
ABSTRACT

SAFFARI, SAEED. Set Covering Problem with Conflict Constraints. (Under the direction of
Dr. Yahya Fathi.)

In this dissertation we consider the set covering problem with conflict constraints, i.e., from

each conflicting pair of columns (subsets) at most one column can appear in any feasible solution.

After discussing various settings and potential applications in which this problem may arise, we

formulate the problem as an Integer Programming (IP) model. Subsequently we develop various

strategies to solve this IP model effectively. We introduce several families of Valid Inequalities

(VIs) and pre-processing procedures in this context. Some of these valid inequalities and pre-

processing procedures are adaptations of those previously employed in the context of the set

covering problem or the node packing problem (i.e., the stable set problem). But others are

new and a direct result of the presence of both groups of constraints simultaneously.

In particular, we discuss two families of VIs in the latter group, namely the Covering-

Packing Valid Inequalities (CP-VIs) and the Covering-Cliques Valid Inequalities (CC-VIs). We

analyze the facetial properties of these VIs and show that, although these VIs are not facetial

for all instances of the problem, they can be facetial if the problem has a special structure. We

also show that in practice these VIs can be quite effective in enhancing the efficiency of the

branch-and-bound algorithm for some large instances of the problem.

We then discuss an appropriate strategy for including all the said VIs and pre-processing

procedures in the context of a branch-and-cut algorithm for solving the IP model, and carry

out a comprehensive computational experiment to demonstrate their effectiveness. It turns out

that our proposed method results in significantly enhancing the effectiveness of the branch-and-

bound algorithm, and hence allowing us to solve larger instances of IP model within practical

time limits.

In the second part of this dissertation we introduce a bi-criteria set covering problem with

conflict constraints in which we are interested in simultaneously maximizing the number of

covered rows (elements) and minimizing the number of selected columns (subsets). In this

context we introduce and define the problem, and propose two algorithms for obtaining the

non-dominated frontier for this bi-criteria optimization problem. Subsequently we propose and

discuss several classes of valid inequalities for the IP model of this problem and, through a

limited computational experiment, we demonstrate their effectiveness in the context of a branch-

and-cut algorithm. We also develop a local search heuristic algorithm for solving larger instances

of this problem, and demonstrate its effectiveness through a numeric experiment.
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Chapter 1

Introduction

In this research we consider the set covering problem with conflict constraints, i.e., from each

conflicting pair of columns (subsets) at most one column can appear in any feasible solution. We

formulate the problem as an Integer Programming (IP) model, and develop various strategies to

solve this IP model effectively. We introduce several families of Valid Inequalities (VIs) and pre-

processing procedures in this context. We then discuss an appropriate strategy for including all

the VIs and pre-processing procedures in the context of a branch-and-cut algorithm for solving

the IP model, and carry out a comprehensive computational experiment to demonstrate their

effectiveness.

Later in this research we introduce a bi-criteria set covering problem with conflict constraints

in which we are interested in simultaneously maximizing the number of covered rows (elements)

and minimizing the number of selected columns (subsets). In this context we introduce and

define the problem, and propose two algorithms for obtaining the non-dominated frontier for this

bi-criteria optimization problem. Subsequently we propose and discuss several classes of valid

inequalities for the IP model of this problem and, through a limited computational experiment,

we demonstrate their effectiveness in the context of a branch-and-cut algorithm. We also develop

a local search heuristic algorithm for solving larger instances of this problem, and demonstrate

its effectiveness through a numeric experiment.

1.1 Statement of the Problem

In this research, we consider the Set Covering problem with Conflict constraints (SCC). In this

context, we have an m by n matrix A = (aij), where each entry aij is either 0 or 1, and the

i-th row of this matrix (ai) is said to be covered by column j (aj) if aij = 1. We also have a

collection F of pairs of columns (j, k), and we say that columns j and k represent a conflict if

(j, k) ∈ F . There is a cost cj (cj ≥ 0) associated with each column aj , and we seek to identify

1



conflict-free collection of columns of A to cover all rows of A at minimum cost. Following is an

integer programming (IP) model for the problem SCC.

minimize

n∑
j=1

cjxj (SCC-IP )

subject to
n∑
j=1

aijxj ≥ 1 ∀i = 1, ...,m (1.1a)

xj + xk ≤ 1 ∀j, k = 1, .., n : (j, k) ∈ F (1.1b)

xj ∈ {0, 1} ∀j = 1, ..., n (1.1c)

Constraints in group 1.1a ensure that each row of A must be covered by at least one selected

column of A. These constraints are same as those used in the well-known set covering problem.

Constraints in group 1.1b represent a collection of conflicts between various pairs of columns

in A. These constraints are similar to the constraints of the well-known maximum stable set

(node packing) problem. We can represent these symmetric conflict relations by means of an

undirected graph G := (V,E), where the set of vertices is V = {vj : j = 1, ..., n}, i.e., each vertex

vj corresponds uniquely to a column j of matrix A (for all j = 1, ..., n), and E corresponds to

the set of edges of G so that for each two columns j and k (j, k = 1, ..., n), (vj , vk) ∈ E when

there is a conflict between columns j and k, i.e., (j, k) ∈ F . We refer to this graph as the conflict

graph for the problem SCC.

This IP model with either group of constraints alone (i.e., either 1.1a or 1.1b) has been

previously studied in the open literature. But, to the best of our knowledge, the problem with

simultaneous presence of both groups of constraints is not yet addressed.

Our first goal in this research is to study the structural properties of the polyhedra associated

with the set covering problem, the stable set problem, and the intersection of the two as we have

in this problem, and introduce appropriate valid inequalities and pre-processing techniques that

can be effective for solving the problem SCC. Our second goal in this research is to introduce

this problem in a bi-criteria context in which we are interested in simultaneously maximizing

the number of covered rows of A and also minimizing the number of selected columns of A,

and introduce appropriate exact and inexact methodologies that can be effective for solving

the bi-criteria SCC problem. We carry out several computational experiments to assess the

effectiveness of the proposed methods on an empirical basis.

In the remainder of this chapter we discuss various applications and settings where consid-

ering the problem with both groups of constraints (i.e., set covering constraints and stable set

constraints) would be appropriate. We also give a summary of our contributions in this context.

In Chapter 2 we briefly introduce the set covering problem and the maximum stable set

2



problem, and give a brief review of the relevant literature on each problem. In Chapter 3

we discuss several techniques that can be employed to remove redundancies and tighten up

the mathematical model. We refer to these techniques as the pre-processing procedures. In

Chapter 4 we discuss six families of valid inequalities for the problem SCC, and in Chapter 5

we evaluate the effectiveness of these valid inequalities for solving the model SCC-IP through

several computational experiments, and propose a strategy for adding these VIs to the model

SCC-IP .

In Chapter 6 we introduce the bi-criteria set covering problem with conflict constraints,

present a bi-criteria mathematical model for this problem, and discuss two strategies for solving

this problem. Later, in Chapter 7 we propose appropriate valid inequalities for the models

discussed in Chapter 6, and employ these valid inequalities to devise a branch-and-cut algorithm

for solving the corresponding models. Subsequently, in Chapter 8 we introduce a local search

heuristic procedure to solve larger instances of the bi-criteria problem. Finally, in Chapter 9

we provide a brief summary and several concluding remarks, and point out a few avenues for

future research.

1.2 Applications

Many of the known applications of the set covering problem can potentially include conflict

constraints. We give two examples here.

A practical application of SCC could be in the wireless communication services. In this

application, a number of signal towers need be constructed to send signals to customer regions.

Each signal tower can send signals to all customer regions within a certain distance, and each

customer region must receive signals from (be covered by) at least one signal tower. Furthermore,

in order to avoid electromagnetic interference, the distance between each pair of signal towers

must be no less than a given distance. Such a situation can be represented by means of a set

covering problem with conflict constraints, considering each customer region as a row and each

signal tower location as a column of the zero-one matrix. The corresponding model, i.e., set

covering problem with conflict constraints, seeks to identify conflict-free collection of signal

tower locations to cover all customer regions at minimum cost.

Another practical application could be in multi-period staff-scheduling problem in which

the set covering constraints are used to ensure that each task is assigned to at least one worker

at a time period, and the conflict constraints represent prohibited co-assignments due to legal

and/or technical considerations (e.g., same worker assigned to consecutive night shifts). In this

example, the model SCC-IP seeks the least expensive way to assign all tasks to workers at

different time periods with no conflicts.
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1.3 Contributions

As mentioned earlier, in this dissertation, we study the set covering problem with conflict

constraints in a single-objective context as well as in a bi-criteria context, and propose several

pre-processing procedures and several families of valid inequalities for the corresponding IP

models. To the best of our knowledge, the set covering problem with conflict constraints has

not been previously studied in the open literature. Our specific contributions are as follows:

1. We introduce appropriate pre-processing techniques to remove redundancies, remove un-

necessary variables, and tighten up the set of constraints.

2. We investigate and extend a family of valid inequalities that has been previously proposed

for this model (i.e., covering-packing valid inequalities) and demonstrate their effective-

ness. We show that when the constraint set of the model SCC-IP has a special structure,

these VIs can be facet-defining for the convex hull of the feasible solutions for the IP

model. We also demonstrate their effectiveness through a computational experiment.

3. We propose a new family of valid inequalities for the model SCC-IP that we refer to as

the covering-clique valid inequalities (CC-VIs). We show that for SCC-IP models with a

special structure, these VIs are also facet-defining, and we demonstrate their effectiveness

through a computational experiment.

4. We propose an algorithm to find a subset of the maximal cliques of the conflict graph G so

as to include every conflicting pair, and we present a method to add these maximal clique

constraints to the model SCC-IP . We also propose column-domination valid inequalities

and conflicting-set valid inequalities, and we show that by adding these VIs to the model

SCC-IP , we can enhance the effectiveness of the maximal clique constraints.

5. We introduce the bi-criteria set-covering problem with conflict constraints, and propose

an IP model to formulate this problem. We then introduce two strategies for solving this

problem, and present the effectiveness of these strategies through a numerical experiment.

6. We propose appropriate valid inequalities for the IP models discussed for the bi-criteria

problem, and using these valid inequalities we propose a branch-and-cut algorithm for

solving this problem. We demonstrate the effectiveness of the proposed branch-and-cut

algorithm through a computational experiment.

7. We develop a local search heuristic approach to solve relatively large instances of the

bi-criteria set-covering problem with conflict constraints, and demonstrate the efficiency

of this algorithm through a numerical experiment.
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Chapter 2

Background

In this chapter, we discuss the set covering problem and the stable set problem separately, and

give a brief review of the corresponding literature.

2.1 Set Covering Problem

The set covering problem (SCP) is a classical combinatorial optimization problem. Its goal is to

find a subset of columns that cover all rows of a zero-one matrix at minimal cost. The SCP has

numerous real-life applications including those involving crew scheduling [21, 4, 46, 39], facility

location [9, 1, 61, 74, 73], vehicle routing [64, 19], selection of portfolio [54], and conservation

biology [49]. Various algorithms are proposed for solving this problem. In the next subsections,

we give the mathematical model of SCP and a brief overview of the solution methods.

2.1.1 Integer Programming Formulation

In this subsection, we present the integer programming model for the SCP in the literature.

We have an m by n matrix A = (aij), where each entry aij is either 0 or 1, and the i-th row

of this matrix (ai) is said to be covered by column j (aj) if aij = 1. Now, for each column aj ,

we define the decision variable xj = 1 if column aj is selected to be in the optimal cover, and

xj = 0 otherwise. Following is an IP model for the problem SCP.

minimize
n∑
j=1

cjxj (SCP -IP )

subject to
n∑
j=1

aijxj ≥ 1 ∀i = 1, ...,m (2.1a)

xj ∈ {0, 1} ∀j = 1, ..., n (2.1b)
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The objective function is to minimize cost of all selected columns of A. Constraints in group

2.1a ensures that each row of A must be covered by at least one column of A. The last constraint

implies that the decision variables are binary.

2.1.2 Solution Methodologies for the Set Covering Problem

In this subsection, we review different solution methods proposed in the open literature for

the SCP. Exact algorithms are mostly based on branch-and-bound (B&B) and branch-and-cut

(B&C). However, these algorithms are time consuming and can solve instances of relatively

moderate size. That is why many research efforts have been worked on designing heuristics in

order to find near-optimal solutions for large instances within a reasonable execution time. We

first explain exact algorithms, and then we briefly review several effective heuristic algorithms.

2.1.2.1 Exact Algorithms

The most effective exact methods for solving the model SCP -IP are B&B algorithms in which

using LP relaxation of the model SCP -IP , lower bounds are computed. To the best of our

knowledge, the algorithm of Nobili and Sassamo [55] is the only one that could obtain lower

bounds that are stronger than the value of LP relaxation of the model SCP -IP . In their

algorithm, they investigate the structural properties of the SCP polytope, and find several

cutting planes, and add them to their B&C algorithm.

Beasley [11] proposes an algorithm that solves LP relaxation only at the root node of the

B&B tree. At all other nodes of the tree, his algorithm finds the lower bounds using Lagrangian

relaxation along with subgradient optimization which starts with the Lagrangian multipliers

that are associated with the parent node. At the root node, Lagrangian multipliers are calculated

by applying a dual ascent procedure and a subgradient procedure. Then a reduction procedure

is applied, and then the LP relaxation of the reduced problem is solved to optimality by dual

simplex method. Feasible solutions are computed by applying simple greedy heuristics and

several dominance properties to reduce the number of rows and columns of the set covering

matrix A. The branching rule chooses the uncovered row with the highest Lagrangian multiplier,

and fixes the variable corresponding to the column with smallest Lagrangian cost that covers

the selected uncovered row to zero and to one.

Beasley and Jornsten [14] give an enhancement of the algorithm of Beasley [11]. A main

difference is that Beasley and Jornsten [14] add some extra constraints to the problems. Two

of these constraints are added to exclude the best feasible solution found at the end of the

subgradient procedure at the root node. They impose these constraints so that at least one of

the selected columns in this solution must be unselected. After adding these constraints, they

solve the LP relaxation as in [11], and they then add classical Gomory fractional cuts. Another

6



enhancement as regards [11] is that [14] uses the Lagrangian heuristic of [16] and a different

branching rule. They computationally show that their proposed algorithm performs better than

the algorithm proposed in [11] in most of the benchmark instances with respect to execution

time.

Balas and Carrera [5] propose the most recent exact algorithm for solving the model SCP -

IP . Their algorithm is based on inserting a dynamic subgradient optimization into a B&B

algorithm. They use two binary branching strategies based on dual information corresponding

to Lagrangian multipliers in order to find a better (larger) lower bound at both descendant

nodes of the tree. They finally show that their proposed algorithm is faster than the algorithm

developed in [11] and [14] in all benchmark instances.

Recently, Caprara et al. [22] present an experimental comparison of all above-mentioned

algorithms and general ILP solvers on the benchmark instances, and show that if we give the

instance directly to the solvers CPLEX 4.0.8 and MINTO 2.3, the average execution time

will be less than the execution time of all previously proposed algorithms. According to their

computational experiment, the average execution time is about 3000 seconds for the algorithm

in [11], 2000 seconds for the algorithm in [14], 1500 seconds for the algorithm in [5], 700 seconds

for CPLEX, and 750 seconds for MINTO, on several classes of instances in the Beasley’s OR

Library [12].

2.1.2.2 Inexact Algorithms

Various heuristic approaches are proposed to find near-optimal solutions of the model SCP -IP .

Yagiura et al. [78] propose a local search algorithm for the SCP with three characteristics:

3-flip neighborhood, searching the infeasible region, and using the information from the La-

grangian relaxation to reduce the size of the problem. Kinney et al. [42] present a reactive tabu

search algorithm with variable clustering for the unicost SCP. Then, Caserta [23] proposes a

dynamic primal-dual algorithm and applies the tabu search based on a primal intensive scheme

with a Lagrangian-based dual intensive scheme.

Different relaxation heuristics are designed for the SCP [72]. Lan et al. [44] develop a heuris-

tic called Meta-RaPS (Meta-heuristic for Randomized Priority Search) for solving the model

SCP -IP . In their algorithm, they generate feasible solutions by introducing random factors

into a construction method. Then they try to improve the feasible solutions by applying an

improvement heuristic. In addition to applying the basic Meta-RaPS, the heuristic developed

herein integrates the elements of randomizing the selection of priority rules, penalizing the

worst columns when the searching space is highly condensed, and defining the core problem

to speed up the algorithm. Bautista and Pereira [10] propose a GRASP (Greedy randomized

adaptive search procedure) algorithm incorporating a local improvement procedure based on
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the heuristics to solve the model SCP -IP .

One of the most successful and most recent heuristic approaches is proposed by Wang et

al. [75]. They enhance the electromagnetism metaheuristic method (EM), proposed in [52], so

that the algorithm first generates a pool of solutions, and then it applies a fixed number of

local search and movement iterations, and it also uses mutations to further escape the local

optima. Their results show that their proposed method outperforms most previous heuristic

approaches.

Other approaches for solving the model SCP -IP include ABC (Artificial Bee Colony) [69,

24], ACO (Ant Colony Optimization) [50, 63], GA (Genetic Algorithm) [13].

2.2 Maximum Stable Set Problem

A stable set in a graph G(V,E) is a subset S of the node set V such that no two nodes of

S are adjacent. We call two nodes adjacent if there is an edge in E connecting them. The

maximum stable set problem (MSS) asks for the stable set of maximum cardinality. In the open

literature, the MSS is also called as independent set problem or vertex packing problem. If

there is a distinct weight assigned to each node in V , then the graph is weighted. In this case,

maximum stable set problem asks for the stable set of maximum weight. Garey and Johnson [30]

show that it is NP-hard to determine the maximum stable set in an arbitrary graph. Practical

applications of the maximum stable set problem include economics [3], computer vision [7],

fault tolerance [15], coding theory [45, 68], and aligning DNA and protein sequences [47]. In the

next subsections, we give the mathematical model of MSS and a brief overview of the solution

methods.

2.2.1 Integer Programming Formulation

In this subsection, we present the integer programming model for the problem MSS in the

literature. Considering the graph G(V,E), for each node vj ∈ V , we define the decision variable

xj = 1 if node vj is selected to be in the optimal subset, and xj = 0 otherwise. Following is an

IP model for the problem MSS.

maximize
n∑
j=1

wjxj (MSS-IP )

subject to xj + xk ≤ 1 ∀j, k = 1, .., n : (j, k) ∈ E (2.2a)

xj ∈ {0, 1} ∀j = 1, ..., n (2.2b)
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The objective function is to maximize weight of all selected nodes of G. Constraints in group

2.2a ensure that for each edge in E, at most one endnode can be in a stable set. The last

constraint implies that the decision variables are binary.

2.2.2 Brief Overview of Solution Methodologies for the Maximum Stable

Set Problem

Over the past few decades, various heuristic and exact solution methods are proposed for solving

the maximum stable set problem.

The popular exact methods include branch and bound [58, 35], branch and price [76],

continuous formulation approaches [34], global optimization [57], Lagrangian relaxation [20],

semidefinite programming [26], and branch and cut [62].

As an alternative approach, a number of heuristic methods have been proposed to find

near-optimal solutions to the MSS problem. Those approaches include local search [8, 38], tabu

search [32], variable depth search [41], quadratic optimization [17], and genetic search [67].

For a more detailed categorization of exact and inexact algorithms for solving the model

MSS-IP , see [77] in which a comprehensive review on algorithms for solving the model MSS-

IP is provided by Wu and Hao in 2015.

2.3 Other Problems with Conflict Constraints

Conflict relations arise in many contexts of combinatorial optimization and integer programming

so that various problems have been studied under conflict constraints. To the best of our

knowledge, Balas [6] in 1979 introduced Disjunctive Programming framework. Nevertheless,

classic problems with conflict constraints were studied recently.

Atamtork et al. [2] investigate the use of conflict graphs in solving integer programming

problems. They introduce how to construct and manage dynamically changing conflict graphs,

and discuss pre-processing and cut generation methods in the presence of conflict graphs.

Bin packing problem with conflict graphs (BPCG) is firstly introduced by Jansen and Ohring

[40] in 1995. The authors propose seven different approximation algorithms and analyze worst-

case approximation ratios for special graph classes. In 2004, Gendreau et al. [31] present six

heuristics for BPCG and perform extensive computational experiments. In 2008, Epstein and

Levin [28] improve one of the algorithms of [40] which is designed for perfect graphs. In 2010,

Muritiba et al. [51] give the first exact algorithm for solving BPCG in a branch and price

framework. They compute lower bounds based on the clique structure, on a matching and

on a surrogate relaxation over all constraints, and upper bounds by applying a population

based heuristic framework with a tabu list. Sadykov and Vanderbeck [65], in 2012, propose
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a new branch and price algorithm for solving BPCG in which they solve conflict-constrained

knapsack subproblems with dynamic programming.

Knapsack problem with conflict constraints (KCG) is introduced by Yamada et al. [79] in

2002, and the authors propose a greedy algorithm for solving the problem. Hifi and Michrafy

[36], in 2006, present a reactive local search algorithm combined with a tabu list for the solving

KCG, and in 2007 [37], they propose a branch and bound algorithm where they apply LP

relaxation to compute upper bounds and heuristics of [36] to compute lower bounds. They

also propose reduction techniques to eliminate redundant items before starting the branch and

bound algorithm. In 2009, Pferschy and Schauer [59] present pseudopolynomial algorithms for

three special classes of conflict graphs in KCG.

Minimum spanning tree problems with conflict constraints (MSTCC) is introduced by Dar-

mann et al. [25] in 2009. In 2011, Zhang et al. [80] propose special cases in which the MSTCC

is polynomially solvable, and present two heuristic algorithms for solving the problem. In 2015,

Samer and Urrutia [66] present a branch and cut algorithm for solving the MSTCC, and they

computationally show that their algorithm outperforms the algorithm of [80] on all the bench-

mark instances.

In 2013, Pferschy and Schauer [60] discuss the complexity of maximum flow problems with

conflict and forcing constraints. In the same year, Oncan et al. [56] propose a Lagrangean

relaxation scheme and heuristics for minimum cost perfect matchings with conflict constraints,

and investigate the polynomially solvable cases.
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Chapter 3

Pre-processing Procedures

In this chapter, we discuss several procedures to remove redundancies, remove unnecessary

variables, and tighten up the set of constraints for the IP model SCC-IP . We refer to these

procedures as pre-processing. The only row reduction and the first column reduction that we

employ are similar to those previously proposed for the SCP, and we employ it without change.

We also introduce and employ two new column reductions for the problem SCC. We then carry

out a comprehensive computational experiment to assess the efficiency of these pre-processing

procedures.

For convenience and ease of discussions, we refer to each row of the matrix A as an element

and to each column of this matrix as a node. Element i is covered by node j if aij = 1. We use

M = {1, 2, ...,m} to represent the set of all elements and the set N = {1, 2, ..., n} to represent

the set of all nodes. We also define the subsets Ni of N for each i ∈ M , subsets Mj of M for

each j ∈ N , and subsets Gj of N for each j ∈ N as follows.

• Ni = {j : aij = 1, j ∈ N}

• Mj = {i : aij = 1, i ∈M}

• Gj = {k : (j, k) ∈ F, k ∈ N}

Ni is the collection of nodes that cover element i. We refer to Ni as the covering node-set

for element i. Similarly, Mj is the collection of elements covered by node j, and we refer to it

as the cover-set of node j. Gj is the collection of nodes that are in conflict with node j.

A conflict-free collection of nodes form a feasible cover if the union of their corresponding

cover-sets is the entire set M . Every feasible solution of the problem SCC is associated with a

feasible cover (nodes j with the corresponding value of xj = 1).
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3.1 Row Reduction

To do a row reduction, we use the first row reduction method defined for the SCP in [11], as

follows.

• Row reduction #1: For each element i (i ∈ M), if there exists another element r

(r ∈M, r 6= i) such that Nr ⊆ Ni, then ai (ith row of the matrix A) can be deleted from

the problem, since any column used to cover ar automatically covers ai.

3.2 Column Reduction

In this subsection, we discuss three column reduction methods. The column reduction #1 is

defined for the SCP in [11], and we explain it here. The column reductions #2 and #3 are new

column reductions that we define for the SCC.

• Column reduction #1: For each element i (i ∈ M), if it is only covered by a single

node j, then the node j must be in every feasible cover. Computationally, if we identify

node j that has to be in every feasible cover, all the rows corresponding to the elements in

Mj are covered hence need not be considered (i.e., the corresponding rows can be removed

from the constraint set). Note therefore that we need to add cj to the optimal objective

function value, after the problem is solved. Also, the variables corresponding to nodes in

Gj must be set to zero, since node j is now selected to be in every feasible cover, and those

nodes that are in conflict with it cannot be in any feasible cover anymore. The collection

F must be updated accordingly.

• Column reduction #2: For each node j (j ∈ N), if there exists another node k (k ∈
N, k 6= j) such that Mj ⊆Mk, i.e., all elements covered by node j are also covered by node

k, and cj ≥ ck, and [Gk\{j}] ⊆ [Gj\{k}], i.e., each node that is in conflict with node k is

also in conflict with node j, then we fix the variable xj to zero. This is due to the fact that

under these conditions for every solution in which xj = 1 there exists another solution

with equal or smaller objective function value in which xj = 0 and xk = 1 (keeping all

other variables unchanged).

• Column reduction #3: For each node j (j ∈ N), if there exists an element i (i ∈ M)

such that Ni ⊆ Gj , i.e., each node that covers element i is in conflict with node j, we fix

the variable xj to zero, since choosing node j to be in any feasible cover would make it

impossible to cover element i.
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3.3 A Computational Experiment

In this section we present the results of a computational experiment in which we evaluate the

effectiveness of the pre-processing procedures on the computational requirements of the branch

and bound algorithm for solving the model SCC-IP . In Subsection 3.3.1, we describe the data

sets that we use in this experiment and in Subsection 3.3.2, we present our findings.

In this dissertation, we write all programs in C#, and for solving the problem SCC, the

callback mechanism in the Concert API of CPLEX 12.6.1 is used. We consider a numerical

precision of 10−5, even when looking for violated constraints. Experiments are carried on a

machine with an Intel Core ™2 (2.66GHz) CPU, with 4GB of RAM. We set the absolute MIP

gap tolerance parameter of CPLEX to 0.9999.

In this experiment, we turn off all pre-processing, heuristics and cut generation options of

CPLEX, so as to assess the effectiveness of the proposed pre-processing procedures without

interference with the effects of other methods.

3.3.1 Data sets

An instance of the SCC is identified by the set covering matrix A, the conflict collection F,

and cost vector c. The set covering matrix A has m rows and n columns, and each entry of the

matrix is either 0 or 1. We construct and solve instances of the problem with different values

of m and n. For each instance in our experiment, we construct the set covering matrix A and

the conflict collection F randomly as we describe below.

To construct the cost vector c, we can fix every entry of the cost vector c to 1, and refer to

the resulting instances as the unicost instances. Alternatively, we can use randomly generated

numbers as entries of the cost vector c (weighted instances). Our pilot studies indicated that

unicost instances are harder instances compared to weighted instances with respect to the

execution time of the B&B and thus we construct unicost instances in our first two data sets.

For our third data set, we use the weighted instances that are already constructed in the open

literature.

We construct three collections of instances of the SCC as follows.

Data set 1: 10-D geometrical instances (GEO-10D)

In this data set, we have a collection of m demand centers (rows) and a collection of n poten-

tial service centers (columns). We assume that there is a 10-dimensional characteristic vector

associated with each demand center or potential service center. Let xi1, x
i
2, ..., x

i
10 denote the

characteristics of demand center i and yj1, y
j
2, ..., y

j
10 denote the characteristics of potential ser-

vice center j. We obtain the value of each element of the characteristic vector for each demand
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center or service center using a uniform distribution in the interval [0, 1000]. We then assume

that a demand center i is covered by a potential service center j, if their corresponding Eu-

clidean distance dij =

√
10∑
l=1

(xil − y
j
l )

2 is less than a given parameter rs. For each demand center

i and each potential service center j, we have aij = 1 if dij ≤ rs, and aij = 0 otherwise, for

i = 1, ...m and j = 1, ..., n. This defines the set covering matrix A.

