ABSTRACT

VISWANATHAN, GOPAL. The 1/k-Eulerian Polynomials. (Under the direction of Dr. Carla
D. Savage.)

The FEulerian polynomials that were discovered by Leonhard Euler have applications in
combinatorics. Apart from combinatorially counting a single statistic over permutations, these
polynomials satisfy multiple recurrences and are enumerated by an exponential generating func-
tion. Equally interesting are their coefficients called the Fulerian numbers. These numbers
satisfy several identities and have several applications, one of the most famous being the facto-

rial expansion of t”, for positive integers ¢ and n.

There have been numerous works in the past that have given various generalizations of
these polynomials. In this thesis we generalize these polynomials for each positive integer k,
using a new technique that uses geometry. This geometric approach depends on the theory
of lecture hall partitions and Ehrhart theory. We call our generalization the 1/k-Eulerian
polynomzials and show them to be combinatorially counting a single statistic over a generalization
of permutations. Several identities and recurrences are derived for both the polynomials and
their coefficients, all of which reduce to the properties of the Eulerian polynomials and the

Eulerian numbers when k = 1.
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Chapter 1
Introduction

The Eulerian polynomials were first introduced by Leonhard Euler in his book “Institutiones
calculi differentialis cum eius usu in analysi finitorum ac Doctrina serierum” (chap. VII), in
1755. According to [12], Euler introduced these polynomials en route to deriving a closed form
for the sums > _jr, k2P(—1)F and Y72 | k*FL(—1)F, for positive integers k, p and m. He defines

these polynomials A, (z) inductively as

Ap(z) = T'H <"> Ai(z)(x — 1)L (1.1)

with initial condition Ag(z) = 1.
The coefficients of these polynomials of degree n — 1 are called the Fulerian numbers.

The focus of this thesis is to generalize these polynomials and their coefficients for each
positive integer k. Our goal is to emulate their closed forms and all of their well known identities
using the theory of lecture hall partitions. We call these generalizations the 1/k-FEulerian

(k) (k)

polynomials, Ay’ (x) and 1/k-FEulerian numbers, a,; respectively. When k =1, 1 /k-Eulerian

polynomials reduce to the Eulerian polynomials. We now define our generalizations.

1.1 Definitions of the Eulerian polynomials and the 1/k-Eulerian

polynomials

We give the following three equivalent definitions of the Eulerian polynomials. Each definition

is accompanied by its generalization.



Definition 1

S+t = (ﬁx)nﬂ. (1.2)

t>0

(k)
Z<t1+1/k>(kt+1)nxt:‘w‘ (1.3)

_ +1/k
= t (1 —x)" /

Definition 2

ZAn(:c)%T = <m> (1.4)

n>0

n 1/k
YA S Gk ) I
;}A” (gj) n! <ekz(:r1) —z (15)

Definition 3

Apyi(z) =z(1 — CIT)%An(IE) + (1 +nx)A,(z) (1.6)

with initial condition Ag(z) = 1.

AW () = k(1 = )2 A @) + (1 + kn) AP () (17)

with initial condition A(()k) (x) = 1.

Equations (1.4), (1.6) and (1.1) can be elegantly derived from equation (1.2). According to

[10], Euler gave equation (1.4) in his memoir.
We will prove in later chapters that equations (1.3), (1.5) and (1.7) are equivalent.

Clearly, setting k£ = 1 in equations (1.3), (1.5) and (1.7) give equations (1.2), (1.4) and (1.6)

The name 1/k-Eulerian polynomials was coined because equation (1.5) is the kth root of a

k-generalization of (1.4).

We generalize equation (1.2) using previous work by Katie Bright and Carla Savage in [3]
and Michael Schuster and Carla Savage in [16] in order to develop our generalization. We
interpret the term (¢ + 1)" in (1.2) geometrically as the number of lattice points in a polytope

which we will see in later chapters. We then generalize this polytope to arrive at a new counting



term that generalizes (¢t + 1)". This term is the cornerstone of this thesis, since it helps us the

define our generalization.

1.2 Definitions of the Eulerian numbers and the 1/k-Eulerian

numbers

The Eulerian numbers can be defined in any of the following ways. Along with each definition

we give the corresponding generalization.

Definition 1
Qp,j = (n — j)an,1,j71 + (] + 1)6Ln,17]’ 7,m >0, (18)

with initial conditions a,0 = 1 and ag; = 1 iff j = 0.

a7(1k—i)-l,j = (kj + 1)(123- +Ek(n+1-— j)affg._l (1.9)
with initial conditions ag% =1forn >0 and agf])- =0 for j > n.
Definition 2
! n+1
_ j—t n
an,j —Z(—l)J <j_t>(t+1) . (1.10)
t=0
J
; 1/E\ [t—1+1
al) =3 (-1 (”j*_ / ) < N /k> (kt + 1) (1.11)
t=0

with initial conditions a, 0 =1 and ag; = 1 iff j = 0.

Definition 3

. 4 . o
A Zan,j< " > (Worpitzky's identity) (1.12)
j
t—14+1/k n ) (t+1/k+n—j—1
( . >(k;t+1) => ay) P (1.13)

J
Clearly, setting k£ = 1 in equations (1.9), (1.11), (1.13) give equations (1.8), (1.10), (1.12).

We will prove in later chapters that equations (1.9), (1.11) and (1.13) are equivalent.



We now state a combinatorial definition of the Eulerian polynomials. We will see in the

later chapters how we generalize this definition for the 1/k-Eulerian polynomials.

1.3 Combinatorial definition of the Eulerian polynomials

We need the following terminologies before we get to the combinatorial definition.

Let S,, denote the set of permutations of 7 : {1,2,...,n} — {1,2,...,n}. A descent of
a permutation © € S,, is a position i, (1 < ¢ < n — 1) such that 7(i) > (i + 1). For every
permutation 7w € S,,, we define DES(7) to be the set of descent positions in 7 and des(w) =
IDES () |

Example:

Let n = 3. Then S5 = {123,213, 231,132, 312, 321}.
We hayve,

DES(123) = {} and des(123) = 0,

DES(213) = {1} and des(213) =1,

DES(231) = {2} and des(231) = 1,

DES(132) = {2} and des(132) = 1,

DES(312) = {1} and des(312) =1,

DES(321) = {1,2} and des(321) = 2.

