one of which is clearly greater than zero.



50

3.3 Periodicity and Coefficients

We have discussed in previous Sections (2.2 and 2.3) the role
that periodicity has in this work. There is, however, much more that
can be said and many unanswered questions.

It was peinted out that if a stochastic process is WSS and purely
periodic with period d (p.p.(d)) and if the coefficients, g ina
series of the form of (3.2) are found using (2.20), then they are
pairwise uncorrelated; if the process is not p.p.(d) then the co-
efficients are asymptotically uncorrelated (pairwise). Let us consider
the latter situation now.

The number 4 must be chosen in order to define a fundamental
frequency xl = %F , say, such that xk = kkl, for k =1, 2, ..., are
harmonically related and where the coefficients §k are normalized
by % (see Section 2.2 and equations (2.20) and (2.21)). For a given
choice of d, a set of A, [xk], and a set of coefficients, [§k], are
defined. For a different choice of 4, different sets, [xk] and
[gK], are defined.

If the process were p.p.(d), it could be shown (Bohr, 1947, p. 9;
Thomas, 1969, p. 151) that the partial sums of the Fourier series
defined as above are approximations of the process in the mean square
sense'. Since we are assuming that the process is not p.p.ﬂd)
several reasonable questions can be asked. For example, how does one

choose d to optimize the rate of convergence for a given mode of

convergence.,

1F¥or mean-square convergence is the same as quadratic
mean convergence.
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Some of the earliest uses of stochastic Fourier series was for
the analysis of noise problems. In these analyses the workers often
made the assumption which we have said is incorrect: i.e. they
assumed that Fourier coefficients resulting from non-periodic pro=-
cesses would be statistically uncorrelated or independent (see
Section 2.2). While we know differently now, it does not mean that
for every problem this assumption was incorrect. Essentially, the
signal was assumed to extend from t = O on; it was cut into strips
of length d and a Fourier analysis done on each strip. This resulted
in a large set of Fouriler coefficients (of the form described in
equation (2.20)) which differed somewhat from strip to strip. That is,
one loocked for statistical properties of the process by examining
the statistical properties of the Fourier coefficients.

Since it is assumed that the process being studied is not
periodic, how did they decide how large d should be? If the process
was a noise process it was common to perform the analysis after the
transients introduced by long time-delay elements had dissipated and
to choose lengths d that were long compared to all the periods
occurring which were of interest. The works of Lawson and Ulhenbeck
(1950) p. 34, Rice (1954) p. 48, and Usov and Orlov, (1968) describe
the techniques in greater detail.

We discussed earlier that the Fourier coefficients from non-
periodic processes are uncorrelated in the limit as d - «. It should
be noted that recent work (Thomas, 1969, p. 151) gives an empirical
guide for determining when coefficients are approximately uncorrelated

(i.e., how large d should be).
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L. CONVERGENCE AND EQUIVALENCE RELATIONS

4.1 Précis

In this chapter we begin to make extensive use of the fact that a
finite or infinite series which purports to represent a random function
or stochastic process must do so with respect to both we Q and t e T.
Up to now these questions were hedged (e.g., the (?) in Section 2.3)
primarily so as not to restrict the generality of Chapter 3. DNow we
shall be explicit and say that our interest is in limits in quadratic
mean with respect to w ¢ Q and, for infinite series, uniform con-
vergence in t € T.

In Section 3.2 finite series representations of WSS s.p.s were
discussed. We specified that the representation be valid ¥ t ¢ T,
although a.e. in t ¢ T might also be acceptable.

Our study has been limited to stochastic processes in which both
the parameter set and the state space form a continuum. Based on
advanced calculus considerations, a function is guaranteed to be con-
tinuous if its infinite series representations converge uniformly in
t ¢ T. In this respect we refer back to the Approximation Theorem of
Bohr, given as Theorem 2.3.

In the next chapters we will extend our study to include discrete
parameter processes. The intention will be to see if it is valid to
view the set of Fourier coefficients as a discrete parameter s.p. and
then, taking advantage of the statistical properties of s.p.s, to

learn more about the process Z(t,w), say, under investigation.
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,2 Quadratic Mean Convergence and Equivalence Relations

We will now formalize the notion of equivalent random variables
first mentioned in Section 2.3. Let X be a set of r.v.s which has

Hilbert space structure as defined in Definition 2.3.

Definition L4.1: Two r.v.s U and V which are both elements of X are

said to be equivalent random variables if P(U # V) = O.

Consider the r.v.s in X and identify all those which are equi-
valent to any one other member. In some way we wish to omit from
consideration random variables which have this property. We say
therefore, that X is a set of r.v.s which contains exactly one
representative for each equivalence class and redefine X to be a set
of non-equivalent r.v.s over (Q, G, P).

We repeat (equation (2.5)) that the norm of a r.v. W ¢ X is,

Il = (efwl®)? .
Convergence with respect to this norm is called quadratic mean con-

vergence.

Definition 4.2: A sequence of r.v.s Wh ¢ X for all n, is said to

converge in quadratic mean* to a r.v. W if

1We have noted elsewhere that quadratic mean convergence is
synonomous with mean square convergence, each being abbreviated by q.m.
and m.s., respectively; the limit operation in such cases being de-
noted by l.i.m., where n-» may be omitted if no confusion can result.
Jeha 4



5k
(i) all W and W have finite second moments

(ii) lim elW - W|® =0

-0
The following theorem occurs in Lukacs (1968), p. 47 and is

written below with minor changes.

Theorem 4.1: A sequence of r.v.s (Wh) converges in q.m. to a r.v., W,
where Wh and W are elements of X, if and only if, it is possible to
find for any e > O a number Ns such that

2
e(fw - w|®) s€forn, m2w_.
Proof: -not given

It is apparent that this theorem states a form of Cauchy criterion
for gq.m. convergence (in w). It is with the use of such a theorem that

one establishes the completeness of a Hilbert space of r.v.s. A com~

plete argument establishing this fact may be found in Lukacs (1968),

p. 62.

In Section 2.3 we mentioned the papers of Slutsky (1938) and
Bochner (1956). Both papers deal, at least in part, with a.p.
stochastic processes. We will refer quite often to the Bochner paper
because of its greater mathematical detail. None of the results
obtained here occur in the Bochner paper; however, some results we
obtain do occur in the Slutsky paper as either unproven statements or
as theorems proven, in what today, might be called a heuristic way.

Bochner (1956) discusses the a.p. random function Z(t,w) and its

representation by a series. Let us write this representation as
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it
(4.1) Z(t,w) ~ L Ek(w)e for some t € T and w e Q

where the coefficients § = Ek(w) are called Fourier coefficients.
He also states what we shall henceforth refer to as the Bochner con-
ditions; Z(t,w) is WSS and a.p. if:

() its spectrum is purely discontinuous

(-3 xl < xg < xs < v..)
(4.2) (ii) eg T =0 k#j
iii relg |? ®
(1) zelgl® <

It should be noted that condition (ii) corresponds to part of

the results of Theorem 3.l.

Definition 4.3: Let Sn(t,w) be the nEE partial sum associated with

the series in (4.1),

th

n i
Sn(t,w) = f §k(w)e .

For a fixed t, a sequence of Sn(t,w) is a sequence of r.v.s. 1In
analogy with Definition 4.2 we now state criteria for a sequence of
Sn(t,w) to converge uniformly in t e T and in g.m. in w ¢ Q to a s.p.
7(t,w). We shall refer to such convergence as "quadratic mean con-

vergence uniform in t".

Definition 4.4: The sequence (Sn(t,w)) is said to converge in quadratic

mean uniform in t to Z(t,w) for arbitrary fixed t, if given an ¢ > O,

1 a number Ns,t ¢+ Y n> Ne,t

elz(t,w) - sn(t,w)la < €
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and where the number N can be chosen independently of the choice of

g, t
t (and if, furthermore, Z(t,w) and Sn(t,w) have finite second moments
for each n).

Definition 4.4 clearly contains the features of both quadratic
mean convergence and uniform convergence.

Bochner's paper (1956, Theorem 5.1.1) states that Z(t,w) is an
a.p. stochastic process if, and only if, (Sn(t,w)) converges in q.m.
uniform in t. In the sequel, we will refer to WSS stochastic pro-
cesses Z(t) which can be represented by

int

(L.l) z(t) = ¢ E.e uniformly in t; q.m. in w,
as series "in the sense of Bochner".

Definitions 4.2 and 4.4 have been concerned with gq.m. convergence

in w. We will generalize the notion of q.m. convergence in the following

way. In analogy with the concept of gq.m. convergence of sequences of
r.v.s Wk(w), k ¢ T*, a generalization (Loeve, 1963, p. 469; Lukacs,
1968, p. 100) is found by replacing T* by T (bounded or unbounded)
and examining the q.m. convergence of W = W}(w) as r ¢ T tends to r s
a limit point of T. That is,

(4.5) l.i.me W= W(w)

r
r-=r
o

is defined by the condition,

(4.6) lim e(|w, - w(w)|®) =0

r-r
[¢]

where W, and W(w) in (4.5) and (4.6) have finite second moments. We

will make use of this generalization in the sequel.
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Bochner does not specify how the coefficients, §, in (k.4) are
to be found other than to require that they satisfy the conditions in
{4.2). We will adapt the definition used in the non-random a.p. theory
(and in some sense that used by Slutsky (1938)). A discussion of these

coefficients and related matters is given in Section 2,3.

Definition 4.5: The Fourier coefficient, §k = Ek(w), associated with

the WSS s.p. Z(t,w) is,

D -i\ ¢t
(4.7) Ek(w) = l.i.m. X e xk

Do 0

Z(t,w)dt # O,

ol

where t ¢ T, we Q, k ¢ T¥, xk ¢ R' and where the integral is a

Riemann integral in q.m.

