
ABSTRACT

ZHOU, WEILIAN. Resampling Methods in Statistical Inference. (Under the direction of
Soumendra Lahiri and Eric Chi).

In statistical inference, statisticians are trying to infer the property of the population

from the samples. In most cases, we are not only interested in the point estimation but

also the uncertainty of the estimation such as bias and variance. However, it is impossible

to derive the explicit formula of the interest quantity. Resampling methods, a class of

nonparametric methods, play an important role in estimating the interested quantities

without approaching the explicit formula. There are two main kinds of resampling methods,

the Bootstrap and the Jackknife. For Bootstrap, it estimates the sample distribution by

sampling with replacement from the original data. For any statistics with the form of the

functional of the population distribution, it is very natural to utilize the bootstrap method

to construct a plug-in estimator by replacing the population distribution by the empirical

distribution. Unlike the bootstrap method, the Jackknife method computes the parameter

by systematically leaving out samples. It is useful in estimating the bias and the variance of

the statistics. Since the jackknife method doesn’t approximate the population distribution,

it is not applied as generally as the bootstrap method. However, the jackknife method enjoys

the advantage of efficient computing. It is useful in estimating the bias and the variance

of the estimators. In this dissertation, we explore the resampling methods in different

situations.
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CHAPTER

1

INTRODUCTION

1.1 Motivation

Resampling is a class of statistical methodology to derive statistical inference by repeatedly

resampling the sample data. There are two main kinds of resampling methods, the Bootstrap

and the Jackknife. They both treat the sample data as the population and approximate the

sampling mechanism from resampling from the sample data sets. They are useful in bias

and variance estimation. In this dissertation, we want to investigate the resampling method

in different scenarios.
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1.2 Overview of the resampling methods

In this section, we give an overview of the resampling methods. The resampling method

main consists of the Bootstrap method and the Jackknife method. In the following parts,

we introduce some common Bootstrap and Jackknife methods.

1.2.1 iid Bootstrap

Assume {X i } is a sequence of iid random variables with a common distribution F , we have

the following observationsXn = {X1, X2 · · ·Xn} and the interested statistics is defined as

Tn = T (X , F ). The bootstrap aims at finding an approximation to the unknown distribution

of Tn or some population quantities such as the standard error of Tn .

In order to mimic the mechanism of sampling from the population, the Bootstrap treats

the sampleX as the population. Each time, we draw a random sampleX ? = {X ?
1 , X ?

2 , · · ·X ?
n}

with replacement fromX . Conditional onX , X ?
i are i.i.d random variables with a distribu-

tion

P
�

X ?
i = X j

�

=
1

n
.

Thus the common distribution of X ?
i is the empirical distribution generated by the original

observations, denoted as Fn . The bootstrap version of T ?
n is defined as

T ?
n = t (X , Fn ) .

Through B times of replication of the resampling, we can have B copies of the Bootstrap

version of the target estimator Tn , {T ?
n
(1), T ?

n
(2), · · ·T ?,(B )

n }. Let L̂ ?n denotes the conditional

distribution of T ?
n givenXn , the Bootstrap method advocates L̂ ?n as an estimator to the true

2



distribution Ln of Tn . Then the variance of Tn can be treated as a plug-in estimator,

ˆV a r (Tn ) =
1

B

B
∑

i=1

T ?
n
(i )2−

�

1

B

B
∑

i=1

T ?
n
(i )

�2

. (1.1)

If Tn is the normalized sample mean Tn =
p

n
�

X̄n −µ
�

/σ, the validity of the i.i.d Boot-

strap method is shown in the following theorem

Theorem 1.2.1. If X1, X2 · · ·Xn are iid withσ2 =V a r (X1)<∞, then

sup
x

�

�P?
�

T ?
n ≤ x

�

−Φ (x/σ)
�

� = o (1) , n→∞. (1.2)

1.2.2 Moving Block Bootstrap

The iid Bootstrap is applicable under the very strong condition that data needs to follow

the i.i.d assumption. This is not the case for most situations. The moving block bootstrap is

designed to resolve the inference problem in the dependent data situations.

In contrast to resampling a single observation at a time in the i.i.d Bootstrap method, the

moving block bootstrap resamples a block of observations every time. The block preserves

the dependence relationship in the original observations. In the moving block Bootstrap, we

need to define ` as the length of the block, thenBi = (X i , X i+1 · · ·X i+`−1) is the block starting

at X i where 1 ≤ i ≤ n − `+ 1. Suppose n = k`, each time we resample with replacement

to getB ?
1 ,B ?

2 , · · · ,B ?
k and notice that in each block we have ` consecutive observations.

Denote the observations inB ?
i as

�

X ?
(i−1)`+1, · · ·X ?

i`

�

, thenX ? =
�

X ?
1 , X ?

2 , · · ·X ?
n

�

constitute the

moving block Bootstrap sample. The moving block Bootstrap version of estimators of the

form θ̂n = T (Fn ) is defined as

θ ?n = T
�

F ?
n

�

, (1.3)

3



where F ?
n is the empirical distribution of

�

X ?
1 , X ?

2 , · · ·X ?
n

�

.

1.2.3 Nonoverlapping Block Bootstrap

Nonoverlapping block Bootstrap is very similar to the moving block Bootstrap. The only

difference is on the blocking rule. In the moving block Bootstrap, for the blocksBi andB j ,

there is an overlap between them if
�

�i − j
�

� < k . However, in the nonoverlapping block

bootstrap, there is no overlap between two blocks. The i -th block is defined as Bi =
�

X (i−1)`+1, X (i−1)`+2, · · ·X i`

�

. In total, there are b =
�

n
`

�

blocks.

The implementation of the Nonoverlapping block Bootstrap is exactly the same as the

moving block Bootstrap. We select the random sample of blocksB ?
1 ,B ?

2 · · ·B
?
k from the

B1, · · ·Bb . With m = `k , denote F ?
m ,n is the empirical distribution of {X ?

1 , X ?
2 · · ·X

?
m}. Then,

the nonoverlapping block Bootstrap version of Tn is

θ ?n = Tn

�

Fm ,n

�

.

1.2.4 The Jackknife

The Jackknife is a resampling technique to estimate the bias and the variance of the statistics.

Unlike Bootstrap, the Jackknife utilizes a subset of the data each time. For an estimator

of the interested parameter θ of the form θ̂ =φn (X1, X2, · · ·Xn ), the Jackknife is useful in

estimating the standard error of it when we don’t know the true distribution of φn . The

standard Jackknife, also known as the delete one Jackknife, systematically deletes one

observation from the sample to compute the corresponding pseudo value of φn . In i -th

time, the pseudo value P si is defined as

P si = nφn (X1, X2, · · ·Xn )− (n −1)φn−1 (X1, · · ·X i−1, X i+1, · · · , Xn ) .

4



Then the variance of θ̂ is defined as

V a r
�

θ̂
�

=
1

n −1

n
∑

i=1

�

P si −P s(·)
�2

, (1.4)

Where P s(·) =
∑n

i=1 P si

n .

More specifically, if the interested parameter θ is the population mean. The Jackknife

variance estimation 1.4 can be simplified as

V a r
�

θ̂
�

=
n
∑

i=1

�

X i − X̄
�2
/ (n −1) .

It is the same as the sample variance.

Moreover, the pseudo value in the Jackknife serves as a bias correction in some situations.

Suppose the estimated parameter has the following expression of the expectation,

E
�

θ̂n

�

= θ +
a

n
+

b

n 2
+O

�

1

n 3

�

. (1.5)

Then the delete-1 estimator θ (i )n has the following expectation form

E
�

θ̂ (i )n

�

= θ +
a

n −1
+

b

(n −1)2
+O

�

1

(n −1)3

�

. (1.6)

The i -th pseudo value has the expectation

E (P si ) = θ +O
�

1

n 2

�

. (1.7)

From the derivation, we can see that the pseudo value removes the bias of O
�

1
n

�

order.

The jackknife method enjoys the simplicity of computation compared with Bootstrap.

The consistency of the Jackknife variance estimation requires the smoothness of the func-

5



tionals. The standard jackknife will fail in some cases such as estimating the variance of the

sample median. Under such circumstances, a more general Jackknife method should be

used, delete-d Jackknife.

Delete-d Jackknife deletes d observations systematically each time computing the

pseudo value. Assume without loss of generality that deleting d observations are

(X1, X2, · · · , Xd ) ,

the corresponding pseudo value is

P si = nφ (X1, X2, · · · , Xn )− (n −d )φ (Xd+1, Xd+2, · · · , Xn ) . (1.8)

Then the variance is defined as the sample variance of the pseudo values. However, when

d is relatively large, it is impossible to compute all
�

n
d

�

combinations. A common way to

resolve this computation problem is using the random sample and replicate the procedure

for a large number of times. It is a reasonable approximation to the true delete-d jackknife

variance estimation.

1.3 Structure of the dissertation

In the chapter 2 of this paper, we introduce a new resampling method called the stationary

Jackknife. The stationary jackknife is useful in the variance inference for the dependent

data. It is a generalization of the moving block jackknife and it allows the length of the

deleting block to be a random variable. We will show the consistency of the stationary

Jackknife variance estimation, and unlike the moving block Jackknife, it is not sensitive to

the expected block length.

6



In the chapter 3, we focus on the variance estimation of the Lasso estimator. Lasso is

very popular in high dimensional settings. Lasso is useful in providing model selection and

shrinkage estimation at the same time. This perfectly meets the common assumption of

sparsity in the high dimensional case. We investigate the Jackknife method in providing a

valid variance inference on the Lasso estimator.

In the chapter 4, we introduce the Markowitz Portfolio Optimization problem. This is a

breakthrough mathematical framework for assembling a portfolio of assets such that the

expected return is maximized for a given level of risk. We focus on the problem under a

high dimensional setting. We utilize the factor model to decrease the dimension and derive

the consistency of the optimal risk estimator by applying the structure of the factor model.

Then we propose a resampling framework to give the confidence interval of the optimal

risk.

7



CHAPTER

2

STATIONARY JACKKNIFE

2.1 Introduction

The Jackknife(Tukey 1958) is an intriguing nonparametric method for estimating the bias

and variance of statistics we are interested in. The role of the jackknife in bias correction and

robust confidence interval has been fully explained in (Miller 1974). However, the assump-

tion of independence of the observations is very crucial. It seems that the standard jackknife

will give an unreliable estimation if dependence is ignored. In most cases, especially in

the applications involving time series, dependence between observations is not negligible.

When fitting a parametric model to the time series, it is always very difficult to model all

8



important features of the observed time series, and the parametric inference approach

often suffers from the risk brought by the effect of the parameter estimation or model

misspecification. Thus, it is very important to derive the nonparametric estimator for the

dependent data. The moving block jackknife (Kunsch 1989), an extension of the standard

jackknife, works well for the arbitrary stationary time series with the short range depen-

dence. In this paper, we introduce a new resampling method called the stationary jackknife.

This is an extension of the moving block jackknife and makes use blocks of random lengths,

similarly as the extension of the moving block bootstrap to the stationary bootstrap(Politis

and Romano 1989). This is the reason why we call our method the stationary jackknife.

The stationary jackknife is suitable for variance estimation of statistics from observa-

tions generated by weakly dependent stationary time series. The stationary jackknife can be

applied in similar situations with the moving block jackknife. The major difference between

the stationary jackknife and the moving block lies in the block length. For the stationary

jackknife, we delete li consecutive observations as the i th block to compute the i th pseudo

value. In the settings of the moving block jackknife, `i = `, the block length is a constant for

all pseudo-value computation. Whereas in the stationary jackknife, `i are not necessarily

the same every time and we treat `i as a random variable with a truncated geometric dis-

tribution. Since a variable with the geometric distribution is unbounded, we set an upper

bound on the variable to avoid deleting a large segment of the observations. Moreover, the

fact that the tail of the geometric distribution decays exponentially helps constrain the

block length to within a reasonable range. For the starting point of the block near the end

of observations, the last observation serves as a natural cutting point for the block. After

deleting the block, we do a smooth transformation on the remaining observations to get the

statistic. The stationary jackknife variance estimator is the standardized version of sample

variance of statistics obtained in the way mentioned above. One common difficulty in the

moving block jackknife is the choice of the optimal order of the block length. The optimal

9



order of the block length may vary when jackknifing different statistics or the same class

of statistics under different data generating distributions. Nonetheless, we observed that

the randomness in the block length makes the stationary jackknife method more robust to

the expected block length. The simulation results in section 5 illustrate that the stationary

jackknife provides a reasonable variance estimation in a wider range of the expected block

length compared with the moving block jackknife.

