ABSTRACT

DAUGHERTY, SPENCER. Schur-like Bases and their Colored Generalizations. (Under the direction
of Laura Colmenarejo and Sarah Mason).

We present new results on Schur-like bases of QSym and NSym, focusing on bases related by
involutions. We introduce the reverse immaculate, row-strict reverse immaculate, and row-strict
reverse dual immaculate functions. These bases relate to the immaculate and dual immaculate
bases via the involutions p and w on QSym and NSym and share many of their combinatorial
properties. Together, the immaculate, row-strict immaculate, reverse immaculate, and row-strict
reverse immaculate bases form a closed system under the involutions v, p, and w of NSym which
generalize the classical involution w in Sym; the same is true with the respective dual bases in Q. Sym.
Similarly, we define reverse shin, reverse extended Schur, row-strict reverse shin, and row-strict
reverse extended Schur functions that relate similarly to the shin and extended Schur bases. We then
prove a variety of properties of the shin, extended Schur, immaculate, and dual immaculate bases
as well as their variants. These include basis expansions, skew functions, multiplicative structure,
creation operators, and Hopf algebra structure.

We introduce generalizations of the primary Schur-like bases to the dual Hopf algebras QSym 4
and NSym,. We define the colored immaculate, colored dual immaculate, colored shin, colored
extended Schur, colored Young noncommutative Schur, and colored Young quasisymmetric Schur
functions, all of which are bases of NSymy4 or QSym 4. Each colored Schur-like basis in QSym 4 is
defined using different types of colored tableaux. The colored Schur-like bases in NSym 4 are defined
in various ways including duality, creation operators, and a Pieri rule. We prove results relating
to expansions to and from other bases, multiplicative structure, skew functions, and Hopf algebra
structure. Then, we define two new dual Hopf algebras, one of which is the commutative image of
NSym 4 and the other a subset of QSym 4. Both are colored analogues of Sym and each has a basis

that generalizes the Schur functions in terms of colored semistandard Young tableaux.
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CHAPTER

INTRODUCTION

The study of symmetric functions forms a cornerstone of algebraic combinatorics. The Schur
symmetric functions specifically have robust combinatorics and a wide variety of applications. One of
their most important properties is that they are the characters of irreducible representations of the
general linear group [78]. The Schur functions appear in representation theory, algebraic geometry,
linear algebra, and of course, combinatorics. They lay at the center of many open problems in
combinatorics, including Schur positivity problems, the Schur plethysm problem, and problems on
the Kronecker coefficients of Schur functions [23, 33, 49, 55, 74, 79].

The quasisymmetric functions introduced by Gessel [35] and the noncommutative symmetric
functions introduced by Gelfand, Krob, Lascoux, Leclerc, Retakh, and Thibon [34] are generalizations
of the symmetric functions with rich theory and importance in algebraic combinatorics. Their
algebras, QSym and NSym, are dual Hopf algebras that also appear in representation theory,
algebraic geometry, and category theory [2, 47, 57, 60]. Notably, QSym is the terminal object in
the category of combinatorial Hopf algebras [2]. QSym contains Sym, the algebra of symmetric
functions, and Sym is the commutative image of NSym. A significant amount of work has been done
to find quasisymmetric or noncommutative analogues of symmetric function objects, specifically of
the Schur basis. One example of this is the development of a variety of Schur-like bases such as the
immaculate functions, the shin functions, the quasisymmetric Schur functions, and the extended
Schur functions [7, 9, 19, 39, 56]. A Schur-like basis of NSym is one in which the commutative image
of any element indexed by a partition is the Schur function indexed by that partition. Schur-like bases
in @Sym are the bases dual to the aforementioned bases of NSym and tend to have combinatorial
descriptions in terms of tableaux that are closely related to semistandard Young tableaux.

The first goal of this thesis is to continue developing the theory of these Schur-like bases and to



create a comprehensive text studying them. With any Schur-like basis, the properties of the Schur
functions we would like to find analogues for include a matrix determinant formula, various types
of multiplicative rules, Hopf algebraic structure, and representation theoretic applications, among
others. Each of the dual pairs of Schur-like bases reflects these properties in unique ways, making
them each suitable for different applications.

The second goal of this thesis is to define colored analogues to Schur-like bases in QSym 4 and
NSym 4, which are generalizations of QSym and NSym introduced by Doliwa [28]. The Hopf algebra
NSym has a natural generalization called NSym, that stems from the relationship between NSym
and the algebra of rooted trees [30]. Its dual algebra, QSym_, is defined dually using partially
commutative colored variables. The initial goal of these generalizations was to extend the study of
the relationship between symmetric functions and integrable systems to a noncommutative setting
which is of growing interest in mathematical physics [27, 48]. Additionally, the Hopf algebra of
rooted trees has various applications in the field of symbolic computation [38]. Doliwa defines the
algebraic structure of QSym4 and NSym, and analogues to some classic bases. We bring the study
of Schur-like bases to this space to continue developing its theory.

In addition to the inherent value in expanding the theory of these spaces, any results on bases in
QSymy and NSym 4 specialize immediately to results on their analogous bases in QSym and NSym
because they are isomorphic in the case that A is an alphabet of just one letter. In many cases, the
combinatorics behind relationships in QSym and NSym can be obscured by cancellation which is
significantly reduced when coloring the variables. The techniques we use have great potential for

studying various objects related to QQSym such as posets, polytopes, and crystal graphs.

1.1 Context

While the algebras introduced by Doliwa in [28] are new, various algebras that generalize Sym,
QSym and NSym using colored variables have appeared in the literature. There has also been
significant interest generally in exploring new combinatorial Hopf algebras. For examples of each,
see [2, 12, 42, 43, 52, 66, 72]. Following these themes, we build on Doliwa’s work by expanding the
theory of the algebras NSym 4 and QSym,, as well as defining similar new algebras of our own.
We simultaneously build on a wide variety of work on Schur-like bases by many authors through
the introduction of various colored generalizations of Schur-like bases.

The first of the Schur-like bases to be introduced was the quasisymmetric Schur functions in [39]
by Haglund, Luoto, Mason, and van Willigenburg. They arose from specializations of nonsymmetric
Macdonald polynomials called Demazure atoms. In [56], Luoto, Mykytiuk, and van Willigenburg
introduced the Young quasisymmetric Schur functions, which were ultimately more compatible
with the Schur basis. These two bases notably generalize the Littlewood-Richardson rule of the
Schur functions. They also provide a great example of why it is worthwhile to study Schur-like
bases related by involutions. While the combinatorics of these bases are similar, they have very

different applications. For example, the quasisymmetric Schur basis and the Young quasisymmetric



Schur basis are related by the involution p but the former is much more compatible with Macdonald
polynomials while the latter is more useful when working with Schur functions [39, 56]. Both
the quasisymmetric Schur and Young quasisymmetric Schur functions have been widely studied,
including in [4, 14, 15, 44, 45, 54, 58, 59, 61, 62, 64, 67, 73, 75, 80, 84, 85].

Next to be introduced were the immaculate and dual immaculate functions of Berg, Bergeron,
Saliola, Serrano, and Zabrocki in [9]. These functions generalize the Bernstein creation operators
and the Jacobi-Trudi rule of the Schur functions. These bases are also widely studied, namely in
[1, 4, 5, 10, 11, 13, 18, 21, 22, 32, 36, 51, 53, 63, 69, 68, 70, 71]. Our additional contribution here
is to define new variants of the immaculate and dual immaculate functions that are related via
involutions, much like the row-strict variants of [69] or the reverse dual immaculate functions of [63].

Last to be introduced were the shin basis of Campbell, Feldman, Light, Shuldiner, and Xu [20]
and the extended Schur basis of Assaf and Searles [6]. The shin and extended Schur functions,
which are dual bases, are unique among the Schur-like bases for having arguably the most natural
relationship with the Schur functions. In NSym, the commutative image of a shin function indexed
by a partition is the Schur function indexed by that partition, while the commutative image of any
other shin function is 0. In QSym, the extended Schur function indexed by a partition is equal
to the Schur function indexed by that partition [19]. The extended Schur and shin bases are also
studied in [17, 58, 76]. We define new variants of the extended Schur and shin bases as we do in the
immaculate case. In addition, we define skew and skew-II extended Schur functions as well as their
variants related by involutions, and we formalize certain Hopf algebra properties that appear in
the process building on [56, 70, 80]. Finally, we find a creation operator construction and related

Jacobi-Trudi rule for certain shin functions, inspired by [9].

1.2 Overview

Chapter 3 focuses on the immaculate and dual immaculate functions. In Section 3.2, we introduce a
new basis of QSym and two new bases of NSym, each of which results from applying the p or w
involutions to the immaculate or dual immaculate functions. We call the new basis of QSym the
row-strict reverse dual immaculate functions, and we call the two new bases in NSym the reverse
and row-strict reverse immaculate functions. They are defined combinatorially with tableaux that
resemble immaculate tableaux but have different conditions on whether rows increase or decrease
and whether that change is weak or strict. The reverse immaculate functions are dual to the reverse
dual immaculate functions of Mason and Searles [63], which we study alongside the new bases we
define. We also connect these bases to the row-strict immaculate and dual immaculate functions,
which result from the application of 9 to the original bases [68].

Together, the involutions v, p, and w on QSym and NSym generalize the classical involution w
on the symmetric functions. In Sym, the Schur basis is its own image under w, but in QSym the
dual immaculate functions are part of a system of 4 bases that is closed under the three involutions

1, p, and w. The existence of this system of 4 bases as an analogue to the behavior of the Schur



functions under w is an interesting feature of how these bases generalize the Schur functions. Mason
and Searles study various polynomials related by w in [64], using the quasisymmetric Schur functions
and the Young quasisymmetric Schur functions as a starting point.

We use the involutions p and w to state reverse and row-strict reverse analogs to classical results
on the immaculate and dual immaculate bases. These include a Pieri rule, a Jacobi-Trudi rule,
expansions into other bases, a description of the antipode, a partial Littlewood-Richardson rule,
and two different types of skew functions. We set up a framework for skew-II functions using a left
action of NSym on QSym. We show that the skew-II reverse and row-strict reverse dual immaculate
functions are the image of the skew dual immaculate functions under p and w respectively.

In Section 3.3, we generalize the immaculate and dual immaculate bases with the colored im-
maculate and colored dual immaculate bases of NSym, and QSym 4. The colored dual immaculate
functions are defined combinatorially in terms of colored immaculate tableaux. We then give expan-
sions of the colored dual immaculate functions into the colored monomial and colored fundamental
bases using the combinatorics of colored immaculate tableaux. Further, we provide an expansion of
the colored fundamental functions into the colored dual immaculate basis using a new object we
call the colored immaculate descent graph defined using standard tableaux. This result specializes
to a new analogous result on the fundamental and dual immaculate bases in Q.Sym that allows for
fairly straightforward computation of coefficients.

The colored immaculate functions are defined as the dual basis to the colored dual immaculate
functions, but can be defined equivalently with generalizations of the noncommutative Bernstein
operators from [9]. These operators allow us to construct the colored immaculate functions as an
alternating sum that uses a secondary operator in NSym, defined to be dual to multiplication in
QSym 4. We prove a right Pieri rule for the colored immaculate basis and give expansions of the
colored complete homogeneous and colored ribbon bases into the colored immaculate basis. Using
duality, we obtain an expansion of the colored immaculate functions into the colored ribbon basis
using the colored immaculate descent graph. Applying the uncoloring map yields a new combinatorial
model for expanding the immaculate functions into the ribbon noncommutative symmetric functions.
Additionally, applying the forgetful map yields a new expression for the decomposition of Schur
functions into ribbon Schur functions.

Next, we introduce skew colored immaculate tableaux and a partially ordered set on sentences
in the style of the immaculate poset. We use this poset to define skew colored dual immaculate
functions and find results related to the structure constants of the colored immaculate basis. Finally,
we define the colored row-strict immaculate and colored row-strict dual immaculate functions. These
two bases are related to the immaculate and dual immaculate bases by an involution on sentences,
which we use to translate our results from previous sections to the row-strict case. This material,
starting in Section 3.3, also appears in our paper [25].

In Chapter 4, we study the shin and extended Schur bases. The extended Schur bases are
defined combinatorially over shin-tableaux which generalize Young tableaux to composition shapes.

Their dual, the shin basis, is defined as the unique set of functions that satisfy a multiplicative



property called a right Pieri rule. In Section 4.2, we define a creation operator that can be used
for a significant number of shin functions. Using this creation operator, we state a Jacobi-Trudi
formula for shin functions indexed by strictly increasing compositions. This rule expresses these
shin functions as a matrix determinant in terms of the complete homogeneous noncommutative
symmetric functions. In Section 4.3, we define the skew extended Schur functions algebraically and
in terms of skew shin-tableaux, and note their implications for the multiplicative structure of the
shin basis. We also define skew-II extended Schur functions algebraically.

In Section 4.4, we introduce two new bases found by applying the p and w involutions to
the extended Schur functions, as well as their dual bases in NSym. We call these new bases the
reverse extended Schur functions and the row-strict reverse extended Schur functions, while their
duals in NSym are the reverse and row-strict reverse shin functions, respectively. They are defined
combinatorially with tableaux that resemble the shin-tableaux but have different conditions on
whether rows increase or decrease and whether that change is weak or strict. We also connect these
bases to the row-strict extended Schur and shin functions which result from the application of ¢ to
the original bases [68].

We use the involutions to state row-strict, reverse, and row-strict reverse analogs to our new
and classical results on the extended Schur and shin bases. These include a Pieri rule, a rule for
multiplication by a ribbon function, a partial Jacobi-Trudi rule, expansions into other bases, a
description of the antipode on the shin and extended Schur bases, and two different types of skew
functions. Specifically, we show that the skew-II reverse and row-strict reverse extended Schur
functions are the image of the skew extended Schur functions under p and w respectively. The work
on shin and extended Schur functions in this chapter up to this point also appears in our paper [26].

Finally, we define colored generalizations of the shin and extended Schur functions in NSymy4
and QSym4. The colored extended Schur functions are defined using a colored generalization of
shin-tableaux and the colored shin functions are defined as their duals. We are able to generalize
various properties from the original bases including, for example, a multiplication rule for the colored
ribbon functions.

Chapter 5 focuses on the Young quasisymmetric Schur and Young noncommutative Schur
functions as well as bases related by involutions. We define colored generalizations of these bases
in QSyma and NSym, using colored versions of Young composition tableaux. Then, we prove
expansions to and from other colored bases, a right Pieri rule for the colored Young noncommutative
Schur functions, and properties of skew colored Young quasisymmetric functions.

In Chapter 6, we defined two new dual Hopf algebras. PSym 4 is the commutative image of
NSym and Sym 4 is a subset of QSym 4. Both are isomorphic to Sym when A is a unary alphabet.
In addition to defining and studying the structure of these two Hopf algebras, we define a pair of
dual bases in each that generalize the Schur basis. These are defined in terms of colored semistandard

Young tableaux. We close by listing a few open questions.



CHAPTER

2
PRELIMINARIES

We first outline combinatorial basics and terminology, including partitions, compositions, diagrams,
and various partial orders. Next, we review the symmetric functions and their bases, with a focus
on the Schur basis and its properties following [78]. This is followed by an overview of Hopf algebras
based on [28, 37], which leads into material on the quasisymmetric and noncommutative symmetric
functions from the previous two sources as well as [9, 60]. We close our background section by
presenting Doliwa’s colored generalizations of QSym and NSym from [28].

A composition of a positive integer n, written a E n, is a sequence of positive integers a =
(a1, ..., o) such that ) . a; = n. The length of a composition a = (a1, ..., a;) is the number of
parts, £(«) = k, and the size of a composition is the sum of its parts, |a] = >, o = n. A weak
composition is a composition that allows zeroes as entries. If 8 is a weak composition then 8, called
the flattening [7] of B, is the composition that results from removing all 0’s from 3. The length of
a weak composition is also its number of parts, although it is often implicitly assumed that there
are infinitely many zeroes at the end of any weak composition. A partition of a positive integer n,
written A - n, is a composition A = (Aq,...,Ag) such that A\; > ... > Xz and Y, \; = n. We will

typically use A, u, and v to denote partitions and «, 3, and v to denote compositions

Example 2.0.1. The composition a = (2,1, 3) has size |a| = 6 and length ¢(«) = 3. The flattening
of the weak composition 8 = (0,1,1,0,2) is B = (1,1,2). The partition A = (3,2,1,1) has size
|A| = 7 and length £(\) = 4.

The composition diagram of a composition o = (ayq,...,a ) is a left-justified array of boxes
such that row ¢ has «; boxes. Following the English convention, the top row is considered to be

row 1. The composition diagram of a partition is called a Young diagram. Let a = (o, ..., ax) and



B = (B1,...,0;) be compositions such that j < k and f; < a; for 1 <14 < j. The skew shape o/ is
a composition diagram of shape o where the first 5; boxes in the i*" row are removed for 1 < i < j.