1

Since "l.i.m." refers to gq.m. convergence, we define the following

4 1" "
partial "sum’,

Definition 4.6: The partial "sum" = w), associated with
P > %{,D gK,D( ))

(ko7) is,

_1
gk,D D

where the same qualifications apply as in Definition 4.5.

D -i\ t
j e x z(t,w)dt,

0

Therefore, as in (4.5) one could rewrite (L4.7) as the convergent

limit of r.v.s,

§k =1l.i.m. gk,D

Do

or, as in (4.6)
lim &(|§ - |2) = 0
Lin e(g, - 5 ;

where §k and §k D have finite second moments for arbitrary k e T*.
b
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Up to this point, we have said that the kk values are real-valued
numbers (elements of R') and purely discontinuous in nature (Bochner
conditions (4.2)); i.e., they form a discrete spectrum. We have also
said that a special case of interest is when the %k are chosen such
that they are harmonically related (see the discussion between (2.11)
and (2.22)). The series in (L.L) is a Fourier series if the § are
defined as Fourier coefficients ((4.7) or (2.20)); i.e., if the &
are defined, in a certain way, in terms of Z(t). Is there any way to
define the set of A, in a corresponding way, in terms of Z(t)?

The answer is yes and no. Certainly, if the Xk are to be har-
monically related then that is a condition. The rest of the answer
is that in any case, if §k are given by (4.7) then at least one pro-
perty of the corresponding A must be that the expression in (4.7) is
non-zero. In fact, in the non-random theory of almost periodic
functions the exponents are those real numbers for which the coeffi-
cients are non-zero.

In practice, it would be helpful to have a condition on the
choice of Ak that is dependent upon the covariance function rather
than upon the coefficients. Such a condition is known (Yaglom,

1962, p. 35) and is clearly related to (4.7). We place no further
conditions upon the choice of kk.

The following theorem® is given to guarantee that the definition

we have given of Fourier coefficients does in fact satisfy the

lSilutsky (1938) works with real-valued Fourier coefficients and,
where referring to the corresponding statement of the Bochner con-
ditions, writes that they are shown to be satisfied, "sans difficulté"



Bochner conditions (L4.2). The enumeration, (i), (ii), ..., (vi),
refers to justification for the indicated operation involved in the
transition from one line of the proof to the next; these are listed

immediately following the proof.

Theorem 4.2: If Z(t,w) is a zero mean, WSS s.p. with finite total
spectral measure, then the coefficients Ek, as defined in Definition

4.5, satisfy the Bochner conditions (4.2) as used in (L.l4).

1 D -ixkt
Proof: From Definition k4.5, §k(w) =1l.im. 3 j Z(t,w)e dt.
' Do 0
Consider the product,
D -ixkt
T . 1‘. 1 1
e 8§ §J. =ef{l.im 2 { Z(tl,w)e dat)

D - 1 0
1

1 D +i.t
(1.im. 5 [ 2 Z(E ,w)e Y 2at)
D o Dz 0 2 2

2
(1)
D -in b
=limlileD e{f*z(t )e )\kldt)
D D 12 0 E i
1 2
D +i\.t
([ 2z(E )e Y 2at )
0 2 2
(ii)
. DD ~iN b +EAE
= 1im lim [*[2ez(t )zt )e 1 Jd 29t gt
DD 1 2 2 1
D D "1z 0 ‘0o
1 2
; DD -iN b +iAt
= lim lim [r 28 -t)e 1 J o244 gt
DD 0 1 2 2 1

p D “,75 %
1 2

(iii)
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1 D D d —ixkt +ijh.t
lim 1im 7D f 1 I 2 I e i J =z,
D1 D 1 2 O O -0
2

+#n(t -t )
e P 2 u(an)at dt
2 1
(iV) - © D it()\- )
eg T =limlm= [ [? (2 ¢ N
J D D 175 = O 0
1 2
~it (A-A.)
e 2 Jatat w(an)
2 1
v) D D it ()
-linlings—Sy, [* [2 e ? )
D D 12 4 0 0
1 2
=it (N ,-\,)
e 2 % gt at
2 1
(vi) '
D D it (2 _xk)
_ _ 1 ,
(*) €€ . =CLlimlim==—p, [* [2 e ? .
S 5 4> p DD z.fo IO
1 2
-it (A ,-%,)
e 2 ¥ gt at

2 1

It is important to recall that the values of xk from the dis-
continuous spectrum (4.2) correspond to the values from the
discontinuous spectral measure in a one-to-one way. Hence, the n—ti-k—l

non-zero value of XL corresponds to the spectral measure value where

L =n. We will now evaluate the double integral in (%).
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Consider the case where k = j. Then for some value of £ in the
sum in equation (*), Mg = N = kj. The double integral reduces to the
product (D1D2> and for that £, the expression is equal to by * For
other values of 4, the exponents are non-zero and the absolute value
of the integral is less than a real number independent of D1 and D .

3

In the limit with respect to D and D the expression goes to zero.
1 2

Hence,
agk(w)m)=uk k = ]

By hypothesis, the sum of all My is finite so it follows that
condition (iii) of (4.2) is satisfied.
Consider the case where k # j. Then there will occur for each
k # j the two incidences, My = N # kj and A, = Xj # A+ For other
values of 4, the exponents are both non-zero, the integrals are as
above; and in the limit on D and D the expression goes to zero.
1 2
When )\, = e # Xj equation (¥) is
1 D D it (h-))
8%{(w)§.(w_)=zlimlimﬁ-uzjldt [2e 2 J 4t
J LD D 1, o *° 2
1
Integration over t removes the limit over D , but the limit over D
1 1 2

of the bounded integrand (function of t ) again is zero. When
2

XL = Xj # Ak, a similar situation occurs. Hence,

€§k(w)_§;(5)=0 kK #3

Q.E.D.
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The following items numbered {i) to (vi) correspond to the
numbers in the proof of Theorem 4.2 and are given for purposes of

rigour.

D izt
. X 1 L L
(i) = l.i.m. = z(t ,)e at
%,D, e fo 2 )

- 4 1
and let §k = l.i.m. Ek,Dﬁ,where DL e R

)

and £ =1, 2, Then,

ef(1.i.m. ) (1.i.m. €. _ )]} = 1lim 1lim € €,
D §k,D1 D J,D2 D D gk,D1 JsD
1 2 1 2

follows directly from Loeve (1963), p. 469.

(ii) The operation is valid if the Riemann integrals:

Dy Ity
| Z(tz)e dt,, %=1, 2 exist in the g.m. semse, then it is
0

known that

b b
el({ e(s )z(t Jat ) ([ n(s )zt Jac )] =

jb jbg(tl)ETE;) e Z(tl)ZTE;)dtzdtl

(Cramér and Leadbetter, 1967, p. 88).
{(iii) We have alluded earlier to the fact that a covariance function
B(r) (equation (2.12)) of a WSS process can be written as an integral

over & measure. Therefore we may write, if B(r) = & Z(t+7)z(t) is a
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continuous function independent of t {and since B(T) is positive
definite),

®  +iAT

B(t) = j e p,(d)\)

-0

A e R, T ¢ T (Feller, 1966, p. 586).

(iv) The integrand is non-negative and integrable on

[o, D1] x [0, D2] x (-®», ») so the operation's validity is based on
application of Fubini's Theorem {Royden, 1963, p. 233).

(v) The set of-)\k are purely discontinuous so the integral is
appropriately replaced by a summation.

(vi) The sum and limits may be interchanged because the expression
satisfies the conditions of Lebesgue's Dominated Convergence Theorem

(Hewitt and Stromberg, 1965) for a discrete measure.

The hypothesis of Theorem 4.2 includes the condition that 2(t,w)
be a WSS and zero mean s.p. We show below that the mean value of the

Fourier coefficients is almost always zero.

Lemma 4.1: If the first moment of the s.p. Z{t,w) is constant, then
the mean value of all coefficients, Ek = Ek(w), defined as in

Definition 4.5 is zero.

Proof: From Definition 4.5,

D Sin b
e g =¢&l.im = [ z(t)e ks at.
] D 0
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From Definition 4.6, & =& 1l.,i.m.
eg el gy

Since § = l.i.m. § [ means lim 8(§K - 5 D) (Ek - & D) = 0 and
Do > D‘*” 2 )

since it can be shown that convergence in g.m. implies convergence in

the first mean, it follows that 1]1)m e(t::.k - gK’D) = 0,

That is, € §k = lim € %k D’
D b

The integral is a function of xk and w and is therefore an ordinary

r.v. Then,

D -i)\ t
1 e
e =1lim= e e z(t)dt
 =um} |
D -i) t
=1im§j‘e )\kdt
p 2%

g =0, k=1,2, ...

The limit goes to zero because the integral is bounded ¥V k and is

multiplied by the % factor. The number m is the constant, € Z(t,w).

Q.E.D,

We note that if the exponents are harmonically related and if

2n

k = 0 is permissible, then kk =35

k becomes A = 0. Denoting the
o]

corresponding coefficient as %3, and by the use of (2.20), & € would be
(o]
1 D
eg =¢ z(t) g jodt =€ 72(t,w)

Therefore, if the process is not a zero mean, € § reflects that
0]
fact by a non-zero value. The term € & is commonly called the average
(e]
value. A similar result also applies to (4.7) if Z(t) is not a zero

mean process.
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It should be noted that Lemma 4.1 places no conditions on the
second moments of Z(t,w); therefore, the conclusion follows for pro-
cesses which are not WSS.
Since we have just digressed from zero mean processes we note

again that in the sequel, all processes are zero mean.

1xkt

Theorem 4.3: If Z %ke is a zero mean, WSS stochastic process as

in (4.1) with flnlte total spectral measure then the sequence of partial

1xkt

sums, S (t w) = E §.e , converges in quadratic mean uniform in t ¢ T.