In section 2, we introduce the stationary jackknife and illustrate its differences with the

moving block jackknife. In section 3, we prove the consistency of the stationary jackknife

variance estimator in the case of the arithmetic mean. We derive the asymptotic bias and

variance terms of the stationary jackknife variance estimator. By minimizing the mean

square error (MSE), we get the optimal order of the expected block length for the stationary

jackknife. In Section 4, we investigate the consistency of the stationary jackknife variance

estimator for more general statistics. In Section 5, we compare the stationary jackknife

with different resampling methods such as the moving block bootstrap(Kunsch 1989), the

moving block jackknife and the stationary bootstrap(Politis and Romano 1989) on the

different simulated datasets.

2.2 Definition of Stationary jackknife

In this section, we formalize the definition of the stationary jackknife. One important

issue is that we need to define the statistic with a variable length missing block of the

observations. The issue can be overcame by focusing on a certain class of statistics we

are going to introduce later in this section. This class of statistics is sufficiently general to

include many statistics we are interested in.

10



2.2.1 Estimator defined on the empirical distribution

For observations {X1, X2 · · ·XN } from a stationary processes, the empirical k-dimensional

marginal distribution is defined as

ρk
N = (N −k +1)−1

N−k+1
∑

i=1

δ(X i ,X i+1···X i+k−1),

where the δy is the point mass on y ∈ R k . For any functional T (·) with the values in R q

defined on the all probability measures on R k , we consider the statistic TN of the form

TN (X1, X2, · · · , XN ) = T
�

ρk
N

�

.

For simplicity, we assume q = 1. Moreover if we define k -tuple as a block

Yt = (X t , X t+1 · · ·X t+k−1) ,

then we have

ρk
N =

1

n

n
∑

i=1

δYi
,

= ρn ,

where n =N −k +1. This is equivalent to the case k = `. In the later part of the paper, we

consider k = ` for simplicity.

2.2.2 The Stationary Jackknife

Before deriving the formula for the stationary jackknife, we first recap how the moving

block jackknife works to produce the pseudo values. In the moving block jackknife, the

11



length of the block ` is fixed over the time. In producing the j -th pseudo value, we first

define the corresponding marginal ρ̃
( j )
n after deleting the j -th block from the observations,

ρ̃
( j )
n =

1

n − `

n
∑

t=1

�

1−1([ j , j+`−1]) (t )
�

δYt
, j = 1, 2 · · ·n − l +1.

Then the j -th moving block jackknife replication is represented as the estimator defined

on the empirical marginal ρ̃
( j )
n :

T̃
( j )

n = T
�

ρ̃
( j )
n

�

.

For the stationary jackknife, the length of the deleting blocks will be different each j . We

need to define {L̃1, L̃2, · · · L̃m} to represent the block length variables. The corresponding

empirical marginal ρn is defined as

ρ
( j )
n =

1

n − L̃ j

n
∑

t=1

�

1−1([ j , j+L̃ j−1])(t )
�

δYt
j = 1, 2 · · ·n − [2` log n ] +1.

More specifically, {L̃1, L̃2, · · · L̃m} are independent and each has the same distribution as L̃ .

L̃ is defined as

L̃ = min
�

L , [2` log n ]
�

,

where L is a random variable with a geometric distribution L ∼G e o (p ) and `= 1
p , [a ] repre-

sents the largest integer not exceed a . Therefore L̃ has a truncated geometric distribution

with the pdf

P (L̃ j = k ) =







p (1−p )k−1 1≤ k ≤ [2` log n ]−1,

(1−p )[2` log n ]−1 k = [2` log n ].
(2.1)

12



Then the j -th stationary jackknife replication is calculated as

T
( j )

n = T
�

ρ
( j )
n

�

j = 1, 2 · · · [2` log n ] +1.

As we can see that the main difference between the stationary jackknife and the moving

block jackknife is that the length of our delete block is no more a constant but a random

variable. We set a upper bound
�

2` log n
�

on the block length in order to make sure the

length of the missing part is not comparable to the length of the original observations.

In total, there are two layers of randomness in the stationary jackknife, one comes from

the empirical distribution, the other one comes from the realizations of the truncated

geometric distribution.

The stationary jackknife estimator of the variance of Tn is a standardized version of the

sample variance of the T
( j )

n

σ̂2
j a c k =

(n − `)2

n`m

m
∑

j=1

�

T
( j )

n −T (·)n

�2

, (2.2)

where m = n − [2` log n ] +1 and T (·)n =
∑m

j=1 T
( j )

n

m . The estimator can be decomposed into two

parts. The first part is sample variance of the stationary jackknife replications

1

m

m
∑

j=1

�

T
( j )

n −T (·)n

�2

.

The second part is the standardizing factor (n−`)
2

n` . The standardizing factor is inversely pro-

portional to the expected block length `. The larger the expected deleting length we choose,

the larger the ratio we down weight on the sample variance of the jackknife replications.

The formula (2.2) is very similar to the moving block jackknife variance estimator(Kunsch

1989).
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2.3 Consistency of the Stationary Jackknife Estimator

In this section, we show the consistency of the stationary jackknife variance estimator

for the arithmetic mean under several assumptions. The assumptions are similar to the

assumptions for the moving block jackknife. The routine method in proving the consistency

of the estimator is to show both the bias and the variance of the estimator converge to zero.

We derive the exact formula of the bias and variance in the following theorems. Moreover,

we can investigate the optimal expected block length by minimizing the mean squared

error of the estimator.

Here we investigate the properties of the stationary jackknife for the arithmetic mean.

The arithmetic mean is obviously an element of the estimator defined on the empirical

distribution. It corresponds to the population mean T (F ) =
∫

x F (d x ) = E (x ) = µ. The

functional is linear and allows the explicit calculations of all quantities of interest.

Suppose {X t }t=1,2,···∞ are from a weak stationary processes. Then X t enjoys the following

properties,

E (X t ) = µ.

E
�

X 2
t

�

< ∞.

E
��

X t+h −µ
� �

X t −µ
��

= R (h ) , ∀t .

According to the stationarity of the observations, we can write the the standardized variance

of the arithmetic mean,V a r
�p

n X̄
�

, analytically as

V a r
�p

n X̄
�

=
n−1
∑

h=−n+1

(n −h )
n

R (h ) . (2.3)

We denote σ2
a s as the limit of V a r

�p
n X̄

�

. When R (h ) is absolutely summable, then we

14



have

σ2
a s =

h=∞
∑

h=−∞

R (h ) . (2.4)

For the j -th stationary jackknife replication T
( j )

n in the arithmetic mean case, we have

T
( j )

n =

∑n
i=1 X i −Si ,L̃ i

n − L̃ i

,

where Si ,l =
∑i+l−1

j=i X j , the partial sum of {X t }.

Before looking at the bias and the variance terms of the stationary jackknife variance

estimator, we need to first specify some assumptions to ensure the consistency of the

estimator. Here are some assumptions needed for the later theorems,

Assumption 1

1
` +

`2

N → 0.

Assumption 2

∑∞
k=−∞ |k | |R (k )|<∞.

Remark

The assumption 1 actually represents two conditions, the first one is 1
` → 0 and the second

one is `2

n → 0. This means that the expected block length ` goes to infinity as n goes to

infinity. The order of ` is not comparable to the observation length since we don’t want to
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delete almost the whole series. Overall, the Assumption 1 is equivalent to

` = ` (n )→∞,

` = o
�

n
1
2

�

.

Assumption 2 focuses on the weak dependence of the observations. The constraint on the

infinite sum of the autocovariance of {X t } avoids the existence of the long dependence.

The autocorrelation needs to have the decay rate at least 1
k 2+δ . The exponential decay rate

on the autocorrelation is a sufficient condition for the assumption 2, so the stationary AR,

MA, ARMA time series are qualified for the assumption.

2.3.1 Bias of the stationary jackknife variance estimator

Theorem 2.3.1. Under assumption 1 and 2, the bias of the stationary jackknife estimator

(2.2) for the arithmetic mean is following

E
�

nσ̂2
j a c k

�

= σ2
a s +O

�

1

`

�

+O

�

�

`

n

�
1
2

�

. (2.5)

Proof. By the simple algebraic operations, for any constant c the j -th stationary jackknife

replication can be expressed as

T
( j )

n = X̄n +
1

n − L̃ j



L̃ j

�

X̄n − c
�

−
j+L̃ j−1
∑

t= j

(X t − c )



 . (2.6)

Now we let

c = µ̂n ,=

∑m
j=1

1
n−L̃ j

Sj ,L̃ j

∑m
j=1

L̃ j

n−L̃ j

.
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Now we have

T (·)n =
1

m

m
∑

j=1

T
( j )

n ,

= X̄n +
1

m

m
∑

j=1

1

n − L̃ j

�

L̃ j

�

X̄n − µ̂n

��

.

Moreover

T
( j )

n −T (·)n =

�

L̃ j

n − L̃ j

−
1

m

m
∑

i=1

L̃ i

n − L̃ i

�

X̄n

−

�

Sj ,L̃ j

n − L̃ j

−
1

m

m
∑

i=1

Si ,L̃ i

n − L̃ i

�

. (2.7)

After plugging the formula (2.7) of T
( j )

n −T (·)n into the expression of nσ̂2
j a c k , we have

nσ̂2
j a c k =

(n − `)2

m`

m
∑

j=1

[(
L̃ j

n − L̃ j

−
1

m

m
∑

i=1

L̃ j

n − L̃ j

)X̄n − (
Sj ,L̃ j

n − L̃ j

−
1

m

m
∑

i=1

Si ,L̃ i

n − L̃ i

)]2

=
�

1+O
�

` log n

n

��

n 2

m`





m
∑

j=1

(
L̃ j

n
−

1

m

m
∑

i=1

L̃ j

n
)2X̄ 2

n +
m
∑

j=1

S 2
j ,L̃ j

n 2
−

1

m
(

m
∑

j=1

Sj ,L̃ j

n
)2

− 2
n
∑

j=1

�

L̃ j

n
−

1

m

m
∑

i=1

L̃ i

n

��

Sj ,L̃ j

n
−

1

m

m
∑

i=1

Si ,L̃ i

n

�

X̄n



 .

(2.8)

Notice that the second equality is due to the following

1
�

n − L̃ j

�2 =
n 2

�

n − L̃ j

�2

1

n 2

≤
n 2

(n −2` log n )2
1

n 2

=
�

1+O
�

` log n

n

��

1

n 2
.
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Under the assumption 1, we have `2

n → 0. This means

O
�

` log n

n

�

= o
�

`

n
2
3

�

,

= o (1) .

So we only consider the leading term in (2.8).

nσ̂2
j a c k =

n 2

ml
[

m
∑

j=1

(
L̃ j

n
−

1

m

m
∑

i=1

L̃ j

n
)2X̄ 2

n −
1

m
(

m
∑

j=1

Sj ,L̃ j

n
)2+

m
∑

j=1

S 2
j ,L̃ j

n 2

− 2
n
∑

j=1

(
L̃ j

n
−

1

m

m
∑

i=1

L̃ i

n
)(

Sj ,L̃ j

n
−

1

m

m
∑

i=1

Si ,L̃ i

n
)X̄n ],

= A1−A2+A3−A4.

We decompose the leading term of nσ̂2
j a c k into four parts and investigate the order of the

each part.

For A1,We have

E (A1) = E
n 2

l m

m
∑

j=1

�

L̃ j

n
−

1

m

m
∑

i=1

L̃ i

n

�2

X̄ 2
n ,

=
n

ml
En X̄ 2

nE

 

m
∑

j=1

(
L̃ j

n
−

1

m

m
∑

i=1

L̃ i

n
)2
!