For the conflict collection F, we assume that two potential service centers j and k represent

a conflict if their corresponding distance djk =

√
10∑
l=1

(yjl − ykl )2 is less than a given parameter

rp, i.e., (j, k) ∈ F if djk ≤ rp, and (j, k) /∈ F otherwise for each j = 1, ...n − 1 and each

k = j + 1, ..., n. For any value of rp, this defines all elements of the conflict collection F.

This data set is inspired by the application of SCC in the context of the wireless commu-

nication location problem that we described in Chapter 1. We use the 10-dimensional space

for this data set, since our preliminary experiments showed that the corresponding models are

relatively more challenging to solve, as compared with the data set in the 2-dimensional space.

Within this data set, we first construct characteristic vectors for a collection of 100 demand

centers, a collection of 300 demand centers, and a collection of 1000 potential service centers,

and we denote to these collections of characteristic vectors as demand collection D100, demand

collection D300, and service collection S1000, respectively. We then construct two pairs of

demand and service collections as follows; first, we consider the demand collection D100 and

the service collection S1000 as a pair of demand and service collections, and we refer to this

pair as demand-service data set I; next, we consider the demand collection D300 and the service

collection S1000 as a pair of demand and service collections, and we refer to this pair as demand-

service data set II.

For each demand-service data set, we determine the distance between every demand center

and every potential service center (mn2 values). In columns rminds , rmedds , and rmaxds of Table

3.1, we report the minimum, the median, and the maximum among these values. Similarly,

for every pair of potential service centers in each demand-service data set, we determine the

corresponding distance (n(n−1)2 values), and in columns rminss , rmedss , and rmaxss of Table 3.1, we

report the minimum, the median, and the maximum values as obtained.

Table 3.1: The information of demand-service data sets I and II

Demand-Service Demand Service
rminds rmedds rmaxds rminss rmedss rmaxssData Set Collection Collection

I D100 S1000 298.2 1278.2 2239.1 276.1 1272.9 2281.1

II D300 S1000 262.2 1268.8 2270.7 276.1 1272.9 2281.1
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Now, we generate several instances of the problem SCC by considering demand centers and

potential service centers in each demand-service data set and changing the values of parameters

rs and rp. We report all parameter values of the instances that we construct in this data set in

Table 3.2.

Table 3.2: The parameters of instances in GEO-10D data set

ID
Demand-Service

m n rs rpData Set

G10.1

I 100 1000

850 700
G10.2 850 850
G10.3 850 950
G10.4 850 1050
G10.5 950 700
G10.6 950 850
G10.7 950 950
G10.8 950 1050
G10.9 1050 850
G10.10 1050 1050

G10.11

II 300 1000

850 700
G10.12 850 850
G10.13 950 700
G10.14 950 850
G10.15 950 950
G10.16 1050 850
G10.17 1050 950
G10.18 1050 1050

Data set 2: Random instances (RAN)

Instances in this data set are constructed as follows. Each entry of the m × n matrix A is

randomly chosen as 1 with the probability of s and 0 with the probability of 1− s, where s is a

given parameter in the interval [0, 1]. For the conflict collection F, for each j = 1, ...n − 1 and

each k = j + 1, ..., n, we add (j, k) to collection F with the probability of p, where p is a given

parameter in the interval [0, 1].

We report all parameter values for the instances that we construct in this data set in Table

3.3.
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Table 3.3: The parameters of instances in RAN data set

ID m n s p

R.1

100 300

0.05 0.01
R.2 0.05 0.05
R.3 0.05 0.1

R.4 0.1 0.05
R.5 0.1 0.1
R.6 0.1 0.2

R.7

100 1000

0.01 0.01
R.8 0.01 0.05

R.9 0.05 0.01
R.10 0.05 0.05

R.11 0.1 0.01

Data set 3: OR-Library instances (OR-L)

In this data set, we use two instances that are already constructed for the set covering problem

in the OR-Library [12]. For each of these two instances, we have the set covering matrix and

the cost vector from the OR-Library [12], and we construct several conflict collections randomly

similar to the data set RAN.

We report all parameter values for the instances that we construct in this data set in Table

3.4. The first column shows the ID that we define for each instance, and the second and third

columns show the size of each instance. The fourth column shows the index of the instance

from OR-Library [12], and the fifth column shows the density of the set covering matrix in the

corresponding instance. The last column represents the probability of each pair of nodes being

added to the conflict collection in the corresponding instance.

Table 3.4: The parameters of instances in OR-L data set

ID m n
OR-L

s pIndex

L.1 200 1000 scp41 0.02 0.02

L.2

200 1000 scp61 0.05

0.02
L.3 0.03
L.4 0.04
L.5 0.05
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3.3.2 A Comparative Study

We study the impact of pre-processing procedures on the computational effort required to solve

the model SCC-IP for the instances that we described above. To this end, we consider two

scenarios. In the first scenario, we solve the instance via B&B method (i.e., without imposing

pre-processing procedures). In the second scenario, we first impose pre-processing procedures

on the instance, and then we solve the reduced instance via B&B method. Then we compare

the two scenarios with respect to their corresponding execution times. In Table 3.5, for a

representative selection of these instances, we report these results along with the information

for each reduced instance (such as number of eliminated rows and fixed columns). Results for

the remaining instances follow the same pattern, and for brevity, we refrain from reporting the

results for the remaining instances. In this table the first column shows the instance ID, which

is consistent with Tables 3.2 and 3.3; the next four columns show the parameter values of each

instance, the sixth column shows the total number of conflict constraints for each corresponding

instance, the seventh column (Total time 1) corresponds to the execution time of the B&B when

solving the model SCC-IP (pre-processing procedures are not imposed). The eighth and ninth

columns show the number of rows that are eliminated and the number of columns that are fixed

after imposing pre-processing procedures, respectively. The tenth column (IP time 2) shows the

execution time of the IP model after imposing pre-processing procedures, in seconds, and the

last column (Total time 2) shows the summation of execution time of imposing pre-processing

procedures and the B&B tree for solving the reduced instance, in seconds. In this experiment,

we impose a time limit of 7200 seconds on all instances, and if the execution time of an instance

exceeds this time limit, we abort the program.

We can make several observations from the results reported in Table 3.5;

1. Impact of number of conflicts. For fixed values of m, n, and rs in GEO-10D instances,

number of fixed columns tends to increase as value of rp grows, i.e., as the number of

conflicts increases, the pre-processing procedures performs a stronger reduction. Same

observation is made for RAN instances, as value of p grows, and values of m, n, and s are

fixed. For the OR-L instances, the pre-processing procedures could not fix any column. The

execution time of solving the model SCC-IP with and without pre-processing procedures

also tend to increase significantly as we increase the number of conflicts while other

parameters are fixed, for instances in all data sets.

2. Impact of covering percentage (rs and s). For fixed values of m, n, and rp in GEO-

10D instances, the number of eliminated rows and the number of fixed columns decrease

as value of rs grows, which means that the pre-processing procedures perform a weaker

reduction. Also, for fixed values of m, n, and p, the number of eliminated rows and fixed

17



Table 3.5: Data sets instances reduction using the pre-processing procedures

B&B B&B w/ Prep.

ID m n

Total # of # of IP Total
s or p or # of time 1 elim. fixed time 2 time 2
rs rp confs. (sec) rows cols (sec) (sec)

G10.2

100 1000

850 850 22,780 37.6 0 36 17.1 17.7
G10.3 850 950 49,061 299.1 0 46 276.4 277.4
G10.4 850 1050 92,397 2,722.2 0 111 2,228.2 2,230.0
G10.6 950 850 22,780 5.8 0 3 4.9 5.6

G10.11

300 1000

850 700 5,366 60.7 12 1 55.8 56.5
G10.12 850 850 22,780 - 12 13 - -
G10.14 950 850 22,780 793.8 3 0 605.2 606.1

R.1

100 300

0.05 0.01 466 2.6 0 4 2.3 2.3
R.2 0.05 0.05 2,312 32.3 0 3 32.4 32.5
R.3 0.05 0.1 4,615 339.3 0 3 362.3 362.4

R.7

100 1000

0.01 0.01 5,118 0.7 0 378 0.3 0.7
R.8 0.01 0.05 25,393 1,759.4 0 370 499.7 500.3
R.9 0.05 0.01 5,118 441.6 0 6 424.1 424.6
R.10 0.05 0.05 25,393 3,591.0 0 6 3,449.0 3,449.8

L.1

200 1000

0.02 0.02 10,175 147.1 0 0 147.1 147.3
L.2 0.05 0.02 10,175 15.7 0 0 15.7 16.0
L.3 0.05 0.03 15,242 80.6 0 0 80.6 81.0
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columns decrease as value of s grows in RAN instances. For the OR-L instances, the pre-

processing procedures could not eliminate any row from the problem. The execution time

of solving the model SCC-IP with and without pre-processing procedures also tend to

decrease significantly as we increase rs and s (covering percentage) while other parameter

values are fixed for the instances in all data sets. In other words, as the set covering

matrix A becomes more dense, the corresponding instance becomes somewhat easier to

solve, and the impact of the pre-processing procedures get smaller.

3. Impact of ratio of n to m. In the GEO-10D instances, for fixed values of n, rp, and rs,

the number of fixed columns decreases as value of m grows, which means that the pre-

processing procedures performs a weaker reduction. Same observation is valid for RAN

instances, as value of n decreases and values of m, p, and s are fixed.

4. Execution time comparison. For 12 out 14 instances in data sets GEO-10D and RAN,

total execution time of the second scenario, where we perform the pre-processing proce-

dures, is smaller than the execution time of the model SCC-IP without pre-processing,

but the difference between execution times is not significant is most of these 12 instances.

On average, we observe a 20.5% reduction in execution time of the model SCC-IP after

performing pre-processing procedures, in GEO-10D and RAN instances. We also observe

that for the OR-L instances, the pre-processing procedures are not effective.
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Chapter 4

Valid Inequalities

Feasible region of the model SCC-IP consists of the integer points in the intersection of two well-

known polyhedra. One polyhedron is associated with the constraints of the set covering problem

(set covering polyhedron) and the other polyhedron is associated with the conflict constraints

(stable set polyhedron). These polyhedra are separately studied in the open literature, and

appropriate valid inequalities (VIs) for each polyhedron are introduced. Naturally, these VIs

are also valid for the model SCC-IP . In Sections 4.1 and 4.2, we describe two such families of

VIs that we found to be effective in the context of the problem SCC.

The presence of both groups of constraints, in the model SCC-IP , however, allows for

introduction of new families of VIs that are potentially more effective in this context. To the

best of our knowledge, only two articles in the open literature address this subject. One article

is by Kou et al. [43] in which the authors study the polyhedral structure of the mixed set

covering, packing, and partitioning problem and develop new classes of VIs. They then identify

sufficient conditions for their proposed VIs to be facet-defining. Our pilot studies showed that

those VIs are not effective in solving the model SCC-IP . So we do not explain those VIs in

this context. The second article is by Kazemi Tutunchi and Fathi [71] in which a family of VIs

for this problem is introduced. They introduce these VIs in the context of solving a bi-objective

discrete optimization problem, in order to enhance the computational effectiveness of the B&B

algorithm in that context. In Sections 4.3 to 4.6 we discuss these VIs along with several families

of new VIs that we introduce in this context.

In Chapter 5, through several limited computational experiments, we evaluate the effective-

ness of these VIs in solving the model SCC-IP .
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4.1 Maximal Clique Valid Inequalities

In this section, we describe a family of valid inequalities called maximal clique valid inequalities

(MC-VIs) for the model SCC-IP . Maximal clique VIs are defined for the stable set problem

on the conflict graph of the problem SCC (as defined in Chapter 1), as follows.

Proposition 1. For each q ∈ V , where q is a maximal clique in G, the constraint∑
j:vj∈q

xj ≤ 1 (4.1)

is a valid inequality for the model SCC-IP .

Rebennack et al. [62] show that clique inequalities are valid cuts for the maximum stable

set polytope, and the proof will not be repeated here. It is also shown that when the clique

is maximal, the clique inequality is facet-defining for the convex hull of the maximum stable

set polytope. Hence MC-VIs can be added to the constraints set of model SCC-IP as valid

inequalities to tighten the LP feasible region.

4.2 Odd-Cycle Valid Inequalities

The following proposition describes a family of valid inequalities called odd-cycle valid inequal-

ities for the model SCC-IP .

Proposition 2. For each C ⊆ G, where C := (VC , EC) is an odd-cycle in G, the constraint

∑
j:vj∈VC

xj ≤
|VC | − 1

2
(4.2)

is a valid inequality for the model SCC-IP .

Odd-cycle valid inequalities (OCI) are shown to be valid inequalities for the stable set

polytope in Gerards and Schrijver [33], and they are shown to be effective. Hence, the constraint

set #4.2 is a set of valid inequalities for the model SCC-IP .

4.3 Covering-Packing Valid Inequalities

In this section, we explain a family of valid inequalities called Covering-Packing Valid Inequal-

ities (CP-VIs) proposed by Kazemi Tutunchi and Fathi [71] for the model SCC-IP , and we

discuss their facetial properties. We then introduce another set of valid inequalities which we

refer to as generalized CP-VIs.
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4.3.1 Definitions and Properties

Let us define Nk
i = {j : j ∈ Ni, (j, k) /∈ F} for each element i ∈ M and node k ∈ N \Ni. The

following proposition explains the CP-VIs.

Proposition 3. For each element i ∈M and node k ∈ N \Ni, the constraint∑
j:j∈Nk

i

xj ≥ xk (4.3)

is a valid inequality for the model SCC-IP .

The CP-VI states that for each element i and each node k that does not cover element i, if

node k is selected to be in a feasible cover, at least one of those nodes that cover element i and

do not have conflict with node k must be selected to be in that feasible cover. Kazemi Tutunchi

and Fathi [71] show that the CP-VIs can remove a segment of the feasible region of the LP

relaxation for the model SCC-IP , and through a computational experiment, they showed that

these VIs can be quite effective in solving some instances of this problem.

4.3.2 Facet-defining Properties of CP-VIs

In general a CP-VI is not necessarily a facet-defining VI for the convex hull of the feasible

solutions for the model SCC-IP . But this VI can be facet-defining if the constraints set of the

problem satisfies a sufficient condition, i.e., it has a special structure.

To show that a CP-VI is not always a facet-defining VI for the convex hull of the feasible

solutions for the model SCC-IP , we construct a small instance of the problem SCC, as follows.

Example 1. Consider an instance of the problem SCC shown by the following IP model with

m = 1 covering inequalities and one conflict constraint.

minimize

3∑
j=1

xj (EX1-IP )

subject to x1 + x2 ≥ 1

x2 + x3 ≤ 1

xj ∈ {0, 1} ∀j = 1, . . . , 3

The model EX1-IP has only 4 feasible solutions, as follows.

t1 =
[
1 0 0

]T
t2 =

[
0 1 0

]T
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t3 =
[
1 1 0

]T
t4 =

[
1 0 1

]T
One can easily verify that the vectors t1, . . . , t4 are affinely independent. Thus the convex hull

of the feasible solutions for the model EX1-IP is full-dimensional.

The model EX1-IP has only one CP-VI as follows.

x1 ≥ x3 (4.4)

In order for the inequality 4.4 to be a facet-defining VI for the model EX1-IP , there must exist

3 feasible and affinely independent vectors that satisfy the inequality 4.4 at equality. But we

observe that only t2 and t4 satisfy the inequality 4.4 at equality. Therefore, the inequality 4.4

is not a facet-defining VI for the model EX1-IP .

Through Example 1, we showed that in general a CP-VI is not a facet-defining VI for the

convex hull of the feasible solutions for the model SCC-IP . But as mentioned before, this VI

can be facet-defining if the constraints set of the problem has a special structure. To show this,

we construct another small instance of the problem SCC, as follows.

Example 2. Consider an instance of the problem SCC shown by the following IP model with

m = 4 covering inequalities and two conflict constraint.

minimize
7∑
j=1

xj (EX2-IP )

subject to x1 + x3 + x4 ≥ 1 (element 1)

x2 + x3 + x4 ≥ 1 (element 2)

x5 + x6 ≥ 1 (element 3)

x5 + x7 ≥ 1 (element 4)

x3 + x5 ≤ 1

x4 + x5 ≤ 1

xj ∈ {0, 1} ∀j = 1, ..., 7

According to the definition of CP-VIs, and by setting i = 1 and k = 5, we get the following

CP-VI,

x1 ≥ x5, (4.5)

and by setting i = 2 and k = 5, we get the following CP-VI.

x2 ≥ x5. (4.6)
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Observation 1. The inequalities 4.5 and 4.6 are facet-defining VIs for the model EX2-IP .

Proof. First, we show that the convex hull of the feasible solutions for the model EX2-IP is

full-dimensional. To this end, consider the following 8 vectors.

y1 =
[
0 0 1 0 0 1 1

]T
y2 =

[
0 0 0 1 0 1 1

]T
y3 =

[
0 0 1 1 0 1 1

]T
y4 =

[
1 1 0 0 1 1 0

]T
y5 =

[
1 1 0 0 1 0 1

]T
y6 =

[
1 1 0 0 1 1 1

]T
y7 =

[
1 0 0 0 0 1 1

]T
y8 =

[
0 1 0 0 0 1 1

]T
Let Y = {y1,y2,y3,y4,y5,y6,y7,y8}. One can easily verify that the 8 vectors in Y are feasible

for the model EX2-IP , and that these vectors are also affinely independent. Since the solution

space for this model is 7-dimensional, it follows that the convex hull of the feasible solutions

for Example 2 is full-dimensional.

We observe that with the exception of y7, every vector in Y satisfies the CP-VI 4.5 at

equality. Thus we have 7 feasible solutions for the model EX2-IP that are affinely independent

and satisfy the inequality 4.5 at equality, hence the inequality 4.5 is a facet-defining VI for the

model EX2-IP .

Similarly, to show that the inequality 4.6 is a facet-defining VI for the model EX2-IP ,

consider the vectors in Y with the exception of y8. Thus we have 7 feasible solutions for the

model EX2-IP that are affinely independent and satisfy the inequality 4.6 at equality, hence

the inequality 4.6 is also a facet-defining VI for the model EX2-IP .

Using the structure of constraints in Example 2, we can construct larger instances for which

CP-VIs are facet-defining VIs. To illustrate, we construct a larger instance of the SCC with 12

elements and 21 nodes, and we then show that CP-VIs are facet-defining VIs for its IP model,

as follows.

Example 3. Consider an instance of the problem SCC shown by the following IP model with

m = 12 covering inequalities and 12 conflict constraints.
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minimize

21∑
j=1

xj (EX3-IP )

subject to x1 + x3 + x4 ≥ 1 (element 1)

x2 + x3 + x4 ≥ 1 (element 2)

x5 + x6 ≥ 1 (element 3)

x5 + x7 ≥ 1 (element 4)

x3 + x5 ≤ 1

x4 + x5 ≤ 1

x8 + x10 + x11 ≥ 1 (element 5)

x9 + x10 + x11 ≥ 1 (element 6)

x12 + x13 ≥ 1 (element 7)

x12 + x14 ≥ 1 (element 8)

x10 + x12 ≤ 1

x11 + x12 ≤ 1

x15 + x17 + x18 ≥ 1 (element 9)

x16 + x17 + x18 ≥ 1 (element 10)

x19 + x20 ≥ 1 (element 11)

x19 + x21 ≥ 1 (element 12)

x17 + x19 ≤ 1

x18 + x19 ≤ 1

xj ∈ {0, 1} ∀j = 1, . . . , 21

x4 + x11 ≤ 1

x5 + x10 ≤ 1

x3 + x12 ≤ 1

x11 + x18 ≤ 1

x12 + x17 ≤ 1

x10 + x19 ≤ 1

We get the following six CP-VIs for this model.

x1 ≥ x5 for element i = 1 and node k = 5 (4.7)

x2 ≥ x5 for element i = 2 and node k = 5 (4.8)

x8 ≥ x12 for element i = 5 and node k = 12 (4.9)

x9 ≥ x12 for element i = 6 and node k = 12 (4.10)

x15 ≥ x19 for element i = 9 and node k = 19 (4.11)

x16 ≥ x19 for element i = 10 and node k = 19 (4.12)
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Observation 2. The inequalities 4.7 to 4.12 are facet-defining VIs for the model EX3-IP .

Proof. First, we show that the convex hull of the feasible solutions for the model EX3-IP is

full-dimensional. To this end, we need to find 22 feasible vectors that are affinely independent.

Using the 8 vectors that we defined in Observation 1, we construct the following 22 vectors.

u1 =
[
y1T y1T y1T

]T
u2 =

[
y2T y1T y1T

]T
u9 =

[
y1T y2T y1T

]T
u16 =

[
y1T y1T y2T

]T
u3 =

[
y3T y1T y1T

]T
u10 =

[
y1T y3T y1T

]T
u17 =

[
y1T y1T y3T

]T
u4 =

[
y4T y1T y1T

]T
u11 =

[
y1T y4T y1T

]T
u18 =

[
y1T y1T y4T

]T
u5 =

[
y5T y1T y1T

]T
u12 =

[
y1T y5T y1T

]T
u19 =

[
y1T y1T y5T

]T
u6 =

[
y6T y1T y1T

]T
u13 =

[
y1T y6T y1T

]T
u20 =

[
y1T y1T y6T

]T
u7 =

[
y7T y1T y1T

]T
u14 =

[
y1T y7T y1T

]T
u21 =

[
y1T y1T y7T

]T
u8 =

[
y8T y1T y1T

]T
u15 =

[
y1T y8T y1T

]T
u22 =

[
y1T y1T y8T

]T
Let U denote the collection of vectors u1, . . . ,u22, i.e., U = {u1, . . . ,u22}. One can easily

verify that all the vectors in U are feasible for the model EX3-IP , and that these vectors are

also affinely independent. Thus the convex hull of the feasible solutions for the model EX3-IP

is full-dimensional.

We observe that with the exception of u7, every vector in U satisfies the inequality 4.7 at

equality. Thus we have 21 feasible solutions for the model EX3-IP that are affinely independent

and satisfy the inequality 4.7 at equality, hence the inequality 4.7 is a facet-defining VI for the

model EX3-IP .

Similarly, for each of the inequalities 4.8 to 4.12, we can show that it is a facet-defining

VI for the model EX3-IP by selecting 21 of the 22 vectors u1 through u22 specifically and

showing that these affinely independent vectors satisfy this VI at equality (for inequalities 4.8,

4.9, 4.10, 4.11, and 4.12, consider the vectors in U \ {u8}, U \ {u14}, U \ {u15}, U \ {u21}, and

U \ {u22}, respectively).

Using the structure and pattern described in Examples 2 and 3, it is easy to construct larger

instances of SCC with similar structure and pattern for which CP-VIs are facet-defining VIs.

Therefore, although in general a CP-VI is not always a facet-defining VI for the convex hull of
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the feasible solutions for the model SCC-IP , it can be a facet-defining VI if the constraints set

of the problem has a special structure.

4.3.3 Generalized Covering-Packing Valid Inequalities

In this subsection, we introduce a related family of VIs for the model SCC-IP that we refer

to as the generalized CP-VIs, or GCP-VIs for short. The following proposition explains the

GCP-VIs.

Proposition 4. The constraints

∑
j:j∈Nk1

i ∩N
k2
i

xj ≥ xk1 + xk2 − 1, ∀i ∈M and ∀k1, k2 ∈ N \Ni (4.13)

are valid inequalities for the model SCC-IP .

Proof. If neither node k1 nor k2 is selected to be in a feasible cover, this inequality reduces to∑
j:j∈Nk1

i ∩N
k2
i

xj ≥ −1

which is trivially true at every feasible solution of the model SCC-IP . Similarly, if only one of

the nodes k1 or k2 is selected to be in a feasible cover, this inequality reduces to∑
j:j∈Nk1

i ∩N
k2
i

xj ≥ 0

which is still trivially true at every feasible solution of the model SCC-IP .

On the other hand, If both k1 and k2 are selected to be in a feasible cover, from the conflict

constraints it follows that at every corresponding feasible solution for the model SCC-IP , we

have xj = 0 for every node in the covering node-set of element i that is in conflict with either

k1 or k2. It follows that the set covering constraint∑
j:j∈Ni

xj ≥ 1

reduces to ∑
j:j∈Nk1

i ∩N
k2
i

xj ≥ 1
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4.4 Covering-Clique Valid Inequalities

In this section we introduce another family of valid inequalities for the model SCC-IP that

we refer to as Covering-Clique Valid Inequalities (CC-VIs), and we discuss its properties. The

following proposition explains CC-VIs.

Proposition 5. Given a clique q of size k, let ij be any element of the cover-set of the jth

node of the clique, for j = 1, ..., k. If no node in the clique q appears in every covering node-set

for elements i1, i2, ..., ik, (i.e., in every one of the covering node-sets Ni1 , Ni2 , ..., Nik) then the

constraint

∑
j∈(Ni1

∪Ni2
∪...∪Nik

)\q

xj ≥ 1, (4.14)

is a valid inequality for the model SCC-IP .

Proof. If none of the nodes in the clique q is selected to be in a feasible cover, this inequality

follows, since at least one node in each of the sets Ni1 , Ni2 , ..., Nik must be selected to be in

that feasible cover.

On the other hand, if any node h ∈ q is selected to be in a feasible cover, it follows that there

is at least one covering node-set Nil such that h /∈ Nil . Since node h is in the clique q, no other

node in q can be in that feasible cover. So the set covering constraint∑
j:j∈Nil

xj ≥ 1

reduces to ∑
j∈Nil

\q

xj ≥ 1,

and therefore the inequality 4.14 follows.

Considering each conflict constraint as a clique of size 2, we derive the following corollary

from Proposition 5.

Corollary 1. For each conflicting pair of nodes (r, s) ∈ F , if we have two elements i1 and i2

such that each of the nodes r and s appears in only one of their corresponding covering node-sets

Ni1 and Ni2, then the constraint ∑
j∈(Ni1

∪Ni2
)\{r,s}

xj ≥ 1, (4.15)

is a valid inequality for the model SCC-IP .
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4.4.1 Facet-defining Properties of CC-VIs

In general a CC-VI is not necessarily a facet-defining VI for the convex hull of the feasible

solutions for the model SCC-IP . But this VI can be facet-defining if the constraints set of the

problem satisfies a sufficient condition, i.e., it has a special structure.

To show that a CC-VI is not always a facet-defining VI for the convex hull of the feasible

solutions for the model SCC-IP , we construct a small instance of the problem SCC, as follows.

Example 4. Consider an instance of the problem SCC shown by the following IP model with

m = 2 covering inequalities and one conflict constraint.

minimize
4∑
j=1

xj (EX4-IP )

subject to x1 + x2 ≥ 1

x3 + x4 ≥ 1

x1 + x3 ≤ 1

xj ∈ {0, 1} ∀j = 1, . . . , 4

The model EX4-IP has only 5 feasible solutions, as follows.

d1 =
[
1 0 0 1

]T
d2 =

[
1 1 0 1

]T
d3 =

[
0 1 0 1

]T
d4 =

[
0 1 1 0

]T
d5 =

[
0 1 1 1

]T
One can easily verify that the vectors d1, . . . ,d5 are affinely independent. Thus the convex hull

of the feasible solutions for the model EX4-IP is full-dimensional.

The model EX4-IP has only one CC-VI as follows.

x2 + x4 ≥ 1 (4.16)

In order for the inequality 4.16 to be a facet-defining VI for the model EX4-IP , there must

exist 4 feasible and affinely independent vectors that satisfy the inequality 4.16 at equality. But

we observe that only d1 and d4 satisfy the inequality 4.16 at equality. Therefore, the inequality

4.16 is not a facet-defining VI for the model EX4-IP .

Through Example 4, we showed that in general a CC-VI is not a facet-defining VI for the

convex hull of the feasible solutions for the model SCC-IP . But as mentioned before, this VI

can be facet-defining if the constraints set of the problem has a special structure. To show this,

we construct another small instance of the problem SCC, as follows.
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Example 5. Consider an instance of the problem SCC shown by the following IP model with

m = 4 covering inequalities and one conflict constraint.

minimize
6∑
j=1

xj (EX5-IP )

subject to x1 + x2 + x3 ≥ 1 (element 1)

x1 + x2 + x4 ≥ 1 (element 2)

x3 + x5 ≥ 1 (element 3)

x4 + x6 ≥ 1 (element 4)

x3 + x4 ≤ 1

xj ∈ {0, 1} ∀j = 1, ..., 6

The only clique this instance has corresponds to the conflict between node 3 and node 4. The

cover sets of nodes 3 and 4 are as follows.