According to paper [10], Riordan showed that the Eulerian numbers have the following

combinatorial definition.
anj =#{mr €S, | des(m) = j}

Motivated by this definition, the Eulerian polynomials A, (z) are combinatorially defined

as,

An() = Y 2desm, (1.14)

7T€Sn

Clearly when n = 3 from the above discussion,

2
As(z) =2° + 4z +1 = Zamwi.
i=0



Hence we define the Eulerian numbers a,; as the number of permutations in S,, having
exactly ¢ descents. We will see in the later chapter how we generalize permutations to define

our generalization.

1.4 Why is this Generalization Different?

There have been a few generalizations of the Eulerian polynomials in the past. A few of these

are listed below.

1. In Carlitz and Hoggat’s [7], the authors define the following generalization using a positive

() S

>0

integer p.

where Gb (z) = S P Gh " is the generalization. The authors prove recurrences and
closed forms for both the generating function and its coeffiecients. They also provide a

combinatorial interpretation of the generalization using the extended Fulerian numbers.

2. In Carlitz and Scoville’s [6], the authors define a generalization A(r, s|a, 8) by the following

equation.
e xrys
> Alrsla, B) = (1+2F(2,y)*(1+ yF(a,y))’
(r+s)!
r,s=0
where «, # are unrestricted and
e’ —eY
F@y%:—?——?
rey — ye

A recurrence and a closed form is derived. Combinatorial applications of this generaliza-

tion is also discussed.

3. In Koutras’s [15], the author defines a generalization which he calls the py-associated

Eulerian numbers Ay, i by,

mit) =3 ans ()

where p,(t) for a whole number n is a polynomial in ¢ of degree n with py(t) = 1. When

n t+n—~k
t :ZAM( ; )
k

pn(t) = t" we have,



Clearly the above is a variation of the Worpitzky identity given in equation (1.12) and

this is how he defines the Eulerian numbers A,, ;. in his paper.

4. In Haglund and Visontai’s [13], the authors make use of the fact that the Eulerian poly-
nomials have real roots. They then define a multivariate generalization of the Eulerian
polynomials, such that the generalization has real roots, since it leads to several nice

properties of the coefficients of the polynomial.

In our paper we follow a completely different approach that uses the theory of lecture hall
partitions. In addition to using lecture hall theory, we interpret equation (1.2) geometrically to
come up with a new generalization. Also as given in our publication [17], our generalization has
a combinatorial interpretation in terms of the statistics “excedance” and “ number of cycles”
on permutations. The excedance statistic of a permutation 7 which is denoted by “exc(m)” is
equal to # {i| w(i) > i}. The number of cycles of a permutation 7 is denoted by #cyc(mw). We
have,

A(k)(.’l,‘) _ Z xexc(w)kn—#cyc(w)

n
TES

where As discussed in [17], it is a special case of a bivariate generalization of the Eulerian
polynomials F,,(x,y), with y = 1/k for a positive integer k. For an integer y, F,(z,y) is
a special case in the work of Carlitz’s [5]. For real y, Dillon and Roselle in [9] define the
reciprocal of F),(z,y) using its exponential generating function defined in [9]. The results that

we derive in section 4.1 are all special cases of the results derived in [5] and [9)].

1.5 Outline of the Thesis
The Thesis is organized as follows:
1. In chapter 2, we will review lecture hall theory and Ehrhart theory and connect them to
our generalizations.

2. In chapter 3, we derive a closed form for the 1/k-Eulerian polynomials.

3. In chapter 4, we extend well known identities for the Eulerian polynomials to the 1/k-

Eulerian polynomials.

4. In chapter 5, we propose some open questions that come out this thesis.



Chapter 2

Geometric definition of the
1/k-Eulerian polynomials through
Ehrhart theory

In this chapter, we first review lecture hall partition theory and Ehrhart theory, since they are
the main tools used to develop our generalization. We then define the 1/k-Eulerian polynomials

geometrically.

The main tool we use to prove various results about our generalizations, is the relationship
between the 1/k-Eulerian polynomials and the generalized lecture hall polytope. We will first

review lecture hall theory.

2.1 Review Of Lecture Hall Theory

A composition of an integer N > 0, into n nonnegative parts, is an n-tuple of positive integers
A= (A1, A2,...,An), such that N = Ay + A2 + ...+ A,. The only composition of 0 is A = ().
The paper by Bousquet-Mélou and Eriksson [1] introduced a family L,, of n-tuples of integers
called the set of lecture hall partitions such that,

Al A An
L, =91, A2,...,A <—<=<...<—=
NS EE T ERES

We refer here to [1,2,...,n] as the constraint sequence where the ith term (1 < i < n) corre-

sponds to the the denominator of \; in the constraint. The family derives its name due to the



following argument. Consider an auditorium with n rows, where the speaker and the listeners
are of negligible height and the n rows are located at distances 1,2, ..., n respectively, from the
speaker at heights A1, A\, ..., Ay, then the constraint,

0<

<2<...<

Al Ao An
12 n

guarantees that every listener seated on any row gets a clear view of the speaker. The paper [1]
also proves the lecture hall theorem which states that the number of lecture hall partitions of
length n is equal to the number of partitions into odd parts, where the odd parts belong to the
set {1,3,...,2n — 1}. The paper by Bousquet-Mélou and Eriksson [2] provides the generating
function for a more general version of the lecture hall partitions where the constraint sequence
under consideration was a special polynomic sequence called the (k, £)- sequence. The constraint
sequence for the lecture hall partitions is a special case of this sequence. In this thesis, we
attempt to generalize the generating function of the lecture hall partitions but with a different
constraint sequence of which, the constraint sequence for the lecture hall partitions is a special

case.