,

=
n

ml
En X̄ 2

nE

 

m
∑

j=1

�

L̃ 2
j

n 2

�

−E
1

m

�

m
∑

i=1

L̃ i

n

�2
!

=
n

ml

� ∞
∑

k=−∞

|R (k )|

�

E

 

m
∑

j=1

L̃ 2
j

n 2

!

,

= O
�

`

n

�

.
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During the derivation, we use the following two facts,

En X̄n
2 =

n−1
∑

k=−n+1

(1−
|k |
n
)R (k ) ,

≤
n−1
∑

k=−n+1

|R (k )| ,

≤
∞
∑

k=−∞

|R (k )| .

and

E
�

L̃ 2
j

�

=
[2` log n]−1
∑

i=1

i 2p (1−p )i−1+
�

2` log n
�2 �

1−p
�[2` log n]−1

,

≤
∞
∑

i=1

i 2p
�

1−p
�i−1

,

=
2−p

p 2
.

For part A2, we consider the coefficient of the X i in the summation
∑m

i=1 Si ,L̃ i
. We denote

m
∑

i=1

Si ,L̃ i
=

n
∑

t=1

bt X t ,

where bt is a random variable with the following relationship

bt =
t
∑

j=1

I(L̃ j>t− j ).

Suppose L̃ = σ
�

L̃1, L̃2 · · · L̃m

�

, the sigma algebra generated by the block length variables.
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Hence E
�
�

∑m
j=1 Sj ,L̃ j

�2�

can be expressed as

E

  

m
∑

j=1

Sj ,L̃ j

!2!

= E

 

E

  

m
∑

j=1

Sj ,L̃ j

!2

|L

!!

= E
n−1
∑

−n+1

v (|k |)R (k ) ,

where v (|k |) =
∑n−|k |

t=1 bt bt+k .

Now we focus on the quantity E (bt bt+k ). For any k ≥ 0, we have

Ebt bt+k = E
t+k
∑

j=1

1(L̃ j>t+k− j )

t
∑

j=1

1(L̃ j>t− j ),

≤ E
t+k
∑

j=1

1(L̃ j>t+k− j )+E
t+k
∑

j=1

I(L̃ j>t+k− j )E
t
∑

j=1

I(L̃ j>t− j )

≤
t+k
∑

j=1

(1−p )t+k− j +
t+k
∑

j=1

(1−p )t+k− j
t
∑

j=1

(1−p )t− j

≤
1

p
+

1

p 2
.

Consequently, we have

v (|k |) ≤
n − |k |

p
+

n − |k |
p 2

.

Based on the bound of v (|k |), we can derive the bound for A2,

|E (A2)| ≤
n 2

m 2n`

n−1
∑

k=−n+1

�

`+ `2
�

|R (k )| ,

=
`

n

∞
∑

−∞
|R (k )|+o

�

`

n

�

,

= O
�

`

n

�

.
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For part A3

E (A3) =
n

m`

m
∑

j=1

E

 

E

 

S 2
j ,L̃ j

n
|L̃ j

!!

,

=
n

`
E

 

E

 

S 2
j ,L̃ j

n
|L̃ j

!!

,

=
n

l





[2` log n]−1
∑

s=1

s−1
∑

k=−s+1

(s − |k |)R (k )
n

p
�

1−p
�s−1

+
[2` log n]−1
∑

k=−[2` log n]+1

��

2` log n
�

− |k |
�

R (k )

n

�

1−p
�[2` log n]



 ,

=
1

`

[2` log n]−1
∑

k=−[2` log n]+1

[2` log n]
∑

s=|k |+1

(s − |k |)R (k )p
�

1−p
�s−1
+O

�

1

n`

�

,

=
1

`

[2` log n]−1
∑

k=−[2` log n]+1

[2` log n]−|k |
∑

t=1

�

1−p
�|k |

R (k ) t p
�

1−p
�t−1
+O

�

1

n`

�

,

=
[2` log n]−1
∑

k=−[2` log n]+1

�

1−p
�|k |+1−

�

1−p
�[2` log n]

R (k )+O
�

1

n 2

�

+O
�

1

n`

�

,

≤
[2` log n]−1
∑

k=−[2` log n]+1

�

1+p (|k |+1)
�

R (k )+O
�

1

n`

�

,

= σ2
∞+O

�

1

`

�

.

The derivation is based on repeatedly using the following lemma.

Lemma A. ssume that p +
�

np
�−1→ 0 as n→∞. Let tn be a sequence of positive number

such that tn →∞ as n →∞. L1 follows a Geometric distribution with the parameter p.

Then we have

P
�

L1 > tn p−1
�

=O
�

e x p (−tn )
�

.

21



Proof. Let q = 1−p , then we have

P
�

L1 > tn p−1
�

=
∑

i>p−1tn

p q i−1

≤ q
tn
p −1

= exp
��

p−1tn −1
�

log q
�

= O
�

exp
�

−p
�

p−1tn −1
���

= O (exp (−tn )) .

For the cross part A4, from the result of the former part it follows from the Cauchy-Schwarz

inequality that

E (A4) = E

 

2n 2

m`

n
∑

j=1

�

L̃ j

n
−

1

m

m
∑

i=1

L̃ i

n

��

Sj ,L̃ j

n
−

1

m

m
∑

i=1

Si ,L̃ i

n

�

X̄n

!

,

≤
n 2

m`

 

E
m
∑

j=1

�

L̃ j

n
−

1

m

m
∑

i=1

L̃ i

n

�2

X̄ 2
n

!
1
2

 

E
m
∑

j=1

S 2
j ,L̃ j

n 2
−

1

m

 

m
∑

j=1

Sj ,L̃ j

n

!2!
1
2

,

= O

�

�

`

n

�
1
2

�

.

Finally based on the results of the A1, A2, A3 and A4, we have

E
�

nσ̂2
j a c k

�

= E (A1+A2+A3+A4) ,

= σ2
a s +O

�

1

`

�

+O

�

�

`

n

�
1
2

�

.
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In order to derive the variance expression of the stationary jackknife estimator nσ̂2
j a c k ,

we need two additional assumptions,

Assumption 3

E
�

|X t |6+δ
�

<∞.

Assumption 4

∑∞
k=−∞k 2α (k )

δ
6+δ <∞.

The assumption 3 impose a constraint on the moment of X t that X t has a finite 6+δ-th

moment. Assumption 4 allows the series X t to be weakly dependent. It is sufficient for us

to impose the strong mixing condition on X t . Roughly speaking, we require the mixing

coefficient

α (k ) = sup
A∈F 0

−∞,B∈F+∞k

|P (A)P (B )−P (A ∩B )| (2.9)

to decrease exponentially as k →∞, whereF T2
T1

is theσ-algebra generated by {X t }
T2
t=T1

.

With respect to the α-mixing coefficient, we introduce a fundamental inequality for the

covariance of mixing random variables.

Lemma L. et X and Y be measurable random variables with respect to twoσ-algebras

A andB . Define ‖X ‖p = (E |X |p )
1
p , then we have the following inequality

|C o v (X , Y )| ≤ 8α
1
r (A ,B )‖X ‖p‖Y ‖q , (2.10)

for any p , q , r ≥ 1 and 1
r +

1
p +

1
q = 1.

Proof. See section 1.2.2 in (Doukhan 1994).
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Theorem 2.3.2. Under assumption 1 to 4, the expression of the variance of stationary jack-

knife variance estimator nσ̂2
j a c k of the arithmetic mean is

V a r
�

nσ̂2
j a c k

�

=
`

4n
σ4

a s +o
�

`

n

�

. (2.11)

Proof. Without loss of generality, we assume E (X i ) = 0. Then it is obvious that

E
�

Sj ,L̃ j

�

= E
�

E
�

Sj ,L̃ j
|L̃ j

��

,

= E
�

L̃ j

�

E
�

X j

�

,

= 0.

First we look at
∑m

j=1 C o v 2
�

S1,L̃1
,Sj ,L̃ j

�

, it can be decomposed into

[2` log n ]
∑

j=1

C o v 2(S1,L̃1
,Sj ,L̃ j

),

and

m
∑

j=[2` log n]+1

C o v 2
�

S1,L̃1
,Sj ,L̃ j

�

.
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When j ≥
�

2` log n
�

+1, we have

C o v (S1,L̃1
,Sj ,L̃ j

) = E(S1,L̃1
Sj ,L̃ j
) =E(E(S1,L̃1

Sj ,L̃ j
|L̃1, L̃ j ))

=
[2` log n ]−1
∑

k=1

ES1,k Sj ,L̃ j
p (1−p )k−1+ES1,[2` log n ]Sj ,L̃ j

(1−p )[2` log n ]−1

=







[2` log n ]−[l
1
2 ]

∑

k=1

+
[2` log n]−1
∑

k=[2` log n]−
h

`
1
2
i

+1






ES1,k Sj ,L̃ j

p (1−p )k−1+O





`
�

log n
�

1
2

n 2





≤
[2` log n ]−[`

1
2 ]

∑

k=1

α
δ

12+2δ ( j −k )‖S1,k‖ 12+2δ
6+δ/2
‖Sj ,L̃ j

‖ 12+2δ
6+δ/2

p (1−p )k−1

+
[2` log n ]−1
∑

k=[2` log n ]−[`
1
2 ]+1

r

ES 2
1,kES 2

j ,L̃ j
p (1−p )k−1+O (

` log
1
2 n

n 2
)

≤ α
δ

12+2δ ( j − [2` log n ] + [`
1
2 ])C1p`

1
2





[2` log n ]−[`
1
2 ]

∑

k=1

k (1−p )2(k−1)





1
2

�

�

2` log n
�

−
�

`
1
2

��
1
2

+ O





`
�

log n
�

1
2

n 2





= O
�

` log
1
2 n
�

α
δ

12+2δ ( j − [2` log n ] + [l
1
2 ])+O





`
�

log n
�

1
2

n 2



 .

Hence we have

m
∑

j=[2` log n]+1

C o v 2
�

S1,L̃1
,Sj ,L̃ j

�

≤
m
∑

j=[2` log n]+1

O
�

`2 log n
�

α
δ
δ+6

�

j −
�

2` log n
�

+
�

`
1
2

��

≤
m
∑

j=[`
1
2 ]

`α
δ

6+δ
�

j
�

O
�

` log n
�

≤
m
∑

j=[`
1
2 ]

j 2α
δ

6+δ
�

j
�

O
�

` log n
�

= O
�

` log n
�

.
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When j ≤ [2` log n ], we can write the expression of C o v
�

S1,L̃1
,Sj ,L̃ j

�

as

C o v
�

S1,L̃1
,Sj ,L̃ j

�

= E
�

S1,L̃1
Sj ,L̃ j

�

=
[2` log n]
∑

u=−[2` log n]
b (u )R

�

j −1+u
�

,

where

b (u ) =
[2` log n]−|u |

∑

i=1

P
�

L̃ ≥ i
�

P
�

L̃ ≥ i + |u |
�

=
�

1−p
�|u |
[2` log n]−|u |

∑

i=1

�

1−p
�2(i−1)

=
`

2

�

1−p
�|u |−

`

2

�

1−p
�2[2` log n]+2−|u |

=
`

2

�

1−p
�|u |
+O

�

`

n 4

�

. (2.12)

In the last step we use the facts that (1−p )n =O
�

e x p
�

−n
`

��

and L̃ is a random variable with

the truncated geometric distribution.

From (2.12) we know the coefficient for R (0) in C o v
�

S1,L̃1
,Sj ,L̃ j

�

is `
2 (1−p )| j−1|, which

is denoted as a
( j )
0 . For any j ≥ 1, we are interested in the coefficient of R (k ) , |k | ≤ ` in the

quantity C o v
�

S1,L̃1
,Sj ,L̃ j

�

. The reason is that

∑

|K |>`

R (K ) = O
�

1

`2

�

.