• M3 = {1, 3}

• M4 = {2, 4}

Considering element 1 ∈ M3 and element 2 ∈ M4, and their corresponding covering-node sets

N1 = {1, 2, 3} and N2 = {1, 2, 4}, we find the following CC-VI for this numeric example.

x1 + x2 ≥ 1 (4.17)

Observation 3. The inequality 4.17 is a facet-defining VI for the model EX5-IP .

Proof. First, we show that the convex hull of the feasible solutions for the model EX5-IP is

full-dimensional. To this end, we need to find 7 feasible vectors that are affinely independent.

Consider the following 7 vectors. First, we show that the convex hull of the feasible solutions

for the model EX5-IP is full-dimensional. To this end, consider the following 7 vectors.

v1 =
[
0 1 0 1 1 0

]T
v2 =

[
0 1 0 0 1 1

]T
v3 =

[
0 1 0 1 1 1

]T
v4 =

[
0 1 1 0 0 1

]T
v5 =

[
1 0 0 1 1 0

]T
v6 =

[
0 1 1 0 1 1

]T
v7 =

[
1 1 0 1 1 0

]T
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One can easily verify that the vectors v1, . . . ,v7 are feasible for the model EX5-IP , and

that these vectors are also affinely independent. Since the solution space for this model is 6-

dimensional, it follows that the convex hull of the feasible solutions for the model EX5-IP is

full-dimensional.

To show that the inequality 4.17 is a facet-defining VI for the model EX5-IP , consider the

vectors v1, . . . ,v6. Clearly each of these vectors satisfies the inequality 4.17 at equality. Since

these vectors are affinely independent and feasible for the model EX5-IP , it follows that the

inequality 4.17 is a facet-defining VI for the model EX5-IP .

Using the structure of constraints in Example 5, we can construct larger instances for which

CC-VIs are facet-defining VIs. To illustrate, we construct a larger instance of the SCC with 14

elements and 18 nodes, and we then show that CC-VIs are facet-defining VIs for its IP model,

as follows.

Example 6. Consider an instance of the problem SCC shown by the following IP model with

m = 14 covering inequalities and 9 conflict constraints.

minimize
18∑
j=1

xj (EX6-IP )

subject to x1 + x2 + x3 ≥ 1 (element 1)

x1 + x2 + x4 ≥ 1 (element 2)

x3 + x5 ≥ 1 (element 3)

x4 + x6 ≥ 1 (element 4)

x3 + x4 ≤ 1

x7 + x8 + x9 ≥ 1 (element 5)

x7 + x8 + x10 ≥ 1 (element 6)

x9 + x11 ≥ 1 (element 7)

x10 + x12 ≥ 1 (element 8)

x9 + x10 ≤ 1

x13 + x14 + x15 ≥ 1 (element 9)

x13 + x14 + x16 ≥ 1 (element 10)

x15 + x17 ≥ 1 (element 11)

x16 + x18 ≥ 1 (element 12)

x15 + x16 ≤ 1

xj ∈ {0, 1} ∀j = 1, . . . , 18

x1 + x11 + x12 ≥ 1 (element 13)

x1 + x7 ≤ 1

x3 + x9 ≤ 1

x6 + x12 ≤ 1

x7 + x17 + x18 ≥ 1 (element 14)

x7 + x13 ≤ 1

x9 + x15 ≤ 1

x12 + x18 ≤ 1
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Considering the conflict between nodes 3 and 4, and the covering-node sets N1 and N2, we

find the following CC-VI for this numeric example.

x1 + x2 ≥ 1 (4.18)

Similarly considering the conflict between nodes 9 and 10, and the covering-node sets N5

and N6, we find the following CC-VI for this numeric example.

x7 + x8 ≥ 1 (4.19)

Finally considering the conflict between nodes 15 and 16, and the covering-node sets N9

and N10, we find the following CC-VI for this numeric example.

x13 + x14 ≥ 1 (4.20)

Observation 4. The inequalities 4.18, 4.19, and 4.20 are facet-defining VIs for the model

EX6-IP .

Proof. First, we show that the convex hull of the feasible solutions for the model EX6-IP is

full-dimensional. To this end, we need to find 19 feasible vectors that are affinely independent.

Using the 7 vectors that we defined in Observation 3, we construct the following 19 vectors.

w1 =
[
v1T v1T v1T

]T
w2 =

[
v2T v1T v1T

]T
w8 =

[
v1T v2T v1T

]T
w14 =

[
v1T v1T v2T

]T
w3 =

[
v3T v1T v1T

]T
w9 =

[
v1T v3T v1T

]T
w15 =

[
v1T v1T v3T

]T
w4 =

[
v4T v1T v1T

]T
w10 =

[
v1T v4T v1T

]T
w16 =

[
v1T v1T v4T

]T
w5 =

[
v5T v1T v1T

]T
w11 =

[
v1T v5T v1T

]T
w17 =

[
v1T v1T v5T

]T
w6 =

[
v6T v1T v1T

]T
w12 =

[
v1T v6T v1T

]T
w18 =

[
v1T v1T v6T

]T
w7 =

[
v7T v1T v1T

]T
w13 =

[
v1T v7T v1T

]T
w19 =

[
v1T v1T v7T

]T
Let W denote the collection of vectors w1, . . . ,w19, i.e., W = {w1, . . . ,w19}. One can easily

verify that all the vectors in W are feasible for the model EX6-IP , and that these vectors are

also affinely independent. Thus the convex hull of the feasible solutions for the model EX6-IP

is full-dimensional.
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To show that inequality 4.18 is a facet-defining VI for the IP model EX6-IP, consider the

collection of 18 vectors in W \ {w7}. Clearly each of these vectors satisfies the inequality 4.18

at equality. Since these vectors are affinely independent and feasible for the model EX6-IP , it

follows that the inequality 4.18 is a facet-defining VI for the model EX6-IP .

Similarly, to show that inequalities 4.19 and 4.20 are facet-defining VIs for the model EX6-

IP , we consider the vectors in W \ {w13} and the vectors in W \ {w18}, respectively. Thus for

each of the inequalities 4.19 and 4.20, we have 18 affinely independent vectors that are feasible

for the model EX6-IP and satisfy the corresponding inequality at equality. Hence, inequalities

4.19 and 4.20 are also facet-defining VIs for the model EX6-IP .

Using the structure and pattern described in Examples 5 and 6, it is easy to construct larger

instances of SCC with similar structure and pattern for which CC-VIs are facet-defining VIs.

Therefore, although in general a CC-VI is not always a facet-defining VI for the convex hull of

the feasible solutions for the model SCC-IP , it can be a facet-defining VI if the constraints set

of the problem has a special structure.

4.5 Conflicting-Set Valid Inequalities

In this section, we introduce another family of valid inequalities for the model SCC-IP which

we refer to as Conflicting-Set Valid Inequalities (CS-VIs). The following proposition explains

CS-VIs.

Proposition 6. For every element i ∈ M , if there exists a set N ⊆ N − Ni such that Ni ⊆⋃
j∈N

Gj, then the constraint ∑
j∈N

xj ≤
∣∣N ∣∣− 1 (4.21)

is a valid inequality for the model SCC-IP .

Proof. If we select all nodes in N to be in a cover, then none of the nodes in
⋃
j∈N

Gj can be in that

cover since each node in N is in conflict with at least one node in
⋃
j∈N

Gj . Since Ni ⊆
⋃
j∈N

Gj , it

follows that none of the nodes in Ni is in the corresponding cover, hence element i cannot be

covered, i.e. the corresponding cover is not feasible. Thus in every feasible cover, at least one of

the nodes in N must be not present. Hence, the inequality 4.21 follows.

We derive the following corollary from Proposition 6.
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Corollary 2. For every element i ∈ M , if there exists two nodes j, k ∈ N − Ni such that

Ni ⊆ Gj ∪Gk, then the constraint

xj + xk ≤ 1, (4.22)

is a valid inequality for the model SCC-IP .

Through the following numeric example, we show that the proposed CS-VIs can eliminate

part of the feasible region of the LP relaxation of the model SCC-IP (i.e., they are not redun-

dant).

Example 7. Consider an instance of the problem SCC shown by the following IP model with

m = 6 covering inequalities and four conflict constraints.

minimize

8∑
j=1

xj (EX7-IP )

subject to x1 + x2 + x3 + x4 ≥ 1

x3 + x5 + x7 ≥ 1

x4 + x5 ≥ 1

x6 + x7 ≥ 1

x6 + x8 ≥ 1

x3 + x4 + x8 ≥ 1

xj ∈ {0, 1} ∀j = 1, . . . , 8

x3 + x5 ≤ 1

x4 + x5 ≤ 1

x1 + x6 ≤ 1

x2 + x6 ≤ 1

We solve the linear programming relaxation of this model via simplex algorithm and obtain

the following optimal solution:

x∗6 = 1

x∗1 = x∗2 = x∗7 = x∗8 = 0

x∗3 = x∗4 = x∗5 = 0.5

The corresponding optimal value of the objective function is z∗ = 2.5.

For i = 2, 3, 4, 5, 6, there does not exist any set N ⊆ N − Ni such that Ni ⊆
⋃
j∈N

Gj . For

element 1, considering N = {5, 6}, G5 = {3, 4} and G6 = {1, 2}, we have:

N1 = {1, 2, 3, 4} ⊆
⋃
j∈N

Gj = {1, 2, 3, 4} (4.23)

Now
∣∣N ∣∣ = 2, and we find the following CS-VI for the IP model of this particular instance.

x5 + x6 ≤ 1 (4.24)
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We observe that this CS-VI is violated at x∗.

This example shows that the CS-VIs can remove a segment of the feasible region of the

LP relaxation for the model SCC-IP . Hence they can be effective in the context of B&B for

solving this problem.

4.6 Column-Domination Valid Inequalities

The Column-Domination valid inequalities (CD-VIs) are based on comparing the cover-sets

associated with various columns of matrix A, as described below.

Proposition 7. For every j, k ∈ N such that Mj ⊆Mk, the constraint

xj + xk ≤ 1, (4.25)

is a valid inequality for the set of optimal solutions of the model SCC-IP .

Proof. For every two nodes j and k (j, k ∈ N), if Mj ⊆Mk, i.e., all the elements covered by node

j are also covered by node k, this inequality states that any feasible cover including both nodes

j and k cannot be an optimal cover. The reason is that, since cj > 0 ∀j ∈ N , by removing

node j from such feasible cover, we reduce the objective function value while maintaining the

feasibility of the problem.
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Chapter 5

Computational Effectiveness of Valid

Inequalities

In the previous chapter, we introduced several families of valid inequalities and showed that

these inequalities are valid for the model SCC-IP . In this chapter, we evaluate the effectiveness

of these VIs in solving the model SCC-IP through several computational experiments.

5.1 Covering-Packing Valid Inequalities

One strategy to use Covering-Packing valid inequalities (CP-VIs) in the context of solving the

model SCC-IP would be to identify and add an appropriate subset of these constraints to the

model at the root node of the B&B tree, and solve the resulting (larger) model via the B&B

algorithm. The key idea is that by adding these constraints to the corresponding IP model, we

can potentially obtain a better (higher) lower bound for its LP relaxation. This, in turn, allows

the B&B algorithm to be more effective in solving the corresponding IP model (i.e., it fathoms

various branches faster and thus it requires less number of nodes in the B&B tree).

The experiments performed by Kazemi Tutunchi and Fathi [71] indicate that the number

of CP-VIs could be relatively large even for the instances of small and medium size. Of course,

adding these additional constraints could also have a potentially negative impact on the com-

putation requirements of solving the LP relaxation of the model SCC-IP , i.e., it could increase

the corresponding execution time for solving the corresponding LP model.

In order to reduce the potential negative impact of the large number of additional con-

straints, Kazemi Tutunchi and Fathi [71] suggest using a common practice in this field, which is

identifying and iteratively adding only those VIs that are violated at the optimal solution of the

LP relaxation of the original model (i.e. add only the VIs that cut off the optimal solution of

the LP relaxation of the model). To find such violated CP-VIs, we can use an iterative cutting

36



plane algorithm, following a well established practice in this field [53], as follows.

At each iteration of this algorithm, we identify and add a group of CP-VIs that are violated

by the optimal solution of the LP relaxation of the model at the previous iteration. We repeat

the process until we cannot identify any such violated CP-VI anymore (see Remark 3). We then

add all or only a subset of the CP-VIs that we obtained in this manner to the model SCC-IP

and solve the resulting (larger) model via the branch and bound method.

We now describe the implementation of the cutting plane algorithm (CPA) for adding CP-

VIs in more details.

Let us use the symbol H to denote the collection of all CP-VIs for a given model SCC-IP ,

and denote each constraint in the collection H by the symbol πtx ≥ 0, where x = (x1, ..., xn)t

is the vector of variables and π = (π1, ..., πn)t is the vector of CP-VIs’ coefficients. Following

is the linear programming (relaxation) associated with the model SCC-IP with the additional

constraints; we refer to this model as SCC(H).

minimize
n∑
j=1

cjxj (SCC(H))

subject to

n∑
j=1

aijxj ≥ 1 ∀i = 1, ...,m

xj + xk ≤ 1 ∀j, k = 1, .., n : (j, k) ∈ F

πtx ≥ 0 ∀π ∈ H

xj ∈ {0, 1} ∀j = 1, ..., n

We now describe various steps of the iterative algorithm for solving SCC(H);

Initialization: set ω = 1, Let S1
R be the feasible region of the LP relaxation of the model

SCC-IP , i.e.,

S1
R = {

n∑
j=1

aijxj ≥ 1 ∀i = 1, ...,m,

xj + xk ≤ 1 ∀j, k = 1, .., n : (j, k) ∈ F,

0 ≤ xj ≤ 1 ∀j = 1, ..., n}

Iterative Steps: At iteration ω do;
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1. Solve the following relaxation of SCC(H).

ZωR = min{z =
n∑
j=1

cjxj : x ∈ SωR} SCC(H)
ω

and let xω be the optimal solution for this problem.

2. Optimality test: If πtxω ≥ 0 for all π ∈ H, then xω is an optimal solution for SCC(H);

stop. Otherwise, go to next step.

3. Refinement: Identify a collection of (one or more) CP-VIs in the family H that are violated

at xω, i.e., identify Hω ⊆ H with the property that for each π ∈ Hω we have πtxω < 0.

Let Sω+1
R = Sωr ∩ {x ∈ Rn : πtx ≥ 0 ∀π ∈ Hω}.

4. ω ← ω + 1

Termination Criterion: Terminate the process either in step 2 or in step 3 when no

violated CP-VI can be identified (see Remark 3).

Remark 1. In steps 2 and 3, given the solution xω to the relaxation SCC(H)
ω

, we must either

show that xω is a feasible solution for SCC(H) or find all or a subset of valid inequalities in

the set H that are violated at xω. This problem is commonly known as the separation problem

in the literature of IP. One way to solve this separation at each iteration is to simply substitute

the vector xω in every CP-VI for the model SCC-IP and identify the violated CP-VIs, if any.

Remark 2. Our preliminary experiments indicated that the number of violated CP-VIs in step

3 is usually not very large for the instances of small and medium size; so for these instances

we choose to add all violated CP-VIs in this step.

Remark 3. We choose to terminate our iterative cutting plane algorithm when there is no

violated CP-VI anymore. Alternatively, we could terminate this iterative process after a certain

number of iterations, or when the level of improvement in the lower bound is below a given

threshold.

This algorithm clearly terminates after a finite number of iterations. This follows from the

fact that at each iteration we add at least one CP-VI to the model and there is only a finite

number of such constraints for any given model SCC-IP .

We can now combine this cutting plane algorithm with the branch and bound algorithm in

the following two-phase manner;

Phase 1: Solve SCC(H) via the CPA as described above. At termination let xω be an

optimal solution for SCC(H). If xω ∈ Bn, stop. xω solves the model SCC-IP . Otherwise go to

phase 2.
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Phase 2: Let H ′ ⊆ H be the set of all cuts generated in phase 1, that is H ′ =
ω⋃
s=1

Hs. Add

all CP-VIs associated with the set H ′ to the model SCC-IP and solve the reformulation of the

IP model (as stated below) by the B&B algorithm.

minimize
n∑
j=1

cjxj (SCC(H ′))

subject to
n∑
j=1

aijxj ≥ 1 ∀i = 1, ...,m

xj + xk ≤ 1 ∀j, k = 1, .., n : (j, k) ∈ F

πtx ≥ 0 ∀π ∈ H ′

xj ∈ {0, 1} ∀j = 1, ..., n

We refer to this procedure as the two-phase-CPVI method.

5.1.1 Computational Experiments

In this section, we present the results of two computational experiments in which we evaluate

the effectiveness of adding CP-VIs to the model SCC-IP via the two-phase-CPVI approach.

In our preliminary experiments, we noted that the effectiveness of CP-VIs varies significantly

for different instances. In Subsection 5.1.1.1, we construct a collection of instances for which

adding CP-VIs to the model SCC-IP is particularly effective.

In Subsection 5.1.1.2, we use the data set that we constructed in Subsection 5.1.1.1 as well

as the GEO-10D and RAN data sets as described in Section 3.3.1 of Chapter 3. Using these

instances, we carry out a computational experiment in which we turn off all pre-processing,

heuristics and cut generation options of CPLEX in order to observe the impact of CP-VIs

without interference with the effects of other methods.

Subsequently, in Subsection 5.1.1.3, we use the above-mentioned data sets again, and we

perform another computational experiment in which we turn on all cut generation options of

CPLEX in order to observe the impact of CP-VIs in the presence of CPLEX cuts.

5.1.1.1 Data set A: CPVI-specific instances

This data set, which we refer to as data set A, is inspired by the instances with special structure

and pattern that we constructed and described in Section 4.3.2 of Chapter 4. We now describe

how we construct instances in this data set.

An instance of the problem SCC is identified by the set covering matrix A, the conflict

collection F, and cost vector c. For an instance in this data set, we construct the set covering
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matrix A randomly as follows. Each entry of the m×n matrix A is randomly chosen; it is equal

to 1 with the probability of s and, equal to 0 with the probability of 1 − s, where s is a given

parameter in the interval [0, 1]. Note that this is the same method that we use to construct this

matrix for the RAN instances, as described earlier. Then, for each column j of the matrix A,

we find its corresponding set Mj , and for each row i of the matrix A, we find its corresponding

set Ni.

In order to obtain the conflict collection F , let us define collection of columns Rj for each

j ∈ N as follows.

Rj =
⋃
i∈Mj

Ni

Subsequently, for each j = 1, ...n− 1 and each k = j + 1, ..., n, we define the parameter ∆jk as

below.

∆jk = |Mj | · |Mk|/max{|Rj ∩Rk|, 1}

We then use the value of ∆jk for all pairs (j, k) to construct a collection of ρ conflict

constraints, where ρ is a given integer parameter in the interval [0, n(n − 1)/2]. To this end,

we use the method of roulette wheel selection as described in [48]. This method is so that the

probability of the pair (j, k) being selected and added to the conflict collection F is proportional

to the value of ∆jk, i.e., the larger value of ∆jk implies there is a higher chance that we select

(j, k) and add it to the conflict collection F .

To construct the cost vector c, we fix every entry of the cost vector c to 1.

Within this collection, we construct instances with m = 400 and n = 1300 and different

values for the parameters s and ρ. We carried other similar experiments with instances with

other values of m and n, but the pattern of the observations was similar. Hence, for brevity, we

only use the instances with m = 400 and n = 1300, in the next two experiments.

5.1.1.2 First Experiment

In this subsection, we carry out a computational experiment to assess the computational impact

of adding CP-VIs to the model SCC-IP via the two-phase-CPVI approach where we turn off all

pre-processing, heuristics and cut generation options of CPLEX. In this experiment, we solve

the model SCC-IP for all instances from data set A as described in previous subsection as

well as a selected group of instances from GEO-10D, RAN, and OR-L data sets as described

in Chapter 3. To this end, we first impose pre-processing procedures (explained in Chapter 3)

on each instance, and then we solve the IP model for each instance twice; once we solve each

model via B&B method (i.e., without adding CP-VIs) and once with the two-phase-CPVI (i.e.,

with CP-VIs added to the model). In this experiment, we impose a time limit of 7200 seconds

on all instances, and if the execution time of an instance exceeds this time limit, we abort the
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program. In Tables 5.1 and 5.2, we report the number of nodes upon termination of the B&B

method and the corresponding execution times along with the total number of CP-VIs added

to the model when imposing the two-phase-CPVI method.

Table 5.1: Results of adding CP-VIs to the model SCC-IP for instances in data set A with
m = 400 and n = 1300

B&B Method Two-Phase-CPVI Method

ID s ρ

# of Total # of IP Total
B&B time 1 # of B&B time 2 time 2
Nodes (sec) CP-VIs Nodes (sec) (sec)

CP.1

0.0040

1250 22,749 86.4 102 59 2.2 11.6
CP.2 2200 33,312 242.8 111 556 9.0 17.6
CP.3 2500 73,019 660.5 116 700 13.2 23.0
CP.4 2800 44,628 470.2 117 857 16.7 31.6
CP.5 3100 108,475 1,226.8 127 3,109 56.1 71.1
CP.6 3750 223,167 3,236.2 128 16,535 247.5 263.0

CP.7

0.0043

1250 10,837 66.8 94 649 7.5 13.0
CP.8 2200 40,528 362.8 103 1,129 18.1 27.2
CP.9 2500 139,802 1,416.8 109 2,520 34.7 41.4
CP.10 2800 289,706 3,873.3 113 2,998 59.3 67.8
CP.11 3100 - - 109 41,765 606.2 615.4
CP.12 3750 - - 120 294,645 5,362.3 5,373.9

CP.13

0.0046

1250 10,440 75.2 83 4,025 35.0 42.4
CP.14 2200 43,678 494.0 85 4,617 55.6 62.1
CP.15 2500 61,180 649.0 82 11,197 151.9 158.6
CP.16 2800 - - 78 46,340 644.5 651.5
CP.17 3100 - - 81 166,986 2,460.8 2,468.6
CP.18 3750 - - 88 91,623 2,023.2 2,031.3

We make the following observations from Table 5.1;

1. Execution time comparison. We observe that adding CP-VIs significantly impacts the

execution time of the model SCC-IP by reducing the number of nodes in the branch and

bound tree in these instances. More specifically, we can solve only 13 out of 18 instances

directly with the IP solver without adding any VIs within the pre-specified time limit of 2

hours. By adding CP-VIs to the model SCC-IP in the context of the two-phase method

we can solve all of these instances and we observe significant improvements in reducing

the execution time and the number of nodes for these instances. More explicitly, for the
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Table 5.2: Results of adding CP-VIs to the model SCC-IP for RAN, GEO-10D, and OR-L
instances

B&B Method Two-Phase-CPVI Method

ID m n

# of Total # of IP Total
s or p or B&B time 1 # of B&B time 2 time 2
rs rp Nodes (sec) CP-VIs Nodes (sec) (sec)

G10.4

100 1000

850 1050 10,601 2,230.0 977 4,335 2,178.7 2,184.8
G10.5 950 700 41 1.7 1 35 1.2 1.9
G10.6 950 850 15 5.6 39 23 7.4 8.6
G10.7 950 950 328 85.6 156 44 49.4 51.9
G10.8 950 1050 2,230 714.6 510 101 196.4 199.8
G10.10 1050 1050 19 19.7 283 0 11.3 14.6

G10.13

300 1000

950 700 3,012 31.6 3 3,116 31.8 37.8
G10.14 950 850 11,325 606.1 92 9,804 569.2 574.9
G10.15 950 950 - - 430 - - -

R.3 100 300 0.05 0.1 71,651 362.4 40 35,736 211.7 212.1

R.7

100 1000

0.01 0.01 0 0.7 4 0 0.4 0.8
R.8 0.01 0.05 33,454 500.3 74 28,430 460.9 462.3
R.9 0.05 0.01 97,988 424.6 0 97,988 424.6 425.1

L.3

200 1000

0.05 0.03 6,375 81.0 18 4,734 67.0 69.5
L.4 0.05 0.04 20,641 376.3 28 17,297 329.8 333.3
L.5 0.05 0.05 36,621 1,035.7 48 36,474 1,077.1 1,081.6
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13 instances that the IP solver without CP-VIs terminated within our time limit, the

execution time of the two-phase method is 93.5% smaller than that of the B&B method,

on average.

2. Impact of value of ρ on number of CP-VIs. We observe that for a given value of s

as the value of ρ increases, the number of added CP-VIs in the two-phase method tends

to increase. As we see in this table, the instance CP.6 has the largest number of added

CP-VIs in the two-phase method. Among all 18 instances, this instance has the largest

ρ value and smallest s value. The underlying reason behind this phenomenon is that as

we increase value of ρ, i.e., the number of conflicts, the chance of CP-VIs becoming more

effective increases, since for each element i ∈ M and node k ∈ N \Ni, as the value of ρ

increases, the set Nk
i becomes smaller, and therefore the corresponding CP-VIs get tighter

and the chance of these CP-VIs being violated becomes larger.

3. Impact of value of s on number of CP-VIs. We observe that for each value of ρ,

as the value of parameter s decreases, i.e., as the set covering matrix A becomes more

sparse, the number of the CP-VIs tends to increase.

We make the following observations from Table 5.2;

1. Execution time comparison. We observe that for 8 out of 16 instances, adding CP-VIs

to the model SCC-IP could reduce the total execution time by 17.5% on average. We also

observe a drop in the number of B&B nodes after adding CP-VIs to the model SCC-IP

for these instances. Instance G10.15 could not be solved by either the B&B method or

the two-phase-CPVI method. In the remaining instances, there is no significant difference

between execution time of B&B method and the two-phase-CPVI method.

2. Impact of covering percentage and number of conflicts on number of CP-VIs.

We observe that for given values of s and rs as the values of p and rp, i.e., number of

conflict constraints, increases, the number of added CP-VIs in the two-phase method tends

to increase. We also observe that for each value of p and rp as the value of parameters s

and rs decreases, the number of the CP-VIs tends to increase.

3. Number of CP-VIs in different data sets. The number of CP-VIs added to the IP

model for GEO-10D instances is significantly larger than RAN and OR-L instances, on

average.

In summary based on our limited experiment, we observe that while adding the CP-VIs

to the IP model SCC-IP for the instances in data set A is significantly effective, its effect is

relatively small for the instances in data sets GEO-10D, RAN, and OR-L. We also observe a
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larger number of CP-VIs for the instances with larger number of conflicts and more sparse set

covering matrices.

5.1.1.3 Second Experiment

In this subsection, in order to observe the impact of CP-VIs in the presence of CPLEX cuts, we

perform another computational experiment. In this experiment, we solve the model SCC-IP for

a selected group of instances from GEO-10D, RAN, and OR-L data sets as described in Chapter

3 as well as all instances in data set A that we constructed in Subsection 5.1.1.1. To this end, we

first impose pre-processing procedures (explained in Chapter 3) on each instance, and then we

solve the model SCC-IP for those instances, considering the following four different scenarios.

Note that the first and third scenarios are the ones that we used in the previous experiment.

We include them here so as to have a better comparison of all the cases together.

• Scenario 1: We solve the model via B&B method (i.e., without adding CP-VIs) where

we turn off all pre-processing, heuristics and cut generation options of CPLEX.

• Scenario 2: We solve the model via B&B method (i.e., without adding CP-VIs) where

we turn on all cut generation options of CPLEX.

• Scenario 3: We solve the model with the two-phase-CPVI method (i.e., with CP-VIs

added to the model). We turn off all pre-processing, heuristics and cut generation options

of CPLEX.

• Scenario 4: We solve the model with the two-phase-CPVI method (i.e., with CP-VIs

added to the model). We turn on all cut generation options of CPLEX.

We solve each of the selected instances with each of the above mentioned scenarios and we

show the corresponding execution times in Figures 5.1 and 5.2. In these Figures, we labeled

scenarios 1,2,3, and 4 with ”IP”, ”IP + CPLEX cuts”, ”IP + CPVI”, and ”IP + CPVI +

CPLEX cuts”, respectively.

