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MASIIL BRYAN DANFORD. Factor Analysis and Related Statistical Techniques.

(under the direction of He FAIRFIELD SMITH).

The purpose of this thesis is two-foldt 1) To establish a rapport
between psychologists and statisticians by defining terms and phrases uscd
by psychologists in factor analysis in standard statistical language, and
2) To compare and contrast factor analysis as a statistical technique
with related statistical procedures. The first three chapters deal with
the first problem. Terms and symbols that arc to bc used ore defined. The
postulated factor equation is given and discussed. Two of the more common
solutions are given, one being considered an approximate solution to the
other. The psychologist'!s rationalc for UYfactoring" a correlation matrix
is sketched with discussion of Spearmants and Thurstone's theories. One
chapter is devoted to the clarification of various kinds of correlation.

In Chapter IV, factor analysis is compared to the analysis of variance,
Classification and identification problems are discussed in Chapter V., It
was concluded that factor analysis is most closely allicd to canonical
corrclation analysis, and that the problem set by the psychologists may be
solved by this techniquc or by analogous methods.

Under spccified moderately mild conditions, it is shown, in Chapter
VI, how factor loadings may be predicted for a test not included in an
original factored battery of tests without re-factoring the correlation
matrix with the ncw test added.

Chapter VII includes a discussion of tests of significance in factor
analysis and the estimation of factor loadings by maximum likelihood as
given by Lawley.

A summary of the conelusions rcached is given in Chapter VIII,
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Chapter I

INTRODUCTION

1.1 Statement of the problem

The statistical technique of factor analysis has been developed for
the most part by psychologists. This thesis is an attempt to establish a
rappart or rapprochement between statisticians and psychologists, The
terms and concepts that psychologists use in factor analysis will be
defined in statistical language. Then analogies will be drawn between
factor analysis as a statistical technique and other related statistical
analyses,

Terminology and notation being rather extensive, a glossary with
definitions of terms as used in this thesis is presented in Appendix A to
serve as an aide-memoire.

To establish perspective, a historical sketch will be given,

1,2 Historical background.

It is not easy to pinpoint an idea, but it is probably safe to say
that factor analysis sprang from the works of Galton and Pearson.

Galton (1888) is credited with the concept of concomitant variation
between two "variable organs". This concept was eventually defined as a
calculable quantity and was regarded as the "consequence of variations of
the two organs being partly due to common causes", In recent years correl-
ational analysis has fallen somewhat into disrepute among statisticians
because of misinterpretations; however, due credit should be given these

early workers, The average, of one form or another, has long been



considered as a statistic that in some way describes, or at least sum-
marizes, an important part of an aggregate of values of a single variable,
Such description was amplified by a measure of variation or dispersion.
The next logical development was to provide a measure of concomitant
variation among two or more variables, These descriptive statistics are
all attempts at parsimony of expression as an aid to reasoning.

If there are N measurements on n variable organs, the degrecc of
association of corresponding observations on each individual may be sum~
marized by in(n - 1) correlation coefficients, The information provided
by these statistics consists of a number of figurcs which form only
(n -~ 1)/2N th of the original nN observations. But if n is large, the
simult aneous consideration of %n(n - 1) correlation coefficients remains
virtually impossible. By the turn of the century, Pcarson was talking of
the need for "multivariate correlation! techniques for studying the inter-
relationship of several organs. Then multiplec and partial correlation
coefficients were evolved. However, even with these at hand, comprehen=
sive description of the data may remain a hopeless tangle. Still more
powerful mecthods were needed for a joint or multivariate analysis of
several variables,

These early biometric workers were concerned with factors of evolu~
tion., In an attempt to bring some order out of chaos, they hit upon the
idca of classification of types of individuals. The classical problem
that arose at this time was to classify and identify criminals recorded by
Scotland Yard, utilizing anthropometric measurements, It was noticed that

many of the traits were correlated.s Those criminals who were tall tended



to have long legs;y if they were large around the chest, they were likely to
be large around the neck. In order to reduce the mumber of necessary meas-
urements, use was to be made of these high inter-correlations. It was
suggested that perhaps all traits or characters were superficially related
by some common causes or factors, Edgeworth proposed that the n correlated
measures be reduced to n uncorrelated measures, He considered first the
bivariate case, If the two correlated traits are normally distributed,

the resulting equal frequency contours are ellipses. He suggested that

the principal axes of this ellipse be calculated by well-known rules, The
principle could be exterded to any number of traits. Back of all these
considerations was the implied hope that the number of uncorrelated
variates needed to explain in some sense (or merely to describe) the n
correlated variates would be fewer than n., Pearson (1901), following up
these various suggestions, gave the first general formulation of the prob-
lem, He would pass through the swarm of points the line of closest fit,
(See figure 2,1, Chapter II), Since there were no dependent and independ-
ent variates in the usual sense, distances perpendicular to the fitted line
would be squared and the sum minimized, The problem of transforming n
correlated variates to n uncorrelated variates was made determinate by
agreeing to choose the longest axis of the ellipsoid of points at each
successive stage, For the two tests i and j of figure 2.1, the first

axis would be approximately in the position of the dashed line PAl;

the second axis, perpendicular to the first, would be in the approximate
position of PA2. That is, the line of best fit was passed through the
swarm of joints along the line of longest variation. Today, factor ana-

lysts speak of "explaining away" the maximum amount of variation at each



successive factorihg. This solution of the problem was given explicitly

by Hotelling in 1933 and has come to be known as the principal component

or principal axis solution of the factor problcm. Pcarson was not able to

solve the Scotland Yard problem because of the terrific amount of compu-
tation involved. 1In latcr yoars (Burt (1949)) it has been factored and
rc=factorcd. The question remains as to what thesc uncorrclated factors
are, or wicther any mcaning can be ascribed to them other than as des-
criptive statisticsj but more important than that, have we come any
nearcr sufficiently describing the univcrse with cconomy?

Data for scven bodily measurcments were finally compilced by the
criminologists: hcad length, head breath, facc, foot, forearm, height,
and finger. A recent re-factorization by Burt (1949) shows the first
factor to be a gencral body factor. The sccond factor is a bi-polar
factor, hcad versus body-limb mcasurement. The other factors arc not so
easily interpretcd., Together, the first two factors account for about 75%
of the total variation, and the first 2 or 3 factors account for ncarly all
the inter«correl:tions. The remaining factors must be a factorization of
the errors of thc tcsts. How does this help in the classification of
criminals? There is no reduction in labor of taking the 7 obscrvations on
ecach individual, but if only 2 indices of body typcs arc rccorded instead
of the 7 correlatud mcasurcs, there is a rcal saving. aAnd if thc rescarchers
szck to correlate other attributes with body types, they have to correlate
only dith 2 indiccs instecad of 7. It might be concluded, then, that the
factor analysis tcchnique has somc merit when uscd for classification. That
is not to say that problems should be handled in this fashion, however,

But back to thc historical development. With this backgound in



biometric research, the psychologists enter the scens, Here, it is be-
lieved, are tools, techniques, and concepts that may be used in a study

of human behavior, There had been attempts to describe the mind or mental
functions in terms of faculties. But these ideas had gone out of fashion,
most psychologists considering it impossible to describe the mind in terms
of a disjoint set of faculties,

But by then mental testing had become popular, It had, further, been
observed that the results of various mental tests were positively corre-
lated, Correlational analysis seemed to be indicated, Here was a tool
or technique made to order. So we enter the phase of psycholcgy which
attempted to summarize everything by correlation coefficients, In some
quarters this persists even today. But some researchers finally asked;
what is being measured? What are the causal effects? True, the test
scores are related, but why and by what mechanism? If it could be deter=-
mined through these instruments or tests what the causal relations are,
then perhaps it would be possible to approximately describe mental processes
after all,

Spearman championed the idea of a general intellective factor which
he called "g". The test scores were conceived as consisting of two parts,
the part due to "g" and a unique part peculiar to the test., (In figure

2.L, Chapter II the part due to the common factor g is the length of the

projection of the test vector onto the common factor axis, Xg)‘ A common
factor is an ability, faculty, or trait common to two or more tests,
Spearman noticed that if the results from n tests were correlated and set
forth in a correlation matrix, the elements in different columns (or rows)

of this matrix seemed to be approximately proportional, That is, deter-



minants of minors of order 2 x 2 were approximatcly zcro. This is the
same as saying that the "effcctive! rank of the correlation matrix was
onces Thus if the correlation coefficients could be measured without
crror, under the hypothesis of one common factor, the rank of the corre-
latisn matrix would be exactly onc. Spearman and his workcrs observed
that certain tests upsect thc proportionality., Aftcr much re-testing, if
this persisted on the part of a given test, it was discarded. This was
considered pcrmissible since the srimary objective of his inquiry was to
construct a battery of tests that would measure pure g, and thc non-
proportionality of, say, the Jth column was taken to mcan that test j
was measuring some factor already included as the specific part in othcer
tests, Detailed studies of the tests were made to see what the unique
parts of the tests were and why they were not mcasuring the common factor
ge Some psychologists allowed thesc tests that upset the proportionality
to remain in thc battery. The hypothesis was altered to allow for Mgroup
factors", i.c. factors common only to certain sub-scts of tests,

Thurstone, in this country, developed what is known as multiplc factor
analysis, Instead of postulating in advance the numbcr of factors to be
evaluated, he proposcd to assess the number of common f actors nceded to
describe a battery of teosts by ascertaining the matrix of minimum rank
r £ n, say, which could bc fitted to the obscrved corrclation matrix
within the limits of random sampling.

For thc common "g" thcory as well as for the multiple factor theory,
the diagonal clements of the correlation matrix are to be determincd so as
to presevc proportionality or rank r. The off-diagonal elements would be

used to determine the rank and the diagonal clements adjusted accordingly.



The substitution of reduced correlations for the diagomals has not been
universally accepted, Hotelling (1942) considers it nonsensical, The
correlation of a test with itself is one, For an n x n sample correla~
tion matrix, the rank is n and no less. But this criticism has not
stopped the practice of substituting reduced correlations in the diagoml,
A critique of Spearman's and Thurstone's theories will be discussed in
the third section of chapter II,

The question might be askedi If one is given a battery of n tests
with all the inter-correlations, how can one decide how many common factors
are present? There is no completely satisfactory answer, Bartlett (1950)
has derived some large sample tests of significance., These tests of sig=-
nificance promise to be helpful in answering the question, Bartlett
hastens to add that statistical or numerical significance does not imply
the existence of real or meaningful factors] on the other hand, factors not
statistically significant may yet be psychologically real, Analogous
ambiguity, of course, exists in interpreting all significance tests. One
treatment may give higher yields than another, but economically the
difference may not be large enough to matter, On the other hand, a real
difference between two treatments may exist which is extremely important,
but the sample size may not be large enough to detect it,

Probably the most important question of all in factor analysis is
whether or not the factors extracted are meaningful and interpretable,

The answer to this is not a decided yes or no., It seems to depend on the
problem to be solved. For the Scotland Yard problem, there seemed to be
two body indices that could be used for classification, a real savirg,

How about the results of a factor analysis applied to mental tests aimed at



measuring intelligonce? The extraction of several uncorrelated common
factors scems to help understand the structure of mental processecs.
Factors like numeric ability, verbal ability, and depth perception
emergc. The psychologists now speak not just of intelligence but of the
factors that go to make up intclligence. Two people may be rated as
equally intelligent, but they very probably wouldn't have equal numeric
and verbal abilities, say. Does this help the psychologists in mapping
the mind, as it were? The psychologists say yes, If so, then it is an
acceptable scientific techinique,

It is intercsting to note the change of emphasis during the develope
mént of these techniques. Galton and Pearson werce concerncd with ¢lasse
ification. Specarman camc along, adapted these concepts to a study of
mental processes and tried to define or measure Yg', In the multiple
factor type of analysis, the problem is that of description. There is
little or no attempt to classify the people who take the tests, nor do
the factor analysts try to measure the factors, The factor analysts today
want to locate and isolate what they hope are basic paramters or common
factors thot give risc to a matrix of correlation coefficients. This
shift in thinking has been gradual and subtle. Or is there a difference
at all in the three problems? Surely there is a common thread running
through them,

In this thesis, factor analysis will be compared with other types of
analysis to see whether or not the problem to be solved may be attacked
by other means. To do this, however, general terminology will need to be

defined and a general factor analysis equation will need to bc sct-up.



This will be done in scetion 1 of chapter II, In ssection 3, the two most
common types of factor analysis will be discusscd, the centroid mcthod of
factoring and the principal component method. In section 3 of the same
chapter, a critique of the work of Spearman and Thurstone will be given.

In Chapter IITI, a detailed analysis of various types of correlation
will be given. In certain cases, it will be shown how thc correlations
may be cstimzbed by variance components., The chapter has a dual purpose,
to clarify existing confusion in psychological litcrature and to try to
ascertain what should be "factored!, assuming the psychologists' gencral
factor cquation,

With this background material, factor analysis will be compared with
the cnalysis of variance in chapter IV. The first part will deal with
univariate analysis of veoriance and the sccond part, multivariate cnalysis
and canonical correlation,

Chapter V has to do with the gocneral subject of discriminatory
analysis. It is conjectured that the factor problem may be approached
through this technique,

Factor analysts frequently want to know how 2 ncw test will bchave
when »laced in a factored battery of tests, without re-factoring the bate
tery with the ncw test added, In chapter VI it is shown how the factor
loadings for the new test may be estimated,

The cstimation of factor loadings by maximum likclihood is discusscd
in chapter VII, along with tests of significance in factor =nalysis.,

General conclusions arc given in chapter VIII.

In a discussion of factor analysis as a statistical technique, Kendall
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(1950) submits the following "gencalogical tree® or classification of

statistical techmiques. He admits that it is to some extent arbitrary,

but it might be worthwhile to keep in mind as thc discussion proceeds,

Multivariate analysis

Analysis of Analysis of
dependence inter-dependence
l
— |
Analysis Regression  Discriminant Product  Rank  Assoc.
of variance analysis an'alysiéa moment COrrce= . and
and covariance ~corre~  lation contine
Component lation . analysis goncy
analysis analysis analysis

Factor

analysis



Chapter II
DEFINITIONS AND GENERAL FACTOR ANALYSIS SOLUTIONS

2,1 Definitions and geometrical representations.

In this thesis, "test" and "test score" are generic terms meaning
any kind of measurement, whether mental, biological, or physical made
on an individualj "individual" refers to a person, skull, or any object
on which all test scores are measured, N shall refer to the number of
individuals in a sample and n to the number of tests, URaw!" test scores
(i.e. as observed) will be represented by Yi*, where the first subscript
refers to the test, the Greek subscript to the individualy i = 1, 2, ,..,n
A =1, 2, .04y N; that is, n tests are scored on each of a sample of N
individuals, Usually test scores are recorded as deviations from the

sample mean for each test, Y,

.Y g i zedh
1 Yi, or "standardized" as

Siw = (Y5 = 4)/8;;

where ii is the sample mean for test ij i.e,,
N
xél Yix/N’
A . . v 12

and o;; is the sample variance defined as 5 (Yi& - Yi) /(N = 1),
(Psychologists more commonly evaluate variance as the sample second

2 72 /nre s .
moment, m, = 9 (Yix - Yi) /N3 but the definition used here will be mare
suitable when comparisons are made to the analysis of variance)., Hence
§ siz.< = N -1, Note that "standardized" is defined differently from
statistical usage, the usual definition being (Yi “ " r(i)/ {0;; vhere

o= E(Yi). Written without the circumflex, o;; will, as usual in
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statistics, refer to the population variance, oij’ oij denote respectively
the population and sample covariances between tests i and j with analogous
definitions, For some discussions, the statistic sz‘ = si*/xfﬁ:i—

*

will be referred to
id

= (Yi-»( - '}i)/\/m— will be used, The s
as being of "unitary standard measure", since § (s;;)2 = 1, Except
when otherwise qualified, "variance" will denote the sample variance of
a single test as defined above, "Vector", as usual, shall mean a line
in space with indicated mgnitude and direction,

| One geometrical picture of the nN observations is obtained by imagine
ing n orthogonal test axes. The test scores made by the individuals may
then be plotted as N points in n~space, For two tests, the geometrical

representation is shown in Figure 2.1, the familiar scatter-diagram, where

each of the N points represents an individual's score on tests i and j,

4 test score i
\
\ . . /PAl
- ' v
\ |
«th individual vector R B
7~ . v
— e - » test score j
LI ' e N
. /.‘ . \
e . \
- \
PA2
Figure 2,1

When the test scores are measured from their sample means, the origin
will be at the mean of the two tests, If the two tests are approximately
normally distributed and correlated, the swarm of points has an ellipti-
cal shape, For the general picture, there are n tests and thus n dimen-

sions.. The swarm of points is in general ellipsoidal. In figure 2.1,
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a vector may be drawn from the origin to each point. The two elements of
the vector for the «th individual are the coordinates of the point in
reference to the two test axes. For the n-dimensional picture, there are
N individual vectors, each having n elements or coordinates.

Another geometrical picture arises when the individuals are used as
the reference orthogonal axes. Since there are N individuals, this dia-
gram will have N dimensions and n points or vectors. As for figure 2,1,
test scores will usually be measured from their sample means; and since
§(Yi* - ii) = 0, this implies that the n points are restricted to lie on
an N-1 dimensional hyperplane passing through the origin and so inclined
that no point can have all coordinates positive or all negative, Figure
2,2 shows a diagram for N = 2, n = 6, where the restriction implies that
all points lie on a line with slope -1,

«=-individual score
N\,

ith test wvector ___,:ERKX
1T ' I

. B-individual score
N

ITT \3\ ’ Iv

K

Figure 2.2
In this diagram, the points will not usually be symmetrically distributed

about the origin; e.g. if in figure 2,2 individual « is superior to B on
all tests, then all the points will lie in quadrant II. The length of

test vector i (for the N-dimensional picture) is Jfﬁ:is_giz(see any text
on solid analytic geometry} If in figure 2.2, the s; , are plotted, then

the points all fall on the intersection of a circle with radius YN-l and the
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straight linc with slope -l. Although this figure is initially conceived
as in N dimensions, since invariably n will be less than N, all points will
lie on an n(<N~1) dimension hyperplane, which, owing to the above re-
striction, passes through the origin. If unitary standardized scores
sz* are plotted, then every vector has unit length and the n points lie
on the intersection of that hyperplane with an (N-1) dimensional hyper=-
sphere with ceﬁter at the origin,

Since the direction cosines of any vector i with reference to the
individual axes are (Yi& - ii)/ § (Yi* - ii)z = s:‘, it follows that

the angle eij between any two test vectors i and j is such that

cos 8 = § (¥, - ii)(YJ..( - ij)/./g(xi_(- ii)Z § (Y- }J)Z -5 sLs’; =ry
where rij is the sample correlation coefficient between tests i and j,
Note that altering the scale of any test alters all N coordimtes for
that test point proportionally and so affects only the length of the
vector and not its directiop. Hence the angles between vectors are in-
variant under change of scale, "Test wvector" will refer to a vector as
given in figure 2,2 on either standardized or unstandardized scales., The
group of n test~vectors so drawn (i.e. with the angles between them repre=-
senting the sample correlation ccefficients of pairs of tests), and taken
without reference to any particular set of axes is termed the "con-
figuration" of the sample, Later, the configuration will be referred to
other axes in varying numbers of dimensions (figures 2.4 and 2,5, section
3 of this chapter),

If individuals tend to make similar relative scores on a group of
two or more tests (i.e., if there are correlations between the testsof

the group), the eij are small and the result is a group of vectors with
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similar direction; the test points tend to lie in the same segment of the
diagram, or for similarly scaled tests or standardized scores, to form a
"cluster" of points on the surface of the hyper-sphere. Such clustering
was in fact observed for experimental data, This led to the idea of try-
ing to represent n correlated tests by r<n composite variates, and then,
by a rotation and change of origin, by a number of uncorrelated variates,
For example if N = 3, n = 5, the points lie on a circle and the result may

3
be like figure 2,3, drawn on the plane Aél Siu = 0.

///’”-\“*%\\

\{/

/

Figure 2.3
This picture results from plotting the sample points on the 3 individual

axes analogous to figure 2.2, The points lie on a circle! The inter=
section of a sphere with radius fﬁ:i‘and the plane 859 F Sip *oees S N" 0
for any i, If the variation of the points within each cluster may be
ascribed to random errors of sampling, one can postulate that each cluster
represents the same characteristic, and insofar as the two characteristics
indicated are correlated (as represented by the angle between the mean
vectors of each cluster)., They can be represented by a common part 5%?
and two specific parts Kié and X;'.

In general, of course, the picture is more complex since Ny n and

the test points lie in n dimensions, But the general problem of factor
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analysis can be stated in terms of figure 2.3 Can one find r clusters

or factors, r<n, such that the n set of test scares can be represented
by only r vectors and such that most of the variation about these may be
considered as ascribable to random fluctuations of the observations, And
secondly, may it be convenient to further split these average clusters in-
to orthogonal components (analogous to resolution of forces)?

A "battery" of tests is a given group of n tests, A test score is
postulated to consist of several parts, There is the "common" part which
gives rise to the correlation between tests, The "specific® part of a
test score is the part peculiar to a given test which is not common to
the other tests in a given battery. That is, the common and specific
parts of a test are relative, For example, one spelling test in a battery
of verbal tests would haw a specific part peculiar to spelling ability,
but if another spelling test were included with the first in the same
battery, then the specific part would be common to the specific part of
the second spelling test. The third part of a test score is a random
error term. The sum of the specific part and the random error term is
referred to as the "unique" part of the test score.

Spearman's one factor theory postulates that every test score is

mde up of two parts) i.e., s, = g, * U o and that u =(si‘ - g*)

i«
and g, are mutually uncorrelated for all pairs of tests, 8, is the effeet

of the common factor and u is the unique part of the test score, If

several common factors are postulated, then one can assume the model

+ s + A + U

+ A
r-l,« ik

S

Ju T Bt A A

above,

where the Ap* represent the parts common to two or more of the u
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This equation is 2nalogous to the usual models for experimental designs,
The comparison will be examined more carefully below, Thurstone noted
that for such a model, the rank of the hypothetical matrix of correlations,
apart from the diagonal, would be r,

Assume there are r common factors in a battery of tests and M-r specific
parts., At least one specific part will be assumed to exist in each test
score and no specific part exists in more than one test, otherwise it would

become a common factor. Then the standardized test score may be written as

r M
=7 <5
Si& = &L A X, t & dip Xp« + & 4

p=1 ip "p4 p=r+l
r M

<
= Z a, X +

r

< _—
a, e, , .

p=1 1p p« p=r+l 1p pe il

(2.1)

The &ip (p <r) measures the contribution of common factor p to the scores
on test 1} ‘ip (p>r) measures the contribution of the pth specific part

A,

S p42? e will be zero for all but one value of
3

to the test i; ‘i,r+1’

i. (note that « is used for both the factor "loadirg", and as a subscript
denoting person). pr measures the ability of the «th individual to indi-

cate the existence of factor p3 xp‘ is the value estimated from the sample

N
and is toded such that Agl Xp* = 0, ©Since ‘ip for p>r is zero except for

one value of i, it seems reasonable to set

M

-
«, = 7,
per 30 Yo 7 i

where n is the contribution of the specific part to the test score; the

A
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sample estimate is denoted by fi&‘ &,  Measures the random error and is

not distinguishable from m, , unless the ith test is administered more than

1A

once to the «th individual. The notation'ygk = N,  + &4 will be used to

ik
indicate the unique part, the sum of the specific part and the error term,
In (2.1), ©s 4 represents the deviation of the fitted or regression value

from the observed value. For the sample estimates, denote w. , = £, + e, .,
id iA ik

Equation (2.1) may then be written as

r

-

Pl T K X Tt 8
p=l
(2.2)
ip "p«A i i<
or
ik

(2.3)

»
i

a Q

p=1 ip Xp& * 14°

In psychological literature, %, of (2.2) and (2.3) is called the factor
"loading" of test i on factor p or the amount of "saturation" test i has
on factor p. In section 3 of this chapter, it will be shown that aip is
the projection of test vector i anto the common factor axis, Xp. In the
same way as X is somctimes spoken of as a random variable varying along an
axis, or as a specific value measuring the position on the axis of a

particular observation, so the term "common factor" will be used ambivae

lently to denote either the axis, Xp’ or the position on the axis (= amount
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of a factor possessed by a particular person), Xp*.