Proof: Formally apply the Cauchy criterion specified in Theorem 4.1

to the sequence of partial sums; i.e., if the inequality,

(*) e(ls (t,0) - 8 (t,0) %) < €&

is satigfied for any € > O and for all n, m > Ne’ then the sequence of
sums Sn(t,w) converges in g.m. in ® to a s.p. Z(t,w). That is,

1im &(|z(t,w)-8 (t,w)\z) = 0. It will be demonstrated now that for a
n-ee

fixed t, equation (*) is an expression concerning r.v.s only (i.e.,

independent of t).

izt t
e(ls, (t,w)-s (65 w)|?) =¢ \z §.© " -g gkelkk

(Afl gkelxkt|2> _ intl[m -ikjt}

§ke L %.e
8( T |gI° . ST, G hohy) + B ';{%jfz(t,xk,xj)> :

n+l J
=n+1

The functions f (t,xk,K.) and f (t,kk,x.) contain imaginary exponentials
1 d 2 J
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which have a conjugate relationship to each other and the last two
summations are with respect to k and j between n + 1 and m. Con-
tinuing,

8(\Sm(t,w)—Sn(t,w)| ) =n53 elg |® +

e §EL (6,0,0) + TEHET (6,4,1) =

m
T elgl®;
n+li
where, & %k Ej = € Ek §j =0 Yk # j, follows from the WSS nature
of Z(t).
The right hand side of the last equation can be made arbitrarily
small because of the finiteness of the total spectral measure and 1is

clearly time-independent.
Q.E.D.

This theorem demonstrates that g.m. convergence in w of the
series in (4.1) is uniform in t € T. Incidentally, this result is to

be expected intuitively from the WSS condition on 7(t,w).

Corollary to Theorem 4,3: If the coefficients, €k, are Fourier coeffi-

cients as defined in Definition L4.5, then the series in (4.1)

converges in quadratic mean uniform in t.
Proof: -~trivial.

The concept of equivalent r.v.s in Definition 4,1 has a counter-

part in the theory of q.m. convergence (Lukacs, 1968, p. 37).
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Theorem U4.4: If l.i.m. wj(w) = W(w) and l.i.m. Wj(w) = V(w), then W

and V are equivalent random variables.
Proof: -not given.

There is also a counterpart of the concept of equivalent r.v.s

for stochastic processes (Cramér and Leadbetter, 1967),

Definition 4.7: Two s.p.s W(t,w) and V(t,w) are equivalent®, if, for

every t € T, W(t,w) and V(t,w) are equivalent r.v.s.

The following theorem is a consequence of Theorem 4.4 and

Definition 4.7.

Theorem 4,5: If any sequence of partial sums, (Sn(t,w)), defined as

in Definition 4.1 is such that l.i.m. Sn(t,w) = Z'(t,w) and

n—o

l.i.m. Sn(t,w) = 7"(t,w) both limits being in quadratic mean and
n—=o

uniform in t, then 2'(t,w) and Z"(t,w) are equivalent s.p.s.

Proof: TFor an arbitrary t e T, the following are limits in gq.m. of r.v.s

l.i.m. Sn(t,w) =72'(t,w) and 1.i.m. Sn(t,w) = 7"(t,w).
n n

By Theorem 4.k, Z'(t,w) and Z"(t,w) are equivalent r.v.s. By Definition
4.7, 2'(t,w) and Z"(t,w) are equivalent s.p.s if 2'(t,w) and Z"(t,w)

are equivalent for all t e T; i.e., if for all t,

1Equivalent stochastic processes will be discussed further in
Chapter 7 in connection with separable stochastic processes.
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(*¥) 1l.i.m. Sn(t,w) =7'(t,w) and l.i.m. Sn(t,w) = 72" (t,w)
n n

But of course the equations in (*) hold for all t because Sn(t,w)

converges uniformly in t by hypothesis.
Q'E.D'

It is of interest to note that assuming the convergence of the
sequence of r.v.s. (Wj(w)) in mean square in w to W(w) and V(w) and
then concluding that W and V are equivalent r.v.s. is quite similar
to the well known uniqueness theorem in metric space analysis that if
x, *xandx =y then x = y. Therefore, Theorem 4.4 is a uniqueness
theorem, And, by extension, Theorem 4.5 is also sort of a uniqueness
theorem.

Looking back we note that we have established the following: if
l.i.m. wj(w) = W(w) and l.i.m. wj(w) = V(w), then W(w) and V(w) are

equivalent r.v.s. (Theorem 4.4); and, if l.i.m. Sn(t,w) =7'(t,w)
n

and 1l.i.m. Sn(t,w) = 2"(t,w) in g.m. uniformly in t, then Z'(t,w) and
n

z"(t,w) are equivalent s.p.s (Theorem 4.5).
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5. THE FOURIER COEFFICIENTS AS A STOCHASTIC PROCESS

5.1 Précis

Preceding chapters have demonstrated that it is an advantage to
know that a certain phenomena can be described by a stochastic process
because it imposes certain conditions upon the probabilistic nature of
the realizations. If the s.p. has a series representation of the type
discussed other conditions are imposed and knowing the parameter set,
T, imposes further conditions.

It was noted in Section 4.1 that one objective of this research
is to ascertain what further knowledge about Z(t,w) can be inferred
from the statistical properties of the set of coefficients which occur
in a series representation.

Since the knowledge of the criteria that Z(t,w) has to fulfill to
be a WSS s.p. was so useful, it is reasonable to inquire if perhaps
the set of coefficients form a certain type s.p. Ignoring the under-
lying family of distributions and the associated conditions, it is
clear that the set of coefficients [%k], k=1, 2, ..., n, where n may
be finite or not, could quite possibly be a discrete parameter s.p.
with T¥ as a parameter set'. This idea and its implications are

pursued in this chapter.

1This is what R. C. Dubes (1968) has done on page 427 where he
notes that each coefficient is a r.v. for every integer k and then
asserts that the coefficients are a discrete parameter s.p.
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5.2 The Class of Associated Processes
and the Family of Finite-Dimensional Matrices

To motivate Definition 5.1, we begin this section with an
example. The definition assumes that a set of Fourler coefficients
can be validly termed a stochastic process. The validity of the
assumption will be scrutinized in Section 5.3.

Suppose that a s.p. is represented by a series, T §ke1 t, whose

exponents are harmonically related (i.g., a period, d, has been
selected) and whose coefficients are thereby found from (2.20). Sup-
pose further, that another selection of a period is made, d%, say.
Finally, suppose that the series of terms found by using d as a period
and the series found by using 4% as a period, each converge in q.m.
uniform in t over d and d%, respectively. This is one possibility
among several, that Definition 5.1 deals with.

The definition specifies how to construct a class of discrete
parameter s.p.s by stating the three properties all elements of the
class must have in common; one property being that all elements of

the class be associated in the same way with the same continuous para-

meter s.p.

Definition 5.1: Discrete parameter s.p.s {ﬂk(w)} and {ﬂ'k(w)}, k g T*,

are said to be elements of the class of processes associated with
Z(t,w) if:
(1) {nk} and {n'k} occur as coefficient processes in two series of

the form of (4.1).
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(ii) these series both sum (converge, if T¥ is unbounded) in some
sense, in t and w; both series in the same sense.
(iii) elements of both coefficient processes satisfy the Bochner con-
ditions.

We do not distinguish between elements of this class of s.p.s
but rather we denote any member of the class by the process {%k}, say.
Obviously, the class of s.p.s equivalent to {gk} in the sense of
Definition 4.7 is a special case of a class of associated processes.
Indeed, the class of s.p.s constructed from r.v.s equivalent to the
r.v. Ek(w), for every k, are also associated with Z(t,w). We have,
however, ruled out consideration of these cases by agreeing (Section
4.2) to consider only one element of the class of equivalent s.p.s.

Other possibilities of interest to us are processes {Ek(w)} and
{g'k(w)} say, which satisfy Definition 5.1 where the elements:

(a) are calculated in different ways and where the set of

xk is not equal to the set of X'k for every k ¢ T¥
(b) are calculated in different ways and where the set of
Xk are equal to the set of X'k for every k e T*.,
Of particular interest is (b) when the elements of {%k(w)} are cal-
culated from (4.7); where the elements of {§'k(w)} are found in any
other fashion; and where the set of xk and X'k are equal for every
k ¢ ™%, We return in Theorem 5.1 to this possibility.

We will now construct and study a transformation matrix that maps

the space of random Fourier coefficients to the space of r.v.s. con-

structed from time samples of the s.p. Z(t,w).
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We shall, as usual, assume that Z(t,w) is a WSS, continuous
parameter s.p. We choose an arbitrary, finite set of elements from T,
say [tn s tn s eens tnk], and evaluate the process at these points.
The restlt 12 a k-dimensional random vector, E%(w) =
[Z(tn y W)y eees Z(tn , w]T; the k elements are r.v.s. and have a

1 k

corresponding distribution function, F(x , ..., X3 Bys s B ) =
1

n
1
P(z(t., w) £x.; j=n,n, ..., n) where x_ = x(t.). A complete
J J 17 2 k J J
description of what is involved is found in Section 2.3.
Clearly, a family of such finite dimensional distributions can be
constructed. We will assume that the family of finite-dimensional dis-
tributions (FF-DD) satisfies the Kolmogorov theorem conditions of

symmetry and consistency.