Denote a
( j )
k as the coefficient of R (k ) in C o v

�

S1,L̃1
,Sj ,L̃ j

�

, then for |k | ≤ `, we have a bound

for a
( j )
k , that is

a
( j )
k ∈

h

�

1−p
�|k |

a
( j )
0 ,

�

1−p
�−|k |

a
( j )
0

i

.
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Due to limp→0

�

1−p
�`
= e −1, we know a

( j )
k is the same order of a

( j )
0 . Thus we have

C o v
�

S1,L̃1
,Sj ,L̃ j

�

= O
�

a
( j )
0 σ2

a s

�

. (2.13)

By repeatedly applying the equation (2.12), we have

[2` log n]
∑

j=1

C o v 2
�

S1,L̃1
,Sj ,L̃ j

�

=
[2` log n]
∑

j=1

a
( j )
0

2

σ4
a s

=
`2

4
σ4

a s

[2` log n]
∑

j=1

�

1−p
�2 j

=
`3

8
σ4

a s (1+o (1)) .

Then we need to show that

m
∑

j=1

�

�

�C o v
�

S 2
1,L̃1

,S 2
j ,L̃ j

�

−2C o v 2
�

S1,L̃1
,Sj ,L̃ j

�

�

�

�= o
�

`3
�

. (2.14)

The key method to prove (2.14) is the following inequality, for s ≤ t ≤ u ≤ v ,

|E (X s X t Xu Xv )−E (X s X t )E (Xu Xv )−E (X s Xu )E (X t Xv )−E (X s Xv )E (X t Xu ) |

≤Cα (max (t − s , u − t , v −u ))
δ

6+δ .
(2.15)

This is followed by a repeated application of Theorem 17.2.3 of (Politis and Romano 1989)

In our case, for a certain maximum gap t between variable, there are at most 3k 2[2` log n ]

sets of indices {s , t , u , v }where {s , t } ∈ {1, 2 · · · [2` log n ]}and {u , v } ∈ { j , j+1, · · · j+[2` log n ]−
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1} for any j . Now we have

m
∑

j=1

�

�

�C o v (S 2
1,L̃1

,S 2
j ,L̃ j
)−2C o v 2(S1,L̃1

,Sj ,L̃ j
)
�

�

�

≤ (
[2` log n ]
∑

j=1

j+[2` log n ]
∑

k=0

+
m
∑

j=[2` log n ]+1

j+[2` log n ]
∑

k=0

)3[2` log n ]k 2α
δ

6+δ (k )

≤
[2` log n ]
∑

j=1

∞
∑

k=0

3[2` log n ]k 2α
δ
δ+6 (k ) +

∞
∑

j=[2` log n ]

j+[2` log n ]
∑

k= j−[2l ` log n ]

3[2` log n ]k 2α
δ
δ+6 (k )

≤
[2` log n ]
∑

j=1

∞
∑

k=0

3[2` log n ]k 2α
δ
δ+6 (k ) +

∞
∑

j=[2` log n ]

j+[2` log n ]
∑

k= j−[2` log n ]

3[2` log n ]k 2α
δ
δ+6 (k )

=O (` log n ) + (
2[2` log n ]
∑

k=1

[2` log n ]+k
∑

j=[2` log n ]+1

+
m
∑

k=[2` log n ]+1

k+[2` log n ]
∑

j=k−[2` log n ]

)3[2` log n ]k 2α
δ
δ+6 (k )

=O
�

` log n
�

+O
�

`2
�

log n
�2
�

= o
�

`3
�

.

(2.16)

Above derivation is based on the fact that when j > [2` log n ]+1 the maximum gap between

the indices is at least j − [2` log n ] and assumption in theorem 3.2 that
∑∞

k=0 k 2α
δ

6+δ (k )<∞.

Then it is obvious that

m
∑

i=1

m
∑

j=1

C o v
�

S 2
i ,L̃ i

,S 2
j ,L̃ j

�

=
m
∑

i=1

m
∑

j=1

�

C o v (S 2
i ,L̃ i

,S 2
j ,L̃ j

�

−2C o v 2(Si ,L̃ i
,Sj ,L̃ j

)

+2C o v 2(Si ,L̃ i
,Sj ,L̃ j

))

=
ml 3

4
σ4

a s (1+o (1))

(2.17)

Now back to the variance of our jackknife estimator

V a r (nσ̂2
j a c k ) =

n 4

m 2l 2
V a r (

m
∑

j=1

(
Sj ,L̃ j

n
+

n
∑

i=1

w ( j )
i X i )

2)(1+o (
l

n
))
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Here we denote

(
L̃ j

n
−

1

m

m
∑

i=1

L̃ i

n
)X̄n +

1

m

m
∑

i=1

Si ,L̃ i

n
=

n
∑

i=1

w ( j )
i X i

Notice that although w ( j )
i are all random variables but it is easily to verify that |w ( j )

i | =

O ( ` log n
n 2 ).

First from the derivation above, we could naturally get that

n 4

m 2`2
V a r (

m
∑

j=1

S 2
j ,L̃ j

n 2
) =

1

m 2`2

m
∑

i=1

(
n
∑

j=1

C o v 2(Si ,L̃ i
,Sj ,L̃ j

) +o (`3))

=
1

m 2l 2

`3

4
mσ2

a s (1+o (1))

=
`

4n
σ4

a s (1+o (1)).

(2.18)

For part n 4

m 2l 2 V a r (
∑m

j=1(
∑n

i=1 w ( j )
i X i )2)

n 4

m 2`2
V a r (

m
∑

j=1

(
n
∑

i=1

w ( j )
i X i )

2)≤ (
2` log n

n 2
)4

n 4

m`2
E (

n
∑

i=1

X i )
4

=O (
`2 log4 n

n 3
)

= o (
`

n
).

(2.19)

From this we can see that in the expression of the variance of the stationary jackknife

variance estimator, the part V a r

�

∑m
j=1

S 2
j ,L̃ j

n 2

�

plays the dominant role, so we can ignore the

other parts and then the expression for our variance is

V a r
�

nσ̂2
j a c k

�

=
`

4n
σ4

a s +o
�

`

n

�

.

Remark: through the expression of bias and variance of stationary jackknife estimator we
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can see that when `→∞ and `= o (n ), both bias and variance goes to zero. This shows the

consistency of our estimator in this case.

2.3.2 Rate of Optimal block length

After obtaining the expression of bias and variance, we can obtain the optimal length of

block length ` in the order of n by minimizing the MSE of our estimator.

By the standard decomposition of the MSE, we can know that

M S E (nσ̂2
j a c k ) = B i a s 2(nσ̂2

j a c k ) +V a r (nσ̂2
j a c k ) =O (

1

`2
) +O (

`

n
)

Then we can get `=O (n 1
3 ) to be the rate of optimal block length.

2.4 Extension to the nonlinear statistics

In this part, we generalize the consistency results to the nonlinear statistics. The corre-

sponding result for the block jackknife has been well developed in (Kunsch 1989). Under

the suitable assumptions, the stationary jackknife estimator is a consistent estimator for

the nonlinear statistics.

2.4.1 The Stationary Jackknife on nonlinear statistics

For any nonlinear statistics Tn = T (X1, X2, · · ·Xn ), the corresponding population parameter

is θ = T (F )where F is the marginal distribution of X . The linearization of Tn at F gives

Tn = T (F )+n−1
n
∑

i=1

I F (X i , F )+Rn

= Mn +Rn .
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where I F is the influence function that I F (x , F ) = limε→0
[T ((1−ε)F +εδx )−T (F )]

ε . Then we have

T
( j )

n = T (F )+
�

n − L̃ j

�−1
n
∑

i=1

�

1−1( j≤i≤ j+L̃ j−1)
�

I F (X i , F ) +R
( j )
n

= L
( j )
n +R

( j )
n .

For large n, the behavior of σ̂2
j a c k (Tn ) is similar as the behavior of σ̂2

j a c k (Ln ) if R
( j )
n is in the

small order. One sufficient condition for the reminder R
( j )
n is max j E

�

R
( j )
n

�

=O
�

n−2
�

.

Under this condition, it is obvious that
∑n−`

j=1 R
( j )
n

2

=Op

�

n−1
�

. Moreover we have

∑
�

R
( j )
n −R (·)n

�2

≤
∑

R
( j )
n

2

,

and the standardized factor for the stationary jackknife estimator is O
�

1
`

�

. Thus we have

nσ̂2
j a c k (Tn ) = nσ̂2

j a c k (Ln )+nσ̂2
j a c k (Rn )+2

(n − `)2

`m

∑

j

�

L
( j )
n − L ·n

��

R
( j )
n −R ·n

�

≤ nσ̂2
j a c k (Ln )+nσ̂2

j a c k (Rn )+2n
Ç

σ̂2
j a c k (Ln )σ̂2

j a c k (Rn )

= nσ̂2
j a c k (Ln )+Op

�

`−
1
2

�

.

In summary we have the following theorem

Theorem 2.4.1. If max j E
�

R
( j )
n

2�

=O
�

1
n 2

�

, then we have nσ̂2
j a c k (Tn ) = nσ̂2

j a c k (Ln )+Op

�

`−
1
2

�

.

Under the assumptions in section 3, we have nσ̂2
j a c k converges toσ2

a s , where

σ2
a s =

∞
∑

k=−∞

EI F (X0, F ) I F (Xk , F ) . (2.20)

More precise we look at the linearization of T onρn instead of F . Assume that I F
�

y ,ρn

�
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exists, then we can write

T
( j )

n = T
�

ρn

�

+ (n − L̃ j )
−1

n
∑

i=1

(1−1([ j , j+L̃ j−1]) (i ))I F
�

X i ,ρn

�

+S
( j )
n

= M
( j )
n +S

( j )
n .

The distance between ρ
( j )
n and ρn is much closer than the the distance between ρ

( j )
n

and F . The expected value of the total variation distance between ρ
( j )
n and ρn is

E
�

dT V

�

ρ
( j )
n ,ρn

��

≤
n
∑

i=1

E
�

�

�

�

�

1−1[ j , j+L̃ j−1] (i )
� 1

n − L̃ j

−
1

n

�

�

�

�

(2.21)

≤
`

n
+

`

n −2` log n

= O
�

`

n

�

.

From this, it is reasonable to expect S
( j )
n to be at most of the order Op

�

`2

n 2

�

. Then we have

the following result

Theorem 2.4.2. If
∑

S ( j )n
2 =Op

�

`4n−3
�

and σ̂ j a c k (Mn ) =Op

�

1
n

�

. Then we have

nσ̂2
j a c k (Tn ) = nσ̂2

j a c k (Mn )+Op

�

`
3
2 n−1

�

. (2.22)

Proof.

�

�

�nσ̂2
j a c k (Tn )−nσ̂2

j a c k (Mn )
�

�

� =
�

�

�nσ̂2
j a c k (Sn )+2

(n − `)2

`m

m
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�
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( j )
n −M ·
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��

S
( j )
n −S ·n

�
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�

�

≤ nσ̂2
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�

σ̂2
j a c k (Sn )σ̂

2
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�
1
2

≤
(n − `)2

`m

∑

S
( j )
n

2

+2n
�

σ̂2
j a c k (Sn )σ̂

2
j a c k (Mn )

�
1
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= Op
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`3n−2
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+Op
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`
3
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�

. (2.23)
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The sufficient conditions for
∑

(S ( j )n )
2 =Op

�

`4n−3
�

for the different kinds of statistics are

given in the lemma 4.1-4.3 of (Kunsch 1989). Then for the difference between L
( j )
n and M

( j )
n ,

assumption (C) in (Kunsch 1989) describes the order of the difference between nσ̂2
j a c k (Mn )

and nσ̂2
j a c k (Ln ) that

nσ̂2
j a c k (Mn ) = nσ̂2

j a c k (Ln )+Op

�

n−
1
2

�

+Op

�

`n−1
�

. (2.24)

Then we have a natural consequence

Theorem 2.4.3. Under the former conditions, we have

nσ̂2
j a c k (Tn ) = nσ̂2

j a c k (Ln ) +Op (max(`
3
2 n−1, n−

1
2 )). (2.25)

We can see that when `→∞ and `= o
�

n
1
2

�

, the nonlinear part will decay and linear

part will dominate all effects. And under conditions on the I F (X , F ), the nσ̂2
j a c k (Ln )will

converge in probability to the asymptotic variance of Tn .