The equations in (2.2) and (2.3) appear to be simple regression
equations, If the xp£ were known, the *ip could be estimated as regression
coefficients in the usual least squares fashion, Also, if the *ip were
known, the person constants Xp& could be estimated by regression, But

p4
of them, The 8;  May be considered as "yields" in a two-way classifica-

neither the Jip nor the X, are known, The problem is to estimate both

tion, n tests by N persons. The usual experimental model postulates an
additive models for the ith test on the «th person, the test score or
"yield" would consist of a test effect, T;» Say, a person effect, P

and an interaction, (wp)i‘ ard an error term, e,

o Thus s,  would be
ie i

oL

written as
., = + + ., t &,
Slx Ti p‘ (Tp)ld 81*.

If the experiment is not replicated, the (Tp)i* and e, cannot be separated.
But as will be shown in Chapter III, the person "effect! P is not constant
from test to test. The point is that the test score or "yield" is not
composed of additive effects; instead, it is rather like an "interaction
between person and tests. As the model (2.2)(or(2.3)) implies, the test
score will tend to be high if both the saturation of the test in factor P
is large (Aip is large ) and if the person component xpd is large. This
will be discussed more in Chapter III,

Let F, = Zaip-7 be the n x r mtrix of factor loadings; X = ('Xp*_7,
the r x N matrix of factors, U = ZEi*_7, the n x N matrix of unique parts,

and S = Z§i£_7, the n x N matrix of standardized test scores. Equations
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(2.3) my be written as

S = Fa X+0U (2.4)

Recall that the test scorcs are standardized so that SS! = (N-1) R, where
R is thec usual correlation matrix, The factors are also coded so that
§ Xp* = 0, § ng = (N-1)., The common factors arc assumed uncorrelated

in the population and the common factors are so chosen that for the saggle

N-l 3 m=p

(
4
Co s Mfp .

=

£ o Y
This will be proved in section 2 of this chaptar, It is also assumed
that in the population, the common factors are uncorre¢lated with the
unique parts, Also, for the sam le, the common factor axes are not only
chosen orthogonal to each other, but orthogonal to the unique axes,

S (pr’ ui‘) = 0. If onc multiplies (2.1) by its transpose

S8t = (Fax + U) (Fax + U)!
= t ] !
FaXX Fa + gur,
Since
XXt = (N-1) I,

where I is the identity matrix,

55t = (N=1) R = (N-1) FaFa' + UU?’,

or

1
= 1 mtv——
R FF '+ T gue,
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The samplc correlation coefficient ic a "consistent" estimate; that is

iy > Py
N -~ &

whore pij is the population corrclation between tests i and j, Thus, as

N -5« R —-)R? where

(Note: rij is 2 biased estimte of pij for ﬁ'(rij)%pij' This applies

also to the standardized variates Sy Thus, expected values will not be

A.

taken, Instead, the concept of consistency will be used),

Let
o o -
g P12 L Pin
o B . ey
R = .
a .
2
-pnl pn2 ® ] L] Hn ]
and
oz(ul) 0
2
. o) (u2)
R = N
u 0 R
° 2
o (un) s




22

so that

Hi ie called the population "communality" of test ij it is the population
variance of

...('
( p:ﬁl ip Xpu

r
<

),

under the assumption of r common factors., oz(ui) is the population unique

. <o 2 .. 2 2
variance of test ij i.e,, o (ui) = pop. var, of (Vix)’ Thus, H; + ¢ (ui)=l.
Let

2 K 4 1
hy Tipg v Ty o (ul)
2 2,
Ty h,, v e Too o (u2) 0
Ra = . 3 Ru = *
. 0
I
D N
Co 2 * 2 |
_?nl Lo e th i o (un)J
A~

so that R = R + R, hi is the sample estimate of Hi and cz(ui) is the
sample estimate of oz(ui). It is postulated that to a first degrec of

approximation

FF ' ~R, w1 UU'~R

et , (2.5)

where "~ " stands far "is approximately equal to", The facter analysts

<

. ¥* .
extract r <n common factors until, say'rij =r, . - a, is "small¥,

a,
1] p=1 ip Jp
This is one of the main problems in factor analysis; When are the resie

dual carrelations, r:j, negligible? There have been various empirical

rules given, One might stop factoring when all lr;j .03, say. Or one




23

may use the criterion of significant factors$ After r common factors are
extracted, if
n

2

a,,
. i? r+
i=1 1

is "small", then the (r+1)§§ factor is not significant, This criterion
seems to be adaptable to rigorous tests of significance. (See Chapter VII

for a discussion of tests of significance).

Since
r r
2 < 2 <2 2
(1) B =g (2 ey % )° = > al) § Ko = (1) Zal
p=1 p=1
and
2, .2
o (ul) OS‘ ui“ / (N 1)’
> 2,
hy + 0 (ui) =1, (2.6)
And from (2.5)
r
&=
Ty 5 pfl 35 25p0 i#3. (2.7)

If it is assumed that the specific part is uncorrelated with the

error term, then

)

Population variance of ( Pop., var, of (ni& + ei&)

i

Pop. var, of (“id) + Pop. var. of

or (514)

P (u;) = (g;) + o(e;) (2.8)
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whora

2
o (fi) s Pop. var, of (ni*)

2 .
and o (ei) = Pop. var, of (ei,().
Pl P

The estimates, 02(1‘1) and 0‘2(91) are obtainable only by replicating the
same test on the same individual,

It will be shown indffction 3 how the hi are obtained. Using the
calculated quantity hi, oz(ui) may bc obtained by subtraction, usirg re-
lationship (2.64).

If equation (2.3) is written as if all parts of the test are common

parts (i.c. without the unique parts), then

E n
= L B..X.= & b _X (2.9)

Again, the common factors are chosen to be uncorrclated over the sample,
and using S = FX, where F = [Eip-7’ ann x n matrix of factor loadings,

then

or

(N-1)R = (N-1) FF',

Thus for n common factores, FF' will equal the sample correlation mtrix
exactly., The last few factors are obviously a factorization of the error
term, since for the sample, the &, are correlated,

The factor analysis problem may be stated, then, as finding a matrix

of factor loadings, Fa’ such that FaFa'-aaRa or a matrix of factor loadings,
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¥, such that FF! = R, depcnding on whether one postulatcs the modcl of
(2.3) or the model of (2.9). Ther: are an infinity of solutions for F,
and F, The problem is made determinate by agreeing to choose for the jth
factor axis the largest axis of the ellipsocid of the swarm of points; i.¢.,
maximum variation is accounted for by each successive factar, The prin-
cipal component solution, which is to be discussed in the next section, is
unique. Various approximate solutions, c.g. the centroid solutions are
not, As will be mentioned, the factors extracted depend on how the tests
are "roflected", However, many psychologists extract all “significant
factors, then "rotate" the new factor axes to "meamingful psychological
structure", The problem of rotation will not be discussed in this thesis,
for it is essentially a psychological, not a statistical problem., Mny
psychologists maintain that for certain purposes, the correlation matrix
to be factored is R, . This is called the "reduced" correlation matrix,
that is, thc diagonal values are reduced from unity to hi. Finally, the
"steady part" of a test score should be defined, That part of the test
score which remains steady when the test is given to the same person time
and again is called thc stecady part. Since the sample of individuals is
usually assumcd to be random, the "steady part" is a random variable, for
it differs from onc individual to the rext, In terms of equation (2.2),

the "steady part" is
r

W, = &

L X, + T,
i & S0] Tip Tk ik

and the sample estimate is
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r
-

= < a
p=1l

®iu ip Fpt ¥ fie

Denote the population variance of‘ai‘ by oz(ci), and the population
variance of €5 by cz(ei). And since the error is assumed to be un=-
correlated with the common and specifiec parts, the population variance of
test 1 is og(ci) + oz(ei). The reliatility coefficient of test i, Py

is defined to be the ratio of the variancc of the steady part to the

total variance of the test,; thus

o’ (c,)

Pisy = (2,11)
ii 2 2

o (ci)+o (ei)
Other terms and phrases nceded in the discussion will be defined as they

are used,

2,2 CGCentroid and Principal Axis Solutions,

The centroid method of factoring is one of many approximate methods.,
Since it is one of the most popular, it will bec sketched first, The
centroid method will be followed by the principal axis solution, which
will be treated in detail, since necarly all other approximate metheds of
factoring are, admittedly, approximations to this solution,

The centroid method of factoring is a simple summation technique which
involves summing the columns of the sample corrclation matrix. Recall
that if it is postulated that a test scorc consists only of common parts,

the test score may be written as



n n

~ P = b X
Se = Lk . b 4§ ’ = . K}
R g P TR

where the summation runs from 1 to n instead of 1 to r., Then

w0 =

r,, = (N-1)

1d e Siu Sju(/

n
<

= & b_ b, .
pf‘llpjp

(Notes This procedure works equally well for r<n common factors and
with communalities in the diagonal, if it is assumed that r, .= 2. a
i) g P Jp
exactly, For this exposition, however, all parts arc. assumed common factors
so that r = n), Recall that F = Zsip-7 and that FF' = R, exactly., Thus
rij is the inner product of the ith row of F with the jth row, Summing

r,. over i and j,

1]
b Bhcwn Yo [_ - 7
o AT T e & <ab, b,
i 13 i3 p ip Jp
(2.13)
R <7 Al < : -
= &b, &b, v Lb., &bt Lt gb. bl .
5 il 3 jl 1 i2 3 je j in 3 jn
And since
Zh Zb
. &b, = .
3 ip j JP
) =7 = 2 R 2 = 2 5 9]
ié ?rij = ( Abil) + ( ébiQ) + eoe + ( ‘-‘bin) L] ( '14)
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In the test configuration (figurc 2.2 and discussion) the “common factor®
axes are placed such that the bip arc the projuctions of the test vectors
i onto the common factor axes p (See figures 2,4 and 2.5 in scction 3 of
this chapter), The common factor axis for the first factor X, is placcd
such that the "centroid" lies on the first axis, The "centroid" is thc
center of gravity for the n-dimensional test configuration. For two tosts

and two common factors, the centroid, E, is the point

1 1
5 (bjy *25)s 5 (by, +by5)
X2 ¥ ‘
test wetor i
TN il
% e = C
J2 g s tecst vector
L
b7 Py X

The first common factor axis is so chosen that the coordimitcs of the cone

troid on this axis are

17 1
'ﬁébil, H An-dbiz = O, e o o

i.¢., all coordinates except one are zero,
Using this result in (2.1L)
- ( - >
§? ﬁ? iy " 4Jbil) ,

so that
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But

ij il 3 in 3 jn
L
= by 2 ba
< <
- bil < < ij

Thus the "loading" of the ith test for thc first factor is

W (2.13)

by = «r/fad T3

By summing the columns of the correlation mtrix, thc loadings for all
the tests on the first factor may be obtained, The "cffect" of the

first factor is eliminatcd by subtracting from rij the product of the

. . . R

loadings for tests 1 and j. The residual correlation is rij-rij bilbjl‘
A ]

It is easily shown that g ;3 rij = 0, This is duc to the restriction

that the centroid has zero projections on the remaining n - 1 orthogonal
axes. The svcond and successiwe factor loadings are obtained in the same
way as the first factor loadings, but since :2 Egr:j = 0, expressions
like (2.15) for the b12

the signs of certain tcsts arc changed by a process called "reflection”,

would not work, To circumwunt this difficulty,

Onc chooses the tusts to reflcet according to the comparisons hc wishes
to make, If there is no outside cfitorion, there are various rules laid
down. A gencrally acccpted rule is to reflect as many rows (and columns)

of the residual correlation matrix as nceded so as to make the total sum



of the residual matrix a maximum., Then one proceeds as befare by summing
columns., After the loadings biE arc obtained, the loadings corresponding
to the tosts that were reflected arc made megative to account for this
reflection, It is admittedly arbitrary as to which tests should be re=-
flectod. This will not be discussed here. For further details of this
technique, sec Thurstone (1948, Ch. VIII) or Thompson (1948, Ch. V.).

The principal axis solution was expanded anddemnstrated by Hotelling
in 1933, It is referred to as Hotelling's principal axis solution in this
country, and in England, simply as the principal axis solution, which is
usually creditced to Pearson,

Consider the unitary standardizcd test scorcs si‘ as plotted in figurc

(2.1). The scores for the «th individual for the n tests are

#* * *
S1.0 Sour ever Spge

Let 8ip be the dircction cosines for the pth principal axis in relation
to the test axis, A new axis is to be detcrmined such that the sum of
squarcs of thc projections of the N n-coordinate test vectors onto this
axis will be 2 maximum, (Or, cquivalently, that the sum of squares of
directions of the test points from the line shall be a minimum.) For

two persons, « and B, say, and for two tests, tho geometrical picture for

the first principal axis is as follows, with 811 = COS 61, &21 = cos 8,
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1‘ test score 1

y PA

N /7
VAT
N\
yd
/
e / B/7
S '/‘//
T

1

Ay
7

test score 2

The squared length of the projection of individual wector « onto the line

* # 2 o )
of best fit is (”11 S1p * 821 524) , or in gencral for n tests,

¥ )2
il Tid

~——

If the necessary restriction .gi&il = 1 is imposed, the problem is to

maximize, for 211 N individuals

.
g ’i( ‘i“&il 8i)" =

d - a *
—5Q——=25(4.z. st ) s, - 2\¢,
&il “ j 31 A" Tiet il

w0 ¥* ¥*
= 2?83108(5:% 5.4 -27;811



m i - 9
2 i?gjl rij 2A 811‘

When 21l the partials of @ with respect to the zil arc set equal to zero,

there results the set of homogencous equations

byp (I=M) + 8y Top ¥ eu v by 1y =0

b3 M) r o w by = 0
(2.16)
iy Fin ¥y Top toeee H o (190) = 0,
or in matrix notation,
(R = AI)&= Q (2.17)

whers R is the usuzl correlation matrix with unity‘in the diagonal and ¢
is a column vector of direction cosines, Bquation (2.17) has a non-trivial

solution when
JR -2 I} = 0. (2.18)

This is the goncral determinantal equation to be solved in factor analysis,
In general there are n distinct non-zero roots of (2,18), kp, P = 1,2,000,0
For cach kp substituted back in (2,17), there results a set of dirsction
cosines 8ip’ one set for each test axis, i =1, 2, ..., n. The matrix of

direction cosines is



‘n 10 e by
¢ o c e on
L= )
’ 8nl 8n2 e nn .

The elements of the pth column is the solution of (2.17) for the root Xp.

Since the principal axes are choscn orthogonal and since

n

A

»

i=

=t

L'L = I, the identity mtrix. What relation exists between the zip and
the bip? Recall the problem in factor analysis is to find a matrix such
that when multiplicd by its transpose gives the correlation matrix R,

The question is, then, does LL!' = R? The answer is no, But the 5ip and
bip arc proportioml, the relationship being bip = [ X; eip’ Let the

largcst. root of (2.18) be xl, the next largest root xz, etc, Recall tle
Pearsonian formulation of the problem was to take as the first principal

axis the longest axis of the ellipsoid. Thus, if we let

- - . - -— .....—~;
b1y P eeee Byl GfM iy e N i
D R o1’ E¥dy e SN
F = = '
L] . ‘..
. . i
bnl bn2 et bnni enln‘l $n2v)‘2 e 8nn‘j )Ln i
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Then we hawe found the desired matrix of factor loadings such that FF! = R,
(Notes The bip obtained by the centroid method do not cqual the bip ob=
tained by the principal axis solution, The principal axis solution is
unique, whilc the centroid method gives the same answer to two different
computers only if they agrec to follow the sawme scheme in “reflecting”,

The centroid method places through the test configuration an Waverage!
common factor axis, figure 2,2, The principal axis solution minimizes
squared perpendicular distances of points to the line of best fit, figure
2,1).

The principal axis solution has many optimal propcrties, Consider

X 3 iate - .
the new variates Yp-( related to the S, 4 by

Y = ; e, s, = —t .Qb S: W
pA 1 ip 1L \/‘—x; i 1p 1=
(These Yp_j Y, » the raw scorcs discussed earlier). The new axes

(Yp and Ym) arc orthogonal. Also the variates Y , and ¥ m 2T statistically

A
uncorrelateds

SY = (
< P4

A i m=p

\
S (oY= «F (2.20)

O ifm#p.

This is sven to be truo whon it is realized that Y is tho ()2

1
N-1

element of the matrix L!'S; recall that S5t = R = FF! so that (using

matrix notation)



YY' = (L'S)(L'S)t = LISS!L

(N-1) L'RL

(N-1) L'FF'L

]

(N-1)(L'F)(L'F)?

(N-1) {-/ ) (A)
(N-1) N2

where _/\. is a diagonal matrix with the (p,m)i'-p- element equal to

e N —
s & = 8. /N &
i %n T LYY My Yim
i i
v
=, ¥/
m ‘f’ ip Yin

Thus

|
7Y = (4-1)_ A2 = (1-1) E n 0

Obviously, then

Var (Y ) = X\
ar (¥p) P
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(2.,21)

(2.22)



Also, thc variates

Z = NN .
ek ??bip 51 kp ‘ggip 51t

o . . ) 2
have mcan valucs zero and wariarces hp.

That is,

2
Z = .
Var (Z_ ) lp

This result will be used in Chapter VI,

Finally, thc variates

36

(2.23)

have mean values zero and variances 1, These are the X, of the gencral

P
factor analysis modcl (equations 2.2, 2,3, 2.4 of this chapter).

Recall that FF! = Rj that is

n n

LI »n

w b, = 1 b, b, =1r, ..
TR e § B &

Using the definition of F of equation (2.19)

FIF =% = . :

F!' may be vicwed as a transformation matrixs

(2.2L)



F'RF = F'(FF') F
= (F'F)(F'F)
= (FWF)(F'F)!
=_/'Lh
S -
! 2
A 0 ,
= . ’\2025)
0 * ?
* .2
)‘n

using (2.2L),

Similarly for thce L matrix of dircction cosines,

L'RL

[}

(L'F) FIL

it

(L'F)(L'F)?

= -4'/.\; . (2026)

Those rosults will be used in 2 discussion of factor analysis with the
analysis of variance (Ch. IV );

If the hi are inserted in the diagonal and the resulting reduced
correlation matrix Ra is factored, the approximate rank of R, is r, the

numbcr of significant factors, and the solution of
| By - M | =0 (2.27)
again gives n roots )\ap’ but the last n = r arc approximtely zero (i.e.,

they test non-significant), thon the matrix of factor loadings, F, is such

that
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and - 1
) kal o |
o= = |
L AW A2 |
‘ i
* |
_O xani .

The roots Xap of (2.27) do not equal the roots Xp of (2.18).
If the kp and kap are numbered dowmward from the largest, then it
can bc proved that the pth component corresponding to )\p (or Xap) accounts
for the maximum remaining variation after the rcmoval of the effcet of
the firet (p-1) factors (i.c., aftcr obtaining the projections of the
test vectors onto the first (p-1) lines of best fit, corrcsponding to the

largest (p-1) axis of the ellipsoid of pointe). Also,

n
< A = n (2.28)
p= P
and
r n
A <
N < h.e
p:l ap ii 1

2.3 A Critiquc of Spearman's One Factor Theory and Thurstone's Maltiple
Factor Thecory.

To obtain 2 better understanding of factor analysis and what the
peychologists are attompting to do, it is important to understand
Spcarman's one factor thoory and how this was modificd, primarily by
Thurstone, to fit Ymultiple factor thoory'. The purpose of this section

is 4o give a thumb-nail sketch of thc rationale behind thesc two theorics,



Figure (2.2), the tost configuration, will te considercd in this section.
In the introduction it was mentioncd that Spearman postulated that
the tcst score 8 4 consisted of two parts, that part due to the effect of
a common intellesctive factor which he called "g", and 2 part due to a
unique part of the test, consisting of the effect of a specific part and
an crror part., In thc notation of section 1 of this Chapter, we may write

i = ig g& nyA

X +u (2.29)

aig g~ 12

where Aig is the amount of factor g the ith test posscsses, )(g&< (so scaled

that
N N 5 )
S X = 0 S X =N« 1
w1 &7 «1 &% g

is the amount of factor p the «th individual possesses, and'yi* is the
unique part of the test as measured on the «th individual. It is assumed
in tho population that the unique part of the test score is uncerrslated
with the common factor part g. Also, for the sample, i ng > = G,
This is scen to be so by considering

1t T Six T Y4g L
so that

SX _u = SX (s )

gk i « g ik aig Xg&

2
= 55X SX
< g4 1& 1g <« g



but
i Xg* Siy = (N-1) Cov (test i, factor g)
= (N-1) aig
and since S X2 = N-1
< g& ’
i
i ng u.i’< = (N-l) aig - (Nwl) aig = Q.
Ss, =a, SX  +85nu
L i ig g = 1
and since S s, ,=0and SX_, =0, then S u,
2 i< - o i<
2 2 2 2

Ss; =a, 85X + S u;, »
"1-( 1g.( g 4 1A

or, dividing through by (N-1)

o~
2 2
L= aig o (ui)v
7 1 >
A -
vhere o (ui) = =0 S u e

It has boen mentioned that aig is called t

Lo

= 0 by meccssity. And

(2.30)

he factor loading or

saturation, It may also be viewed as the length of the projection of

test vector 1 onto the common factor axis Xg.
cussion of figure (2.2), it was pointed out tha
the raw scores ¥,  has length V1) ﬁ;i; while

the length is fN-l, and is 1 for the unitary st

£ 1L

Rieeall that in the dis-
t the test wvector i for
for the standard scorcs,

andardized scores since

5 (s )2 = 1, Represent the common g factor axis by Xg and the axis of
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the unique part of the test by . Then the test vector 1 may be viewed
as the sum of two components as in figurec (2.L).