Denoting Z(tn , w) by Z(tn ), the vector Ek(w) may be written as

dJ J
m
(5.1) Z(tn') = T gz(w) exp [ikztn.] j=1,2, ..., k; or,
i J
alternatively as,
_ - - . i 7
Z(tn) exp [ixitn Jeeo.exp [ithn ] §1(w)
1 1
(5'2) . = L] L] .
Z(tn ) exp [ixltn Jee.eexp [ixmtn ] %n(w) .
k k k J

Subject to convergence conditions, m in (5.1), may be infinite; k is
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always a finite integer. We denote the vector of coefficients in (5.2)
by E&(w) and the matrix of imaginary exponentials by E_ . Then (5.2)

may be written
(5.3) z, (w) = B § (0)

where the matrix E.. is in general, rectangular and non-random.
We will now consider the elements of Ekm when Z{t,w) is evaluated

MERLY tzk]. For each t, there
2 i
exists a Ti.a'tz = tn + T for 1 =1, 2, +s., k. The resulting E

i i *
matrix is of the same form as that occurring for the set

at a different subset of T, [tz , t
1

[tn s By s eees b ] and the elements are related by the fact that the
1 2 k
exponents are translated by appropriate TS values. Unless T = 0,v i,

we say that the matrices are different. If it is not possible given a
certain subset of T, [tn s by s eees b ] say, to find any other sub-
1 2 k

set of T +J. the two corresponding matrices are the same, then we say

that E  is uniquely related to [tn s By s eees tnk]. We wish to
1 2
pursue this question of uniqueness further.

The following lemma provides a condition upon the set [xk] such

that only non-unique relations may occur.

Lemma 5.1: If the matrix Ekm corresponds to the subset of T,

lem corresponds to a different subset of T,

[sl, sg, eoey Sk] where both Ekm and E - refer to the same set

[tl, ta, cees tk] and E'

v ) )
[xl, xz, cees xm], then E__ # B y 1T @t least one ratio kp/xq is

irrational (L <p <m, 1 <q <m), A <A <... <),
1 2



Th
Proof: We say that two matrices are equal if corresponding elements
of each are equal. Therefore, if the conclusion of the lemma is valid
for the two element set [xi, xg], 0 < Xl # Xz > 0, and the singleton
subsets of T, [t] and [s],0 <s #t >0, (k =1, m = 2) it will be

valid for larger k and m values. The matrices are

it in t i s i s
E = le 1 e 2 B! = le % e =
12 12

where s = t+7. In order that E = E' the following set of
12 12

simultaneous equations must be satisfied

it i\ s it iarT
e ! =g 1 =g 1 ¢ 1}
in t i\ s it in T
e 2 =g 2 =zg 2 o 2
Therefore,
inT ixT

e ' angl=e 2

(*) 1

or, T must satisfy
T =2nn/\ and T = 21 £4/\
1 2
where n and 4 are integers, which implies
A /N =n/d
12
That is, A /\ must be rational. Therefore, if at least one xp/xq is
1 2

irrational,
L]
E, ;éE] .

Q.E.D.
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Note the following observations:

Remark 1: If the number of elements in the subsets of T are different
then the corresponding matrices E  and E cannot be equal. This

possibility was purposely omitted from the statement of the lemma.

Remark 2: If the elements of the set [Xj] are harmonically related
then no conclusion can be drawn from Lemma 5.1 other than it is

possible that E and E are equal.

Remark 3: As k and m assume larger values the possibility of at least
one element of E and E'km being different is enhanced (see Theorem 6.3

for further discussion of this point).

Remark L: We note that if T in s = t+r is a multiple of 2mor is O,
equations (*) are trivially satisfied. Non-trivial cases result if
at least one T, corresponding to the same location in the "t and s"

matrices, respectively, is not a multiple of 2m, or O.

Henceforth, when a fixed set of exponents [\, A, ..., Xn], n
1’ 2
finite or not, is such that at least one ratio xp/xq, say, is

irrational, we will refer to the set as an "incommensurate set".

Theorem S.1: If Z(t,w) is a s.p. expressible in the form of (L.k4)
with parameter set T, if the exponents form an incommensurate set,
[xi], and if the set of random coefficients is an element of the class
of discrete parameter s.p.s associated with Z(t,w); then, there exists
a one-one correspondence between the family of non-random matrices of

in (5.3) and the FF-DD which uniquely defines Z(t,w).

the form of Ekm
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Proof: TFrom Theorem 4.5 the series in (4.4) is guaranteed to converge
(or sum) to a process Z{t,w), say, which is an element of a certain
equivalence class of processes. Let {Ek} be the set of coefficients
in (4.4) regarded as a s.p.; by hypothesis, this s.p. represents all

possible sets of coefficients that satisfy the convergence criteria.

z(t,w) is a s.p. and therefore is uniquely specified by a FF-DD

(Kolmogorov Theorem). For every choice of finite k and set

[tn s tn s ssey tn ] there is only one k-dimensional distribution
1 2 k

function corresponding to the random vector ik(w) =

(2t ) z(t, ) - Z(tnk)]T.

To every ik(w) there corresponds a product Ekﬁ%m(w) as given in
(5.3). From Lemma 5.1 and the incommensurate exponent set, Ekm is

uniquely defined for every choice [tn s By eee, tn 1, ¥ finite k.
k

RS 1 2 S
And since §m(w) in (5.3) is common to all the random vectors Zk(w)

n

independent of what set [tn s b s eees by ] is selected, it follows
k

1 2
that the matrix Ekm solely reflects that selection. That is, to

every Zk(w) there corresponds an E and only one.

km’
Therefore, to every element of the FF-DD there corresponds one

matrix Ekm; and to the FF-DD there corresponds a family of Ekm matrices.

Q.E.D.

The next theorem is similar to the preceding one. It considers

the case where the set of exponents are harmonically related.



7
Theorem 5.2: If Z(t,w) is expressible as in (4.4) with parameter set
T, if the set of exponents are harmonically related, if the set of co-
efficients is an element of the class of discrete parameter s.p.s
associated with Z(t,w), if the set Lt 5 by 5 oees tnk] for all
finite k 1s such that tn. e (t, t+d), % Js an arbitrary t ¢ T, and if
d is the period for the garmonic relationship; then, there exists a

one-one correspondence between the family of non-random matrices of

the form E_ in (5.3) and the FF-DD which uniquely defines Z{t,w).

Proof: Essentially by contradiction. Consider an arbitrary element

ia,t
of E_, say e , where \, = 2m4/d and 4 is an integer between 1 and
m. Without loss of generality let t = O, Choose two different values
: ixzt ixzs
of T, t <dands <d, such that e P=e 1. That is,
1 1

i2ngt /4 = i2mes /d or t = s , a contradiction.
1 1 1 1

Therefore, by selecting values of t and s in (0, d) the only way

elements of corresponding E  matrices could be equal is if the re-

km
spective values of t = s. It follows then, that to every ik(w) there

corresponds only one E  and of course only one k~dimensional dis-

km

tribution function. The argument is now as clearly as in Theorem 5.1.

QeEoDo
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5.3 Stochastic Process of Fourier Coefficients And a Sampling Relation

In this section we continue to pursue an answer to the questions,
what can be said about the random vector Eg(w) in terms of Z(t,w)? Is
there any assurance that a FF-DD for the coefficients gk(w) can be
meaningfully constructed; i.e., will the FF-DD satisfy the Kolmogorov
conditions of symmetry and consistency? Such questions are fundamental
to the use of Fourier coefficients as elements of a stochastic process.

One way to approach such questions is to try to use (5.3) and to

demonstrate that Ek(w) and Ek(w) are both elements of 4 -space,
2

T T
Z (W) =42, 2, eee, Z, 0, 0, ...)" & 4 (1, k)
Kk k s

1’ s
and
T T
ngw) =(g, €, ..., & 9 O cee)T e 4 (1, m).
17 %2 2
Then, if B!, exists, it might be possible to write % = B s
where E_lkm is the inverse of matrix E . The difficulty is that

E_lkm can be shown to exist only for certain restrictive values of
k and m.

Another way to try to gain insight about ik(w) is to take ad-
vantage of the uniqueness relation between probability distribution
functions and characteristic functions. Consider two statements of
the uniqueness theorem:

(i) A distribution function is uniquely determined by its character-
istic function (Gnedenko and Kolmogorov, 1968, p. 50).
(ii) Two distribution functions F1(~) and Fz(-) are identical if, and

only if, their characteristic functions ¢ () and ® (O) are identical
1

(Lukacs, 1960, p. 35).
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Recall that for a real-valued random vector iﬁ the characteristic

function was given by
R +is W
(2.10) o,(s) =¢e
W

where g is a real-valued, non-random vector.

Suppose that vector ﬁ is related to vector'V by<ﬁ = Aﬁi where A is
a non-random, real, rectangular matrix. Then the following lemma is

known.

-
Lemma 5.2: The characteristic function of W may be expressed as

0.(5) = ¢.(45)
W v
a TV - {5 SIAV
Proof: Let ¢, (T) = € e and @, (s) =€ e
v W

where

- > AT AT - T .
W=AV. Ifr =sAorr =A"s, we can write

0.(3) = @, (a5) .
W A

Q.E.D.

If matrix A is Akm’ say (therefore, W and g are k x 1; VandT
are m x 1) the equation just proved is
(5.4) QA(E) =@, (Amﬁg) where W = Akgv
W Vv
Application of the Kolmogorov theorem requires that the FF-DD
satisfy the conditions of symmetry and consistency (see Section 2.3).
We will repeat these conditions here in terms of distribution functions

and then state corresponding conditions in terms of characteristic
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functions. The uniqueness relationship between a distribution function
and a characteristic function guarantees that to every member of the
FF-DD there corresponds one characteristic function. Hence, there is
a family of finite-dimensional characteristic functions which corre-
sponds in a one-one manner to the FF-DD.