2.5 Simulation

In this section we will use some numerical examples to illustrate what we have developed

in the former sections. We will apply our stationary jackknife variance estimator in dif-

ferent scenarios. Also we will compare our method Stationary Jackknife(SJ) with several

existing resampling variance estimator such as Moving Block Bootstrap (MBB), Stationary

Bootstrap(SB) and Moving Block Jackknife(MBJ).
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2.5.1 Two Simulated Data

In this part er simulated two data set under two model that X t = Zt +Zt−1+Zt−2+Zt−3 and

X t = Zt −Zt−1+Zt−2−Zt−3+Zt−4, where Zt
iid∼ N (0,1). We generate N=1000 observations

X t from each model and we want to estimate the quantity v a r (
p

N X̄ t ) by the stationary

jackknife and the moving block jackknife. Moreover we want to investigate their behaviors

in a wide range of block length. From the section of optimal block length we know that

the optimal block length is of order N
1
3 and in our case this quantity is 1000

1
3 = 10. In

this simulation, the block length range l ∈ [1, 80]which contains the range of the optimal

block length for both stationary jackknife and moving block jackknife and some extreme

block length. In the stationary jackknife the corresponding parameter p in truncated geo-

metric distribution will be 1
` . In the first model we could see that

∑1000
t=1 X t ' 4

∑1000
t=1 Zt , So

v a r (
p

1000X̄ t )' 16v a r (
p

1000Z̄t ) = 16. The figure 1 is the simulation result for this model.

From the second model we could see that
∑1000

t=1 X t '
∑1000

t=1 Zt So we would expect that

v a r (
p

1000X̄ t ) ' v a r (
p

1000Z̄t ) = 1. The figure 2 is the simulation result for the second

model. The main difference in these two models is that the autocovariances in model 1 is

always positive while in the second model the autocovariance alternate in sign until they

become 0 for lag k greater than 4. From the result, we could see (especially from the second

graph) that as block length increases, the moving block jackknife estimator is more sensitive

to block length and it will give a bad estimator when block length is not suitable. Whereas

the stationary jackknife gives the reasonable estimator is a wider range of the block length.

This means that when we don’t know the exact best block length for the variance estimator,

the stationary jackknife estimator may be the better choice for estimation.
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Figure 2.1: The Stationary Jackknife and Block Jackknife variance estimator for model
X t = Zt +Zt−1+Zt−2+Zt−3

2.5.2 Application in time series model

In this section, we are interested in estimating the variance of sample mean of different

time series data with the optimal block length order. In each model we will use all four

resampling methods to estimate the variance. In each model we will generate N=1000 data

as our original data X t .And the block length is an important variable in all methods. So

we will use different values of block length ` ∈ {N 1
3 , 2N

1
3 , 3N

1
3 } in our simulation. For MBB

and SB, the variance estimator is a level-2 estimator, so we need a positive number B as the

number of bootstrap replicates to calculate the Monte-Carlo approximation of MBB and SB
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Figure 2.2: The Stationary Jackknife and Block Jackknife variance estimator for model
X t = Zt −Zt−1+Zt−2−Zt−3+Zt−4

estimator for this level-2 parameter. We choose B=50 in our situation. Lastly in order to get

the estimator of standard error of variance estimator, we do 200 simulations for each model.

AR(1) model

The first example is the AR(1) model X t =φX t−1+wt , where wt
iid∼ N (0, 1). And we consider

the AR parameterφ vary in {−0.3, 0.5, 0.8}. We want to estimate the standardized variance of

the mean of the data. σ̂2 =Var(
p

N X̄N ) Figure 2.3 shows the results of three different AR(1)
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processes. The black solid line in each facet is the true variance of the arithmetic mean. We

use the coefficients {1,2,3} to represent the corresponding block length {N 1
3 ,2N

1
3 ,3N

1
3 }.

In black interval on each bar represents the confidence interval of the estimation.

ARMA(2,1) model

The second model is the ARMA(2,1) model X t −0.6X t−1+0.05X t−2 =Wt +0.2Wt−1, where

wt
iid∼ N (0, 1). This is a causal and invertible ARMA processes. Details in (Brockwell and Davis

1990). And this time series model could be expressed as (1−0.5B )(1−0.1B )X t = (1+0.2B )Wt

where B is the backward shift operator. The v a r (
p

N X̄N ) is converge to a finite quantity

that meansσ2
a s is well-defined. But the computation of this value is a little bit complex, so

we use the standardized standard variance of the mean value of data from the 200 replicate

simulation to approximate the true value. Figure 2.4 shows the result under the ARAM

model. The red solid line represents the true variance 6.994.

Conclusion

From the comparison of the four methods in estimating the standardized variance of the

mean in different time series method, we could see that estimators produced by these four

methods could be regarded as the consistency estimator. And usual the block jackknife and

stationary jackknife will give us the variance estimator with smaller bias. Also since variance

estimator is a level two parameter, so the bootstrap method needs the extra Monte-Carlo

approximation which will need more computation compared with the Jackknife method.

2.5.3 Simulation for AR(1) parameter

The AR(1) model xt =φxt−1+εt , where εt
i .i .d∼ N (0,1). We denote φ̂ the least square esti-

mator ofφ, and this is a nonlinear statistic of {xt }. We want to investigate the behavior of
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Figure 2.3: Comparison of four resampling methods in the AR processes
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Figure 2.4: Comparison of four resampling methods in the ARMA processes
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stationary jackknife estimator on the variance estimation of φ̂. Based on the theoretical

result, we have
p

n (φ̂−φ) d−→N (0,1−φ2). In the simulation setting, φ = 0.5, data length

is 200 and the block length l varies in {1,2,3,4,5}. Result will be shown in table 3. From

Table 2.1: the variance estimate by stationary jackknife for AR(1) parameter with different
block length

bl=1 bl=2 bl=3 bl=4 bl=5
SJ 0.65(0.00) 0.72(0.01) 0.74(0.01) 0.75(0.01) 0.75(0.01)

True 0.75 0.75 0.75 0.75 0.75

the result, we can see that the stationary jackknife gives the reasonable estimators to the

variance of nonlinear statistics.

2.5.4 Trimmed mean

In this part, we check the stationary jackknife variance estimator’s performance on the

trimmed mean of an AR process. The trimmed mean is a method of averaging after removing

the designated percentage of the smallest and the largest values. In our case, we focus on

the 60% trimmed mean. This means that we need to remove the 20% extreme values on

both ends of the data beforehand. Formally, for the observations {X i }ni=1 it is defined as

µt m =
1

[0.6n ]

[0.8n ]
∑

i=[0.2n ]

X (i ),

where [a ] is the largest integer not exceed a and X (i ) is i -th order statistics of {X i }.

In the simulation, the quantity we are interested in is the variance of the scaled mean

V a r
�p

[0.6n ]µt m

�

. We investigate the stationary jackknife estimator performance for the

trimmed mean in different AR(1) models. We choose the AR(1) coefficient α in [0.2, 0.5, 0.8]
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Figure 2.5: The stationary jackknife estimation on the trimmed mean

and in each AR(1) model we generate n = 600 samples. In each setting, we repeat the

experiment for 200 times to get the expectation and the standard error. For the different

strength of the correlation, we choose the different expected block length. The block lengths

are 9,18 and 27 for the cases when AR(1) coefficients are 0.2,0.5 and 0.8. The block lengths are

approximate to n
1
3 ,2n

1
3 and 3n

1
3 . The true variance of the trimmed mean is approximated

by the Monte Carlo method. The number of repetition in the Monte Carlo method is 10000.

For the convenience of the visualization, we scale both the estimated value and the true

value by the sample size. Figure 2.5 shows the result of the stationary jackknife estimation.

The three blue bars represent the value of the stationary jackknife estimator, the orange

intervals represent the confidence interval for the estimation and the red points are the

true variance under three different data generating processes.
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From the result, we can see the stationary jackknife variance estimation is pretty close to

the true value. Moreover the true variance is inside the confidence interval of the stationary

jackknife estimation.
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CHAPTER

3

JACKKNIFE LASSO ESTIMATOR

In the high dimensional data situation, Lasso(Tibshirani 1996) was introduced to provide

the variable selection and shrinkage estimation on the same time.

3.1 Lasso Problem

Consider the following linear regression model,

yi = x′iβ +εi i = 1, 2, · · · , n , (3.1)

where yi is the response and xi =
�

xi ,1, · · · , xi ,p

�

∈Rp is a p-dimensional covariate vec-
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tor, β =
�

β 1, · · · ,βp

�

is the regression coefficient and {ε1,ε2 · · · ,εn} are independent and

identically distributed errors with mean 0 and varianceσ2.

The Lasso estimator is defined as the minimizer of the l1 penalty least square criterion

function,

β̂n = arg min
u∈Rp

n
∑

i=1

�

yi −x′i u
�2
+λn

p
∑

j=1

�

�u j

�

� , (3.2)

where λn is a regularization parameter.

The nature of L1 penalty leads to a sparse solution, which is favorable in the high

dimensional settings. On

An important problem in the context of the Lasso estimator is variance estimation

consistency of it. In this paper, we investigate the jackknife-kind method in estimating

the variance of the Lasso. In the following sections, we first show the standard jackknife

variance estimator fails to provide the consistent estimator. Then we develop a modified

version of the delete-d jackknife to estimate the variance of the Lasso and prove its validity.

3.2 Adaptive Lasso

Although Lasso enjoys the sim variable selection and shrinkage estimation, it needs some

specific conditions (Zhao and Yu 2006) to ensure the variable selection consistency. It

doesn’t enjoy the oracle property(Fan and Li 2001).

Definition 3.2.1. DenoteA = {β j 6= 0} and δ is a fitting process, then β̂ (δ) is the coefficient

estimation by the fitting processes δ. δ is called an oracle processes if it satisfies the following

two conditions

1. Identifies the right subset model, { j : β̂ j 6= 0}=A .
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2. Has the optimal estimation rate,
p

n
�

β̂A −β
�

→N (0,Σ), where Σ is the covariance

matrix when knowing the true nonzero subset.

Lasso assigns the equal weight on the penalty for each coefficient. The adaptive lasso(Zou

2006) assigns different weights to different coefficients and is a kind of weighted lasso

β̃n = arg min
u∈Rp

n
∑

i=1

�

yi −x′i u
�2
+λn

p
∑

j=1

w j

�

�u j

�

� , (3.3)

where the weight vector w= 1

|β̂o l s |γ .

3.3 The standard Jackknife

The asymptotic properties of the Lasso estimator has been investigated in (Knight and Fu

2000). Assume the following regularity conditions for the regression design,

Cn =
1

n

n
∑

i=1

xi x′i →C, (3.4)

where C is a non-negative definite matrix and

1

n
max
1≤i≤n

x′i xi → 0. (3.5)

The limiting distribution of
p

n
�

β̂n −β
�

is shown in the following theorem.

Theorem 3.3.1. If λnp
n →λ0 ≥ 0 and C is nonsingular, then

p
n
�

β̂n −β
� d−→ arg min

u∈Rp
(V (u)) , (3.6)
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where

V (u) = −2u′w+u′Cu+λ0

p
∑

j=1

�

u j sign
�

β j

�

I
�

β j 6= 0
�

+
�

�u j

�

�I
�

β j = 0
��

,

and w has a N
�

0,σ2C
�

distribution. Moreover we denote T∞ = arg minu∈Rp V (u ).

Now we consider the standard jackknife on estimating the variance of the Lasso estima-

tor. The standard jackknife, also called the delete-1 jackknife, estimates the variance of the

estimator by the sample variance of the jackknife replications. Each jackknife replication is

computed by the whole data except one.

For simplicity, we investigate the consistency of the delete-1 jackknife estimator on the

simple linear regression. Model (3.1) is reduced to

yi = xiβ +εi . (3.7)

Moreover, we assume the covariate x has been centered and standardized which means we

have 1
n

∑n
i=1 x 2

i = 1, and the variance of errorσ= 1. The corresponding Lasso estimator is

defined as

β̂n = arg min
u∈R

n
∑

i=1

(yi − xi u )2+λn |u | .