We represent this removal by shading in the removed boxes.

Example 2.0.2. Let A = (3,2,1,1), « = (2,1,3), and 8 = (1,1,2). Then the Young diagram of A,

the composition diagram of «, and the skew shape a/f are respectively:

| | |
[ ||

Let o = (aq,...,a5) and 8 = (f1,...,5;) be two compositions. Under the refinement order
=< on compositions of size n, we say a = f if and only if {81,581 + B2,..., 51 + -+ + B} C
{aq,a1 + g, ...,a1 + -+ + g }. Under the lexicographic order <, on compositions, o <, 3 if and
only if a; < B; where i is the first positive integer such that «; # B;. Under the reverse lexicographic
order <,y on compositions, a <,y 8 if and only if a;; > B; where ¢ is the smallest positive integer such
that «a; # 5;. Note that, in the last two orders, if such an i does not exist then o = 3. Under the
dominance order C on compositions, we say a C J if and only if £ < j, and o; < 3; for 1 <1 < k.

The refinement and dominance orders are graded, by length and size respectively.

Example 2.0.3. We have the following chains in the corresponding orders:
Refinement order: (1,1,1,1) < (1,2,1) < (1,3) < (4)
Lexicographic order: (1,2,3) <y (1,3,2) <, (2,1,3) <¢ (2,3,1) <; (3,1,2) <; (3,2,1)
Reverse lexicographic order: (3,2,1) <,¢ (3,1,2) <,7 (2,3,1) <,¢ (2,1,3) <,¢ (1,3,2) <,¢ (1,2,3)
Dominance order: (1,1,1) C (2,1,1,1) C (2,3,1,2)

There is a natural bijection between subsets of [n—1] = {1,2,...,n—1} and compositions of n. For
aset S ={s1,...,s:} C[n—1] with s; < --- < si, we have comp(S) = (s1,52— 51, ..,k —Sk—1,N—
si) and for a composition a = (a1, ..., «;), we have set(a) = {aq,0q +ag,...,a1+as+...+aj_1}.

Example 2.0.4. For n =8, let S = {2,3,6,7} and a = (1,2,1,4). Then comp(S) = (2,1,3,1,1)
and set(a) = {1,3,4}.

We consider three involutions on compositions. The complement of a composition « is defined
af = comp(set(a)®) where set(a)¢ is the (set) complement of set(«) in [n — 1]. Intuitively, if the
composition « is represented as blocks of stars separated by bars, then a is the composition given
by placing bars in exactly the places where a does not have bars. The reverse of (aq,...,ax),
denoted o', is defined as (ag,...,a1). The transpose of « is defined af = (a")¢ = (a€)". We also
consider one involution on partitions. The conjugate of a partition A, denoted ), is obtained by
flipping the diagram of A over the diagonal. The conjugate of a partition is also sometimes called

the transpose but, with our notation, A\! and )\ are different in general.
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Example 2.0.5. If a = (1,2,3,1), then sort(a) = (3,2,1,1). Let 5 = (3,2). Then, we have

B =(1,1,2,1), B =(2,3), B'=(1,2,1,1), and B =(2,2,1).

We also use three operations on compositions. Let o = (v, ..., ) and 5 = (B1,. .., 5;) be two
compositions. The concatenation of a and (8 is given by o - 8 = (o, ..., 0, B1,--- , ;) and the
near-concatenation is given by o ©® f = (v, ..., ap—1, 0 + b1, B2, . . ., B;). The shuffle product (or

-----

subsets such that ¢; < --- < i, and + is the composition such that v;;, = a1, v, = 2, ...V, = o,
and, if [j + k] \ {i1,..., i} = {b1,...,b;} with by < ---,bj;, then v;, = p1, vj, = B2, etc. In other
words, L 8 is the sum of all compositions obtained by interweaving « and 8, with multiplicity.
Additionally, define sort(«) as the unique partition that can be obtained by rearranging the parts
of « into weakly decreasing order [56]. In the literature, sort(«) is sometimes denoted as & which

we use to denote the flattening of a composition for consistency with [28].

Example 2.0.6. Let a = (1,2,3,1) and 8 = (3,2). Then,
a-f=(1,2,3,1,3,2) a®p=(1,2,3,4,2) sort(a) = (3,2,1,1).

(1,2)uu (3,2) = (1,2,3,2) + (1,3,2,2) + (3,1,2,2) + (1,3,2,2) + (3,1,2,2) + (3,2,1,2).

A permutation o of a set is a bijection from the set to itself. The permutation o of [n] is written

in one-line notation as o(1)o(2) - --o(n).
Example 2.0.7. The permutation 312 maps 1 — 3,2 — 1, and 3 — 2.
For any set I, the Kroenecker delta is the function defined for ¢,j € I as
1 ifi=j,
03,j =
0 ifi ;.

For more basics see [77, 78|.

2.1 Symmetric functions

Let © = (z1,22,...) and ¢4 € Q. A symmetric function f(x) with rational coefficients is a formal
power series f(x) =Y, cor®™ where o is a weak composition of a positive integer, z® = 7" ... z}*,

and f(Zy(1), Tw(2),...) = f(21,22,...) for all permutations w of Zo.

Example 2.1.1. The following function f(x) is a symmetric function.

2 2 2 2 2 2 2
f(x) = 2ades + alades + adades + a3adey + 22adae + 23232 + . 4 xiadrr 4.



Remark 2.1.2. From here on, we use a common convention and write the symmetric function f(z)
as f without the (x). Each of these functions is over the variables (x1,x2,...). We do the same for

other types of functions in this thesis when clarification is not needed.

The algebra of symmetric functions is denoted Sym, and we take Q as our base field. For a

partition A F n, the monomial symmetric function is defined as
my = Z x<,
[e%

where the sum runs over all unique compositions « that are permutations of the entries of A. For

A= (A1,..., ) b n, the elementary symmetric function ey is defined by
€n = Min = Z Ty o Ty, and ey = ey ex, ey,
1< <in

The complete homogeneous symmetric function is defined by

hn=Y my= > my-om, with hy=hy - hy,.

AFn 11<<dpy

The power sum symmetric functions are defined

Pp =My = Zaz? with  px =pa, - DA,
i>1

The sets {mx}x, {ha}a, and {pr}r are bases of Sym. There is a classical endomorphism on the
symmetric functions w : Sym — Sym defined by w(ey) = hy. The endomorphism w is an involution,
and it acts on the power sum basis by w(py) = (—=1)=tNp,.

Sym is self-dual (see Section 2.2) with a bilinear form denoted by (-,-) : Sym x Sym — Q where
(mx, hy) = 9y . Two bases of Sym {ux}x and {vy}x are dual bases if and only if (ux,v,) = x4,
meaning we have defined the inner product such that {m}, and {h)} are dual bases. The involution

w is invariant under duality, which is to say (w(f),w(g)) = (f, g) for all f,g € Sym.

Remark 2.1.3. We take Q as our base field throughout this thesis but many of these results hold

for any field k of characteristic zero.

2.1.1 The Schur Functions

For a partition A F n, a semistandard Young tableau (SSYT) of shape A is a filling of the Young
diagram of \ with positive integers such that the numbers are weakly increasing from left to right
in the rows and strictly increasing from top to bottom in the columns. The size of an SSYT is its
number of boxes, |A|, and its type is the weak composition encoding the number of boxes filled with
each integer. We write type(T') = (p1,...,0;) if T has (; boxes containing an ¢ for all ¢ € [j]. Note
that “type” is also referred to as “content” in the literature. A standard Young tableau (SYT) of



size n is a Young tableau in which each number in [n| appears exactly once. A semistandard Young

tableaux T of type 8 = (B4, ..., Bx) is associated with the monomial 27 = wfl e xik

Example 2.1.4. The semistandard Young tableaux of shape (2,2) with entries in {1,2,3} and

their associated monomials are:

111 1 1
212 213 313 213 313
m%x% x%mgflig x%x% 3:1:1:%3:3 $1$2x§ $%:II§

The standard Young tableaux of shape (2,2), both of type (1,1,1,1), are:

Definition 2.1.5. For a partition A, the Schur symmetric function is defined as
=Y a,
T
where the sum runs over all semistandard Young tableaux 7" of shape A with entries in Z~q. These

functions form a basis of Sym.

Example 2.1.6. The Schur function s, 9) is given by
5(2,2) = x%azg + CC%:Ug:Eg + x%x% + x1$2x3 + xlchazg + x%x% + ... ,x%x% + x§$6x7 —+ ...,

The Schur functions are an orthonormal basis for Sym, meaning (sy, s,) = 0y ,. Additionally,
the Schur basis maps to itself under w by w(sy) = sy.
Define the Kostka number K) , as the number of SSYT’s of shape A and type . Then,

S\ = ZKA,umu and h, = ZK)\”HS)\.
m A

The Kostka numbers have a variety of interesting combinatorics and applications, see [3] for an

overview of topics and sources.

Remark 2.1.7. The Schur polynomials are defined over finitely many variables sy(z1,...,z,) and
correspond to tableaux filled only with integers in [n]. This paper deals only with functions in

infinitely many variables, but many results restrict to polynomials.

For partitions A and p with u C A, a skew semistandard Young tableau is a skew shape \/pu
filled with positive integers such that the entries in each row are weakly increasing from left to right

and the entries in each column are strictly increasing from top to bottom. The boxes corresponding
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to p are not filled with integers. The notion of type, standard, and associated monomial follow those
of the SSYT.

Definition 2.1.8. For partitions A and p where p C A, the skew Schur function is defined as
Sh\/p = Z l‘Tv
T

where the sum runs over all skew semistandard Young tableaux T of shape A/ .
Note that if u = 0, then s/, = sx.

Example 2.1.9. The skew Schur function s(3 3)/(2,1) is given by

2 2 2 2
5(3,3)/(2,1) = T172 + 1125 + 2212923 + X223 - -+ + X527 + -

112 22 213 113 313 7

The Schur and skew Schur functions have multiple equivalent definitions. We will first review
the definition of s, using creation operators in Sym and then the definition of s,/, using the
Jacobi-Trudi rule. For each element f € Sym, there is a perp operator f+ : Sym — Sym defined
by the relation (fg,h) = (g, f+h) for all g, h € Sym. This expands in terms of any two dual bases
{ax} and {by} of Sym as

FH(9) =D (9, far)ba. (2.1)

A
This expression expands the output of a perp operator on a function in terms of any basis with

coefficients given by values of the inner product on Sym. Note f+ is dual to multiplication by f.

Definition 2.1.10. For an integer m, the Bernstein creation operator By, : Sym, — Symy,+n i8
defined by

B =Y (~D'husiei = (=1 hynimi,

i>0 i>0

where hg = 1 and h_; = 0 for 7 > 0.

As shown below, applying the Bernstein creation operators in sequence produces a Schur
symmetric function. This definition also yields Schur functions defined on integer tuples that are not

partitions, although these functions are not linearly independent from elements in the Schur basis.

Theorem 2.1.11. [87] For all tuples o = [aq, ..., ] € Z™,
Sa = Bay Bay -+ Bay, (1).
Example 2.1.12. The Schur function for the composition (2,1, 3) is given by

5(2,1,3) = B2B1B3(1) = —h2.09) +2hi301) — h(33) — Py + ha2) = —52,2,2)

11



The skew Schur functions have an equivalent definition using the Jacobi-Trudi Rule. The Jacobi-
Trudi rule is a way to express a skew Schur function sy, as the determinant of a matrix with

complete homogeneous symmetric functions as entries.

Theorem 2.1.13. [78] Let A = (A1,...,\¢) and = (p1, ..., ue) S A. Then,

Sx/u = det(hx,—p;—ivj)1<ij<k,
where hg =1 and h_; =0 for any i > 0.

The skew Schur functions have yet another equivalent definition using a perp operator, by

si(s/\) = S)\/u-

The sj operator is adjoint to multiplication by s,, meaning the skew Schur functions are deeply
linked to the multiplicative structure of the Schur basis. It follows from Equation (2.1) that
Sx/u = 2., (81, 8usy)su. The coefficient (sy,s;s,) is denoted with c;\w and is called a Littlewood-
Richardson coefficient. These are the same coefficients that appear in the expansion

SuSy = Z(s,\, SuSu)SA-
A
The Littlewood-Richardson coefficients appear in many places in mathematics, especially in
representation theory, and have a variety of combinatorial interpretations, many in terms of tableaux.
For example, a word is a reverse lattice word, or a Yamanouchi word, if when read backward from
the end to any letter there are at least as many occurrences of ¢ as there are of i + 1. Now, let
Wrow(T) D€ the entries of a tableau read from left to right, bottom to top. A semistandard Young

tableau T is a Littlewood-Richardson tableau if wyo,(T) is a reverse lattice word.

Proposition 2.1.14. [31] The Littlewood-Richardson coefficient . counts the number of skew
Littlewood-Richardson tableauz of shape v/\ and type p.

Example 2.1.15. The Littlewood-Richardson tableaux of shape (5,4,2)/(3,2) and type (3,2,1) are

11 11

and so the term s 49y has the coefficient 2 in the product s(32)5(32,1)-

When a Schur function is indexed by a row, its multiplication with another Schur function is
given by a special case of the Littlewood Richardson rule called the Pieri rule. Since s; = hy, for a

positive integer k, we express the rule as the multiplication of hg by a Schur function.

12



Proposition 2.1.16. [78] For a positive integer k and a partition X,
hisx = Su,
I

where the sum runs over all partitions p b= |A| + k obtained by adding k bozxes to the diagram of X

such that a mazimum of one new box is added per column.

Example 2.1.17. The Pieri rule applied to the following expression can be visualized with the

diagrams below.

h3s(32) = S(6,2) + $(5,3) + S(5,2,1) T 5(4,3,1) T S4,2,2) + $3,3.2)-

[ [ [] [ ] [ [ ] | [ ]

Next, we examine a special class of skew Schur functions indexed by ribbon shapes. A skew
shape \/p is a ribbon if it does not contain any 2 x 2 arrangement of boxes. Ribbons are also called
rim-hooks and border strips, and we say their height is their number of rows minus one. With each
ribbon skew shape A\/u, we can associate a composition a by left aligning the rows of A/ (removing
the shaded-out boxes completely). Then, the ribbon schur function is defined as 7o = sy/,. The
ribbon Schur functions expand in terms of the complete homogeneous symmetric functions using
the Jacobi-Trudi rule.

Proposition 2.1.18. [16] For any o |=n,

Ta = (_1)€(a) Z(_l)é(ﬁ)hsort(ﬁ)'

B>a

The rule for multiplication of a Schur function by a power sum function, the Murnaghan-

Nakayama rule, is also expressed in terms of ribbons.

Theorem 2.1.19. [78] For any partition p and r € N, we have

Prs, = Z(_l)height()\/u)s)\’
A

where the sum runs over all partitions A D p for which \/u is a border strip of size r.

2.2 Hopf algebras

Hopf algebras are widespread in combinatorics and other fields with notable examples including
Sym, QSym, and NSym. We provide a brief overview of the structures needed for our purposes.
See [28, 37] for more details.
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Definition 2.2.1. Let k be a field of characteristic zero. An associative algebra is a k-module H
with k-linear multiplication p : H ® H — H and a k-linear unit 7 : k — H, for which the following

diagrams commute:

HOHOH 2 HoH Hek M k®H
u®idl lu id®nl idl ln@ﬁd
HoH —H s N HoH L H ' HoH

A co-associative coalgebra is a k-module ‘H with k-linear comultiplication A : H — H ® H and

k-linear counit € : H — k, satisfying the commutative diagrams:

H L HoH HOH +>— H —2 HOH
Al lA®id id®6J{ idJ{ J{e@id
HoH 922 HoHH Hek H k®H

Note that in a standard abuse of notation, we often leave out the formal notation for multiplication
and just write b1be to indicate the multiplication of by and by, or u(by ® be).

An algebra (homo)morphism is a k-linear map A %5 B between two algebras A and B such that
for a1,a2 € A and k € k,

(popa)(ar ®az) = (uso(p@¢))(a1®az) and (pona)(k)=ns(k).

A coalgebra (homo)morphism is a linear map C Zs D between two coalgebras C and D such that
for c € C,

(Apoy)(c) = ((p®p)oAc)(c) and (epop)(c)=ec(c). (2.2)
The subspace G is a subalgebra of H if u restricts to G, and a subcoalgebra of H if A restricts to G.