As has been our custom, let X, = X(tj), i=1,2, 3, «.., n.
(i) symmetry: for every finite n, the n-dimensional distribution

function F (v, v, eee, V) =
X 1 2

5 X 5 seey X n

1 2 n

F(v., V., eeey V.3 b, t, oo, t ) is symmetric in all pairs
1 2 n 1 2 n

(v., x.) <=> (v., t.), such that when v, and x, (or t.) are subjected
J J d dJ dJ dJ dJ
to the same permutation the distribution function is invariant; €e8e,y

if n=2,

F , x (vl, Va) = F_ , x (vg, vl)
1’ T2 2’ 1

Flv,v;t,t).

2 1 2 1
(ii) consistency: for every finite n, a typical marginal (n - 1)-
dimensional distribution function is

lim F (V) V) cee, V) =
X 53 X 5 seey X 1 2 n
V‘n—m 1 2 n

In terms of characteristic functions,
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(i') symmetry: for every finite n, the n-dimensional characteristic

function

-
= 6 i + + * e e +
® (s) exp [1(x1 s +tx 8 X sn)]

is symmetric in all pairs (xj, Sj)’ such that when v, and s are
subjected to the same permutaticn the characteristic function is in-

variant; e.g., if n = 2,

Py s X

S s = S S
L (s> 8)=0  (s,s)

(ii') consistency: for every finite n, a typical (n - 1)-dimensional

characteristic function is

It

(81’ S 5 et sn) |

% , x s eoey X -0
17 2 n SpT

© (55 85 eeey 5 )
X X ¢ X n-
12 T *s ey 1 2 1

Devising appropriate notation has been a problem in (i), (ii),
(i') and (ii'). The difficulty basically stems from the fact that it
would be more accurate to display the actual elements,

[tl, T, eeey tn], selected in specifying a distribution function or a

characteristic function, but later on in this section it will become
notationally clumsy to do so. Therefore, to some large extent, the
notation is selected for ease of usage.

Consider the following, for n = 2: The function F_ (v, v)
s 1 2
1

2
is also written as F(v , v ; t , t ); the former displaying the fact
1 2 1 2
that realizations are involved, the latter displaying the distinct
elements of T. The function ¢ (sl, s ) could have been written
H 2

1 2
as w(s , 83 t, t ) but was not because it will be very convenient
1 2 1 2
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N -
(s, s)as¢, (s, s ), where X=X =[x x ]T.
) Xz 1 2 X 1 2 n 1 2
In addition to problems such as these, we have noted before the usual

later, to write ®,

abuse of notation whereby an n-dimensional and an (n - 1)-dimensional
function have the same name.

By choosing all finite values of n, a unique family of finite-
dimensional characteristic functions can be constructed to correspond
in a one-to-one fashion with a FF-DD. 1In Lemma 5.3 we show that if
the latter family satisfies the Kolmogorov conditions the former
family is guaranteed to.

We return now to the specific topic of investigation, the re-
lationship between Z(t,w) and E(w). Recall that the random vector
Ek(w) is constructed by the choice of [tn s By s eees by ], all

1 2 k
elements of the parameter set T. The right hand side of

(5.3) Z(0) =B T (0

displays the choice of tn only in the matrix Ekm' Therefore, for
i
another choice of elements of T, [tq R tq s eees tq ] say, the random
- 1 2 k
vector %n(w) is unchanged but Ekm is different. The Ekm matrl?xli as
4

shown in equation (5.2) and consists of elements of the forme Y ¥ .

It would be attractive to use (2.10) to write the characteristic
- -
function of Zk(w) as " (s)" and the characteristic function of
E%(w) as "@, (r)" and then to use Lemma 5.2 and equations (5.3) and

(5.4) to obtain

oo

— el -S
"o (3) % o.(F) L o (B 5)"
7 g £ mk

where
—

r = Emks
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However, in (2.10) the vectors corresponding to ;, g,'2 and E
must be real-valued. Hence, if Z(t,w) is complex-valued, "¢ (*)"
and "@,(+)" will not be defined. ‘

Tge characteristic. function approach can still be useful in the
attempt to learn about the coefficient vector ?%(w) if we are willing
to restrict consideration to processes X(t,w), which are real-valued
or if we define the vector processlﬁ {t,w) = [X(t,w) Y(t,w)]T where
Z(t,w) = X(t,w) + i¥(t,w). In either case the characteristic
functions corresponding to vectors f%(w) or th(w) could be defined.
We will restrict our attention to the process X(t,w) and the vector
ikgw), thereby returning to matters considered in Chapter 3.

In accordance with Theorem 3.2, Z(t,w) is a zero-mean, real-
valued s.p. -X(t,w) * if, and only if, §2k_1(w) = Ezk(w) and
xak_l = -kék for k =1, 2, ..., m/2 where m is the number of points in
the spectrum. From the proof of sufficiency in Theorem 3.2, it is

possible to write X(t,w) as

m/2
(5.5) X(t,w) = & (M. cos K.t + {, sin K.t)
j=1 9 J 3 J
= L =i = . = = = =
where §, = 3(0)-iBy), £=1, 2, .o, my 0 =0 =T, B =B =(,

oney= TAonT k forn=1,2, ..., m/2. Clearly gj, nj, gJ., o5 ej

are real-valued random variables.

In equation (5.3) the E__ matrix consists of complex-valued

km

elements. We now define a new matrix, Dk

1For the remainder of this chapter the process Z(t,w) being real-
valued, will be denoted by X(t,w).

m’ which consists of real-valued
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is

elements, and is related to equation {5.5) in the same sense as Ekm

related to equation (4.4). As in Theorem 3.2, the number m is a

finite, even integer.

Definition 5.2: The ka matrix consists of cosine and sine elements,

cos K & cos Kt ....cos8 K ¢ sin Kt .cee8in K ¢
11 21 m g 11

2

m . L]

cos Kltk.................n.......,....,...o....31n K tk

L

s

In analogy to equation (5.3), we write the vector equation,

(5.6) X (w)=n_73 ()

where ik(w) corresponds to the real-valued s.p. X(t,w) evaluated at

[tl’ tz, coey tk]; )?k(w) = [xl, xzﬁ ) xk]T> gm(w) =

T _—
['ﬂl, ﬂz, ) T}n/E’ QI: seey C%n] » and Xj = X(tj)°

From (2.10) the characteristic function of the real-valued random

vector fk = ik(w) is

,=>Ta

is

5.7) e(s)=¢e &
X

and the characteristic function of Eﬁ = 3ﬁ(w) is

R ir 6m
(5.8) @fr)=¢te
§

By use of Lemma 5.2 and equations (5.l4) and (5.6) ¢.(s) may be written
X
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(5.9) o5 = 0,5 = e
X 8 6

=3 -
provided r and s are connected by

(5.10) T = Dmk's‘,
T
where Dmk = ka .

For every finite subset of T which is selected to determine an

-—

X, = f%(w) there is a characteristic function gi(g) and, from (5.9),
there is a corresponding characteristic function ¢L(?). We have dis-
cussed how each ¢L(§) corresponds to a finite-dimensional cistribution
function and how z family of finite-dimensional characteristic functions,
¢L(§), can be constructed to correspond to the FF-DD. Therefore, in
some sense, there is a family of finite-dimensional characteristic
functions, Qéﬁ?), which also correspond to the FF-DD.

It is n:cessary to carefully distinguish between two uses of the
word "family" when discussing a collection of characteristic functions
of the random vectors, gk(w). On the one hand is the family of
characteristic functions each of the form Q*(a) corresponding to the

- L
vector am(w), by Lemma 5.2; where, for any choice [tn > By s eees By ],

Eﬁ(w), is unchanged and the "family" is generated by 3iffeient choiczs
of subsets of T. On the other hand is the family of characteristic
functions each of the form Q;(F), each corresponding to a random
vector'EZ(w), for any finite? positive integer £ *3+ 0 < £ < m.

It is alsoc worth noting here that the respective values of k and

m could also influence the meaning of "family". For example if k <m

(the set of elements of T is less than the number of points in the
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spectrum) then the domain of the corresponding function ¢Lﬂ?) will be
a subset of the domain of the same function, if s = r. The question
is, in constructing the family will the two functions be counted as
different? And, if k > m, what then? We shall, in constructing the
family count each case as a separate element of the family.

Using the word family as in the case of %L(a): and recalling the
statements of the consistency and symmetry congitions in terms of
characteristic functions, we want to know whether the assumption that
the family of characteristic functions, each of the form QACQ),
satisfies these conditions necessarily implies that the faiily of
characteristic functions, each of the form Q,(E), satisfies parallel

)
conditions.

Lemma 5.3: Let @;(?) be a member of the family of characteristic

6
functions corresponding to the random vector Eg(w) and to the set

e, s eees By ]. If the FF-DD constructed from all possible sets
1 2 k
of tn , for all finite k, satisfies the consistency and symmetry con-
J
ditions, then the whole family of characteristic functions also

satisfies these conditions.