Then
p

n
�

β̂n −β
�

is the minimizer of the following objective function Vn (u ),

Vn (u ) =
n
∑

i=1

�

�

yi − xi

�

β +
u
p

n

��2

−ε2
i

�

+λn

��

�

�

�

β +
u
p

n

�

�

�

�

−
�

�β
�

�

�

= u 2−
∑n

i=1 xiεip
n

u +λn

�

sign
�

β
� u
p

n
I(β 6=0) +

�

�

�

�

u
p

n

�

�

�

�

I(β=0)

�

= u 2− zn u +λn

�

sign
�

β
� u
p

n
I(β 6=0) +

�

�

�

�

u
p

n

�

�

�

�

I(β=0)

�

,
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where zn =
∑n

i=1 xi εip
n .

Denote ûn is the minimizer of the Vn (u ), then ûn satisfies the following condition

(ûn − zn )+
λnp

n

�

sign(β )I(β 6=0) + k̂ I(β=0)

�

= 0, (3.8)

where k̂ = ∂ |u |
∂ u and λn =

λn
2 . Then

ûn =











zn −
λnp

n sign
�

β
�

, β 6= 0,

sign(zn )
�

|zn | −
λnp

n

�

+
, β = 0,

where (x )+ =max (x , 0).

The j -th jackknife replication for the Lasso estimator is,

β̂
( j )
n = arg min

u∈R

n
∑

i=1,i 6= j

�

yi − xi u
�2
+λn |u | .

Similarly
p

n −1
�

β̂ ( j )n −β
�

is the minimizer of the objective function V
( j )

n (u ),

V ( j ) (u ) =
n − x 2

j

n −1
u 2−

∑n
i=1,i 6= j xiεi
p

n −1
u +λn

�

sign
�

β
� u
p

n −1
I(β 6=0)

+

�

�

�

�

u
p

n −1

�

�

�

�

I(β=0)

�

. (3.9)

Denote û
( j )
n is the minimizer of the V

( j )
n (u ), then û

( j )
n satisfies the condition,

�

n − x 2
j

n −1
û
( j )
n − z

( j )
n

�

+
λnp
n −1

�

sign(β )I(β 6=0) + k̂ I(β=0)

�

= 0, (3.10)
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where z
( j )
n =

∑n
i=1,i 6= j xi εip

n−1
. Then

û
( j )
n =











n−1
n−x 2

j

�

z
( j )
n − λnp

n−1
sign

�

β
�

�

β 6= 0

n−1
n−x 2

j
sign

�

z
( j )
n

��

|z ( j )n | − λnp
n−1

�

+
β = 0

.

The jackknife estimator for v a r (
p

n (β̂ −β0)) is the sample variance of {û ( j )− ûn}.

Theorem 3.3.2. In the simple linear regression (3.7), suppose the true coefficient β = 0, the

standard jackknife variance estimator is a inconsistent estimator for the variance of lasso

estimator under the conditions (1): limn→∞
λnp

n = c , (2): ma xi
x 2

i
n → 0, (3):

∑n
i=1 x 2

i
n = 1.

Proof. First we prove max j

�

�z ( j )n − zn

�

�= op

�

1
nα

�

∀ j and 0<α< 1
2 . We have

�

�

�z
( j )
n − zn

�

�

� =

�

�

�

�

∑n
i=1 xiεi − x jε jp

n −1
−
∑n

i=1 xiεip
n

�

�

�

�

=

�

�

�

�

�

∑n
i=1 xiεi − x jε jp

n −1
−
∑n

i=1 xiεip
n −1

+ (
1

p
n −1

−
1
p

n
)

n
∑

i=1

xiεi

�

�

�

�

�

≤
�

�

�

�

x jε jp
n −1

�

�

�

�

+

�

�

�

�

�

n
∑

i=1

xiεi

�

�

�

�

�

1
p

n (n −1)
�p

n +
p

n −1
� .

Now we only need to prove max j

�

�

�

x j ε jp
n−1

�

�

�= op

�

1
nα

�

and
�

�

�

∑n
i=1 xi εip

n (n−1)(
p

n+
p

n−1)

�

�

�= op

�

1
nα

�

.

Denote ε0 =max j {|ε1| , |ε2| · · · |εn |}, then for ∀t we have the following,

e tEε0 ≤Ee t ε0

=Emax
i

e t |εi |

≤
n
∑

j=1

Ee t |ε j |

≤ 2ne
t 2
2 .
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Therefore Eε0 ≤
p

2 log 2n . Notice that for any δ > 0, we have

P
�

nαmax
j
|

x jε jp
n −1

|>δ
�

≤
max j

�

�x j

�

�Emax j

�

�ε j

�

�nα−
1
2

δ

≤
max j

�

�x j

�

�

p

2 log 2n

δn
1−2α

2

→ 0.

Similarly we have for any δ > 0,

P

�

nα
�

�

∑n
i=1 xiεi

�

�

p

n (n −1)
�p

n +
p

n −1
� >δ

�

≤
v a r

�∑n
i=1 xiεi

�

n 3−2αδ2

=

∑n
i=1 x 2

i

n

1

n 2−2αδ2

→ 0.

Thus max j

�

�

�z
( j )
n − zn

�

�

�= op

�

1
nα

�

, where 0<α< 1
2 .

Next we consider
�

�

�û
( j )
n − ûn

�

�

�, we have,

�

�

�û
( j )
n − ûn

�

�

� =

�

�

�

�

�

n −1

n − x 2
j

sign
�

z
( j )
n

�

�
�

�

�z
( j )
n

�

�

�−
λnp
n −1

�

+
− sign (zn )

�

|zn | −
λnp

n

�

+

�

�

�

�

�

≤

�

�

�

�

�

n −1

n − x 2
j

sign
�

z
( j )
n

�

�

|z ( j )n | −
λnp
n −1

�

+
− sign

�

z
( j )
n

�

�

|z ( j )n | −
λnp
n −1

�

+

�

�

�

�

�

+

�

�

�

�

sign
�

z
( j )
n

�

�
�

�

�z
( j )
n

�

�

�−
λnp
n −1

�

+
− sign

�

z
( j )
n

�

�

|z ( j )n | −
λnp

n

�

+

�

�

�

�

+

�

�

�

�

sign
�

z
( j )
n

�

�
�

�

�z
( j )
n

�

�

�−
λnp

n

�

+
− sign (zn )

�

|zn | −
λnp

n

�

+

�

�

�

�

= A j +B j +C j .
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For A j we have,

max
j

A j ≤ max
j

�

�

�

�

�

x 2
j −1

n − x 2
j

�
�

�

�z
( j )
n

�

�

�−
λnp
n −1

�

�

�

�

�

�

≤ max
j

�

�

�

�

�

x 2
j −1

n − x 2
j

�

�

�

�

�

max
j

�

�

�

�

�

�

�z
( j )
n

�

�

�−
λnp
n −1

�

�

�

�

= O
�

1

n

�

Op (1)

= Op

�

1

n

�

.

Moreover we have max j B j ≤
λn

(
p

n+
p

n−1)
p

n (n−1)
, so that max j B j =Op (

1
n ).

Finally we aim at proving max j C j = op (
1

nα ) where 0 < α < 1
2 . For any δ > 0, denote

P1, j = P
�

nαC j >δ
�

, then we have,

P1, j = P

�

nα
�

�

�

�

sign
�

z
( j )
n

�

�
�

�

�z
( j )
n

�

�

�−
λnp

n

�

+
− sign (zn )

�

|zn | −
λnp

n

�

+

�

�

�

�

>δ, sign
�

z
( j )
n

�

= sign (zn )

�

+ P

�

nα
�

�

�

�

sign
�

z
( j )
n

�

�
�

�

�z
( j )
n

�

�

�−
λnp

n

�

+
− sign (zn )

�

|zn | −
λnp

n

�

+

�

�

�

�

>δ, sign
�

z
( j )
n

�

6= sign (zn )

�

≤ P
�

nα
�

�

�z
( j )
n − zn

�

�

�>δ
�

+P
�
�

�

�zn − z
( j )
n

�

�

�>
λnp

n

�

→ 0.

The last inequality is due to the fact that if sign (zn ) 6= sign
�

z
( j )
n

�

then we must have
�

�

�zn − z
( j )
n

�

�

� ≥ λnp
n , otherwise both |zn | and

�

�

�z
( j )
n

�

�

� will drop in
�

0, λnp
n

�

. Moreover we already

known max j

�

�

�z
( j )
n − zn

�

�

�= op

�

1
nα

�

, so we have,

max
j

P1, j ≤ P
�

nαmax
j

�

�

�zn − z
( j )
n

�

�

�>δ

�

+P
�

max
j

�

�

�zn − z
( j )
n

�

�

�>
λ0p

n

�

→ 0
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This means max j C j = op (
1

nα ), then we successfully prove the result

σ̂2
j a c k =

∑n
i=1(û

( j )
n − û (·)n )

2

n
≤max

j

�

�

�û
( j )
n − ûn

�

�

�

2

= op (1) ,

where û (·)n =
∑n

j=1 û
( j )
n

n .

3.4 Delete-d Jackknife Estimator

In this section, we introduce a new method to provide the consistent estimation for the

variance of the Lasso estimator. As we have shown in the last section, the standard jackknife

variance estimator is not a reliable estimator for the Lasso estimator. The reason is that the

Lasso estimator is not smooth enough especially when the true regression parameter is zero.

This gives us the motivation to consider the delete-d jackknife variance estimator, which

is effective in dealing with the non smooth statistics. Unlike the standard jackknife, we

randomly delete d observations when computing the replications of the delete-d jackknife.

We now propose a modified version of the delete-d jackknife variance estimator for the

Lasso estimator.

For the Lasso estimator β̂n in (3.2), we define the j -th delete-d jackknife replication of

it as,

β̂
( j )
n ,d = arg min

u∈Rp

r
∑

i=1

�

y
( j )

i −x
( j )
i

′
u
�2

+

√

√ r d

n 2
λn

p
∑

j=1

�

�u j

�

� , 1≤ j ≤N , (3.11)

where r = n −d , N =
�

n
d

�

and
n�

x
( j )
i , y

( j )
i

�or

i=1
is the remaining data in the j -th replication.
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Then we define the Modified Delete-d Jackknife variance estimator V̂
2

n ,d as,

V̂
2

n ,d =
r

d N

N
∑

j=1

�

β̂
( j )
n ,d − β̂

(·)
n ,d

��

β̂
( j )
n ,d − β̂

(·)
n ,d

�′
, (3.12)

where β̂
(·)
n ,d =

∑N
j=1 β̂

( j )
n ,d

N .

3.5 Jackknifing the Lasso estimator

In this section, we shows the consistency of the modified delete-d jackknife estimator. We

focus on two quantities Tn =
p

n
�

β̂n −β
�

and T ?
n =

Æ

n r
d

�

β̂
?

n ,d −β
�

where β̂
?

n ,d is a random

piece sampled from the jackknife replications
n

β̂
( j )
n ,d

o

. Let Gn (·) denote the distribution

of Tn and G̃n (·) denote the conditional distribution of T ?
n given the observations. More

specifically for any B ∈B (Rp ), G̃n (B ) = P?
�

T ?
n ∈ B

�

where P? is the conditional probability

based on the observations.

3.5.1 Consistency of the Distributional Approximation

The first result shows that the modified delete-d jackknife gives a valid approximation to

the distribution Tn .

Theorem 3.5.1. Suppose that the following assumptions hold:

(C.1) n−1
∑n

i=1 xi x′i →C, where C is positive definite.

(C.2) supi ‖xi‖4 =O (1).

(C.3) λn n−
1
2 →λ0 ≥ 0.

(C.4) The errors {εi }ni=1 are independent and identically distributed withEεi = 0 and Var(εi ) =

σ2 ∈ (0,∞).
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(C.5) d /n→α ∈ (0, 1).

