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The thermo-mechanical behavior of IMR fuel rods during reactor transients is generally
governed by the strain-rate properties of the clad material. Relevant constitutive model-
ing requires extensive material experiments that simulate actual in-reactor thermal histor-
ies and environmental conditions. Unfortunately, however, the prevalent sources of
available data are simple experiments J.nvolvmg internally heated pressurized tubes. The
material data are generally presented in the form of average circumferential strain and
nominal stress as functions of temperature and heatlng rates. Such data implicitly includes
environmental and time history effects that are unique to the experiment and, hence, are
difficult to generalize to actual in-reactor transients.

Considering the present limitations of the available data, a plausible approach for
such generalization is to characterize the strain-rate response of the clad material as
function of true-stress, temperature, time and envirommental conditions, which can then be
fitted within a theoretical framework of an inelastic constitutive model. The traditional
approach of constructing such a model is to partition the strain tensor into elastic plas-
tic and creep components. While this treatment may appear to be phenomenologlcally artifi-
cial, it prov:.des a convenient analytical device for using material data that is usually
available in this partitioned form. However, one of the difficulties encountered in
practice, as a result of this strain decomposition, is that the resulting stress-strain
relations do not adequately account for the high strain-rate sensitivity of the material.
Consequently, attempts to predict high strain-rate behavior (the transitional behavior
between creep and plasticity) using constitutive relations based on the combined, but
vncoupled, formulation of instantaneous plasticity and creep, invariably fail. The use of
the so-called unified theories, which are basically one-dimensional emperical formulas,
limit the computational procedure to the highly inefficient initial-strain approach and als
utilize arbitrary analogies for extension to three—dimensional states.

In this paper, we present a constitutive formulation that deals continuously with the
entire strain-rate range and has the desirable advantage of utilizing existing material
data. The derivation makes use of strain-rate sensitive stress-strain curve and strain-rate
dependent yield surface. By postulating a strain-rate dependent von Mises yield function
and a strain-rate dependent kinematic hardening rule, we are able to derive incremental
stress-strain relations that describe the strain-rate behavior in the entire deformation
range spanning high strain-rate plasticity and creep. The model is sufficiently general as
to apply to any materials and loading histories for which data is available.



1. Introduction

In the implementation of inelastic constitutive models within the framework of the
finite element computational method, the accepted procedure is to partition the strain tensor
into elastic, plastic and creep components. This treatment provides a convenient analytical
device for using material data that is usually available in this partitioned form. It is
also consistent with well established analytical theories in creep and plasticity. In the
context of these theories, the strain incremental tensor is written as follows

de.. = deS, + aeP. + ¢S.at (1)
1] 1]

1] 1]
The plastic strain increment deP. and the creep strain increment éijdt are treated indepen-—

ij
dently although they form parts of the same phenomenon. Although the classical instantaneous
plasticity theory does not recognize the true time rate of change of the strains, it is used
as a model for the equation of state creep eory in which the creep strain e(j:_., unlike the

plastic strains egj, are true time—dependent quantities. Specifically, the evolution law
:C
c 3 €

53 T3 4 @

which describes the creep strain rate-stress relations was fashioned after the plasticity
theory and therefore is valid only for stationary creep in which no stress redistribution
takes place [1] . In actual practice, however, this restriction on equation (2) is generally
ignored. The material data éZ’ which is the effective creep strain rate, is usually obtained
in standard creep test and it includes a primary (transient) creep component and a steady
state (minimum creep rate) component. Although both components are part of one continuous
process, they are often treated separately in numerical analysis. For instance, the strain
hardening rule is used in conjunction with equation (2) to model the transient effects of
primary creep. The steady state component offers no particular numerical difficulties, and
its treatment is actually more faithful to the theoretical limitations of equation (2) on
which it is based.