A
X
g

test vector i

g/~ ~ A
o7
/// i A

o~ T,
(¢4 (ui)

L

Figure 2.}
Tost voctor 1 lies in the plane spanned by‘Xg and U, For an n test

Beonfiguration" (test vectors so drawn that the anglc between pairs of
test vcctors reflccts the correlation between the two tests), there are
n + 1 axes corresponding to figurc 2.4 The common factor axis Xg and
the n axes corrcsponding to the unique parts of the tests, In the sample,

the unique axee are not mutually orthogonal, but arc assumed to bc in the

population, S u, u,,~0, so that u, and u, arc not orthogoml,
A iL j.( i J
This is seen to be so if ui* and uj‘ arc written as the differences

between the observed scorc and the caleulated values, thus

(s X Ms,, = X )

1 ™ 2ig Lo (550 7 250 Xoy

Ss, 8, =a,. S8, X =13, 58, X
< 14 T A Jje < ik e ig “ gt e

2

.a. SX
Y Aig g D e

- (N-1) a2,

= (N-1) . . = (§=1) a. a, .
(1) ry 5 = (B-1) agp a5, 1g ®ig

+ (N~1) aig ajg



= (N-1) r.. - (N~- . a,
( )r:LJ (l)algasg;
but
. a. o .

%ig 5g ¥ i
go that

Su, ,u, > C,

< 14 "4

fach test voctor i would lie in the plane spanned by the axes Xg and U .

The projection of tust vector i onto Xg is a9 the factor loading for the
&

ith tcst on factor g« The correlation betweon the score on test i and the

common factor g is

a, = ¢c0s 6, =1r,
ig ig i

g’
where ry is the correlation coefficient between the score on test i and
the hypothetical g factor,

This general discussion of the common factor g is to show how
Spearman's theory fits into the gencral formulation of scction 1. How
did Spearman approach the problem? He considered the "saturation' as
tho correlation of the test score with the hypothetical g. That is, he
thought in terms of ry instead of aig' As mentioncd earlicr, Spearman
noticed that if the score for n tests were correlated and set forth in a

corrclation matrix, the elements in different columns (or rows) of this

matrix secmed to be approximately proportional,
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Consider the correlation mtrix of population correlation cocfficients
pij resulting from corrclating all the test scores with each other and in

addition with th¢ hypothetical factor g,

g 1 2 3 “es n
g 1 plg 925 P3g see Png
1 (sy) P12 P13 e P1n
3 (Hg) ces Pan
n * (Hi)

(The HE will be discusced later).

If the proportionality in fact cxists, then

P1g _ P12 _ P13

L Py Py

Using the first incquality,
Pio = P1g Pog"

In general

= Pig Pig® (2.32)

Then, using the main body of the matrix, omitting g, c¢xpressions like

Pis Pe = Pig Pk = O. (2.33)
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This is secn to be so by substituting for each pij its value from (2.32),

The proportionality is maintained if one chooses
B = p., piq / P
i i2 Ti3 23

or, in general,

Using (2.32),
H = p, p. Pi Prs/ Pe Po = p? . (2.3ka)
i ig "jg "ig "kJ jg "kg Tig

The diagonal element Hi is, then, the square of the corrclation of test
scorc i1 with the common factor g.

In ey erimental data, the proportionality would not be perfect
(assuming one common factor g) becuase of the sampling crrors in the
corrclation coefficients, If the samplc estimtes are substituted in
(2,33), the resulting difference would not be zero, but would fluctuate

around zero. (r, is called a “tetrad®), And if sample

. T =T, I,
i) Ppq g Jp
values arc substituted in (2.3L) for the corresponding parameters, the
resulting estimate hi of Hg varies according to the choice of j and k,

For only two tests (n = 2), there are an infinite number of solutions

of h2 and h2 such that
1 2
2
o T
T 2
12 h2

For n = 3, the hi may be determmined exactly:-
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For n>3, no exact solution is possible. Rather than compute

hi =Ty Ty / T for all j#k#i, Spearman suggested the use of
R . 2 / 4 (2.35)
. = r,.r, L7 .
: - ik : i k
oA Y ik

Comparing (2.35) with (2.3L) and (2.3kLa), hi is scen to be the logical
estimte of Hi.

g may be found by taking aig = h.i wherc
hi is computed from (2.35), For the one-common factor theory,

Thus, the factor loadings a;

hﬁ = rzg = (correclation of test score i with factor g)2

aig = (factor loading of test i on factor g)2

Var (part of test i common to all other tests in a
given battury).
In the Zaij-7 matrix above, if the Hf are determincd from (2.3L)
and substituted in the diagomal, the result, R:, is a matrix of rank 1,

under the assumption of onc common factor. The rank of an n x n sample

corrclation matrix is cxactly n, and the substitution of hi (determined
according to (2.35), say) still gives a matrix R, of rank n. It is often
stated, incorrectly, that R, has rank 1, What is meant is that K. has
rank 1, and that Ra has rank 1 aside from sampling fluctuations, since

R, is the estimatc of R.. Onc might say, then, that R, ms Meffectivel
rank 1 or it has 1 "significant" factor. (Sec Chapter VII for tcsts of
significance). Hotelling (1942) argucs that for N points plotted in

n = 3 spacs, the typical ellipsoid of constant probability may have any



shape from a sphere to a pancake or 2 needle, The “"pancake" case may be
thought of as approximating a distribution in 2 dimensions, and the
"neodlet, a distribution of one dimension. But the points in fact all
lie in 3 dimensions,in 2, or in one, And if tho sample points lie in
fewer than 3 dimensions, then all the values in the population lie in
fewor than 3 dimensions, for the probability of the sample lying in 2
dimensions when the population is in 3 dimensions is zero, He states
that "The problem therefore has been propounded more than once of finde-
ing a sampling distribution for testing by means of a sample the hypo-
theelis that the distribution is really of fewer dimensions than the
mamber . . . ., of variates measured., OSuch efforts arc completesly futile
¢« « ¢« o In order to explain the manifest fact that the dimensionality
of the sct of observations is actually the number of variatses and ne
less, they have resorted to highly unsatisfactory!communalities!
associated with 'spucific factors' whosec existence does not seem particular-
ly clear on 2 priori grounds, and which is not tested by the statistical
methods used." It is true that the problem is stated perhaps incorrectly
in this mammer, But what the psychologists really want to do is find
the number of "significant" or psychologically important factors which
will explain "satisfactorially" or to a certain degree of approximation,
the observations,

Spearman and his workers observed that som: tusts upset the apparent
proportionality. The tetrads formed with these tests and other tests did

not fluctuate around zero. Consider the section of the corraelation matrix
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i j K
P Pip Pip Prp
q Piq Pia P
r Piy Pip Pir

Form all tetrads using pip as the starting or pivot coefficients,
(td = toetrad)

td, = o, - .
1% Pip P3q " Piq Pyp

by = Pip Pq " Piq Pip

tdy = Pip Pyr T Pir Pyp
tdhgp - P pk

ip Pkr ir Pkp

e

(Let tdi be the estimatc of tdi, whore the are¢ replaced by their esti-

mates, rij)' Spearman noticed that a "tetrad of tetrads" fluctuatcd
about zero for certain sub-sets of his tests. That is

~ A A A

tdl tdh - td2 td3 = 0.

This is called a "sccond order totradh (tdl, GeZ.y 18 a "first order

tetrad"), It can bc shown that

bdybd)= tdotdy = oy | Pig Pyq  Pig

Pir Pir  Pir
(The bars "' l " stand for “determinant of"), Under the assumption of

two common orthogonal, factors among the 6 tests, the above determinant is

exactly zero, But all of the firshs order tetrads, are zero, since the
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two common factors act as ig there is only one common factor. But assume,
for definiteness, that test i has two common factors with tests p and q
and that all the other tests have only one common factor, then td3, for
example would not be zero} however, the above determinant would be exactly
zero. And if the Ho are so chosen to maintain this propertionality, the
resulting matrix Rz woﬁld have exact rank 2. The sample matrix Ra corre=~
sponding to this Ri would have rank n, but "effective" rank 2. Thus we
can state the following rule: if the rank of a correlation matrix Rz is
r, then there are r common factors present. Postulating two or more
common factors takes us into the realm of "multiple factor" analysis.

Thurstone proposed to view the problem in this light., Use the off
diagonal terms of the sample correlation matrix to determine the number
of significant factors present, then adjust the diagonal elements accord=
ingly. The general problem of multiple factor analysis, then, is to find
the effective rank of the sample correlation matrix R, aside from the
diagonal elements. BExact rank r<{ n will never be attained in experi-
mental data, but it is postulated that the rank of the correlation matrix
is r within sampling fluctuations of the correlation coefficients. The
number of significant factors present, then, is the significant rank of
the correlation matrix.

The factor analysis equation for two common factors may be written as

1
8. T 441 X1kt %42 Xou Wik
(2.36)

1
+ ai2 X2 + U, e

X
e 1A

= a,

il T1x
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The unique part of'pi‘ = 5, = %, of the one~-common factor modcl

i ig ng
has now been broken down into another commen factor and the unique part
vi;. (For simplicity, the prime on will be omitted). It should be
mentioned, however, that the multiple factor analysts do not postulate
other common factors over and above tgh, If the "domainh or area of
study is intelligence, ths two common factors in (2.36) may be factors
like numeric ability and wverbal ability, both of which would be con-
sidered parts of the general intellective factor "g", In effect, MgV
is considered as consisting of many factors, (It should be observed that
the multiple factor analysts study other domains of human beshavior such
as personality and vision as well as intelligence),

It is assumed that the common factors are uncorrelated with each

other as well as with the unique part] and for the sample, the common

factors are chosen orthogonal to each other as well as to the unique part,

That is
Iz
SX u = SX (s, -~ < a,_ X )
< pA 1L « pA i m=1 im m«
r
= 55X s, 6 - 45 a, 55X X
o« p< i <R Tim D Tpk T
= (N=-1) aip - (N=1) aip
= 0
since
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Ifr =2,
0=S8Sws,  =12a.,.,5X +a,., 95X + S u, .
« ik il < 1« i2 « 24 PR
The Xp'( are scaled so that i Xp.«( = 0, ar.w.d since i 8,4 = 0 and i pr 0,
then
2 2 2 2
(N=1) =S s; =35, 55X +a,,8%X
< i 11‘ 1 i2¢< 24
"2y 830 S Ky, Koy
*layy S Xy uy t 2, 5K, u
« 3
2 2 2/’\.
= (N-1) [agy +agp + 07(w) /7,
P
. 2 2
fehere o (ui) = ’S(ui.,( / (N-1). Thus
AL
2 2 2
aj; *aj, *o (ui) =1, (2.37)

hi is defined to be that part of the variance of test i attributable to

common factors, thus

In general, for r< n common factors,

2
] % (2.38)

r
2 .
i
p::

and

hﬁ + oz(ui) - 1. (2.39)
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The aip are, as usual, the saturations of test i on factor p. And as for
the one-factor theory, the aip may also be viewed as the projections of
test vector i onto common factor axes, Corrcsponding to figure 2.4, for

two common factors, test vector i has three components as shown in figure

2.5,

test wctor i
i h N Rl “é}
|

N i)

/

S by 2
N o

Figure 2,5

Thus, the length of tust wvector i (plotting 5 (sz")2 = 1) is

g

Jgil + aiz + oz(ui). For the n test-vector configuration and r common
factors, there would be r + n axes, corresponding to figure 2,5. Test
vector i would lie in the‘hyper-plane spanned by the r common factor axes
plus the unique axis u;

As for the one-common factor thoery, the u, and u.j are not orthogonal,

since



r
= (N-1) r,, - (N-1) < a,_a,
( )rlJ ( )fialp JpP
P
r
= (N-1) /7., - & a,_a,
(N-1) fry < %ip Py
P
.
and < Ay ajpf T 5 (unless r = n),
p=1
r
1.e.)§fi aip ajp:g_rij, for re n,
Thus
Su, , u, =0,
ook

There are several procedures for estimating the hi for multiple
factor analysis, but non¢ which is wholly satisfactory, One could, for
example, usc the estimatec rii;of the reliability coefficient, P; 1 for

2

hi’ However, it will b. shown in Chapter III +that rii/is an over-

estimte of hi. For large batteries of 30 or LO tests, the computer is

52

usually instructed to substitute for hi the highest corrclation occurring
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in the ith row or colum. This is considered to be sufficiently accurate
since a battery of tests of that size would probably be factored by the

centroid method. 4nd the factor loading for the ith test on factor 1 is

— e
H

e B
43rij /J;ﬁ ‘jrij’ which would be a little affected by the value used for
the diagonal element. Another procedure is to start factoring, using a
guessed value usually less than 1, factor the matrix until the (r+l)EE

factor tests non-significant, and obtain factor loadings aip, Then use

r
* N % (2
()% = 4 ()
p=l ¥

to re-factor the correlation matrix. This iterative procedure is

recommended by Burt and others, but is considered too laborious for

large n. Too, the estimation of the hi becomes confounded with the

number of significant factors present, a not too satisfactory situation.
Consider the parts of the test vectors that are in the common factor

space; i.e., the space spanned by the r orthogonal common factor axes

Xl, X2, evey Xr' The correlation between two test vectors is the inner-

product of their common factor coordinates, thus

o
i
1
AN e

a, a, o
ip Jp

[N
LJ.‘ .

i

i

P

The sum of the inner-product does not exactly equal the sample correla-
tion coefficient because the two unique axes u; and uj are not exactly

orthogonal; i.e., for a sample of size N ,S is only approximately

e e P
zero. The variance of test score i common to all the other tests in the

battery is hi. Thus
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r
2 =

h; = & a._,

i p=1 ip
2

which is an cstimate of Hi

used to denote factor loadings when Ra’ the reduced correlation matrix

» the population value, (Note; The 3y, 2TC

is factored, and the bip are used when R is factored, In general
aipf bip’ as will be demonstrated in Chapter VII).
The common factor axes arc chosen orthogonal (they are postulated to

be orthogonal in the population and are made to be orthogonal in the

sample), thus
n

l=

For the first factor, there are n factor loadings to be evaluated, for
the second, only (n-1) independent loadings because of the orthogonality
of the axes (equation 2.L0), and for the rth factor, (n-r+l) independent
loadings. Hence the total number of independent loadings for r<n

common factors is

n+ (n-1) + o, + (n-r+l) = nr - % r (r-1).

S0 as to be able to estimte these loadings from the % n(n-1) different

correlation coefficients, it is required at least
% n{n-1)> nr = % r (r-1).

Determinateness results when the equality holds. A few such values of n

and r are,
n(tests) ’l 3 15 6112 1as | 18
r(common factors) 'l 1 12 131 7 Tl



Chapter III

CORRELATION, RELIABILITY, AND COMPONENTS OF VARIANCE

3+1 Purpose of chapter

The purposc of this chapter is: 1) to clarify the rclationship
between various types of correlations, 2) to write the raw scores YiA in
the usual experimental model and sce what relationship it has, if any, to
the gencral factor analysis modcl, and 3) to accept the plausible state-
ment that corrclations are due to Ycommon causcs!" or “common factors" and
then study the test scores to sce what part is duc to common factors. The
threc objectives are not mutuall&'cxclusivo and will not be dealt with

necessarily in this order,

3.2 Intra~class and intcr-class correlations and reliability coefficients
Consider the rosults of administering the same test to the same N

individuals at two or morc diffcrent times.

timel!Y Y I 4

11 12 1N

Y R 4

time 2. IZJ- 292 2N’

where the Yi& arc the raw scores and the first subscript rcfers to the

time rather than the test, It will be recalled that the YiA arc related
to the S5 by

——

Yoo = T5 * Spad Oy 0

Supposc the test scorc Yi* has a mean effect y, a time cffcct T;» @ porson
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effect p P and an error component €50 (The p ” should causc no confusion.
The population correlation coefficicnt pij has two subscripts instead of

one, ncither of which is Greek), If it is furthcr assumed that
By ) = b+ 7 =7y,
E(p,) =0 =E(e, )
E(po(, 61-4) =0 = E(ei_(, &jﬁ) s 1 #J andfor « # B8,

2 2 2 2 2
E(p&) =0y E(sip() =0y = O

(The Ggi arc assumed equel for two diffcrent administrations of the same

test)s, Then

2 2 2 2
E(Yi?(-u.-'ri) = E(Y ) =0y + e

i«'hi

The corresponding samplc cstimates of the paramcters are

Ny = b+ = Y,

1 L
P, * D,
T'.Lst'i

The person offcct P is a random variable. The sample of N individuals
is a random samplc from an infinite population of individuals. For the
prescnt discussion, assume the time effects are "fixed" (i.e., non=
random), and that 2 ti = 0, The usual analysis of variancc has the

following form?
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. Source df, S. Sq. .54, E(M.5q. )
. 1 - 2 2
Times 1 5 N (Yl - Y2) vy o + (<)
. 1. pes o \2 2 2
Pcrsons N=-1 3 5 (le *Y,, -1 - Yz) v, o, *+ Zop
Times X persons N=-1 lg (Y, =Y, =Y +% )2 v 0%
24 Tk T2 T 2 3 e
Total AN -1

In the above analysis of variance table, d.f. = degrees of freedom, S. 5q.
= sum of squares, M. Sq. = moan square = B. SQ./def., E(M. 5q.) = expccted
value of the mean square, and ©(t) is a function only of the time cffects,

Ty If it is assumed that the time cffcets are zcro, Ty TT, = 0, then

2
the mean square for times is also an estimate of 02, and hence, the onc

degree of freedom for the source "Times¥ would be added to the error sum
= (N - l)V3 + Vl

of squares to give N degrces of frecedom in thc ostimate Ve

N
of the error component 0:'
The intra-class corrclation is defincd to be
02
Chiraaral G2
cb + o

and the estimate of the correlation, assuming zecro time effects, is

1

(v, = V) Vo=V
r = Z___2._....9... 3 —-2——-—-—6.- . (3.2)
° Vo *+ Vo

1
2 (V2 * Ve)

If in the above sct-up, the time effects are important (i.e., T Tp ¥ 0),
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or if the scteup is changed to one administration of parallcl forms®, the
one degree of frecdom for differences in times or differences in parallel
forms should be isclated. In this case, the best cstimate of the intraw-

class correlation is

Iy - -
. 5V, v3) 3 v, VB. (3.3)
¢ 1 V, +V

2(V2 + V3) 2 3

It will be observed that p_, defined in (3.1), is the definition given
in Chapter II, equation 2.,11l. That is, it is the ratio of the "steady"
part of the test to the total variance., If the same test is administered
twice, call the times i and i'. Then Pyq! represents the fraction of the
population variance of cach accounted for by the steady part (1 = pii')

the fraction attributable to random Yerror'. Psychologists call rii" the

estimate of Piq19 the reliability coefficicnt. They, apparently, have
never considercd any form of statistic for this purpose other than the
product-moment, alias Winter-class", correlation cocfficient. But there
is no basic recason for assgssing reliability on only duplicatc tests. Any
nurber of replications may be made (at least theorctically; ignore here the
effect of learning which may be a practical difficulty in some cases). It
becomes apparcnt that the problem is that of "intra-class" correlation.
Historically the intra-class correlation coefficient was defined only
for the case wherc therce was no cross-classification (in our prcsent

example, if we kmew for each individual only his two (or morc) scores

#See glossary for definition.
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without knowing which was made at which time (or on what form), or else
dcemed such information irrelevant to our purposc). In these cases, the
correlation was (originally) computed, and thus implicitly dcfined, as the
product-moment corrclation of a "symmetric table!; i.c., cne in which every
pair of obscrvations was cntered twice in symmetric positions in the table,
All this was finally brought to clcar cut definition by Fisher in 1925
(Chapter VII, which may be consulted for fuller exposition of the above
points) who showed that the analysis of variance approach was more funda-
mental and usually more mcaningful.

Thus, ré snail be used as the only cstimator for the reliability. The
information thrown away by (n - 1) degrees of frcedom between times, if
in fact they arc equal, will be rather trivial if N is large.

Fix attention again on the definition of Pe (z pii') as given by
(3.1). Obviously, the larger the 0123, the larger will be Cce The cstimate
of oﬁ depcnds on the individuals in the sampic. The more hoterogeneous
the individuals, the larger the estimate of oi. The reliasbility of a tost
is, then, relative, If our population of individuals is very hcterogcncous,
cg will be large, and for this group, Pe will be lrrge, Howcver, for
another population of homogencous individuals, oi will be sm;ll, and pc will
be small. Thus, to estaolish the reliability of a tcst, wo must spccify
the population of individuals from which our sample of N is presvmed to be

a random sample, Some psychologists tond to take the talk about randem

gamples lightly; Jjust any old group of people will do. For some studies,
pcerhaps that is true, but where rclisbilities arc being cvaluated for ncw
tests, thcy should draw their samplc very carefully. Ordinary product-

momcnt correlations arc affected in the samec manncr. Both are dircctly
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influenced by the range of varisbles (or of abilitics) under study. This
is emphasizcd here sincc it is not appreciated by many rescarch workers,

It can be shown that
' 1 {
E(numerator of rc) = E{ -2-(V2 - V3) {

= 0'2
=B }8(ry, - 1,)(0,, - T)/0 - 1) §

and

. t 1
E(denominator of rc) E E(VQ + V3)

2 2
=g +0C
p ]

- £ STy, - Y%/ - i

o \2
B 5(Y,, - 1%/ - 1,
thus rc’: may be written as

S(Y, =Y )Y, =1Y.)
rl e 2 1« 17372 2 . (3.1)

1 -2 = 2
31 S = Ty) v 80, - Xp) J

The usual estimatc of the association parameter, P10s for the bivariate
normal cistribution is the product-moment corrclation cocfficicnt. It is

cstimated by



S0y, - 4))(Xy, - Ty) L (3.8)

- - 0 1/2
i STy, = ¥))” 58X, - ¥y) §

'12 " Th

The product-moment corrclation is sometimes roeferred to as the intcr-
class correlation, From the definitions in (3.4) and (3.5) it is apparent

that only if

> -2
-¥)" = 8, - Y,)

arc the statistics r' and r_ identical, Thus 'r'} & ‘r | since the
c m c m

geometric mcan is less than or equal to the arithmctic mean,

To emphasize the point, clearly ré of (3.3) or (3.4) should be used as
the estimatce of the rcliability coefficicnt Pyi! rather than T the proe
duct-momunt corrclation.

Onc furthcr comparison between intra- and intcr-class corrclation is

of intcrest. Consider the regression of Yl on Y2. Let

The regression sum of squares is
2 2
(8y,¥,)°/ 875

Sincce the total sum of squarcs is Syi, the fraction of the sum of squares

accounted for by regression is
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2 2
2 Sylyé) / RP! - 5. 5g. (Regression)

Sy12 Total S.5q.

The detfinition of piz for thc population is

oz(gpggL rogrossion)

Total o2

2
(l - 912) =

The intra-class corrclation is

2 )
= -__32___ - “Z(Steady part of tost)
Po — °
o, + 0 Total o
P e
or
0‘2 2
(L-p )= & = ¢ (error of test)
¢ 2
op  Total o°

Note that P10 is squarcd while Pe is not, But thc point is that P and
P, are not measures of the same thing.