Definition 2.2.2. (H,pu, A, n,€) is a bialgebra if (B, p,n) is an algebra and (H, A, €) is a coalgebra
and the following hold for T'(z ® y) = y ® x where k € k and hy, he € H:

1 (Aop)(h®he) = (1@ p) o (id® T @id) o (A® A))(h1 @ ha)
2. (po(e®e€))(h @ hg) = (€0 p)(h1 @ ha)

3. (Aon)(k) = ((n®@n)oA)(k)

4. id(k) = (eon)(k)

A bialgebra H is graded if it is graded as a k-module H = @nzo H™) with

O @ ) L qylnim) ) By (Y gylm) 4 3y,

m-+p=n
A graded bialgebra is connected if H(©) =~ k.
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Definition 2.2.3. A bialgebra (H,pu,A,n,€) is a Hopf algebra if there exists a k-linear anti-
endomorphism on H, called the antipode, such that the following diagram commutes:

S®idy

HeOH HoOH

AN
A

H - k H

e
RN

Proposition 2.2.4. [65] Any graded and connected bialgebra is a Hopf algebra.

If H is a graded Hopf algebra, and z € H(™ then,
S(x)==> Sz =—Y_ uS(z) (2.3)

where A(x) =), ;i ® z; (Sweedler notation).
A subalgebra G of H is a Hopf subalgebra if G is a subcoalgebra of H and the antipode S of H
restricts to G. A bialgebra (homo)morphism is a linear map between two bialgebras that is both an

algebra homomorphism and a coalgebra homomorphism.

Corollary 2.2.5. [37] Let Hy and Hy be Hopf algebras with antipodes S and Sa, respectively. Then,

any bialgebra morphism Hi — Hg is a Hopf morphism, that is, it commutes with the antipodes
(BOSl :SQOB).

Duality between Hopf algebras is one of the most important tools that we use in this thesis.

Definition 2.2.6. Let (A, ua, Aa,na,€4) and (B, ug, Ap,n5,€p) be two Hopf Algebras with
antipodes Sy and Sp respectively, where 14 and 1p are the multiplicative identity elements. We
say that A and B are dually paired by an inner product ( , ) : B® A — Q, if, for all elements
a,ai,as € A and b, b1, by € B, we have

(up(b1,b2),a) = (b1 ®p ba, Aa(a)), (1g,a) = ea(a),

<b’ /’L.A(alya2)> = <AB(b)v a1 @A CL2>, GB(b) = <ba 1A>7 <SB(b)7a> = <ba SA(CL))

Two bases {a;}icr and {b; }icr of A and B respectively are dual bases if and only if (a;, b;) = 0; ;.
We say that a map f: A — A is adjoint to a map g : B — B if

(f(b1),a1) = (b1, g(a1)) (2.4)

for any a1 € A, by € B. The following result gives a relation for the change of bases using duality.

15



Proposition 2.2.7. [41] Let A and B be dually paired algebras and let {a;};cr be a basis of A. A
basis {b;}icr of B is the unique basis that is dual to {a;}ier if and only if the following relationship
holds for any pair of dual bases {c;}icr in A and {d;};cr in B:

a; = Z k‘@jCj <~ dj = Z k@jb@

Jjel i€l
The coefficients of the multiplication and comultiplication of dual bases have a similar relationship.
Proposition 2.2.8. [37] The comultiplication of the basis {b;}icr in B is uniquely defined by the

multiplication of its dual basis {a;}icr in A in the following way:

ajar = Zc;kai — A(y) = Z Cik.bj ® by.
i€l (J,k)eIXI

Further, A : B — B® B is an algebra homomorphism.

Example 2.2.9. For a partition v, the comultiplication on Schur functions is given by A(s,) =

> Y . . .
Z)\# X uSx @ sy where ¢f | are the Littlewood Richardson coefficients.

We conclude this subsection by reviewing the Hopf algebra structure of Sym from [37] and [86].

Multiplication on the monomial symmetric functions is expressed, for A\ n and u+ k, as

mam,, = Z X M (2.5)
vEn+k

where TK# is the number of pairs of sequences (a, ) with «;, 5; > 0 where sort(a) = A and

sort(8) = p where v = (a1 + f1, a2 + B2, . ..). Comultiplication is given by

Almy) = > myu@my, (2.6)

plr=X

where p U v the multiset union of the parts of ;1 and v sorted into a partition. Multiplication on the

complete homogeneous symmetric functions is expressed as

h)\h,u = hsort(k-;t)» (27)

for partitions A and p. Comultiplication is expressed as
n
Alhn) = i ® hn . (2.8)
k=0

2.3 Quasisymmetric functions

For a weak composition a = (aq,as,...), we write 2% = z7'z5?---. When « has k non-zero
] ] — — . — 1 y y o ai ,.a2 ag
entries given by a;, = a1, aj, = ag, ..., &, = ag with ig < -+ <, then 2% = zj'z; R A
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quasisymmetric function f(z) is a formal power series of the form
f(.'IZ’) = Z b()é‘ra7
[0

ag

and
ik

where the sum runs over weak compositions « and the coefficients of the monomials 9:?11 T
ay ag
T

The quasisymmetric functions, denoted QQSym, form a Hopf algebra. Given a composition «,

T are equal if i1 < ... < i and j; < ... < jr. We will assume that b, € Q.

the monomial quasisymmetric function M, is defined as

_ ai ag
M, = E Tyl xyt
11 <...<tp

where the sum runs over strictly increasing sequences of k positive integers i1,...,i; € Z~g. The

fundamental quasisymmetric function Fy, is defined as

Fo=Y Mg, with My=Y (-1~ F,

B B
The fundamental functions are also denoted L, in the literature [78].

Example 2.3.1. The monomial quasisymmetric function indexed by (2,1) is

Moy = g m?xj =22y +ades+ ..+ adxs +adzg ..+ 252y + 2325+ ...
1<j

The expansion of F{3) into the monomial basis is
Fgy = M) + M) + Maz) + M-

The monomial basis inherits its multiplication and comultiplication from the quasishuffle and
concatenation operations on compositions. The quasishuffie u% of compositions is defined as the
sum of shuffles of a = (o, ..., ax) and B = (B1,..., ) where any consecutive pairs o; and 3; (in
that order) may be replaced with a; + 3;. Note that the same composition may appear multiple

times in the quasishuffle. Multiplication of monomial functions is given by

MoMg =" M,
Y

where the sum runs over all v where v is a summand in « u% £ with multiplicity. Comultiplication
is given by
A(My) = ) Mg® M,,
By=a

where the sum runs over all compositions 3,y such that g -v = a.
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Example 2.3.2. The following expressions show the multiplication and comultiplication on mono-

mial quasisymmetric functions expanded in terms of the monomial basis:
Mz, My = 2M1,1) + M2, + Mia2) + Mz 1),

A(Muony) =1® Mgy + May @ Mgy + Mg @ My + M 1) ® 1.

For more on the quasisymmetric functions, see [60].

2.4 Noncommutative symmetric functions

The algebra of noncommutative symmetric functions, written NSym, is the Hopf algebra dual to
QSym. NSym can be defined as the algebra with generators { H;, Ho, ...} and no relations, meaning

the generators do not commute. We write NSym as
NSym = Q <H1, HQ, .. > .

Given a composition o = (a1, ..., o), we define Hy, = Hy, Hy, . .. Hy,. Then, the set {H,}, forms
a basis of NSym called the complete homogeneous basis. NSym and QSym are dually paired by the
inner product defined by (H,, Mg) = 04,5 for all compositions c, §. This inner product has all the
properties listed in Definition 2.2.6 and is the main tool for translating between QSym and NSym.

Definition 2.4.1. The forgetful map x : NSym — Sym is defined as

X(Hoé) = hsort(a) )

extended linearly to map all elements in NSym to their commutative image in Sym. The forgetful

map is a morphism that is adjoint to the inclusion of Sym to QSym.

For a composition «, the ribbon noncommutative symmetric function is defined as

Ry =) (-1)@ P Hg, andso Hg=)_ Ra.

a=xp a=zp

The ribbon functions form a basis of NSym dual to the fundamental basis of QSym, meaning
(R, Fg) = 0q,5. Multiplication in NSym on the ribbon and complete homogeneous functions is

expressed as
H,Hg = H,.p and R.Rg = Ruo.3 + Raop- (2.9)

We consider two other bases of NSym. For a composition «, the elementary noncommutative

symmetric function is defined as

E, = Z(_l)lal—ﬂ(ﬂ)Hﬁ, and so Hg = Z(_l)lﬁl—é(a)Ea.

B a=p
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These are also denoted A, in the literature [34]. For n € N and a composition (o = a1, ..., ax), the

noncommutative power sum of the first kind is defined as

n—1

U, =Y (1) Rpyipyy with g =(Tg,,..., To,).
1=0

This basis is an analogue to the power sum basis of Sym, and in fact x(¥,) = p,. For more details
on the noncommutative symmetric functions see [34].

Next, consider three pairs of involutions in QSym and NSym defined on the fundamental basis
and the ribbon basis, respectively [56]. All six maps are defined as extensions of the involutions

given by the complement, reverse, and transpose operations on compositions.

Definition 2.4.2. The involutions v, p, and w on QSym and NSym are defined as
w(Fa):Foac p(Fa):FaT W(Fa):Fat)

w(Ra) = Rac p(Ra> = Roﬂ W(Ra) - Ratv
and extend linearly.

All three maps on QSym and ¥ on NSym are automorphisms, while p and w on NSym are
anti-automorphisms. Note that we use the same notation for the corresponding involutions on QSym
and NSym. These automorphisms commute and w = po ¥ = ¥ o p. When w and v are restricted to
Sym, they are both equivalent to the classical involution w : Sym — Sym while p restricts to the

identity map. The involutions in NSym act on H, and E, in the following way:
Y(Hy) = Eq p(Hy) = Hyr p(Ey) = Eqr w(Hy) = Eqr. (2.10)

Jia, Wang, and Yu prove in [44] that 1, p, and w are in fact the only nontrivial graded algebra
automorphisms on QSym that preserve the fundamental basis. Further, v is the only nontrivial
graded Hopf algebra automorphism on QSym that preserves the fundamental basis.

We conclude our review of QSym and NSym with the concept of Schur-like bases. A basis {Sq }o
of NSym is generally considered to be Schur-like if the x(Sy\) = s) for any partition X\. A basis of
QSym may be considered Schur-like if it is dual to a Schur-like basis of NSym. These bases are
usually defined combinatorially in terms of tableaux that resemble or generalize the semistandard
Young tableaux. This is not a formal definition and one could certainly claim that other bases
qualify as Schur-like. For example, one might include bases of NSym {S,}, for which there exists
some « for each partition A such that x(S,) = sx.

Upon the introduction of QSym and NSym, it was the fundamental and ribbon bases respectively
that were initially considered to be the appropriate analogues to the Schur functions of QSym and
NSym. The image of the ribbon noncommutative symmetric functions under the forgetful map

is the ribbon Schur symmetric functions, given by x(Rs) = ro. It will be reasonable to ask if any
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Schur-like bases map to themselves under 1, p, and w, so we note here that the fundamental basis

and the ribbon noncommutative basis both have this property and are, in a sense, Schur-like.

2.5 Doliwa’s colored QQSym 4 and NSym,

The algebra of noncommutative symmetric functions and dually the algebra of quasisymmetric
functions have natural generalizations isomorphic to algebras of sentences. In [28], Doliwa intro-
duces these generalizations which are built using partially commutative colored variables. Our
generalizations of Schur-like bases will belong to these spaces.

Let A ={aj,aq,...,an} be an alphabet of letters, which we call colors. Words over A are finite
sequences of colors written without separating commas. Finite sequences of non-empty words are
called sentences. The empty word and the empty sentence are both denoted by 0. A weak sentence
may include empty words. The size of a word w, denoted |w|, is the total number of colors it contains.
Note that when we refer to “the number of colors”, we are counting repeated colors unless we say
“the number of unique colors”. The size of a sentence I = (w1, ws,...,wy), denoted |I|, is also the
number of colors it contains. The length of a sentence I, denoted ¢(I), is the number of words it
contains. The concatenation of two words w =ay---a and v =by---bjisw-v =ay---agbr---bj,
sometimes just denoted wv. The word obtained by concatenating every word in a sentence I is called
the mazximal word of I, denoted w(I) = wiws ... wy. For our purposes, we also define the word

lengths of I as wl(I) = (Jwy],. .., |wk|), which gives the underlying composition of the sentence.

Example 2.5.1. Let a,b,¢c € A and let w; = ac, we = b, and ws = cab be words. Consider the
sentence I = (wy,wa,w3) = (ac,b,cab). Then, |wi| = 2, |wa| = 1, |ws| = 3, and |I| = 6. The
length of I is (1) = 3 and the word length of I is wl(I) = (2,1,3). The maximal word of [ is
w(I) = acbeab.

A sentence [ is a refinement of a sentence J, written I < J, if J can be obtained by concatenating
some adjacent words of I. In other words, I < J if w(I) = w(J) and wl(I) < wl(J). In this case, I
is called a refinement of J and J a coarsening of I. The Médbius function on the poset of sentences
ordered by refinement is

w(J, 1) = (=) D=4D for  J<T. (2.11)

Given a total order < on A, define the following lezicographic order <, on words. For words
w=aj...a; and v = by...bj, we say w <y v if a; < b; for the first positive integer i such that

a; 7 b;. Note that if no such 7 exists then w = v.

Example 2.5.2. Let A = {a < b < ¢} and I = (abc). The refinements of I are (abc), (a,bc), (ab,c),
and (a, b, ¢). Under lexicographic order, abc <y acb <y bac =<, bca <y cab =<y cba.

Let I = (wy,...,w) and J = (vy,...,vp) be two sentences. The concatenation of I and J is
I-J=(wi,...,wg,v1,...,v,). Their near-concatenation is I © J = (w1, ..., wk - v1,...,vy) where
the words wy, and v1 are concatenated into a single word. Given I = (wy, ..., wy) where a; is the ith

20



entry in I and a;41 is the (i + 1) entry in I, we say that I splits after the i*® entry if a; € w; and
Ai+1 € Wj41 fOI"j S [k‘]

Example 2.5.3. Let I = (a,bc) and J = (ca,b). Then, I - J = (a,bc, ca,b) and I ® J = (a, bcea, b).

The sentence (a, beca, b) splits after the 15° and 5" entries.

Given I = (wy,...,wy), the reversal of I is I" = (wg, wk—_1,...,w1). The complement of I,
denoted I¢, is the unique sentence such that w(I) = w(I¢) and I splits exactly where I does not.

Both maps are involutions on sentences.
Example 2.5.4. Let I = (abc,de). Then I" = (de, abc) and I¢ = (a, b, cd,e).

The flattening of a weak sentence I, denoted I, is the sentence obtained by removing all empty
words from I. Further, for a weak sentence J = (v1,...,vx) and a sentence I = (wy,...,wy), we say
that J is right-contained in I, denoted J Cg I, if there exists a weak sentence I/rJ = (u1, ..., ug)
such that w; = u,;v; for every i € [k]. We say that J is left-contained in I, denoted J Cyp, I, if
there exists a weak sentence I/rJ = (q1,...,qr) such that w; = v;q; for every i € [k]. Note that
right-containment is denoted I/.J in [28] but here that notation is used exclusively to denote skew

shapes.

Example 2.5.5. Let I = (ab,cdef), J = (b,ef), and K = (a,cde). Then J Cg I and I/rJ = (a,cd),
while K Cp, I and I/ K = (b, f). Given the weak sentence I = (0, a,(, bc), the flattening of I is
I = (a,be).

2.5.1 The Hopf algebra of sentences and colored noncommutative symmetric

functions

The algebra of sentences (colored compositions) is a Hopf algebra with the multiplication being the

concatenation of sentences, the comultiplication given by

A=Y I/rI @],
JCrI

the natural unity map, and the counit and the antipode given by

(=14 i r=9, and  S(I)= Y (1)

0, otherwise, J=Ir

The algebra of sentences taken over an alphabet with only one letter is isomorphic to NSym.
Thus, the algebra of sentences taken over any alphabet A is a natural extension of NSym called
the algebra of colored noncommutative symmetric functions, denoted NSym,. The linear basis of

sentences I is the complete homogeneous basis of NSym, denoted {H;};.
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NSym, can also be defined as the algebra freely generated over noncommuting elements H,, for

any word in A. The Hopf algebra operations extend to {H;} as follows:

Hr-Hjy=Hp,, A(H) = Hp— @ Hj, S(Hy) =Y (-1 H,.
JQRI Jj['r

The reversal and complement operations extend as H; = Hyr and Hf = Hje.

Definition 2.5.6. The uncoloring map v : NSymy — NSym is defined by v(H) = H,) and

extended linearly. If the alphabet A only contains one color, then v is an isomorphism.