Proof: The characteristic function corresponding to one member of the

- - - -
FF-DD is ez(s), say. TFrom (5.9) ¢%(s) = ¢LxDmks) = @, (r). As usual,
there are m coefficients which constitute 6m(w); without loss of

essential generality let k = 2, so that [tn s bys s B ] =
1 2 k
(t, t ]
1T 2
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Let the elements of D, = D be denoted by a, , where n =1, 2;
mk My Jjn

j=1,2, «v., m. Let Xy = Xltj), and define the following vectors:

-

R =% (0 =[x, x1,5=10s,s 1,8 =% ()=

T
[ﬂl, Tla, KRS T&ﬁ, Cl: C2> EER) an] s

2
- T . - -
andr =[r ,r, «o., v ). For k =2, and using (5.10); r = D_ s is
1 2 m Mo
written,
- - o ey r— -
r 8 ..e8 s a s +a s
1 11 12 1 11 1 12 2
s
2
L] * L] L]
. = . . = hd
r & ...8 a s +a s
Iﬂ 1 2 my 1 my 2

The consistency conditions are:

() () sl =¥ 4 (5, 0) =@ (s)and
2 1 2 1

ei(s) slo = & ) X ©, Sz) " (sz)
1 1 2 2

From above,

@ (r)
8

T
a +a 8§ a + a cee,{a s +a s .
XUCRE SR ACICRTCR I AR NENE

o.(s)
X



From (i),

_- T
(=) ei(sl’ °) = QE ([allsl’ azlsl’ T amlslj )

(ii)
(0) @05 ) =@ ([a 5,8 s, ..,8 s1) .
X 12 5 12 2 22 2 My 2
From (i) and £5.9)

T
.8 , 8 8 ey & 8
117 e h’ > m 1] )

]
1}

(@) ¢ (s)

qo_g(Dml s)
1

@g([a1

(iii)

]
[}

My 2

> T
b ces
(b) wxz(sz) <p_g(Dm2s) wg([alzsa, a S5 e a8 1)

Equations (ii) (a).and (iii) (a) are equal and equations
(ii) (b) and (iii) (b) are equal; therefore, for k = 2, the con-
sistency conditions are satisfied.

The symmetry condition, for k = 2, where Xj = X(tj) is,
(1V) ¢& , Xa(sl’ Sz) = “& , Xl(sz’ sl).

1
To express (iv) in terms of QA(F) requires that we define matrix

Mz 12 11 12

. . cos K t cos K t
m o m 3

. . 2 2

. . sin K t sin K t
1 2 1

a_ a . .

Lmz my

— sin K t sin K t

m o m i
2 2
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-
and vectors s' for k = 2,

s o= (s s ]T .
2 1
Then,
_.‘I — 1 -.l
0 . (3 = g0, 3

? 6
27 1
and we may write the symmetry condition with respect to 35, for k = 2, as

(v) (p_g(DmQE) = <p_6_(D'm2-s") .
To show that (v) is satisfied is straightforward.

The family of finite-dimensional characteristic functions of the
form ¢L_?) is constructed by choosing all possible sets
[tn R E; 5 eess tnk] for all finite k. By proceeding as above, for
arb;trar; k, the conclusion follows.

Q,-E.Do

In order to be able to make use of the properties of the
characteristic functions we have developed it would be useful to
demonstrate that the characteristic function @A(?) corresponding to
[tn » By s eees tnk] will be the same function as the characteristic

1 2 -
function ¢ *(r*) corresponding to [t*h s B¥ e, BX J for any
6§ 1 2 k

finite k; i.e., that

o* (%)
8

-,
©,(r)
§
- - . -~
whenever r = r¥*, over the whole domain of r.

From Lemma 5.2

s) = @ (D 5) = o (7T)
wi(s <p6( <p6(



90
and
- .
o, (@) = @ (D% Q) = @ (%)
X* 8 )
where
- >
r = Dmks
(i) - -
* = D¥*
r D mkq
- -—
If r = r¥ it follows that
- = Y
i3 = D¥*
(ii) D S = D¥ .4

and from the definition of characteristic functions,

i(p . 3)78
(1ii) o (D s)=€ge M M
3 mk
and
i(Dﬁm;;)ng
(iV) ‘P*_\(D*mka =E€e
. S T
° l(D*ﬁkq) 6m

Substitution of (ii) into (iii) yields € e which is the same
as the right hand side of (iv). Since‘? is an element of an m-dimen-
sional vector space and r¥* is an element of an m-dimensional space we
conclude that for at least some points T and T* in these vector spaces,

- - . L 3
(v) @o.fr) = @¢* (r*) whenever r = r¥,

8 8

We note the following facts: equation (i) is a transformation
from a k-dimensional space of which ? is a generic element into an
m-dimensional space of which ?.is a generic element; m is fixed by
(4.4) as the size of the spectrum or equivalently, as the number of
Fourier coefficients in g; = [61, 62, cees 6m]T; the Bochner conditions

(4.2) specify that the 6j are mutually uncorrelated, or orthogonal.
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To be meaningful, the characteristic function must be identified
on its full domain and not on a subspace, therefore T must be of full
m-dimension. This is consistent, of course, with Eﬁ being m-dimensional.
Tn order for r to be of full m-dimension in equation (i)'g, which is of
k-dimension, must be such that it is of at least dimension m (k 2 m)
and Dmk must be of rank m. A similar line of reasoning applies to ?¥.

Matrix D (k 2 m) will be of rank m if it contains m linearly
independent rows. It is straightforward to show that this is a
generalization of that considered for random variables in Remark 6 to
Theorem 3.2. For example, if m = 4, k = 5, the four rows are linearly
independent if, for j =1, 2, ..., 5,

a cos Kt, +a cos Kt, +a sin Kt, +a sin Kt. =0
1 1 Jd 2 2 J 3 1 J 4 2 J

implies, a =a =a =a =0,
1 2 3 4
It will be useful now to recall statement (i) of the uniqueness
theorem for characteristic functions which states that a character-

istic function uniquely specifies a distribution function for a random

vector. We have thus proven the following,

Theorem 5.3: Let 3& be a random vector of coefficients, let

6t , t , «u., £ ] and [t*n s BX s eeey BX) ] be two arbitrary,

n n
1 2 k 1 2 k
finite subsets of T and let ¢ (*) and ¢* (*) be the corresponding
[ 6

characteristic functions, respectively. Then, these characteristic
-
functions are identical, i.e., the distribution function of 6m is

independent of the choice of the above mentioned subsets of T.
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The implication of the proof of Theorem 5.3 is that as the spectrum
increases in size, larger and larger subsets of T must be taken to
specify the distribution function of the vector of Fourier coefficients
-
6 [
m

Indeed, this conclusion is in harmony with known sampling

theorems, but is not as specific as these theorems.
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6. PHASE PROPERTIES OF STOCHASTIC PROCESSES

6.1 Précis

This chapter presents a different aspect of the problem to which
we have been addressing ourselves, viz., what can the statistical
properties of the coefficients, §k, tell us about the stochastic
model, Z(t,w), of the phenomena under study? Associated with each
coefficient §k is & phase angle ¢, also a random variable. The
questions to be considered are, do the phase angles have any corre-
spondence with the biological phenomena of interest (g.ga those under-
lying the EEG signal) and what, if any, mathematical tools can be used
to display this correspondence.

Section 6.2 is a general discussion of the following: how the
phase is related to the coefficients; a partial explanation, at best,
of why little effort has gone into the study of phase properties
whereas a great deal of effort has gone into the study of Fourier
series in EEG analysis; and a brief description of some work that has
been done.

Section 6.3 considers the problem in the context of the series in
Chapter 3., Some rather interesting conclusions about the role that
phase plays with respect to the WSS condition are displayed.

Section 6.4 considers the phase angle from a deterministic per-
spective; it is influenced somewhat by one of the papers discussed in

Section 6.2.
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6.2 General Discussion

We are concerned in this section with the phase properties of the
"frequency components" of a stochastic process or of a deterministic
function. Generally, in what little literature there is on the subject
of phase, "frequency components" is replaced by "harmonic components".
We prefer the former terminology because it is more general, thereby
allowing the use of the material in Chapter 3. (The harmonic case
being the special case where the kk are harmonically related and the
stochastic coefficients are found from (2.20). In either case, if
§k(w) is the complex-valued coefficient, we specify a random ampli-

tude coefficient Y by
(6.1) Y, = yk(w) = |§k(w)| ¥V k e T

and a random phase coefficient @ by

(6.2) @ = ¢k(w) = arg(gk(w)) Y k e T*,

where Y, and @ are real-valued r.v.s. The three coefficients are of

course related by
_1¢k
(6.3) gk = Ek(w) = ye .
A similar situation applies to the non-random case, where the
coefficient (for the harmonic case) would be found from (2.17).
The discussions in Chapters 1 and 2 pointed out that the analysis

of EEG-type data has been strongly based upon techniques developed for

the field of communication theory. One of the standard (perhaps the
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singly most popular) methods of analysis consists of looking at the
spectrum of the process or function; viz., spectral analysis. That is,
one examines the relative magnitudes of the terms 6|§k|2 for k e T¥*,
Some of the relevant theory is touched on in Chapter 2. We will not
discuss in this dissertation the assumptions and details of spectral
analysis; however, references previously gquoted, such as Thomas (1969),
Dubes (1968) and Davenport and Root (1958), discuss these matters at
length.

We do note however, that the spectrum destroys all phase in-

formation. That is, consider (6.3) and evaluate 8|§k|2 as follows,
~i +i

(6.4) els |® =¢e 58 =e(ye ‘pk‘«}k e ‘pk) = ely |°.

There are then, an infinite number of processes {or functions), each

with different phase properties, which have the same spectrum.

For a long time this seems to have been of little or no concern
to those doing EEG analysis with spectral methods. As indicated in
Section 1.2 and by the papers we will discuss next, the situation may
be changing. The paper by Usov and Orlov (1968) is concerned with the
fact that the Fourier series analysis (harmonic analysis, based on
picking a segment of length D, etc., see Section 3.3) of a s.p. does
not yield sufficient information to reconstruct the record. They seem
to trace the problem to their inability to ascertain initial phase
relations for the harmonics. They go on to suggest a relatively simple
"eriterion of the quality of congruence" of the kEE phase, from a

comparison of the kEE harmonic, apparently calculated from doing a
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Fourier series, as the length D is shifted about. They conclude that
more statistical work must be done and that the phase parameters they
measured "are not uncorrelated with the phenomena investigated".