The paper by Corteel, Lee and Savage [8] provides closed form expressions for the family of
lecture hall partitions and a particularly interesting result being a closed form that enumerates
the family of lecture hall partitions with first part bounded. The following result was proved
in [8].

Theorem 1. For nonnegative integers j,i satisfying i < n, the number of lecture hall partitions

in Ly, with first part bounded as A\, < nj + 1 is given by

G+ +2) (2.1)

The thesis considers the problem of enumerating the family of nonnegative integer sequences
A = (A1, A2,...,\,) that are constrained by the ratio of consecutive parts with first part
bounded. That is we consider the set of n-tuple of integers A = (A1, Ag, ..., \,) such that

A1 A2
0< —=
-1

< <...<

M and A, <
k+1 S-Dk+1 ¢ m="

where n € {N} U{0},n > 0,k € N. The set of lecture hall partitions are nothing but a special
case of the above family with £ = 1. Thus this thesis generalizes Theorem 1. The paper [8]

gives a recurrence that enumerates any family of nonnegative integer sequences (A1, Az, ..., Ap)



that are constrained by the ratio of consecutive parts. Even though the recurrence equips us
with a tool to enumerate any family by programming a computational machine, the recurrence
in itself is not trivially solvable for any family. We refer to this recurrence in this thesis and
construct a simpler form of this recurrence for our family that turns out to be solvable. Before

we continue further, we need some background of Ehrhart theory.

2.2 Background Of Ehrhart Theory And The Generalized Lec-
ture Hall Polytope

In chapter 1, we gave equation (1.2). One of the main observations is that, the term (¢ + 1)"
is the number of lattice points in the n-dimensional cube of width ¢. Katie Bright and Carla
Savage showed in [3] that, the lattice points in the n-dimensional cube of width ¢, QY are in

bijection with the lattice points of the lecture hall polytope given by

L;:{(Al,...,Annog
Here
Qb ={(z1,...,2n) € Z%| 0<a; <t,1<i<n}.

We obtain a generalization of the Eulerian polynomials by generalizing the lecture hall polytope,

adopting the approach in [16].

We define the generalized lecture hall polytope P, ). as follows.

L —"" <1V CR™
-1 " k+1 “(n—-Dk+1 "~ }—

Let tP,, 1, represent the number of points in the t th dilation of P, ;, where t is a positive integer.

Its Ehrhart polynomial is given by
i(Prg,t) =] (P, NZ")|.

Thus

. )\1 )\nfl >\n
Popt)=|d) €ZM0< L <. < < <ty
i P ) |{ €z 0=+ (n—2)k+1~ (n— 1k +1 }’

We now define Gg’:’r). Let Gg’:’r) denote the number of n-tuple of integers (A1, A2,..., \n)



satisfying the constraint,

>

1 A2

0<Zl<

<...<

1S SR MM S - DE+ D+ (- Dd e (22)

|

where k € N,n,j € {N}U{0},de€{0,1,...,k—1},r€{0,1,...,n — 1}. Thus we have

i (Prrt) = GUp.

2.3 Combinatorial definition of the 1/k-Eulerian polynomials

We first need a few definitions for setting things up.

2.3.1 Terminology And Definitions

For a positive integer k, a k-inversion sequence of length n (> 0), is an n-tuple (e1, ea,...,e,),
such that 0 <e; < (i—1)k fori =1,2,...,n. When k = 1, it has been proved that there exists
a bijection between the set of inversion sequences and the set of permutations of the first n
positive integers. Richard A. Brualdi’s book [4] is a good reference for the proof of this. We use
the method of generalizing permutations of the first n positive integers by k- inversion sequences

of length n, borrowing the idea of generalizing permutations using s-inversion sequences in [16].
Let I, ,, be the set of all k-inversion sequences of length n.
For e € I, 1, an ascent of e is a position j (1 < j < n), such that,

€ < €1
G—Dk+1 " jk+1

We use the following two statistics adopted from [16].
Let Asc(e) be the set of all ascents in a k-inversion sequence e.
Let asc(e) denote |Asc(e)].

We now present a combinatorial definition of the 1/k-Eulerian polynomials that will be used

subsequently.

10



2.3.2 The Definition

The following result is proved in [16].

Z mdes(w) _ Z 2£85¢(e)

TES 6€Hn’1

Hence,

Ap(z) = ) 259, (2.3)

66Hn,1

This establishes the equivalance of equation (2.3) with equation (1.14).
The 1/k-Eulerian polynomials are defined by,

n—1
AW () = Z 235¢(e) = Zagfj)-wj. (2.4)
§=0

eeﬂn,k

We now see how the k-inversion sequences generalize the Eulerian Polynomials.

In the next section we see how to use the combinatorial definition of the 1/k-Eulerian

polynomials, to give them a geometric flavor through Ehrhart theory.

2.4 Ehrhart Series of The Generalized Lecture Hall Polytope

The following theorem is a special case of a theorem from [16]. For completeness we have

adapted the proof in [16] for our special case.

Theorem 2. For a fixed positive integer k, and for nonnegative integer n,

| Sis a e
ZZ(PnJ{;,t).ft = (1_0% (25)

>0

Proof. The proof uses the notion of barred inversion sequences, adapted from the method of
barred permutations from [11]. A barred k—inversion sequence is a sequence e € I, j, in which
one or more vertical bars are inserted before and/or after elements e;, with the stipulation that

if ¢ is an ascent of e, then there is at least 1 bar at position 4, the space immediately preceeding

€i+1-

11



We show that both sides of (2.5) count barred k-inversion sequences of length n. First, fix
the inversion sequence, e, and sum over all e € I, ;.. Second, fix the number of bars, ¢, and sum
over t > 0.

The first way is easy: a barred k-inversion sequence e € I, , must have at least one bar
following each ascent position, but additional bars may be distributed among all of the n 4+ 1

" of e. The number of ways to place j identical bars into n + 1 spaces is the coefficient

spaces ’
of 27 in 1/ (1 — )™t so, the right-hand side of (2.5) counts the number of barred k-inversion

sequences in I, .