Therc will be a digression hore to consider the variancc of 2 variance
component, It is not oftcn rccognized that the usual unbiascd cstimate of
oi, viz, %(V2 - V3), when n = 2, is identically cqual to Cov(Yl,Yz), i.e.,
Sy¥,/(N = 1) = 8(¥y - 1), - 1,) - % fvy(r),y)) - L¢P ALY

AN\

The variancc of thc estimate ci is usually found by taking thc variancc of

the lincar form.-]é'(v2 - V3), thus
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Var(&i) = Var {%{Ve - V3) é

2 2
,;1-5(2\,2 . 2V3
L (N + 1) (N + 1)
2
2
} V2 + V3
_—
2(N + 1)

the degrees of frecedom plus 2 being used in the cstimator to adjust for
bias. But the variance of Sylyz/(N -~ 1) may also bc obtaincd from the
Wishart distribution, the distribution of variances ~nd covariunces. The
moment gencrating function for the Wishart distribution of sums of squarcs
and cross-products (not variances and covariaaces) as given by Wilks

(1947, Chapter XI, pe. 118) is

¢(eij) =145

where Z-Aij-7 is the inverse of the population variance-covariance
matrix. Wilks also introduces the factor 2 for the cross~pvroduct term in

the moment generating function so that

) #

50, (eij =0)

= 2(N - 1) P1s 919 = E(ZSylyz))

where P12 is the association parameter in the bivariate normal distri~

bution. Similarly, it can be shown that
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3¢ - 22 2
532_ (Q BO) u(N'l)o‘lcz(l*Nsz)
12 ij
2
=E(25yly2) .
Thus
. 2 2 2
2 { Sy,¥ o0, ( 1+ p7,)
Var(oz)avar} 12.5 _ 2% 12
P N=-1 N-1
1l L L 2 2
= 207 + 2
— (ce + > 7%
2 2
2 2rly
2(N + 1)

Back to the intra~class correlation., Next consider the administra-
tion of the &ame test n times, or if there is a learning effect present,
the administration of n parallel forms of the same test. The analysis of

variance take the form!

Source df. M.5g, E(M.Sq.)
Terts (or times) ne-1 v, 05 + e(t)
Persons N-1 V2 02 + nc2

€ b
Times X persons (n=1)(N - 1) V3 og

It might be desirable to consider the time or test effect as random. In
that case, @(t) = Nci. If there are test differences or differences due to

times, then the best estimate of the intra-class correlation coefficient is



=(V, = V) V, =V
ri(n) = 32 - 22 )
Hivz* (n - 1) v}\ vy + (8-1) 7,

One might compute the average of all possible product moment correlation
coefficients, ;ii" which is also an estimate of the reliability of the
test, but ;ii' is far more laborious to compute, (Fisher, 1925, Chapter
VII). Since r;(n) is an estimate of ci/(oi + oi), then for n replica=
tions of the same test, this statistic should be used to estimate relia-

bility rather than Tigte

3.3 What to factor: common parts and steady parts of raw scores.,

Recall that for standardized scores, the factor analysis model was

written as

A
i
N

“ip Xp& * nix + six

i

it

p

-

(3.7)

e aip pr + fi& + ei*,
p=1

™
whcn:‘éjxip XPA = +the effect of the common parts of the test score i on
p
the «th individual, L= the effect of the specific part, and & = the
random error term,

For the purpose of this argument, assume the raw score on two different

tests X and Y can be written as the sum of three parts: (The tests are
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given to the came group of persons)

19 "My? Bt ey
(3‘8)

X& = "ix + Q* + Q‘,

where“ly_andﬂlx are the mean effects, Q£ and 9* are person effects, and
€9 54 random error terms. Now what parts of (3.8) correspond to those

of (3.7)? The standardized score has no mean effect (3 Si 4 = 0) so that
?y and"zx have no counterparts in (3,7). It seems reasomable to assume
that €, and 64 correspond to the random error term €; 40 SO that what we
call the person effect, QA and Qx’ must correspond to the common part plus
the specific part. Thus, thej are the "steady" parts of the raw test

scores, This agrees with our above conclusions since the steady part of

the standardized score was defined in Chapter II to be

hAw

Dy T ) “ip Xp T Mige

P

But the steady parts of any two test scores are not recessarily equal,

The person effects, then, are rather like an "interaction" (used in
the dictionary sense). Assume test Y is concerned with numerical problems
and say that individual « has considerable numeric ability, then Q‘ is
large, If test X is a verbal test and individual « is relatively weak
along such lines, 9& will be small, Thus, for two different tests, q*

and 6, will be differenmt; this is where the model of (3.8) differs from the

usual experimental model,
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Assume that

B(Y) =7, B(D) =7,

L]
=
~
™
IS .
~—
[}
o

B(A,) = B(8,) = E(e,)
B )% = of 3 B8 = o
B(s )% = 0> 5 E(6,)% = o

M@,2)=m%,§)=m&,@)=m

The steady parts (i.e. the person effects), even though different and

measured on different scales have a common part, Zi’/; thus
¢f/\ - 34\ * fx
€= X«A %J.A

‘5’;( is the effect due to the common factor of X ard Y, }:( is the specific
part of Y, and L is the specific part of X. This is perhaps vetter

seen by an illustration? Let

ci = 12 = Total variance of X in the population

(units are unimportant)

Pygt = o715 = True reliability of test X

Pyy = 7/ /120 = True correlation betwecen X and Y

032, = 10 = Total variance of ¥ in the population
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P = .8 = True reliability of test Y

yyl

2 ) & 2 2 o N2
a ‘IIIEHII’I O ! Gy 2 2 Gy'

Graphicallys

Variance of the steady part of X =9 = GZ(QA)
Variance of the steady part of Y = 8 = 02(¢&)

Variance of part of X common to ¥ = 7 = Variance of part of Y
common to X

Amount of variance of X explained by regression of X onto ¥
2 .
= Py = 8L/ V120
Amount of variance of Y explained by regression of Y anto X

2
= = 70 120
Py = 7 /

Unless Y is replicated, the variance of ?4 cannot be separated from the
variance of € 0 If one desires a pseudo=psychological explanation, it
might be reasoned that there are 7 (or 70 or 70 x 105) common "bonds" or
synapses employed by the individuals for the two tests, X and Y.
(Psychologists do not postulate a finite or infinite set of bonus or
synapses in reality: the terms and ideas are employed only as an aid to
reasoning).

Assume, as for the standardized scores, that the specific factors are

uncorrclated wita each obner as well as with the common part. Then if the
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. . 2
clements are assumcd to he normal with zero means and variances o,

2 _ 2, 2, 2
E(@)" =c"(B) =0dy+0o

A

2 2 2
o (G‘) =g, + 0

¥

i

E(0,)°
E(¢¢<) Q&) = °(¢q" Q.() = 0§~

20y 2. 2 2
o“(Y) Ty e + o,
5
OZ(X) = cg + 02 + 02 .
- 1 )

Then if the two tests are replicated n times (or if n parallcl forms of

cach is administered) then the analysis of variance is?

Source daf, Me5G. E(M.Sq. )
Lource eGe BN L
Tests (or times) n-1 Vl(x,y) o; + 6(1)
2 2
Persons N-1 V2(x,y) o + no
Tests x persons (n - 1)(N - 1) VB(x,Y) og

(V(x,¥) is thc mcan squeiu for the joint analysis of two differcrnt tosts eon
the same group of pcrsons); where 6(t) is the fixed component due to dif-

. 2 . .
ferences between teosts or times ( = Nop if tests arc considered random),

w5 DD

Y

(

. . 2 . . .
is the varizance of the common part, and o, is the average unique

0 o

necific plus crror) variance; that is
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In general, o% # 52 and ci # og. If it is assumed that G%:==oé and

o, = og, then c% to, = qp + cg and then V3 would be an cstimate of the
unique variance of the,tﬁg tests (now assumed to be equal) so that a test
of the correlation between X and Y would be possible using F = V2(x,y)/
v3(x,y) (The null hypothesis to be tested is that c§ Z0; i.e., there is
nothing common between tests X and Y). The difference in "errors" is what
makes interpretation of the analysis of variance more complex in psycho-
logical studics for testing purposes. However, the analysis of variance
scheme may be used for estimation; %Z“V2(x,y) - V3(x,y27 is an unbiased
estimate of cf,
variance components with elements defined as follows.

the common factor variance. ILet V = Z—vij-7 be a matrix of

Vig = estimate of the variance component Gii (variance of the
steady part of test i) obtaincd from the administration
of the test n times or from administration of n parallei

forms of test i

=2 - A0
== Z-Vz V3_7, n=2

vij = gstimate of the variance component G2X (variance of the
part of tests i and j that is common to both)
= covariancc of test i and j = Syiyj/(N - 1)

if the two tests are replicated n times, then from the

analysis of variance table

=L, N
= ;1 Z‘ V2<yi’yj) VB(yi’yj-7.’ n = 2°

Tukey, (1951) suggests that these component mean squarcs be used for

‘ a factor analysis, I it is desired to factor variaices and covariances
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(or correlations) that contain only common factors, then surely the vij
I~
(i#j) are the proper estimates. But Vgt ® oéi includes the specific part

P

- . . 2, _ 2
of the testj i.e., v, is an estimate, say, of o°(f,) ="+ 5 ).

Thus v, ;1 includes not only the estimate of the variance of the common part
but zlso the estimate of the variance of the specific part. If we insist
that the diagonal elements include only estimates of the variance of the
common parts, then Vgt is an over-estimate of the desired diagonal element.
Thus a factor analysis of V would be identical to a factor analysis of Rr’
the usual correlation matrix with reliabilities in the diagonals. The

matrix V could be standardized to Rr by dividing through the ith row by

,/ost. variance of tcst j. The diagonal elements of the st andardized

. 2
matrix would be ry, 1 = Sy;¥;¢ / Sy; » Syjr » the product -moment correla=

tion between the two replications of the same test., Consider the off-
A

diagonal elements d%K = Cov(X,Y). This quantity 1is the numerator of the

product-moment corrclation coefficient rxy between X and Y. Cov(X,Y) is

also the numerator of the statistic

% ['Vz(x,y) - V3(x,Y)_7

r(x,Y) - 1~ )
5 (Vo) + Vy(xy) 7

But the denominators of Ty and r'(x,y) are different. (r'(x,y) is
analogous to ré of equations (3.3) and (3.6) which mcasures the intra-
class correlation of a given test)s True, the product-moment corrclation
coefficicnt is the generally accepted statistic used to estimate the asso-
ciation parameter in the Livariate normal distribution, but why should it

be used rather than r'(x,y)? The point that is to he made is that both
)

rxy and r'(x,y) have as their numerators c% which is the statistic that is
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of importance, and that standardization beclouds the issue,

The model for the raw score is

Y, =77y -ug'( + g* * € o
If this is converted to standardized form, (Y& - §)/7/V§;*zis'when Y is

the sample mcan and Var (Y) the sample variance, then the resulting random

variables are

b':( = X‘/\/Var(Y)

r = g*/y/Variijm

e, = &/ /Var(Y)

which are now ratios of random variables. For the standardized scores

r
-
8, = p‘f‘i J\ip Xp.( LI

The correspondence, then, is

=
,:

@ ]
X
P

ip "p«

oy
[
4
=
K

e

i

and the stcady part of both is
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a"‘ + P(‘( = steady part of test

“ip Xk ¥ M

The raw scores are easier to handle and manipulate., Also, expected
values are straight-forward (assuming a linear model) for the raw scores
while they are not for the stnadarized scores since the expected value of
ratio of these two random variables is not equal to the ratio of the two
expected values, The "standardization" procedure has as its purpose the
equalizing, in some sense, the "variances" of the test scores, The raw

scores are assumed to be of the form

Y =7y+g’%+;&+s ='}+c¢(+b + e

74
< 5 A A v
X4=’2x+3/4+}’»<+6.<=x+Co<+da(+exo<’

where Y, X, ¢, b, and d are constants fitted to the sample and the e's are
the deviations of the observed values from the fitted values.

The standardization procedure takes estimates of the total variance

of Y and X, Var(Y) and Var(X), and compute, say,

Lia= Y

s. T ————
i Y Var(Y)
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X. =X,
4 J

= .

¥ Var(X) “

Sjo(

This is an attempt to standarize the Yerrors', Truc, Var(si‘) =
Var(ij) = 1 , but what is necded for analysis of variance procedures

e w2
is thc equivalence of ce(sx) and 02(5*). The quantity i ZEyu* A/Var(Y)~7

§gss not in §S?era1 cqual 3 15}(‘ A/V5§Z§7;72. If one had estimates

2 2 A
c (84) and o (5*), then one could compute for « = 1, ¢u., W

I T
Cy»( /y/ o (e.',() and e / /o (5").

Now one could expect the error varianccs of the two tests X and Y to be
approximately equal so that the analyscs of varisnce would be appropriate
(i.e., the assumption concerning cqual "variances" would be approximately
satisficd). The equalizing of what "varianccs" is what obscurss the pro-
blem. The covariance of two tosts alonc, using raw scores, is » perfectly
good measure of the degree of association between the two tests and sceoms
a more fundamental statistic to use than the correlotion coefficient.

If V is to be uscd by most psychologists, the diagonal clemcnts
would nced to be reduccd from Vi to vii, say, which included only the
estimate of the variance of the part of test i common to the other tosts
in the battery, (This is exactly the same problem of reducing the unities
in the usual correlation matrix to communalities, hi). Call this reduced
matrix Va‘ Somc people asscrt that the clements Vis should not be rcduced
but instead rcplaced by gii’ the sample variance of test i, 8&1 includes

the error componcnts as wcll as the common and specific parts of the test,
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Let Vb be the resultant matrix with Vis replaccd by é;i.

Then the factorization of Ra’ the reduced correlation matrix with
diagonal elements hi, and v, would be M"similar", Thc word "similar! is
uscd since it is not known what effecct the standardization has on the
oxtracted factors., & factorization of V and R.s the correlation matrix
with reliabilities in the diagonal would be similar; and a factorization
of Vb and R, the usual correlation matrix would bc similar.

From thc common factor criterion, v, and Ra should bc used, Va

being the more fundamental of the two.

3.l4 Reliability and communality

It has been suggested that the reliability coefficient of test i be
usced for the communality of tcst i in the corrclation matrix which is to
be factored, It has becn statced, however, that the reliability is an
over-gstimate of the communality.

The reliability cocfficient was defined in Chapter IT, cquation (2,11)

for the standardized scores as

cz(ci)

sa ! =
pll

o (e;) + o*(cy)

where
cz(ei) = truc error variancc of the random crror torm (8ix) for
standarized tcst 1
02 ci) = truc variance of the steady part'VEA for the standardized

test 1
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™
it
w
e
X
1
o
L
N
‘e
5
2

i
(i = ;"‘ip Xpu T Mo
For the raw test scores, the reliability was defined as

2
Py

iit
2 2
o'p; *oe,
Conceptually, they are the same, and the estimate riit of Pigt 2 whether
using raw or standardized scores, will be the same., It was recommended
that Tiin be computed using equation (3.3) if there is only one replication
and equation (3.6) if there are n replications,

If the common factors are uncorrelated with the cpecific part, then

t

. . 2
Population variance Of'&)ix c (ci)

Population variance of
(f“"ip"p«x )

2

2
=H + 0 (fi),

where Hi, it will be recalled, is the population variance of the part of
test i that is common to the other tests in the battery, and oz(fi) is

the population specific variance, Thus



= population variance of the standar-
dized test i.
Thus ‘
2 S 2
o (ci) 2 Hi (3.10)
The cquality holds when oz(fi) S 05 i.e., when the specific part of the
tost m, is zoro, If o°(c,) + o°(e,) =1, thon dividing through both

sides of (3.10) by 02(ci) + 62(ei),

2 2
o] (ci) . Hy
)
2 2 2 2
o (ci) + g (ei) o (Ci) + 0 (ei)
but
02(01)
= p.- ] (3‘11)
2 2 ) 11
o} (ci) + 0 (ei
by definition, so that
S 1@
p. 1 = H. . (3012)

The cstimate of the reliability cocfficient is Tt and the cstimate of
the communality is hi. Duc to the relationship (3.12), it is then statced
that the c¢stimate of the reliability coefficient Tt is an over-estimabe
of hi. Thce over-cstimation is due to the variance of thc spocific part of
the test score, that fraction of the steady part of the test score that is

not common to other tcsts,
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3.5 Corrclations corrccted for attenustion
Psychologists usc still another mcasure of correclation. Becausc of
the unreliabilitics of the tests, it is reasoncd that the "true correlation”

of the stcady parts of the test is dccreased. Let

r

rys(t) = —_i (3.13)

r..t r. .t
1l JJ

which is the product moment correlation cosfficient betwcen tests i and j
adjustcd (or corrected) for 'sttenuation', rit and rjj' arc the cstimates
of the rcliability coufficicnts for tests 1 and j, ruspectively. rij(t)

is an estimate of tho quantity

E(steady part of X, étoady part of Y)

s (3.1L)

Py = — T

— .
Y E(stcady part of X)‘ E(stbady part of Y)

Since

"

GZ(Y) = oi + O 02

B(Y - 7y)2

B(X - 7x)2

2
o (X) = 02 + ci

e 2 ) .
E(stcady part of X, stecady part of Y) = o, = B/TY --{y)(X - 7x)~/

E(stcady part of Y)2

I

2 2 2
°4 (¢¢<) =o‘x+ GP

Vad

E(steady part of X)2 = 02(9*) = ci/+ o

s O

and rij is an estimetc of



BT =7 )(X = 307
)2

p

ij .
JEE -7 y)2. B(X -,
02
¥

/2 5 5 f2 2 2

& 5

and Tt and rjj' are, respectively, cstimates of

02 + 02 02 + 02
Psst = ! ? P = ! ;
Py E} c s g
ll o+ 02 + 02 & 02,+ 02 + 02 )
e g ] 4 3]

then, when the quantitics of which rij’ Tist and rjj' are cstimctes are

substituted in (3.13), the rcesult is

e oo iy

Oy
pij(t) = Y (3'15)

which is just (3.14). Thus, the corrclation cocfficient corrcctcd for

. b . . 7 . s - e,
attenuation, rij(t), is a proper cstimate of pj 1eCe, Py pij(t). Each
of the quantitics in (3.15) are cstimable from an onalysis of variance

tablce

o, = % Z'VQ(X,Y) - V3(X’Y)-7’ for onc administration of

2
¥
each test to the same. individuals at tac same time.
2 2 _ 1 M~ - .
os-+<5§ = 3 / VZ(Y) - V3(Y)_/, for 2 parallel forms of Y given

N
{

to the same individuals
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025+ o2§= %‘- [Vz(X) - V3(X)_7, for 2 parallel forms of X given

to the same individuals,
3.6 Reliability and length of test
If the variance of a test of "unit" length is cg + oi, the reliability

is defined to be

2
p
e ™ T >
Ob + Oe

the ratio of the stcudy part to the total variance of the test., If a test
is replicated t times (or t parallel forms are administered) » then the

variance of the test of length t is

2 2
tcp + oe.

~

3

The "steady" part is tc_ so that for a test of length t, the reliability is

el

1 + —w—_—m—E

c 4+ ¢
i8] e

2 p
top + o {(t~-1)
2

KSR

1+ (t’l) Pll'

Thus, theoretically, al least, the reliability of the test increases with

increase in length.



Chapter IV

FACTOR ANALYSIS AND ANALYSIS OF VARIANCE

L,1 Univariate Analysis of Variance.

Burt (1947) takes a numerical example and argues that one gets
answers from factor analysis that are similar to those from the analysis
of variance. The example he used will be discussed here. The data con=
sist of scores on 6 individuals for L tests: arithmetic, English, drawe
ing, and handwork. The first two tests are academic and the last two,'
technical, .In addition, arithmetic and draﬁing were given on Monday,

English and handwork on Tuesday. The inter-correlations of the L tests

are;
Table L.l

Arith, Eng. Draw, Handw,
Mon, Arith, 1.0000
Tues, | Eng. ©.8808  1.0000
Mon, Draw, 7225 <3753 1,0000
Tues, | Handw, 8L77 5193 8247 11,0000
Col,  Sums 3.010 2,775 2.9125  3,1917 [12.3206

The factar loadings by the principal axis solution are shown in
Table L.2, (See Hotelling, 1933, pp. 417-L1 and L98-520; or Thompson,

1948, 8h, VII, pp. 108-119).
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Table 4.2

Factor loadings by principal axis
(or weighted summation) solution

factors

t;;;;\\\\\\\\\ I I1 III v S.5q.
Arith, 9791 .1908 0275 0610 1.0000
Eng, . 7850 6126 -,0869 -.0376 1,0000
Draw, .8310 -.14897 -.2640 -,0085 1,0000
Hand . .91,48 - .2851 .2 851 - 00252 1 .OOOO
S. Sqe 3.1021 .7328 1593 0058 L .0000
% of contr. to

total variance 77,55 18,32 3.98 0.15 100,00

The correlation matrix of Table L.l was also factored by the cen=
troid method, a simple summation method developed primarily by Thurstone.
(See section 2 of Chapter II for ratiomale, and Thurstone, 1948, Ch, VIII
and/or Thompson, 19L8, Ch. V for details of the technique ). The loadings

by this method are given in Table L.3.
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Table L3

Factor loadings by centroid
(or simple summation) method

T I I III w | s.sq.
Arith, .9803 .1829 »05L8 0501 1,0000
Eng, 7907 6077 -,0548 -.0501 1.0000
Draw, .8298 -.4,828 -+2755 +0501 1,0000
Hand, +9093 -.3078 2755 -.0501 1,0000
S. S5q. 3.1016 7306 .1578 .0100 14,0000
% of contr, to | 99,5 18.26 3.9 0.26  [100,00

The loadings cbtained by the two methods are very similar (Tables

Ls2 and L.3). The sign pattern for the loadings is the same except for

factor IV, but the

last factor is uvaually considered an Y“error" factor,

The factors may be interpreted as

I,
II1.
III.
v.

General ability
Academic vs, technical subjects
Quantitative vs, aesthetic subjects

Monday vs. Tuesday subjects, or simply errar .

The centroid method employs equal weights for each test. The re-

sultant loadings for factor I are Arith, = ,9803, Eng, = ,7907,

Draw., = .8298, Handw. = ,9093. Since these loadings are not equal, it

is argued that these weights should be used to weight the correlations to

find the "true® loadings for factar I. An iterative pracess of this sort
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rasults in vonvergence to a set of loadings far factor I which are
identical to those for the principal axis solution, Table L.2, Thus,

the principal axis solution is sometimaa referred to as the method of

weighted summation,

Y, Y
Burt considers the unitary standardized test scores, s:‘= .:%:?fé ’
N~l)o,.

such that “( 11

and performs the usual analysis of variance on the 6xl, = 2) observations.

By making the test means zero, the day means are also made zero,

Table L.bL

Analysis of Variance

Source - d.f. adj.d.f o* "5.5q."  "M.,Sq."(using adj.
N R N d.f.)
A, Persons 5 L 3.0810 <7702
B, Type of subj, 1
co Days . 1
AB, Pgrsons x
typé of subj. 5 L 6257 +156)4
AC, Persons x days & L .1521 .0380
BC, Type of subj.
x days 1
ABC, Residual S L .1403 .0351

* adjusted by Burt "to allow for standardization"

The residual mean square is to be used to test all of the other

effects for significance,
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Next Burt obscrwcs that the average first factor loadings of the

simple summation method is (from Table L.3):

T (.9803 + .7907 + ,8298 + .9093) = £ (3.5101)

= L8776
1 TS
- E Aél‘ij.