We say that two bases {Br}r and {Cy}q in NSym, and NSym respectively are analogous if
v(Br) = Cyy(r for all sentences I when A is an alphabet of one color. For instance, the colored
complete homogeneous basis of NSym, is analogous to the complete homogeneous basis of NSym.
NSym 4 also contains analogues of the elementary and ribbon bases of NSym. For a sentence I, the

colored elementary function is defined by

Er= Z(—1)|I\74(J)HJ7 and so Hy = Z(—l)”"g(‘])EJ.
J=I J=I

The colored ribbon function is defined by

Rr = Z(—l)e(‘])_e(I)HJ, and so Hy = ZRJ- (2.12)
J=1 J=I

For more details, see [28].

2.5.2 The colored quasisymmetric functions and duality

The colored quasisymmetric functions, which constitute the algebra dual to NSym,, are constructed
using partially commutative colored variables. For a color a € A, define the set of infinite colored

variables z, = {x4,1,%q2,...} and let z4 = U z,. These variables are assumed to be partially

acA
commutative in the sense that variables only commute if the second indices are different. That is,

for a,b € A,

TaiThj = ThjTay fOT @ # j and TaiThi 7 Tb,iTay if a # b.

As a result, every monomial in variables z,; can be uniquely re-ordered so that the sequence of the
second indices of the variables is weakly increasing, at which point any first indices sharing the same
color can be combined into a single word. Every monomial has a sentence (wi, ..., wy,) defined by
its re-ordered and combined form x., j, - - Tuw,, j,, Where j1 < ... < jp,. Similar notions of coloring

with different assumptions of partial commutativity can be found in [12, 72].

Example 2.5.7. The monomial x4 22 3%p,1%c2 can be reordered as xp, 124,27 27,3 and combined

as Tp1Tac,2%p 3. LThen, the sentence associated to this monomial is (b, ac,b).
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QSym 4 is a subset of Q[x 4] defined as the set of formal power series such that the coefficients

of the monomials indexed by the same sentence are equal.
Example 2.5.8. The following function f(x4) is in QSyma:
f(xa) = 3Ta1Tbe2 + 3Ta1Tbe3 + - - - + 3%a,2%be3 + 3Ta2Tbea + - - .

Bases in QSym extend naturally to bases in QSym 4. For a sentence I = (wy,wa, ..., wy), the

colored monomial quasisymmetric function My is defined as

My = E Lwy,j1 Pwa,jo « + + Lwim,jm >
1<51<g2<...<Jm

where the sum runs over strictly increasing sequences of m positive integers ji, ..., jm € Z>0-
Example 2.5.9. The colored monomial quasisymmetric function for the sentence (a,bc) is
M(a,bc) =Tq1%bc2 + Ta,1Tbe,3 + -+ T La,2Tbe,3 + La2Tbed + - -+ La,3Tbea + - - - -

Proposition 2.5.10. /28] QSyma and NSym, are dual Hopf algebras with the inner product
(Hp,My) =61,

QSym4 and NSym, inherit the multiplication and comultiplication from the Hopf algebra of
sentences. The quasishuffle 1 u% J is defined as the sum of all shuffles of sentences I and J and
shuffles of sentences I and J with any number of pairs w;v; of consecutive words w; € I and v; € J

concatenated.

Example 2.5.11. The usual shuffle operation on (ab, c) and (d,e) is
(ab,c)Lu (d,e) = (ab,c,d,e) + (ab,d,c,e) + (d,ab, c,e) + (ab,d, e, c) + (d,ab, e, c) + (d, e, ab, c).

The quasishuffle of (ab,c) and (d,e) is

(ab, ) D (d,e) = (ab,c,d,e) + (ab,cd, e) + (ab,d, c,e) + (abd, c,e) + (ab, d, ce) + (abd, ce)+
+ (d,ab,c,e) + (d,ab, ce) + (ab,d, e, c) + (abd, e, c) + (d,ab, e, c) + (d,abe, c) + (d, e, ab, c).

Multiplication in @Sym4 is dual to the comultiplication A in NSym,, and given by

MMy = Z Mk,
K

where the sum runs over all summands K in [ LQu J. Comultiplication in QSym 4 is defined by
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multiplication in NSym 4 using deconcatenation

AMp) = > My® Mg, (2.13)
I=J K

where the sum runs over all sentences J and K such that I = J - K. Finally, the antipode S* in
QSym 4 is given by
S* (M) = (=1)"D > M.
Jr=1
Definition 2.5.12. The uncoloring map v : QSyma — QSym is defined by v(zy, 1+ Tw, k) =

x|1w1| e wa’“‘ and extends linearly. If the alphabet A contains only one color, v is an isomorphism.

Note that we use v to denote the uncoloring maps on both QSym4 and NSym,, and often
refer to these together as if they are one map. We say two bases {Br}; and {C4}, of QSym 4 and
QSym are analogous if v(Br) = Cyy(p) for all sentences I when A is an alphabet of one color. By
definition, the colored monomial functions are analogues for the monomial quasisymmetric functions.
The fundamental quasisymmetric functions have a colored analogue, called the colored fundamental

quasisymmetric functions, that are defined as

Fr= Z My, andso M= Z(—I)E(J)_E(I)FJ, (2.14)
J=I J=I

where the sums run over all sentences J that are refinements of 7. The colored fundamental basis is
dual to the colored ribbon basis with (R, Fy) = d;1,;.
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CHAPTER

3

THE IMMACULATE AND DUAL
IMMACULATE FUNCTIONS

We define a new pair of dual bases that generalize the immaculate and dual immaculate bases
to the colored algebras QSym4 and NSym,. The colored dual immaculate functions are defined
combinatorially via tableaux, and we present results on their Hopf algebra structure, expansions
to and from other bases, and their extension to the framework of skew functions. This includes a
combinatorial method for expanding the colored fundamental quasisymmetric functions into the
colored dual immaculate basis that specializes to a new result in the uncolored case. For the colored
immaculate functions, defined using creation operators, we study expansions to and from other
bases and provide a right Pieri rule. We use the same methods to define colored generalizations of
the row-strict immaculate and row-strict dual immaculate functions with similar results.

We also introduce two new bases of NSym and a new basis of (). Sym that relate to the immaculate
and dual immaculate bases by the involutions p and w. For each of these bases and the reverse dual
immaculate functions of Mason and Searles, we state results analogous to those of the immaculate
and dual immaculate bases. Then, we define what we call ‘skew-II" functions for the reverse dual
immaculate and row-strict reverse dual immaculate bases. These are defined via a right action of
NSym on QSym as opposed to the left action of NSym on QSym that defines ‘skew’ functions.
We show that the skew-II reverse dual immaculate functions and the skew-II row-strict reverse
dual immaculate functions are the image of the skew dual immaculate functions under p and w

respectively.
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3.1 Background

Berg, Bergeron, Saliola, and Serrano introduced the immaculate basis and its dual in [9]. They have
been widely studied since then, with applications including the noncommutative Hall-Littlewood
basis of NSym|9], the noncommutative Bell polynomials [71], and 0-Hecke algebras [10, 22]. The
immaculate functions are distinguished among Schur-like bases for having a Jacobi-Trudi rule and

for mapping under the forgetful map to the Schur functions defined for compositions in all cases.

3.1.1 Dual immaculate quasisymmetric functions

The dual immaculate functions are defined combinatorially as the sum of monomials associated to

certain tableaux that generalize semistandard Young tableaux.

Definition 3.1.1. Let a and 8 be a composition and weak composition respectively. An immaculate
tableau of shape o and type [ is a labelling of the boxes of the diagram of a by positive integers in

such a way that:
1. the number of boxes labelled by i is 3;,
2. the sequence of entries in each row, from left to right, is weakly increasing, and
3. the sequence of entries in the first column, from top to bottom, is strictly increasing.

An immaculate tableau T of type 8 = (B1,..., ) is associated with the monomial z7 =

x? ! xg - -$£h, which may also be written as 2.

Example 3.1.2. The immaculate tableaux of shape a = (2,3) and type 8 = (1,2,2) are:

21313 223\

Both tableaux are associated with the monomial z12323.

Definition 3.1.3. For a composition «, the dual immaculate function is defined by
S, = Z zT,
T
where the sum runs over all immaculate tableaux T of shape a.

Example 3.1.4. The dual immaculate function 6?2 2 corresponds to immaculate tableaux of shape
(2,2):
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Therefore,
Slag) = 3xd + rivexs + xias + x1ah + 2wy wins + 2 w0wl + w1l + wdxd ...

Dual immaculate functions have positive expansions into the monomial and fundamental bases.

Proposition 3.1.5. [9] The dual immaculate functions are monomial positive. In fact,
Sh= Y RapM,
B<ea

where Ry g 15 the number of immaculate tableaux of shape o and type 3.

Example 3.1.6. Let a = (2,2). The set of compositions § such that |a| = |5] and 8 <; « is
{(2,2),(2,1,1),(1,3),(1,2,1),(1,1,2),(1,1,1,1)}. The two immaculate tableaux of shape (2,2) and
type (1,1,2) are

Thus, R22),(1,1,2) = 2. Repeating repeating this calculation for each j in the set above yields
S0 = M22) + M(211) + M3y + 2M121) + 2M11,2) + 3M(11,1,1)-

The expansion of the dual immaculate functions into the fundamental basis relies on the following

subset of immaculate tableaux.

Definition 3.1.7. A standard immaculate tableau of shape « = n is an immaculate tableau in

which each integer 1 through n appears exactly once.

Example 3.1.8. The standard immaculate tableaux of shape o = (2, 3) are:

3/4]5 20415 235\ 234\

Each immaculate tableau is associated with a standard immaculate tableau by standardization.

Definition 3.1.9. Given an immaculate tableau 1" of shape «, form a standard immaculate tableau
std(T) = U of shape a by relabeling the boxes of T with the integers 1 through n in the following
way. Begin with all boxes filled with 1’s then continue on to the boxes filled with 2’s, then 3’s, and
so on, ignoring boxes we have already relabelled. Starting from the lowest row containing each value,
move through boxes filled with the same value from left to right and bottom to top, relabelling
each with the next integer from [n], starting the very first box with 1. The resultant tableau U is a

standard immaculate tableau which we call the standardization of T.

27



Example 3.1.10. The two immaculate tableaux below both have shape (2, 3) and type (1,2,2) but

different standardizations:

ik 7=
2103 3\ 2 3\
std(T) = 1|3 std(Tp) =
24 5\ 213 4\

Definition 3.1.11. [9, 78] A standard immaculate tableau U has a descent in position 4 if (i + 1)
is in a row strictly lower than i in U. We denote the set of all descents in U as Desg(U), called
the descent set of U. If Desg(U) = {di,...,dx_1} then the descent composition of U is defined as
cog(U) = comp(Desg(U)) = (dy,dy — dy,ds — da,...,n —dg_1).

Proposition 3.1.12. [9] The dual immaculate functions &}, are fundamental positive. In fact,

&L= Lapkp,

B<ea
where £, g is the number of standard immaculate tableauzr with shape o and descent composition 3.

Example 3.1.13. Let o = (2,2). The standard immaculate tableaux of shape (2,2), listed with

their descent sets and descent compositions, are

Sy = 112 Sy = 11(3 Sy =
3|4 214 2

Desg (S1)={2}, Desg(S2)={1,3}, Dese (S3)={1},

cos(S1)=(2,2) cos(S2)=(1,2,1) cos (S3)=(1,3)

Therefore, 2(272)(2’2) = ]., 2(2’2),(172’1) = 1, and £(2,2),(173) = 1, meaning
6?2,2) = Flu2,1) + F13) + F2,2)-

The Schur functions expand into an alternating sum of dual immaculate functions. As a result,
the expansion of any symmetric function into dual immaculate functions translates directly to the

Schur basis expansion of that function.

Theorem 3.1.14. [9] For a partition A with ¢(\) =k,

— g *
Sh = : : (_1) 6)\0'1 +1*0'17Ao'2+2*0'27"' 7)\o'k+k*‘7k’
oc€Sk

where the sum runs over permutations o such that \,, +1 —o; > 0 for all i € [k].
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Corollary 3.1.15. [9] Let f be a symmetric function. Then,

= du&l = f=) dys».

afEn AFn
Allen, Hallam, and Mason also define exactly when dual immaculate functions will be symmetric.

Proposition 3.1.16. [/ Let « be a composition of n of length k + 1. Then G, is symmetric if and
only if a = (n — k, 1%).

3.1.2 Immaculate noncommutative symmetric functions

The dual immaculate functions were originally developed as the duals to the immaculate functions in
NSym [9]. The immaculate functions are defined constructively by creation operators that generalize
the Bernstein operators used to define the Schur functions.

For F,G € QSym, the perp operator F1 acts on elements H € NSym based on the relation
(H,FG) = (F+H,G). This expands as

FH(H) = (H,FAu)Ba (3.1)

for dual bases {A,}a of @Sym and {B,}, of NSym. Most important for our purposes is the

specialization of this operator to the fundamental basis [9], where FlL, acting on H,, is

1L
Fir(Ha)= Y H;
BeN™
B|=|al—i
Oéj—lfﬁj SOLJ'
We interpret the action of this operator on the indices of H,. This operator acts on the composition
a by taking a diagram of shape o and returning the sum of all diagrams (as indices of Hgs) whose
shape is obtained by removing ¢ boxes from the right-hand side with no more than 1 box being

removed from each row.

Example 3.1.17. For instance, F(l171)(H(2717271)) =Hpo) +2Ho 1)+ Hag1y + Hae) + Ha
can be visualized with the following tableaux, where the gray blocks are removed and all rows are

moved up to fill any entirely empty rows.

Hs 0 Hea) Hen Hi1) H1.9) Hia
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Definition 3.1.18. For m € Z, the noncommutative Bernstein operator B,, is defined as

B = > (—1) Hpyi .
>0

These operators generalize the Bernstein operators used to construct the Schur functions [78]

and thus allow for the construction of a noncommutative generalization of the Schur functions.

Definition 3.1.19. For a = |a1,...,q,] € Z™, the immaculate noncommutative symmetric
function &, is defined as
Sa =Bq, - Bg,, (1).

The immaculate basis of QSym is the set of immaculate functions {S, } where a |=n for n € Z.
Example 3.1.20. If a = (a1, a2), then &4, q,) = Bay (Hay) = Hay Hay — Hoyy1Hay -1

Properties of these Bernstein operators lead to a right Pieri rule for the immaculate functions,

but first, we need additional notation from [9].

Definition 3.1.21. For a positive integer s and compositions o and 3, we write o €S Bif 8 |= |a|+s
and a C 8 and £(8) < ¢(«) + 1.

The relationship C16 constitutes a partial order on compositions.
Example 3.1.22. The compositions 3 for which (1,2) C$ 3 are
(1,2) ¢S (2,3) and (1,2) c§ (2,2,1) and (1,2) Co (1,3,1).

Theorem 3.1.23. [9] For a composition o and an integer s,

CoH= ) 6,

acSp
where the sum runs over all compositions 3 such that « CSG G.

Example 3.1.24. Applying the Pieri rule for a« = (2,1) and s = 2 yields
SenHez) =61212 +60221) +6311) + 623 632 + S

Iteration of this Pieri rule yields the following positive expansion of the complete homogeneous

basis, and subsequently the ribbon basis, in terms of the immaculate basis:

Hg= > R,56a and  Rg= > £,56,. (3.2)
a>B azef

Notice that these expansions relate to those in Propositions 3.1.5 and 3.1.12 via Proposition

2.2.7. Thus, the dual immaculate functions are dual to the immaculate functions.
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Proposition 3.1.25. [9] For any compositions a and 3, we have (&4, &%) = da,5.

The expansion of the immaculate functions into the complete homogeneous basis follows a

Jacobi-Trudi rule much like the Schur functions.
Theorem 3.1.26. [9] For o = [a1,...,ay] € Z™,
Sq = Z (_1)0H041+01—1,a2+02—27..~,am+0m—m7
O'GSm

with Hy =1 and H_,, =0 for m > 0. This is equivalent to taking the noncommutative analogue of
the determinant of the matriz below obtained by expanding the determinant of the matrix along the

first row and multiplying those elements on the left:

Hal Ha1+l to Hal-‘r(—l
Hag—l HOAQ e Ha2+872
Ha¢7£+1 Hagfﬁ+2 e Hag

The commutative image of the immaculate functions follows from this Jacobi-Trudi rule.
Corollary 3.1.27. [9] For any composition «, we have x(S,) = Sq.-

Certain classes of immaculate functions also have simpler expansions in terms of the complete

homogeneous basis [9]. For instance, for a positive integer n,
G => (-1 H,.
afEn

There is another right Pieri rule for multiplication by these immaculate functions. For a

composition o and a positive integer s,

GG = Y &g (3.3)

BElal+s
a; <Bi<a;+1

In certain cases, as shown by Campbell as well as Allen and Mason, an immaculate function has
a Jacob-Trudi rule in terms of the ribbon functions as well. A more general ribbon Jacobi-Trudi

rule for the immaculate functions is not yet known.