To count barred k-inversion sequences with ¢ bars, we describe a bijection between them
and X\ € (1P, 1 NZ") counted by (P, ;,t). As discussed previously,

i(Pog t) = GO0

Let e be a barred k-inversion sequence with ¢ bars. For 1 < i < n, let b; be the total number

of bars preceding e; in any position. Then by < by < ... < b,. Define A = (\q,...,\,) by
N = ((’L — 1)/6‘ + 1)bl — €.

We show that A € (tP,,; NZ"). First note that A\; > 0, since ¢; < (i — 1)k + 1 and if b; = 0,

then no position j < 4 is an ascent, so e; = ... = ¢; = 0. Since e is a k-inversion sequence,
€j

(I—Dk+1

b; < bi+1 and

< 1 for all j. Now, if i € Asc(e), there is at least 1 bar between e; and e;1, so

Ai i
b‘—67<bz‘ﬁbz‘+1—1§bi+1—

_ €itl  Ait1
(i—-Dk+1 " (G—-Dk+17~

ik+1 ik+1

On the other hand, if i ¢ Asc(e), then

€q €i+1
(z’—l)k:—i—l ~ k41’

SO
Ai € €it1  Ait1

(i— 1)k +1 (—Dk+1- "7 ik+1 ik+1

To complete the proof we have,

An

€n
B N
(n—1k+1 (n—Dk+1 "~

12



To prove that this is a bijection, we define the inverse. If X € (tP,, , NZ"), let

e (] o [ ]) =

Then b, <t. Let e = (eq,...,e,), where

Then e € I, , and we “bar” it by placing by bars before ey, b; —b;—1 bars before ¢; for 2 <1i <n,
and t — b, bars after e,. Since A € (tP,; NZ"), 1 < i < n and there is no bar after e;, then
b; = b;4+1 and therefore

L:b~—$>b’—£: . _)‘”1 _ G+l
(—Dk+1 ' (G—-Dk+1~" dik+1 ™" ik+1 ik+1
Thus i ¢ Asc(e).
This completes the proof of Theorem 2. ]

Corollary 1. The Ehrhart series of the generalized lecture hall polytope is

tho aff?wt o Aq(zk)(%)
(1—x)r+l (1 —z)ntl”

Hence we have,
AP (@) = (1 =)D iR g, )2

>0

In the next chapter, we evaluate i(P, x,t). And using this, we prove various identities for

AP ().

13



Chapter 3

Computation Of The Ehrhart
Polynomial Of The Generalized
Lecture Hall Polytope

We find a closed form for GY ’,j’r) defined in section 2.2 in chapter 2 in order to evaluate GS}S’O).

n1
Our approach is to devise a recurrence for GS ’:’T) and solve it. This computation is the principle
one in this thesis, since it directly leads us to the closed form of the 1/k-Eulerian polynomials.

However we would first need the following lemma which we will prove.

3.1 Lemma

Lemma 1. Ifr >0 and 0 < d < k — 1 then

{(n—Q)k—kl

(n_l)kﬂ((n—l)d—i-r)J =n—-2)d+r—1.

Proof. It suffices to prove that

(n—2)k+1
n—1k+1

(n—2)k+1

((n—l)d—i—r)—l<(n—2)d+r—1§m

(n—=1)d+r)

14



For the first inequality,
(n=1k+1)((n=2)d+r)—(n—=2)k+1)((n—1)d+r)=kr—d>0.

The last line follows because r >0 and 0 < d < k — 1.

For the second inequality,
(n=2)k+1)((n—1)d+r)—(n—1k+1)((n—2)d+r—1)=k(n—1—r)+d+1>0.

The last line follows since 0 < r <n —1and 0 < d < k — 1. This completes the proof of the

lemma. O

3.2 The Recurrence

Theorem 3. For integersn > 0, k > 1, 7 > 0 and nonnegative integers d,r satisfyingd =1 =0
if n =20 and otherwise r <n—1and (n—1)d+r < (n—1)k+1,

1 ifn=0o0rj=d=r=0, else
L) _ Gg;’km + Gj’_ol’(’),z ifd=r=0, else
mk Gg}f_l’n_l) if r =0, else
Gg’g’r—l) + Gg’_dl’fl;l) otherwise.

Proof. Let Sﬁlj}cd’r) denote the set counted by Gg’g’r) and let A € Sr(lj}gd’T). When n = 0, or
when j = d = r = 0, only the empty sequence satisfies the constraints. Otherwise, n > 0, with

j+d+r>0.

If d=r=0,then j >0 and A, < j((n— 1)k +1). We have two disjoint cases here. Either
A =J((n—=1)k+1)
or
A <jn—1k+1)-1=(G-1)((n—-1)k+1)+(n—1k+0.

Clearly in the latter case (A1,...,\,) € nglzl,k,O)
S(j’dﬂ")

n,k

. In the former case we have by definition of

(n=2)k+1)j((n—1)k+1)
(n—1)k+1)

)\nfl S

15



This implies that
o1 < j((n —2)k+1).

Hence (A1, ..., An) € SUPYHfF (Mg, ... Auet) € S99

n—1

Otherwise, if » = 0, but d > 0, then A, < j((n — 1)k + 1) + (n — 1)d implying that
A <jl(n=1Dk+1)+(n—-1)(d—-1)+n—-1.

Therefore (A1,...,\,) € Sfl{kd’o) iff (A1,..., ) € Sg}cd—l,n—l) ‘

Otherwise, » > 0 and n > 0. Again this case gives rise to two disjoint cases. Either

A=j((n=—1Dk+1)+(n—-1)d+r

or
M<G-D((n=-1k+1)+(n—1)d+r—1

Clearly in the latter case (A1,...,\,) € Sflj}gd’r_l). In the former case we have by definition of

S(],kd’r)

(n=2k+1)J((n—1Dk+1)+(n—1)d+r)

An-1 S (n—1Dk+1) ‘

This implies that

An—1 < j((n—2)k +1) + W” —2)k+1)((n — 1)d+r)J |

(n—1)k+1)

We use Lemma 1 and the fact that n > 2 and r > 0 to conclude that
A1 <j((n—=2)k+1)+(n—-2)d+r—1and (n—2)d+r—1>0.