This quantity squared is

-

2 1 =T
(.8776)° = 7702 = Ig—“gégri

j,
which is 1/l of the sum of squares for persons in Table L.L. Similarly,
it is shown that the (average of the absolutc value of the second factor
1oadings)2 is equal to 1/L of the sum of squarcs for (AB), person x type

of subject:

Z- % (01829 + .6077 + .h828 + .3078) -7 2 = (1-5816)2

= ,156L -

Thence, Burt suggcsts thit by subtracting 1 from the degrees of frecdom
between persons "to compensate for the standardization of the tests" one
can obtain a2 mean square cqual to the squarc of mean factor loadings. But
as will be shown below the ratio of the sum of squares to (mean factor
loading)2 has nothing whatever to do with degrces of freedom.

The other factors do not seem to correspond to the other sources in

the analysis of wvariance table, Why do only the first two factors
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apparently correspond to the first two sources in the analysis of variance?
The answer is found when the results are put in algebraic terms,

Denote the unitary standardized marks in the L x 6 table by s;f £
i=1,2,3,4 «=1,2, ..., N, Recall that the first factor load~

ing for the ith test (using the centroid method) is

]

. = / <
. i L LY. .
il 3 ij i3 ij

and
Ny < ST T
&by = 2‘41-1./4,41‘1.
iy Yoy oy H
<~ <
= .&Zrij
O * ¥*
-J22s el
i j « J
Thus

N

]

n (Person "S, Sq."),
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Thercfore
b, (2
ilf_ 1 -
3 = % = = (Person S. Sq.)
L T .
n ‘é“"ij .

Thus the relation is that the awerage first factor loading is the

standard deviation between the means of the n staindardized test scores

per person, The factor n (Burt's "adjusted dogrees of freedom") is mercly
the divisor introduced conventionally into the inalysis of variance so
that, on the null hypothesis, evcry mean square is an estimte of the
variance of unit observations. Alternatively, one can say that the (mcan
factor loading)2 is equivalent to the mean square between persons of

standardized scores or to the sum of squares of unitary standardizcd

scores, the degrees of freedom between persons having gone into the scal-
ing. In other words, the first componcnt taken out by the¢ centroid method
is simply, as in the analysis of variance, the unweighted sum of all test
scorus per person and docs not, like thc principal axis solution, seek
the weighted compound of the scores with maximum variance.,

The other sums of squares are evaluated in terms of the correlations

and are shown in Table L.5.
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Table L.5

Analysis of Variance of Unitary Standardized
scores in terms of corrclations

Source d.f., S, 5q.
A. Pcrsons 5

L+ 2(r12+r13+rlh+r23+r2h+r3h27 /b
AB, Persons x type

of subj. 5 [+ 2rypory3ory) Toyory) e )/ b
AC. Persons x days 5 [h+ 2(-r12+r13-r1u-r23+r2h'r3h27/ L
ABD. Residual 5 (b + 2(ery pmry g¥ry) 4rpaory) =T I7/ L

The second factor loadings are obtaincd by “reflecting" the residual
corrclations for drawing and handwork. One wants the second factor to
correspond to the source AB, Pcrsons x type of subject interaction. It
can bc shown after much tedious algebra that %i (sum of thec absolute value
of the second factor loading)2 is

(rlz'rBh)z

1,77 5 1
; (< 12') =g Lbe 2(r) p=ry 37Ty "Tp37Tp) T y),) - ——

The sum of squares for persons x type of subject is (Tablc L.5)
L /U4 2 (2,71 4Fy,Tp3 Ty Tay,)
L‘ r1o7r137FY) T3 T2l Ty .

The two expressions are only approximtely equal. In Burt's example, it
happens that the difference (r12 - r3h)2/ JLQ ‘drij ~ ,0002, and is not

detectable in his numerical comparison.
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For n tests, the gceneral expression for -}-} (the sum of the absolute

values of the sccond factor ].oatd:‘mgs)2 is

=N \2
- — — - (a-~&)
Pl et fova(ar - o) -ua2 7
q n=q g,n=q nd oz, .
1)
where
z,l= sum of all correlation cocfficients between the first q (n
unreflccted tests
<= sum of 211 correlation coefficients between the (n-q) re-
n=-q
flected tests
and

<= sum of 2ll correlation coefficicnts between the q unreflected

q,n=q
tests and the (n-q) reflected tests,

The corresponding expression for the mean square of AB, Fersoms x
type of subjects, using standardized scores (or sum of squares using uni=-

tary standardized scores) is

1 ,~ N ~ <
s{n+2(a+ - < )7
Q 1n-q qg,n-q

Obviously the two are approximtely equal when the difference

< D ==
L 2 - <P/ Jaar,
J

q n-q

is small,
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When the cffect of the second factor is subtracted from the re-
flected first rcesidual matrix, the second residuals also sum to zero.
If the second and fourth test vectors are reflected to correspond to the

source AC, Person x days interaction, then

1,7 2 _1 ,
I (‘Q'bisi Vo Lhr 2oy gy oy sty -ry)

2
-y (ry3 -1y
R RCTIESRICTRESIRRVE

The corresponding mean square of the standardized scores (sum of squares

for the unitary staindardized scorcs) is (Table L.5):
L [h+2 (rpy+r =1 =rya 41, =~ry) /
L 12 7 713 T il T te3 T tah T tan’ o
For the Burt examplc, the sum of klf(r13, rZh) and ky f(r12’r3h’rl3’r2h)’

where k1 and k2 are expressions like

Al
1 / < rij’

is large enough to cause a difference between the two expressions in the

second decimal place. Thus

L

2 b iz
él_a.];_i__i_, = .0276,

n

and (Table L.kL),
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% (Person S. Sq.) = .0380,

A general expression could be written for each (<§§‘bip‘)2, but thc point
has been made that the square of the sum of the factor loadings correspond
to the sources only to the first order of difference among the rij' The
correspondence is exact for the first factor but not for the other factors,
The centroid method of factoring is a simple summation of corrclation co=-
efficients. And since the anilysis of variance inwolves equal weighting
of the observations, the two methods give results that may appear to be
equal, Equivalence or rear equivalcnce results when certain correlation
coefficients arc approximately equal,

A particular expression could bc obtained for the fourth factor, and
a general expression for the pth extracted factor. But the algebra be-
comes almost intractable the larger the number of extracted factors. Too,
the expressions would depend on the way the tests were reflected after each
factoring, so they would have little usefulness., Burt's cxamplc is not
typical of factor analysis problems., Usually the tests cannot be so
sharply grouped into academic vs. technical subjects, quantitative vs,
aesthetic subjccts, and so on, That is, there secldom are well defined
sources of linear compirisons for an analysis of variance on batteries of
tests assembled for a factorial study.

There appears to be no explicit rclationship between the roots of
'R -AI ’= 0 and the sums of squares that Burt has isolated., Even if
the factor loadings found by the centroid method could be explicitly

related to sources in thec analysis of variance, the picture would not be

]
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clarified, since the centroid solution is only an approximation to the
principal axis solution. For the smll example under discussion, the
factor loadings for the two methods are similar, but for large batteries,
only the first 2 or 3 sets of factor loadings are similar. That is, as
more and more factors are extracted, the divergcence becomes greater,

If the scores are not in unitary standard measure but the subject or
test means are still zero, it can be shown that the results of an amlysis

of variance will be similar to that of Table L4L.S, The unit Sums of Squares
#* 42
(5 (s )¢ =1)
o 1

A ~
are replaced by'gii and the correlation coefficients by oij’ where %4

A
and oij are the sample varianees and covariances for the tests, For

example, the general mean square for Persons is

1 {Qf\A +2 (6, +06. + + 5 ) = 1
n(“%; %2 73" et %30 _H‘f‘?oij)

and the mean square for residuals is

1 =" W A~
nl Loy v2 42 t oy /s
i
where the # depends on the linear comparisons isolated,
Instead of talking of correlations or of variances and covariances,
onec might ask what the amalysis of variance table would look like if the

test scores arec written in the linear factor model
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r

< .
S., = & 4 _ X, +tn  *e,
i p=l ip “pL i it

where it is assumed that r<n common factors account for 2ll the intere

correlations of the tests] i.e., r.. = 5a, a. . Recall that ho and

B J g ip dp i

o (ui) arc the common factor "variance! and the unique "variance" of test
- -

. _ 2 2 2 2

i, where u, = fi-( +e; and o (ui) = i ui‘/ (N-1)., Also hi + 0 (ui)= 1.

It is found that the analysis of wriance has the same form as presented

earlier, For the set-up used above,

Analysis of Variance

Source
A, Persons %[2 02(u1)+ Ehi + 2(r12+r13+rlh+r23+r2h+r3h)_7
AB, Persons x type ~ 5 <
of subj, %1[2. cz(ui)+ Ahi + 2(rl2-r13-r11;-r23-r2b+r3h)-7
AC, Persons x days 11402( )+ EhZ + 2(WLy p 4T Q=T )~ at Ty =Ty ) [
. A Yy i 2™ 13Ty a3 el 3l -
A
. 1 8 2 . 2
ABC, Residual n [&o (u’i.)+ A 2(-r12-r13+rlh+r23-r2h-r3h)_7

Onc might ask why the analysis of variance is used in these problems.
The errors in the tcsts are generally‘ quite different. The ruse of
standardization scems to be of no help, The main difference between
analysis of variance and factor analysis seems to be that the "sources®
are stipulated 2 priori for the analysis of variance, while the "factors"

are found a posterioriy i,e., at least for the principal axis solution,
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the "factors" arc chosen so as to account for the maximum variation at
each extraction,

Finally, there is one other similarity between factor anmalysis and
analysis of variance that should be mentioned, Both involve transforma=-
tion matrices such that if G is the transformation matrix and S the matrix
of observation, then GS(GS)' = P, a diagonal matrix. The application of
a transforming matrix such that the result is a diagonal matrix is defired

to be the reduction of a2 matrix to canonical form,

Let S be the mtrix of standardized test scores Sij’ and L the matrix

of direction cosines, Recall that LL! = I, L is obtainable from the

factor matrix F by dividing each element of the pth column by'\/kb. Then
L'S gives a matrix such that if each element in the pth row is squarcd and

summed, the result is (N-l)kp; i.04

ey L'SS'L = LIRL = (LF)(F1L) = A% = .

(Sece equation (2.26), Chapter II),
For Burt's example, it is easily varified that (F', and consequently

L'y obtained from Table L,2)

— -

3.1021
<7328 0
L'RL = .1593

0 .0058
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where A, = 3,1021, A, = .7328, etc, (See Table L.2).
From Table L.3 (centroid factor loadings), the pth column is divided
through by S.Sq. factor loadings for factor p and the result is G, say.

Then it is easily verified that

3,106
.7306 0
G'RG = 0 .1578 ‘

»0100

-~

The analysis of wariance may be viewed similarly, Consider the

matrix weights

5 .5 .5 5
S5 =5 -
5 =8 5 =8
S -5 =5 W8

S —d

C is obviously orthogonal. Next consider the matrix C'S, If each element
of the pth row is squared and summed, the result is the sum of squarcs for
the pth source (numbering downwards) in the above analysis of variance

for Burt!s example. Thus

—
3.0810
6257 0
_N%T C1SS!IC = C'RCw ; 1521 )
0 .1L03
L -
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where 3.0810 = sum of squares for persons, ,6257 = sum of squares for
Pcrsons X type of subject, etc,

Since the centroid method is an approximation to the principal axis
solution, the closeness of the figﬁres in the diagoml of L'RL and G'RG
is not surprising. And the similarity of the elements of G'RG and CIRC
is due to the fact that the "factors" in ths centroid method roughly
correspond, at least for this Burt-example, to the Usources" in the analy-
sis of variance. (Note: The leading element in G'RG is, from Table L3,
Eb]?.l = (.9803)2 + eee * (.9093)2',' = 3,1016.# S5.Sq. for Personsjthe equiva=
lence between ‘the centroid method and factor analysis was shown for

n Person 5. Sq. This explains why the (1,1) element-of G'RG #

- ”
(&by)
the (1,1) element of C'RC).

.2 Miltivariate analysis of variance and canonical correlation analysis.
Canonical correlation analysis is a study of the relationship between
two different sets of variates. This is sometimes called an external

factor amalysis, Factor analysis takes only one set of variates and

studies the internal relationships of anly this one set, This is called

an internal factor analysis, (Bartlett, 19L48). In this section, an

attempt is made to show that the two types of analyses can be related,-
First, some new notation and terminology is recessary. The discussion

will. first concern unstandardized or raw test scores.

Let S1 be a p x N observation matrix of p test scores on N individus

als, This will be labeled the independent set of tests. Let 82 be agx N

observation matrix of test scores, q tests and N individuals, the dependent
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set, The experimenter wants to predict S2 from Sl' Let B21 be aqxp
matrix of regression coefficicnts, and 82 1 the residual part of S2 not

accounted for by the regression of 82 on Sl' Then one may write

S, =B,.S, +8

2 = BynSy *+ 5,95 (L)

where S1 and 82 1 are assumed to be mutually orthogonal,
]

Post=multiplying (L.1) by 5.5

1 ] s
S5p8) = By) 5 8, +5, ;8

= By 5, 5y

or
' 1,1
Byy = (8,5)) (5,8))

-1

= Co G135

- ' _ ! -1 . .
where 021 = 8281, C11 = Slsl’ and C11 is the inverse matrix of C11 such

that € 17T = I, the identity matrix,

Post-multiplying both sides of (L.1) by its own transpose

1 H 1 [ ]
Sp5 = By) 5y 5) By + 5, , 8, ,,
or
C,=C,. Cxg!l +¢ k.2
227 Y21 "11 Y21 * V2,10 (4.2)

where

' 1

C S3.1 52,1

S, S

22 = 5 S5 Cppq =
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Recall that in Chapter II, the general factor equation was written

as
S=FX+U,
a

where S is the n x N observation matrix of n standardized test scores,

Fa = Zaik-7’ the n x r matrix of factor loadings, r< n common factors,
and U the n x N . matrix of unique parts,: It is assumed that the
common factors are uncorrelated with the unique factors in the population
and are mde to be orthogonal in the sample., In this light, S is the

dependent set of scores, X, the independent variates, and Fa’ the matrix

of factor loadings or regression coefficients, Formally,

5 Xt = F_ XX!+ UX!,

But wi- XX! = I and UX! = 0, so that

N=-1
Fa = SN.&E{- (hoB)

If the common factors X were known, the loadings could be calculated

according to (L,3). However, the X_, are found only after the correlation

pA

matrix is factored, Further

2 =R = ok N 1
Nel SSt R N‘_'IFaH Fa +N:TUU"

or

where
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(equation 2.5, Chapter II). R, is the amount of R explained by r< n
1

-l !
common factors. In equation (L.2), Gy C;] Cpy is defined to be the

'
amount of the total variation 022 = S2 52 accounted for by the regression
of 82 onto Sl' Ru is the matrix of error variances and covariances
similar to 022.1.

!
Next consider an arbitrary row matrix, a , with q clements., Pre~

miltiply (L.1) by the row matrix at (a' is not a row of F,)?

= t
al 82 al le S1 + a 52.1.

Corresponding to (L.2), there is the equation

-1 C' a+altcC

al Cyp a =al! Gyy Cyy Gy 22,1 2

The problem is to find the vector a such that the sum of squares due to

the regression of a'82 onto a'32181 relative to a'022a will be a maxi=~

mum, This may be found by maximizing the ratio

al C a/atcC

-1
%11 C12 22 2

The solution requires finding an a such that

-1 2
n (Cgl Cll C12 -r 022) a=0, (ho)-l-)

This has a non=trivial solution when

¢cle. -rlc =0 (445)

Cop C7 Cyp =T Gy

21
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Pre-multiplying (L.L) by a' and solving for r2,

2

2 =argc,. oot

01 G3 Cpa/atc

0p @

the fraction of the total sum of squarcs which was to be maximized., Thus,

choose r? to be the largest root of (L.5). r2 is usually written as A

1
1 %0 22

Number the roots kl, Xz, eve from the largest downward, There will in

and the problem is to find all the roots of | C,, Ci -AC = 0,
general be the smaller of (p, q) distinct roots. For each root Am that

is found and substituted back into (L.h4), there correspords a canonical

! -1
g t ’ f h = t )

vector a o Then al! S, and a! le Sl al 82 S1 (§§) §Lare two new

vectors which are called the mth canonical variate. The correlation of

the two new variates is the mth canonical correlation coefficient,J km.

Tt can be shown that the new canonical variates are independent. (Hotelling,

1936). For definiteness suppose that p<q. If the correlations between

the variates before transformation was

1 2 o o @ q
1 T .0 i
P11 P1q
2
k = . (L.6)
Pl fm *rr Ppq
Then the transformation results in the matrix
1 2 o o 0 q
'pl 0 .« o s 0]
0 Py
kit = ' ' , (1a7)
o ol.l O O . * O
. pp -
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where the P, are the canonical corrclations; i.e., Py = J3§;-
Recall that for internal factor analysis, the problem was to solve
¢ for
(R-2AI) ¢ =0,
which has a non-trivial solution when
IR =21 | =0,
giving n distinct roots, Ap. And the matrix of latent vectors L = ['eip_7,

transforms R to a diagonal form

L'RL = N
) . (L.8)

The rank of the matrix k% in (L.7) is r< p, the number of non~

vanishing correlations, That is, there are r common factors between the

two sets of variates Sl and 82.

in (L.8) is the number of non-vanishing roots r< ny that is, the mumber

Similarly, the rank of the matrix L'RL

of common factors in the one set of variates S,

These are interesting analogies between external and internal factor
analysis, To be morc specific, consider the results of a tosting prow-
cedure that inwvolves n tests, each given at t differcnt times to N
individuals, The multivariate analysis of wariance table for the scores

has the following form ("raw" or unstandardized scores are used) s
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Source A, S5.5q. and S,C.P,
Between persons N-1 A
Between times t -1 B
Persons x times (N=1)(t~1) o

where A, B, and C arc symmetric n X n matrices of sums of squares (S.Sq.)
and sums of cross-products (S.C.P.) of the n tests. The general equation
in (L.5) becomes

'A-x(A+c) | =o. - (La9)

The two sets of variates S; and 5, are not as distinct in this set-up as

1 2
they were in the set-up described earlier, One might consider the N per-
sons or individuals as the independent set of variates and the n tests as
the dependent set., The analysis of variance modecl is a regression cquation
and A represents the sum of squares accounted for by the regression of
tests onto the dummy variates of Q andl for the persons, A, then, corre=-
sponds to Cyy Cii C,, and A + C to Cy,. The differences between times is
isolated as a source of variation which is of no interest in this dis-
cussion, Therc are several variations of (L.9). Sometimes it is written
as [A = nC|=0or |C-VJ(a+C) |= 0. Bat A =1 -, \)=]Tli-ﬁ’ and the
canonical variates are the samc for all determinmations. (Rao, 1952).
Bartlett (19L8) suggests various opcrations on (4.9) so as to make it

look like |R = AI|= 0. First, he substituted

A= P

M+
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where m = (N-1)(t-1), the degrees of freedom for C, Then (L.9) may be

written as
. :
‘ A-yp= l =0, (L.10)
Let 8 = (N-1) p, Dividing the matrix A through by (N-1) reduces it to a
variance covariance matrix, D. If m is larger or E, the true matrix of

variances and covariances of the residuals or srrors, is known otherwise,

then (L4.10) may be written as

| D-0E| =0, (L.11)

The (i,i)Eh element of D is

where Yit£ is the test score on the ith test at the tth time as mdc by

the «th individual. Now Yi is postulated to bc of the form

tA

Tipa = BF T P4+ 0% B0
where § = mean effcct, T, = effect of test i, pt = effect of tire t, P the
«th person effect, and €1 s the usual random error, If the person effects

are random and the test and time effects fixed, then
E(Yyp ) =w* 7 + By =7

N2 2 2
E(Yitd W&) - céi + obi.
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The expected value, then, of the (i,i)EE clement of D is

02 + t 02
e, .
i i

(This is the result of section 3.6, Chapter III)., And the (i,j)Eﬁ element

is
1 1 ~ 1 > >
2o/t s (et . DY) - (5 2. )5 2Y.. ) 7
N-l[t*tlto( G A L 2 1

whose expected value is tozx(i,j), the variance of the common parts of
tests 1 and j, Ordinarily, the tests arc not replicated (t = 1) and the
variances and covariances are taken over all items. In D, the estimtes
of the variances and covariances are over the N persons with the mcans of
the times eliminated.

Further assume that the errors are uncorrelated, so that E becomes a
diagonal matrix, E#, Next standardize the D mtrix by dividing each ele~

ment of the ith column by J(i,i)EE element of D = \J&E + ;g. and

l l —n ol
divide each element of the jth row by ij,j)iﬁ element of D =‘Jc§ +to§ .
J J
The result is a correlation mtrix Rt‘ Then (4.11) becomes
|Rt - @ B |=o. (L.12)
2
o
th °
The (i,i)=— clement of E¥t is 5 » which is the unreliability
Oéi+tobi

of test i which is now of length t, (The variance of a test of Yunith:

length is og +o§ s and of length "th, °§ +_tc§ s see Chapter III),

i i i i
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Assume that the diagonal elements of D are "fairly" stable so that

o2

°y
og +t 02
i pi

is "fairly" stable, Then assume that all tests have the same reliability,

p 2 95 say. Then the diagonal clements of E## arc all equal to ,05.

i3t
Let A = .05 &, Then (L.12) becomes

‘Rt -AI \= 0, (L.13)

which is similar to the usual factor analysis determinatal equation, Rt
differs from R in that for Rt’ the tests ars replicated t times, with time
effects eliminated, The correlations in R are obtained from single repli-
cations of cach tcst,

Consider the case n = 2, for simplicity, If the expected wvalues are

substituted in {D - € E | = 0, the determimant of the expected values

has the form

2 2 2 2

t cpl + O = ) %1 t o y o
2 2 2 2

t o X t OPZ + O = e 0o

Let (1-8) = At and factor out t from each row and column, the result is

02 - A 02 o

pl el Y =0

02 02 - A 02
¥ p2 Y
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The part corrcsponding to D,

[¢) [}
E(V) = | PL r o,
0'2 0'2
X p2

is just the expected value of the matrix V discussed in Chapter III, the

matrix of variance components that Tukey suggests factoring. If the 02.

ei
are "small" relative to oii and og,, then a factorization of V should give
results very similar to those of 'A - A (A+C) l = 0,

For a sample E of (L.11) will not be a diagoral matrix, for the errors
are correlated. But the assumption of equal reliaé}lities is not too
stringent, Most tests used in a battery have established high reliabilie
ties > .90, say. A solution of [D = @ E| =0 (or |4 - M(4+C) | = 0)
should give factors very similar to the factors found from IR - A I= O

Results similar to that of (L.13) may be developed by a different
approach, The general factor amalysis equation is (for standardized
scores)

S = Fax + U,
Consider the matrix S of test scores as the depcndent set of variates,
Fa’ a mtrix of regression coefficients, and X, the matrix of the

"independent" set of variates (the hypothotical factors). Then

(N-1) R = 85" = FaXX'F; + UU?

and

1

aa— 1
for UU'e

R = FaFé +



107

Assumc that the r< n common factors explain all the intercorrclations so

1
! = 3 —— =
that FaFa Ra’ exactly and V=1 Uu R_+ Recall that

Ra is the reduced correlation matrix with communalities hi in the diagonal,
Since FaFé = R exactly, the U's are uncorrelated so that Ru is a diagonal
matrix with unique (specific plus error) variances in the diagomal. Then

analogous to (4.9),

.FaFa'-XRl= Ra-m'=o. (Lo1l)

To say that FaX accounts for all the inter-corrclations, which are due to
common causes or factors, is similar to the requirement that the errors
are uncorrclated in the development of (L.13). Write R, =R -R and

let 1 - A= % s then (L.1k) becomes
IR - VR, |=o0. (L.15)

This result is comparable to (h.12),l R, - 6 Exx | = 0. However, the

-
(i,i)EB element of R, oz(ui), consists of the specific plus error
—~—
variances, i.e., 02(ui) = ;Ez;; + ei). The (i,i)zg clement of R is

hi, which is the "variance" duc to common factors; but because of repli~

cation, the (i,i)EE element of D includes the wariance of the specific
part of test i as well as the random errory i.c.,, it is the variance of
test i with time effects elimif?ted, which is standardized to unity in Rt'
The (i,i)Eﬁ clement of E* is og » the variance of the random error term

i
only, and for the standardized EX#, tho eloment is
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e
2
e,
1
tcz + 02\
by ¢

which, for the standardized scores is equal to oézéi). Thus E#¥ includes
only the variance of the random error term while Ru includes the variance
of the specific plus the variance of the random errar term,

A slightly different recsult is possiblc if in (L.14) R is written as
the sum of R, and R, and 8/(1+8) is substituted for A. The determinantal

equation to be solved is

} R,-0R | =o, (L,16)
If ome assumes equal unique (not error) variances, then (4.15) and (L4.16)
reduce to

|[R-rI]=0and |R -1 | = o,

respectively, This is a more restrictive assumption than requiring the
reliabilitics to be equal, Instecad of requiring 211 Pist to be equal,
it is necessary to require that all Hi be equal, Before the analysis,
the oxperimenter usually has 1ittle idea as to the relative sizes of the
communalities, but the reliability is usvually established before it is
used in a factor analysis, .