This scmewhat adhoc treatment of the creep problem in combination with the plasticity
problem has worked out fairly well in analyses involving low and middle temperature regimes.
However, in high-temperature applications particularly thermo-mechanical transients, some
difficulties have been encountered which stem from the fundamental assumptions of the theory.
For instance, if one examines the stress vs. strain-rate data generated in simple tension
tests in which the strain-rate is varied over the entire range of practical interest, one
cbserves a strain-rate transitional region that is difficult to duplicate analytically using
uncoupled creep and plasticity theories. The basic difficulty lies in the fact that the
classical framework of instantaneous plasticity and stationary creep theories are in effect
bounding analytical theories which, when applied to this transitional region, become mere
extrapolations, i.e., the plasticity formulation is extrapolated from above to higher strain
rates. Furthermore, the material data that is available for quantifying these analytical
theories are often ill-defined in this transitional region; hence, the resulting constitutive
relations are in general incapable of correctly predicting the material behavior throughout
the entire strain-rate range of interest,

The development of a one-dimensional material model that could accurately predict the
uniaxial behavior described above is not a particularly difficult task. In fact, the
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functional representation of the uniaxial test data is the simplest of such models and it can
be presented in a number of ways such as, for instance, stress-strain curves plotted for
fixed strain-rates as shown in Fig. 1. These curves approach limit curves at the very high
and the very low strain rates. The high strain-rate limit curve defines the boundary for
instantaneous plasticity. At the lower end of the strain rate spectrum the limit curve
defines the creep threshold boundary within which the material behaves purely elastically.

Another way of modeling the strain-rate material data is to plot the stress vs. strain-
rate for fixed values of strain as shown in Fig. 2. The data represented in this figure
spans the entire range of strain-rate including the steady state creep regime. Although
equation (1) has the appearance of enclosing the entire Figure 2, it is theoretically valid
only for the extreme right and the extreme left of this figure.

The one-dimensional model displayed in Fig. 2 is constructed using some experimental
data curve-fitted and interpolated to cover the entire strain-rate range. Its generalizatim
to three-dimensional stress states and arbitrary time histories requires a theoretical frame-
work that is capable of reproducing the strain-rate dependence of the material in the transi-
tional range discussed above. A convenient method for accomplishing this is to work within
the framework of a plasticity theory in which the strain-rate dependence is introduced
explicitly. An appropriate constitutive theory can then be constructed whose parameters can
be evaluated from available data. In order for this constitutive theory to be of value in
practical applications, it should permit an incremental formulation that is suited for
currently operational finite element computer programs.

The analytical device employed in the present derivation, treats the yield surface as
strain-rate dependent in an attempt to bridge the gap between the creep deformations which
characterize quasi-static plastic flow and the so-called instan*aneous plasticity. By postu-
lating a strain-rate dependent von Mises potential, valid over the strain-rate range of
interest, and working within Prager's kinematic hardening assimption [2] , the derivation of
an incremental constitutive theory that is valid over the strain-rate range becomes analytic-
ally tractable. Its implementation, however, may lead to numerical difficulties in certain
instances such as, for example, in the elastic-plastic transition step where the yield
surface depends continuously on the instantaneous rate of straining and is therefore changing
simultaneously with the changing stresses. Under these conditions, a relatively slow strain-
rate during loading fram an elastic state to a plastic state shortens the path to the yield
surface, which may cause the stress increment to become large in comparison with the yield
stress and thus produce solution instability or oscillation. On the other hand, a relatively
fast strain-rate during a loading step fram a plastic state results in a stress increase,
which can either be a state of loading if the yield surface expands at a slower rate than the
rate of stress increase or a state of unloading if the reverse is true. It is easy to see,
therefore, that various combinations of loading or unloading with slow or fast strain rates
can lead to camplex numerical algorithms in the general case.

In the next two sections, we will present a basis for treating strain-rate dependence
within the framework of the plasticity theory. In Section 4, the incremental stress-strain
relations will be derived and numerical examples will be given in Section 5.

