
M11/6

Thermoelasticity of Thick, Laminated Orthotropic Shells

T. Kant
Department of Civil Engineering, 

University of Wales, Singleton Park, Swansea SA2 8PP, United Kingdom

Abstract

A general small deflection thermoelastic theory of thick shells laminated of orthotropic 

materials is presented. The material of each layer is assumed to have its planes of symmetry 

coincident with the orthogonal shell co-ordinates. The present theory is generalization of 

the isothermal theory of shells due to Hildebrand, Reissner and Thomas. Numerical analysis 

of mathematical model is carried out using the segmentation method wherein the governing 

equations are first algebraically manipulated to be in the form of a coupled system of first 

order ordinary differential equations. Solutions based on the present and the Love-Kirchhoff 

theories are presented and compared for a test example.



1. Introduction

With increasing interest in the use of geometrically thick shell systems made up of 

fibre-reinforced composites under the mechanical and/or thermal loading, a need has been felt 

for developing a refined higher order shell theory. The thermo-mechanical behaviour of such 

fibre-reinforced composite structures is significantly different due to the presence of the 

low shear moduli relative to the in-plane Young's moduli which makes the transverse shear 

deformation effects pronounced when compared to thick isotropic and homogeneous shells. The 

classical theory based on Love-Kirchhoff hypothesis which does not account for the effects of 

these components of stress and strain transverse to the plane of the ’laminate is therefore not 

suitable in such applications. The effects of transverse shear-deformation and normal stress 

and normal .strain on the behaviour of laminated shells can be incorporated in the basic 

mathematical model through the inclusion of higher-order terms in the power series expansion 

of the assumed displacement field. In the context of a special orthotropic and homogeneous 

shells, Hildebrand, Reissner and Thomas(1) were the first to make significant contributions 

by dispensing with all the Love's assumptions and assuming a three-term Taylor's series 

expansion for the displacement vector. Naghdi2) has employed Reissner‘s(3) mixed variational 

principle to develop a complete shell formulation similar to that of Hildebrand et al. The 

former, however, has assumed a two-term expansion for the inplane components and a three-term 

expansion for the transverse component of the displacement vector. In the context of non- 
(4) isotropic and/or non-homogeneous shells, Dong and Tso were perhaps the first to present a 

theory incorporating the effect of transverse shear deformation based on a displacement vector 

as that used in the classical thin shell theory. Whitney and Sun(5) have applied Naghdi’s 

displacement model for a particular case of cylindrical shells. Kant and Ramesh 6) have 

presented a general orthotropic shell theory in orthogonal curvilinear co-ordinates based on a 

displacement model of Hildebrand, et al. However, all these developments have considered only 

the common mechanical loads.

Thermoelastic solutions for cylindrical shells laminated of ordinary composite materials 

have been presented by a few investigators. Stavsky and Smolash?) have given closed-form 
(8) 

solutions for a two-layer orthotropic laminate based on Love-Kirchhoff theory. Pao has 
(9) 

discussed similar problem using Flugge's theory. Recently, Padovan and Lestinci have 

used a theory similar to that of Love which admits transverse shear deformation for anisotrop­

ic materials.

The present work is believed to be the first in generalizing the theory of Hildebrand, 

Reissner and Thomas for layered orthotropic material and for thermal loading. A consistent 

higher-order laminated shell theory is developed based on a three-term Taylor's series 

expansion of the displacement vector as that used by Hildebrand, et al. and the generalised 

three-dimensional Hooke’s laws for.orthotropic material in the form of stress-strain-temper- 
2 

ature distribution relations. Further a less restrictive geometrical assumption - (h/R) << 1 

is introduced in the derivations in place of the more common one - (h/R) << 1. The two-dimen­

sional shell equations are obtained by carrying out an integration process through the shell 

thickness during the application of the principle of minimum potential energy. Finally a 

spherical shell subjected to a differential temperature gradient is chosen as a test example. 

Numerical results of the present theory are compared with those of the classical thin shell 

theory. The present paper, although not advocating any numerical technique (for which the 

interested reader is referred to 10), is thought to be of some interest from the point of 
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view of the development of computer methods in structural mechanics as applied to reactor 
technology.
2. Theoretical Formulation

Following the general notations of Kraus"11), the displacement vector U(a,, 02,z) of any 

point in the shell space (Fig.l) is written as:

U(a,,02,z)=U(01,02»z) t1 + U2(0,,02,2)t2+ 3(01,02,z) n CD

The 3D problem is then approximated to a 2D shell problem by making use of Taylor's series 

expansion in the thickness co-ordinate,z. We have in the present study where the first three 

terms in this expansion are retained.