Theorem 3.1.28. [18] Let o be a composition of the form (a®, c?) where b < c and b < a. Then,

— g
Ga = Z (1) R(al*1+U1,a2*2+02,-~,az(a)*f(a)ﬂwa)'
JES@(Q)

Theorem 3.1.29. [5] Let a = (o, ..., ax) be a composition of positive integers for which there
exists j with 1 < j <k such that a; > i for 1 <i < j, ajy1 > 7, and o = ajqq for j+2 <0 < k.

31



Then,
So = Z (_1)0R(a1—1+01,...,o¢k—k+ak)>

€Sk

where R, vanishes if a contains any nonpositive parts.
There is also a Murnaghan-Nakayama-type rule for immaculate functions.

Theorem 3.1.30. [11] For a composition « and a positive integer k,

(o)
¢
Sa¥y = — § (=1) (B)6(@11,...,az(a)7517~--,5z(5) + E :6(011,-~7aj+/€,~-,aaa))'
BEk j=1

This yields the following expansion of a power sum function into the immaculate basis.

Lemma 3.1.31. [11] For k > 1,

U= (-1)He,
Bk

The expansion of immaculate functions into other bases is generally less well understood. In [53],
Loehr and Niese study the immaculate inverse Kostka matrix, which contains the coefficients in the
expansion of an immaculate function into the H-basis, in terms of determinants, raising operators,
special rim hook tableaux, and tournaments. In [5], Allen and Mason give a complete combinatorial
description of the inverse Kostka matrix in terms of tunnel hooks, which generalize the special rim
hooks of Egecioglu and Remmel [29].

Of major interest with any basis, but especially Schur-like bases, are the coefficients that appear

in the expansion of the product of two basis elements. For compositions o and j3,
Gu8s =Y =8,
¥

where C’g’ j are called the structure coefficients of the immaculate basis or the immaculate Littlewood-
Richardson coefficients. A combinatorial interpretation of these coefficients for the general case is
unknown. In certain cases, these coefficients have a combinatorial interpretation that generalizes
the usual Littlewood-Richardson coefficients in a fairly straightforward way. The reading word of a
tableau T', denoted by read(T"), is the word of entries read from left to right starting in the top row
and moving down. A tableau T is called Yamanouchi if in read(T') there are as many occurrences

of any integer j and there are of integer j + 1 among the first d letters of read(T) for all d.

Theorem 3.1.32. [11] For a composition « and partition A,

GBr= Y (1.6,
y=lal+/A

where C’g)\ is the number of skew immaculate Yamanouchi tableaux of shape v/a and type A.
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The immaculate structure coefficients have the following translation invariance.

Theorem 3.1.33. [51] For compositions a, 3,7, v with £(v) < {(a), we have C] 5 = Cgizﬂ.

The classical Littlewood-Richardson coefficients can be expressed as an alternating sum of
immaculate structure coeflicients using the convolution product. For a sequence of integers ¢ of

length m and a permutation o € Sy, let (0 =[5, —01+ 1,(sy —02+2,...,(s,, — Om +m].

Corollary 3.1.34. [11] For partitions \, p, v such that |\ + |u| = |v/,

= X (1

UES@(V)
with the convention that CZ;‘\’ =0 if v * o is not a composition of length m = £(v) that contains .

Like the Littlewood-Richardson coefficients, certain immaculate structure coefficients appear geo-
metrically as the number of integral points inside a polytope as shown in [11]. Further multiplicative
results, specifically Pieri rules and skew Pieri rules, can be found in [9, 11, 13, 51, 70].

Recall that the antipode is an anti-endomorphism which is an important part of Hopf algebra
structure. No general formula for the antipode of the immaculate functions is known, but Benedetti

and Sagan prove the following formula for immaculate functions indexed by hook shapes.

Theorem 3.1.35. [8] For alln > 1 and k > 0,

S(g(n,lk)) = (—1)n+k6(k+1,1n—1)-

Campbell also gives the expansion of the antipode of various immaculate functions expanded

into the ribbon basis. One such result is included below.

Theorem 3.1.36. [21] The cancellation-free formula

_ o+ab+cd
S(Ga) - Z (_1) R((041—1+0’1,062—2+0'2,...7Oée(a>—f(a)-‘y—Ue(a))t)rﬂ
O'ES@(Q)

holds true for compositions o = (a®, cd) such that b < ¢ and b < a.

3.1.3 Skew dual immaculate functions

The immaculate poset B, also defined in [9], is a labelled poset on compositions where « covers 3
if 8 C16 «. In other words, a covers 8 if a can be obtained by adding 1 to any part of 3 or to the
end of B as a new part. In terms of diagrams, this is equivalent to adding a box to the right of any
row or adding a box at the bottom of the tableau.

In the Hasse diagram of B, label the arrow from 3 to a with m, where m is the number of the
row where the new box is added. Maximal chains from ) to a are equivalent to standard immaculate

tableaux of shape «, and maximal chains from § to « define skew standard immaculate tableaux of
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shape /3. A path {8 = g0 4 g(1) M2, Ik BR) = a} corresponds to the skew shape o/
where the boxes are filled with positive integers in the order they were added following the path.

Example 3.1.37. Consider two paths Py = {0 5 (1) 2 (1,1) 3 (1,2) 5 (2,2)} and P, = {§ 5
(1) EN (2) 2 (2,1) 2 (2,2)}. These paths correspond to the standard immaculate tableaux 77 and
T, below, respectively. The path P3 = {(1) 2 (1,1) EN (2,1) 2 (2,2)} corresponds to the skew

standard immaculate tableau T3.

n=| 4] |t T; =

213 314 1

Definition 3.1.38. [69] Let o and 8 be compositions where § C a. A skew immaculate tableau of
shape «/( is a skew shape «/f filled with positive integers such that the entries in the first column
of v are strictly increasing from top to bottom and the entries in rows are weakly increasing from
left to right. We say T is a skew standard immaculate tableau if it contains the entries 1, ..., |a| —|5]

with each appearing exactly once.

Definition 3.1.39. [9] Given compositions o and 3 with 8 C «, the skew dual immaculate function

is defined as

&% = 3 (SsH,, S M,
Y

where the sum runs over all v such that |a| — |5 = |v|.

The coefficient (GgH.,, 8}, is exactly equal to the number of skew standard immaculate tableaux
of shape a/f with type . Thus, the skew dual immaculate functions can also be defined by a sum

over skew immaculate tableaux.

Theorem 3.1.40. [69] Let o and (B be compositions with  C «. Then
* _ T
g =2
T

where the sum runs over all skew immaculate tableaux of shape o /.

Expansions of the skew dual immaculate functions into the fundamental and dual immaculate

bases yield coefficients with connections to the multiplicative structure of the immaculate functions.

Proposition 3.1.41. [9] Given compositions o and 5 with § C a,

hs = D (SR S F, = Y (646, 67)65,
v v

where both sums run over all compositions v such that |a| — |B] = |y|. Moreover, the coefficients

Cgﬁ = (636,,6},) are the immaculate structure constants that appear in the expansion
68, = Y058
(0%
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The coproduct of the dual immaculate functions can be described using skew dual immaculate

functions.

Definition 3.1.42. [69] Given « = n, the comultiplication on &%, is defined by
AS:) =) 65067,
B

where the sum runs over all compositions S such that 8 C «a.

The right multiplication of an immaculate function by a ribbon function can also be described

combinatorially in terms of skew immaculate tableaux.

Theorem 3.1.43. [11] For compositions o and 3,
Gl =) 6,
T

where the sum runs over standard immaculate tableaux of shape /o and descent composition (3.

In [70], Niese, Sundaram, van Willigenburg, and Wang also give Pieri rules for the multiplication
of skew dual immaculate functions. For more on the immaculate and dual immaculate bases and
immaculate tableaux, see [1, 10, 22, 32, 36, 63, 71].

3.1.4 Row-strict immaculate and dual immaculate functions

Niese, Sundaram, Van Willigenburg, Vega, and Wang define a pair of dual bases in QSym and NSym,
the row-strict dual immaculate and row-strict immaculate bases, in [69] by applying the involution
1) to the immaculate and dual immaculate bases. The row-strict dual immaculate basis has extensive
representation theoretic applications, specifically to 0-Hecke algebras. The combinatorics of this
basis involve a variation of immaculate tableaux with different conditions on the rows and columns.
Note that the original paper uses French notation for diagrams (the bottom row is row 1) so the
definitions here have been adapted to English notation. We begin by recalling several definitions

and results from [69].

Definition 3.1.44. Given a composition «, a row-strict immaculate tableau (RSIT) is a filling of
the diagram of a such that the entries in the leftmost column weakly increase from top to bottom
and the entries in each row strictly increase from left to right. The type of a row-strict immaculate
tableau is defined the same way as the type of an immaculate tableau. A row-strict immaculate

tableau with n boxes is standard if each integer 1 through n appears exactly once.

Monomials are associated with row-strict immaculate tableaux according to their type in the

same fashion as immaculate tableaux.
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Example 3.1.45. The following are row-strict immaculate tableaux of shape (2, 3):

112]3 134 234\ 344\ 233\ 234\

Definition 3.1.46. For a composition «, the row-strict dual immaculate function is defined as
ne;,=>
T

where the sum runs over all row-strict immaculate tableaux 7' of shape «.

To standardize a row-strict immaculate tableau T, replace the 1’s in T" with 1,2,... moving
left to right and top to bottom, then continue with the 2’s, etc. Note also that the set of standard

row-strict immaculate tableaux is the same as the set of standard immaculate tableaux.

Definition 3.1.47. A positive integer i is a descent of a standard row-strict immaculate tableau U
if U contains the entry ¢ + 1 in a weakly higher row than entry i. The descent set of a standard

row-strict immaculate tableau U is
Despe(U) = {i:i+ 1 is weakly above ¢ in U}.
The descent composition of a standard row-strict immaculate tableaux U is defined as
comg (U) = comp(Despg(U)).

Proposition 3.1.48. [69] For a composition «, RE?, is expressed as
mez = Z Fcom6(5)7
S

where the sum is taken over all standard row-strict immaculate tableauzx of shape c.

It becomes clear with the expansion of the row-strict dual immaculate functions into the

fundamental basis that they are the image of the usual dual immaculate under the involution .

Theorem 3.1.49. [69] Let o be a composition. Then, ¥(S}) = RE},. Moreover, { RS} }, is a basis
for QSym.

For a composition @ and weak composition 3, let R?% be the number of row-strict immaculate
tableaux of shape « and type 3, and Q?% be the number of standard row-strict immaculate tableaux

of shape o with row-strict descent composition f.
Theorem 3.1.50. [69] For a composition «, the row-strict dual immaculate function expands as
* RS RS
NG, => RAAGMg =Y LIGFs,
B B
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where the sums run over compositions 5 such that |5| = |a|.

The row-strict dual immaculate functions have a dual basis that can be constructed similarly to

the immaculate basis.

Definition 3.1.51. For m € Z, the noncommutative row-strict Bernstein operator is defined by
i 1
BRSO = (=1)'Emyi .
>0

Definition 3.1.52. For a composition o = (o ..., ), the row-strict immaculate function RS, is
defined as
RS, =BL° ... BLO(1).

These functions are dual to the row-strict dual immaculate functions, (RS, %Gg) = 04,3, and they

are the image of the immaculate basis under ¥ with ¥(&,) = REG,,.

Applying 1 to various results from [9] yields similar results for the row-strict immaculate and

row-strict dual immaculate bases, which are summarized in the following theorem.

Theorem 3.1.53. [69] For compositions o, 8 =n, s € Z>o, m € Z, and f € NSym,

Y
1. Bm(f)Hs :Bm+1(f)Hs—1 +Bm(fH8) — B%ﬁl(f)Es—l +B?1§G(fE8)'
2. Multiplicity-free right Pieri rule:
SulH,= Y 65 = NREE =Y RN&p.
aCsf aCsf

3. Multiplicity-free right Pieri rule:
S8 = GaEs =Y 65 <= RGNS = REH, = Y N6,
B B
where the sum runs over compositions ( = |a| + s such that o; < B; < a; + 1 and a; =0 for
i>l(a).
Gin) = 1)U, = E L RSBy = ) UOE, = H
4' ) Za':n( ) e} n — (1) Za):n( ) [e} n-

5. Complete homogeneous and elementary expansions:

Hy= Y Rap®a <= Ez= Y R N6,

azf azf
Hy= Y f2Sme, <= Eyj= Y &3%6..
azyf azB
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6. Ribbon basis expansions:

Ry=Y £.56, <= Rsp=) £,sR6,.

a>yf azB

The immaculate poset also represents a poset of the standard row-strict immaculate tableaux as a
result of the equivalence between standard immaculate tableaux and standard row-strict immaculate
tableaux, thus results for the row-strict skew case follow those of the dual immaculate functions

closely.

Definition 3.1.54. Let o and 8 be compositions with 8 C a. A skew row-strict immaculate tableau
is a skew shape «/f filled with positive integers such that the entries in the first column are weakly

increasing from top to bottom and the entries in each row strictly increase from left to right.

Definition 3.1.55. For compositions «, 8 such that 8 C «, the skew row-strict dual immaculate
functions are defined as
R, 5 = 3 (RS H, REL)M,,
¥

where the sum runs over all compositions v such that |a| — |8] = |7].

As with the skew dual immaculate functions, these functions connect to the multiplication of
the row-strict immaculate functions and the comultiplication of the row-strict dual immaculate

functions.

Theorem 3.1.56. [69] Let o and B be compositions with  C a. Then,
NG 5= o',
T
where the sum runs over all skew row-strict immaculate tableauz T of shape /3. Moreover,

RS, 5 = V(6 5) = Y (RG3R,, REL)Fy = Y (RGRE,, RES,)RET,
v ol

where the sums run over all compositions v such that |a| — |B| = |v].

Comultiplication on the row-strict dual immaculate functions is can be expressed in terms of

skew row-strict dual immaculate functions.

Definition 3.1.57. For a composition «,

A(RS}) = ) RE; @ RG], 4,
B

where the sum runs over all compositions § such that 8 C a.
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3.2 Involutions on the immaculate and dual immaculate functions

In this section, we introduce the reverse immaculate functions, row-strict reverse immaculate
functions, and row-strict reverse dual immaculate functions, and study them together with the
reverse dual immaculate functions of Mason and Searles [63]. These functions relate to the immaculate

and dual immaculate functions via the involutions p and w.

RO
-

(8

Figure 3.1: Mappings between immaculate variants in NSym.

These functions are all defined on tableaux that resemble immaculate tableaux. Table 3.1 below
summarizes the definitions and conditions on these variations of immaculate tableaux. For these
bases, we present results such as left Pieri rules, Jacobi-Trudi rules, partial Littlewood-Richardson

rules, Hopf algebra structure, and expansions to and from other bases.

Descent Reading Word Rows First Column

Immaculate strictly below | L to R, BtoT | weakly inc. strictly inc.
Row-strict weakly above | L to R, T to B | strictly inc. weakly inc.
Reverse strictly below | R to L, BtoT | weakly dec. strictly inc.

Row-strict Reverse | weakly above | R to L, T to B | strictly dec. weakly inc.

Table 3.1: Variations on immaculate tableaux.

Because NSym is noncommutative, there are two reasonable ways to define skew functions in
QSym. The skew dual immaculate functions can be defined as 65(63) = 67,5 using the (left)
perp operator. For H € NSym, the operator H' acts on elements F' € QSym based on the relation
(HG,F) = (G, H+F). This expands as

H(F) =Y (HAq4, F)B,, (3.4)

[0}

for dual bases {Ay}o of NSym and {B,}a of QSym. For our second type of skew function, we need
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a variation on the operator of Equation (3.4).

Definition 3.2.1. For H € NSym, the right-perp operator H* acts on elements ' € QSym based
on the relation (GH, F) = (G, HtF). This expands as

HS(F) =) (AoH, F)B,,

«

for dual bases {Aq}q of NSym and {B,}a of QSym.

The usual perp operator H' of QSym is dual to left multiplication by H in NSym, whereas the
right-perp operator H* of QSym is dual to right multiplication by H in NSym. Because Sym is

commutative and self-dual, the perp and right-perp operators for Sym are equivalent.

Remark 3.2.2. In [70] and [82], the left and right actions of NSym on QSym are used in place of
the perp operators. In that framework, 65(6;) is the left action of NSym on QSym.

We define skew-II functions for the reverse and row-strict reverse dual immaculate functions
using the right-perp operator. The skew dual immaculate functions relate to the skew-II reverse and
row-strict reverse immaculate functions via the involutions p, and w.

The shapes used to index our skew-II functions were introduced in [56], although we use a
different name for continuity within this paper. Note that skew-II functions have also appeared

before, but not in the perp operator framework.