Burt (1949) defincs two mtrices

_l 1
Ry = R, 2 R Ru§ (L.16)
and -£ -l
R, =R% R R?Z (L.17)
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where
-1 B i
2 _ 1
fu o(u, )

L 0
O'(uz) ' (}4.18)

0 ]

c(un)

Then from (L4.15) and (L,16), there results

R =1 | (4.19)

"
o

and

'Re -61I | (4.20)

ol
@]
)

The typical off-diagonal clement of Rd and Re is

r., . r, .
—_—d = 1)
— = 3 2 .
o(ui) a(uj) Jl hy \l-hj

Burt calls this "adjusting for uniquencss", This is perhaps a poor
choice of words for the recliability coefficient adjusted for attentua-

1 _ : T e s 7 N
tion, rij/‘/rii' rjj s Where ry;0 and rjj' arc thc reliability co
efficients of tests i and Js respectively, has an entirely different
purpose in mind. Because of unreliabilities of thc tests (errors of
measurements), the correlation is decrcased. Thus, the "true" correla-

tion is actually higher than the sample corrclation coefficient., The
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truc" correlation is cstimated by dividing through by the gcometric

mean of the two reliability coefficiemts, The adjusted coefficients

in Rd and Re do have some appeal, however, for a test with all common
factors would get infinite weighting since its communality would be one,
and tests with no common factors would get no boost from the divisor
1//1 - hi, for then hg would be zero, The purpose of a factorial study
is to isolatec and identify basic parameters in the domain under study.

The assembling of a battery of tests does not have as its purpose the
measurement of all factors related to a certain job, e.g. a lathc opera=-
tor. For that purpose, surely one would want tests with specific parts,
if those parts help to measure and thus predict performance as a 1lathe
opcrator., Some pcople criticize this aspect of factor analysis and ask
why should a portmanteautest consisting of all c ommon factors get an
infinite weight and a test with a certain specific factor get no increase
in weight? When it is realized what the aim of a factorial study is, this
may be rationalized, However, this all secems unneccssary. The numerator
of the product moment correlation is an estimte of 02, the covariance of
the steady parts of two tests, If the two tests havc many common factors,
then the estimate of c%, is large. If they have nothing in common, then
the estimate is near zero.

There is one other point that should be made, Is the set of load-
ings, F, the best that can be obtaincd so that the correlation is a maxi-
mum between the independent set of variates (the common factors) and the
dependent sct of variates (the test scores)? This is the problem of canoni-
cal corrclation analysis. Again treat the problem formally, ard write

S=FaX+U.
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A factor matrix Fa has becn feund whose factors arc erthogonal (as the
transformed canemnical variates are orthogonal), that diagenalizes the
matrix of observations S, It might be asked, then, is the mtrix Fa so
determined that the "sum of squares" due to cxtracted factors is a maxi-
mum? This may be checked by considering the new wector b'F;S as the neow

vector a'52 was considered for the usual canonical problecm, Thus

b’FéS = b'F;FaX + b'F;U,

and
b'FaSS'Fab = b'F;FaXX'FéFaFub + b'F; UU'rab.

The problem is to maximige the ratio
' y 1 1
b FéFaXX’FéFab /b FaSS Fab
with respect to b, The solution is obtainable from

1 - | 4 ] =
( FFXX'FIF, MFISSIF)a = 0,

which has a non-trivial solution when

- 1 =
‘F AP XX'FIF, A F15S 'Fal 0. (4.21)
1 1 2
Bt gy X' =L () S8' =R, FIF, =/ <
F*RF_ =/ L so that (L.21) bceomes
a u a’ * ‘

Adaanb -0 (h.22)
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giving all r roots )‘p =1y i.e., all corrclations, \/Tp-, arc unity. Thus,
the principal axis solution is the best that can be found for the mxi-
mum explanation of the total variation in the correlation matrix using

r< n factors. This fact can be more elegantly proved (Kendall, 1950), but
the demonstration shows how, at least formally, the factor analysis prob-
lem can be treated as the gencral regression problem of onc set of
variatcs onto another hypothetical set; and, in turn, through the deviccs
of canonical correlation analysis, shows that the matrix of loadings, Fa’

is the "best" transformation possible, "best" in the sense of accounting

for the maximum variation using r < n common factors,



Chapter V

DISCAIMINATION AND IDEHTIFICATION

It was mentioncd in the introduction that Galton and Pearson werc
concerned with problems of classification. The psychologists adapted and
developed the ideas to a study of psychology, rcsulting in a technique
called factor analysis, which has as its purposc description and identi-
fication., Since Galton and Pearson, there have been many advances in
multivariate techniquos that arc used in many arcas of rcscarch. Howcver,
factor analysis has dcveloped virtually indepondently of thesc other
methods, 1In this chapter, several multivariate teehniques will be
discusscd to scc how they are basically related. Hotelling's most pre-
dictable criterion will be mentioned, followed by = demonstration of how
the usual discriminant problcem may be considcred as a spceial case of the
general canonical corrclation problem. .in cxample of the use of canonical
correlation analysis will be given, and the parallel thinking involved in
canonical corrclation snalysis (cxtcrnal factor analysis) and factor
analysis (intcrnal factor analysis) will be cmphasized.

In Chapter IV, scction 2, it was shown how the determinantal
equntion of canonicel corrclation analysis may be reduccd to the detcre
minantal cquation of foctor analysis by imposing scvcral simplifying
conditions, 1In this chopter, the thinking involved in the two mcthods
will be discussed, over and above the mathematical conditions necessary to
cffect cquivalence, First, two speciel cascs of canonical corrclation
analysis will be given,

Recall that for two scts of test scorcs (Sl, the matrix of
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observations for thc independent set, and Sos the matrix of observations

for the dependent set), the solution of a from the equation

-] _
CI3Cqp = ACpy) @ =0

(Cp1C13C10

gives a column vector a of cocfficients such that a'Sz can best bc pre=-
1l

. ] ! - R
dicted from a B21§1 = 2 Cyhq0qq Sl’ where a depends on A\ which is the
largest root of

G CI Cqp = A =0 (5.1)
21 Y1l ~12 22 : *

The lincar combination of tcst scores in the dependent set that is best
predicted by the lincar combination of scorcs in the independent sct is
called Hotelling's "most predictable critcrion', (Hotclling 1935).

The sccond special casc of canonical correlatisn analysis results
when there is only 1 degree of frecdom in one of the scts of variates,
This was observed by Bartlctt in 1938, Recall that the discriminant
problem may be viewed as a multiplc rcgression problem., Formally revcrse
the roles and consider the tests or predictors as the dependent sct, Sy
and the vector which differentiates between the two populations as the
independent M"set', Sqs  Let S, be a row vector with N = N; + N, clement s,
with each clement being N2/N or -Nl/N according as the individual obscrved
and measured belongs to population 1 or 2, rcspcctively. Nl is the
number of individuals in the samplc from population 1 and N2, the number
in the sample from population 2. Supposc that n tecsts are being used as

predictors or discriminztors, then if 82 is an n x N matrix,
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4,
d
N, N, 2 N, N,
5,8, = =2 = 12 4
N . N
d
— n e

wherc di =Y. . - ii2’ the diffcrence in mcan values for the ith discri=-

il
N,
minator or test between the two populations, Y,, = SJY.. /N, )
ij =] L« J

J=1,25 £ = 1,2,...,Nj s 1 =1,2,00eyn, where Yﬁj& is the measurement

on the «th individual for the ith test in population j. Then

N N N.N
2 1,2 12
8151 = M ()T +n, (- 12 = L2 < g
1°1 1 2 ' ¢ .
Thus
-l ! 1 "1 ' - l ! = l !

where d is the column matrix of mean differences, Obviously, dd' is a

matrix of rank 1. In cquation (5.1) let w =K./ (1 - A) and % ad' =

-1 -1
Cpy Cq3 Oppe Recall that Gy, = Chy C13 Cyp ¥ 022.1, so that (5.1) may be

written as

aa' ¢~t

22,1 K | = 0, (5.2)

’ da' - p

Co2.1 ‘ =

t -1
thus dd 022.1

form.[Q,-—u.I[=Ois

is also of rank 1., The expansion of an equation of the

(DT Wt ()" py e (1™, WP o= 0,
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‘ This cquation has only one root if Q is of rank 1. Thc cocfficicnt Pl
of un-l is the sum of all the roots which is also equal to the tracc of Q.
By decfinition, the tracc of Q is the sum of the diagonal clements of (.
Further, P2, the coefficient of “n-2, involves the product of the roots
of Q taken two at a time. Since only one root is non=zGro, P2 is zcro,
and in gencral, the coefficicnts of u - r, r 2 2, involves the product of

the roots taken r ot a time, Thus all the cocfficicints arc zcro cxcept

for the first two terms. The solution of

(1) W+ (™™= o

is
w—
p = 2 (roots) = trace of Q

= tracc of dd! CE% 1°

-1

But trace of ddt 022 1 = tracc d'C22 1 d, This is scen to bc so when the
individual terms arc considered, lLet 1 =4d, C = d'ng‘ 1° Then it is

statud that the trace of AC = trace of Ci. But

r s
oo B

trace of i€ = 2 a;; €4y
i=1 j=1 * J

]

trace of Ca

P S
J Ji

gaJw

4n cxpansion of thesc two sums will show them to bc cquivalent. Thus, the
rank of (5.2) is

-1
u = trace of d'022 1 d,

-1
‘ But d! C22.1 is a scalar, hence
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-1

22,1 de

u=drc

The problem is to solve a from

-1
(Cp3Cy109p = Mpp) 2 = (dd! = u Gy, 1) a3 =00

Substituting p = d'C;;'.l d, then

-1

(ddv= dt oo dczz.l) a =0, (5.3)
Iet a = C"l d, and (5.3) becomes

22.1
-l -l "'l
dd'Cpy y d = dCy, 5 d Cppy g Cpp p @
= adicil | d) - (dtc'l d)d =0
22.1 22.1 :

which is identically zero for d'C;% 1 d is ascalar. The solution for a
must be, then

a= C;;.l d, (50)4)

where 022.1 is the within or residual matrix and a, the column of regres-
sion coefficients. As mentioned earlier, Bartlett (1938) sketched this
solution, It has been cxpanded hcre to show the details. The result in
(5.4) is the same result that Fishcr obtained morc dircctly.

It has been shown that the most predictable criterion and the
linear discriminant analysis are spccial cases of canonical corrclation
analysis, Next, the discussion will concern the use of canonical corre-

lation analysis to find how many factors (or how many dimensions) there
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arc to a given "domain", A "domain" is any arca of study, whether
psychological, biological, or physicalj e.g., "intclligence" is a
tdomain" often studied by psychologists.

It is maintained by some psychiatrists and psychologists that the
only differcnce between normal people, neurotics, and psychotics is one
of degree. That is, thosc groups are conjecturcd to lie on a linc or
continuum, In a reccnt article, Rao and Slater (1949) study this problem
statistically, The domain under study may bc referred to as that of
"neuroticism®, Thc dimensionality of this "domain® is studied via tests.
Factor analysts study the correlation matrix of tcsts to sce how many
"factors" are prescnt or to determine the "dimensionality" of the tests.
It should be cmphasized here, that the number of significant factors
present in a given domain is then determined through the usc of the tests.
For cxample, if a battery of tests is assembled to study intelligence,
then all factors thought to bear on intelligence would be included in the
battery, If numcric ability is considercd a ¥factor® or aspect of
intelligence, then surcly some numcric tests would be included in the
battery. Thus, dimensionality of a domain can be measurcd only in so far
as the tests measurc the domain. This places the burden of choosing a
good" battcry on tho_?xporimentcr. It was stated that Rao and Slater
studied statistically the dimensionality of ncuroticismj but this was
possible only in so far as the tests they chosec mcasured all aspects of
neuroticisme For their study, they chosc a group of British World War II
servicemen., The "csts" used were 13 Mpointers", some of which werel

hereditary predisposition, physical ill health, ncurotic traits in child-
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hood, emotional instability, and alchoholism. The pointcrs were grouped
into 3 Wtestsh 4, B, C. (Sce the paper for thc details of the grouping.
For the purposcs of this discussion, three "tests" were given to certain
scrvicemen.) The test scorcs werc listed for cach individual of the
following 6 groupss 1) normal, 2) personality change, 3) anxiety statc,
L) hystcria, 5) psychopathy, and 6) obscssion. The number of individuals
in cach group was diffcrent, and the numbcr in the normal group was not
proportionally representcd since data wore more difficult to collect for
this group. (The tcchnique cmploycd is under study; the results obtained
are of lcss intcrest herc.) The total sum of squares and cross-products
of the three tests 4, B, C was obtaincd over all individuals in the 6
groups. Denotc by T the 3 x 3 total sums of squares and cross-products
matrixe From this, the between groups product-sum matrix, M, was broken
out. ILct W} = the within groups product-sum matrix, so that, in this
notation T = M + W, The total degrees of freedom was 255 and since M
had 5 degreces of frcedom, W had 250 degrces of frcedom,

First, the gecneralized distance was computcd betwcen cach pair of
groups, as e.g., normal versus personality change. This was prcliminary
work to sce if therc were in fact differences between the groups as
reflected by the tests A, B, and Co Thec statistic uscd was

3 3
2 .3 2w

3
i=l j= 1 J

|..c

where le 7 is the inverse of the within matrix, —i— W, and d is the
250

difference in the mean valucs of the two groups under study as scored on
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the tcsts Ay By Co A test of significance for D2 may bc obtained by

using
M 1 p-ms+1 2
F kPSS, ° - Py D ,
N P m

with (my p = m + 1) degrees of freedom, where b&is the number of indivi-
duals in the first group (normal, say), N, the number in the second group
(personality change, say), m the number of variates or tests (3 in this
examplec), and p = 250, the degrees of freedom in the within dispersion
matrix We This test is duc to Hotclling,

Rao and Slater ncxt pecrformed a canonical correlation analysis.

Corresponding to the determinantal equation

‘ ¢,.Co¥. -2, | =0,

21711712 T 22

therc is the equation

‘M-HlsiM-MM+ml=O.

(Rao and Slater actually solved |M = uW | = 0, where p is related to the
square of thc canonical corrclation A by p = (1 - A). The producte
sum matrix M is the sums of squares rcsulting from the regression of tests
onto the group dummy variates of O or 1, Thus it correcsponds to 021x
Cﬁclz, the sums of squares accountcd for by the rcgression of 82 or Sl'
Rao and Slatcr found that only one canonical corrclation tcsted
statistically different from zero, indicating only onc significant
dimension or factor in ncuroticism in so far as thc tests A, B, C were

able to mcasure neuroticism, That is not to say, of coursc, that therc is
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only onc dimcnsion to ncuroticism, but merely that only one dimensionality
can be recognized in such aspects of neuroticism as measured by thcsc
tests,

Rao and Slater proceed to determine statistical criteria for
decciding to which group an individual « belongs (normal, etc.), given his

test scorcs 4‘, B*, C*.

Here, then, is a use of external factor analysis, Thc tests A, B,

C arc uscd as devices to study the dimensionality of the domain of
ncuroticism, Using the significant canonical root, u, the vector a is
found such that (M - w W) a = 0, The significant factor is the linecar

compound

L= 4* + azB* + a C*,

1 3
wherc the a, are the elements of the vector a, and A By C are the
test scores made by individual « on tests i, B, and C.

This is thc same problem as in factor analysisgt to determine the

number of significant factors in a correlation (or covariance) matrix,

and once found, to concoct factors which are linear compounds of the

test scores

X =

P«

-
S. e
é? zip i

~l+

(See section 3, Chapter II).
The main difference in the two techniques is$

1) In the special type of Mexternal factor analysis" (Bartlett,
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1948, and Rao and Slater, 1949), the analysis is run on raw or
unstandardized scores, while for "internal factor analysis", the
scores are usually standardized, This is not a basic difference.

2) In the "external analysis" in Bartlett!s discussion, the tests

are replicated t times, while for the Rao-Slater example, the

individuals were grouped into 6 categories so that tests given to

individuals in a certain group are "replications" of a sort. Use

is made of the Mwithin" matrix, or the matrix of variances and co-
variances of the Uerrors". Again, this is no basic difference,

The internal factor analysts do not replicate their tests nor do

they group their individuals into homogeneous groups, But there is

no reason why the individuals could not be grouped, if the experi~-
ments were properly designed,

Factor analysts maintain that statisticians should aid them in the
statistics of their problem. The main question they want answered is
"ghen shall we stop factoring"? That is, how many significant factors are
there in a correlation matrix., Bartlett has contributed considerably to
this aspect of the problem, and his work along these lines will be dis-
cussed in Chapter VII. For the most part, theoretical statisticians have
ignored the particular problems of internal factor analysis and have con=
cerned themselves with other multivariate techniques. The problem is this,
then, can the psychologists use other existing multivariate techniques
to answer their questions? From the previous discussion, it seems that

there are at least three alternative techniques available?
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A) _If replication of the test is practicable (due to learning
effects it is often not practicable), then the canonical analysis
suggested by Bartlett (1948, pe 75) and discussed in Chapter IV
could be used. That is, find the roots and the associated canonical

variates (or factors) from the detemminantal equation
|a - xa+0) | = 0, : (5.5)
|a=u | =0, (5.6)
where there are n tests on N persons replicated t times, and

A = n x n matrix between persons, N - 1 d.f,
B = n x n matrix between times, t - 1 d.f,

C = n x n matrix, Persons x times interaction, (N-1)(t-1)df.

It was shown that (5.5) might be "reduced" or "standardized" to

| Rt - AL ' = 0 by assuming that the errors are uncorrelated, and
by assuming that the tests 211 have equal reliabilities,

B) If replication is not practicable and if the reliabilities

Piit of all tests are known, then one might factor

|R =P |=0 (547)
where P is the n x n diagonal matrix of reliability coefficients

of the n tests., This procedure would seem to lie somewhere between

a factorization of
IA ~ l.l.C ‘ = 0 (508)

(or | A* = E Lf 0, where E is the trus variance - covariance matrix

1
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of "errors" and A* is the n x n variance=covariance matrix between

persons)
and

|R-u|=00 (509)

C) Finally, the procedure of Rao and Slater secems to offer a
third alternative, If the factor analyst is studying the domain

of intelligence, say, then on a priori bases, choose various groups
of people from very intelligent to very dulle The n x n matrix of
variation between groups , M, say and the n x n matrix of variation

within groups, W, say, give rise to the determinantal equation

jH-r@+w) | =0 (5.10)
or
| M= | =0 (5.11)

(B) and (C) would in gencral be preferable since no replications of
the tests on the same individuals is involved. Tests of significance
are available for (A) and (C), using large sample approximations, Some
theoretical work would need to be done for (B) to study the distribution
of the roots.

There are two general classes of problems in factor analysis workt
1) the problem of studying only the "common" factors in a new area or
domain} for these problems, the psychologists insist on substituting
communalities in the diagonal of the correlation matrixj 2) the problem
of predicting how a new individual will behave or into what group or

category he will be placed; for these problems, the specific parts or
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"factors" of the tests are important, and thus unities are uscd in the
diagonal of the correlation matrix. For the second class of problems,
techniques (4), (B), and (C) would seem to be appropriate. For the first
class, the psychologists would not want to use these techniques until the
diagonal elements of A in (5.6), R of (5.7), and M of (5.11) are "reduced"
since they include the variance of the specific part of the tests. One
could use an iterative tcchnique in these problems, also: Compute the
number of significant roots, r, say, and calculate the diagonal elements,
assuming r common or significant factors, recompute the Xp, etc,

It would be interesting to sce the results of an internal and of an
external factor analysis on the same data, The results of the tﬁo analyses
should be similars factors found from a solution of |R = AI | = 0 and
| M= W ' = 0 should not differ greatly. Of course, one would not cxpect
a factorization of ‘Ra ~ AN | =0 to give rcsults similar to |[M« AW | =0
since lRa - AL lin general gives different results from|R = AI| = O,

R, recall, has communalities in the diagonal., Technique (C) could be
used for only two groups, a "succcssful" and the corresponding "unsuc-
cessful® group of any particular occupation, A discriminant analysis
could also be run for this spccial case of two groups. Batteries of tests
are frequently given only to the "successful® individuals of a given
domain and a factorial study run on this sclected group, Perhaps

sharper distinctions and a clearer understanding of the factors could be
obtained by also utilizing the information on the Munsuccessfullt group.

Factor analysts have seemed to place cmphasis on the seclection of
a M"good" battery of tests. Surely one wants all aspects or factors to be

represcnted in the battery, in so far as he is able to ascertain what the
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factors arc. But of cqual importance is the selection of the sample of
individuals. TIn Chapter III it was emphasized that the reliability
(and the correlations) of the tests depends on the people in the sample.
If the people are very homogencous, the reliability and covariances
(and thence correlations) are small, It is extremely important, then,
that equal care be taken by thc psychologists in choosing their sample of
persons. (This is important, of course, whether one solves |R - Al |= 0
or one of the determinantal cquations above).