U. =,+z u + 3 z2 u" (1 = 1,2 8 3) (2)

In (2) above the parameters U,, u and u, are functions of 0, and 02 only while the parameter 
U. is a function of Q. , Q- and z.1 12

The strain-displacement relations in principal shell co-ordinates are obtained using the
(12) 

standard linear elasticity results valid for an orthogonal curvilinear co-ordinate system

These are:
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energy is used to derive the governing equilibrium

boundary conditions). The nine equilibrium equations are
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equivalent loading terms are
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where p and p are load vectors on positive and negative external surfaces. p is the load

vector on reference surface, h and h are the distances of the positive and negative extern­

al surfaces from the reference surface (Fig.5).
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The boundary conditions along the edge of the shell require that one member of the

following nine products must be prescribed:

N U , N , U,, Q U., n n nt t n 3

M. U‘, M_, U/, S UZ,

[10)

where n and t are the directions normal and tangential to the edge of the shell. The

constitutive relations for any layer of the laminate are taken to be of the form.

C1 Fu E12 Eis'

02 5 E12 E22 E23

. 03) “13 E23 F33

T12 - G12 Y12’ T13 - G13

The elastic constants E^j

E_, E^, V12, V13 and V23 and are defined as follows:

^1/^23^322 , E2(V21 * V31 V23)
11 ‘ v* 12 v*

E,, - E3(V31 * V21 032),E77 - 520 - V23 Van) , 
V* V*

E = E3(V32 + “12 V31),E - E3C1 " “12 V21)4D \-------- .------  0D -----------,------  ,V * V*

where V = (1 - ‘12 V21 -V23 V32 - V13 V31

21

-V12 V23 V31 ' V21 V32 V13),

E1 51 52
E2 v12’ ‘31 ’ E3 ‘13 and v32 E3 V23 (12)

The derivations of stress-resultant/strain relations for the layered shell (Fig.5) is 
2

rather tedious. The final results based on the geometrical assumption (kh) << I are 

summarised below for possible future use.

N, = LKn ‘ (k,-k2) cn * k1(k - k2) D1] e? + K12 €9
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- [ C15 "
(4 - K2) D15 + K, (K, k2) Fis] "

+[D15 - (kl - k2) F15 + ki Ckj - k2) H15] u7
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An additional nine expressions are obtained by interchanging the subscripts 1 and 2. The 

coefficients in (13) are defined as follows:

hj
{1,2,1z2} tE^ a^+ E12 a2t * El3 T (1+K2z) dz

N

Hr MIT- PIT} = E,
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For symmetric laminates, the coefficients belonging to the families C, F and I are identically 

equal to zero.

The system of equations (4), (5) and (13) constitute the complete set of governing 

equations and along with the boundary conditions (10) define a properly-posed boundary value 

problem describing the thermoelastic behaviour of a thick, layered orthotropic shell. There 

are 18 strain-displacement relations, 9 equilibrium equations and 20 stress-resultant/strain 

relations, giving a total of 47 equations containing 47 unknown, comprising of 9 displacement 

quantities, 18 strain quantities and 20 stress-resultants. Tedious algebraic manipulation 

will give rise to a system of 18th order partial differential equations.

3. Numerical Evaluation

The effectiveness of the present theory is seen by first particularising the formulation 

for an axisymmetric shell (Fig.6). Due to lack of space, the resulting equations and a 

comprehensive numerical analysis will be presented in a separate paper. Some results for a 

simple spherical shell are presented here. The geometrical parameters are chosen to be such 

that they confirm to the ’thin’ shell definition. This restriction is especially imposed in 

the present analysis with a view to have valid comparison of results. In the numerical 

calculations, the following data is used:

h = 1 in; R = 100 in; E = 10.5x106 psi; v = 0.3; a = 13x10 5 in/in/°F;

T = 270°F; T = 70°F.
Here, the subscripts o and i refer to outside and inside of shell. The temperature

(13) 
distribution is assumed to be linear across the thickness. The segmentation method is 

used for the numerical analysis. The results based on the classical Love-Kirchhoff theory 

and the present theory are presented in Figs. 7-12, As can be seen, the discrete values have 

compared very well.

4. Concluding Remarks

A higher-order general theory for the behaviour of layered orthotropic thick shells 

subjected to mechanical and thermal loading is presented. The formulation includes the 
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effects of transverse shear deformation with warping of the cross-section, transverse normal 

stress and transverse normal strain. Test conducted on a simple example has proved the corr­

ectness of the theory. There remains a lot to be done by way of numerical experimentation 

with different geometrical, material and temperature parameters. Application of this theory 

for geometrically thick shells with realistic temperature distribution across the thickness 

should be of great use in the field of reactor technology.
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