Definition 3.2.3. For compositions a = (o4, ...,ax) and f = (f1,..., ;) such that 57 C o, the
skew-1I shape o/ is the composition diagram of « where the left-most ; boxes are removed from

row ag41—; for 1 < ¢ < j. This removal is often represented by shading the boxes in.

For example, the following diagram is the skew-1I shape (3,4,4)/(2,1).

We define one final concept for use in our proofs. Define the flattening of a tableau T', denoted
T, as the tableau obtained by replacing all the smallest entries in 17" with 1’s, all the next smallest
entries in T with 2’s, etc. We will also extend this definition of flattening to the other types of

tableaux later in this thesis.

Example 3.2.4. The immaculate tableaux below flatten as follows.

n=| 2|0 T, =
677\ 335\

f1:12 ng
233\ 223\
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3.2.1 Reverse immaculate and dual immaculate functions

The reverse dual immaculate functions were introduced by Mason and Searles in [63]. They used
these analogues to find a new relationship between the dual immaculate functions and Demazure
atoms as well as extend prior results on positive expansions of the dual immaculate functions to the
full polynomial ring. The reverse dual immaculate functions are also the stable limit of reverse dual

immaculate slide polynomials.

Definition 3.2.5. Let a be a composition and § a weak composition. A (semistandard) reverse
immaculate tableau (RIT) of shape a and type [ is a diagram « filled with positive integers that
weakly decrease along the rows from left to right and strictly increase along the first column from

top to bottom, where each positive integer ¢ appears (; times.

A standard reverse immaculate tableau (SRIT) of shape a |= n is one containing the entries 1

through n each exactly once.

Example 3.2.6. A few reverse immaculate tableaux of shape (2,3) are:

21212 333\ 322\411\421

Definition 3.2.7. For a composition «, the reverse dual immaculate function is defined as
9 = Z zT
T
where the sum runs over all reverse immaculate tableaux T of shape «a.

The descent set of a standard reverse immaculate tableau S is defined as Desg(S) = {i :
i+ 1 is strictly below i in S}. Each entry ¢ in Desg(S) is called a descent of S. The descent compo-
sition of S is defined as cog(S) = (i1,92 — i1,...,iq — ig—1,n — ig) for Deso(S) = {i1,...,iq}. The
reverse immaculate reading word of a reverse immaculate tableau T', denoted rwg(7T'), is the word
obtained by reading the rows of T" from right to left, starting with the bottom row and moving up.
To standardize a reverse immaculate tableau T, replace the 1’s in T with 1,2, ... in the order they

appear in rwg(7T), then the 2’s starting with the next consecutive number, etc.

Example 3.2.8. The tableaux in Example 3.2.6 above have the following standardizations and

descent compositions:

(2,3) (2,3) (1,3,1) (4,1) (4,1)
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Proposition 3.2.9. [63] For a composition a,

where the sum runs over standard reverse immaculate tableaux S of shape .

Example 3.2.10. The expansion of the reverse dual immaculate function 9’(*3 ) into the fundamental

basis and the standard reverse immaculate tableaux of shape (3,2) are:

1\421\432\431

2 = Flaz) + Flaon + Fun + Fuan

Mason and Searles defined a map on standard tableaux, which they call the flip-and-reverse

map, that relate the dual immaculate and reverse dual immaculate functions via tableaux.

Definition 3.2.11. Define the map flip on standard tableaux so that flip(S) is the tableau U
obtained by flipping S horizontally (in other words, reversing the order of the rows of S) and then

replacing each entry ¢ with n + 1 — 4.

flip 13 =
2105 532\

Observe that flip is an involution from standard immaculate tableaux of shape « to standard

reverse immaculate tableaux of shape a”. It is shown using this bijection in [63] that
S (z1,...,x0) = Qpr(mpy ..., 1),

for any positive integer ¢. Similarly, we use flip to show that the reverse dual immaculate functions

are the image of the immaculate functions under the involution p.

Theorem 3.2.12. For a composition «,
p(6L) =9 and w(REG}) = 9.

Moreover, {9}« is a basis of QSym.

Proof. Let U be a standard immaculate tableau of shape o and S be a standard reverse immaculate
tableau of shape o such that flip(U) = S. By construction, there will be a descent at ¢ in U if and
only if there is a descent at |a| — i in S, thus (cop(U))" = coo(S). Therefore,

p(GZ) = ZP(FCOW(U)) - ZFCOG(U)’“
U

U
= D Fuoo(pinpw)) = ) _ Feon(s) = D
Flip(U) S
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where the sums run over SIT U of shape a and SRIT S of shape a”. The fact that the reverse dual

immaculate functions are a basis follows from p being an automorphism. O

We proceed to introduce various new results on the reverse dual immaculate functions. Let RS’ 3
be the number of reverse immaculate tableaux of shape « and type (5, and let 25 3 be the number
of reverse immaculate tableaux with shape a and descent composition 5. Using Proposition 3.2.9, it
is straightforward to show that the reverse dual immaculate functions have the following positive

expansions into the monomial and fundamental bases.

Proposition 3.2.13. For a composition «,

=) RK55Mz and 9, =) £3,Fp.
E E

Remark 3.2.14. The reverse dual immaculate basis is not equivalent to the dual immaculate

*

(17271)
be expanded as linear combinations of the dual immaculate and row-strict dual immaculate bases,

basis or the row-strict dual immaculate basis. The reverse dual immaculate function 9 can

which indicates that reverse immaculate functions exist that are not in the immaculate basis.
P(6>(k1,2,1)) = ?1,2,1) = 6>(k2,1,1) - 6?1,1,2)
w(RE(| 51)) = D12,1) = RE(119) = RE( 51y + RE(y 9.

Next, we introduce the basis of NSym that is dual to the reverse dual immaculate basis.

Definition 3.2.15. Define the reverse immaculate basis of NSym as the unique basis {94} that

is dual to the reverse dual immaculate basis. That is, (94, 9};} = 0q,p for all compositions a, 3.

Like in the dual case, the reverse immaculate functions are related to the immaculate functions

via the involution p.

Proposition 3.2.16. For a composition o, we have

o =p(Gur) and 9Qu = w(RG4r).
Proof. The involution p is invariant under duality because

(Ras F) = (Rar, Fgr) = (p(Ra). p(Ep)).

Thus, our claim is implied by Theorem 3.2.12 and Definition 3.2.15. O

The expansions of the complete homogeneous functions and the monomial functions of NSym

into the reverse immaculate basis follow via duality from Proposition 3.2.13. For a composition S,
Hg =) 8349 and Rg=)» £3 ;9. (3.5)
(0% (0%
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We use p to construct an equivalent creation operator definition of the reverse immaculate basis.

Definition 3.2.17. For a positive integer m and G € NSym, define the noncommutative reverse

Bernstein operator on G by

]B?n(G) = Z(_l)iFﬁ'(G)Hmﬂ-
i>0

Proposition 3.2.18. For a composition o = (a, ..., o),

Q m9o Q
9, =B B B2 (1).

O™ Qg—1

Proof. Let a = (v, ..., ) and af = (v, ..., op_1). It is sufficient to show that

B (9,:) = Da.

Ak

First, we show that for F' € QSym and H € NSym, we have p(F+(H)) = [p(F)]*(p(H)). Let {Au}a
and { By} be dual bases of NSym and QSym respectively. Then, using the invariance of p under

duality and the fact that it is an anti-automorphism,

p(FH(H)) =Y (H,FBa)p(As) = Y (p(H), p(FBa))p(Aa)

a

= {p(H), p(F)p(Ba))p(Aa) = [p(F)[*(p(H)) By Equation 3.1.
By Definition 3.1.19,

Gor = Bak (G(ak_l,...,al)) = Z(_l)iHakJriFlLi(G(ak_l ..... ozl))'

i>0
Applying p yields

p(GOtT) =9y = Z(_l)ip[Hak+iF1i (G(Qk_l,...,oq))] = Z(_l)ip(FlLi(6(ak_1,...,a1)))p(HOékJri)

i>0 i>0

= (-1)'F (9 ) Ha,+i = By, (9
>0

Q1,0 Qf—1 a17~~-,ak71))'

By applying p, we can translate many of the results on the immaculate functions to the reverse
immaculate functions.
Theorem 3.2.19. For compositions «, 3, a partition \, and a positive integer m,

1. x(Qxr) = sz, and

_ ag *
S\ = Z (_1) 9(A5k+k—0'k7~-,>\02+2—02,)\01+1—0'1)’
UES@(/\)

where the sum is over all permutations o such that Ay, +1 — o; > 0 for all i € [k].
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2. (A left Pieri rule)
HO.= Y 95
arc$pr
3. (Another left Pieri rule)
91:9, = > SP

BElal+s, a;<pi<ai+1

4. (Jacobi-Trudi Rule)

— g
9a - Z (_1) H(og+ag—é,...,ae_1+02—2,o¢g+01—1)-
UES@(Q>

v

. (Partial Littlewood-Richardson Rule)

NDa= Y. CL,9,
=lal+1

where C’g: \ counts skew immaculate Yamanouchi tableauz of shape v" /o’ and type X.

6.
Hs =Y Rfarp9a and Rg=) Lor 50
7.
Hg =Y 83 364 and Rg=>» £ 56,
Proof.

1. Apply p to Theorem 3.1.14 and Corollary 3.1.27.

2. Apply p to Theorem 3.1.23.

3. Apply p to Equation (3.3).

4. Apply p to Theorem 3.1.26.

5. Apply p to Theorem 3.1.32

6. Apply p to Equation (3.2).

7. Apply p to Equation (3.5). O
Next, we define skew-II reverse immaculate functions algebraically and in terms of tableaux.

Definition 3.2.20. For compositions 5" C a”, a skew-II reverse immaculate function is defined by
oF .= 9E(9%).
ofB B\~ o
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By Equation 3.2.1, the function 97, /8 expands into various bases as follows,

s = 2 (H,9p, 95 My =Y (R,95,95)F, =) (9,95,95)9%. (3.6)
v

v v

Proposition 3.2.21. For a composition o and 8 where 5 C «,

P(Sasp) = D -

Proof. First, observe that

(p(6565),p(8,)) = (p(6+)p(6p), p(6,)) = (94 9pr, Daar)

because p is invariant under duality and an anti-isomorphism. Then by Equation (3.6),

p(655) = (656, 62)p(67) = 39,0950, 9117 = Oy, T
vy v

The first line of the proof above yields the following.

Corollary 3.2.22. For compositions «, 3, and 7,
9,95=> C§ +9a.
(0%

Skew-II reverse immaculate functions are defined combinatorially by tableaux of skew-II shapes.

Definition 3.2.23. For compositions § and « such that 8" C o", a skew-II reverse immaculate
tableau of shape «//f3 is a skew-II diagram «// filled with positive integers such that each row is
weakly decreasing from left to right and the first column is strictly increasing from top to bottom. A
skew-II reverse immaculate tableau is standard if it contains the numbers 1 through |a| — |5| each

exactly once.

Example 3.2.24. The following are examples of skew-II reverse immaculate tableaux:

11 2 1\ 11 1]1
31]2 1\ 2
1] 3

Proposition 3.2.25. For compositions o and 8 with 8" C o,
* T
SHTEDIEE
T

where the sum runs over skew-II reverse immaculate tableaux T' of shape aj/ .
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Proof. We can extend the bijection flip to map from the set of skew RIT of shape o/ to the set of
skew-II SRIT of shape " //3". Given a skew immaculate tableau 7', the skew-II reverse immaculate
tableau flip(T) is obtained by flipping 7" horizontally and replacing each entry i with |a| — |5] — i.
The descent composition of T' will be the reverse of the descent composition of flip(T) because

there is a descent at |a| — |8| — ¢ in flip(T) whenever there is a descent at ¢ in 7. Thus,

Z//ﬁ - a”"/ﬂr Z FCOC (S = Z FCOD flip(S Z F009

)

where the sums run over skew standard immaculate tableaux S of shape " /3" and skew-II standard
reverse immaculate tableaux U of shape a/. We can expand each F, () as follows. For any
v <X cog(U), there is exactly one skew-II reverse immaculate tableau of shape «// of type v that

standardizes to U. Therefore,

cog(U Z M’y = ZMtype (T) = Z Z xY = ZxTa
T

v=coo(U) Q Y=Q

where the sums run over flat skew-II reverse immaculate tableaux ) that standardize to U, skew-11
reverse immaculate tableaux Y that flatten to @, and skew-II reverse immaculate tableaux T of

shape a/8 with std(T) = U. The sum of fundamental functions expands into the desired result. [

3.2.2 Row-strict reverse immaculate and dual immaculate functions

Definition 3.2.26. Let « be a composition and 8 a weak composition. A row-strict reverse
immaculate tableau (RSRIT) of shape o and type 8 is a diagram « filled with positive integers
that strictly decrease along the rows from left to right and weakly increase along the first column
from top to bottom, where each positive integer ¢ appears 5; times. A standard row-strict reverse

immaculate tableau (SRSRIT) of shape « |= n contains the entries 1 through n each exactly once.

Example 3.2.27. A few row-strict reverse immaculate tableaux of shape (2, 3) are:

1 31 3]2 32 4
321\ 321\ 321\ 432\ 521\

Definition 3.2.28. For « | n, the row-strict reverse dual immaculate function is defined as
R} = Za:T,
T

where the sum runs over all row-strict reverse immaculate tableaux 1" of shape a.

The descent set of a standard row-strict reverse immaculate tableau S is defined as Desio(S) =
{i:i+ 1 is weakly above ¢ in S}. Each entry i in Desno(5) is called a descent of S. The descent
composition of S is defined as copo (S) = (i1,92—11,...,lq—i4—1,n—1iq) for Despo(S) = {i1,...,iq}.
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The row-strict reverse immaculate reading word of a row-strict reverse immaculate tableau 7', denoted
rwmo(T), is the word obtained by reading the rows of T' from right to left, starting with the top
row and moving down. To standardize a row-strict reverse immaculate tableau 7', replace the 1’s in
T with 1,2, ... in the order they appear in rwgpo(T'), then the 2’s starting with the next consecutive

number, etc.

Example 3.2.29. The standardizations of the tableaux in Example 3.2.27 and their descent

compositions are:

1 411 412 3]1
42\ 532\ 531\ 542\ 521\
(2,2,1) (2,1,2) (1,2,2) (2,2,1) (1,1,1,2)

Proposition 3.2.30. For a composition «,
9{92 - Z FCOmg(S)?
S

where the sum runs over standard row-strict reverse immaculate tableaux S of shape «.

Proof. For any given standard row-strict reverse immaculate tableau S with descent composition +,
there is exactly one row-strict reverse immaculate tableaux T' that standardizes to S and has a type
§ for any 8 =< a. For such an S,T, and 8, we can write Mg = ¢_, std(Y)=S z¥ where the sum

runs over reverse immaculate tableaux Y such that Y flattens to 7" and standardizes to S. Then,

%92 = Z Z MB = ZFCOD’QQ(S)’

S B=cone(S) S
where the sum runs over standard row-strict reverse immaculate tableaux .S of shape a. ]

Example 3.2.31. The F-expansion of the row-strict reverse dual immaculate function 9‘%9?3 2) and

the standard row-strict reverse immaculate tableaux of shape (3,2) are:

1) [4]2]1] [4]3]2] [4]3]1]

R0y = Fluan + Fuzz + Faie) + Faie)

Let ﬁfg be the number of row-strict reverse immaculate tableaux of shape « and type [, and let
22?% be the number of row-strict reverse immaculate tableaux with shape « and descent composition
(. Using Proposition 3.2.30, it is straightforward to show that the row-strict reverse dual immaculate

functions have the following positive expansions into the monomial and fundamental bases.

Proposition 3.2.32. For a composition «,

RO, => R0gMg and RO =) LN3Fp.
E 8
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Now we show that the row-strict reverse immaculate basis is the image of the immaculate,

row-strict immaculate, and reverse immaculate bases under w, p, and v respectively.

Theorem 3.2.33. For a composition a,

W(G2) = RO;

o’

and  p(RG),) = RO},

o’

and  P(9F) = R,

Moreover, {R9%}q is a basis of QSym.

Proof. Given a standard reverse immaculate tableaux S (which is also a standard row-strict reverse
tableaux) we have F,q(5)c = Foogs(s) due to the complementary definitions of descents for reverse

and row-strict reverse tableaux. Then applying ¢ to Proposition 3.2.9 yields
¢<92) = Zw(FCOQ(S)) = ZFCOQ(S)C - ZFcomg(S) - 9{927
S S S

where the sums run over standard reverse immaculate tableaux S of shape «a or equivalently
standard row-strict reverse immaculate tableaux S of shape a. The rest follows from the fact that
Yop=uw. O

Remark 3.2.34. The row-strict reverse dual immaculate basis is not equivalent to the dual
immaculate basis, the row-strict dual immaculate basis, or the reverse dual immaculate basis. The

row-strict reverse dual immaculate function 9%92‘ can be written as a linear combination of each

1,2,1)
of the other three bases in question. This indicates that there are row-strict reverse immaculate

functions that are not elements of the immaculate basis.
w( ?1,2,1)) = %9?1,2,1) = >(k1,1,2) - >(k1,2,1) + 6?2,2)
P(mg?m,l)) = %9?1,2,1) = %6?2,1,1) - 9%6’(*17172)

Y(N12) = R9121) = 1) — Py
Next, we define the basis of NSym that is dual to the row-strict reverse dual immaculate basis.