Then with probability 1

%
�

G̃n (·) ,Gn (·)
�

→ 0 a s n→∞,

where % (·, ·) denotes the Prohorov metric on the set of all probability measure on (Rp ,B (Rp )).

Proof. We notice that T ?
n is the minimizer of the following objective function,

V ?
n (u) =

r
∑

i=1

�

y ?i −x?i
′

�

β +

√

√ d

n r
u

��2

+

√

√ r d

n 2
λn

p
∑

j=1

�

�

�

�

�

β j +

√

√ d

n r
u j

�

�

�

�

�

, (3.13)

where {
�

x?i , y ?i
�

} are r observations sampled without replacement from the observations.

It is equivalent to investigate a centered version V ?
n (u) =V ?

n (u)−V ?
n (0). Then we have,

V ?
n (u) =

d

n
u′
∑r

i=1 x?i x?i
′

r
u−2u′

∑r
i=1ε

?
i x?i

Æ

r n
d

+

√

√ r d

n 2
λn

p
∑

j=1

�

�

�

�

�

�

β j +
u j
Æ

r n
d

�

�

�

�

�

−
�

�β j

�

�

�

=
d

n
u′
∑r

i=1 x?i x?i
′

r
u−2u′

∑r
i=1ε

?
i x?i

Æ

r n
d

+

√

√ r d

n 2

λnp
n

 

p0
∑

j=1

sign
�

β j

� u j
Æ

r
d

+
p
∑

j=p0+1

�

�u j

�

�

Æ

r
d

!

.

Denote the limit of V ?
n (u) as V ? (u), now we prove V ? (u) is equivalent to the limiting esti-

mating equation of Tn , that is,

V ? (u) = αu′Cu−2αu′w1+λ0α

 

p0
∑

j=1

sign(β j )u j +
p
∑

j=p0+1

�

�u j

�

�

!

,

where w1 is a random vector with the normal distribution N
�

0,σ2C
�

.
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First we have

∑r
i=1 x?i x?i

′

r
→ E?x?i x?i

′

=

∑n
i=1 xi x′i

n

= Cn .

According to the condition, Cn →C as n→∞.

Then for any nonzero vector a ∈Rp , we define zi = a′xiεi and σ̂2
n =

1
n

∑n
i=1(zi − z̄n )2.

We have

E
�
∑n

i=1 z 2
i

n

�

= a′
∑n

i=1 xi x′i
n

aE
�

ε2
i

�

= a′
∑n

i=1 xi x′i
n

aσ2

→ a′Caσ2, (3.14)

and

V a r

�
∑n

i=1 z 2
i

n

�

=
1

n

n
∑

i=1

|a′xi |4

n
V a r

�

ε2
i

�

≤ 2
1

n
‖a‖4 sup

i
‖xi‖4

→ 0. (3.15)

Based on (3.14) and (3.15), we have
∑n

i=1 z 2
i

n

p
−→ a′Caσ2. Similarly, we can prove that z̄n

p
−→ 0.

Therefore we have

σ̂2
n

p
−→ a′Caσ2. (3.16)
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Now we denote J (t ) = P?
�

�

n r
d

�
1
2 (z̄ ?r−z̄n )

σ̂n
≤ t

�

, where z̄ ?r =
∑r

i=1 a′x?iε
?
i /r . According to the

Berry-Esseen bound for simple random sample without replacement(Höglund 1978), we

have

sup
t
|J (t )−Φ(t )| ≤

C

(r d /n )
1
2

n−1
∑n

i=1 |zi − z̄n |3

σ̂3
n

, (3.17)

where Φ(t ) is the cdf of the standard normal distribution.

Moreover we have

∑n
i=1 |zi − z̄n |3

n
3
2

=
1

n
1
2

∑n
i=1 |zi − z̄n |3

n

≤ 8n−
1
2

∑n
i=1 |zi |3

n

≤ 8‖a‖3 sup
i
‖xi‖3 1

n
3
2

n
∑

i=1

|εi |3

a s−→ 0.

The last convergence is due to the Marcinkiewicz-Zygmund Strong Law of Large Num-

ber(Athreya and Lahiri 2006) on
�

ε3
i

	

. Then the right hand side of (3.17) goes to 0 as n goes

to infinity.

When we combine (3.16) and (3.17) together, we have

L?

�

�n r

d

�
1
2

∑r
i=1 x?iε

?
i

r

�

d−→ N
�

0,σ2C
�

, (3.18)

whereL? (·) is the conditional distribution on the observations. This implies that

V ?
n (u) → V ? (u) .
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Following the arguments as in (Knight and Fu 2000), one can establish the weak convergence

L?
�

V ?
n (·)

� d−→ L (V (·)) ,

on the space of all functions on Rp that are uniformly bounded on compact subsets of Rp .

This in turn implies

%
�

G̃n (·) ,Gn (·)
�

→ 0 a s n→∞.

The theorem is proved.

3.5.2 Bias and variance consistency

Theorem 3.5.2. Under the assumptions of the Theorem 3, we have

E?
�

T ?
n

�

→ E (T∞) ,

and

�

V a r?
�

T ?
n

��

p×p
→ (V a r (T∞))p×p ,

with probability 1.

Proof. The idea is to prove {‖T ?
n ‖

2} is uniformly integrable with probability 1. The proof

can be finished step by step by following the proof in (Chatterjee and Lahiri 2011). We omit

the details here.
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3.6 Modified Bootstrap Estimator

For the later comparison in section 3.7, we introduce the modified Bootstrap method(Chatterjee

and Lahiri 2011) which provides a consistent estimation for the Lasso variance estimation.

(Chatterjee and Lahiri 2010) has shown the residual Bootstrap estimator will converge to a

random measure. The modified Bootstrap method is based on the residual bootstrap and

its key idea is to force the components of the Lasso estimator β̂ to exact 0 when it closes to

0. Specifically, define the threshold {an} that satisfies

an +
�

n−
1
2 log n

�

a−1
n → 0.

Then define the modified lasso estimator β̃n =
�

β̃n ,1, · · · β̃n ,p

�

as

β̃n , j = β̂n , j I
�

β̂n , j ≥ an

�

.

The modified bootstrap is based on the residual {r̃i } where r̃i = yi − xT
i β̃ . Each time, we

select the random samples {e ?i }
n
i=1 from the centered residuals {r̃i − ¯̃ri }. Then compute the

responses {y ?i } based on the relationship y ?i = xT
i β̃ + e ?i .

3.7 Numerical results

In this section, we implement a simulations to evaluate the performance of the variance

estimation of the lasso estimator by the jackknife method and do a comparison with the

modified bootstrap method.
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3.7.1 Basic settings

In the simulation we assume the true coefficient is [1, 3, 0], the sample size n = 250. For

the lasso estimator, the regularization parameter λn satisfies λnp
n → 0.5. For the jackknife

method, since it is impossible to get all the combination when the deleting number d

is large, we use the random sample to avoid this bottleneck. For the modified bootstrap

estimator, the threshold is chosen by minimizing the mean square error of the variance

estimation. For the true value, we use the Monte Carlo method to approximate it, the

number of the Monte Carlo replication is 1000.

3.7.2 Result

For the variance comparison, we care about the some specific position of the covariance

matrix of β . We detect the variance in the positions (1,1),(1,3),(3,3) which represent the

variance of the nonzero coefficient, covariance between the zero and nonzero coefficient

and the variance of the zero coefficient. The result is shown in Table 3.1.

Table 3.1: The variance estimation for the lasso estimation based on β = (1, 3, 0)

Position Jackknife Modified Bootstrap True value
(1,1) 1.019 0.990 1.025
(1,3) -0.004 0.008 -0.011
(3,3) 0.766 0.654 0.734

From the result, we can see that the jackknife method provides a reasonable variance

estimation for the covaraince matrix of the lasso estimator. It also correctly estimate the

sign of the interested position of the covariance matrix.
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CHAPTER

4

RESAMPLING THE MARKOWITZ

PORTFOLIO OPTIMIZATION

4.1 Markowitz Problem

Markowitz porfolio selection is a cornerstone in the modern economics(Markowitz 1952).

Suppose {yt }nt=1 are the returns for the stocks, where yt ∈Rp×1. Denote Σn ,µn as the covari-

ance matrix and the mean of yt . The Markowitz problem aims at finding the best Portfolio

allocation(Jobson and Korkie 1980) wn to minimize the risk of the portfolio given the ex-
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pected return is µ0. This can be formatted as following

arg min
w

wTΣn w,

s.t 1T w= 1,

µT
n w=µ0.

The explicit formula for wn is

wn =
Cn −µ0An

An Cn −B 2
n

Σ−1
n 1+

µ0An −Bn

An Cn −B 2
n

Σ−1
n µn ,

where An = 1TΣ−1
n 1, Bn = 1TΣ−1

n µn and Cn =µT
nΣ
−1
n µn . Then the optimal risk is

R =
Anµ

2
0−2Bnµ0+Cn

An Cn −B 2
n

. (4.1)

Moreover, if µ0 is not fixed, we can get the global minimal risk

Rg = (An )
−1 ,

=
�

1TΣ−1
n 1

�−1
. (4.2)

4.2 Factor model

Factor models(Bai 2003)(Fan et al. 2008) have been widely used both theoretically and

empirically in economics and finance. Suppose the return {yt } has the factor structure

yt = µ+Qft +εt , (4.3)
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where µ is the mean vector of the processes {yt }, Q ∈ Rp×K is an unknown fixed factor

loading matrix, {ft }nt=1 is the K dimensional latent factor processes with ft ∼N (0,Σf), {εt }

is a vector white noise processes with εt ∼N (0,Σ0). After we have the estimators Q̂ and f̂

for Q and f, the corresponding estimator for µ is

µ̂ = ȳ− Q̂¯̂f.

We can use the centered version of yi = yi − ȳ and fi = fi − f̄ to eliminate f. In the following

part we treat y and f as the centered version for simplicity.

Denote Y =
�

y1, y2 · · ·yn

�

, F = (f1, f2 · · · fn ) and E = (ε1,ε2 · · ·εn ). The model (4.3) can be

expressed as

Y=QF+E. (4.4)

Q cannot be uniquely determined by the model (4.4). The reason is that for any estimator
�

Q̂, F̂
�

,
�

Q̂T, T−1F̂
�

is also the suitable estimator for the model (4.4) if T is an invertible matrix,

but the linear space of columns of Q can be uniquely determined by (4.4). By adapting the

suitable transformation, we can assume the normalization of Q satisfying 1
p QT Q= I.

4.3 Estimation procedure

Suppose that we already knew the number of factors in the factor model. Some existing

works(Bai and Ng 2002) filled the gap between the whether we have the information about

the number of factors. The columns of the estimated factor loading Q̂ are
p

p times the

61



eigenvectors corresponding to the first K eigenvalue of YYT

np , so we have

YYT

np
Q̂ = Q̂Λ, (4.5)

where Λ= d i a g (λ1,λ2 · · ·λK )with λ1, · · ·λk are the first K eigenvalues of 1
np YYT . From 4.5,

we have

Q̂ =
YYT

np
Q̂Λ−1

=
QFFT QT Q̂Λ−1

np
+

QFET Q̂Λ−1

np
+

EFT QT Q̂Λ−1

np
+

EET Q̂Λ−1

np
.

If we denote R= FFT QT Q̂Λ
np , we have

Q̂−QR =
QFET Q̂Λ−1+EFT QT Q̂Λ−1+EET Q̂Λ−1

np
(4.6)

After estimating the factor loading Q, we further estimate the common factors and the error

terms.

F̂ =
�

Q̂
T

Q̂
�−1

Q̂
T

Y=
1

p
Q̂

T
Y.

Ê = Y− Q̂F̂.
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Now we have

RF̂ =
RQ̂

T
Y

p

=
RQ̂

T
(QF+E)
p

=
RQ̂

T
Q̂R−1F+RQ̂

T �
QR− Q̂

�

R−1F+RQ̂
T

E

p

= F+
RQ̂

T �
QR− Q̂

�

R−1F+RQ̂
T

E

p
.

Under the model (4.4), the covariance matrix of yt can be expressed as

Σy = QΣfQ
T +Σ0.