Therefore (A1,...,A\n) € S(j}gd’r) iff (A1,..., 1) € SU I’Tk_l). This completes the proof of

n, n—

Theorem 3. 0

3.3 Vandermonde's Convolution

We state the following formula known as Vandermonde’s convolution that will be used in derving

the closed form. The formula and its proof can be found in [12].

16



For m,n € Z and r,s € R,
Z r S [ Tr+s
- m+k)\n—k) \m+n

3.4 Closed Form For G ‘7 dr)

We now proceed to derive a closed form for G(] i)

3.4.1 Proof Of The Closed Form

Theorem 4. For integersn > 0,k > 1,7 > 0 and nonnegative integers d,r satisfyingd =1 =0
if n =20 and otherwise r <n—1and (n—1)d+r < (n—1)k+1,

(Gdr) _ 'j 7_1 n—1—r
Gl = ( 1)Jp§(j_p><p>(kp+1)(kp+d+1) (kp +d+2)". (3.1)

Proof. Let f UAr) Jenote the expression on the right-hand side of (3.1). We prove that f Uidyr)

satisfies the same recurrence as Theorem 3.

When n = 0, d = r = 0, by using Vandermonde’s convolution it is easy to verify that

é?,’co’o)zl . When j =d=1r =0, clearly f(ooo) 1. Otherwise, n > 0 with j +d+r > 0.

17



Ifd=7r=0, then j >0 and

(5-1,k,0) (4,0,0)
fn,k + fn—l,k

-1

_ (—1)j—1 (% 1p)< )kw V(kp 4 k4 1)1

% p>(p1> (kp+1)(kp+1)""

Z MG

! (‘”J(iy e Z( )(E)(@H)”‘l
> (i

(52, (3 e vise

kp(kp + 1)"

—
. ?r‘\»a
’B

. Jo/L =1
fé{f*v”*l) = (1Y) (’? 1> ( ; >(kp + ) (kp+d—1+1)"" 0" D(kp g —1 4 2)" !

= (F (Bt vt

18



Otherwise, 7 > 0 and n > 0, and

f(j}cd,r—l) + f(j,d,r—l)

J 1 -1
: 1 _ 1\ /=L
= (—1) K ><k> kp+1)(kp + d 4+ 1) D=0"D(kp 4 g 4 2)—D
( >pgo<j_p =)+ 1 ) ( )
(1 (F (n—1)=1—(r—1) (r-1)
+ (=1) ( >< >/<:p+1 kp+d+ 1)\ V"V (kp+d+2)"T
( )pzo i)\ ( )( ) ( )
REANYS S Nt
= (1Y) <’<f > ( k >(kp+ D(kp+d+ 1) kp+d+2)"Vkp+d+1+1]
o \i—p/\p
This completes the proof of Theorem 4. O

Corollary 2. For integers n > 0,k > 1,t > 0,

ot = oy (1) (B (3.2

As dicussed in the previous chapters, GS ’,S 9 is the Ehrhart polynomial of the generalized

lecture hall polytope P, ; defined in section 2.2 in chapter 2 and the above corollary gives a

closed form for it.

The following chapter uses this Ehrhart polynomial to prove various identities for the 1/k-

Eulerian polynomials.
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Chapter 4

Identities for our Generalization

4.1 Emulation of Identities of the Eulerian Polynomials

In chapter 1, we have discussed a closed form for the Eulerian polynomials, their inductive
definition, their exponential generating function and a differential recurrence for them. We also
defined the corresponding generalizations in chapter 1. We prove all of these generalizations
in this chapter. We also generalize a differential operator characterization of the Eulerian

polynomials that we did not discuss in chapter 1.

4.1.1 Closed form for our Generalization

Theorem 5. For a fixed positive integer k, and for a nonnegative integer n,

p>0

Proof.

As discussed in earlier chapters,

AB@) = (1= 2™ Y il et = 3 G0,

t>0 t>0

20



Hence,

>0 p=0 t=p
-« a:>”“1§§<—1>f(§_‘;) (%)t 1y
= (1 x)”+1;<_kl)(kp+1)n;( 1)t+p<it 1> t+p
= s (P g e

p>0

This completes the proof of the Theorem.

4.1.2 Exponential generating function of the k-Eulerian polynomials

Theorem 6. For a fized positive integer k,

n /k
w2 (—x) !
Z Agb )(aj) n! <ekz(:cl) _ 1;)

n>0

Proof.

n

S = Sa-arny (P g e

n>0 ’ n>0 p>0
p—1+1/k 2"
= (1—90)“’"’2( /> 1—95 ) (kp+1)" —'
p=0
= (1—«T)1/kz< _1+1/k>xpez )(kp+1)
p>0

_ (1 )l/k z(1—x) p< 1/k>xpez(1—m)kp
p>0 p
B (1 _ $) l/k
B ekz(z—1) _ 4
This completes the proof of Theorem 4.2.
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4.1.3 Two-term Differential recurrence for our Generalization
Theorem 7. For a positive integers k and n,

L AB) (1) + (1 + kna) AD () (4.3)

(k) —
Apii() = ka(l—fU)dm

with initial condition Aék) () =1.

Proof.

By Theorem 5 we have,

. 141k .
A ) = ety (P g gy

p>0
—1+1/k
= (L—ayrHE LS (p 1/ )kpacp +1)"a?
p>0 b
—1+1/k
+ (1- x)"““/k Z <p +1/ )(kp—i— 1)"a?
p>0 b
—1+1/k
= kx(l—2) z)" Tk Z ( +1/ >(/<Ip +1)"paP | + (1 - 2) AP ()
p>0
We also have,
d —1+1/k L (n+1/k) AP (2)
AP @ =y Y (P gyt
dx = 11—z
Combining the above two calculations completes the proof of the theorem. O

4.1.4 Inductive Definition of the k-Eulerian Polynomials

In the following theorem, we introduce an inductive definition of the 1/k-Eulerian polynomials.