The present work is of particular importance to the analysis of light water reactor fuel

rod cladding response during loss of coolant accidents.
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2. Preliminary Derivations

Prager's kinematic hardening rule [2], makes use of von Mises yield potential in the
following form

o lge o 2
F = 3 sij sij K (3)
where
S =07, -for 8 (4)
ij ij 3 "kk ij’
cij = oij - aij’ (5)

otij being the translations of the yield surface and k is a material parameter which may dep~
end on the material environment., By Prager's assumption, the yield surface translates in
the direction of the plastic strains, namely,

.. =CéeP, (6)
1] 1]
where C is a constant, related to the slope of a bilinear stress plastic-strain curve, and

eP.
1]

[+

are the plastic strains.
In a previous paper [3] the above linear kinematic hardening theory was extended to
non-linear kinematic hardening in which
o, . . 7
13 3 (N

where the integration in (7) is taken over the most recent plastic path. This derivation

= |c (o) aP
ij i

led to the following equation for C:

do,
e

C = :25 = = %. E’ (8)
where E” is the slooe of the stress-plastic strain curve, and
{3 ]
% “1T %45 %43 ®
and
P oo (z P eP> g (10)
e 3 7ij Tij

3. Analvtical Basis For Strain-Rate Dependence

The formulation in the previous section is valid only for the instantaneous, or strain-
rate independent, stress-strain curve. In the following, we introduce the necessary modifi-
cations for the strain-rate dependence of the yield surface based on known material data.
First, we postulate that the material parameter k is a function of the total strain-rate, €
and temperature T as follows:

K= k (€, T * (11)
We further postulate that the yield surface translations aij depend on the plastic strains

and the plastic strain-rates as follows:

_ p P R T o
O35 = %4 (790 €59r w7 €111 Enns (12)
such that
- P P
duij < deij +Cy deij (13)

where Cl is similar to C, introduced in equation (7) and is strain-rate independent, and 02
is a new material parameter to be defined later. Defining the quantity:
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%
&P =<3 b P > (14)

e \3 "ij "ij
then using the chain rule, we obtain

6P 3a 90 30 .
e e - e ij (15)
P AP 0. . ~°P

9€E; Bee ij 2e

From equations (9) and (14),

E)ae 3

By 29 %3 (16)
and

° P

3e

== & an

eem 3%

- [ 8. (18)
3€;

Upon substituting equations (16), (17) and (18) into equation (15), and after some manipula-

tion we obtain

30,
_ 2 e 2 .
c, = 3 " 3 B (19)
e
Following similar derivations, it can be shown that
Cc, = 2 Bot_e = g B
1 3 5¢P 371
e b
ge = o (20)

It should be of interest to point out that in the present context, Ei is the tangent

modulus of the instantaneous stress-plastic strain curve, and the new parameter Eé is the
tangent modulus of the stress-plastic strain-rate curve. The new modulus Eé is obtained by
first plotting the uniaxial stress-strain data for various strain rates. Then from these
curves one obtains plots of the stress-strain rate at various strains. The tangent of this

family of curves is then

*
EZ - do
de
€ = const
and
. do do de
E, . - T
de a aeP
€ = const € = const (22)
But

¢ = const. (23)
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vhere E and E, are the elastic and tangent moduli of the stress-strain curve respectively
From equations (22) and (23),

. * Et
Ey = B -5 (24)

By similar derivation,

A

In this equation E is the tangent modulus of the strain-rate independent stress-strain
curve. In this analy51s, this is the derivative of a stress-strain curve obtained at an
arbitrarily determined cutoff strain-rate above which the strain-rate dependence becomes

ignorable. However, E,_ is the strain-rate dependent tangent modulus.

t
4. Formulations of the Stress-Strain Relations

The incremental stress-strain relations that depend continuously on the strain-rate can
now be formulated. We first recall the strain-rate dependent yield function, namely,
1 2

F(e,T) = 3 sij Sij -k (26)
The associated flow rule is
P o_,
deij =X (27)
1]
Imposing the condition that the stress point remains on the yield surface during loading, we
require that
a = g, o+ E aP, o+ F gl oy o (28)
aoij ij 5¢P. ij P ij 3K