To summarizc the general idea of this chaptere

Psychologists have developed and cxpanded a multivariate technique
called factor analysis, largely outside the general field of statistical
growth and dovelopment. They have focused their attention on the corre-
lations among tcsts and have dirccted their attention to a study of the
correlation matrix, Parallel with this development have been advances in
other multivariate techniques which arc "similar", The purposc of the
chapter has becn an attempt to sce what the problems are to bc solved
and what techniques are now available to help solve them. The problem of
factor analysis is onc of dimensionality of a given domain. This
“apparcnt" dimcnsionality is studied via instruments called “testsh,
This is also thc problem of canonical correlation analysis. In gencral,
canonical correlation analysis studics involve the kind and number of
factors between two sets of variates, and result in a solution of
1

21011012 - ksz = 0, Special cases of this gencral equation arise

wheny (1) tests are replicated on the same individuals t > 1 times, and

| ¢

(2) by a grouping of the individuals into homogencous groups on some

a priori basis. These arc called fexternalh factor analyses to
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distinguish them from "internal" factor analysis. The latter involves
one set of variates. The "two" sets of variates of (1) and (2) above are
the set of n test scores and the "pseudo" set of persons. It is con-
jectured that the results of external and internal factor analysis will
be similar, and thus canonical correlation analysis theory and techniques
are available to the psychologists for a study of their dimensionality

problems,



Chapter VI
PREDICTION OF FACTOR LOADINGS

One of the questions frequently asked in factor analysis is how
will a test bechave when placed in a battery of tests that has already
been factored, without re-factoring the battery with the new test
added, -

Let the first r factors of the principal axis solution of

Ra - A\ |=0 for (n - 1) tests be given by the factor matrix

k] 812 o+ v v 3L

22 * ** "2r

%n-1,1 %r-1,2 0 Ly

Then
- '\
2
hl r12 o o o rl, -l
2
Tar My e e Toag
F aF ; e .

) 2

L rn-l, 1. rn-l, 2 bR hn-l )

Fan'a = R if the number of common factors r = n, Recall also that
2 L .
I = 1 = = 3
FFi=A, and FISS F =FIRF =/} o+ Hence the estimate of factor p for

N-1l
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the &EE individual is

b |
i?'gnp 14°

'E
-

When all the n factors are extracted, F = Z-bip-7 is the factor matrix
of order n x n. It can be written as
FeLA,

where L is the matrix of direction cosines of test axes relative to

principal component axes obtained by the principal axis solution and

Thus, X can be found from
S =FX
by pre-multiplying by F!,
F!S = FIFX

= (LA)H(LAX

= A'AX

"J\? Xe
Thus

X = (./Lz)"l F'S (6.1)

where



( ./\_2 )-l

1

S

§3ipﬁp ®ix

S, s

By ¥
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(602)

When only a part of R is factored so that F, = [aipJ is of order n x r,

r < n, then X is found from

S=FaX+U

in a similar fashion, Pre-multiply by Fé to get

However Fé U = 0, since a typical element of Fé U is

3

i

a, N
ipix

t =
Fa S Fa'. FaX + Fé Us

g )

a, (s, = 2a,

i ip ( 1L % ip
< N

= falp i %aip

(6.3)
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1 3 1ippA
n
=0 ko |
But i?lai 8 . ﬁ; Lty By,
= X
n n
=2 . 2
and {ii 35 xp* xp pr s Ssince ;;i Ay, = xp.
Thus
>
'aipui-(= O for all p and «,

Therefore (6.3) can be written as

FéS l='I"‘;‘Fa.x

2
B—-A-ax
or
2y =1 !
X = (-A- a) Fa S, (60)4)
where
2 o |
Aa
-1
2 [ ]
(—La) = . )
0 L
Y
_ a1
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Recall that the kp obtaincd from a factorization of ﬁ are not the same as
the Xap obtained from a factorization of Ra' A typical element of (6.L)

is, then

- . 8,
VGT. ip "ix
ap
For this discussion, it is more convenicnt to use
n
4 a

2 .= 2 a,_ s,
pL ie1 ip i«

gince the aip are the quantities obtained in a factor analysis, Thus

g o
2o = ‘faip Siw =V Agp 'f‘"ip Six®

Recall that pr was defined to be (section 2, Chapter II)

=

Yp* = ??eip S

(Notes this Y is not the raw test score Y, o)
pt T — ik

The amount of the pth factor possessed by thc «th individual was defined

to be

Kpu = Yo ARy = e
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: . 2
h has m d
. Thus Zp,( zero mean and variance )‘p .
let Sy bc the nth test that is to be added to the battery., It is
desired to know its factorial content. Only the factors of the nth test
that are common to the factors of the.first n - 1 test will appear., The

mean of s, 1s zero and its variance is unity? 3 8, = 0Os < 882

Nel «

= 1,

THEOREM: If test S, has factors that are common to some or all of
the common factors of the first n - 1 tests, and if its specific part
does not form common factors gith the specific parts of the first n - 1
tests, and further if ris = 2 a, a_, then

J p==l ip JpP

A ] Cov(sn, Zp) / (N = 1)
np

JVar(sn) . Var(z.)

n=1

- X Xar, (6.5)
A

where /;np is the estimate of the factor loading of test s, on factor pe.

Proofs r
- 3
Since r, = 2 a._ a
in pal IP TP J

n=-1
Cov(sn, Zp) ) Cov(sn, Zp) o1 2 .
A A_i=2 PR
\/Var(sn) o Var( Zp) ap ap
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1
= ;:" [alp(alla'nl T et 2y 8 )
ap
tap(ayany * a3, +eee b aya)

+ o0

+ a

ne1,p(3-1,1%1 * %n-1,2%2% 0 an-l,rahr)-7

Using the fact that

n-l A ifm=0p
E a, a =] %
; ip im . )
i=1 0if m¥ p
n=1
Cov(sn, zp) = Ao 2 2
‘27 ip
Xap )‘ap i=1
= anp.
Obviously, then,
r 2
=, (Cov(s_,Z_)
. 7( _n p’
n p=1 A
ap
r
g2
= 2 anp s
p=1

the usual definition for the communality.
Denote by F a(n,r) the factor matrix obtaincd by the principal axis

solution for the first r common factors on n tests., Let Fm be the matrix
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Fa(n - 1,r) augmented by thc estimates of 4’ Then F and Fa(n,r)

represent the same test configuration in the recommon factor space, for
1 = t
FmFm = Ra Fa(n,r) Fa(n,r)

and

Fr'nFm =N §=Fa'1(n,r) Fa(n,r)

That is, the correlations between the test vectors in the common~factor
space are the same, and since the length of the test vector i is./;u—i in
both test-vector configurations, the two test-vector configurations are
the same. A "rotation" of eithei' P or Fa(n,r) could be made to effect
equivalence.

Since the common factor structure (or test configuration in the
common-factor space) is invariant under rotation, the estimation of the
anp could be done cithcer for the factor matrix as first factored or for
the rotated factor matrix, v

The problem can be set up and solved with identical results by
multivariate regression techniques. Lot Fl be the mabrix Fa( n - 1,r)

with each clement of columns 1,2,.ss,r divided respectively by xap,»i,e.,

11 12 : 1ir
Xal )‘a2 kar
L[ ] [ )
Fl = . .
31,1 2n-1,2 Bpel,r
)‘al "az )"ar
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The problem is to estimate the regression coefficients of the trans-

formed variates F.S_ on S_, where S, is the (n - 1) x N observation

172 1 2
matrix for the first (n - 1) tests and S, is the raw matrix, 1 x N, of

observations for the nth test. (The test scores arc considercd standar=-

dized throughout this chapter). Thus B,, is to be estimated from the

21
regression equation

! - '
Fy S, By, S; * Fy S, 1o (6.6)
Post-multiplying (6.6) by Sy,
1 1 ! t 1
%Sfl‘anlﬁ*Fl%JSr (67)

If Fq8, lSi = 0 (i.cs, if the spccific factor of the nth test docs not

form common factors with any of the specific factors of the first (n - 1)

tests), then

Byy = Fi Cpys (6.8)
where
' "In 1
Cpy = 8,8, = T s 85 = Var(sn) = 1,
[ ]
[ ]

Tt will be observed that the result of (6.8) is the same as that
of (6¢5).
As an example, consider the artificial correlation matrix of 5

. tests resulting from the operation of two given factors, Denote the
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factor matrix of the given factors by Fg:

I IT
.8 3]
-7 '02
Fg = 09 "025
75 Ul
.6 .3041 |

-

My = G822 e s (6 = 208628

!

Xaz = (03)2 + ("'-2)2 * e 9 o H ('30)41)2 = 0&531

Mgy * Np = 33156

I3 .50 J6hS 723 L8712
S0 W53 .68 JLL3 3592
Fy Fé =R _(5) = J6L5 .68 .8725  .5725  .L46LO
723 oLL3 »5725 7306 5740
«5712 03592  JL6LO  L57h7 L1525

The solution of

\Ra (S) - u‘ - o

gives
I iI
L8352 .1800 |
6632 -+3002
Fa (5) = | «8537 -»3791
.8019 +2960
«6380 2133 §
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A (5) = (.8352)° + o o o+ (,6380)2 = 2.9163
Ap(8) = (1800)% 4. ..+ (21332 = L3993

It is easily verified that

=
]

2 = (824 (037 = .73 = (48352)2 + (.2800)°

H
]

12 = (BT + (23)(=02)

= 050

(+8352)(.6632) + (.1800)(=.3002)

L§

etce

so that,
1
F(5) F (5) = R(5)
The relationship is exact since there are exactly two common factors in
this hypothetical example,

Next consider the correlation matrix Raﬁh), obtained by omitting
test 5 from the battery. The solution of

|R(8) -1 =0

gives the factor loadings on the first L tests as!
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I IT
™ .8225 2313

] 6806 - 2585

Folb) = .8757 -.3250
el .s3

Ag (B) = (.8225)% & o4 . % (L7819)° = 2,5179
o ) = G233)% s oL (a3 = L3,
Using (6.5) or (6.8):

(08225)1‘15 + (.6806)1‘25 + (08757)1'35 + (07819)rh5
Ay ()

aSl

1.5700
24,5179

= 06235 .
Similarly,

023131'15 - 025851'25 - 032501'35 + 03,4531')45
Ao (k)

.08690
«3L52

= 2517

Thus,

2 _ .2 2
hS = aSJ- + 352 = c).l522,



1,0
which differs from 4525 due to rounding errors. Also note that
+92 ~2
N OREN NS S WORS WORER R Y

It can also be verified that F , the Fa(b,) matrix augmented by the

estimates of A when multiplied by its transpose will give Ra(S ), thus?

8225 ,2313] 8225  ,6806 8757 o819 ' L6235
6806  =.2585 [ 22313 ~a2585  =43250 3453 | .25171
8757  -.3250 )

7819 «3L53
=R (5).

6235 2517

i )

The relationship is only approximate due to rounding errors.

Thus the structure represented by Fg’ Fa(S) and F , ﬁa(h)

augmented _/ is the same. F,(5) may be obtained from F| by an appro-
priate orthogonal transformation,

For this artificial example of two factors, therc is no estimation
in the true scnse for the asp can be calculated exactly, However, in
practice, there are likely to be new common factors due to overlapping of
specific factors, Too, for a real problem, ri.’-‘—‘.\g 3y, 3y But to a

p=1
first approximation, this procedure should work quite well,



Chapter VII
ESTIMATION OF FACTOR LOADINGS
AND TESTS OF SIGNIFICANCE

Besides Hotelling's principal axis solution, two major contributions
of mathemtical statisticians to the theory of factor amlysis hawe been
Lawley's (1940, 1942) attempt to estimate factor loadings by maximum
likelihood, and Bartlett's (1950) largec sample tests of significance for
the roots of the determinantal equation ‘R -AI |{=0, These will be
reviewed in this Chaptcr,

Lawley's "Method I" is based on the variance-covariance sampling
distribution of test scores, He starts with Wismrt's joint distribution
of variances and covariances. Preliminary work will presumably indicate
the approximate size of r, thc number of common factors., The need for
prior information 2bout r is one of the main difficulties with the tech-
nique, Using thec estimated walue of r, the likelihood function is maxi=-
mized with respcct to the factor loadings, The.solution is laborious,
several iterations being nccessary to extract each factor, In his
"Method II", Lawley considers the test scorcs directly,

r
3
S« = p‘fl “ip Xp *Fix

where\ffi <" ﬁi AL the sum of the specific part and the error term,

Recall that the population wvariance ofy/i 4 Was denoted by 02 (ui). Lawley,

then, maximized
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L« [U(ul) o(u,) ... o(un)J-(N-l)exP [~ %’? ;étj

i
with respect to the oz(ui), Aip’ and Xpu* Bartlett (1950) remarks that

< 2
3 (siA":"(ipxp-‘) 7

WAt first sight the second method would appear to be more fundamental, but
it is known to lead to difficulties . . « « the factor equation
[including uniques, S = ‘?"‘ipxpv( "'%;.( or S = FaX + U_7 is equivalent
to another set of structural equations (familiar in econometrics) far
which it is definitely known that the standard maximum likelihood method
breaks down", Lawley (1942) remarked that in his Method II, convergence
to unacceptable solutions sometimes resulted, where the unique or "error"
variances, oz(ui) vanished, Kendall (1950) also had doubts about the
method and wondered "whether the maximum likelihood procedure is wlid
where the paramcters are under-determinecd",

As for Lawley's "Method I" Bartlett (1950) said that he "was at
first skeptical of the walue of this method because of its obvious breake
down in elementary cases"', He cited thc case of 2 tests and one common

factor, There is only one corrclation coefficient and 2 unknown factor

loadings. In general, for r common factors, there are
n+ (n=l) + .00 + (n=r+l) = r (2n+l-r) / 2

unknown independent factor loadings and %‘- n (n-1) correlation coefficients,
If

r(2n+l-r)/2 < n(n-1)/2
the problem is said to be "over-determinate', Thus for large batteries,

difficulties of the sort of finding factor loadings for one common factor
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among 2 tests would probably not arise since r is usually considerably
lcss than n, Bartlett (1950) states that the "Mothod IM solution is
distinct from the prineipal axis solution, "but it is an attractive
link betwcen.the two analyses that the tocwal x2 corrcsponding to the
significance of the unreduced corrclation matrix is necessarily thce
same, and only bccause of the difference between the factors extracted
in the two analyscs does the analysis of thc total x2 into its rcspective
componeﬁts differt,

Lawley gives an expression to test the residual variation in the

variance-covariance matrix of thce raw scores after r common factors have

been extracted, Under the null hypothesis of r common factors,

~ 2
: (C.. = o0..)
N 2 i3 337 ~ (7.1)
2 2
S. & S,
i J

"is approximately distributed as x2 with % ['(n»--r')2 - (n + r)_7 acgrees of
frecdom, N is thc number of individuals, n thc number of tests, aij is
the sample covariance between tests i and j, Cij the covarianco calculated

from the r cxtracted factors, and si is the uniquc variancc for test i.

~
If A? is the fraction of the sample variance 055 of test i that is common

i
to the othcr tests, then si = Gii - Ai. Ai may bc obtaincd by computing
the sum of squarcs of thc r factor loadings for tcst i, and thence onc
2 2

may calculate Sy A, and si arc, respcctively, to the unstandardized
A

test scores as hi and oz(ui) are to thc standardized test scorces,

If the corrclation matrix is factored, thc cxprcssion cnalogous to

(7.1) is
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> 2
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N 2 ,2\ ,2\-

2
Y

{3 (-n))(-h))

(7.2)

hg is the communality for test i as estimated from the r common factars,

and Fij is the residual correlation of test i with j after the removal
of the effect of the r common factors,

Thompson (1948) givcs a detailed example of the use of "Msthod IM in
Chapter IX of his text-book, and Emmett (1949) demonstrates the procedure
for 3 common factors in a battery of 9 tests.

The validity of the test was demonstrated by Herrysson (1950), who
concocted an artificial example with 1 common factor among 9 variables,
He considered 12 samples with 200 independent sets of 9 observations in
each sample. For each of the 12 samples, the variance~covariance matrix
among the 9 variables was calculated and then factored by Lawley's
"Method I" technique, After the extraction of one factor, the expression
in (7.2) was calculated. The 12 computed x2's that he obtained ranged
from 15,5 to 38.6, each with 27 d.f., giving probakilities ranging from
.96 to .07. This range of .89 agreces well with the expected range of
85, assuming the values of P follow a rectangular distribution. Thus,
Lawley's residual test is cmpirically verificd, at least for a sirgle

factor in an cxample known to satisfy the basic postulates,
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Bartlett (1950, 1951a, 1951b) derived tests for the )‘p resulting
from the solution of (7.1). He approached the problem from two directions,
First, he considered an intcrnal factor analysis as a special case of
external amalysis. test 1 against tcst 2, test 3 against the two tests,
1 and 2; etcs The criterion to test the roots of a canonical amalysis at

cach stage is
r

X = - [ (N-1) - % (p+q+1)_/ p;l log, (l-)sp), (7.3)

with r (q-p+r) degrees of freedom. N is the number of observations
(individuals), p the number of irdependent variables (in the matrix Sl),
q is the number of dependent variates (in the matrix 82)’ and r is the
number of cxtracted factors or roots. The canonical root A o is the

square of the pth canonical corrclation. Thus for test 1 against test 2,
X8 = - [(N-1) = & (14141) 7 leg (1-r2), 1 duf
2 -/ % 127 ‘
and for test 3 agiinst tests 1 and 29
X = - [ (N-1) - 1 (24141) 7 10g. (1-RZ .,), 2 duf
2 -/ 08y 3,1277 Loy

where Tyo is the corrclation between tests 1 and 2 and R3 12 is the

3
multiple corrclation between test 3 and tests 1 and 2, Continuing this
process, and choosing 2 mean multiplying factor so as to make the resulte

ing tcst invariant of the path, he suggests the test

X? = - [(N-1) - -2- (2n45) ] 1cg_ |R| (7.4)
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. 1
with §n(n~1)d.f., where

(1-R2 )s

2
|R | = (1-r],) Q-R 0,12 ... 0=l

2
3’12) ose

the detcrminant of the correlation matrix, Tho same approximate test is
found by considering thc moments of =N log |R|, using indirectly Wilk's
formila for the moments of |R l.

After r common factors have been extracted, the residwal matrix may

be tested by calculating
X2 == (1) - F @ues) - 5 T10g B, (7.5)

and using d.f. = % (n-r)(n-r-1),
|2 |
ned = Ay - een - A kn-r o)

n=-r

where

b= e |

If N is larger relative to n, Bartlett would use the mean multiplior

(N-1) - 7 @ws) - £ r,

1
6

After considering the effcct of the standardization of the test
scores on the "degrecs of frecdom", Bartlett (1951b) suggests that it

is "safer" to usc

d.f. = % (n-r-1) ( n-r+2) (7.7)
rather than
d.f, = % (n-r) (n-r-1). (7.8)

That is, the limiting x2 approximting distribution for standardized scores

has as its paramecter the degrees of freedom in (7.7).
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The test of significance given by x2 in (7.5) tests the residnal
variation in the correlation mtrix after the extractions of r common
factors, Bartlett (1950) states

"significance in an interval analysis can only be on the basis of
the relative walucs of the roots, which must after each elimimtion be in

effect re-scaled to unit mean variance. This explains the factor

n
(n=r) / ( :2 AT inr L
p=r+1 P n=x

And since the remaining variation in the residual corrclation matrix

after the extraction of r roots involwes Ar+1, A?+2’ ceey kn, the test

given in (7.5) is a test of A,y the next largest root, For if A, is

)

non-significant, then kr sssy kh are also non-significant since

Aear > Moy > 0o Y A

As an cxample of the use of this test, consider the problem of

+2,

Chapter IV,

11 = 3,1021
}\2 = 07328
13 = ,1593

kh = 00058



n=1».

1L8

Rh = |R| = N x3 kh = ,002101

o
]

. 002101 Ve 73
3.1021 '8575'

(.002102)/(3.1021 /° 91%5%923;73)

= ,02526
R, = +1356
Rl = 1,0000
The x2 test for residual variation is?
1112l3kh %(n)(n-l) = 6 -2,883 loge (,002102) = 17.L7 12,59
MM, Hn-l-1)(n-142) = 5 |-2,167 log, (.02526) = 7.97 | 11.07
M, 3(n-2-1)(n-242) = 2 [-1,5 log, (,1386) = 3.00 | 5.99
Xh %(n—3-l)(n-3+2) = 0

Only the first root is adjuged significant,
safe for N 10, say.

example from this viewpoint.

The test is not considered

Here there were only 6 persons, an unrealistic

Observe that the degrees of freedom for lu

are zero, because significance of the roots is based on relative size, and

the last root can never be tested, since there is nothing to compare it with,
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If the estimtes of the parameters in a distribution are "efficient",

then x2 may be used as a test of goodness of fit by calculating
x2 = :S (observed - expected)z/ expected

with degrees of freedom equal to the total number of observations less the
number of fitted parameters. Thus in fitting by maximum likelihood
(Lawley's Method I) onc gets deviations distributed approximately as x2
with % [(n—r)2 - (n+r)_/ degrees of freedom, but when "fitting" by
the principal axis procedure, the approximating x2 distribution has its
"degrecs of frcecdom parameter® % (n=r=1)(n-r+2), after the extraction of
r common factors from a battery of n tests,

How do factor amalysts view these developments? The solution of
IR = A I|=0 gives results that have optimum properties, Bartlett
furnished a test of significance for the zp and Lawley has worked out
methods for obtaining estimates of the factor loadings by maximum likeli-
hoods, The trouble is that these methods are all too tedious and time con-
suming in practice, using existing computatioml facilities, Bartlett's
test requires the value of all the kp or at least the value of the
determinant of R. In most problems, there arc 30-60 tests and the prine
cipal component solution is not at all practicable, There have been
recent attempts to solve thc problem using electronic computers (Wrigley
and Nethaus, 1952), but few psychological laboratories have such
facilities,

But, at least, therc are rigorous techniques available, The psycholo=-
gists arc aware of these, But for expediency and to a first approximation,

the correlation mtrix is factored by some simple summation techhique as
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the centroid method. Empirical rules or tcsts mave been worked out to
tell when to stop factoring. It is felt that the results obtained by
these approximate methods do not differ much from the more exact methods.
An approximate test that seems reasomble is to compute the percent of
the total variance n accounted for by each factor, Ap/h. It might be
agreed in advance that 80%, say, of the variation would be explained,
When this percentage is reached, the factoring stops. Perhaps the
statistician's complaint about arbitrariness has become a "smoke-screen',
but practiéing statisticians will admit that tests of significmce arc in
many circumstances superfluous to an experienced worker. Probably the
most important problem in statistics is estimation, and such is the case
in factor analysis., The psychologists arc trying to map a domain, to
estimto planes. Too, as Bartlett and others cmphasize s the tests of
significance may or may not indicate meaningful factors. So to that ex-
tent, even the "exact" tests are arbitrary.