Before heading to the theorem we need a few definitions and a lemma.

We first define a generalizaion of the binomial coefficient that is crucial part of our theorem.
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For a positive integer k, we define the k-binomial coefficient (7) x by

()= (3, Go)),

with initial conditions (g)k = k,(g)k =1 for n > 0 and (?)k: = 0 for ¢ > n. Trivially
(D)= ()

We also need the following lemma that was proved by Dr. Savage in [17].

Lemma 2. For a positive integer n,
n n )
> ( ) w' = (1 + kw)(1 +w)" ! (4.4)
im0 Nk
(The sum is equal to k if n =10)
Proof.

The claim is trivially true when n = 1. Let us assume it holds for all integers < n. Then,

n

n - L Sy A | G | -
z() wz—1+z( i )wwz(i_l) w4 k"
k i=1 k i=1 k

1=0

=1 +kw)(1+w)" 2 +w(l+kw)(1+w)"? =1+ kw)(1+w)" .

This completes the proof of the lemma.

The Inductive Definition

Theorem 8. For a positive integer k and for a nonnegative integer n,

n—1
A =3 (1) A -y (15)

=0

with initial condition Aék) () =1.
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(F) () = A (@) : :
Proof. Let Sy’ (z) = ) I7E - We will show equivalently that,

n—1 n '
(1—2)S(z) = <z’>kA§’“) () (—k)"

1=0

We use the series expansion for Sflk) (z) given by theorem 5, equate the coefficient of 27 and

reduce the proof to showing that,

i (”)k (j o ; Y '“) (kj + 1) (k)"

1

= (U (02 M ag -y

or equivalently we need to prove that
S () 4 R = 1) = kG = 1)+ 1
i=0 k

Setting w = —(j — 1/k) in lemma 2 we have,

n

> () (00178 = (= kG 1) == 1/

=0

Which gives

> () (=17 ks 1) = kGG = 1) + 1

=0

Subracting the ¢ = n term from both sides completes the proof of the theorem.

4.1.5 Differential operator definition for our generalization
A lesser known characterization of the Eulerian Polynomials that me and Dr. Savage found in
Sloane’s encyclopedia of integer sequences states the following.

Define the operator D by D = az%. Then for a nonnegative integer n,

2 (23) = e o
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We generalize this below. Notice that when we insert £ = 1 in the following theorem and
use the fact that
Ap(z) = 2" 1A, (1))

we get equation (4.6).

Theorem 9. For a positive integer k, define the operator Dy by Dy = kx%. Then for a

nonnegative integer n,

n 1 2" AP (1 x)
ot () = G e o

Proof.

The proof is by induction on n. When n = 0, the theorem is clearly true. Let our hypothesis
be that the claim holds for all n < m + 1.

. 1 d (2mAP 1))
o (i) = e ()

Applying the chain rule to theorem 7, we have,

We have,

A1 /2) = s (AR (1) = 1+ km/ ) AR 1))

Now,

d xmAgi)(l/:U) xm d d xm

2 aEm A ) . | Ye ] AR = (7
ha ((1 — pym/k kx(l —ymH/k ggm (1/2) + ke dny — (1= g)ym+1/k

e AP (1)) 2™ (1 + km/x) AR (1)2)

(1 — z)m+1/k+1 (1 — z)m+1/k+1

d x™
(k) Sl I
+ kzA)) (1/:c)dx <(1 _m)m+1/k>

The above calculation completes the proof of the theorem. O
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4.2 Emulation of Identities of the Eulerian Numbers

4.2.1 Expression for the 1/k-Eulerian numbers

Theorem 10. For a positive integer k and for a nonnegative integer n,

oy =S (I (T gy

t=0 J—t

Proof. We have,

n—1
Ag“) (z) = Z alf) I
§=0
From theorem 5 we have,
A;k)(l‘) _ n—&-l/kZ( —1+1/k>(kp+1)nxp
p>0
—1+1 1 A
- ZZ( )+ v (M) (-

p>0 ]>0

_ <t—1—|—1/k>(kt+1)n<nji—1/k>(_1)j_t$j'

>0 1= ]t

Equating the coefficient of 27 completes the proof of the theorem.

4.3 A Generalized Worpitzky Identity

Theorem 11. For a positive integer k and for a nonnegative integer n,
t—1+1/k (k) t—l—l/k—l—n j—1
kt+1)" =
(T gy = Sa(E

J

Proof. From theorem 5 we have,

26
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Z (t S 1/’“> (kt+ )2t = (1—a)" (10 AR ()

t
t>0
t—l—n+1/k:—1 tn— (k)
= (e e

>0 §=0
()
t — ] n,j
t>0 j
Equating the coefficient of 2! completes the proof of the theorem . O

4.4 A Recurrence for the 1/k-Eulerian Numbers

Theorem 12. For a positive integer k and for a nonnegative integers n, j,

o\ ;= (kj+1)al)+k(n+1 -l (4.10)

k

n,

with initial conditions a ()) =1 forn>0 and agf; =0 forj>n.

Proof. Using Theorem 7 we have,

Zanﬂ,y = kx(l—2z)— Za m3+ 1+ knx) Zanjxj
7=0
. . nil . nil .
B STTIRN SITIIING JFURNS o
Jj=0 j=0 j=0 j=0

n—1

= Z(kj + l)aff} +k(n+1-— j)agfj);lxj + kaﬁfi_lmn
j=0

= S (kj+1al) + k(o +1 - j)al)_ 2l
=0

This completes the proof of the theorem. O

In the next chapter we see a combinatorial proof of the above recurrence. We also pose

some open questions.
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Chapter 5

Some Combinatorics and Open

Questions

In this chapter we first view a combinatorial proof of equation (4.10) for £ = 1 and give a proof

for £ = 2. We leave it as an open question for k£ > 2. We also pose some other open questions.
We first present the following lemma which we will need to complete the proofs.
Lemma 3. For integers i > 1, 0<e¢; < (i—1)2, and k = 1,2,

€; €i+1 e; +1 €ir1+1
< < <
k(i—1)+1  kit+1 Kitl k(i+1)+1

Proof. The proof is trivial when & = 1. We move on to the k = 2 case.