The corresponding estimation for the covariance matrix Σ is

Σ̂y = Q̂Σ̂fQ̂
T
+ Σ̂0, (4.7)

where Σ̂f =
F̂F̂

T

n and Σ̂0 = Ip ◦ EET

n . Here A ◦B is the Hadamand product of the same size

matrices A and B.

4.4 Estimation consistency

The optimal risk R and the global optimal risk Rg consist of quadratic term of Σ−1
y and Σ̂−1

y .

We are interested in the quantity ‖Σ−1
y − Σ̂

−1
y ‖where ‖A‖ represents the spectral norm of A,

that is ‖A‖=λma x

�

AAT
�

1
2 .

Before going to the theorem, we first introduce some assumptions

1. Assumption 1: K is fixed.
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2. Assumption 2: The factor loading matrix Q ∈ Rp×K is a deterministic matrix with

maxi j

�

�Qi j

�

�≤ c1.

3. Assumption 3: The factor processes {ft } are i.i.d with the covariance matrix Σ f . The

eigenvalues of Σ f are bounded that d1 ≤λmi n

�

Σ f

�

≤λma x

�

Σ f

�

≤ d2.

4. Assumption 4: The factor processes {ft } are independent with the error term {εt }.

Moreover, the eigenvalues of the covariance matrix of εt is bounded.

Then we introduce the theorem for the consistency of the estimation of the inverse of the

covariance matrix

Theorem 4.4.1. According to the Assumptions 1 - 4, the convergence rate for the estimated

inverse of the covariance matrix Σ̂yin 4.7 under the factor model structure settings 4.3 is

expressed as the following

‖Σ̂−1
y −Σ

−1
y ‖ = Op

�

1
p

n
+

1
p

p

�

. (4.8)

Moreover, in the high dimensional setting that the dimension p is in the same order of n,

p =O (n ), we have

‖Σ̂−1
y −Σ

−1
y ‖ = Op

�

1
p

n

�

. (4.9)

Proof. According to the Sherman-Morrison-Woodbury formula, we have

Σ̂−1
y = Σ̂−1

0 − Σ̂
−1
0 Q̂

�

Σ̂−1
f + Q̂

T
Σ̂−1

0 Q̂
�−1

Q̂
T
Σ̂−1

0 . (4.10)
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Then we have

‖Σ̂−1
y −Σ

−1
y ‖ ≤ ‖Σ̂−1

0 −Σ
−1
0 ‖+ ‖

�

Σ̂−1
0 −Σ

−1
0

�

Q̂
�

Σ̂−1
f + Q̂

′
Σ̂−1

0 Q̂
�−1

Q̂
′
Σ̂−1

0 ‖

+ ‖Σ−1
0 Q̂

�

Σ̂−1
f + Q̂

′
Σ̂−1

0 Q̂
�−1

Q̂
′ �
Σ̂−1

0 −Σ
−1
0

�

‖

+ ‖Σ−1
0

�

Q̂−QR
�

�

Σ̂−1
f + Q̂

′
Σ̂−1

0 Q̂
�−1

Q̂
′
Σ−1

0 ‖

+ ‖Σ−1
0 QR

�

Σ̂−1
f + Q̂

′
Σ̂−1

0 Q̂
�−1 �

Q̂−QR
�′
Σ−1

0 ‖

+ ‖Σ−1
0 Qγ

h
�

Σ̂−1
f + Q̂

′
Σ̂−1

0 Q̂
�−1
−R−1

�

Σ−1
f +Q′Σ−1

0 Q
�−1 �

R′
�−1
i

�

R′
�

Q′Σ−1
0 ‖,

= K1+K2+K3+K4+K5+K6.

First we look atK1, we have

‖Σ̂0−Σ0‖ = max
i≤p

�

�

�

�

Σ̂0

�

i ,i
− (Σ)i ,i

�

�

�

= max
i≤p
|σ̂i −σi | .

Moreover

σ̂i −σi =
1

n

n
∑

j=1

Ê
2

i j −E2
i j =

1

n

n
∑

j=1

�

�

Ei j − Êi j

�2
+2Ei j

�

Êi j −Ei j

�

�

.
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For 1
n

∑n
j=1

�

Ei j − Êi j

�2
, we have

1

n

n
∑

j=1

�

Ei j − Êi j

�2
=

e
T

i

�

E− Ê
� �

E− Ê
�T

ei

n

=
e

T

i

�

Q̂F̂−QF
� �

Q̂F̂−QF
�T

ei

n

=
e

T

i

�

Q̂−QR
�

F̂F̂
T �

Q̂−QR
�T

ei

n
+

e
T

i Q
�

RF̂−F
� �

RF̂−F
�T

Q
T

ei

n

=
e

T

i

�

Q̂−QR
�

F̂F̂
T �

Q̂−QR
�T

ei

n
+

e
T

i QRQ̂
T

EE
T

Q̂R
T

Q
T

ei

np 2

+
e

T

i QRQ̂
�

QR− Q̂
�

R−1FF
T �

R−1
�T �

QR− Q̂
�T

Q̂
T

R
T

Q
T

ei

np 2

= L1i + L2i + L3i .

For L1i , we have ‖L1i‖= 1
n ‖e T

i

�

Q̂−Qγ
�

F̂ ‖2. Since we have

‖
1

n
F̂ F̂ T ‖ ≤

1

p
‖Q̂Q̂

T ‖‖
YYT

np
‖

= Op (1) .

So

max
i
‖L1i‖ = max

i
‖e T

i

QFET Q̂Λ−1

np
+ e T

i

EFT QT Q̂Λ−1

np
+ ei

EET Q̂
−1

np
‖2

≤ 3 max
i

�

‖e T
i

QFET Q̂Λ−1

np
‖2+ ‖e T

i

EFT QT Q̂Λ−1

np
‖2+ ‖e T

i

EET Q̂Λ−1

np
‖2

�

= Op

�

max
�

1

n
,

1

p

��

+Op

�

1

n

�

+Op

�

1

p

�

= Op

�

1

p
+

1

n

�

.
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Similar we have

max
i
‖L2i‖ = Op

�

max
�

1

n
,

1

p

��

.

and

max
i
‖L3i‖ = Op

�

max
�

1

n
,

1

p

��

.

From all things above, we have

max
i

1

n

n
∑

j=1

�

Ei j − Êi j

�2
= Op

�

1

p
+

1

n

�

. (4.11)

Then

‖Σ̂0−Σ0‖ = max
i≤p
|σ̂i −σi |

= Op

�√

√ 1

p
+

1

n

�

Since the eigenvalues of Σ̂0 and Σ are bounded, we have

‖Σ̂−1
0 −Σ

−1
0 ‖ = Op

�
√

√ 1

p
+

1

n

�

.

Now we look atK2 andK3. By using the fact that

‖Σ̂−1
f + Q̂Σ̂−1

0 Q̂
T ‖ ≥ λmi n

�

Q̂Q̂
T
�

= Op

�

p
�

,

67



we have ‖K2‖ and ‖K3‖ are both Op

�
q

1
p +

1
n

�

. It is trival that

‖K4‖,‖K5‖ = Op

�

1
p

n
+

1
p

p

�

.

Lastly ‖K6‖=Op

�
q

1
p +

1
n

�

.

In total, we have

‖Σ̂y−Σy‖ = Op

�

1
p

n
+

1
p

p

�

.

4.5 Numerical results

4.5.1 basic settings

The true model is a three factor model,

yt = q1 f1t +q2 f2t +q3 f3t +et ,

where Q =
�

q1, q2, q3

�

is an orthogonal matrix, ft =
�

f1, f2, f3

�′
are independent Gaussian

distribution with the mean vector

µ f =











0.118

0.065

0.104











,
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and the covariance matrix

C o v (f) =











31.275 −0.875 −5.1

−0.875 7.875 −0.05

−5.1 −0.05 4.825











.

and

et
i .i .d∼ N (0, I20) .

We consider the convergence properties of Σy , Σ−1
y , R and wn . For the matrices Σy and

Σ−1
y , we use the mean square error to represent the estimation error. For two matrices A

and B ∈Rp×p with the same dimension, the mean square error of A and B, M S E (A, B) is

defined as

M S E (A, B) =
1

p 2
Tr
�

(A−B) (A−B)
T�

.

For the vector optimal weight wn and the scalar optimal risk R , we use the mean absolute

error to measure the convergence performance.

In the simulation, we fix the dimension of yt as 20. The sample size varies in the following

set [20, 50, 100, 200, 500]. For each setting, we repeat the simulation 500 times to record the

mean value and the variance of the metric. The results are shown in below tables. Table 4.1

shows the convergence performance of estimating the covariance matrix Σy . The mean

absolute value of the elements of the true covariance matrix Σy is 1.318. Table 4.2 shows

the result for the precision matrix ˚−1
y .The mean absolute value of the elements of the true

precision matrix Σ−1
y is 0.094. Table 4.3 shows the convergence performance of the optimal

risk R . The true optimal risk is 0.065. The convergence result of the optimal weight is in
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Table 4.1: The convergence performance of Σy

Sample size(n) 20 50 100 200 500
Mean(MSE) 0.875 0.433 0.294 0.230 0.187

Var(MSE) 0.334 0.052 0.015 0.006 0.003

Table 4.2: The convergence performance of Σ−1
y

Sample size(n) 20 50 100 200 500
Mean(MSE) 2.210e-2 6.277e-3 3.768e-3 2.885e-3 2.454e-3

Var(MSE) 1.131e-4 3.600e-6 7.063e-7 3.216e-7 2.707e-7

Table 4.4. The maximum and the minimum element in the optimal weight wn are 0.107

and 0.005 respectively.

4.6 Confidence interval of the optimal risk

In this section, we provide a resampling based method to construct the confidence interval

for the optimal risk of the Markowitz Problem.

4.6.1 numerical result

In this simulation, we apply the same factor structure as described in 4.5. The only differ-

ence is that we let the dimension of the returns yt and the number of the observations n

both go to∞. To be more specifically, we set the relationship p = n
10 and let n varies in

Table 4.3: The convergence performance of risk R

Sample size(n) 20 50 100 200 500
Mean(MAE) 0.017 0.009 0.007 0.006 0.005

Var(MAE) 5.182e-5 2.771e-5 1.869e-5 1.634e-5 1.298e-5
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Table 4.4: The convergence performance of the optimal weight wn

Sample size(n) 20 50 100 200 500
Mean(MAE) 0.020 0.015 0.012 0.011 0.010

Var(MAE) 1.723e-5 8.479e-6 7.117e-6 6.196e-6 6.577e-6

Algorithm 1 Resampling method for the confidence interval of the optimal risk

1: Based on Y=
�

y1, · · · , yn

�

and predetermined number of factor K , estimate the µ̂, Q̂ and

f̂t .
2: Compute the residuals ε̂t from ε̂t = yt − µ̂− Q̂f̂t .
3: For each element ε̂t ,i of ε̂t , we generate a standard normal random number v and let
ε̃t ,i = v ∗ ε̂t ,i .

4: For l = 1, 2 · · ·B , we compute the optimal risk R̂ (l ) based on {y ?t }, where y ?t = µ̂+ Q̂f̂t +e?t
and {e?t } is resampled from the centered residuals {ε̃t }.

5: Construct the 1−α confidence interval by
�

R̂ (l )
�

α
2

�

, R̂ (l )
�

1−α
2

��

[400, 800, 1600, 3200]. For each time we compute the 90% confidence interval of the optimal

risk, we choose the Bootstrap replication B = 100 to get the corresponding sample quantile.

For each given combination of
�

n , p
�

we repeat the simulation for 100 times to record the

coverage probability and the average length of the confidence interval. Fig 4.1 and Fig 4.2

show the coverage probability and the average length of the Bootstrap confidence interval.

We can see that as we increase the sample size to 1600, the coverage probability is

approximate to the expected 90%. The length of the confidence interval is decreasing as

the sample size increases. This means that the confidence interval is precision in the high

dimensional case.
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Figure 4.1: The coverage probability of the 90% confidence interval for the optimal risk

Figure 4.2: The average length of the 90% confidence interval for the optimal risk
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