A second paper of interest {Brugge et al., 1969) studies the time-
domain responses of the discharges in single auditory nerve fibers of
a monkey, in response to complicated periodic sounds. The objective
was to study the responses as the initial phase angles of the com-
ponent frequencies were systematically varied. A lot of data was
statistically analyzed and one of their conclusions was that the
neurons they were concerned with are very sensitive to a phase shift
of a component frequency. They note that this seems at odds with the

classical view. They too feel that much work remains to be done.

6.3 Time Dependent Phase

The foundations for this section were essentially put down in
Chapter 3 where the discussion concerned the series representation of

a stochastic process Z(t) = Z{t,w),

n ixkt
(6.5) z(t,w) = T § (w)e VYtel

1
where § = gk(w) are random variables, the set of A is purely dis-
continuous, and n may be non-finite. For the moment, we do not
require that Z{t) be WSS but note Theorem 3.1 which says, in part

b
that a necessary and sufficient condition for Z(t) to be WSS is that
e §k§j =0 k#3 .

As in Chapter 3, we impose pointwise convergence with respect to t and

do not specify a mode with respect to w.
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A central point of the proof of Theorem 3.1 was that 8|§k|2 not

be a function of t ¢ T. Suppose we wrote Ek as a function of t ¢ T, say

5 (6) = y (b)e

a|§k|2 = Elyk(t)|2; i.e., the phases cancel out but the t-variable

. Since \k(t) and ¢k(t) remain real-valued,

remains as part of \k(t). The proof of Theorem 3.1 would tolerate at
most, variation with respect to T. However, let us agree that hence-
forth, we will consider Y to be independent of t and T, but that
@ = ¢k(t) is at least possible. When § are Fourier coefficients,
their definitions as integrals over t preclude any t-dependence.

In the sequel, the symbols [xk] will refer to the collection of X
¥ k ¢ T%. Then [¢k(t)] and [\k] are the collection of all phases and

amplitudes, respectively.

Definition 6.1: The r.v. @k(t,s) is called the phase increment random

variable, where

(6.6) @k(t,s) = ¢k(t) - ¢k(s) for each k ¢ T¥

and [@k(t,s)] = [¢k(t) - ¢k(s)] is called the collection of phase

increments, Vk e T%; t, s ¢ T.

Theorem 6.1: Let Z(t,w) be a zero mean s.p. of the form of (6.5),

written as

-1 t i\ b
(6.7) Z(t,w) = ;‘. Y, & l‘Pk( ) eﬂ-)‘k YteT
1

If the amplitudes in the collection, [yk], are pairwise uncorrelated,

then a sufficient condition for Z(t,w) to be WSS is that the phase
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increments in the collection [@k(t,s)] depend on t, s & T only through

the difference (t-s).

Proof: Z(t,w) will be WSS if the covariance function B(t,s) = B(7),

where T = t-s. Compute B(t,s) in the usual way and let n =

2; it has

been demonstrated in Theorem 3.1 that we do this with no essential

loss of generality.

int i
B(t,s) = e[{§e * + §e
’ i 2
-ip (t) +1i
= 8[(\&e Poe
+ip (s)
ve 2 e
in - (t-
(1) B(t,s) = e(fy [®e *
2 2
e(ly [* e e

ix «(t-s) -itcpz(t)-cpz(s)])

At =ik s _ =ik s
2)(€e *+EFe ?)]
1 2

At -ig (t) +ir ¢ +i
1_‘_,\{e 2 e 2 ('Ye 1

2 1
-i\ s

2)]

e

o) -ile, (1), ()]

+

(s) -ix s
e 1

As in Theorem 3.1, coefficients of exponentials of the form

ei)\kt e—ixjs

amplitudes are pairwise uncorrelated, or € Y, ¥, = e Y,

general, & vy Yy = 0 Vk#J

).

Yy =
1

0 (in

Let T = (t-s) and substitute into (i), which may be written as

=2 i
(6.8) B(t,s) = nz e Y

ey |? e

‘i[¢k(t)'¢k(s)])

Equation (6.8) has been shown for n = 2 and is easily generalized for

arbitrary finite n. In order for B(t,s) to be a function of T = t-s,

say B(f),.it is sufficient that §k(t,s) be a function of T =

§ (1), for each k e T*, 1 CT.

Q.E.D.

t-s, say

+

are to be set equal to zero if Z(t) is to be WSS; i.e., the
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Theorem 6.1 demonstrates that the phase of the coefficients in
Z(t,w) may be dependent upon t € T and yet Z(t,w) may still be WSS.

In retrospect, this result is expected when the phase dependence is in
keeping with the general characteristic associated with WSS processes;
viz., that the covariance function depends upon interval lengths
rather than specific values of t ¢ T.

It is the stated objective of this section to emphasize that the
properties of the phase should be studied more thoroughly in EEG work.
With this in mind, let us examine some of the ramifications of
Theorem 6.1.

We now consider some of the conditions under which Qk(t,s) will
be a function of T = (t-s) only. With the collection [Qk(t,s)] in
mind, let us briefly discuss a s.p., v(t), whose first and second
moments exist but whose covariance function is such that Bvét,s) #
BV(T). We can define an increment process W(t,s) = v(t)-v(s), say,
and let us say that it has the property that w(tl, sl) and
W(tz, sz) are stochastically independent when [tl, 81]’ [tz, sz] are
non-overlapping intervale; i.e., v(t) is an independent increment
process. In general, the probability distribution of W(t,s) depends
on t and s. Suppose, however, that in this case, W(t,s) has the
properties that & W(t,s) = 0, &(W(t,s))® = o®|t-s| = ®
YVt>s>0, t, seT, 0° >0 and W(t,s) is normally distributed; then
v(t) is said to be a Wiener process (Wiener-Lévy or Brownian process).

It is not too difficult to intuitively associate the rapid vari-

ations of an EEG record with the rapid fluctuations one imagines in
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Brownian motion and to think of the variations as being caused in part,
by phase fluctuations. Therefore, one might tentatively associate
gokft) with v(t) and @k(t,s) with W(t,s).
A related, but less sophisticated possibility is to consider the
s.p. v{t) with the property that the corresponding increment process
v(t+1) - v(t), is such that its distribution function depends only
upon the length T and not upon the endpoints. Such a s.p., v(t), is
said to be a homogeneous process.
In fact, consider a phase relation
¢k(t) = akt + B, ¥YteTeand Vk e T%, o and B r.v.s.
Then,
@ (t+7) - @ (t) = o7 VkeT Vitetl,
which may be denoted as
Qk(T) =arT .
The preceding discussion has been phrased in terminology implying
that the set of phases ¢k(t) is a s.p. with parameter set t ¢ T.
This should not be confused with the discussions in Chapter 4 which
centered about the question of whether the set of coefficients, Y 1s

a s.p. with parameter set k e T¥,

6.4 Phase Differences Between Frequency Components

The paper by Brugge, et al (1969) contains a number of histo-
grams which are the result of responses (the rate and temporal
distribution of neuronal discharges) to phase varying stimuli. The

consisted of a sum of two sinusoids of different frequency and phase;
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responses were recorded as the initial phase of the higher frequency
component was varied relative to the initial phase of the lower.

The pattern that developed in the shape of the histograms depended
very much upon the phase differences. As the phase difference approached
21, the shape of the histograms approached that of the gzero phase
difference histogram. It is clear then, that knowing if and when a
point of zero phase difference will occur is an important aspect in
designing experiments and interpreting data dealing with the phase
sensitivity of neurons. With this in mind, Theorem 6.2 is stated and
proved below.

In looking at an EEG record it 1s apparent that more than two
frequency components are present. Again, the question of the occurrence
of times of zero phase difference is important. Consider the question,
given n frequency components, what is the liklihood of finding such
times? Theorem 6.3 considers this question.

We define the following terms for use in Theorems 6.2 and 6.3.

Let

n i(w,t+p,)
(6.9)  R(t)= T cpe '
=1

where the ) are complex constants called amplitudes; w, are angular
frequencies, which are not necessarily harmonically related; and ¢%
are initial phase angles associated with the ﬂEE frequency w,. There

is no probabilistic aspect to (6.9).



102

Theorem 6.2: Given two components of different angular frequency and

different initial phase, it is always possible to find a time, t = t ,
(o]
such that they are instantaneously in phase. Furthermore, t will
o]
occur within every period of the lower frequency, independent of the

values of the initial phases if, and only if, the higher frequency is

at least twice as great as the lower one.

i(ukt+¢k)

i(uﬁt+¢5)
K , Where uk, uﬁ, ¢k, and ¢5

Proof: Let R(t) = ¢ e +c
are defined in (6.8). The subscripts j, k are used rather than 1, 2,
say, to emphasize that there may be many terms in a sum like (6.9)
and that this theorem applies to any pair of them. The two components
will be in-phase when the arguments are equal; i.e., when t = to,

uﬁto + ¢5 = ukto + ¢k
or
(1) ty = (@5 - q)/(y - o)
where it is given that # ® and @ # s That is, t_ is the time
when the frequency components are instantaneously 1in phase; to exists
and is non-zero.

We denote the period of the lower frequency by Tj and that of the

higher frequency by Tk’ so that Tj > Tk’ Note that for an angular
frequency Wy, W, = 2nfz = 2n/T£ .

Rearranging (i) and substituting in the appropriate values of W

and uﬁ,
Pm@ 1 1 1
- £ _ L - —_ -
&, = w -0, 2m (‘Pj Q) |1 T g [ 2m (“’j Q) |7 -t
! ko T T
ik
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1 Ty
(ii) t, = 5n (¢5_¢k)Tj TE:T; .

The maximum value of (¢5-¢%) that need be considered is 2m radians.