When e; = 0, e;41 > 1 and the lemma clearly holds. Otherwise e; > 1 and we start off by

proving that e; + ﬁ and e; + 2(261’7:11) lie between the same two integers.

e;+1
<land 0 < g7 <1

From the given conditions clearly, 0 < m

Suppose
€;

0< —/—7F—<
2(i— 1) + 1

N =

It follows that,

1
0<ei+1<i—|—§.
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Implying that,

e; +1 1
2i4+1 2
Now suppose
1 €;
- < =
27 2i—1
It follows that,
1
1+ 5 <e +1
Implying that,
61" +1 > 1
204+1 7 2
The converse is similar. Thus e; + 236_2'1 and e; + 2(261-’:11) lie between the same two integers.
We hayve,
€; €i+1 26i 2(6,‘ + 1)
i—12+1 - ()2+ G =Gty 79T o
—1)2+1  (1)2+1
We also have,
€; €i+1 2e; 2(61' + 1)
> = ei+1 < |6 < |le+——=1.
(i—-D2+1- ()2+1 6‘“—{6’+2i—1J {eﬁ 2+ 1
This completes the proof of the lemma. (|

5.1 A Combinatorial Proof When k = 1 (the proof of the re-

currence of the Eulerian numbers)

When j = n = 0, we have only the null string satisfying the given condition. When j = 0 and
only the string 0,...0 of length n satisfies the given constraint. When j > 0 and n = 0 there

exists no such string. Otherwise we have to prove that,

1 . 1 N (1
a’gz,;' =0+ l)a’ng)l,j +(n— ])aﬁzll,jfl'

Lete=ej...ep—1 €L,-11 and let i € {0,...,n —1}.
We define a function © : I,—11 x{0,...,n—1} = I, as follows:

’

O(e,i) =e
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where e':el...ei06i+1+1...en_1+1.

Under © we claim that,

1. If i=n—1 or i € Asc(e), then asc(e) = asc(e').
2. Otherwise, asc(e') = asc(e) + 1.
For 1,if i = n — 1, then ¢ = €0, so asc(e) = asc(e ). If i <n — 1 and i € Asc(e), then i ¢

Asc(e'), but i + 1 € Asc(e'). For I < i, 1 € Asc(e') iff | € Asc(e). Using lemma 3, if [ > 4, then
I € Asc(e') iff | € Asc(e). Thus asc(e) = asc(e).

For 2, if i ¢ Asc(e), then i ¢ Asc(e'), but i +1 € Asc(e'). For [ € Asc(e), | # i, using
lemma 3, [ € Asc(e) «= (I <iandl € Asc(e')) or (I >iand I+ 1 € Asc(e)). Thus
asc(e') = asc(e) + 1.

So, every e € T,,_11 gives rise to asc(e) + 1 sequences ¢ € I,,; with asc(e’) = asc(e) and

n—asc(e) elements € € I, ; with asc(e') = asc(e) + 1.

We complete the proof by showing that every e e I,1 has a unique preimage (e,?) € I,,_11.

We construct the inverse of ¢ by the following algorithm:
Let ¢ be the position of the last 0 in € =e1...e1-1 0 €+l .- En.
Then ¢ arises from (e1...€0—1 €41 —1...ep — 1,6 —1).

This completes the combinatorial proof for the k = 1 case. O

5.2 A Combinatorial Proof When k£ = 2

When j = n = 0, we have only the null string satisfying the given condition. When j = 0, then
only the string 0,...0 of length n satisfies the given constraint. Whenj > 0 and n = 0 there

exists no such string. Otherwise we have to prove that,

2 . 2 N2
‘%(1,; =(2j+ 1)“2—)1,]' +2(n — ])a;—)l,j—l‘

Lete=ej...ep—1 €L,_1 and let 1 € {0,...,n — 1}.
We define a function © : I,_19 % {0,...,n—1} — I, 2 as follows:

/7

O(e,i) =¢e
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where ¢’ =e;...,0e41+1...ep-1+1.
Let j € {1,...,n—1}.
We define another function ®: I,_;9 x {1,...,n— 1} — I, 2 as follows:

/

Ole,i) =e

Whereel:el...ej 23 €j+1+1---€n—1+1-

Under © we claim that,

’

1. Ifi=n—1orie Asc(e), then asc(e) = asc(e ).
2. Otherwise, asc(e') = asc(e) + 1.
For 1, if i = n — 1, then € = €0, so asc(e) = asc(e'). If i <n—1 and i € Asc(e), then i &

Asc(e), but i + 1 € Asc(e'). For [ < i, | € Asc(e') iff [ € Asc(e). Using lemma 3, if [ > i, then
I € Asc(e') iff | € Asc(e). Thus asc(e) = asc(e').

For 2, if i ¢ Asc(e), then i ¢ Asc(e'), but i+ 1 € Asc(e'). For | € Asc(e), | # i, using
lemma 3, | € Asc(e) <= (I <iandl € Asc(e)) or (I >iandl+1 e Asc(e)). Thus
asc(e') = asc(e) + 1.

Under ® we claim that,

’

1. If j € Asc(e), then asc(e) = asc(e ).

2. Otherwise, asc(e') = asc(e) + 1.

The proof is similar to the © case and is left as an exercise to the reader.

So, every e € I,_19 gives rise to 2 asc(e) + 1 sequences € € I, 5 with asc(e’) = asc(e) and

2(n—asc(e)) elements € € I,, 5 with asc(e') = asc(e) + 1.

We complete the proof by showing that every € € I, 2 has a unique preimage (e, i) € I,—1 2.

We construct the inverse of ¢’ by the following algorithm:
If possible, let ¢ > 2 be the position of the last 2(t —1) in € =ep...e0_1 2(t—1) ep41...€p.
Then ¢ arises from (e1...€4-1 €41 —1...ep — 1,6 —1).
Else let ¢ be the position of the last 0 in e = e1...e—1 0ep1...6n.