We report all results of this experiment, including execution times along with the total

number of CPLEX cuts added to the B&B tree in Scenarios 2 and 4 as well as total number

of CP-VIs added to the model in Scenarios 3 and 4 in Tables B.1 and B.2, in Appendix B. We

give a summary of the results in Figures 5.1 and 5.2, respectively. In Figure 5.1, we show the

execution time for solving each instance in data sets GEO-10D, RAN, and OR-L under each

different scenario. Similarly, in Figure 5.2, we show the execution time for solving each instance

in data set A under each different scenario.

In Figure 5.1, we observe that for 3 out of 3 instances in OR-L data set, the model SCC-IP

with CPLEX cuts (scenario 2) has a better performance than the model SCC-IP without any
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Figure 5.1: Results of adding CP-VIs to the model SCC-IP for the instances in data sets
GEO-10D, RAN, and OR-L

Figure 5.2: Results of adding CP-VIs to the model SCC-IP for the instances in data set A
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cuts (scenario 1), but for 8 out of 15 instances in GEO-10D and RAN data sets, the model SCC-

IP without any cuts (scenario 1) has a smaller execution time than the IP model with CPLEX

cuts (scenario 2), which shows that CPLEX cuts might have a negative impact on the execution

time of the IP model for the instances in these data sets. In this figure, we also observe that

for 10 out of 15 instances in GEO-10D, RAN, and OR-L data sets, the IP model with CP-VIs

(scenario 3) has a better performance than the IP model with CPLEX cuts (scenario 2) with

respect to CPU time. It shows that for the instances in these data sets, although adding CP-VIs

has not a major impact on the execution time of model SCC-IP , but still adding CP-VIs is a

better choice than adding CPLEX cuts to the model SCC-IP .

In Figure 5.2, we observe that for 15 out of 18 instances in data set A, the IP model with

CPLEX cuts (scenario 2) has a significantly smaller execution time than the IP model without

cuts (scenario 1), which shows that CPLEX cuts can have a remarkable positive impact on the

execution time of the B&B tree for these structured instances. In this figure we also observe that

for 15 out of 18 instances in data set A, the IP model with CP-VIs and CPLEX cuts (scenario

4) has a considerably smaller CPU time than the IP model with CPLEX cuts (scenario 2).

More specifically, for these 15 instances, adding CP-VIs to the IP model with CPLEX cuts

could reduce the execution time by 64%, on average. For the remaining 3 instances, there is no

significant difference between execution time of the IP model with CPLEX cuts (scenario 2)

and the IP model with CP-VIs and CPLEX cuts (scenario 4).

In summary based on our limited experiment, we observe that for the instances in data set

A, adding CPLEX cuts to the model has a significant effect in reducing the execution time of

the model. We also observe that for each instance in this data set, adding the CP-VIs to the

model in the presence of CPLEX cuts significantly reduces the execution time of the model. For

the instances in data sets GEO-10D, RAN, and OR-L, adding CPLEX cuts to the model might

increase the execution time of the model, and adding the CP-VIs in the presence of CPLEX

cuts cannot significantly reduce the execution time of the model.

5.1.1.4 Concluding Remarks

The experiments that we performed in previous subsections showed that while adding CP-VIs

to the model SCC-IP can be quite effective for some instances of the problem, its effect varies

significantly among different instances. For the instances in data sets GEO-10D, RAN, and

OR-L, the impact is relatively small, but the impact for the instances in data set A is quite

significant. Our study in this dissertation is not aimed at identifying all situations where adding

these CP-VIs can be beneficial. Instead, we focused on presenting their impact on a few selected

instances only to demonstrate that this impact can be significant.
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5.1.2 Generalized Covering-Packing Valid Inequalities

Based on the Proposition 4 in Chapter 4, Generalized Covering-Packing valid inequalities (GCP-

VIs) can be added to the constraints set of the model SCC-IP as valid inequalities to tighten

the corresponding LP feasible region. To add these VIs to the model SCC-IP , we employed a

cutting plane algorithm similar to what we introduced for adding CP-VIs to the model SCC-

IP , and performed a preliminary experiment to assess the impact of adding GCP-VIs to the

model SCC-IP . In our experiment, we solved the model SCC-IP with and without adding

GCP-VIs for a collection of small and medium size instances from GEO-10D, RAN, and OR-L

libraries as described in Chapter 3.

We observed that in most of the instances of the problem in our pilot study, zero or only

a few GCP-VIs are violated at the root node of the B&B tree, and adding these GCP-VIs to

the model SCC-IP does not have a measurable impact on the execution time of the model

SCC-IP .

5.2 Covering-Clique Valid Inequalities

Our preliminary experiments indicated that the total number of Covering-Clique valid inequal-

ities (CC-VIs) could be excessively large even for the instances of small and medium size. Thus

adding all CC-VIs to the model SCC-IP cannot positively affect the computational require-

ment, since the size of the corresponding LP relaxation will be excessively large. We note that

even identifying all CC-VIs of a given instance of medium size takes a relatively long time and

an excessively large amount of memory.

Consequently we consider only those CC-VIs that are associated with cliques of size 2.

These CC-VIs are explained in Corollary 1 in Chapter 4. For adding these CC-VIs to the model

SCC-IP , we use a cutting plane algorithm (CPA) similar to what we explained in Section 5.1.

At each iteration of this CPA, we identify and add only those CC-VIs that are associated with

cliques of size 2 and are violated by the optimal solution of the LP relaxation of the model at

the previous iteration. We repeat the process until we cannot identify any such violated CC-VI

anymore. We then add all the CC-VIs that we obtained in this manner to the model SCC-IP

and solve the resulting (larger) model via B&B method, similar to the two phase approach that

we discussed in Section 5.1. We refer to this procedure as the two-phase-CCVI method.

5.2.1 Computational Experiments

In this section, we present the results of two computational experiments in which we evaluate

the effectiveness of adding CC-VIs to the model SCC-IP via the two-phase-CCVI approach.

In our preliminary experiments, we noted that the effectiveness of CC-VIs varies significantly
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for different instances. In Subsection 5.2.1.1, we construct a collection of instances for which

adding CC-VIs to the model SCC-IP is particularly effective.

In Subsection 5.2.1.2, we use the data set that we constructed in Subsection 5.2.1.1 as

well as the GEO-10D, RAN, and OR-L data sets as described in Section 3.3.1 of Chapter 3.

Using these instances, we carry out a computational experiment in which we turn off all pre-

processing, heuristics and cut generation options of CPLEX in order to observe the impact of

CC-VIs without interference with the effects of other methods.

Subsequently, in Subsection 5.2.1.3, we use the above-mentioned data sets again, and we

perform another computational experiment in which we turn on all cut generation options of

CPLEX in order to observe the impact of CC-VIs in the presence of CPLEX cuts.

5.2.1.1 Data set B: CCVI-specific instances

This data set, which we refer to as data set B, is inspired by the instances with special structure

and pattern that we constructed and described in Section 4.4.1 of Chapter 4. We now describe

how we construct instances in this data set.

As stated earlier, an instance of the SCC problem is identified by the set covering matrix

A, the conflict collection F, and cost vector c. For an instance in this data set, we construct

the set covering matrix A randomly as follows. Each entry of the m× n matrix A is randomly

chosen; it is equal to 1 with the probability of s and, equal to 0 with the probability of 1 − s,
where s is a given parameter in the interval [0, 1]. Note that this is the same method that we

use to construct this matrix for the RAN instances, as described earlier. Then, for each column

j of the matrix A, we find its corresponding set Mj , and for each row i of the matrix A, we find

its corresponding set Ni.

In order to obtain the conflict collection F , let us define the parameter ∆′jk for each j =

1, ...n− 1 and each k = j + 1, ..., n, as below.

∆′jk = |Mj | · |Mk| · |Rj ∩Rk|

Subsequently, similar to the data set A, we use the value of ∆′jk for all pairs (j, k) to

construct a collection of ρ conflict constraints, where ρ is a given integer parameter in the

interval [0, n(n− 1)/2]. To this end, we use the method of roulette wheel selection as described

in [48]. This method is so that the probability of the pair (j, k) being selected and added to

the conflict collection F is proportional to the value of ∆′jk, i.e., the larger value of ∆′jk implies

there is a higher chance that we select (j, k) and add it to the conflict collection F .

To construct the cost vector c, we fix every entry of the cost vector c to 1.

Within this collection, we construct instances with m = 400 and n = 1000 and different

values for the parameters s and ρ. We carried other similar experiments with instances with
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other values of m and n, but the pattern of the observations was similar. Hence, for brevity, we

only use the instances with m = 400 and n = 1000, in the next two experiments.

5.2.1.2 First Experiment

In this subsection, we carry out a computational experiment to assess the computational impact

of adding CC-VIs to the model SCC-IP via the two-phase-CCVI approach where we turn off

all pre-processing, heuristics and cut generation options of CPLEX. In this experiment, we

solve the model SCC-IP for all instances from data set B as described in previous subsection

as well as a selected group of instances from GEO-10D, RAN, and OR-L data sets as described

in Chapter 3. To this end, we first impose pre-processing procedures (explained in Chapter 3)

on each instance, and then we solve the IP model for each instance twice; once we solve each

model via B&B method (i.e., without adding CC-VIs) and once with the two-phase-CCVI (i.e.,

with CC-VIs added to the model). In this experiment, we impose a time limit of 7200 seconds

on all instances, and if the execution time of an instance exceeds this time limit, we abort the

program. In Tables 5.3 and 5.4, we report the number of nodes upon termination of the B&B

method and the corresponding execution times along with the total number of CC-VIs added

to the model when imposing the two-phase-CCVI method.

In Table 5.3, we observe that adding CC-VIs significantly impacts the execution time of

the model SCC-IP by reducing the number of nodes in the branch and bound tree in these

instances. More specifically, we can solve only 10 out of 20 instances directly with the IP solver

without adding any VIs within the pre-specified time limit of 2 hours. By adding the CC-VIs to

the model SCC-IP in the context of the two-phase method, we can solve 17 of these instances

and we observe significant improvements in reducing the execution time and the number of

B&B nodes for these instances. More explicitly, for the 10 instances that the IP solver without

CC-VIs terminated within our time limit, the execution time of the two-phase method is 83.7%

smaller than that of the B&B method, on average. We do not observe any specific trend in

number of CC-VIs when the value of s increases and the value of ρ is fixed or when the value

of ρ increases and the value of s is fixed, in these instances.

We also make the following observations from Table 5.4;

1. Execution time comparison. We observe that for 7 out of 17 instances in GEO-10D,

RAN, and OR-L data sets, adding CC-VIs to the model SCC-IP could reduce the total

execution time by 19.8% on average. We also observe a drop in the number of B&B

nodes after adding CC-VIs to the model SCC-IP for these instances. For the remaining

instances, there is no significant difference between execution time of B&B method and

the two-phase-CCVI method.

2. Impact of number of conflicts on number of CC-VIs. We observe that for given
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Table 5.3: Results of adding CC-VIs to the model SCC-IP for instances in data set B with
m = 400 and n = 1000

B&B Method Two-Phase-CCVI Method

ID s ρ

# of Total # of IP Total
B&B time 1 # of B&B time 2 time 2
Nodes (sec) CC-VIs Nodes (sec) (sec)

CC.1

0.0044

1100 7,481,477 4,764.7 39 15,243 8.7 9.0
CC.2 1210 - - 40 30,130 21.4 21.7
CC.3 1430 - - 45 176,442 124.0 124.2
CC.4 1650 - - 36 436,787 355.0 355.4
CC.5 1760 - - 53 933,166 975.4 975.9
CC.6 1870 - - - - - -

CC.7

0.0048

1100 10,284 12.5 38 311 1.2 1.5
CC.8 1650 148,519 229.5 50 3,729 9.2 9.5
CC.9 1870 315,441 585.0 60 9,473 23.6 24.1
CC.10 2090 1,009,604 3,108.6 72 110,776 402.3 403.2
CC.11 2310 1,111,119 3,270.9 93 362,185 1,471.0 1,472.3
CC.12 2530 - - 89 1,476,895 6,736.2 6,737.3
CC.13 2640 - - - - - -

CC.14

0.0052

1100 11,581 47.9 66 2,370 12.2 12.9
CC.15 1540 35,577 169.2 63 4,492 25.7 26.2
CC.16 1760 63,486 329.4 55 13,486 78.5 79.3
CC.17 1980 111,583 756.5 60 16,281 124.5 125.1
CC.18 2200 - - 79 465,869 3,260.0 3,261.1
CC.19 2420 - - 63 769,803 6,103.4 6,104.0
CC.20 2530 - - - - - -
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Table 5.4: Results of adding CC-VIs to the model SCC-IP for RAN, GE-10D, and OR-L
instances

B&B Method Two-Phase-CCVI Method

ID m n

# of Total # of IP Total
s or p or B&B time 1 # of B&B time 2 time 2
rs rp Nodes (sec) CC-VIs Nodes (sec) (sec)

G10.1

100 1000

850 700 0 1.3 17 0 1.4 1.8
G10.2 850 850 77 17.7 123 36 11.7 13.2
G10.3 850 950 1,670 277.4 199 1,364 201.9 205.8
G10.4 850 1050 10,601 2,230.0 228 6,014 1,897.9 1,902.8
G10.6 950 850 15 5.6 55 19 11.7 13.2
G10.9 1050 850 12 3.8 37 19 4.8 8.3

G10.14

300 1000

950 850 11,325 606.1 107 12,145 421.3 445.3
G10.16 1050 850 1,142 81.5 17 1,247 49.3 52.8
G10.17 1050 950 569 205.7 37 466 159.9 169.9

R.1

100 300

0.05 0.01 1,413 2.3 12 1,514 2.5 2.6
R.2 0.05 0.05 12,676 32.5 45 7,910 23.7 23.8
R.3 0.05 0.1 71,651 362.4 70 36,266 233.9 234.6

R.10 100 1000 0.05 0.05 99,723 3,449.8 3 107,587 3,431.6 3,432.1

L.1

200 1000

0.02 0.02 8,725 147.3 27 10,212 131.0 131.8
L.2 0.05 0.02 1,172 16.0 21 640 12.8 13.4
L.4 0.05 0.04 20,641 376.3 51 15,601 304.9 306.3
L.5 0.05 0.05 36,621 1,035.7 59 38,471 1,028.9 1,030.6
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values of s and rs, as the values of p and rp, i.e., number of conflict constraints, increases,

the number of added CC-VIs in the two-phase method tends to increase. The underlying

reason behind this phenomenon is that as we increase the value of ρ, i.e., the number of

conflicts, a larger number of CC-VIs can be generated, since we write CC-VIs for each

conflicting pair of nodes (r, s) ∈ F , and each two elements i1 and i2 in M . Thus we have a

larger number of CC-VIs and there is a higher chance of having larger number of violated

CC-VIs.

3. Impact of covering percentage on number of CC-VIs. We also observe that for

each value of p and rp, as the value of parameters s and rs decreases, i.e., as the set

covering matrix A becomes more sparse, the number of the CC-VIs tends to increase.

4. Number of CC-VIs in different data sets. The number of CC-VIs added to the IP

model for GEO-10D instances is significantly larger than RAN and OR-L instances, on

average.

In summary based on our limited experiment, we observe that while adding the CC-VIs

to the IP model SCC-IP for the instances in data set B is significantly effective, its effect is

relatively small for the instances in data sets GEO-10D, RAN, and OR-L. We also observe a

larger number of CC-VIs for the instances in data sets GEO-10D, RAN, and OR-L with larger

number of conflicts and more sparse set covering matrices.

5.2.1.3 Second Experiment

In this subsection, in order to observe the impact of CC-VIs in the presence of CPLEX cuts, we

perform another computational experiment. In this experiment, we solve the model SCC-IP for

a selected group of instances from GEO-10D, RAN, and OR-L libraries as described in Chapter

3 as well as all instances in data set B that we constructed in Subsection 5.2.1.1. To this end, we

first impose pre-processing procedures (explained in Chapter 3) on each instance, and then we

solve the model SCC-IP for those instances, considering the following four different scenarios.

Note that the first and third scenarios are the ones that we used in the previous experiment.

We include them here so as to have a better comparison of all the cases together.

• Scenario 1: We solve the model via B&B method (i.e., without adding CC-VIs) where

we turn off all pre-processing, heuristics and cut generation options of CPLEX.

• Scenario 2: We solve the model via B&B method (i.e., without adding CC-VIs) where

we turn on all cut generation options of CPLEX.
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• Scenario 3: We solve the model with the two-phase-CCVI method (i.e., with CC-VIs

added to the model). We turn off all pre-processing, heuristics and cut generation options

of CPLEX.

• Scenario 4: We solve the model with the two-phase-CCVI method (i.e., with CC-VIs

added to the model). We turn on all cut generation options of CPLEX.

We solve each of the selected instances with each of the above mentioned scenarios and we

show the corresponding execution times in Figures 5.3 and 5.4. In these Figures, we labeled

scenarios 1,2,3, and 4 with ”IP”, ”IP + CPLEX cuts”, ”IP + CPVI”, and ”IP + CPVI +

CPLEX cuts”, respectively.

We report all results of this experiment including execution times along with total number

of CPLEX cuts added to the B&B tree in Scenarios 2 and 4 as well as total number of CC-VIs

added to the model in Scenarios 3 and 4 Tables C.1 and C.2 in Appendix C. We give a summary

of the results in Figures 5.3 and 5.4, respectively. In Figure 5.3, we show the execution time

for solving each instance in data sets GEO-10D, RAN, and OR-L under each different scenario.

Similarly, in Figure 5.4, we show the execution time for solving each instance in data set A

under each different scenario.

Figure 5.3: Results of adding CC-VIs to the model SCC-IP for the instances in data sets
GEO-10D, RAN, and OR-L
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Figure 5.4: Results of adding CC-VIs to the model SCC-IP for the instances in data set B

In Figure 5.3, we observe no significant difference between execution time of the IP model

without cuts (scenario 1) and the IP model with CPLEX cuts (scenario 2). More specifically,

from Table C.1 in Appendix C, we find that the average execution time for these selected

instances in GEO-10D, RAN, and OR-L data sets is 520.7 seconds for the IP model without

cuts (scenario 1) and 567.7 seconds for the IP model with CPLEX cuts (scenario 2). It shows

that CPLEX cuts do not have any considerable impact on the IP model for the instances in

these data sets (in fact, turning on these features of CPLEX results in a slight increase in the

average execution time). In this figure, we also observe that the IP model with CC-VIs (scenario

3) has a better performance than the IP model with CPLEX cuts (scenario 2) with respect to

CPU time for these selected instances in GEO-10D, RAN, and OR-L data sets. We also observe

that the average execution time of the IP model with CC-VIs (scenario 3) for these instances

is 475.8 seconds. It shows that for the instances in these data sets, although adding CC-VIs

has not a major impact on the execution time of model SCC-IP , but still adding CC-VIs is a

better choice than adding CPLEX cuts to the model SCC-IP .

In Figure 5.4, we observe that for all 20 instances in data set B, the IP model with CPLEX

cuts (scenario 2) has a significantly smaller execution time than the IP model without cuts

(scenario 1) which shows that CPLEX cuts have a remarkable positive impact on the execution

time of the B&B tree for these structured instances. In this figure and Table C.2 in Appendix

C, we also observe that for the one instance (CC.20) in data set B, the IP model with CC-VIs

and CPLEX cuts (scenario 4) has a considerably smaller CPU time than the IP model with

CPLEX cuts (scenario 2). For the remaining 19 instances, there is no significant difference

between execution time of the IP model with CPLEX cuts (scenario 2) and the IP model with

CC-VIs and CPLEX cuts (scenario 4).
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In summary based on our limited experiment, we observe that for the instances in data set

B, adding CPLEX cuts to the model has a significant effect in reducing the execution time of

the model. We also observe that for one instance in this data set, adding the CC-VIs to the

model in the presence of CPLEX cuts significantly reduces the execution time of the model. For

the instances in data sets GEO-10D, RAN, and OR-L, adding CPLEX cuts to the model might

increase the execution time of the model, and adding the CC-VIs in the presence of CPLEX

cuts cannot significantly reduce the execution time of the model.

5.2.1.4 Concluding Remarks

The experiments that we performed in previous subsections showed that while adding CC-VIs

to the model SCC-IP can be quite effective for some instances of the problem, its effect varies

significantly among different instances. For the instances in data sets GEO-10D, RAN, and

OR-L, the impact is relatively small, but the impact for the instances in data set B is quite

significant. Our study in this dissertation is not aimed at identifying all situations where adding

these CC-VIs can be beneficial. Instead, we focused on presenting their impact on a few selected

instances only to demonstrate that this impact can be significant.

5.3 Maximal Clique Valid Inequalities

One way to add Maximal Clique valid inequalities (MC-VIs) to the model SCC-IP is to identify

all maximal cliques of a given conflict graph G (all MC-VI constraints of a given model SCC-

IP ), and add them to the model SCC-IP . We performed a pilot study, and we employed the

algorithm proposed by Tomita et al. [70] to find all maximal cliques of the conflict graph G.

To the best of our knowledge, for finding all maximal cliques of a given graph, the algorithm of

Tomita et al. [70] outperforms other existing algorithms in the open literature with respect to the

execution time. For the details of their algorithm, we refer the reader to [70]. We observed that

the model SCC-IP after adding all MC-VIs takes significantly longer time to solve compared to

the model SCC-IP without adding MC-VIs, and the reason is that the number of all MC-VIs

of a given model SCC-IP is relatively large even for the instances of small and medium size.

Our pilot study also showed that even identifying all MC-VIs takes a relatively large amount

of time for the small to medium size instances of the problem SCC that we consider in our

experiments.

Consequently, we choose to introduce only an appropriate subset of maximal clique VIs.

More specifically, we select a collection of maximal cliques so that each edge of the conflict

graph G is in at least one of these maximal cliques. We then add the collection of MC-VIs

associated with these maximal cliques to the model SCC-IP , and remove all original conflict
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constraints from the model (since each conflict constraint will be dominated by at least one of

these MC-VIs). We then solve the resulting model via B&B method. To identify a collection of

maximal cliques with this property, we design an iterative algorithm which we refer to as the

Maximal Clique Finder algorithm (MCF), and we describe this algorithm in the next subsection.

5.3.1 Maximal Clique Finder Algorithm

At each iteration of the Maximal Clique Finder algorithm (MCF), we introduce a global set q

including vertices that constitute a complete subgraph found up to this iteration. The algorithm

begins by letting q be an empty set, and expands q step by step by applying a recursive procedure

to V and its succeeding induced subgraphs to search for larger and larger complete subgraphs

until they reach maximal cliques. We terminate the algorithm when each edge of the graph is in

at least one of the identified maximal cliques. We now describe this algorithm in more details.

For convenience, let the set of neighbors of node vj ∈ V be defined as N(vj) = {vk : (vj , vk) ∈
E, k ∈ N}, i.e., N(vj) includes all nodes that are connected to vj in the conflict graph G. Let

E′ = ∅ where E′ includes all edges that are in an identified maximal clique up to this time. Let

the updated set of neighbors of node vj ∈ V be defined as N ′(vj) = {vk : vk ∈ N(vj), (vj , vk) /∈
E′}, and let the updated degree of each node vj ∈ V is defined as d′(vj) = |N ′(vj)|, i.e., number

of edges that are not in any of the identified maximal cliques so far and are connected to vj .

Let us use the symbol qt to denote the t−th maximal clique found by the algorithm, and let

us use Q to denote the collection of all maximal cliques that are found by the algorithm. The

MCF algorithm is as follows. In steps 1.2 and 1.4 where the algorithm selects a node, if there

is a tie, it chooses the node with smaller index.

Initialization Step: Set Q = ∅.

Iterative Step: At iteration t do;

1. Finding a maximal clique:

1.1. Create a set qt and set it as qt = ∅.

1.2. Find node vj which has the maximum updated degree (d′(vj)) in G. Add node vj to

the set qt.

1.3. Find the intersection of set of neighbors of each node in the current set qt, i.e.,

∩vk∈qtN(vk). If ∩vk∈qtN(vk) = ∅, go to step 2. Otherwise, go to next step.

1.4. Find the node vl ∈ ∩vk∈qtN(vk) which has the maximum updated degree (d′) in G

among all nodes in ∩vk∈qtN(vk). Add node vl to the current set qt. Go to step 1.3.
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2. Updating the algorithm’s parameters:

2.1. Add qt to the collection Q.

2.2. Update E′, i.e., let E′ ← E′ ∪ E(qt) where E(qt) is the set of all edges of qt. If

E′ = E, terminate this algorithm. Otherwise, go to next step.

2.3. Update d′ for all nodes of the graph G. Let t← t+ 1.

2.4. Go to step 1.1.

This algorithm clearly terminates after a finite number of iterations, since at each iteration

of the algorithm, we add at least one edge of the conflict graph G to the set E′, and there are

only a finite number of edges in a given conflict graph G.

To clarify the above definitions and the algorithm, we give a simple numeric example in the

context of a specific instance of the SCC in Appendix A.

5.3.2 Adding Maximal Clique Valid Inequalities to the Model

In this subsection, we combine the MCF algorithm with the branch and bound algorithm in

the following two-phase manner;

Phase 1: Apply the MCF algorithm to the conflict graph G, and find a subset of maximal

cliques of G, and call it Q.

Phase 2: Add the MC-VIs corresponding to maximal cliques in Q to the model SCC-IP ,

and remove all conflict constraints from the model SCC-IP . (see Remark 4). Then solve the

reformulation of the IP model (as stated below) by the branch and bound algorithm.

minimize
n∑
j=1

cjxj (SCC(Q))

subject to

n∑
j=1

aijxj ≥ 1 ∀i = 1, ...,m

∑
j:vj∈q

xj ≤ 1 ∀q ∈ Q

xj ∈ {0, 1} ∀j = 1, ..., n

We refer to this procedure as the two-phase-MCVI method.

Remark 4. In the MCF algorithm, we continue searching for maximal cliques until E′ = E,

i.e., each edge of the conflict graph G is in at least one of the identified maximal cliques. Each

of the identified maximal cliques dominates every conflict constraint corresponding to its edges,

thus in the presence of the identified maximal clique constraints in the model SCC-IP , all

conflict constraints are redundant and we can remove them from the model SCC-IP .
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5.3.3 A Computational Experiment

In this section, we carry out a computational experiment to assess the computational impact

of adding MC-VIs to the model SCC-IP via the two-phase-MCVI method that we introduced

in previous section. In our experiment, we first impose pre-processing procedures (explained in

Chapter 3) on all instances from GEO-10D, RAN, and OR-L data sets as described in Chapter

3, and then we solve the model SCC-IP for those instances, considering the following three

different scenarios:

• Scenario 1: We solve the model via B&B method (i.e., without adding MC-VIs) where

we turn off all pre-processing, heuristics and cut generation options of CPLEX.

• Scenario 2: We solve the model via B&B method (i.e., without adding MC-VIs) where

we turn on the clique cut generation option of CPLEX. All other cut generation options

of CPLEX are turned off.

• Scenario 3: We solve the model with the two-phase-MCVI method (i.e., with MC-VIs

added to the model) where we turn off all pre-processing, heuristics and cut generation

options of CPLEX.

In scenario 2, we turn on only the clique cut generation option of CPLEX in order to

compare our proposed two-phase-MCVI method for adding clique constraints with the method

of CPLEX for adding similar constraints to the model in the B&B tree.

We solve each instance with each of the above mentioned scenarios and we compare the

number of nodes upon termination of the B&B method and the corresponding execution times.

In Table 5.6, We report these observations along with total number of clique cuts added to the

B&B tree in scenario 2 as well as total number of MC-VIs added to the model in scenario 3.

In Table 5.5, We report the results of the MCF algorithm that we employ as the first phase

of the two-phase-MCVI method in scenario 3. We impose a time limit of 7200 seconds on all

instances in this experiment.

We make the following observations from Tables 5.5 and 5.6;

1. Impact of number of conflicts on number of MC-VIs. In Table 5.5, we observe

that as we increase values of rp and p while other parameters are fixed, the number of

maximal cliques tends to increase. The underlying reason is that as we increase values of

rp and p, i.e., number of conflicts, the conflict graph G becomes more dense, and therefore

more maximal cliques can be found by the MCF algorithm.