Denoting the corresponding maximum of to by t
Tk Ty

T T | T o

om’

. 1
(iii) tom = oo (2n)Tj

Let us arbitrarily pick t = O as the origin and measure periods

from there. Suppose then, that t_ e (o, Tj]; we show now that this

. . > . .
implies th;t W 2u3 From the preceding, to < tom < Tj and

t =T, K 3 in order for t to satisfy the second half of the
om J TJ,—Tk om

: ) Tk
inequality, T;:T; < 1, That is, Tk < Tj—Tk, or 2Tk < Tj’ or

Tk < %Tj, or W p3 EuB. The "only if" part of the theorem is established.

Suppose that W 2 EuB; we show now that this implies that to < Tj'

Ir W 2 2u3 then,

Tj z 2T, or TJ.-Tk =T, or (Tk/(Tj-Tk)) < 1. From (iii),
Tk
b < T, =t s<T,,
o J (Tj-Tk) om 3
ort =T,.
o J

Q.E.D,

Remark on Theorem 6.2: This theorem is stated in such a way that an

incommensurate relationship is allowed between W and ua. If w and
“ﬁ are harmonically related, it is a special case also covered by the

theorem.

An informal statement of a generalization of the next theorem is,

as the number of frequency contributions in R(t) in (6.9) increases,
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it gets increasingly less likely that a time will be found when all the
frequencies are simultaneously and instantaneously in-phase. This is
neither a surprising conclusion, nor is it trivial,

Note that the theorem can be proven for larger n than n = L, but
we will not do it here; the procedure is basically the same as is used
in the proof of the theorem for n = k but more would have to be said
about selecting which equations to analyze and so on.

We mentioned on an earlier page that knowing the prospect of
finding times of simultaneous zero phase difference among all of the
constituent frequencies could be of interest in designing certain ex-
periments which are concerned with detection of phase differences. We
have mentioned one such experiment..

In a slightly different vein, studies of musical-instrument tones
(Risset and Mathews, 1969) have demonstrated that the frequency
spectrum alone is a poor descriptor of musical tone; there is even an
indication that "warmth" in piano tones is correlated with inharmoni-
city of the waveshape. et

We note that Theorem 6.3 was referred to in Remark 3 to Lemma 5.1.
This lemma seeks to demonstrate that by selecting times, tl, tz’ P
and times, S1’ sz, cees S their respective matrices Ekm will not be
identical under certain conditions. The elements of the matrix are

it ire  ia(t+r)
of the form e ;3 the point is that for some T, e = e , and
in(t+T)  ixs
for some t and s, e = e , where t = tj’ s = Sj for a fixed j.
The question relevant to Theorem 6.3 is for a fixed set [xk], will a

set of T-values occur, and if so how frequently, such that the corre-

sponding matrices are equal?

k’
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Lemma 5.1 was proved for kk which are not commensurate, the lemma
not being valid for xk which have a harmonic relation. Theorem 6.3 is
proven for the general case, the frequencies being specified only as
unequal.

While the statement and proof of Theorem 6.3 are entirely deter-
ministic in nature, we show that the likelihood of the four frequency
components being simultaneously in-phase is small by constructing a
4-dimensional hyperspace, each initial phase, @ > being a coordinate.
Then a set of two appropriate simultaneous equations with four unknowns
must be satisfied. The solution is a set of parallel 2-dimensional
planes in 4-space. In general, these 2-dimensional planes do not lie

in a coordinate plane of the h-space.

Theorem 6.3: Given 4 unequal frequency components of the form used in

(6.9), the set of all initial angles @5 j=1, 2, ..., n, such that
all of the components are simultaneously in-phase, is of dimension 2.

This set is the union of a small number of parallel, 2-D planes.

4 i(w£t+¢z)
Proof: Let R(t) = £ c e . From Theorem 6.2, there exists a
=1

time, to’ for every pair of elements of the sum, such that they are

instantaneously in-phase; for the elements k and j, denote t0 by t

kj?
so that
6 = %%
..u_)_
J wk 5



106
Because of the pericdic nature of each element, there are many
times tkj when the kEE and JE— term are in-phase. We denote these by

tkj(m)’ m e T¥, which are calculated from,
2m + uht + ¢5 = wkt + @
PP 2mm

by (m) = + m g T,

(ﬁk U.) wk-wj

where, tkj = kj (O).

Note the symmetry condition, tkj(m) = tjk(m) and that terms
tkk(-) do not occur because w_ # ®, by hypothesis.

The question now is whether we can find one time for which all
pairs of terms are in-phase. Consider the 4 terms characterized by
the frequencies Qp > wq > w, > W . Times of zero phase difference are:

%
tpq(ml), tqr(mz), trs(ms)’ tpr(m4)’ tps(ms)’ tqs(ms)’ where m, € T
and i =1, 2, 3, 4, 5, 6.
Recall that

@~
(i) 5 =tkj(0)=ai_'%{j_’ kK > 3j.

Hence, the points of zero phase differences between elements of

each pair (we know such points exist by Theorem 6.2) are,

ps(0) *

t (m)

t_ (0)

1l

v
pa™ pq +(wp-wq) " bps () (wp w )"
2m
br(m,) = £q; () MR bqs(m,) = £qe(0) + (wq w,) "
trs(ma) = trs(o) +(wr-ws) A

il

21
tpr(‘m4) tpr(o) +(“’p"”r)m
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In order that a time exist where all terms are instantaneously in-
phase, it is necessary that there exist a 6-tuple (m* , m* , ..., m¥ )
1 2 8
such that

(ii) tpq(m*l) = tqr(m*z) = trs(m*a) =t r(m*4) =t (m¥ ) =¢% (m*e).

b bs" s as

From (ii) consider the set of equalities,

t  (m¥ t m*
Pq( 1) qr( 2)

(iii)

1

* *
tqr(m 2) trs(m a)

These may be written in terms of fregquency and phase as,

s 2n x = PPy . _em

C m m*
w-w w ~-w w - (V)]
p % %% ¢ % Y% 2
‘ I (iv)
PPy 1, SV P~ = S

m
- - - w ~-w
Uo% Y 2 % Ws r s 3

which may be written using the shortened notation ukj = uk-uﬁ as

m* m¥*
N S U B T T S 2
w w 2m w w W W
jole} qr qr qr jole] jole}
() - .
m* m*
I N U T O < S
Tw T 2n Tww w .
qr rs rs rs qr qr
- e J
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After some gruesome algebra (v) may be written as,

W m¥ - m* - = 0®r ™ or® +w @ ]
ar 1 pa = em e~ %P T Y%
(vi)
W m¥* - m¥ = L [w rbs” uhs¢} rs¢h 1.
rs ) qr 3 2
The right hand side may be written as,
r— — . —
1 0 W -0 W, ®
o pq p q
(vii)
w -w +W 0 0]
qr as rs r
- .
¢q
¢%
L -

The equations in (vi) and the coefficient matrix in (vii) are,
of course, the result of the selection of the two equations in (iii).
The coefficient matrix is of rank 2. Suppose, in order to satisfy (ii)
we choose from (ii) a third equation, e.g., trs(m*3> = tpr(m*4)’ and
possibly a fourth and a fifth. And then following the steps (iii) to
(vii) above, the result would be larger coefficient matrices. It can
be shown that these matrices are also of rank 2.

Therefore, it is sufficient to judiciously choose two equations
from (ii) to find the appropriate phase solution. This solution will
be the union of a number of parallel 2-dimensional hyperplanes in

L-space as the numbers m* , m¥ and m* are varied. The remark
1 2 3

following the end of the proof explains this more fully.
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Furthermore, since only the values of @ > k =1, 2, 3, 4, that
lie in [-m, m) are of interest, a hypercube is defined in lL-space
within (and on) which solutions must lie.

The theorem is therefore established.
Q.E.D.

Remark: That the coefficient matrix is of rank 2 is interpreted to
mean that there are two linearly independent equations. The equations
in (vi) define 3-dimensional hyperplanes in the U-space

(¢g, @, ¢hﬁ ¢$). The intersection of these 3-dimensional hyperplanes
is a 2-dimensional hyperplane corresponding to the two linearly in-
dependent equations. All this is for a fixed set, (m*l, m*é, m*s).

As these (m*l, m*z, m*a) are varied, hyperplanes parallel to the first

are defined.
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8. APPENDICES

8.1 Separable Stochastic Processes

This section neither introduces anything that is not in the lit-
erature, nor does it relate in any continuous fashion with the pre-
ceding material. The intent is simply to point out that some concepts

occasionally referred to earlier, have considerably more depth than is

readily apparent. We refer to the notion of separable stochastic

processes,

Theorem 4.5 contains the result that s.p.s 2'(t,w) and Z"(t,w)
are equivalent, where t ¢ T (continuous parameter set). This is
legitimate, but is also more complicated than simply applying the
discrete parameter set notion that Z'(tz,w) = Z”(tz,w), YV 4 e T*,

The reason is that T is not countable and we are therefore forced to
consider 1limits along T and such limits need not be measurable. The
ordinary framework of probability theory is not constructed to con-
sider such situations. Essentially then, we are interested in that
subclass of a specific class of equivalent (continuous T) processes
which is subject to the analytical machinery available. That there
always is such a choice within any equivalence class is guaranteed by
a theorem of Doob which states that within every equivalent class of
S.p.s there is always at least one which has the desired properties;
it is called a separable process.

Such conumdrums are usually evaded in one of two ways. One way
is to study only those processes which satisfy certain regularity pro-

perties. Then, one is guaranteed that the same probability is
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assigned by two equivalent processes for any event, The regularity
conditions can be rather "loose". The books of Cramér and Leadbetter
(1967) and Thomasian (1969) consider this approach in some detail. A
related approach is to consider processes which are defined by some
"nice" analytical expression. This was somewhat the situation in the
preceding, whenever a series converged uniformly in t.

The references given so far have a slightly practical bent to
them and are lighter on the conceptual issues. For discussions of the
latter, the books of Loeve (1963) and, of course, Doob (1953), are

useful.
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