Then € arises from (e1...€0—1 €41 —1...ep — 1,6 —1).
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This completes the combinatorial proof for the k = 2 case. O

5.3 Open Questions

1. What could be the combinatorial proof of equation (4.10) for k > 27

2. The g-analog of an expression, is a generalization of an expression in terms of a parameter
q, that reduces to the original expression as ¢ — 1. For example the g-analog of a positive

integer n is

g1
[n]q q— 1
Also the g-analog of n! is
Ml =04+0+¢)...0+qg+...+¢" Y. (5.2)

The g-analogs of expressions are interesting when they have a combinatorial interpreta-
tion. That is the parameter ¢ counts some statistic of some set S of interest. Equation

(5.2) is interesting because it has been shown that,

[n]q! _ Z qinv(w)'

ﬂ'ES’n

Here inv(m) = #{(i,j)| ¢ < j and 7(i) > 7(j)} is called the inversion number of m.

Coming to the major purpose of this discussion, the g-analog of the Eulerian polynomials
is given by

An(l‘, Q) = (17; Q)n+1 Z([t + 1]q)n$t.

>0
Here (z;q)n+1 denotes [ (1 — 2q¢").
This g-analog is of interest because it has a combinatorial interpretation given by

Z mdeS(w) qmaj(w)'

7T€Sn

Here maj(m) = Ziedes(n)i is called the major index of m. According to [10] the above

combinatorial interpretation was due to Carlitz.

Our question: Is there a meaningful g-analog of the 1/k-Eulerian polynomials that has a

combinatorial meaning? If so what statistic would g represent?

3. The Stirling numbers of the second kind are special numbers in combinatorics that
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count the number of partitions of a set. The numbers S(n, k) denote the Stirling numbers
of the second kind and count the number of partitions of the set {1,2,...,n} into k disjoint
sets. Apart from their combinatorial definition, these numbers satisfy a recurrence and
have a closed form for their exponential generating function. The Eulerian numbers are

connected to these special numbers by the following equation.
S o ') = S0 (5.3)
T\

Our question: Can be define a generalization of the Stirling numbers that relates to the
1/k-Eulerian polynomials? The generalized Stirling numbers should have a combinatorial
interpretation that generalizes the one, the Stirling numbers of the second kind have. Also

if such a relation exists it should reduce to equation (5.3) when k = 1.

. As discussed before, the Worpitzky identity that gives the factorial expansion of t" in

terms of the Eulerian numbers is given by
t+7
t" = g j . 5.4
: On,j < n > (5.4)

[14] gives a combinatorial proof of the above equation using the set of sequences aj . . . ay,
where 1 < q; <'t.

We have derived in section 4 the generalized Worpitzky identity given by

<t_1t+l/k)(k't+1)”=Za£]f§<t+1/k+n_j_l>- (5.5)

b
7 J

Our question: Does there exist a combinatorial proof of the above equation? Could we

generalize the approach used in [14] to achieve the same?

33



1]

[2]

[13]

[14]

REFERENCES

Mireille Bousquet-Mélou and Kimmo Eriksson. Lecture hall partitions. Ramanujan J.,
1(1):101-111, 1997.

Mireille Bousquet-Mélou and Kimmo Eriksson. Lecture hall partitions. II. Ramanugjan J.,
1(2):165-185, 1997.

Katie L. Bright and Carla D. Savage. The geometry of lecture hall partitions and quadratic
permutation statistics. DMTCS Proceedings, 22nd International Conference on Formal
Power Series and Algebraic Combinatorics (FPSAC 2010), San Francisco, (AN):569, 580,
2010.

Richard A. Brualdi. Introductory Combinatorics. Prentice Hall, Upper Saddle River, NJ,
fourth edition, 2004.

L. Carlitz. Eulerian numbers and polynomials of higher order. Duke Math. J., 27:401-423,
1960.

L. Carlitz and Richard Scoville. Eulerian numbers and operators. The Fibonacci Quarterly,
13:71-83, 1975.

L. Carlitz and JR. V.E. Hoggatt. Generalized eulerian numbers and polynomials. The
Fibonacci Quarterly, 16:138-146, 1978.

Sylvie Corteel, Sunyoung Lee, and Carla D. Savage. Enumeration of sequences constrained
by the ratio of consecutive parts. Sém. Lothar. Combin., 54A:Art. B54Aa, 12 pp. (elec-
tronic), 2005/07.

J. F. Dillon and D. P. Roselle. Eulerian numbers of higher order. Duke Math. J., 35:247—
256, 1968.

Dominique Foata. Eulerian polynomials: from Euler’s time to the present. In The Legacy
of Alladi Ramakrishnan in the Mathematical Sciences, pages 253-273. Springer, New York,
Dordrecht, Heidelberg, London, 2010.

Ira Gessel and Richard P. Stanley. Stirling polynomials. J. Combinatorial Theory Ser. A,
24(1):24-33, 1978.

Ronald L. Graham, Donald E. Knuth, and Oren Patashnik. Concrete mathematics.
Addison-Wesley Publishing Company, Reading, MA, second edition, 1994. A foundation
for computer science.

Haglund and Visontai. Stable eulerian polynomials and generalized stirling permutations.
European.J. Combin., 33(4):477-487, 2012.

Donald E. Knuth. The Art of Computer Programming. Volume 3. Addison-Wesley Pub-
lishing Company, Reading, Mass.-London-Don Mills, Ont, second edition, 1973. Sorting
and Searching, Addison-Wesley Series in Computer Science and Information Processing.

34



[15] M.V. Koutras. Eulerian numbers associated with sequences of polynomials. The Fibonacci
Quarterly, 32.1:44-57, 1994.

[16] Carla D. Savage and Michael J. Schuster. Ehrhart series of lecture hall polytopes and

eulerian polynomials for inversion sequences. Journal of Combinatorial Theory, Series A,
119:850-870, 2012.

[17] Carla D. Savage and Gopal Viswanathan. The 1/k-eulerian polynomials. The Electronic
Journal of Combinatorics, 19:Research Paper P9, 21 pp. (electronic), 2012.

35