2. Ratio of number of maximal cliques to conflicts. In Table 5.5, we also observe that

the ratio of number of maximal cliques to the number of conflicts is larger for RAN and
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Table 5.5: Results of the MCF algorithm on GEO-10D, RAN, and OR-L instances

ID m n
s or p or # of # of
rs rp Conflicts Maximal Cliques

G10.1

100 1000

850 700 5,138 2,026
G10.2 850 850 21,898 3,519
G10.3 850 950 45,654 4,104
G10.4 850 1050 70,352 3,807

G10.5 950 700 5,338 2,067
G10.6 950 850 22,754 3,671
G10.7 950 950 49,006 4,266
G10.8 950 1050 92,279 4,430

G10.9 1050 850 22,780 3,667
G10.10 1050 1050 92,397 4,449

G10.11

300 1000

850 700 5,360 2,079
G10.12 850 850 21,636 3,550

G10.13 950 700 5,366 2,080
G10.14 950 850 22,780 3,667
G10.15 950 950 49,061 4,326

G10.16 1050 850 22,780 3,667
G10.17 1050 950 49,061 4,326
G10.18 1050 1050 92,397 4,449

R.1

100 300

0.05 0.01 453 447
R.2 0.05 0.05 2,261 1,567
R.3 0.05 0.1 4,526 2,047

R.4 0.1 0.05 2,312 1,601
R.5 0.1 0.1 4,615 2,081
R.6 0.1 0.2 9,042 2,427

R.7

100 1000

0.01 0.01 1,901 1,818
R.8 0.01 0.05 9,963 5,683

R.9 0.05 0.01 5,049 4,708
R.10 0.05 0.05 25,068 12,613

R.11 0.1 0.01 5,118 4,769

L.1

200 1000

0.02 0.02 10,175 8,105

L.2 0.05 0.02 10,175 8,105
L.3 0.05 0.03 15,242 10,122
L.4 0.05 0.04 20,294 11,552
L.5 0.05 0.05 25,393 12,743
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Table 5.6: Results of adding MC-VIs to the model SCC-IP

B&B Method
B&B Method with

Two-Phase-MCVI MethodCPLEX Clique Cuts

ID

# of Total # of Total # of IP Total
B&B time 1 # of B&B time 2 # of B&B time 3 time 3
Nodes (sec) Cuts Nodes (sec) MC-VIs Nodes (sec) (sec)

G10.1 0 1.3 1 0 1.1 2,026 0 0.9 1.0
G10.2 77 17.7 10 510 43.1 3,519 179 6.5 7.1
G10.3 1,670 277.4 35 1,479 327.5 4,104 2,202 33.0 35.3
G10.4 10,601 2,230.0 71 9,584 2,693.9 3,807 7,243 133.4 137.7
G10.5 41 1.7 0 41 2.1 2,067 39 1.2 1.2
G10.6 15 5.6 3 6 7.3 3,671 7 1.9 2.5
G10.7 328 85.6 10 167 72.8 4,266 111 6.4 9.0
G10.8 2,230 714.6 22 2,306 756.6 4,430 2,982 40.4 47.4
G10.9 12 3.8 1 0 1.7 3,667 0 0.6 1.2
G10.10 19 19.7 9 32 66.5 4,449 0 1.7 9.9
G10.11 4,559 56.5 1 10,924 119.2 2,079 6,901 53.5 53.6
G10.12 - - - - - 3,550 328,984 3,804.8 3,805.3
G10.13 3,012 31.6 0 3,091 35.3 2,080 2,873 21.6 21.7
G10.14 11,325 606.1 4 10,238 544.9 3,667 4,664 58.3 58.9
G10.15 - - - - - 4,326 87,068 1,084.8 1,087.5
G10.16 1,142 81.5 0 1,204 80.5 3,667 1,271 19.0 19.6
G10.17 569 205.7 3 504 157.0 4,326 422 16.4 19.2
G10.18 2,704 1,162.5 11 2,813 1,207.0 4,449 8,289 116.2 123.5

R.1 1,413 2.3 0 1,323 2.6 447 1,342 2.1 2.1
R.2 12,676 32.5 1 8,553 26.0 1,567 6,630 18.2 18.2
R.3 71,651 362.4 1 36,701 223.0 2,047 38,510 151.0 151.0
R.4 7,655 29.8 0 7,353 27.8 1,601 6,698 19.9 20.0
R.5 11,466 65.1 0 3,624 28.2 2,081 3,783 16.6 16.7
R.6 15,298 175.4 0 76,571 683.4 2,427 79,446 347.7 347.9
R.7 0 0.7 0 0 0.7 1,818 0 0.3 0.3
R.8 33,454 500.3 10 38,115 562.8 5,683 24,026 273.0 273.2
R.9 97,988 424.6 0 2,131 27.3 4,708 2,165 25.6 25.8
R.10 99,723 3,449.8 0 98,089 3,221.7 12,613 97,708 1,592.6 1,593.4
R.11 831,164 5,513.6 0 886,094 5,011.9 4,769 915,260 5,309.9 5,310.0

L.1 8,725 147.3 3 12,338 194.5 8,105 14,650 133.4 133.7
L.2 1,172 16.0 1 512 12.0 8,105 545 11.6 11.9
L.3 6,375 81.0 2 5,010 67.1 10,122 4,540 65.0 65.5
L.4 20,641 376.3 3 19,542 362.0 11,552 15,339 308.6 309.2
L.5 36,621 1,035.7 5 41,149 1,156.6 12,743 42,139 1,053.5 1,054.3
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OR-L instances compared to GEO-10D instances. More specifically, the ratio of number

of maximal cliques to the number of conflicts is 0.67 for instances in RAN and OR-L data

sets while this ratio is 0.17 for instances in GEO-10D data set. We can also observe this

phenomenon in Table 5.6 where for 8 out of 16 instances in RAN and OR-L data sets,

no CPLEX clique cut has been added to the B&B tree while for most of the instances in

GEO-10D data set, at least one CPLEX clique cut has been added to the B&B tree.

3. Scenario 1 versus Scenario 3. In Table 5.6, we observe that adding MC-VIs signifi-

cantly affects the execution time of the model SCC-IP in these instances. More specifi-

cally, we cannot solve 2 instances (G10.12 and G10.15) directly with the IP solver without

adding any VIs within the pre-specified time limit of 2 hours, while after adding the MC-

VIs to the model SCC-IP in the context of the two-phase method we can solve these two

instances. In the remaining 32 instances that the IP solver without adding any VIs could

solve in 2 hours, we observe 90%, 27%, and 5% reduction in execution time when we add

MC-VIs to the model in GEO-10D, RAN, and OR-L instances, on average, respectively.

It shows that the impact of MC-VIs is more significant in geometric instances than in

random instances. It also shows that MC-VIs are more effective in solving RAN instances

than they are for OR-L instances.

4. Scenario 2 versus Scenario 3. In Table 5.6, we also observe that the two-phase-MCVI

method could solve all instances significantly faster than the B&B method with CPLEX

clique cuts. More specifically, in 32 instances that both methods could solve in 2 hours, we

observe 91%, 21%, and 12% reduction in execution time of GEO-10D, RAN, and OR-L

instances, on average, respectively, when we use two-phase-MCVI method rather than

B&B method with CPLEX clique cuts.

5. Scenario 1 versus Scenario 2. In Table 5.6, we observe that in 15 out of 34 instances,

the execution time of B&B method with CPLEX clique cuts is larger than the B&B

method without cuts. This observation shows that adding CPLEX clique cuts does not

necessarily improve the solving process. The average execution time of B&B method

without cuts on these instances is 553.6 seconds while the average execution time of B&B

method with CPLEX clique cuts on these instances is 553.9 seconds. It shows that the

B&B method with and without CPLEX cliques cuts have a similar performance on these

instances, on average.
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5.4 Column-Domination Valid Inequalities and Conflicting-Set

Valid Inequalities

In this section, we discuss the impact of adding Column-Domination valid inequalities (CD-VIs)

and Conflicting-Set valid inequalities (CS-VIs) to the model SCC-IP .

5.4.1 Impact of Adding Column-Domination Valid Inequalities to the Model

For adding CD-VIs to the model SCC-IP , we cannot employ a cutting plane algorithm similar

to what we introduced in Sections 5.1 and 5.2. This is due to the fact that CD-VIs do not

remove any of the optimal solutions of the LP relaxation for the model SCC-IP , hence no

CD-VI can be violated at the optimal solution of the LP relaxation of the model SCC-IP at

the root node of the B&B tree. Yet, these VIs can be effective in the context of B&B algorithm

because they remove some non-optimal feasible solutions for the model SCC-IP .

One way to add CD-VIs to the model SCC-IP is to identify and add all these constraints

to the model SCC-IP . In our pilot studies, we observed that the execution time of solving the

resulting model after adding all CD-VIs is not significantly different from the execution time

of solving the model SCC-IP without CD-VIs. Therefore, we conclude that adding CD-VIs to

the model SCC-IP in absence of other VIs is not positively impactful on the computational

effort required to solve the model SCC-IP .

Yet, we observed that adding these VIs before adding MC-VIs to the model can be helpful

in the effectiveness of MC-VIs, since CD-VIs can be considered as new conflicts in the conflict

graph G and therefore can result in maximal cliques of larger size, which can positively affect

the execution time required for solving the model SCC-IP . We evaluate the impact of this

approach in Section 5.4.3.

5.4.2 Impact of Adding Conflicting-Set Valid Inequalities to the Model

Our preliminary experiments showed that the number of all CS-VIs, even for an instance of

relatively small size, can be excessively large, and identifying all CS-VIs can take a large amount

of time and memory. Thus identifying and adding all these constraints to the model SCC-IP

does not positively affect the computational effort required to solve the model SCC-IP .

As a result, to use CS-VIs for solving model SCC-IP , we then considered identifying and

adding only an appropriate subset of these constraints to the model SCC-IP . To this end, we

considered identifying all CS-VIs with RHS (right-hand side) equal to 1, and adding them to

the model SCC-IP . These CS-VIs are explained in Corollary 2 in Chapter 4. The result of

our pilot study showed that, on average, the model after adding these CS-VIs takes less time
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to solve, compared to the model without adding CS-VIs, but the overall difference between

execution times is not significant.

Similar to CD-VIs, if we add CS-VIs (with RHS equal to 1) to the model SCC-IP before

adding MC-VIs, these VIs can be considered as new conflicts in the conflict graph G and

therefore can positively affect the execution time required for solving the model SCC-IP . In

the next section, we discuss the impact of this approach.

5.4.3 Adding CD-VIs and CS-VIs before MC-VIs

As discussed in previous two subsections, an approach for adding CD-VIs and CS-VIs to the

model SCC-IP is to add these VIs before adding MC-VIs. To evaluate the impact of this

approach on the computational effort required to solve the model SCC-IP , we here perform a

computational experiment in which we consider the following two scenarios;

• Alt0: Solve the model SCC-IP with the two-phase-MCVI method, explained in Section

5.3.

• Alt1: Add all CS-VIs with RHS equal to 1 as well as all CD-VIs to the model SCC-IP ;

Then, apply the two-phase-MCVI method on the resulting model.

In the Alt1 scenario, after adding CD-VIs and CS-VIs, we consider all conflicts corresponding

to the identified CD-VIs and CS-VIs as new edges of the conflict graph G, and then apply the

MCF algorithm on updated graph G, and find and add MC-VIs to the model. Then, as explained

in Section 5.3, we remove all original conflict constraints as well as CD-VIs and CS-VIs from

the model SCC-IP , since they are redundant in the presence of MC-VIs.

In this experiment, we solve the model SCC-IP for a collection of small and medium size

instances from GEO-10D, RAN, and OR-L libraries as described in Chapter 3. Each model is

defined by the instance ID from the corresponding library, and also the instance size m, n, and

the values of the parameters s or rs and p or rp.

In this experiment, we turn off all pre-processing, heuristics and cut generation options of

CPLEX in order to observe the impact of CD-VIs and CS-VIs. We first impose pre-processing

procedures (explained in Chapter 3) on each instance, and then for IP model of each instance,

we apply each of the above-mentioned scenarios. In Table 5.7, we report the total number of

VIs added, the total execution time of each scenario, and the number of nodes subsequently

used by B&B method.

As expected, we observe that for 6 out of 15 instances, adding CD-VIs and CS-VIs before

adding MC-VIs to the model SCC-IP , as explained in the Alt1 scenario, can reduce the com-

putational effort required to solve the model SCC-IP compared to the Alt0 scenario where

we do not add CD-VIs and CS-VIs to model SCC-IP . For the remaining instances, the total
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Table 5.7: Results of adding CD-VIs and CS-VIs to the model SCC-IP

ID m n Policy

No. of Total
s or p or No. of No. of No. of B&B Time
rs rp CD-VI CS-VI MC-VI Nodes (sec)

G10.2 100 1000 850 850
Alt0 - - 3,519 179 7.1
Alt1 4,821 552 3,784 70 6.3

G10.3 100 1000 850 950
Alt0 - - 4,104 2,202 35.3
Alt1 3,544 4,013 4,442 1,440 32.8

G10.4 100 1000 850 1050
Alt0 - - 3,807 7,243 137.7
Alt1 1,993 21,007 4,843 3,684 121.5

G10.6 100 1000 950 850
Alt0 - - 3,671 7 2.5
Alt1 3,039 2 3,920 5 2.6

G10.15 300 1000 950 950
Alt0 - - 4,326 87,068 1,087.5
Alt1 138 100 4,339 83,482 1,064.5

G10.18 300 1000 1050 1050
Alt0 - - 4,449 8,289 123.5
Alt1 23 31 4,437 3,079 67.1

R.4 100 300 0.1 0.05
Alt0 - - 1,601 6,698 20.0
Alt1 1 0 1,601 6,612 20.7

R.5 100 300 0.1 0.1
Alt0 - - 2,081 3,783 16.7
Alt1 1 21 2,076 3,536 15.1

R.6 100 300 0.1 0.2
Alt0 - - 2,427 79,446 347.9
Alt1 1 43 2,401 74,268 314.8

R.7 100 1000 0.01 0.01
Alt0 - - 1,818 0 0.3
Alt1 2,864 6 2,237 58 1.7

R.8 100 1000 0.01 0.05
Alt0 - - 5,683 24,026 273.2
Alt1 2,817 217 5,791 21,459 264.1

R.11 100 1000 0.1 0.01
Alt0 - - 4,769 915,260 5,310.0
Alt1 22 0 4,785 817,456 5,134.1

L.1 200 1000 0.02 0.02
Alt0 - - 8,105 14,650 133.7
Alt1 908 0 8,432 9,607 103.2

L.2 200 1000 0.05 0.02
Alt0 - - 8,105 545 11.9
Alt1 7 0 8,109 965 15.8

L.3 200 1000 0.05 0.03
Alt0 - - 10,122 4,540 65.5
Alt1 7 0 10,127 3,765 58.8
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execution time of Alt1 is similar to Alt0 which shows that even if adding CD-VIs and CS-VIs

before adding MC-VIs to the model SCC-IP has not a positive impact on the execution time

of the model SCC-IP in some instance of the problem, it also has not a negative impact on it.

We also observe that as we increase values of p and rp while values of the parameters are

fixed, the number of added CD-VIs decreases and the number of added CS-VIs increases. Note

that the seventh and eights columns of Table 5.7 represent the number of CD-VIs and CS-VIs

that are added to the problem, respectively, not total number of these VIs.

By the definition of CD-VIs, we know that total number of these VIs for an instance of

the problem with given values of m, n, s or rs is fixed regardless of number of conflicts. As we

increase number of conflicts, a larger number of CD-VIs become redundant, and it is the reason

that less number of these VIs are added to the problem.

By the definition of CS-VIs, it is clear that after adding conflicts to the problem, total

number of CS-VIs will increase or remain the same. As we increase number of conflicts, there

is a higher chance that a larger number of CS-VIs become redundant, but we observe that the

number of CS-VIs that are added to the problem still increases due to a large number of CS-VIs

that are generated after adding conflicts.

5.5 Odd-Cycle Valid Inequalities

Based on the Proposition 2 in Chapter 4, Odd-Cycle valid inequalities (OCIs) can be added to

the constraints set of the model SCC-IP as valid inequalities to tighten the LP feasible region.

To add these VIs to the model SCC-IP , we need to define a separation procedure to employ

at each node of the B&B tree; subsequently we need to find those OCIs that are violated by

the current LP solution, and add a subset of these violated OCI to the model SCC-IP .

Rebennack et al. [62] explained an exact separation procedure for OCIs in detail, and we

will not repeat it here. They showed that the procedure can either find some OCIs, which are

violated by an LP solution x, or prove that x satisfies all OCIs of the conflict graph G. This can

be done by computing a “minimum-weight” odd-cycle in a graph, with an appropriate weighting

function. If the solution x satisfies the corresponding OCI for that minimum-weight odd-cycle,

then all OCIs are satisfied. Otherwise, some (maximal) violated OCIs have been obtained. For

the details of the procedure, we refer the reader to [62].

We employed the separation procedure of [62], and performed a preliminary experiment to

assess the impact of adding OCIs to the model SCC-IP . In our experiment, we solved the model

SCC-IP with and without adding OCIs for a collection of small and medium size instances

from RAN and GEO-10D libraries as described in Chapter 3. Our experiment indicated that

adding OCIs to the model SCC-IP does not reduce the computational effort required to solve

the model SCC-IP in most instances of our experiment. We observed that even in most of
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the instances of the problem in our pilot study, the execution time of the model SCC-IP after

adding OCIs significantly increases. The underlying reason behind such increase in execution

time is that in most of the instances in our experiment, zero or only a few OCIs are added

to the B&B tree, while the CPU time required for the separation procedure at each node of

the tree is relatively large. If the tree has a relatively large number of nodes, total time of the

separation procedures becomes excessively large. As a result, we conclude that OCIs are not

effective in solving the IP model for the instances in GEO-10D and RAN libraries.

5.6 Including All Valid Inequalities Within a B&B Framework

To include the VIs that we introduced in Chapter 4 within a branch and bound framework,

we can use different orderings of adding them to the model SCC-IP . In order to observe

the computational impact of various strategies in this context, we performed a pilot study in

which we experimented on several strategies with different orderings of adding VIs to the model

SCC-IP , and we selected the strategy with the lowest average execution time. We refer to this

strategy as the Six-Phase Method.

In this section, we explain our proposed six-phase method in details, and perform a compu-

tational experiment to assess the effectiveness of this method for solving the model SCC-IP .

Following is a description of each phase of the method.

1. Impose the pre-processing procedures (explained in Chapter 3) on the model SCC-IP .

2. Add all CD-VIs to the pre-processed model.

3. Add all CS-VIs (with RHS equal to one) to the resulting model.

4. Add a subset of MC-VIs to the resulting model through the two-phase-MCVI method

(see Remark 5).

5. Let H be the collection of CC-VIs that are identified for cliques of size 2 as well as all CP-

VIs; Apply an iterative cutting plane algorithm similar to the CPA explained in Section

5.1 to the resulting model and add all violated VIs that are in H to the resulting model.

6. Solve the resulting model via B&B algorithm.

Remark 5. In phase 4, we consider all conflicts corresponding to the identified CD-VIs and

CS-VIs as new edges of the conflict graph G, and we then apply the MCF algorithm on updated

graph G, and identify and add MC-VIs to the model. Then, as explained in Section 5.3, we

remove all original conflict constraints as well as CD-VIs and CS-VIs from the model SCC-

IP .
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5.6.1 A Computational Experiment

In this subsection, we carry out a computational experiment to assess the computational impact

of adding the VIs that we introduced in Chapter 4 to the model SCC-IP via the six-phase

method. In this experiment, we turn on all pre-processing, heuristics and cut generation options

of CPLEX, and we solve the model SCC-IP for all instances in RAN and GEO-10D data sets

as described in Chapter 3. To this end, we solve the model for each instance twice. Once we

solve the model for each instance via B&B method (i.e., without adding VIs) and once with

the six-phase method (i.e., with VIs added to the model). In this experiment, we impose a time

limit of 7200 seconds on all instances, and if the execution time of an instance exceeds this time

limit, we abort the program. In Table 5.8, we report the corresponding execution times along

with the total number of each family of VIs added to the model when imposing the six-phase

method.

In Table 5.8, we observe that in data set GEO-10D, we cannot solve 2 instances (G10.12 and

G10.15) directly with the IP solver without adding our proposed VIs within the pre-specified

time limit of 2 hours, while after adding our proposed VIs to the model SCC-IP in the context

of the six-phase method we can solve all instances. In the remaining 16 instances that the IP

solver without adding any VIs could solve in 2 hours, we observe 92% reduction in execution

time when we add all our VIs to the model in GEO-10D instances, on average.

For RAN instances, the B&B method and the six-phase method could solve all 11 instances

in the pre-specified time limit of 2 hours. For these 11 instances in data set RAN, we observe a

25% reduction in execution time when we add all our proposed VIs to the model, on average.

For OR-L instances, we observe that adding all VIs in the context of the six-phase method

does not seem to be quite effective in reducing the computational effort required to solve the

corresponding model SCC-IP . For these instances, we observe a 5% reduction in execution

time when we apply the six-phase method to the model SCC-IP , on average.

Consequently, we observe that the impact of our proposed VIs is more significant in geomet-

ric instances than in random instances, similar to what we observed in previous experiments

when we assessed the computational impact of each VI in the absence of other VIs.

Comparing Table 5.8 with Table B.1 in Appendix B, we observe that the number of added

CP-VIs to the model in the six-phase method is smaller than the number of added CP-VIs

to the model in the two-phase-CPVI method. We can observe a similar phenomenon in the

number of added CC-VIs to the model in the six-phase method and the two-phase-CCVI method

by comparing Table 5.8 with Table C.1 in Appendix C. The underlying reason behind this

phenomenon is that in the six-phase method, we identify and add CP-VIs and CC-VIs that are

violated at the optimal solution of the LP relaxation of the model with MC-VIs, while in the

two-phase-CPVI method and the two-phase-CCVI method, we identify and add these VIs that
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Table 5.8: Results of adding all VIs in the context of six-phase method to the model SCC-IP

B&B
Six-Phase MethodMethod

ID

Total IP Total
time 1 # of # of # of # of # of time 2 time 2
(sec) CD-VI CS-VI MC-VI CC-VI CP-VI (sec) (sec)

G10.1 0.7 5,695 50 2,593 18 4 0.7 4.1
G10.2 40.3 4,821 552 3,784 73 65 4.9 10.6
G10.3 448.5 3,544 4,013 4,442 71 177 24.9 34.4
G10.4 3,087.3 1,993 21,007 4,843 48 351 82.4 95.5
G10.5 2.3 3,084 0 2,757 19 1 1.3 4.0
G10.6 5.5 3,039 2 3,920 30 23 2.5 5.5
G10.7 72.3 2,442 12 4,418 62 123 2.7 6.7
G10.8 1,369.8 1,853 889 4,560 36 231 8.7 16.0
G10.9 2.0 1,136 0 3,837 36 10 1.1 6.5
G10.10 65.0 549 4 4,495 48 272 3.3 13.1
G10.11 174.0 579 29 2,220 48 13 44.0 52.4
G10.12 - 400 1,863 3,857 63 90 3,134.2 3,146.2
G10.13 36.6 236 0 2,152 17 1 22.2 30.7
G10.14 790.5 178 0 3,681 48 47 55.8 67.2
G10.15 - 138 100 4,339 59 240 788.1 810.2
G10.16 80.2 63 0 3,686 12 12 19.8 47.7
G10.17 149.5 36 0 4,350 27 89 16.4 71.3
G10.18 1,538.9 23 31 4,437 39 437 96.6 169.1

R.1 3.1 106 0 518 13 2 2.7 3.1
R.2 22.7 123 0 1,601 42 9 14.5 15.4
R.3 228.5 114 0 2,056 63 31 233.5 234.5
R.4 38.4 1 0 1,601 0 0 20.8 21.1
R.5 31.5 1 21 2,076 0 0 15.3 15.8
R.6 233.4 1 43 2,401 0 2 166.9 168.1
R.7 0.9 2,864 6 2,237 3 5 1.5 2.9
R.8 702.4 2,817 217 5,791 30 65 310.4 316.2
R.9 26.8 2,385 0 5,642 0 0 27.3 29.3
R.10 3,219.3 2,297 0 12,939 3 0 1,277.7 1,283.4
R.11 5,120.5 22 0 4,785 0 0 5,087.4 5,089.4

L.1 207.8 908 0 8,432 33 23 158.3 168.8
L.2 13.2 7 0 8,109 33 8 12.5 16.0
L.3 69.1 7 0 10,127 39 19 53.4 59.1
L.4 357.4 7 0 11,550 57 25 303.7 315.9
L.5 994.3 7 0 12,765 67 37 1,012.3 1,023.2
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are violated at the optimal solution of the LP relaxation of the original model (without MC-

VIs). Clearly, the feasible region of the LP relaxation of the model after adding MC-VIs becomes

tighter, and the number of CP-VIs and CC-VIs that are violated by the optimal solution of this

LP relaxation significantly decreases. But it is interesting to observe that even in the presence

of MC-VIs, the two families of VIs, namely CP-VIs and CC-VIs, are still impactful.
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Chapter 6

Bi-criteria Set Covering Problem

With Conflict Constraints

In the set covering problem with conflict constraints, the goal is to find the minimum cost

conflict-free subset of nodes to cover all elements. However, in some applications of this problem,

such as the wireless communication location problem, the total cost of such conflict-free subset

of nodes can be relatively large. In these applications, we may be interested in simultaneously

maximizing the number of covered elements and minimizing the number of selected nodes. Such

applications lend themselves to a bi-criteria analysis. In this chapter, we carry out an analysis

of this bi-criteria optimization problem. In particular, we focus on the case where all ci = 1,

and we refer to it as the Bi-criteria unicost Set Covering problem with Conflict constraints

(Bi-SCC).

We first define the Bi-criteria unicost Set Covering problem with Conflict constraints (Bi-

SCC), and propose an integer programming model for this problem. Then we present a brief

review of appropriate terminologies and solution methods of multi-objective optimization, and

we introduce two strategies for analyzing the problem. We also discuss the computational re-

quirements of the proposed strategies through a limited computational experiment.

6.1 Statement of the Problem

In the Bi-criteria unicost Set Covering problem with Conflict constraints (Bi-SCC), we have an

m by n matrix A = (aij), where each entry aij is either 0 or 1, and the i-th row of this matrix

(element i) is said to be covered by column j (node j) if aij = 1. We also have a collection F of

pairs of columns (j, k), and we say that columns j and k represent a conflict if (j, k) ∈ F . We

seek to identify a conflict-free collection of columns of A (nodes) to simultaneously maximize

the number of rows of A (elements) that are covered and minimize the number of columns
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(nodes) selected.

We define two sets of binary variables, xj for j = 1, . . . , n and yi for i = 1, . . . ,m as follows.

xj =

1, if column j is selected

0, otherwise

yi =

1, if row i is covered

0, otherwise

Following is a mathematical representation of the Bi-SCC.

maximize

m∑
i=1

yi (Bi-IP )

minimize
n∑
j=1

xj

subject to
n∑
j=1

aijxj ≥ yi ∀i = 1, ...,m (6.1a)

xj + xk ≤ 1 ∀j, k = 1, .., n : (j, k) ∈ F (6.1b)

xj ∈ {0, 1} ∀j = 1, ..., n (6.1c)

yi ∈ {0, 1} ∀i = 1, ...,m (6.1d)

Constraints in group 6.1a state that if yi = 1 for a row i, then this row must be covered by

at least one column of A. Constraints in group 6.1b represent a collection of conflicts between

various pairs of columns in A.

6.1.1 Terminology

In the model Bi-IP , we have two conflicting objective functions; since a decrease in the number

of selected columns (nodes) results in a decrease in the number of covered rows (elements).

Hence simultaneous achievement of both objectives might not be possible. In this context, let

Υ denotes each feasible solution of this problem, and we define the following terms.

Definition 1. (Domination) For a given model Bi-IP , a feasible solution Υ1 dominates a

feasible solution Υ2 if Υ1 is at least as good as Υ2 with respect to one objective function and

it is strictly better than Υ2 with respect to the other objective.

Definition 2. (Non-dominated Solution and Efficient Point) For a given model Bi-IP , a fea-

sible solution Υ∗ is said to be a non-dominated solution, if there is no other feasible solution
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Υ1 that dominate Υ∗. The corresponding point in the xy plane, where x and y are the values

of the objective functions, is said to be an efficient point.