The problem of what to do about the communalities still remains. In
the factorization of R, the psychologists still want to insert hﬁ in the
diagonals,

It has been suggested that

R,=AIf= 0 (7.9)

be solved by the principal component solution, where Ra is the Wreduced"
correlation mtrix, the usual correlation matrix with communalitics in
the diagomal. This, presumably, would give r roots of appreciahle size

so that
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t
Fa Fa

e

This would be all right if some satisfactory estimates of the hi could
be obtained, The best method seems to be an iterative approach as Burt
suggests. But this leawes something to be desired, for significance of
factors and the estimation of the hi become confounded. Caire would be
needed so that the estimates would not produce a negative definite form,
Bartlett!s test for the )‘p would not then be appropriate, but a similar
approximation modifying the'degrees of f;eedom" and the multiplier could
probably be worked out,

It should be stressed, however,Athat the factors isolated by (7.9)
will be different from those of |R = X I |= 0. Bartlett (1950) mentions
the case of ore common factor between two tests with a third test come

pletely independent. Then,using {R - A I}, the equation to be solved

for A if the corrclation coefficients are known iss

l1-2 p 0
o] 1 =-A 0 = Q,
0 0 1=

The three roots are

SRR
Xzal

13=l"po
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Tests 1 and 2 are assumed to have a common part; and cach test has its own
specific and its own error part, )‘2 accounts for the variation of test 3,
which has no part common to tests 1 and 2, If p is largey, both )'1 and
X2 will probably test significant, indicating 2 significant factors,
(Recall that there is no test for Ay since it is the residual wriation
not explained by the first 2 factors),

Next consider the ore~common factor problem for the "reduced!
matrix, Assume the communalitics Hf are known, Then the problem is to

solve

for the kp. Obviously Hi Hg = p2 s and thus the population correlation
matrix is exactly of rank 1, The roots for this equation are
2 2
Mo
N =

A )

g

3
But Hg has a population value of zero, so that only ore factor would be
declared significant, rather than two, This demonstrates rather force=
fully why the factor amlysts prefer to factor R, rather than R, The
presence of the specific and error parts of the variance of the test in
the diagondl of the correlation matrix will increase its Meffective! rank,
Thus when common f actors are of interest, it would seem that the psycholoe
gists are justified in subsitituting commumalities in the diagonal of the

correlation mtrix before factoring



Chapter VIII
SUMMARY AND CONCLUSION

Following a statement of the problem in the introduction, the mo-
tivation for factor analysis was discussed and the history of its develop=
ment was sketched from the beginnming works of Galton and Pearson to the
present, It was mentiored how the problem of classification and study of
factors of types was modified to a study of the factors of the minmd, First
came an attempt to measure a hypothetical factor called g, This was
altered, not to a measure of several factors, but to a definition or iden=
tification of multiple mental factors. Underlying causes or factors
presumably gave rise to the hierarchy observed in correlation matrices,

The important question of reducing the diagonal elements so that the
proportionality will be preserved was discussed along with the difficulties
of arriving at good estimates of these,

A detailed examimation of two geometrical representations of the nN
test scores was given in section 1 of Chapter II along with a definition
of the terms and expressions used in factor analysis, The general
factor analysis equation was given with explanations of the meanirg of
the various parts, The centroid method of factoring and the rrineipal
axis solution were discussed in section 2 of this Chapter, In section 3,

a critique of Spearmant's one~factor theory and Thurstone's multiple
facter theary was given,

A need was felt to clear up the relationships between intra-and intere
correlations, reliability coefficients, and commumalities, These statise

tics were discussed in Chapter III, A second purpose of the Chapter was



154

to study what the psychologists want to "factor", assuming their general
factor analysis equation. It was concluded that a factor analysis of

Va, a variance-covariance matrix of variance components with the elew=
ments in the main diagonal somehow adjusted downwards, might be pre-
feréblc to a factor analysis of the usual correlation mtrix R, The
rationale for factoring Ra’ the correlation matrix with reduced diagonal
elements, was given, That is, the psychologists want to factor only
common factors. Correlations corrected for attenuation were defined, and
it was observed that a factor analysis of these attenuated correlations
might have some appeal,

The question is often asked as to whether or not the same answers
might be obtained from other statistical techniques as from factor amly-
sis, With this in mind, factor amlysis was compared with the analysis of
variance in Chapter IV, It had been observed that the first 2 factors ob-
tained by the centroid method of factoring corresponded, in some fashion,
to two of the sources in the analysis of variance performed on unitary
standardized test scores. This problem was investigated algebraically,

It was found that thc square of the sum of the first factor loadings is
equal to n x ("sum of squarcs" for Persons), But "sum of squares" for

. . ¥* . . .
unitary standardized scorcs, ;40 1s in reality the mean squares, since

3* L.-4

s . tt——————p— ,
= Jve1) W

which already involves the degrees of freedom in the denominatar, It was

shown that cquivalence was not possible between other factor loadings and
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other sources in the analysis of variance t able, The relationships are
only approximate, In both types of analysis, the observation matrices are
transformed into orthogonal "factors". In the analysis of variance, the
factors correspond to well=defined sources of variation which are definable
before the analysis is performed, while in factor analysis, the orthogonal
factors are t aken successively to explain the maximum variation possible.
The factors isolated cannot be defined or observed before the analysis is
performed, And after extraction, there is the often difficult task of
naming and identifying the factors so isolated. Thus, for the analysis of
variance, the experimenter stipulates before the experiment what linear
combinations of the test scores are to be taken, while for factor analy-
sis, the linear combinations are taken after viewing the data so as to
account for maximum variation with each successive factor.

In section 2 of Chapter IV, it was shown how a canonical analysis
determinatal equation might be altered so as to resemble the factor
analysis determinantal equation. And it was demonstrated how the factor
equation S = Féx + U might be considered a special case of the general
mitivariate regression equation 32 = BZlSl + S2.1, if one considers the
hypothetical factors X as the independent set of variates, Then by a
f£ormal manipulation of symbols, it was shown that the matrix of factor
loadings, Fa? is the "best" set of Mregression" coefficients that may be
obtained, M"Best", here, being interpreted to mean that the highest
correlation possible between the dependent and independent sets of variates

was effected,
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The general problem of discriminatory amalysis was discussed in
Chapter V, It was shown how discriminant analysis may be considered a
special case of canonical amalysis. Then it was reasoned that the basic
problems of classification and diserimimation do not differ essentially
from the problems of identifi cation, the basic problem in factor analysis,
Thus, the tools and techniques developed in discrimimtory amalysis might
be used, with appropriate modifications, to answer t he psychologists!
problems, Particularly, canonical correlation analysis should be in-
vestigated since this technique also involves the isolation of factors,
The factors isolated in canonical correlation amlysis andfactor analysis
should be similar if care is taken in the design of the experiment,

In Chapter VI, with certain rather restrictive assumptions, it was
shown that the factor loadings for a test not originally factored with a
given battery may be estimated ar predicted, No attempt was made to
attach standard errors to the estimte, If certain assumptions are true,
the calculated values are exactly wmat they would hawe been had the test
been factored with the battery,

Fimlly, a discussion of Lawley's method of maximum likelihood esti=
mtion of factor loadings was discussed, Lawley's test for residual
variation after the extraction of r common factors was indicated alorg
with Bartlett!s work on tests of significance of the roots of the deter-
minantal equation|R - A I | = 0, It was pointed out that these tests are
impractical for large batteries of tests because of the prodigious amount
of work involved in obtaining cither a maximum likelihood ar a prine-

cipal component solution. It is useful, of murse, to have these sound
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techniques as a background for the approximte solutions recessarily used
in practice. It was noted that the empirical tests of significance used
by factor analysts probably give about the samec results as the theoreti-
cally morc proper tests by Lawley and Bartlett., Identification and isola=
tion are the min problems facing factor analysts. Tests of significance
may not be of too great importance, Usually, onlv the factors that con-
tribute say, more than, 5% to the total variation are identifiablc any-
waye. Until clectronic or other high-speed computers become available,
factor analysts will continue to use approximte methods of solution,

This is one of the main difficulties with most multivariate problems, The
mractical worker feels that the amount of information obtained from a
multivariate analysis is not worth the labor involved. Thus the suggestion
that canonical correlation amalysis be used is only of theoretical interest
and, at this time, has little chance of being tried out on a large scale
in practice,

From thcese investigations it can be concluded that the problem the
factor analysts want to solve, the isolation and identification of basic
parameters operating in a given domain, cannot be solved by other exist=
ing techniques with the possible exception of canonical correlation analy-
sis. Psychologists are largely responsible for the development and present
status of factor analysis. The problem they attumpt to solve is surcly
laudable and of scientific value, Presumably, the technique could be
applied in other fields, Factor analysts, when criticized, have replied
that the statisticians have not produced tools and techniques that will

solve their problem. Statisticians hawe countered that the psychologists
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should modify their question and problems and use existing tools ard
techniques, Both partics are partly to blame. Surely the statistician

has a responsibility to help the psychologists answer their questions. In
this thesis an attempt has been made to compare, contrast, and discuss the
factor analysis problem and technique with other possible statistical tools

the psychologists might be able to use,
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Appendix A
GLOSSARY OF TERMS AND SYMBOLS

(The page is listed where the term or symbol is first used or defined in

the text).

Attenuation? a corrclation coefficient is said to be corrected for
attenuation when it is divided by the gcometric mean of the re=-
liability coefficients of the two tests, It is denoted by rij(t).

I rij is the correlation between two tests i and j and rigt and
rjj' are the estimated reliabilities for tests i and Js respectively,

D o ——

then rij(t) =Ty /~/rii'rjj' . (Page 78)
Battery of tests! a group of n tests under factorial study., (Page 16)

Canonical form¢ a transformation of n correlated variates to n uncorre-
lated variates. The correlation (or variance - covariance matrix)

of the transformed variates is a diagonal matrix. (Page 9L)

Centroid method of factoring: a method of factoring a correlation matrix
which involves summing the columns., The ith column sum is propor-
tional to the factor loading of test i on the common factor. By

this method onc findsr< n common orthogonal factors. (Page 26)

Common factor: a hypothetical factor that is common to two or more tests
in a battery of n tests., The amount of factor p the «th individual
possesses, is Xﬁ4, is estimated by Xp‘ = a linear combination of the

test scores as made by the «th individual., The common factor may be
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considered as an axis, Xp, or as a particular value taken on this

axis, Xp_(. (Page 16)

Communality: ratio of the “common factor vé.riance" to the total variance
of test i, If thc scores are standardized, then.S( 8, = 0,
‘S< si( = N - 1 so that the ith test has unit variance. The stan-~
dardized test score as made by the «th %ndividual on the ith test

is postulated to be of the form 8, = p§l '(ip Xp-( f]lfi‘(. The

n ] =
fitted" value is 53 p%. a:.p " U Let
-' 2
Y 2 a, = 2 a
A R p* pel 1P

r

The "common!" part of s, 6 is 2 a, X , and since the total
it p=1 ip “p<
variance of the test is unity, then hi is the sample estimate of
. . 2
the population communality Hi = pop. variance of p%i "1p < *
(Page 22)

Configurations the representation of the scores for N individuals on n
tests (figure 2,2 of text) as n points or vectors in Nespace. If
the vectors arc drawn from the point representing the sample means
of each test, then the cosine of the angle betwecn any two test
vectors equals the sampie correlation between the two tests,

(Page 1L)

Correlation matrix{ see R, Ra’ Ru'
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Diagonal matrixi a matrix with diagonal cell entrics not necessarily

equal, and with zeros clsewhere, (Page 9L)

Individuall a generic term meaning person, skull, or any object that is

being measurcd. (Page 11)

Loading (or saturation)?! the "corrclation" between the test and the
hypothetical factor p. When the standardized test score is written
i 3
according as 8, = = aip pr + ui*,
or saturation of test i on factor p. The loading is the amount of

aip is said to be the loading

factor p the ith test includes, (Page 18)

Parallel forms: two sets of test questions, cach of which involves
questions of the same test matcrial and of equal difficulty} i.c.,
the two tests are assumed to have thc same population mean and

variance, (Page 58)

Principal axis solutions the line of "best fit" obtained by minimizing
the perpendicular distances of the plotted points of the N individu-
als to a linc drawn through the swarm of points along the dircction
of greatcest variation, (Figure 2.1 of text)s. Involves solution of

the determinantal equation |R = A\I| = 0. (Page 30)

Raw test score? the test score as observed without any arbitrary altera=

tion or !standardization',
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Reliability coefficient: the corrclation bectween the results of two
administrations of thc same test, or betwcen two parallel forms of
the samc tests If it is postulated that the test score consists of
a "stcady" part plus a non-stcady part, then the rcliability
cocfficient is the ratio of the variance of the steady part to the

total variance of the test. (Page 26)
Saturation: sec loading.

Specific part of a test scorce the steady part of the test score not
common to the other tosts in a given battery., Its cffect is repro-

scnted by n,

" in the factor analysis equation. The sample cstimate

of n,  is dcnoticd by fix' (Pages 17, 18)

Standardizeds if the raw test score for the «th individual on the ith
tests is denoted by Y, , and if ¢i and o, arc respectively, the
population mcan and variance of test i, the usual definition of a
standardizcd variate is (Yix - Qi) /‘Joii' Since yi and 054 are
seldom known, the corresponding sample valucs arc uscd, so that, in

. . . by A . .
this thesis, thc quantity 8y = (Yix - Yi) /V/Uii is said to be
standardized. It is somctimcs convenient to usc

S =8, M =1=( -1)/ N-1)5,..
The starred quantities are said to be in unitary standard measure

. i (2
since 3 (si*) - 1. (Page 12)
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Steady part (of test score): that part of the test score that is constant
when scored on the same individual repeatedly. In the notation of
this paper, the steady part in the population is denoted by 14
and in the sample as ey 00 thus

r
' Ayl
« " 2 “p Xpu ¥ Miw? %ix T rﬁ 2p o * fiae

Unique (part of test score): that part of the test score peculiar only to
that test score, It is that part of the test score not common to
the other tests in a given battery; thus, it is the sum of the
specific and error parts of the test score., In the notation of this
chapter, the population value is denoted by i and the sample
value by u,_, thus i TNt e Yyt £i0% €0 (Page 18)

Unitary standard measure! see standardized. (Page 12)

Variance: unless otherwise specificied, the variance (and covariance)

shall refer to sums over individuals with the test fixed.

(Page 12)
aig(a rig): loading or saturation of test i on factor Xg. (Page 39)

aip: factor loading of the ith test on the pth factar, The (i,p)th

2

a® Used to

1 !
element of the matrix Fé, where FaFa Ra and FaFa =
denote the factor loadings resulting from a factorization of Ra’ the

npeduced" correlation matrix., {(Page 17)
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bip: factor loading of ith test on the pth factor; the (i,p)i;_ri element
of F, wherc FF' = R, F'F =./\.2. Used to dcnote the factor loadings
resulting from a factorization of R. In general 3, ;4 by p? since
the aip arc the factor loadings resulting from a factorlzatn.on of -

R, s the "reduced" correlation matrix. (Page 2L)

0 = pél. aip oot * £, » (See steady part of test score in glossary).
(Page 26),
r
Ci, = S5 = pé; alp Xp.( fj’(. Deviation between test score and "fittedh

value. Sample cstimate of the random crror term & 140 (Page 17)

M

o |
£, = 2 a,_ X ., Samplc estimate of the spccific part of the tost

i« per+l 1P P
score, . , of the standardized test score i on the «th person.

(Page 18).

n X n matrix of factor loadings such that FF' = R, and FIF =JL2.
(Page 2L)

o
L X2

F ¢ n X r matrix of factor loadings, r < n} FaF;.:Ra and F;Fa "J\.io
(Page 19)

h; ¢ sample estimate of Hz, the communallty of test i = varlance of

the "common" part of test i = S a Z 20 X 2 2
g1 1P

Variance of that part of test i that is common to 2 or more tests

in a given battcry. (Page 22)
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population communality of test i = population variance of
X, i
(< “5p xp_(). Variance of that part of tcst i that is common to

p=l
2 or more tcsts in a given battery, Estimated by h?_. (Page 22)

subscripts pertaining to tests,

matrix of direction cosines, The elements of the pth column aré the
direction cosines of the n test axes in relation to the pth common
factor,; the elements of the ith row are the direction cosimes of the
ith test axis in reference to all common factor axes. Also, the pth
column of L is the pth latent vector of R corresponding to thc pth
latent root, kp, where kp is the pth largest root of | R=-ATI | = 0,

LL'=L'L =1, the identity matrix, (Page 33),

number of tests in a given battery of tests,.

number of individuals on which the tests are scored,

subscript referring to common factors; the range is from 1 to r<n,

number of "common" factors in a given battery of tests.,

%
3 5 (Page 57)
(o] + O
p
o2
estimate of 5 2 5 s intra-class correlation coefficient,
g + ©

(Page 57) P
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2
o
ré « estimate of 5 P 5 s intra-class correlation coefficient
ob + o
obtained after elimimting a constant between replications or
times. (Page 58)
rii': estimate of the reliability coefficient Pyqte (Page 58)
rij + product moment correlation coefficient betwecn tests i and j,

r,_ o+ corrclation of test i with hypothetical factor Xg. (Page L2)

rij(t) = 'rij/ /rii' rjj,c correlation coefficient corrected for

"attenuation", (Page 78)

1 rlz L] L] . rln
Toy 1 * Ton
R = * = usual correlation matrix;
. rij = rji' (Page 20)
rnl rnz . L ) [ ] l
- 1
l p12 LJ L) * pln
p21 1 s e e 92n
R¥ = . : pij = pji' (Page 21)
pnl pn2 . . L) 1




T2 .
S
rn2 e
P12 <.
Hg r S
pn2 ¢ 0
r12 o [ ]
Toor ¢
rn2 [ ] *

e
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"reduced" correlation
matrix; Ty 57T 430 i#3e
h? = communality for

i
test i, (Page 22)

HJZ_ = population communal-
ity for test i}

P, 1 i#j. (Page 21)

i3 Pj

Tiy = Ty ifj
rii'= estimte of the

reliakdlity of test i,
(Page 75)

(Page 21)

(Page 22)
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Siy = (Yix - i’i) /\/‘oii. (See standawdized), (Page 12)
% __
8., = Si&/ J(N-l). (Page 12).

t, tetrad (Page 47)

i-<: Sce unique part of test scorc, (Page 18)
vii: estimte of the variance componectn 012), the variance of the "stecady"
part of the test,
1 ,~ .
= = [Vy(test i) - Viltest 1) 7, ny2
= %[‘Mean square for persons (test i) - mean square for error
(test 1) _/ (Page 70)
vij: estimate of the variance component 02(Y
1 v
= = [v2 (x,Y) - v3 (X,¥)_ 7, n>2
= % [-Mean square for persons on joint analysis of X, Y - Mean
square for error on joint analysis of X,Y_ /. (Page 70)
vV = [.Vi.j-7 ¢ matrix of variance components (Page 70)
v, : The matrix V with diagonal clements V.4 adjusted downward to
include only variances of common factors. (Page 75)
V2 . Mean square for persons for 2 or more rceplications of the same

test, (Chapter III)
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V., ¢ DMean square for error for 2 or more replications of the same

test, (Chapter III).

V2(X;Y)! Mean squares for persons for a joint analysis of two differcmt

tests X and Y given to the same persons, (Page 70).

Vé(X,Y): Mcan square for error for a joint analysis of two different tecsts

X and Y given to the same pcrsons, (Page 70).

Xi&’¥L4: unstandardized or raw test scores,

X 3 common factor "gW, (See X ).
. ) ctor "g (See gd)
ng . the ability of the «th individual to detect or respond to factor

g. (Section 3, Chapter III),

X o the ability of individuwal < todetect or respond to factor p,

(Page 17).

v n x N matrix of unique parts of standardized scores. (Page 20).
“ B Greek subscripts referring to individuals,

“ip . The saturation of test i on factor p, cstimated by aip’ Used
when model is written as 85 = ;f d&p xp‘ +?G.. (Page 17)
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Bip ¢ The saturation of test i on factor p, estimted by bip' Used

when model is written as S = EBip xp"; i.e., with no spccific

or random error terms, (Page 2).5.

Y ¢ subscript referring to a common part between two different tests,
Also, ¥ « represents the "common part! of raw test scores.,

(Page 67).
64 random error terms (Pages 17, 67).
. specific parts of unstandardized tcst scores. (Page 67).

n, ¢ specific part of standardized test score, estimated by £

(Page 17).

%.-( oMt 8i-<: unique part of standardized test score, estimated by

u, (Pages 18, 25),

ik’

L X 3

amount of factor p the «th individual possesses, estimated by

Xp.(‘ (Page 17).

[ ) - 6 * - s
“oe Si-( < The steady part of the standardized test scorc,
~ (Page 25).

7:1'.’ ?y, ’[x: expected walues of raw scores. (Pagc 66).

Pij : population correlation coefficient betwecn tests i and j,

estimted by rij'
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Py + the person effect for the «th individual when Y, is written

as ?i +T ket (¢p)i‘_+ &5 40 (Page 19).

pp = E (steady part of X, steady part of Y)

V%(steady part of X)z(stcady part of Y)2
(Page 178).

e ,¢‘ + the person effect of the «th individual when the raw score is
written as Y, =7zi + ﬁ* + e ¢‘ =Y +f and6 =¥ +J.
Thus, thc person cffccts are the steady parts of the raw test

scores, consisting of the common part plus the specific part.

(Pagc 66).

cz(ei): error variance of standardized test i, equal the population

variance of (si*). (Page 23),
o (e.)s cstimate of oz(ei). (Page 24),

cz(fi): specific variance of test i, equal the population variance of

(Tli'()o (Page 23)0
oz(fi): cstimatc of oz(fi). (Page 2L).

02(ui): unique variance of test i, equal the population variancc of

By o=m + eg Je (Page 22).

)

02(ui)= i ui‘/(N - 1)s estimate of cz(ui). (Page 23),
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02 _ci): variance of the steady part of the test i, equal the population

variance of ( g " .pa %p Xpui * ni&). (Page 26).
A o « pth root (numbering downwards) of the determinantal equation
R - Al = 0, (Section 2, Chapter III),
kap . pth root (numbering downwards) of the determinantal equation
R, =M =0. (Section 2, Chapter III),
)\1 0]
2 . . (Page 36).
0 A
n
Y 0
b = . (Pa-ge 37).
0 %
n
)‘al 0
2 - : (Page 38).
0 ar
2
)‘al 0
L *
a L ]
0] 12
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Notations uscd in Chapter IV.

! -1 -1, . et PP
Byy 551 (SlSl) = Cpy Cj3¢ QX p mabrix of regression cocfficicnts.
82 = By Sl + 52.1
Sl e P X N matrix of obscrvations of p tests on N pcrsons from an

Mindependent! sct,

S, « qx N matrix of obscrvations of q tcsts on N persons of a

"dependent! set.,

2l 271

12 21 172
— Y "l o ! -1
‘u Slsl » O ( 151)
= b A=l - =1
Cao = S8 3 Cp = (858))
52 1% QX N residual matrix of 82 not explained by rcgression of‘S2 or Si'
= S, .S, ithi ; ; trix of M "
022.1 = 2,1 2.1 wlithnin or varliancec = covariance matrix o crrors

or MWresidualsth,

Other relationships.,

Pyt = 1- 02(ei). (Page 26)
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r

hi = E a? <1ly ren,
p=1 P

2. 2

hy + o (fi) = T,

2 2

Hy + o7 (f;) = eyt

Pluy) = E;) + oley)e