Definition 3.2.35. Define the row-strict reverse immaculate basis of NSym to be the unique basis
{!M9ata that is dual to the row-strict reverse dual immaculate basis. That is, (R9q, RO}) for all

compositions «, (.

Like in the dual case, the row-strict reverse immaculate functions are related to the immaculate

functions via the involution w.

Proposition 3.2.36. For a composition o, we have

ROy =w(Gyr) and Ry =p(RSyr) and ROy = Y(9a).
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Proof. The involution w is invariant under duality because
(Ra, F3) = (Rqt, Figr) = (w(Ra), w(Fp))-

Thus, our claim follows from Theorem 3.2.33 and Definition 3.2.35. O

The expansions of the complete homogeneous functions and the monomial functions of NSym

into the row-strict reverse immaculate basis follow via duality from Proposition 3.2.32. For 8 = n,
Hg =) R&IIR9, and Rg=)» LIIR9,. (3.7)
(63 «

We can also use w to construct an equivalent creation operator definition of the row-strict reverse

immaculate functions.

Definition 3.2.37. For a positive integer m and G € NSym, define the noncommutative row-strict

reverse Bernstein operator on G by

B?LQ(G) = Z(—l)iFé) (G)Em+i-

i>0

Proposition 3.2.38. For a composition o = (a, ..., o),
R, = BY - B BR(1).
Proof. Let a = (..., ) and af = (aq, ..., 0p_1). It suffices to show that
BYP (RO ,5) = R9q.

The effect of ) on F(H), which mirrors the effect of p, is given by ¥(F*(H)) = [¢(F)]* (v¥(H))
from [69]. By Proposition 3.2.18, 94 = By (9,:). Applying 1 yields

$(9a) =R = Y (1) UF}i (D) Hayril = D (= 1) (Fy5 (D) ¥ Ha+4)

>0 >0
= Z(_l)lFé) (mga”)EakJri = Bam?(mgah)' O
>0

By applying w, we can translate many of the results on the immaculate functions to the row-strict

reverse immaculate functions.

Theorem 3.2.39. For compositions «, 3, a partition A, and a positive integer m,

1. x(R9yr) = sy, and

Sy = Z (—1) %9()\%-1-16—01@7“'7)\02+2_027>‘01+1_‘71)’
UES@(A)
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where the sum is over all permutations o such that Ay, +1 — o; > 0 for all i € [k].

2. (A left Pieri rule)
ER9a = Y Ry

arcgpr

3. (Another left Pieri rule)

RN = ) Ny
BElal+s, ai<pi<aitl

4. (Jacobi-Trudi Rule)

— g
RO = Z (_1) E(m-&-oe—&---,ae—1+a2—27ae+01—1)'
O’ES@(Q)

5. (Partial Littlewood-Richardson Rule)

RONRY = Y CL R,
y=lal+Al

where C’g: \ counts skew immaculate Yamanouchi tableauz of shape v"/a” and type X.

By =Y RargpROa and Rs= L4 5Rq.

Bs =Y R°5:6, and Rg=)» £X°,6,.

Proof. 1. Apply w to Theorem 3.1.14 and Corollary 3.1.27.
2. Apply w to Theorem 3.1.23.
3. Apply w to Equation (3.3).
4. Apply w to Theorem 3.1.26.
5. Apply w to Theorem 3.1.32
6. Apply w to Equation (3.2).
7. Apply w to Equation (3.7). O

Important parts of the Hopf algebra structures of QSym and NSym are the antipodes. We write
the antipode of NSym as S : NSym — NSym and the antipode of QSym as S* : QSym — QSym.
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Formulas for the antipodes of QQ.Sym and NSym on the fundamental and ribbon bases were given

by Malvenuto and Reutenauer [57] and Benedetti and Sagan [8], respectively. For a composition «,
S*(Fy) = (-1)lPlE, and  S(Ra) = (—-1)R,.. (3.8)

Formulas for the antipodes of the immaculate basis have been studied in various papers [8, 21],
but there is not yet a general formula. Theorem 3.2.33 and Proposition 3.2.36 allow us to express the
antipode on these bases in terms of the row-strict reverse dual immaculate basis and the row-strict
reverse immaculate basis. This result reduces the problem of studying the expansion of the row-strict
reverse dual immaculate functions into the dual immaculate functions and vice versa, which may be

interesting to approach using tableaux combinatorics.

Corollary 3.2.40. For a composition «,
S(64) = (-1)RDyr  and  §*(&%) = (—1) R,

Next, we define skew-II row-strict reverse immaculate functions algebraically and in terms of

tableaux.

Definition 3.2.41. For compositions 8" C o, the skew-II row-strict reverse immaculate functions
are defined by
* = *

By Equation 3.2.1, RO? /8 expands into various bases as follows. For compositions 5" C o,

RO% 5 = > (H,R3,ROL)M, =Y (R,R9p, RO, F, = Y (RO, R, ROL)RI:.  (3.9)
2l 2l 2l

Proposition 3.2.42. For a composition o« and 8 with 8 C «,
Proof. First, observe that

(656,,6,) = (W(656,),w(6,)) = (W(6y)w(Sp),w(6,)) = (RO R, ROG-),  (3.10)

«

because w is invariant under duality and an anti-isomorphism. Then by Equation (3.9),
W(B%5) =D (656, GL)w(6r) = > (RO, RO, RO )RDL, = RO%y 50
gl v
Similarly, by the invariance of ¢ we have (94-9gr, k) = (RO,rRAgr, RI,) sO
YOk yar) = D (D Dpr, Do )h(62) = > (RO RO, RO IRDL, = ROL, 5. O
gl gl
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The relationship between the coefficients in Equation (3.10) above yields the following.

Corollary 3.2.43. For compositions «, 3, and -,

RO, MR9p = Y Chr .+ RYq.

The skew-II row-strict reverse immaculate functions are expressed combinatorially by tableaux

of skew-II shapes.

Definition 3.2.44. For compositions 8 and « such that 8" C o, a skew-II row-strict reverse
immaculate tableau of shape a3 is a skew-II diagram «// 3 filled with positive integers such that
each row is strictly decreasing from left to right and the first column is weakly increasing from top
to bottom. A skew-II row-strict reverse immaculate tableau is standard if it contains the numbers 1

through |a| — || each exactly once.

Example 3.2.45. The following are examples of skew-II row-strict reverse immaculate tableaux:

2]1 2 1\ 21 2|1
32 1\ 2
1] 3

Proposition 3.2.46. For compositions o« and 8 where 87 C a”,
Doy = Z r

where the sum runs over skew-II row-strict reverse immaculate tableaur T of shape o)) B.

Proof. In the proof of Proposition 3.2.25, we show that 92//6 = > _p Feoo(vy Where the sum runs

over skew-II standard reverse immaculate tableaux U of shape «/// 3. By Proposition 3.2.42,
s = ¥(D0ys) = ¥ Feom(5)) = 2 Feoa(s)e = 2 Feomsts)
S

where the sum runs over standard skew-II reverse immaculate tableau of shape a3, or equivalently
standard skew-II row-strict reverse immaculate tableau of shape «//. Expanding this sum further

as in the proof of proposition 3.2.25 ends the proof of our claim. O

3.3 Colored generalizations of the immaculate functions and dual

immaculate functions

To generalize the dual immaculate functions to QSym 4, we first define a colored generalization of
tableaux. These allow for a combinatorial definition of the colored dual immaculate functions, which

then expand positively into the colored monomial and colored fundamental bases. Additionally,
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we define the colored immaculate descent graph and use it to give an expansion of the colored
fundamental functions into the colored dual immaculate functions. Note that the remaining content
of this chapter also appears in our paper [25].

In [63], Mason and Searles study a lift of the dual immaculate functions to the full polynomial ring.
Our generalization of the dual immaculate functions is more aligned with the Hopf algebra-related
aspects of the original functions whereas Mason and Searles’ lift relates closely to slide polynomials,
key polynomials, and Demazure atoms. The dual immaculate functions are the stable limit of their

lifts while they are isomorphic to a special case of our lift.

3.3.1 The colored dual immaculate basis of Q)Sym4

Definition 3.3.1. For a sentence J = (wy,...,wg), the colored composition diagram of shape J is

a composition diagram of wf(.J) where the j*® box in row i is colored with the j* color in w;.

Example 3.3.2. The colored composition diagram of shape J = (aba, cb) for a,b,c € A is

Definition 3.3.3. For a sentence I, a colored immaculate tableau (CIT) of shape I is a colored
composition diagram of I filled with positive integers such that the integer entries in each row are
weakly increasing from left to right and the entries in the first column are strictly increasing from

top to bottom.

Definition 3.3.4. The type of a CIT T is a sentence B = (uq,...,u;) that indicates how many
boxes of each color are filled with each integer and in what order those boxes appear. That is, each
word u; in B is defined by starting in the lowest box containing an ¢ and reading the colors of all
boxes containing ¢’s going from left to right, bottom to top. If no box is filled with the number 4,
then u; = 0.

For a CIT T of type B = (u1,...,u;), the monomial zr is defined 7 = Ty, 1Tuy 2+ Tu; 4,

which may also be denoted xp.

Example 3.3.5. The CIT of shape J = (aba, c¢b) and type B = (a,c,(),b,ba) are

a,1|b,5]a, a,1|b,4|a,b

ot

c,2|b4 c,2|b,5

Both are associated with the monomial x4 1%¢ 2% 4%pq,5 and have the flat type B = (a,c,b,ba).

Definition 3.3.6. For a sentence J, the colored dual immaculate function is defined as
&= e
T
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where the sum is taken over all colored immaculate tableaux T' of shape J.

Example 3.3.7. For J = (aba, cb), the colored dual immaculate function is
*
G(Qbmcb) = Zaba,1%ch,2 + Tab,1%cba,2 + Taba,1%c,2Tp3 + - - + 2xa,1x0,2xb,3xba,4 +....

The colored dual immaculate functions map to the dual immaculate functions in QSym under

the uncoloring map v, thus we say the two bases are analogous.

Proposition 3.3.8. Let A be an alphabet of one color, A = {a}, and I be a sentence. Then,
v(67) = &y

Moreover, {&}}1 in QSyma is analogous to {&},}o in QSym.

Proof. If T be a colored immaculate tableau of shape I then let 7" be the immaculate tableau of
shape wf(I) with the same integer entries as 1. Observe that v acts on a monomial 7 by mapping
it to the monomial 27", Thus, v(6}) = 6;"0@( n for all alphabets A and more specifically alphabets A

containing only one color. O

We now introduce further results on colored immaculate tableaux to provide a foundation for

the expansions of the colored dual immaculate functions into other bases of QSym4.

Definition 3.3.9. The flattening of a colored immaculate tableau T is the colored immaculate
tableau T obtained by replacing the smallest entries in 7" with 1’s, the next smallest entries with
2’s, and so on. T is called flat if T = T. The flat type of T is given by the type of T or equivalently
the flattening of type(T'), denoted again by ty/p;(/T ).

Example 3.3.10. The colored immaculate tableaux T below has type (0,0, a,(,bc,b), flat type
(a,be,b), and flattens to 7.

a,3|b,5 a,1|b,2

¢,5|b,6 c,2(b,3

Definition 3.3.11. A standard colored immaculate tableau (SCIT) of size n is a colored immaculate
tableau in which the integers 1 through n each appear exactly once. The standardization of a CIT
T, denoted std(T), is a standard colored immaculate tableau obtained by renumbering the boxes of

T in the order they appear in its type.

Example 3.3.12. A few colored immaculate tableaux of shape J = (ab, cb) together with their

standardizations, which are the only standard colored immaculate tableaux of shape J, are:

a,1]b,2 a,1|b,2 a,11b,3
T = T = T3 =

c,3|b,3 c,2|b,3 c,2|b,2
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a,1]b,2 a,1(b,3 a,1]b,4
Std(Tl) = Std(Tg) = Std(Tg) =

c,3|b4 c,2|b,4 c,2(b,3

Standard colored immaculate tableaux share certain statistics and properties with non-colored
standard immaculate tableaux. The number of SCIT of shape J is the same as the number of
standard immaculate tableaux of shape wf(.J), meaning both are counted by the same hook length
formula from [9]. Additionally, the notions of descent and descent composition for SCIT are the
same as those in Definition 3.1.11, simply disregarding color. However, we define an additional

concept of the colored descent composition.

Definition 3.3.13. Let T be a standard colored immaculate tableau of type B with descent set
Desg(T) = {i1,...,i} for some k € Z~. The colored descent composition of T, denoted cof(T), is
the unique sentence obtained by splitting w(B) after the i;h entry for each j € [k].

The colored descent composition can also be defined as the sentence obtained by reading through
the colors of the tableau in the order that the boxes are numbered and splitting into a new word
each time the next box is in a strictly lower row. Note that for a SCIT T of type B, the colored
descent composition is the unique sentence for which wf(co$(T')) = cog(T) and w(co§(T)) = w(B).

Example 3.3.14. The standard colored immaculate tableaux of shape (ab, cb), along with their

descent sets and colored descent compositions, are:

a,1]b,2 a,1(b,3 a,1]b,4
Ty = T = Ty =
c,3|b,4 c,2|b,4 c,2(b,3
Dese (T1)={2}, Desg (T1)={1,3}, Desg (T3)={1},
o (T1)=(ab,cb) oS (T2)=(a,cb,b) o (T3)=(a,cbb)

Proposition 3.3.15. Let T and Ty be colored immaculate tableaux of shape J and type B. Then,
Ty = T5 if and only if std(Ty) = std(Tz).

Proof. Tt is trivial that 77 = Tb implies std(T1) = std(T»). Now, let std(Ty) = std(T3) = U, meaning
by definition that the boxes of T} appear in B in the same order as the boxes of T. Each box (i, )

in row 4 and column j in both tableaux is filled with the same integer k and with the k™ color in
w(B), thus T} = T. ]

Proposition 3.3.16. Let U be a standard colored immaculate tableaw of shape J. For a weak

sentence B, there exists a colored immaculate tableau T of shape J and type B that standardizes to
U if and only if B < coS(U).

Proof. (=) Let T be a colored immaculate tableau of shape J and type B such that std(T) = U.
Both B and CO%(U ) are defined by the order that boxes appear in the type of T, thus they have the

same maximum words w(B) = w(co$ (U)). Note that this also means the i*" letter in B and the i*"
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letter in co§(U) correspond to the same box in J. Recall that cof(U) splits only after descents, and

suppose that co§ (U) splits after the i*! letter. Then the (i + 1) letter is on a strictly lower row.
Given that these entries correspond exactly to the i*" and (i + 1)*™ letter in B, this tells us that B
must also split since the following entry is on a lower row. Thus B also splits after every descent
which implies that B < coS(U).

(<) Let B = (v1,...,v;) = co§(U) and let v; be the ni" word in B. We create a colored
immaculate tableau T' of shape J and type B that standardizes to U by filling the boxes of T in the
order they are numbered in U. The first |v1| boxes are labeled with n4’s, the next |vs| boxes are
labeled with ny’s, and continue this process until the last |v;| boxes are labeled with n;’s. Since
B =< co§(U), each time there is a descent in U the number being filled in must increase. This
maintains the order of the boxes in the type from U, meaning 7" standardizes to U. This filling also
maintains the strictly increasing condition on the first column and the weakly increasing condition
on each row by construction. Therefore, T' is a colored immaculate tableau of shape J and type B
with std(T) =U. O

The colored dual immaculate functions have positive expansions into the colored monomial
and colored fundamental bases. Their coefficients are determined combinatorially using colored
immaculate tableaux. To see this, we establish the relationship between the colored monomial
quasisymmetric functions and colored immaculate tableaux. Then, we define coefficients counting
colored immaculate tableaux and prove our expansion. Finally, the transition matrix of these

coefficients leads to a proof that the colored dual immaculate functions are indeed a basis.

Proposition 3.3.17. For a sentence B, consider a standard colored immaculate tableauw U where

B = coS(U). Then,
MB = Z'ITv
T

—_—

where the sum runs over all colored immaculate tableaux T' such that std(T) = U and type(T) = B.
Equivalently, given any colored immaculate tableau T such that T = T, the colored monomial

function expands as Myype(r) = Yy TT.

Proof. Consider a standard colored immaculate tableau U and a sentence B = (vy,...,vp) such
that B < co§(U). By definition,

MB = E ﬂ?vhjl ...a:vth.