Definition 3. (Weakly non-dominated solution and Weakly Efficient Point) For a given model

Bi-IP , a feasible solution Υ∗ is said to be a weakly efficient solution, if there is no other

feasible solution Υ1 that has strictly better value than Υ∗ for both objective functions. The

corresponding point in the x y plane is said to be a weakly efficient point.

Definition 4. (Efficient Frontier) The set of all efficient points is known as the efficient frontier.

6.1.2 Efficient Frontier: An Illustrative Example

We provide an example to illustrate the above definitions and to demonstrate the trade-off

between the two objective functions. To this end, we construct a small instance of the problem

with m = 50 and n = 100. To construct the matrix A and the collection F , we use the same

method that we used to construct RAN instances, and we set s = 0.05 and p = 0.05. The data

(i.e., the matrix A and the collection F ) for this instance is provided in Appendix D.

The efficient frontier for this specific instance is illustrated in Figure 6.1. In this figure, all

of the given 18 points are efficient points. The values of both criteria corresponding to these

points are presented in Table 6.1.

Table 6.1: Values of the evaluation criteria corresponding to the efficient points of the illustra-
tive example

Efficient Minimize Maximize Efficient Minimize Maximize
Point ID selected nodes covered elements Point ID selected nodes covered elements

1 0 0 10 9 40
2 1 8 11 10 42
3 2 14 12 11 43
4 3 19 13 12 45
5 4 23 14 13 46
6 5 27 15 14 47
7 6 31 16 15 48
8 7 34 17 16 49
9 8 37 18 17 50

In the next section, we propose two algorithms for obtaining the efficient frontier for the

bi-criteria set covering problem with conflict constraints.
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Figure 6.1: Efficient frontier corresponding to the illustrative example

6.2 Strategies for Obtaining the Non-dominated Points

Ehrgott and Gandibleux [27] categorized the strategies proposed for solving multi-objective op-

timization problems to three groups based on the information provided by the decision makers.

• Priori mode: In this type of strategies the decision makers share their preferences at the

beginning of the process. Goal programming could be one example of these methods.

• Posteriori mode: The decision makers preferences are analyzed after obtaining all the

non-dominated points.

• Interactive mode: This type of strategies require high involvement of the decision makers

during the decision making process. During the computing steps, the preferences of the

decision makers are introduced.

In this chapter, we focus on the posteriori mode strategies, i.e., we are mostly interested in al-

gorithms which obtain the entire non-dominated frontier. Most approaches proposed for solving

the multi-objective optimization problem involve reformulating the multiple objective problem

to a collection of single objective models. In this category, two of the efficient and popular

methods in the literature for obtaining all non-dominated points are the two-phase method and

the ε-constraint approach. The two-phase method has two phases. In the first phase, all the

supported efficient solutions are obtained by solving weighted sum formulations of the prob-

lem. In the second phase, the non-supported efficient solutions are obtained by applying some

bounds and problem specific methods. On the other hand, in ε-constraint approach, one crite-

rion is posed as a constraint, while the other criterion is kept as an objective function. We use

73



the ε-constraint approach for obtaining all non-dominated points for the model Bi-IP , and we

discuss it in details in the next subsection.

6.2.1 The ε-constraint Approach

In order to obtain all the efficient solutions of the model Bi-IP , we can use the ε-constraint

method, which is a well established practice in this field [18, 29]. In this context, we can

keep either objective function as the primary objective function while incorporating the other

objective function into the model as a constraint. Hence, we define the following two approaches.

6.2.1.1 Approach 1

In this approach, we keep the first objective function (maximizing the number of covered el-

ements) as the primary objective function while we incorporate the second objective function

(minimizing the number of selected nodes) into the model as a constraint. We denote the right-

hand-side of this constraint by ε1, and we denote the new model by IP -ε1. The model is shown

below.

maximize

m∑
i=1

yi (IP -ε1)

subject to

n∑
j=1

aijxj ≥ yi ∀i = 1, ...,m (6.2a)

xj + xk ≤ 1 ∀j, k = 1, .., n : (j, k) ∈ F (6.2b)
n∑
j=1

xj ≤ ε1 (6.2c)

xj ∈ {0, 1} ∀j = 1, ..., n (6.2d)

yi ∈ {0, 1} ∀i = 1, ...,m (6.2e)

For each value of ε1, the optimal solution (x∗, y∗) for this model is an efficient (or weakly

efficient) solution for the problem Bi-SCC, and by systematically increasing the value of ε1 and

solving the model IP -ε1 in the context of the ε-constraint algorithm, we can obtain all efficient

solutions of the problem Bi-SCC. We refer to the resulting algorithm as Algorithm 1. Following

is a brief description of Algorithm 1:

1. Set ε1 = 0

2. Solve the model IP -ε1, and denote its objective function value as z∗1 .

3. If z∗1 = m or ε1 = n, stop the algorithm (see Remark 6). Otherwise, go to next step.
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4. ε1 ← ε1 + 1. Go to step 2.

Remark 6. In step 3 of the Algorithm 1, if z∗1 = m, then we stop the process, since m is the

largest possible value for this objective function, and further increasing the value of parameter

ε1 cannot result in a better (larger) value for the objective function. Also, in this step, we stop

the process if ε1 = n, since n is the largest possible value for this parameter at any feasible

solution.

This algorithm terminates after at most n+ 1 iterations, since we increase ε1 by one at each

iteration and we stop the algorithm if ε1 = n.

6.2.1.2 Approach 2

In this approach, we keep the second objective function (minimizing the number of selected

nodes) as the primary objective function and we incorporate the first objective function (max-

imizing the number of covered elements) into the model as a constraint. We denote the right-

hand-side of this constraint by ε2, and we denote the new model by IP -ε2. The model is shown

below.

minimize
n∑
j=1

xj (IP -ε2)

subject to
n∑
j=1

aijxj ≥ yi ∀i = 1, ...,m (6.3a)

xj + xk ≤ 1 ∀j, k = 1, .., n : (j, k) ∈ F (6.3b)
m∑
i=1

yi ≥ ε2 (6.3c)

xj ∈ {0, 1} ∀j = 1, ..., n (6.3d)

yi ∈ {0, 1} ∀i = 1, ...,m (6.3e)

For each value of ε2, the optimal solution (x∗, y∗) for this model is an efficient (or weakly

efficient) solution for the problem Bi-SCC, and by systematically increasing the value of ε2 and

solving the model IP -ε2 in the context of the ε-constraint algorithm, we can obtain all efficient

solutions of the problem Bi-SCC. We refer to the resulting algorithm as Algorithm 2. Following

is a brief description of Algorithm 2:

1. Set ε2 = 0

2. Solve the model IP -ε2, and denote its objective function value as z∗2 . Also denote the set

of indexes of all selected nodes as S∗, i.e., S∗ = {j : x∗j = 1}. Find the number of elements
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covered by at least one node in S∗, and denote it as e.

3. If z∗2 = n or e = m, stop the algorithm (see Remark 7). Otherwise, go to next step.

4. ε2 ← e+ 1 (see Remark 8). Go to step 2.

Remark 7. In step 3 of the Algorithm 2, if z∗2 = n, then we stop the process, since n is the

largest possible value for this objective function, and further increasing the value of parameter

ε2 cannot result in a worse (larger) value for the objective function. Also, in this step, we stop

the process if e = m, since m is the largest possible value for the number of covered elements,

and solving the model for larger values of ε2 cannot result in finding new efficient solutions.

Remark 8. In step 4 of Algorithm 2, we set the new value of ε2 to e+1, since with the previous

value of ε2, e elements were covered by selected nodes, and in the next iteration we look for a

new efficient solution in which the number of covered elements is larger than e.

This algorithm clearly terminates after at most m+ 1 iterations, since we increase ε2 by at

least one at each iteration and we stop the algorithm if e = m.

6.3 A Computational Experiment

In this section, we present the results of a limited experiment that we carried out to assess the

computational requirements of the two algorithms that we described above. In this experiment,

we constructed several instances of the bi-criteria problem Bi-SCC from the GEO-10 and RAN

libraries (as described in Chapter 3) and solved each instance, i.e., obtained the entire efficient

frontier for each instance, via both algorithms.

We observed that for relatively small instances of the problem, we were able to obtain the

efficient frontier relatively quickly using either algorithm, but for larger instances of the problem,

the computational requirements of both algorithms become excessive. This is mainly due to the

excessive amount of time required to solve the corresponding IP models at each iteration.

In subsequent chapters, we propose appropriate methodologies to overcome this difficulty for

larger instances of the problem. In the remainder of this section, we describe the computational

experiment that we carried out and make a few observations.

In Table 6.2, we present the results for a few instances of the problem. Each row in this

table corresponds to an instance of the problem. As stated above, we solved each instance

via both algorithms and obtained its corresponding efficient frontier. For each instance, we

report the values of m and n (showing the size of instance), s or rs (showing the density of the

matrix A), and p or rp (showing the size of the conflict collection F ) as well as Ψ (number of

non-dominated points obtained). Also for each instance, we report the total execution time as
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well as the number of iterations. A dash-line entry in this table implies that the corresponding

execution time exceeds our self-imposed time limit of 7200 seconds for obtaining all the non-

dominated points for one instance. In this experiment, all heuristics and cut generation options

of CPLEX are turned on.

Table 6.2: Execution time (seconds) of the two algorithms

Algorithm 1 Algorithm 2

ID m n Ψ

Exec. Exec.
s or p or time 1 No. of time 2 No. of
rs rp (sec) Iter. 1 (sec) Iter. 2

G10.1

100 1000

850 700 17 29.1 17 37.6 35
G10.2 850 850 18 295.6 18 465.1 40
G10.3 850 950 20 - - 2,833.4 43
G10.4 850 1050 - - - - -
G10.9 1050 850 6 11.7 6 17.5 13
G10.10 1050 1050 7 73.1 7 328.6 15

G10.11

300 1000

850 700 29 - - 2,301.4 85
G10.12 850 850 - - - - -
G10.16 1050 850 10 979.7 10 279.4 20
G10.17 1050 950 10 5,008.5 10 1,702.5 24
G10.18 1050 1050 - - - - -

R.1

100 300

0.05 0.01 18 86.9 18 81.4 49
R.2 0.05 0.05 19 1,490.4 19 285.8 39
R.3 0.05 0.1 21 3,475.3 21 986.8 40
R.4 0.1 0.05 12 1,257.8 12 361.2 35
R.5 0.1 0.1 12 1,887.8 12 565.0 33

R.7

100 1000

0.01 0.01 39 35.6 39 54.4 59
R.8 0.01 0.05 - - - - -
R.9 0.05 0.01 15 - - 1,274.0 45

We make the following observations from Table 6.2;

1. We observe that Algorithm 1 failed to solve 7 and Algorithm 2 failed to solve 4 out of 19

instances within pre-defined time limit of 2 hours.

2. The execution time for algorithm 2 appears to be significantly smaller than that of al-

gorithm 1, especially for the instances where the corresponding execution times are rela-

tively large. Out of the 15 instances that at least one of the algorithms could solve within

2 hours, we observe that total execution time of algorithm 1 is larger than algorithm 2
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for 10 instances. We also observe that the number of iterations in algorithm 2 is larger

than algorithm 1 for all instances that we could solve in this experiment. The reason be-

hind this phenomenon is that Algorithm 2 finds weakly non-dominated solutions in many

iterations.

In the above experiment, we also noticed that the CPU time required to solve IP models

IP -ε1 and IP -ε2 varies significantly for different values of ε1 and ε2, respectively. To illustrate

this observation, we present the corresponding CPU times for instance G10.17 in Tables 6.3 and

6.4. In these tables, z∗1 and z∗2 show the optimal objective function value of the models IP -ε1

and IP -ε2 for each corresponding ε1 and ε2, respectively.

From Table 6.3, we observe that the execution time grows exponentially from ε1 = 0 to

ε1 = 7, and then it starts to decrease for larger values of ε1. From Table 6.4, we observe that

the execution time of the model IP -ε2 tends to be larger for larger values of ε2. For all other

instances in our experiment, we observed a similar trend.

Table 6.3: Execution times of the model IP -ε1 for instance G10.17

ε1 z∗1
IP -ε1

time (sec)

0 0 1.5
1 178 1.8
2 244 2.3
3 262 37.7
4 276 44.7
5 284 84.8
6 291 118.3
7 295 4,297.7
8 299 288.4
9 300 131.5

In order to reduce the computational requirements of both algorithms for solving relatively

medium and large size instances of the problem Bi-SCC, we pursue two strategies.

Strategy 1: Design more effective methods to solve the models IP -ε1 and IP -

ε2. One way to reduce the computational requirements of both algorithms is to design more

effective methods for solving the integer programming models IP -ε1 and IP -ε2. These problems

have structural similarities with problem SCC and it is conceivable that this relationship can be

exploited to design more effective methods for solving this problem in the context of algorithms 1

and 2. To this end, in Chapter 7 we extend the pre-processing procedures and valid inequalities
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Table 6.4: Execution times of the model IP -ε2 for instance G10.17

ε2 z∗2
IP -ε2

ε2 z∗2
IP -ε2

time (sec) time (sec)

0 0 0.5 281 5 47.2
1 1 1.6 282 5 75.1
44 1 1.9 284 5 63.9
179 2 3.0 285 6 91.8
245 3 4.6 288 6 59.1
254 3 4.2 292 7 132.1
263 4 35.6 293 7 103.0
267 4 35.5 294 7 139.1
269 4 36.8 295 7 97.8
271 4 34.2 296 8 253.4
274 4 34.6 299 8 248.1
277 5 45.1 300 9 154.3

that we introduced in the previous chapters for solving the problem SCC, and we use these

modified pre-processing procedures and valid inequalities in the context of a B&B algorithm to

solve the models IP -ε1 and IP -ε2. Subsequently, we carry out a computational experiment to

assess the impact of the pre-processing procedures and the VIs in solving these problems.

Strategy 2: Design effective inexact methods to solve the model Bi-IP . Another

approach for solving this problem is to design effective inexact methods for solving the model

Bi-IP . To this end, in Chapter 8, we design a heuristic procedure for solving the model Bi-

IP and carry out a computational experiment to evaluate its effectiveness. The computational

requirements of this heuristic procedure are significantly smaller than those of the algorithms 1

and 2 for larger instances of the problem, hence this procedure can be used in some occasions

where the execution time of the algorithms 1 and 2 to obtain the optimal solution of the model

IP -ε1 and IP -ε2 is excessive.
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Chapter 7

Exact Methods for Solving Models

IP -ε1 and IP -ε2

In this chapter, we propose appropriate pre-processing procedures and Valid Inequalities (VIs)

for the models IP -ε1 and IP -ε2. Due to the structured similarities of these models and the

IP model for the problem SCC that we discussed earlier, the pre-processing procedures and

the VIs that we propose here are also similar to those that we discussed in previous chapters

for the problem SCC. Subsequently, we employ these procedures and VIs in the context of a

Branch-and-Bound (B&B) algorithm for solving the models IP -ε1 and IP -ε2.

7.1 Bicriteria-Covering-Packing Valid Inequalities

In this section, we introduce the Bicriteria-Covering-Packing Valid Inequalities (BCP-VIs) for

the models IP -ε1 and IP -ε2. These VIs are similar to the Covering-Packing Valid Inequalities

that we introduced in Chapter 4 in the context of the problem SCC.

Recall that Nk
i = {j : j ∈ Ni, (j, k) /∈ F} for each element i ∈M and node k ∈ N \Ni. The

following proposition explains the BCP-VIs.

Proposition 8. For each element i ∈M and node k ∈ N \Ni, the constraint∑
j:j∈Nk

i

xj ≥ xk + yi − 1 (7.1)

is a valid inequality for the models IP -ε1 and IP -ε2.

The BCP-VI states that for each element i and each node k that does not cover element

i, if in a feasible solution (x̄, ȳ), element i is covered (ȳi = 1) and node k is selected (x̄k = 1),
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then at least one of the nodes that cover element i and do not have conflict with node k must

be selected to be in that feasible solution.

Through the following numeric examples, we show that the proposed BCP-VIs can eliminate

part of the LP feasible region of the models IP -ε1 and IP -ε2, i.e., they are not redundant.

Example 8. Consider an instance of the problem IP -ε1 shown by the following IP model with

m = 4 covering inequalities, two conflict constraint, and ε1 = 2.

maximize

4∑
i=1

yi (EX8-IP )

subject to x1 + x3 + x4 ≥ y1 (element 1)

x2 + x3 + x4 ≥ y2 (element 2)

x5 + x6 ≥ y3 (element 3)

x5 + x7 ≥ y4 (element 4)

x3 + x5 ≤ 1

x4 + x5 ≤ 1

7∑
j=1

xj ≤ 2

yi ∈ {0, 1} ∀i = 1, ..., 4

xj ∈ {0, 1} ∀j = 1, ..., 7

We solve the linear programming relaxation of this model via simplex algorithm and obtain the

following optimal solution:

x∗1 = x∗2 = x∗6 = 0

x∗3 = x∗4 = x∗5 = x∗7 = 0.5

y∗3 = 0.5

y∗1 = y∗2 = y∗4 = 1

The corresponding optimal value of the objective function is z∗ = 3.5.

According to the definition of BCP-VIs, and setting i = 1 and k = 5, we get the following

BCP-VI,

x1 ≥ x5 + y1 − 1 (7.2)

and setting i = 2 and k = 5, we get the following BCP-VI.

x2 ≥ x5 + y2 − 1 (7.3)

We observe that both BCP-VIs 7.2 and 7.3 are violated at (x∗, y∗).
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Example 9. Consider an instance of the problem IP -ε2 shown by the following IP model with

covering inequalities and conflict constraints similar to the previous example, and ε2 = 4.

minimize
7∑
j=1

xj (EX9-IP )

subject to x1 + x3 + x4 ≥ y1 (element 1)

x2 + x3 + x4 ≥ y2 (element 2)

x5 + x6 ≥ y3 (element 3)

x5 + x7 ≥ y4 (element 4)

x3 + x5 ≤ 1

x4 + x5 ≤ 1

4∑
i=1

yi ≥ 4

yi ∈ {0, 1} ∀i = 1, ..., 4

xj ∈ {0, 1} ∀j = 1, ..., 7

We solve the linear programming relaxation of this model via simplex algorithm and obtain the

following optimal solution:

x∗1 = x∗2 = 0

x∗3 = x∗4 = x∗5 = x∗6 = x∗7 = 0.5

y∗1 = y∗2 = y∗3 = y∗4 = 1

The corresponding optimal value of the objective function is z∗ = 2.5.

BCP-VIs 7.2 and 7.3 are also valid for the model EX9-IP , and we observe that they are

violated at (x∗, y∗).

These examples show that the BCP-VIs can remove a segment of the feasible region of

the LP relaxation for the models IP -ε1 and IP -ε2. Hence they are not redundant and can be

effective for solving these problems in the context of algorithms 1 and 2.

7.2 Bicriteria-Covering-Clique Valid Inequalities

In this section, we introduce the Bicriteria-Covering-Clique Valid Inequalities (BCC-VIs) for

the models IP -ε1 and IP -ε2. These VIs are similar to the Covering-Clique Valid Inequalities

that we introduced in Chapter 4 in the context of the problem SCC.

The following proposition explains the BCC-VIs.
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Proposition 9. Given a clique q of size k, let ij be any element of the cover-set of the jth

node of the clique, for j = 1, ..., k. If no node in the clique q appears in every covering node-set

for elements i1, i2, ..., ik, (i.e., in every one of the covering node-sets Ni1 , Ni2 , ..., Nik) then the

constraint

∑
j∈(Ni1

∪Ni2
∪...∪Nik

)\q

xj ≥
k∑
l=1

yil − (k − 1), (7.4)

is a valid inequality for the models IP -ε1 and IP -ε2.

Proof. In a feasible solution (x̄, ȳ), if at least one of the elements i1, i2, ..., ik is not covered, then

this inequality follows since the right hand side becomes non-positive. Similarly, in a feasible

solution (x̄, ȳ), if all of the elements i1, i2, ..., ik are covered (ȳil = 1,∀l = 1, ..., k) and none of

the nodes in the clique q is selected (x̄d = 0, ∀d ∈ q), this inequality follows, since at least one

node in each of the sets Ni1 , Ni2 , ..., Nik must be selected to be in that feasible solution.

On the other hand, if all of the elements i1, i2, ..., ik are covered (ȳil = 1,∀l = 1, ..., k) and any

node h ∈ q is selected to be in a feasible solution (x̄h = 1), it follows that there is at least one

covering node-set Nil such that h /∈ Nil . Since node h is in the clique q, no other node in q can

be selected to be in that feasible solution. So the set covering constraint∑
j:j∈Nil

xj ≥ 1

reduces to ∑
j∈Nil

\q

xj ≥ 1,

and therefore the inequality 7.4 follows.

Considering each conflict constraint as a clique of size 2, we derive the following corollary

from Proposition 9.

Corollary 3. For each conflicting pair of nodes (r, s) ∈ F , if we have two elements i1 and i2

such that each of the nodes r and s appears in only one of their corresponding covering node-sets

Ni1 and Ni2, then the constraint ∑
j∈(Ni1

∪Ni2
)\{r,s}

xj ≥ yi1 + yi2 − 1, (7.5)

is a valid inequality for the models IP -ε1 and IP -ε2.

Through the following numeric examples, we show that the proposed BCC-VIs can eliminate

part of the LP feasible region of the models IP -ε1 and IP -ε2.
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Example 10. Consider an instance of the problem IP -ε1 shown by the following IP model

with m = 4 covering inequalities, one conflict constraint, and ε1 = 2.

maximize
4∑
i=1

yi (EX10-IP )

subject to x1 + x2 + x3 ≥ y1 (element 1)

x1 + x2 + x4 ≥ y2 (element 2)

x3 + x5 ≥ y3 (element 3)

x4 + x6 ≥ y4 (element 4)

x3 + x4 ≤ 1

6∑
j=1

xj ≤ 2

yi ∈ {0, 1} ∀i = 1, ..., 4

xj ∈ {0, 1} ∀j = 1, ..., 6

We solve the linear programming relaxation of this model via simplex algorithm and obtain the

following optimal solution:

x∗2 = x∗5 = 0

x∗1 = x∗3 = x∗4 = x∗6 = 0.5

y∗3 = 0.5

y∗1 = y∗2 = y∗4 = 1

The corresponding optimal value of the objective function is z∗ = 3.5.

According to the definition of BCC-VIs, and considering element 1 ∈ M3 and element

2 ∈ M4, and their corresponding covering-node sets N1 = {1, 2, 3} and N2 = {1, 2, 4}, we get

the following BCC-VI.

x1 + x2 ≥ y1 + y2 − 1 (7.6)

We observe that BCC-VI 7.6 is violated at (x∗, y∗).

Example 11. Consider an instance of the problem IP -ε2 shown by the following IP model with
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covering inequalities and conflict constraints similar to the previous example, and ε2 = 4.

minimize
6∑
j=1

xj (EX11-IP )

subject to x1 + x2 + x3 ≥ y1 (element 1)

x1 + x2 + x4 ≥ y2 (element 2)

x3 + x5 ≥ y3 (element 3)

x4 + x6 ≥ y4 (element 4)

x3 + x4 ≤ 1

4∑
i=1

yi ≥ 4

yi ∈ {0, 1} ∀i = 1, ..., 4

xj ∈ {0, 1} ∀j = 1, ..., 6

We solve the linear programming relaxation of this model via simplex algorithm and obtain the

following optimal solution:

x∗2 = 0

x∗1 = x∗3 = x∗4 = x∗5 = x∗6 = 0.5

y∗1 = y∗2 = y∗3 = y∗4 = 1

The corresponding optimal value of the objective function is z∗ = 2.5.

BCC-VI 7.6 is valid for the model EX11-IP , and we observe that it is violated at (x∗, y∗).

These examples show that the BCC-VIs can remove a segment of the feasible region of

the LP relaxation for the models IP -ε1 and IP -ε2. Hence they are not redundant and can be

effective for solving these problems in the context of algorithms 1 and 2.

7.3 Bicriteria-Conflicting-Set Valid Inequalities

In this section, we introduce the Bicriteria-Conflicting-Set Valid Inequalities (BCS-VIs) for the

models IP -ε1 and IP -ε2. These VIs are similar to the Conflicting-Set Valid Inequalities that

we introduced in Chapter 4 in the context of the problem SCC.

The following proposition explains the BCS-VIs.

Proposition 10. For every element i ∈ M , if there exists a set N ⊆ N − Ni such that
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Ni ⊆
⋃
j∈N

Gj, then the constraint ∑
j∈N

xj ≤
∣∣N ∣∣− yi (7.7)

is a valid inequality for the models IP -ε1 and IP -ε2.

Proof. In a feasible solution (x̄, ȳ), if element i is not covered (ȳi = 0), then the inequality 7.4

clearly follows.

On the other hand, in a feasible solution (x̄, ȳ), if element i is covered (ȳi = 1) and we

select all nodes in N to be in that feasible solution (x̄j = 1,∀j ∈ N), then none of the nodes

in
⋃
j∈N

Gj can be selected to be in that solution since each node in N is in conflict with at

least one node in
⋃
j∈N

Gj . Since Ni ⊆
⋃
j∈N

Gj , it follows that none of the nodes in Ni is in the

corresponding solution, hence element i cannot be covered. Thus in every feasible solution if

element i is covered (ȳi = 1), then at least one of the nodes in N must be not present. Hence,

the inequality 7.7 follows.

7.4 MC-VIs and CD-VIs

Clearly, Maximal Clique Valid Inequalities (MC-VIs) are valid for the models IP -ε1 and IP -ε2,

and we can add them to these models without modification.

Similarly, Column Domination Valid Inequalities (CD-VIs) are clearly valid for the set of

optimal solutions of the model IP -ε2. It is easy to see that these VIs are not necessarily satisfied

by every optimal solution of the model IP -ε1 if the corresponding problem has multiple optimal

solutions. But these inequalities do not remove those optimal solutions that are non-dominated

solutions for the problem Bi-SCC. Hence, CD-VI is a valid inequality for the set of optimal

solutions of the model IP -ε1 that are non-dominated for the problem Bi-SCC.

7.5 Other Valid Inequalities

In this section, we introduce two new families of valid inequalities for the models IP -ε1 and IP -

ε2. These valid inequalities are inspired by the pre-processing procedures that we introduced in

Chapter 3 for the problem SCC. The following two propositions explain these families of valid

inequalities.

Proposition 11. For each element i (i ∈M), if there exists another element r (r ∈M, r 6= i)

such that Nr ⊆ Ni, then the constraint

yi ≥ yr (7.8)
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is a valid inequality for the set of optimal solutions of the model IP -ε1.

Proof. This valid inequality is derived from row reduction #1 defined in Chapter 3. For every

two elements i and r (i, r ∈ M), if Nr ⊆ Ni, i.e., if all the nodes that cover element r also

cover element i, this inequality states that every feasible solution (x̄, ȳ) with ȳr = 1 and ȳi = 0

cannot be an optimal solution. The reason is that, since element r is covered, then element i

can also be covered and so ȳi can be set to 1 in order to increase the objective function value

while maintaining the feasibility of the problem.

Remark 9. The inequality 7.8 is not necessarily satisfied by every optimal solution of the

model IP -ε2 if the problem has multiple optimal solutions. But this inequality does not remove

those optimal solutions that are non-dominated solutions for the problem Bi-SCC. Hence, the

inequality 7.8 is a valid inequality for the set of optimal solutions of the model IP -ε2 that are

non-dominated for the problem Bi-SCC.

Proposition 12. For each element i (i ∈M), if it is only covered by a single node j, then the

constraint

xj ≥ yi (7.9)

is a valid inequality for the models IP -ε1 and IP -ε2.

Proof. This valid inequality is derived from column reduction #1 defined in Chapter 3. In a

feasible solution (x̄, ȳ), if element i is not covered (ȳi = 0), then the inequality 7.9 clearly

follows. On the other hand, in a feasible solution (x̄, ȳ), if element i is covered (ȳi = 1), then

since it is only covered by single node j, node j must be selected (x̄j = 1), and therefore the

inequality 7.9 follows.