1] lJ
Before we proceed further with the derivation, we consider the stress-strain curves
shown in Fig. 1 . 1In this figure, the upper curve can be treated as a reference curve,
valid for all strain-rates above a cutoff rate, e = 1 say, where the material shows no
measurable strain-rate sensitivity. For the reference curve, the change in stress can be

written as

Ao = ClAE (29)

where C, represents the secant modulus of the reference (rate-independent curve), If the
experiment were to be conducted at variable strain-rate, then the change in stress for a
given strain can be assumed to follow two paths: first along the reference curve at constant
strain-rate, and then at constant strain to the final position. Mathematically, this can be

represented as follows

8o = Cyhe + Cyhe (30)

Generalizing equation (30) to arbitrary strain-rates and ignoring the effects of the elastic

strain-rate, we obtain, in the limit,
d = ¢ (P aP + c,®) &P = a (31)
In this equation, do represents the uniaxial equivalence of the yield surface translation.

For three-dimensional stress states, by virtue of equations (12) and (13), we have

do.. = C (P

1Y p P ~p
i3 1 (e11r €0y L) deij + C2 (e ..) de (32)

°p
11’ 227 - i3
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Then from equation (26),

oF g°
aoij ij (33)
and from equations (32) and (33), making use of equations (4) and (5),
s’
JF F Ti . -
— = = = -8 C, 6. 6. =-0C, SI. (34)
deP. asxm 3eb, m C1 im 3n 13
1] 1]
and similarly,
98~
oF % = -sc 6 6 =-C s;. (35)
9E . mn e, J J
1] 1]

Equation (28) can be utilized as a constraint condition to force the stress state to
remain on the yield surface. The same constraint condition can also be imposed on the yield
surface to conform to material data. More specifically if,

P, = Js,. (36)
1] 1]
where
S.. = 0o0,. - L c. §, (37)
ij ij 3 Tkk Cijf

and J is the time-rate of change of the creep compliance obtained in a creep test, then the
délj?j in equation (28) can be written as
défi’j =3 ds, ; + as 545 ‘ (38)
At this point it would be convenient to discuss the creep compliance J. In a high
temperature creep experiment, the creep strain may be expressed as

o -
€ = alte O/RT (39)

Where A, n and o are constants, Q is the activation energy for high temperature creep (may be
a function of temperature), R is the gas constant and T is the temperature. Most material
data indicate that for high temperature o = 1, implying steady state creep. This is suffic-
ient for our present purposes. From equation (39) ,

L Q/RT (40)
e e
from which
< _ 3 °C
T R v
consequently e e
. 3 oe Bee
¥ g Bt “2)
e e
which, after simplification, yields
ay = 5 (é‘ ag + & ar (43)
e RT
Substituting for dce, from the relation
- 3 5 _ -
do, = d (3 P sij) = sijdsij/oe = Sijdcij/ce (44)
Combining equations (38), (43), and (44) we obtain
. Jo
P = o+ 90 do, Si: + ar s, . 45
T T TP T g T Bm B T g2 8y e
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From equation (27) and (33), we have

aP. = s
ij ij

(46)

Next, we assume that the strains can be decomposed into its three components, elastic,

plastic (strain-rate independent) and creep. This assumption may not be strictly valid for

large strains that could occcur in high temperature deformations, but because in such a case

one deals with small elastic strains compared to the inelastic strains, the assumption is

acceptable. On this basis then,

de +xs‘+jdtsl+de..
1

i3 = Ciga Y K1 K 3
vwhere C,
(46) we have

doy 5= By [dz—:kl - s - Jat s, - dekl]

(47)

15K1 is the elastic material tensor and deij are the thermal strains. From equation

(48)

Substituting equations (33), (34), (35), (45), (46) and (49) into equation (28) yields

Sij do'ij - Clsijxsij

—c s (3 Jn ) - -
C2 Sij (stij + . 5 Snmdgmnsij + RT2 dar Sij) 2¢ dk
e

Grouping terms, we have

- Lo nJ -
(Sij—CJs"__oZ CZS S 8..) do

27715 mn mnij ij
€ .
—casnst, - L odrc sis,.-xd& = 0
17713713 RI‘2 2 7ij Tij
Substituting for dcij from (48), yields
. R . . s
(Sij C2JS:le ;—2 CZSmnsmnSij) Hijkl (dekl )‘Skl Jdat Skl
e
-acstsl, - I o ogrgr mxa = 0
1713743 RI‘2 2 Tij7i]
Define
—a - tar DT A
Biy =513~ G981y 7 2 CmmSi;