7.6 Computational Effectiveness of Valid Inequalities

In the previous sections, we introduced several families of valid inequalities and showed that

these inequalities are valid for both models IP -ε1 and IP -ε2. We carried out a preliminary

experiment to evaluate the effectiveness of these VIs in solving the corresponding models. In

our experiment, we constructed several instances of the models IP -ε1 and IP -ε2 from instances

in data sets A and B (as described in Chapter 5) as well as data sets GEO-10D and RAN (as

described in Chapter 3), and by choosing different values for ε1 and ε2. We then identified and

added these VIs to models IP -ε1 and IP -ε2, and we solved each model with each family of VIs

separately.

Our findings were similar to those we reported in previous chapters with respect to the

single objective model SCC-IP , and for brevity, we do not report the details here. Following

is a summary of each experiment and the corresponding observations that we made.
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1. For adding BCP-VIs and BCC-VIs, we used a cutting plane algorithm (CPA) similar to

what we explained in Section 5.1 of Chapter 5, and for adding CD-VIs and MC-VIs, we

used a method similar to what we described in Section 5.4.3 of Chapter 5. We observed

that the impact of these VIs is similar to what we observed earlier in Chapter 5. In

particular, we observed that adding BCP-VIs to the models IP -ε1 and IP -ε2 can be quite

effective for the instances from data set A, but for the instances in data sets GEO-10D

and RAN, the impact is relatively small. Similarly, the impact of BCC-VIs was quite

significant for instances from data set B, but it was relatively small for the instances in

data sets GEO-10D and RAN.

2. We observed that adding MC-VIs and CD-VIs to the models IP -ε1 and IP -ε2 for GEO-

10D and RAN instances results in significant improvements in reducing the execution

time of the corresponding models.

3. In Section 7.5, we derived two new families of valid inequalities from pre-processing pro-

cedures that we defined for the problem SCC in Chapter 3, and we showed that these VIs

are valid for both models IP -ε1 and IP -ε2. Also in Section 7.3, we introduced Bicriteria-

Conflicting-Set Valid Inequalities (BCS-VIs), and we showed that BCS-VI is a valid in-

equality for the models IP -ε1 and IP -ε2. Our preliminary experiment indicated that

adding these VIs to either model does not have a significant impact on the computational

effort required to solve the corresponding model. The underlying reason behind this phe-

nomenon is that for most of the instances in our experiment, the number of such VIs is

relatively small. As a result, we conclude that these VIs are not effective in solving the

models IP -ε1 and IP -ε2 for the instances in GEO-10D and RAN libraries.

7.7 A Strategy for Adding the Valid Inequalities

To include BCP-VIs, BCC-VIs, CD-VIs, and MC-VIs that we introduced in this chapter within

a B&B framework, we can use different orderings of adding them to the models IP -ε1 and

IP -ε2. In order to observe the computational impact of various strategies in this context, we

performed a pilot study in which we experimented on several strategies with different orderings

of adding VIs to these models, and we selected the strategy with the best results with respect

to the execution time. We refer to this strategy as the Four-Phase Method.

In this section, we explain our proposed four-phase method in details, and perform a com-

putational experiment to assess the effectiveness of this method for solving the models IP -ε1

and IP -ε2. Following is a description of each phase of the method.

1. Identify all CD-VIs and add them to the model.
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2. Add a subset of MC-VIs to the resulting model (see Remark 10).

3. Let H be the collection of BCC-VIs that are identified for cliques of size 2 as well as

all BCP-VIs; Apply an iterative cutting plane algorithm similar to the CPA explained in

Chapter 5 to the resulting model and add all violated VIs that are in H to the resulting

model.

4. Solve the resulting model via B&B algorithm.

Remark 10. In phase 2, we consider all conflicts corresponding to the identified CD-VIs as

new edges of the conflict graph G. Subsequently, we identify a subset of the maximal cliques on

the updated graph G in a manner similar to the method we described in Chapter 5. We then add

all the corresponding MC-VIs to the model, and remove all original conflict constraints as well

as CD-VIs from the corresponding model, since they are redundant in the presence of MC-VIs.

We carried out two computational experiments to assess the computational impact of

adding BCP-VIs, BCC-VIs, CD-VIs, and MC-VIs to models IP -ε1 and IP -ε2 via the four-

phase method. To this end, we consider a selected group of instances from data sets GEO-10D

and RAN (as described in Chapter 3). In Table 7.1, we report the parameter values for the

selected instances. In both experiments, we turn on all heuristics and cut generation options of

CPLEX, and we impose a time limit of 7200 seconds on all instances.

Table 7.1: Selected instances from data sets GEO-10D and RAN

ID m n
s or p or

rs rp

G10.3

100 1000

850 950

G10.4 850 1050

G10.10 1050 1050

G10.12

300 1000

850 850

G10.16 1050 850

G10.17 1050 950

R.2

100 300

0.05 0.05

R.3 0.05 0.1

R.4 0.1 0.05

R.7

100 1000

0.01 0.01

R.8 0.01 0.05

R.9 0.05 0.01
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7.7.1 First Experiment

In the first experiment, we evaluate the impact of adding VIs to the model IP -ε1. To this end,

for each selected instance (in Table 7.1), we obtain the maximum value of the parameter ε1

by solving the corresponding SCC problem, and we denote it as εmax1 . Then, for each instance,

we construct four instances of the model IP -ε1 by fixing the value of ε1 at each of the values

b0.3εmax1 c, b0.5εmax1 c, b0.7εmax1 c, and b0.9εmax1 c. We then solve the corresponding instances of

the model IP -ε1 twice, once via B&B method (i.e., without adding VIs) and once with the

four-phase method (i.e., with VIs added to the model). In Tables 7.2 and 7.3, we report the

results of adding VIs to the instances of the model IP -ε1 constructed from GEO-10D and RAN

instances, respectively.

We make the following observations from Table 7.2;

1. The B&B method failed to solve 2 instances and the four-phase method failed to solve 1

instance out of 24 instances within our self-imposed time limit.

2. The execution time of the four-phase method is significantly smaller than that of the B&B

method. More specifically, for those instances that both methods terminated within our

time limit, the execution time of the four-phase method is 80.5% smaller than that of the

B&B method, on average.

3. For all instances, the execution time of both methods is considerably larger for larger

values of ε1.

4. The impact of VIs in the context of the four-phase method is more significant for the

instances with larger execution times.

We also make the following observations from Table 7.3;

1. Both B&B method and the four-phase method could solve each of the 24 instances within

the time limit of 2 hours.

2. The execution time of the four-phase method is smaller than that of the B&B method,

on average. More specifically, 17 out of 24 instances were relatively easy to solve as both

methods could solve them in less than 20 seconds. For the remaining 7 instances, the

execution time of the B&B method is smaller for 1 instance (R.2 with ε1 = 16), and larger

for the other 6 instances, than the execution time of the four-phase method. Overall, we

observe that the execution time of the four-phase method for all the instances in this table

is 12.5% smaller than that of the B&B method, on average.

3. For all instances, the execution time of both methods tends to be larger for larger values

of ε1.
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Table 7.2: Results of adding all VIs in the context of four-phase method to the model IP -ε1
for GEO-10D instances

B&B
Four-Phase MethodMethod

ID εmax1 ε1

Total IP -ε1 Total
time 1 # of # of # of time time 2
(sec) MC-VIs BCC-VIs BCP-VIs (sec) (sec)

G10.3 19

5 2.7

4,259

199 172 3.4 14.5
9 70.2 104 226 12.2 20.3
13 223.7 68 241 18.4 27.2
17 2,253.2 94 460 449.3 470.1

G10.4 23

6 67.5

4,331

104 292 3.6 18.4
11 682.0 32 432 62.7 76.5
16 4,167.5 31 503 245.9 261.1
20 - 46 1,248 4,631.8 4,684.5

G10.10 6

1 2.0

4,505

0 0 1.0 9.3
3 5.2 90 323 3.0 13.2
4 37.8 53 274 5.6 14.5
5 59.7 37 345 49.5 66.3

G10.12 31

9 71.9

3,703

199 177 30.7 39.7
15 527.0 119 122 229.1 237.9
21 6,449.9 87 95 1,683.4 1,693.6
27 - - - - -

G10.16 9

2 1.0

3,684

1,090 83 6.1 7.7
4 11.4 99 52 5.0 9.3
6 47.3 25 28 14.7 18.2
8 739.6 23 9 76.6 81.9

G10.17 9

2 1.2

4,350

1,686 137 4.9 9.4
4 43.1 166 337 15.1 19.2
6 191.4 29 125 31.0 35.1
8 1,255.3 407 275 92.9 148.6
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Table 7.3: Results of adding all VIs in the context of four-phase method to the model IP -ε1
for RAN instances

B&B
Four-Phase MethodMethod

ID εmax1 ε1

Total IP -ε1 Total
time 1 # of # of # of time time 2
(sec) MC-VIs BCC-VIs BCP-VIs (sec) (sec)

R.2 18

5 0.4

1,602

24 2 0.5 1.1
9 1.1 70 8 1.1 1.8
12 4.9 42 6 7.6 8.4
16 75.8 171 56 288.9 292.7

R.3 20

6 0.9

2,082

77 15 0.6 1.6
10 5.4 98 25 4.9 6.0
14 601.0 47 31 352.5 353.8
18 292.1 156 158 226.5 235.8

R.4 11

3 0.7

1,601

48 2 0.5 0.9
5 1.5 14 2 1.0 1.4
7 8.2 2 0 8.0 8.5
9 321.1 0 0 359.4 359.8

R.7 38

11 0.6

2,306

0 0 1.4 2.3
19 0.7 2 1 1.6 3.0
26 1.0 3 1 1.8 3.2
34 2.2 4 4 3.6 5.1

R.8 45

13 2.1

5,720

6 6 3.4 8.5
22 6.4 20 24 6.2 9.9
31 263.7 23 43 36.2 41.3
40 1,194.7 124 222 862.0 878.7

R.9 14

4 1.3

5,639

0 0 1.4 2.3
7 4.6 1 0 5.3 6.6
9 11.9 1 0 13.2 14.9
12 5,726.4 0 0 5,213.8 5,214.6
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4. The impact of VIs in the context of the four-phase method is more significant for the

instances with larger execution times.

Consequently, we observe that the impact of our proposed VIs in the context of the four-

phase method for solving the model IP -ε1 is more significant for the GEO-10D instances than

for the RAN instances. We also observe that the number of added BCP-VIs and BCC-VIs to

the model in the context of the four-phase method for the RAN instances is significantly smaller

than the corresponding numbers for the GEO-10D instances.

7.7.2 Second Experiment

In the second experiment, we evaluate the impact of adding VIs to the model IP -εs. For each

selected instance (in Table 7.1), the maximum value of the parameter ε2 is the corresponding

value of m. For each instance, we construct four instances of the model IP -ε2 by fixing the value

of ε2 at each of the values b0.9mc, and b0.95mc, m−2, and m−1. We select the relatively large

values of ε2 since we observed that for smaller values of this parameter, the model becomes

relatively easy to solve, and both the B&B method and the four-phase method can solve the

model in a few seconds. We then solve the resulting instances of the model IP -ε2 twice, once

via B&B method (i.e., without adding VIs) and once with the four-phase method (i.e., with VIs

added to the model). In Tables 7.4 and 7.5, we report the results of adding VIs to the instances

of the model IP -ε2 constructed from GEO-10D and RAN instances, respectively.

We make the following observations from Table 7.4;

1. The B&B method failed to solve 4 instances and the four-phase method failed to solve 2

instances out of the 24 instances within our self-imposed time limit.

2. The execution time of the four-phase method is significantly smaller than that of the B&B

method. More specifically, for those instances that both methods terminated within our

time limit, the execution time of the four-phase method is 85.4% smaller than that of the

B&B method, on average.

3. For all instances, the execution time of both methods is considerably larger for larger

values of ε2.

4. The impact of VIs in the context of the four-phase method is more significant for the

instances with larger execution times.

We also make the following observations from Table 7.5;

1. Both the B&B method and the four-phase method were able to solve each of the 24

instances within the time limit of 2 hours.
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Table 7.4: Results of adding all VIs in the context of four-phase method to the model IP -ε2
for GEO-10D instances

B&B
Four-Phase Method

Method

ID ε2

Total IP -ε2 Total
time 1 # of # of # of time time 2
(sec) MC-VIs BCC-VIs BCP-VIs (sec) (sec)

G10.3

90 84.3

4,259

99 245 12.9 22.1
95 312.6 67 214 28.8 37.7
98 278.9 82 214 39.6 48.9
99 683.7 78 225 38.3 47.1

G10.4

90 987.8

4,331

38 458 147.9 161.7
95 6,472.7 33 443 308.0 321.3
98 - 33 470 1,586.3 1,599.8
99 - 25 459 686.2 699.5

G10.10

90 4.5

4,505

116 356 2.3 12.7
95 7.7 103 310 3.7 15.7
98 11.5 69 282 3.2 13.6
99 62.6 42 248 7.3 17.5

G10.12

270 734.8

3,703

113 122 170.4 179.4
285 5,714.9 94 118 1,276.6 1,288.0
298 - - - - -
299 - - - - -

G10.16

270 9.2

3,684

571 165 2.9 6.0
285 6.4 130 51 7.2 10.4
298 41.1 21 23 17.1 19.5
299 25.1 27 31 10.3 13.1

G10.17

270 33.4

4,350

749 484 14.8 20.9
285 89.0 183 365 22.4 26.8
298 194.5 33 140 28.2 33.1
299 328.7 36 121 43.1 47.4
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Table 7.5: Results of adding all VIs in the context of four-phase method to the model IP -ε2
for RAN instances

B&B
Four-Phase MethodMethod

ID ε2

Total IP -ε2 Total
time 1 # of # of # of time time 2
(sec) MC-VIs BCC-VIs BCP-VIs (sec) (sec)

R.2

90 10.7

1,602

62 11 9.6 10.4
95 8.8 43 6 22.5 23.6
98 36.6 41 4 28.0 29.1
99 48.5 35 5 43.5 44.3

R.3

90 34.9

2,082

71 24 17.8 18.9
95 41.6 70 28 45.0 46.2
98 142.0 59 16 104.3 105.2
99 321.5 45 16 98.1 99.4

R.4

90 4.0

1,601

3 0 5.7 6.2
95 26.4 2 0 27.7 28.2
98 68.3 2 0 48.6 49.1
99 92.1 0 0 74.0 74.3

R.7

90 0.7

2,306

4 4 2.5 5.2
95 2.5 4 4 3.7 5.8
98 3.5 5 2 3.9 5.4
99 4.1 2 1 3.0 4.4

R.8

90 126.4

5,720

28 42 45.9 49.3
95 881.4 32 52 178.3 184.9
98 1,009.6 31 55 171.9 177.5
99 2,334.3 33 68 192.6 197.2

R.9

90 39.0

5,639

0 0 20.6 21.5
95 67.1 0 0 97.3 98.3
98 182.4 0 0 191.5 192.2
99 212.3 0 0 98.0 98.8
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2. The execution time of the four-phase method is smaller than that of the B&B method,

on average. More specifically, 13 out of 24 instances were relatively easy to solve as both

methods could solve them in less than 50 seconds. For the remaining 11 instances, the

execution time of the B&B method is smaller than that of the four-phase method for 2

instances (R.2 with ε2 = 95 and with ε2 = 98), and it is larger than that of the four-phase

method for the other 9 instances. Overall, we observe that the total execution time of

the four-phase method for all the instances in this table is 72.3% smaller than that of the

B&B method.

3. For all instances, the execution time of both methods tends to be larger for larger values

of ε2.

4. The impact of VIs in the context of the four-phase method is more significant for the

instances with larger execution times.

Consequently, we observe that the impact of our proposed VIs in the context of the four-

phase method for solving the model IP -ε2 is more significant for the GEO-10D instances than

for the RAN instances. We also observe that the number of added BCP-VIs and BCC-VIs to

the model in the context of the four-phase method for the RAN instances is significantly smaller

than the corresponding numbers for the GEO-10D instances.

7.8 Concluding Remarks

Our computational experiments show that adding BCP-VIs, BCC-VIs, CD-VIs, and MC-VIs in

the context of the four-phase method as described above can be quite effective in reducing the

computational effort required to solve the corresponding models IP -ε1 and IP -ε2. The impact of

adding these VIs across all instances is not the same. For some instances adding these VIs in the

context of the four-phase method has little or no impact on reducing the overall computational

requirements of the branch and bound method, while for other instances their impact could be

quite significant.
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Chapter 8

Inexact Methods for Solving the

Model IP -ε1

As stated earlier in Chapter 6, at each iteration of the Algorithms 1 and 2, we need to construct

and solve an instance of the integer programming models IP -ε1 and IP -ε2, respectively. We

can solve these models via the four-phase method we discussed in the previous chapter. As

reported, this method is not computationally viable when solving the models IP -ε1 and IP -ε2

with large values of ε1 and ε2, respectively. For such instances, one option would be to employ

heuristic methods that require less computational resources, albeit the resulting solution might

not be optimal. In this chapter, we propose one such heuristic procedure for solving the model

IP -ε1. We developed two heuristic methods in this context. One method is based on a local

search procedure that we describe in Section 8.1. The other method is based on a Lagrangian

relaxation of the model IP -ε1. This method is not effective for our collections of instances. We

briefly mention this method in Section 8.2, and describe the details in Appendix E.

8.1 A Local Search Heuristic

In order to overcome the computational burden of solving hard instances of the model IP -ε1,

we propose a heuristic algorithm that is much faster than the branch-and-bound method and

the four-phase method, although the resulting solution might not be optimal. The pseudocode

for this heuristic algorithm is shown in Figure 8.1. We briefly explain this algorithm here;

Solution Representation: We denote each solution by a vector (Tx, Ty), where Tx is a

conflict-free collection of nodes (Tx ⊆ N), and Ty is the collection of elements that are covered

by the nodes in the collection Tx. Similarly, we denote (T bestx , T besty ) to the best solution obtained

by the algorithm.

Initialization: We begin this algorithm (see line 1 of the pseudocode) with the initial
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solution of (Tx, Ty)=(∅,∅) which is always a feasible solution to any instances of the problem.

Iterative Process: At each iteration we either add or remove a node to the set Tx. To

this end, we first identify the collection of nodes that can be added to Tx, i.e., the collection of

nodes that do not have conflict with any node in Tx (see line 4 of the pseudocode). We denote

this collection as CAND. We then make a decision to remove one node from Tx or add one new

node to Tx. This decision depends on the collection CAND and also the number of nodes in Tx.

If the collection CAND is empty or the number of nodes in Tx is equal to the value of ε1, we

consider removing one node from Tx. We have two policies for selecting the node to be removed

from Tx. One policy is to remove the node that is added to Tx earlier than all other nodes

in Tx. We use this policy to escape the local optima of the problem. Our other policy is to

remove the node that brings the minimum value to the solution, i.e., the node whose removal

from Tx results in a minimum decrease in the objective function value (|Ty|). If the number of

iterations without improvement in the best solution obtained (T bestx , T besty ) is equal to the value

of a pre-specified parameter Ωr, we use the first policy to choose and remove a node from Tx

(see lines 6-11 of the pseudocode). Otherwise, we use the second policy (see lines 13-17 of the

pseudocode). After removing the selected node from Tx, we update Ty accordingly.

On the other hand, if the collection CAND is not empty and the number of nodes in Tx

is less than the value of ε1, we consider adding a node in CAND to Tx (see lines 20-28 of the

pseudocode). To this end, among all nodes in CAND, we select the node that adds the maximum

value to the solution, that is the node which covers the maximum number of elements that are

not currently in Ty. We add the selected node to Tx, and we update Ty accordingly. We also

update the best solution (T bestx , T besty ) if the new Ty has larger number of elements than T besty .

In order to better prevent cycling, we maintain a tabu list in the algorithm. This tabu list

stores a list of nodes (that are selected to be added or removed at each iteration) and these

nodes reside in the tabu list for a specific number of iterations called the tabu tenure.

Termination: We terminate this procedure if both of the following conditions occur:

• The number of iterations is larger than a pre-specified parameter Ωiter.

• The collection CAND is empty.

8.1.1 Computational Experiments

In order to evaluate the effectiveness of the proposed heuristic procedure on an empirical basis,

we use the collection of instances that we constructed in the previous chapter, and for each

instance we solve the corresponding model IP -ε1 via the four-phase method (the exact method

that we proposed in the previous chapter) as well as our proposed local search heuristic proce-

dure. In this experiment, we turn on all heuristics and cut generation options of CPLEX, and
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1 Initialization: Set q = 0, (Tx, Ty) = (∅,∅), (T bestx , T besty ) = (∅,∅), and CAND = ∅.

2 Iterative steps:
3 while q ≤ Ωiter or CAND 6= ∅ do
4 Identify the collection CAND = {j : (j, k) /∈ F, k ∈ Tx};
5 if CAND = ∅ or |Tx| = ε1 then
6 if number of iterations without improvement in the objective value is Ωr then
7 Find the node e ∈ Tx which is added to the solution earlier than all other

nodes in Tx;
8 Remove node e from Tx, i.e., Tx ← Tx \ {e};
9 Update Ty, i.e., Ty =

⋃
j∈Tx

Mj ;

10 Update the tabu list;
11 Set q ← q + 1;

12 else
13 Find node d ∈ Tx where d = arg min

k∈Tx
|

⋃
j∈Tx\{k}

Mj |;

14 Remove node d from Tx, i.e., Tx ← Tx \ {d};
15 Update Ty, i.e., Ty =

⋃
j∈Tx

Mj ;

16 Update the tabu list;
17 Set q ← q + 1;

18 end

19 else
20 Find node f ∈ N \ Tx where f = arg max

j∈N\Tx
|

⋃
j∈Tx∪{k}

Mj |;

21 Add node f to Tx, i.e., Tx ← Tx ∪ {d};
22 Update Ty, i.e., Ty =

⋃
j∈Tx

Mj ;

23 if |Ty| > |T besty | then

24 Set T bestx ← Tx;

25 Set T besty ← Ty;

26 end
27 Update the tabu list;
28 Set q ← q + 1;

29 end

30 end

Figure 8.1: The pseudocode for local search heuristic procedure for solving the model IP -ε1
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we impose a time limit of 7200 seconds on all instances when solving the corresponding model

IP -ε1 via the four-phase method.

For the proposed heuristic procedure, we set Ωiter = 5000 and Ωr = 50. We also set the tabu

tenure to the value b ε12 c. We determined these values according to the results of a preliminary

experiment that we performed in this context.

We evaluate the effectiveness of the heuristic approach by comparing its execution time with

that of the exact method as well as by observing the corresponding value of the gap that it

obtains at termination. In Tables 8.1 and 8.2, we report the results of solving the models IP -ε1

via the heuristic and the four-phase method for GEO-10D and RAN instances, respectively.

In each table, in the third through last columns, we show the objective function value (z∗)

of the model IP -ε1, the execution time of the four-phase method, the objective value of the

best solution obtained by the heuristic method (zheu), the optimality gap which is defined as

(z∗−zheu)/z∗, and the execution time of the heuristic method. From Table 8.1, we observe that

the solutions obtained by the heuristic method are quite close to the optimal solutions obtained

by the exact method, while the execution time of the heuristic method is considerably smaller

than the execution time of the exact method. More specifically, for 23 out of 24 instances that

the exact method could solve in 2 hours, the average optimality gap of the solution obtained by

the heuristic method is 1.6%, while the total execution time of applying the heuristic method to

all these instances is 98.5% smaller than the total execution time of the exact method. We also

observe that for 8 out of 24 instances in this table, the solution obtained by the heuristic method

is the optimal solution of problem. The maximum optimality gap of the heuristic solution for

all the instances in this table is 5.4%.

Similarly from Table 8.2, we observe that the average optimality gap of the solution obtained

by the heuristic method is 0.7%, while the total execution time of applying the heuristic method

to all the instances in this table is 98.7% smaller than the total execution time of the exact

method. We also observe that for 16 out of 24 instances in this table, the solution obtained by

the heuristic method is the optimal solution of problem. The maximum optimality gap of the

heuristic solution for all the instances in this table is 3.8%.

8.2 A Lagrangian Heuristic

In addition to the local search heuristic we discussed so far, we developed a Lagrangian heuristic

procedure for solving the model IP -ε1. However, our preliminary experiments indicated that

the proposed procedure is not effective for solving the model IP -ε1 for instances in data sets

GEO-10D and RAN. Hence, we do not discuss the procedure here. For detailed information on

the proposed Lagrangian heuristic procedure, the reader is referred to Appendix E.
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Table 8.1: The computational results of solving the IP -ε1 via the exact and inexact methods
for GEO-10D instances

Four-Phase
Heuristic MethodMethod

ID ε1 z∗
Exec.

zheu
Exec.

time Optimality time
(sec) gap (sec)

G10.3

5 58 14.5 55 0.052 3.0
9 78 20.3 78 0.000 2.3
13 92 27.2 87 0.054 2.5
17 98 470.1 96 0.020 3.2

G10.4

6 61 18.4 61 0.000 1.9
11 80 76.5 77 0.038 1.8
16 92 261.1 87 0.054 2.5
20 97 4,684.5 95 0.021 3.4

G10.10

1 64 9.3 64 0.000 9.8
3 90 13.2 88 0.022 2.4
4 95 14.5 95 0.000 1.6
5 98 66.3 98 0.000 1.4

G10.12

9 214 39.7 209 0.023 7.0
15 256 237.9 249 0.027 7.3
21 280 1,693.6 275 0.018 10.0
27 - - 289 - 14.7

G10.16

2 244 7.7 244 0.000 15.5
4 280 9.3 276 0.014 6.1
6 293 18.2 292 0.003 4.7
8 299 81.9 299 0.000 4.6

G10.17

2 244 9.4 244 0.000 14.2
4 276 19.2 272 0.014 5.0
6 291 35.1 289 0.007 3.6
8 299 148.6 298 0.003 3.6
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Table 8.2: The computational results of solving the IP -ε1 via the exact and inexact methods
for RAN instances

Four-Phase
Heuristic MethodMethod

ID ε1 z∗
Exec.

zheu
Exec.

time Optimality time
(sec) gap (sec)

R.2

5 49 1.1 49 0.000 1.7
9 74 1.8 74 0.000 1.5
12 86 8.4 86 0.000 1.6
16 97 292.7 96 0.010 2.2

R.3

6 56 1.6 56 0.000 1.3
10 77 6.0 77 0.000 1.2
14 91 353.8 91 0.000 1.6
18 99 235.8 97 0.020 2.3

R.4

3 52 0.9 50 0.038 2.0
5 75 1.4 75 0.000 1.5
7 87 8.5 87 0.000 1.2
9 95 359.8 95 0.000 1.3

R.7

11 44 2.3 44 0.000 6.2
19 67 3.0 67 0.000 6.5
26 81 3.2 80 0.012 7.5
34 95 5.1 92 0.032 10.1

R.8

13 49 8.5 49 0.000 4.5
22 70 9.9 70 0.000 5.0
31 86 41.3 84 0.023 7.1
40 96 878.7 95 0.010 10.9

R.9

4 44 2.3 44 0.000 7.2
7 68 6.6 68 0.000 5.1
9 80 14.9 80 0.000 4.3
12 94 5,214.6 93 0.011 4.0
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Chapter 9

Conclusions and Future Research

In this dissertation, we study the set covering problem with conflict constraints in a single-

objective context as well as in a bi-criteria context, and propose several pre-processing proce-

dures and several families of valid inequalities for the corresponding IP models. Our specific

contributions are as follows:

1. We introduce appropriate pre-processing techniques to remove redundancies, remove un-

necessary variables, and tighten up the set of constraints.

2. We investigate and extend a family of valid inequalities that has been previously proposed

for this model (i.e., covering-packing valid inequalities) and demonstrate their effective-

ness. We show that when the constraint set of the model SCC-IP has a special structure,

these VIs can be facet-defining for the convex hull of the feasible solutions for the IP

model. We also demonstrate their effectiveness through a computational experiment.

3. We propose a new family of valid inequalities for the model SCC-IP that we refer to as

the covering-clique valid inequalities (CC-VIs). We show that for SCC-IP models with a

special structure, these VIs are also facet-defining, and we demonstrate their effectiveness

through a computational experiment.

4. We propose an algorithm to find a subset of the maximal cliques of the conflict graph G so

as to include every conflicting pair, and we present a method to add these maximal clique

constraints to the model SCC-IP . We also propose column-domination valid inequalities

and conflicting-set valid inequalities, and we show that by adding these VIs to the model

SCC-IP , we can enhance the effectiveness of the maximal clique constraints.