%
and

* .
dekl = dekl -Jdt %cl - dekl

ecuation (51) becomes

* Ed el
BisBiqn (Gen ~ k) T 26515544
-Jg ar .
C, S:.8..—-2xdc = 0
RI‘2 2 Tijvij
Solving for A from (54) gives
*
A= Akl dekl + G
where

b = BigHiga/R

0

- de

k1)

(49)

(50)

(51)

(52)

(53)

(54)

(55)

(56)
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_ _J9 .
G = RI‘2 ar CZSijsij 2¢ dk (57)

R + C,8:.87 (58)

BiMix18k1 1514515
Finally, the incremental stress-strain relations can be obtained from equations (48) and (55)
as follows:
_ * " A *
G5 = Hygg [deg - sy (de + o) 59
where n = 0 or 1, for elastic or plastic state respectively Equation (59) can be further

broken down as follows:

do [de A de ]

k1~ "5k An %

- Hijkl [J ar 5, + d8y, + nS,G

A (Jars_ +de )] (60)
mn mn mn

i3 = Mgk

LS
The yield surface translation is given by[4_] :

daij = Gij du * (61)
where OJT_j is given by equation (5). The scaler du is determined by the condition that the
stress point remains on the yield surface during loading. This condition is stated as
follows:

OF | OF dk 4t , OF dk . _
acij+—ﬁ a—gd€+ 5 grdT= 0 (62)

(do, . - da..)
1] 1]

The first term in equation (62) gives the projection of the change in stress on the normal to
the yield surface and the second and third terms give the changes in the yield surface due to
the changes in the strain-rate and the temperature respectively. Setting the sum of these
three terms to zero satisfies the condition that the changes in the calculated stresses be
compatible with the yield surface motion.

Equations (61) and (62) can be solved simultaneously to give the expression for the
yield surface translation as follows:
I e _ 9K o K PR,
doyy = 0] [amndcm AGE &+ o dT)] / o) S5y (63)
It might be more useful at this point to recast the above equations in matrix form for easier
implementation. We first cgmbj.ne equations (52) and (56),

. ndc
h= (s - cds T - 22 sTss ) H/R (64)
. §57 ) H
e

Then equation (60) becomes
do = B [1-ns "] ae
-H [fat s+a+ncs
- nJ de 54T 5 - ns A" ag] (65)
Equation (65) together with equations (57), (58), (63) and (64), constitute the
incremental stress strain relations for materials exhibiting the following characteristics:
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(a) anisotropic elasticity

(b) kinematic hardening

(c) temperature and strain-rate dependent yield function

(8) strain-rate sensitivity (strain-rate dependent stress—strain curve)

(e) creep

The material data in these equations appear in the parameters:

K, Cl’ C2 and J.

5. Numerical Examples

The constitutive relations presented in the previous sections were tested using two
examples: The first is a simple example of uniaxial tension under step changes in strain-rate
from 10_4 in/in/hr to 100 in/in/hr. The analysis was carried out through a two—dimensional
finite element computer program applying equal strain increments of 0.05%. The strain
increments at the jumps were applied instantaneously. Fig. 3 shows the solution compared
with the material data. As can be seen in the figure, the solution follows the jumps between
the constant strain-rate curves elastically as expected. The true test of the theory,
however, is a comparison with variable strain-rate tests in which the strain-rate is varied
arbitrarily in the test. However, such data does not exist in an ideal manner, and the
second example makes use of some of the limited data reported in reference [5] . The results
are shown in Fig. 4 , which compares the present analysis with experiment (see Fig.4, 6
specimen T-25, Ref. 5). This example gives a qualitative verification of the theory in the
sense that the trends in the material behavior seem to be fairly well represented although
the actual values are not. Quantitative matching of the stress-strain curve is not expected

here because of the differences in the material data used in the analysis and the experiment.
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