5. We introduce the bi-criteria set-covering problem with conflict constraints, and propose

an integer programming model to formulate this problem. We then introduce two strate-
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gies for solving this problem, and present the effectiveness of these strategies through a

numerical experiment.

6. We propose appropriate valid inequalities for the IP models discussed for the bi-criteria

problem, and using these valid inequalities we propose a branch-and-cut algorithm for

solving this problem. We demonstrate the effectiveness of the proposed branch-and-cut

algorithm through a computational experiment.

7. We develop a local search heuristic approach to solve relatively large instances of the

bi-criteria set-covering problem with conflict constraints, and demonstrate the efficiency

of this algorithm through a numerical experiment.

9.1 Future research

We envision two immediate directions to extend the approaches outlined in this dissertation,

as follows.

• In Chapter 4, we proposed Covering-Clique Valid Inequalities (CC-VIs) for the model

SCC-IP , and in Chapter 5, we discussed a cutting plane method for identifying and

adding violated CC-VIs to the model. However, our cutting plane method requires identi-

fying all CC-VIs for a given instance, which takes a relatively long time and an excessively

large amount of memory for a medium size instance. As a result, we were able to con-

sider only those CC-VIs that are associated with cliques of size 2. One avenue for further

research would be to devise an efficient separation algorithm that enables us to identify

most violated CC-VIs without searching through all CC-VIs for a given instance of the

problem.

• As we mentioned in Chapter 1, one application of the problem SCC could be in multi-

period staff-scheduling problem. In this application, an instance of relatively medium size

may have 200 tasks, 200 workers, 90 time periods (if we consider 8-hour periods in a

month), which forms an instance of the problem SCC with m = 200 and n = 200× 90 =

18000. In Chapter 5, we observed that the B&B method and our proposed six-phase

method take about two hours to solve some randomly generated instances with m = 100

and n = 1000. One can only expect that using the proposed six-phase method would

require excessive time and memory for solving a large instance such as the above example.

Consequently, the further step in this direction would be to devise a heuristic algorithm

to solve larger instances of the problem within a reasonable execution time.
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Appendix A

Clarifying The Maximal Clique

Finder Algorithm

To illustrate how the Maximal Clique Finder algorithm (MCF) works, we here give a simple

numeric example in the context of a specific instance the SCC.

Example 12. Consider the conflict graphG shown in Figure A.1a. Now, we employ our iterative

algorithm to find maximal cliques of the conflict graph G, as follows.

v1

v2

v3

v4

(a) Original graph G

v1

v2

v3

v4

(b) Graph G after iteration 1

v1

v2

v3

v4

(c) Graph G after iteration 2

Figure A.1: The conflict graph G of Example 12

Initialization Step: Q = ∅.

Iterative Step: Iteration 1;

• We define the set q1 as q1 = ∅.

112



• We then search for the node with maximum updated degree. Here, nodes v2 and v3 with

d′(v2) = d′(v3) = 3 are both the nodes with maximum updated degree. Since there is a

tie, we choose the vertex with smaller index, v2. So the node v2 is selected to be in the

current clique, i.e., q1 = {v2}.

• We find the set of the neighbors of each node in q1. The node v2 is the only element of

q1, and the set of neighbors of v2 is N(v2) = {v1, v3, v4}.

• We search for the node with maximum updated degree among neighbors of v2. The node

v3 has the maximum updated degree in the set N(v2) with d′(v3) = 3. Thus, v3 is selected

to be in the current clique, i.e., q1 = {v2, v3}.

• We search for the set of nodes that are neighbors with both v2 and v3, i.e., N(v2)∩N(v3) =

{v1, v3, v4} ∩ {v1, v2, v4} = {v1, v4}.

• We search for the node with maximum updated degree in the set N(v2) ∩N(v3). Nodes

v1 and v4 have the same updated degrees, d′(v1) = d′(v4) = 2. So, we choose the vertex

with smaller index, v1, to be in the current clique, i.e., q1 = {v2, v3, v1}.

• We search for the set of nodes that are neighbors with v2, v3, and v1, i.e., N(v2)∩N(v3)∩
N(v1) = ∅. Hence, no other node can be added to the current clique, and we go to the

step 2.1 of the algorithm.

• Q = {q1}, E′ = {(v1, v2), (v1, v3), (v2, v3)}, and the graph is updated as shown in Figure

A.1b, in which all edge that are in E′ are shown by dashed lines, and all other edges

are shown by solid lines. Now the updated degree for each node is d′(v1) = 0, d′(v2) =

d′(v3) = 1, d′(v4) = 2.

Iterative Step: Iteration 2;

• We define the second clique as q2 = ∅.

• We then search for the node with maximum updated degree. Hence, we select node v4 to

be in the current clique, i.e., q(2) = {v4}.

• We find the set of the neighbors of each node in q(2). The node v4 is the only element of

q2, and the set of neighbors of v4 is N(v4) = {v2, v3}.

• We search for the node with maximum updated degree among neighbors of v4, i.e.,

N(v4) = {v2, v3}. Nodes v2 and v3 have the same updated degrees, d′(v2) = d′(v3) = 1. So,

we choose the vertex with smaller index, v2, to be in the current clique, i.e., q2 = {v4, v2}.
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• We search for the set of nodes that are neighbors with both v4 and v2, i.e., N(v4)∩N(v2) =

{v3}.

• The node v3 is selected to be in the current clique, i.e., q2 = {v4, v2, v3}.

• We search for the set of nodes that are neighbors with v4, v2, and v3, i.e., N(v4)∩N(v2)∩
N(v3) = ∅. Hence, no other node can be added to the current clique, and we go to the

step 5 of the algorithm.

• Q = {q1, q2}, E′ = {(v1, v2), (v1, v3), (v2, v3), (v2, v4), (v3, v4)}, and the graph is updated

as shown in Figure A.1c. Since E′ = E, we terminate the algorithm and return a collection

of two maximal cliques as Q = {q1, q2} where q1 = {v2, v3, v1} and q2 = {v4, v2, v3}.
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Appendix B

Impact of CP-VIs in Presence of

CPLEX Cuts

As mentioned in Section 5.1.1.3 of Chapter 5, in order to observe the impact of CP-VIs in the

presence of CPLEX cuts, we perform a computational experiment in which we solve the model

SCC-IP for a selected group of instances in GEO-10D, RAN, and OR-L data sets as described

in Chapter 3 as well as all instances in data set A that we constructed in Section 5.1.1.1. To this

end, we first impose pre-processing procedures (explained in Chapter 3) on each instance, and

then we solve the model SCC-IP for these instances, considering the following four different

scenarios:

• Scenario 1: We solve the model via B&B method (i.e., without adding CP-VIs) where

we turn off all pre-processing, heuristics and cut generation options of CPLEX.

• Scenario 2: We solve the model via B&B method (i.e., without adding CP-VIs) where

we turn on all cut generation options of CPLEX.

• Scenario 3: We solve the model with the two-phase-CPVI method (i.e., with CP-VIs

added to the model). We turn off all pre-processing, heuristics and cut generation options

of CPLEX.

• Scenario 4: We solve the model with the two-phase-CPVI method (i.e., with CP-VIs

added to the model). We turn on all cut generation options of CPLEX.

We solve each of the instances with each of the above mentioned scenarios and in Tables B.1

and B.2 we report the results of this experiment, including the execution times along with total

number of CPLEX cuts added to the B&B tree in Scenarios 2 and 4 as well as total number of

CP-VIs added to the model in Scenarios 3 and 4.

115



Table B.1: Results of adding CP-VIs to the model SCC-IP for GEO-10D, RAN, and OR-L instances in the presence of CPLEX
cuts

Scenario 1 Scenario 2 Scenario 3 Scenario 4

ID

Total # of Total IP Total # of IP Total
time CPLEX time # of time time # of CPLEX time time
(sec) cuts (sec) CP-VI (sec) (sec) CP-VI cuts (sec) (sec)

G10.4 2,230.0 157 3,087.3 977 2,178.7 2,184.8 977 85 1,780.1 1,786.2
G10.5 1.7 0 2.3 1 1.2 1.9 1 0 1.8 2.5
G10.6 5.6 3 5.5 39 7.4 8.6 39 0 10.0 11.2
G10.7 85.6 11 72.3 156 49.4 51.9 156 1 144.2 147.1
G10.8 714.6 43 1,369.8 510 196.4 199.8 510 6 1,656.8 1,660.3
G10.10 19.7 9 65.0 283 11.3 14.6 283 3 67.3 70.3
G10.13 31.6 1 36.6 3 31.8 37.8 3 1 37.0 41.2
G10.14 606.1 6 790.5 92 569.2 574.9 92 0 644.6 649.8
G10.15 - - - 430 - - 430 - - -

R.3 362.4 6 228.5 40 211.7 212.1 40 3 275.5 276.0
R.7 0.7 8 0.9 4 0.4 0.8 4 5 1.2 1.5
R.8 500.3 60 702.4 74 460.9 462.3 74 16 378.4 379.9
R.9 424.6 0 26.8 0 424.6 425.1 0 0 26.8 27.3

L.3 81.0 4 69.1 18 67.0 69.5 18 0 71.8 74.9
L.4 376.3 6 357.4 28 329.8 333.3 28 1 305.5 309.1
L.5 1,035.7 10 994.3 48 1,077.1 1,081.6 48 5 942.2 947.4
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Table B.2: Results of adding CP-VIs to the model SCC-IP for instances in data set A in the presence of CPLEX cuts

Scenario 1 Scenario 2 Scenario 3 Scenario 4

ID

Total # of Total IP Total # of IP Total
time CPLEX time # of time time # of CPLEX time time
(sec) cuts (sec) CP-VI (sec) (sec) CP-VI cuts (sec) (sec)

CP.1 86.4 157 10.0 102 2.2 11.6 102 28 2.4 11.6
CP.2 242.8 170 27.4 111 9.0 17.6 111 49 14.7 23.8
CP.3 660.5 143 62.8 116 13.2 23.0 116 62 22.7 31.7
CP.4 470.2 160 43.4 117 16.7 31.6 117 70 21.6 36.5
CP.5 1,226.8 189 121.5 127 56.1 71.1 127 72 85.8 100.7
CP.6 3,236.2 191 885.0 128 247.5 263.0 128 83 237.0 253.0

CP.7 66.8 85 12.9 94 7.5 13.0 94 12 7.5 13.3
CP.8 362.8 93 45.7 103 18.1 27.2 103 31 19.5 28.8
CP.9 1,416.8 127 139.8 109 34.7 41.4 109 44 47.1 54.0
CP.10 3,873.3 135 92.1 113 59.3 67.8 113 26 25.2 33.6
CP.11 - 103 2,721.9 109 606.2 615.4 109 32 546.0 555.0
CP.12 - - - 120 5,362.3 5,373.9 120 47 4,908.9 4,920.0

CP.13 75.2 64 45.3 83 35.0 42.4 83 14 33.8 41.0
CP.14 494.0 75 285.1 85 55.6 62.1 85 9 118.3 125.1
CP.15 649.0 56 149.4 82 151.9 158.6 82 27 165.1 171.9
CP.16 - 71 2,491.3 78 644.5 651.5 78 28 1,105.8 1,113.6
CP.17 - - - 81 2,460.8 2,468.6 81 29 3,138.3 3,145.8
CP.18 - - - 88 2,023.2 2,031.3 88 23 1,902.8 1,910.6
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Appendix C

Impact of CC-VIs in Presence of

CPLEX Cuts

As mentioned in Section 5.2.1.3 of Chapter 5, in order to observe the impact of CC-VIs in the

presence of CPLEX cuts, we perform a computational experiment in which we solve the model

SCC-IP for a selected group of instances in GEO-10D, RAN, and OR-L data sets as described

in Chapter 3 as well as all instances in data set B that we constructed in Section 5.2.1.1. To this

end, we first impose pre-processing procedures (explained in Chapter 3) on each instance, and

then we solve the model SCC-IP for these instances, considering the following four different

scenarios:

• Scenario 1: We solve the model via B&B method (i.e., without adding CC-VIs) where

we turn off all pre-processing, heuristics and cut generation options of CPLEX.

• Scenario 2: We solve the model via B&B method (i.e., without adding CC-VIs) where

we turn on all cut generation options of CPLEX.

• Scenario 3: We solve the model with the two-phase-CCVI method (i.e., with CC-VIs

added to the model). We turn off all pre-processing, heuristics and cut generation options

of CPLEX.

• Scenario 4: We solve the model with the two-phase-CCVI method (i.e., with CC-VIs

added to the model). We turn on all cut generation options of CPLEX.

We solve each of the instances with each of the above mentioned scenarios and in Tables C.1

and C.2 we report the results of this experiment, including the execution times along with total

number of CPLEX cuts added to the B&B tree in Scenarios 2 and 4 as well as total number of

CC-VIs added to the model in Scenarios 3 and 4.
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Table C.1: Results of adding CC-VIs to the model SCC-IP for GEO-10D, RAN, and OR-L instances in the presence of CPLEX
cuts

Scenario 1 Scenario 2 Scenario 3 Scenario 4

ID

Total # of Total IP Total # of IP Total
time CPLEX time # of time time # of CPLEX time time
(sec) cuts (sec) CC-VI (sec) (sec) CC-VI cuts (sec) (sec)

G10.1 1.3 3 0.7 17 1.4 1.8 17 4 0.7 1.2
G10.2 17.7 19 40.3 123 11.7 13.2 123 14 19.0 20.5
G10.3 277.4 75 448.5 199 201.9 205.8 199 68 496.3 500.3
G10.4 2,230.0 157 3,087.3 228 1,897.9 1,902.8 228 153 2,866.1 2,871.2
G10.6 5.6 3 5.5 55 11.7 13.2 55 1 11.9 13.4
G10.9 3.8 4 2.0 37 4.8 8.3 37 0 1.6 4.9
G10.14 606.1 6 790.5 107 421.3 445.3 107 5 109.4 131.8
G10.16 81.5 0 80.2 17 49.3 52.8 17 1 84.8 88.0
G10.17 205.7 3 149.5 37 159.9 169.9 37 3 170.4 180.4

R.1 2.3 1 3.1 12 2.5 2.6 12 3 3.8 3.9
R.2 32.5 3 22.7 45 23.7 23.8 45 2 18.0 18.2
R.3 362.4 6 228.5 70 233.9 234.6 70 2 279.0 279.8
R.10 3,449.8 0 3,219.3 3 3,431.6 3,432.1 3 0 3,363.3 3,363.9

L.1 147.3 10 207.8 27 181.0 181.8 27 12 227.3 228.1
L.2 16.0 2 13.2 21 12.8 13.4 21 2 14.4 15.0
L.4 376.3 6 357.4 51 304.9 306.3 51 4 358.2 359.6
L.5 1,035.7 10 994.3 59 1,078.9 1,080.6 59 4 1,050.6 1,052.3
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Table C.2: Results of adding CC-VIs to the model SCC-IP for instances in data set B in the presence of CPLEX cuts

Scenario 1 Scenario 2 Scenario 3 Scenario 4

ID

Total # of Total IP Total # of IP Total
time CPLEX time # of time time # of CPLEX time time
(sec) cuts (sec) CC-VI (sec) (sec) CC-VI cuts (sec) (sec)

CC.1 4,764.7 174 1.0 39 8.7 9.0 39 117 0.9 1.2
CC.2 - 170 1.0 40 21.4 21.7 40 131 0.8 1.0
CC.3 - 181 1.5 45 124.0 124.2 45 131 1.0 1.3
CC.4 - 246 2.5 36 355.0 355.4 36 167 2.5 2.9
CC.5 - 246 3.7 53 975.4 975.9 53 220 3.0 3.5
CC.6 - 206 8.4 - - - 57 181 5.9 6.4

CC.7 12.5 99 1.2 38 1.2 1.5 38 115 1.1 1.5
CC.8 229.5 161 11.5 50 9.2 9.5 50 108 8.5 8.7
CC.9 585.0 168 11.2 60 23.6 24.1 60 122 8.8 9.3
CC.10 3,108.6 213 21.5 72 402.3 403.2 72 182 16.6 17.5
CC.11 3,270.9 243 89.5 93 1,471.0 1,472.3 93 241 47.7 48.9
CC.12 - 237 94.2 89 6,736.2 6,737.3 89 277 97.8 98.9
CC.13 - 285 120.4 - - - 89 226 127.8 128.9

CC.14 47.9 99 8.6 66 12.2 12.9 66 117 10.2 10.9
CC.15 169.2 116 18.9 63 25.7 26.2 63 131 21.8 22.3
CC.16 329.4 129 57.9 55 78.5 79.3 55 108 32.7 33.5
CC.17 756.5 162 34.0 60 124.5 125.1 60 119 24.8 25.4
CC.18 - 159 878.7 79 3,260.0 3,261.1 79 146 819.0 820.2
CC.19 - 174 1,037.7 63 6,103.4 6,104.0 63 152 1,013.4 1,013.9
CC.20 - 162 2,718.1 - - - 70 194 514.5 515.5

120



Appendix D

Data for Instance Explained in

Section 6.1.2

In Table D.1, we present the data for the set covering matrix A. Since such a large matrix cannot

be fit into the page, we present only the indexes of the columns that cover each row. Similarly

in Table D.2, we present the conflict collection F by providing the indexes of all columns that

are in conflict with each column.
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Table D.1: Set covering matrix data for instance explained in Section 6.1.2

Row Indexes of columns Row Indexes of columns
index covering this row index covering this row

1 11, 34, 62, 88, 94 26 21, 22, 38, 59, 61, 87
2 25, 26, 49, 83 27 10, 18, 51, 84, 91
3 14, 40, 61, 65, 76, 95 28 7
4 28, 42, 52, 53 29 7, 12, 13, 14, 16, 19, 27, 76, 98
5 13, 53 30 42, 44, 62, 85, 94
6 24, 46, 57, 70, 85, 86, 100 31 9, 13, 26, 49, 67, 96
7 21, 49, 55, 86 32 2, 43, 52, 61
8 77, 96 33 23, 39, 42, 52, 55, 56, 59, 60, 88, 94
9 5, 20, 22, 25 34 6, 31, 35, 50, 53, 55, 68, 91
10 49, 64, 82, 88, 91, 94, 100 35 18, 30, 33, 45, 51, 69, 76, 80, 85, 92, 94
11 3, 21, 23, 37, 47, 48, 55, 97 36 11, 42, 44, 59, 73
12 5, 17, 57, 99 37 10, 21, 32, 41, 42, 51, 70, 76
13 96 38 57
14 55, 83, 95, 97 39 27, 34, 47, 59, 67, 72, 75, 99
15 6, 24, 33, 37, 64, 76 40 38, 40, 71, 81, 94
16 57, 63, 69 41 6, 15, 33, 49, 71, 88, 99
17 2, 14, 25, 50, 62, 69, 77 42 1, 44, 45, 74
18 6, 38, 98 43 3, 18, 25, 48, 64, 73, 89
19 1, 14, 26, 27, 58, 83, 84, 98, 99 44 30, 45, 52, 96
20 12, 21, 45, 94 45 29, 42, 50, 53, 55, 74, 84
21 13, 18, 31, 35, 41 46 6, 8, 15, 33, 53, 71, 90
22 9, 22, 47, 66, 70, 83, 94 47 11, 33, 37, 38, 63, 64
23 16, 20, 26, 54, 78, 80 48 9, 75, 85
24 18, 43, 46, 47, 76 49 5, 10, 18, 50, 55, 91, 97
25 18, 22, 61, 91 50 4, 19, 28, 67
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Table D.2: Conflict relations data for instance explained in Section 6.1.2

Col. Indexes of columns Col. Indexes of columns
index in conflict with this column index in conflict with this column

1 12, 35, 63, 89, 95 26 12, 34, 45, 67, 71, 77
2 28, 29, 52, 86 27 32, 56, 58, 96
3 20, 46, 67, 71, 82 28 2, 5, 7, 18, 49, 52, 53, 82
4 5, 38, 52, 62, 63 29 2, 17, 21, 53, 57, 96
5 4, 28, 68 30 11, 56, 86, 87
6 45, 67, 78, 91 31 16, 24, 34, 55, 57, 83
7 13, 14, 28, 49, 77, 83 32 21, 27, 38, 46, 79
8 22 33 12, 16, 45, 52, 68
9 22, 41, 50, 65, 67, 70 34 18, 25, 26, 31
10 35 1, 24, 37, 42, 43, 44, 46, 49, 57
11 15, 30, 48, 54, 57, 60, 66, 69, 87, 89 36 22, 42, 64
12 1, 15, 25, 26, 33, 75, 83, 95 37 22, 35, 45, 47, 65, 88, 97
13 7, 48, 90 38 4, 32, 50, 54, 67, 90
14 7 39 47, 76, 82
15 11, 12, 16, 75 40 18, 19, 63, 72, 81
16 15, 19, 31, 33, 42, 60, 69, 73, 100 41 9, 24, 84, 100
17 29 42 16, 35, 36, 45, 55, 58, 59, 62, 63, 91, 97
18 28, 34, 40, 73, 85, 96 43 35, 52, 77, 81, 96, 99
19 16, 40, 52, 59, 67, 96 44 35, 45, 58, 81
20 3, 48 45 6, 21, 26, 33, 37, 42, 44, 53, 65, 68, 80, 86
21 29, 32, 45, 57, 58, 89 46 3, 32, 35, 50, 57, 61, 66, 73, 75, 92
22 8, 9, 36, 37, 51, 52, 65, 74, 98 47 25, 37, 39, 70, 72, 87
23 70, 89, 94 48 11, 13, 20, 49, 86, 97
24 31, 35, 41 49 7, 28, 35, 48, 57, 66, 67, 76, 95
25 12, 34, 47, 72, 91, 95 50 9, 38, 46, 51
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Table D.2: Continued

Col. Indexes of columns Col. Indexes of columns
index in conflict with this column index in conflict with this column

51 22, 50, 83 76 39, 49, 89, 90
52 2, 4, 19, 22, 28, 33, 43 77 7, 26, 43, 56
53 28, 29, 45, 58, 65, 78, 90, 98 78 6, 53, 55, 62, 90
54 11, 38, 57, 60, 84 79 32
55 31, 42, 78, 80 80 45, 55, 63
56 27, 30, 67, 77, 90 81 40, 43, 44, 72, 96
57 11, 21, 29, 31, 35, 46, 49, 54, 59, 68, 86 82 3, 28, 39, 58, 88
58 21, 27, 42, 44, 53, 60, 82, 99 83 7, 12, 31, 51, 75, 91, 96
59 19, 42, 57, 69, 71 84 41, 54, 88
60 11, 16, 54, 58, 74, 75 85 18
61 46, 65, 94 86 2, 30, 45, 48, 57, 74, 91, 96
62 4, 42, 71, 78 87 11, 30, 47, 75
63 1, 4, 40, 42, 64, 80, 89 88 37, 68, 75, 82, 84
64 36, 63, 69 89 1, 11, 21, 23, 63, 69, 71, 76, 96
65 9, 22, 37, 45, 53, 61, 75, 90, 97 90 13, 38, 53, 56, 65, 76, 78, 92, 99
66 11, 46, 49 91 6, 25, 42, 70, 73, 83, 86
67 3, 6, 9, 19, 26, 38, 49, 56, 74 92 46, 90, 97
68 5, 33, 45, 57, 75, 88, 96, 99 93 70, 99
69 11, 16, 59, 64, 70, 89, 99 94 23, 61
70 9, 23, 47, 69, 91, 93, 100 95 1, 12, 25, 49
71 3, 26, 59, 62, 89 96 18, 19, 27, 29, 43, 68, 81, 83, 86, 89
72 25, 40, 47, 81, 99 97 37, 42, 48, 65, 92
73 16, 18, 46, 91 98 22, 53
74 22, 60, 67, 86 99 43, 58, 68, 69, 72, 90, 93
75 12, 15, 46, 60, 65, 68, 83, 87, 88 100 16, 41, 70
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Appendix E

A Lagrangian Heuristic Procedure

for Solving the Model IP -ε1

Here, we discuss the details of a Lagrangian heuristic procedure we proposed for solving the

model IP -ε1. We refer to the proposed procedure as Lagrangian heuristic. Our proposed pro-

cedure has two major components:

1. Lagrangian relaxation: Obtaining an upper bound on the objective value of the model

IP -ε1 by Lagrangian relaxation procedure.

2. Heuristic procedure: Applying a heuristic procedure to obtain an improved feasible

solution and lower bound on the objective of the model IP -ε1.

We terminate this approach when the relative difference between the best upper bound and

the best lower bound is below a certain threshold. Following is a description of each component

of this heuristic approach.

1. Lagrangian Relaxation

We relax the first group of constraints from the model IP -ε1 and introduce a non-negative La-

grange multiplier λi associated with the ith constraint in this group and write the corresponding
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Lagrangian relaxation as follows.

L(λ) = maximize
m∑
i=1

yi +
m∑
i=1

λi
( n∑
j=1

aijxj − yi
)

(LR-IP -ε1)

subject to xj + xk ≤ 1 ∀j, k = 1, .., n : (j, k) ∈ F (E.1a)
n∑
j=1

xj ≤ ε1 (E.1b)

xj ∈ {0, 1} ∀j = 1, ..., n (E.1c)

yi ∈ {0, 1} ∀i = 1, ...,m (E.1d)

Rearranging the terms in the objective function, we obtain

L(λ) = maximize

n∑
j=1

( m∑
i=1

λiaij
)
xj +

m∑
i=1

(1− λi)yi

subject to xj + xk ≤ 1 ∀j, k = 1, .., n : (j, k) ∈ F
n∑
j=1

xj ≤ ε1

xj ∈ {0, 1} ∀j = 1, ..., n

yi ∈ {0, 1} ∀i = 1, ...,m

Since the first group of constraints from the model IP -ε1 is no longer present in the above

(relaxed) model, it follows that for each i we can determine the optimal value of yi for each

given value of λi, i.e., yi = 1 if λi < 1, and yi = 0 otherwise. It follows that we can substitute the

term containing yi in the objective function with a corresponding term containing λi.

L(λ) = maximize
n∑
j=1

( m∑
i=1

λiaij
)
xj + max(1− λi, 0)

subject to xj + xk ≤ 1 ∀j, k = 1, .., n : (j, k) ∈ F
n∑
j=1

xj ≤ ε1

xj ∈ {0, 1} ∀j = 1, ..., n

For any value of the coefficients λi, the corresponding value of L(λ) provides an upper bound

for the optimal value of the model IP -ε1. To obtain the lowest possible upper bound in this

context, we employ a subgradient search procedure, i.e., at each iteration this procedure, we

126



modify the value of λ and solve the model LR-IP -ε1 (see [53]). Note that the model LR-IP -ε1

is equivalent to the problem of finding an independent (pairwise non-adjacent) set of nodes with

size smaller than ε1 on a graph G = (V,E) where the set of vertices is V = {vj : j = 1, ..., n},
i.e., each vertex vj corresponds uniquely to the column j of matrix A (for all j = 1, ..., n), and

E corresponds to the set of edges of G so that for each two columns j and k (j, k = 1, ..., n),

(vj , vk) ∈ E when there is a conflict between columns j and k, i.e., (j, k) ∈ F . Hence, we can

use the maximal clique valid inequalities in the context of a two-phase method similar to the

two-phase-MCVI method (introduced in Chapter 5) to reduce the execution time of solving the

model LR-IP -ε1.

2. Heuristic Procedure

In order to construct a collection of potentially good feasible solutions for the model IP -ε1,

at the end of each iteration of the subgradient search, for each i ∈ M , we let yi = 1 if there

exists a column j with x∗j = 1 and aij = 1, where x∗ = [x∗1, x
∗
2, . . . , x

∗
n]T represents the optimal

values of the variables xj in the model LR-IP -ε1. Then, the corresponding value of the objective

function, i.e,
m∑
i=1

yi, is a lower bound for the optimal value of the model IP -ε1.

Results of a Preliminary Experiment

We performed a preliminary experiment in which we applied the proposed Lagrangian heuristic

method to the model IP -ε1 for the instances that we constructed in Chapter 7. In our ex-

periment, we ran the algorithm for a reasonably large number of iterations for all instances.

The results of our experiment indicated that the optimality gap of the solution obtained by

the proposed Lagrangian heuristic is large for most of the instances. As a result, we conclude

that the proposed method is not effective for solving the model IP -ε1 for instances in data sets

GEO-10D and RAN.
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