1< <o <Jn

Each monomial x, j, ...y, j, is equal to 7 where T" is the unique (by Proposition 3.3.15) colored
immaculate tableau such that std(T") = U and its type C' = (uq,...,uy) is the sentence where word
uj, is equal to v; for 1 <4 < h and all other words are empty. This includes a tableau T for every
sentence C such that C' = B. Thus, the above sum is equivalent to summing x7 over all CIT T
with type C such that std(T) = U and C = B. O
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Example 3.3.18. The CIT of shape J = (ab, cb) and type B = (a, cb,b) are

a,11b6,3 a,1]b,2
T, = T =

c,2|b,2 c,2|b,3

The tableaux 77 and Ty have the same shape and type, but different standardizations (see
Example 3.3.14). Now, consider all tableaux with types that flatten to B and standardizations equal
to std(T):

a,1(b,3 a,1|b,4 a,1|b,4 a,2|b,5 a,5|b,9

c,2|b,2 c,2(b,2 c,3(b,3 c,4|b,4 ¢, 70,7

A single monomial function M, 4 5) can be associated with this set of tableaux. The tableaux of
flat type B that standardize to T5 are also represented by a function M4 ¢ p). Thus, when finding

the overall monomial expansion for 62‘ the tableaux of flat type (a, cb, b) contribute to the sum

ab,cb)’
as the term 2M 4 o p)-

Definition 3.3.19. For a sentence J and weak sentence B, define the colored immaculate Kostka

coefficient R p as the number of colored immaculate tableaux of shape J and type B.
Proposition 3.3.20. Let J = (w1, ..., wy) and C = (u1,...,uy) be sentences. Then, Rjc = R, .

Proof. Suppose C = (vi,...,vy) where u;;, =1, ..., u;, = vy, for some iy < ... < iy, with all other
u;j = (). We define a map from the colored immaculate tableaux of shape J and type C to the colored
immaculate tableaux of shape J and type C. Given a colored immaculate tableau T' of shape J and
type C, replace each 1 with 4, 2 with 4o, ..., and h with 4. This produces a tableau T” of shape J
and type C. The inverse map takes a tableau T of shape J and type C' and changes each i1 to 1, io
to 2, ..., and i to h, which yields the initial tableau T" of shape J and type C. This is a bijection,
meaning Rjc = ﬁj,é. ]

Example 3.3.21. Let J = (ab,cb) and B = (0,a,0,cb,b). Then, 8;p = 2 because the colored

immaculate tableaux of shape J and type B are:

2,a(5,b 2,a(4,b

4,c|4,b 4,c|5,b

Notice that & ; 5 = 2 as well, since the colored immaculate tableaux of shape J and type B are:

1,a|3,b l,a|2,b

2,¢|2,b 2,c(3,b
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Theorem 3.3.22. For a sentence J, the colored dual immaculate function &% expands positively

into the colored monomial basis as

&Y = Z RyBMBE,
B

where the sum is taken over all sentences B such that |B| = |J|.

Proof. Let By,...,B; be all possible flat types of colored immaculate tableaux of shape J. Then
arrange the sum &% = Y, xp into parts based on the flat types of the tableaux 7" as

63: Z rr+ ...+ Z TT.

—_— —_—

type(T)=B1 type(T)=DB;

Consider the sum of zp over T such that type(T) = B;. By Proposition 3.3.20, for any C' such that
C = B we have & J.B; = Rjc. By definition, for any flat sentence B,

Mp = Z To.
C=B

Thus, we can write

Y ar= Y Ryezc=Rp | Y zc|=R15Ms,.
> C=B;

ty;;(/T):Bi C=B;

Therefore the overall sum becomes

&) =Ry, Mp, +...+ Ry, Mp, = ) Rs5Mp,
B

where the sum runs over all flat types B of the colored immaculate tableaux of shape .J. For all
other B such that |B| = |J|, we have 8; 5 = 0 and we can extend this sum to be over all sentences
B such that |B| = |J|. O

Theorem 3.3.23. The set of colored dual immaculate functions forms a basis for QSym 4.

Proof. Let A be an alphabet with a total ordering, and consider the transition matrix K from {&7};
to {Mr}r. By Theorem 3.3.22, the entry of K in row J and column C is &;¢c. We want to prove
that IC is upper unitriangular and thus invertible when the rows and columns are ordered first
by the reverse lexicographic order of compositions applied to word lengths, then by lexicographic
order on words. For example, row (ajasas,aqas) would come before row (ajas, as,asas) because
(3,2) 240 (2,1,2), and, given a1 < ay < ... < as, row (ajagag,ajas) would come before row
(a1a2a3, asas) because (3,2) = (3,2) and (a1az2a2) =y (araz2a3),

Let J = (wy,...,wg) and C = (v1,...,v,) be sentences with |J| = |C|. We claim that if
wl(J) =p wl(C) and Rjc # 0 then J = C. Assume there exists a tableau 7" of shape J and type
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C with wl(J) =, wl(C) and wi(J) # wi(C). Then |wi| < |v1]. Observe that the first row of the
tableau has |w;| boxes and so if |wi| < |v1], there would have to be a 1 placed in a box somewhere
below row 1. This is impossible by the conditions on colored immaculate tableaux so |w;| = |v]
and every box in row 1 is filled with 1’s. Next, |ws| < |v2| and so the second row must start with
a 2 for any 2’s to exist in 7. This implies that the first entry in each subsequent row is greater
than 2 meaning that no other row can contain 2’s. If every 2 is in the second row then and the
number of 2’s is at least wy, then |wa| = |v2|. Continuing this reasoning, |w;| = |v;| for 1 < i < k.
Thus, wi(J) = wl(C). Further, by this method we have filled the first row with 1’s, the second row
with 2’s, the i*" row with i’s, etc. to construct a colored immaculate tableau such that w; = v;
for all 4. Therefore, J = C. By construction, this is the only tableau of shape J and type J so
K77 = 1. To summarize, we have shown that 8;c = 0 when wi(J) =; wl(C) unless J = C, in which
case the entry of the matrix lies on the diagonal and £;; = 1. Thus, we have proved K is upper

unitriangular. 0

To expand the colored dual immaculate functions into the colored fundamental basis we first define
coeflicients counting SCIT. Relating these to our earlier coefficients counting colored immaculate
tableaux, we reformulate our expansion in Theorem 3.3.22 to an expansion in terms of the colored

fundamental basis.

Definition 3.3.24. For sentences J and C, define £ ¢ as the number of standard colored immaculate

tableaux of shape J that have colored descent composition C.

Example 3.3.25. Let J = (ab, cb,b) and C = (a, cb, bb). The standard colored immaculate tableaux

of shape J with colored descent composition C' are

a, 16,3 a,1|b,5
U, = U; =

c,2|b,5 c,2|b,3

b,4 b,4

Thus, £(ap,cb,b),(a,ch,pb) = 2-

Proposition 3.3.26. For sentences J and B,

RiB = Z L.
C-B

Proof. Recall that £;p is the number of colored immaculate tableaux of shape J and type B and
£ is the number of standard colored immaculate tableaux of shape J and descent composition
C. For this proof, let 7 be the set of all colored immaculate tableaux of shape J and type B, and
let U be the set of standard colored immaculate tableaux U of shape J and descent composition
C with C > B. We need to show that the map std : T — U, where std is the standardization
map from Definition 3.3.11, is a bijection on these sets. By Proposition 3.3.15, colored immaculate

tableaux with the same shape and type must have different standardizations or they would be the
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same tableau, thus our map is injective. By Proposition 3.3.16, the map is surjective. Thus, std is a

bijection and we have shown that 8,5 = EC&B Lic. ]

Theorem 3.3.27. For a sentence J, the colored dual immaculate function &% expands positively

into the fundamental basis as

&5 =Y Licke,
C
where the sum runs over sentences C such that |C| = |J|.
Proof. Let J be a sentence. Observe that applying the Mobius inversion to Proposition 3.3.26 yields

L0 = Z (_1)5(0)—5(3)@]73.
C<B

Then, by Theorem 3.3.22 and Equation (2.14),

&) = ZﬁJBMB = ZﬁJB CX:B (—)HA B Fy
<

_Z S ()R, g | Fo=) " &0 O

C=B C

This expansion can be written as a sum over all standard colored immaculate tableaux of a certain

shape instead of using coeflicients to count tableaux based on their colored descent compositions.

Corollary 3.3.28. For a sentence J,
&) = Z co§(U)?

where the sum runs over all standard colored immaculate tableaux U of shape J.

Next, we define the colored immaculate descent graph to directly determine the expansion of
the colored fundamental functions into the colored dual immaculate basis. Additionally, our result
specializes to a new combinatorial expansion of the fundamental quasisymmetric functions into the

dual immaculate functions.

Definition 3.3.29. Define the colored immaculate descent graph, denoted ®';, as an edge-weighted
directed simple graph such that the vertex set is the set of sentences in A of size n, and there is a
directed edge from I to J if there exists a standard colored immaculate tableau of shape I with
colored descent composition J. The edge from I to J is weighted with the coefficient £; ; from
Definition 3.3.24. For a path P in @, let prod(P) denote the product of the edge-weights in P and
let prod()) = 1. We define the length of a path P as its number of vertices, ¢(P).

Example 3.3.30. In Figure 1 we illustrate the subgraph of @?a b} with top vertex (ab, cbb). In this
subgraph, all edges are weighted 1 because £7 ; =1 for each I and J (and thus prod(P) =1 for all
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paths) but, for example, the edge from (ab, cb,b) to (a, cb, bb) would be 2 since L4, b b)(a,ch,pb) = 2
as in Example 3.3.25.

alb
c|[b]b]
ah
[a] [a]
<[ b[D] ! <[ b[b]b]
D \1
. [a]
c|b
b[b
L \\1_
a
[a] / ¢ ]|
¢ b|b]
b[b]b] D]
e

z|=]~]=]

b]

Figure 3.2: A subgraph of @?a’b7c}.

The element (ab, cbb) € ’D?a b} has edges going down to elements (a,cbb,b), (a,cb,bb), and
(a, cbbb) because these sentences represent possible descent compositions (with the exception of

(ab, cbb) itself) of colored standard immaculate tableaux of shape (ab, cbb) as shown below.

a,1]b,4 a,1(b,3 a,1b,5 a,1]b,2
26,365 e.2|b,4|b,5 ¢.2|b,3]b,4 ¢,3]b,4]b,5
(a, cbb,b) (a,cb, bb) (a, cbbd) (ab, cbb)

We say a sentence K is reachable from a sentence I if there is a directed path from I to K. This

includes the empty path, meaning that I is reachable from itself.

Theorem 3.3.31. For a sentence I of size n, the colored fundamental functions expand into the

colored dual immaculate basis as

Fr = ZSI_}(G}( with coefficients 21_}( = Z(—l)ap)_lprod(?),
K P
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where the sums run over all sentences K reachable from I in D'y and directed paths P from I to K

in D', respectively.

Proof. We proceed by induction on the length of the longest path starting at I in ©}, denoted here
with k. If k = 1, there are no elements reachable from I so F; = &7 which agrees with Theorem
3.3.27. Now for some positive integer k, assume the statement is true for any path of length < k.

Consider a sentence I where the length of the longest path starting at I is k+ 1. By Theorem 3.3.27,

Fr=67->Y &r,Fy,
J

where the sum runs over all sentences J # I such that |J| = |I|. We only need to consider, however,
sentences J that are descent compositions of a SCIT of shape I because otherwise £ ; = 0. Since
there is an edge from I to each of these J’s, the length of the longest path starting at any J is at
most k. Thus, by induction,

Fr=67-> £ £,x6%,
J K

for all sentences K reachable from J and S}}( = 27,(—1)6(73)_12;(17;(2 Lk, , k; for paths
P={K=K;+ Kj_1 4 ...+ Ky =J} from K to J. Note that

_ ZQI’J Zg;}( — Z(_1)£(P)_1£I,J2K1,K2'SK2,K3 LR K, = 21—}0
J K P

where the sum runs over all paths P = {K = K; < ...+ K; = J < I} from K to I. Then,
Fi- Y ke
K

summing over all sentences K reachable from I. O

Example 3.3.32. The subgraph in Figure 1 yields the following expansion of Fi cpp):

F(ab,cbb) = Gz(ab,cbb) B 62<a,cbb,b) + 6>{a,c,bbb) B 65)(ka,cbbb)‘

Similarly, the (non-colored) immaculate descent graph ©®" can be defined as the graph with a
vertex set of compositions of size n where there is an edge from « to g if there exists a standard
immaculate tableau of shape a with descent composition 8. The edge from « to 8 will be weighted

with coefficient £, g. This leads to an analogous result that follows from the proof above.

Corollary 3.3.33. For a composition o |=n, the fundamental quasisymmetric functions expand

into the dual immaculate functions as

F, = Z 2;71[362 with coefficients 2;16 = Z(—l)e(mflprod(?),
B8 P
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where the sums runs over all 8 reachable from o in ®™ and over paths P going from « to B in D".

3.3.2 The colored immaculate functions in NSym,

A colored generalization of the immaculate basis can be defined by first introducing a colored
version of noncommutative Bernstein creation operators. Various properties of these operators and
extensions of our earlier results via duality lead to results on the colored immaculate functions.
These notably include a right Pieri rule and an expansion of the colored immaculate functions
into the colored ribbon functions. As a corollary, we provide a new combinatorial model for the
expansion of an immaculate function into the ribbon basis. It remains an open problem to find a
cancellation-free expansion of the immaculate functions into the ribbon functions, but our formula
does provide a straightforward and explicit way to compute the entries in the transition matrix
between the immaculate and ribbon bases. Applying the forgetful map to our expression also yields
a new expansion of Schur functions into the ribbon Schur functions.

The process for constructing our generalization of the noncommutative Bernstein operators
mirrors that done in [9] with some adjustments to account for the use of sentences in place of

compositions.

Definition 3.3.34. For M € QSymy, define the action of the linear perp operator M~ on
H € NSymy as (M*+H,G) = (H,MG) for all G € QSym4. We define the action of the linear
right-perp operator M+ on H € NSym, as (M*H,G) = (H,GM) for all G € QSym 4. Thus, for
dual bases {Ar}r of QSymy and {Br}r of NSym,, we have

M*(H)=> (HMA[)B; and M*(H)=>» (H,A/M)B;.
I I

These operators are dual to the left and right multiplication by M in QSym 4. Note that the

analogues to these operators in Q.Sym are equivalent due to commutativity.

Proposition 3.3.35. For sentences I = (wy,...,wg) and J = (vi,...,vp),

Mf(Hy) = ) Hi—,
K

where the sum runs over all sentences K such that K = I and K Cg J. Moreover, each J/rK
appearing in this sum is equivalent to the shape of a colored composition diagram originally of shape
J with boxes corresponding to each word in I uniquely removed from its righthand side such that

each word w; is removed from a single row strictly lower than the row from which w;i1 is removed.

Proof. Let I = (wq,...,wg) and J = (v1,...,v). We have that

My (Hy) = (Hy, MMp)Hp = Z HJ,ZMR =" (Hj,Mg)Hy,

L L R
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where the sums run over all sentences L of size |J| —|I| and each summand R in L LQu 1, respectively.
Note that each sentence R may occur multiple times in L LIQJ I and we account for the multiplicity
in the summations. The sum ) ,(Hj, MRg) is equal to the number of times that J appears as a
summand in L u% I. Recall that in L L% I, each summand is a sentence made up of words from L,
words from I, and concatenated pairs of words from L and I (in that order) where all words from L

and all words from [ are present and in the same relative order, respectively. For each time J is

a summand in L LQu I there exists a unique weak sentence K% such that Kt=1IandJ /rRK% = L.

Further, the set of all K% obtained for .J in L u% I considered across every possible L is simply the

set of weak sentences K such that K = I and K Cgr J, and so we can rewrite

+ _ _
Mf(Hy) =Y Hp= Hy—
AN K

where the sums run over all sentences L of size |.J| — |I|, all weak sentences K% such that Ki=1
and J/pK% = L, and all weak sentences K such that K=1TIand K Cp J, respectively.

Visualizing sentences as colored composition diagrams, we see that each weak sentence K can be

viewed as a unique set of boxes being removed from the right-hand side of the colored composition

diagram of J where the first word in K (including empty words) is removed from the first row of J

and so on. Thus, the set of indices J/rK of H in the sum can also be viewed as the set of colored
composition diagrams resulting from all possible ways of removing boxes corresponding to I from a
colored composition diagram of shape J then moving rows up to fill empty rows, where each w; in I

is removed from a single row strictly lower than the single row from which w;1 in I is removed. [J

Example 3.3.36. In this example we show the action of M ciab on colored diagrams:

M(ic,a,b) (H(ac,bc,ab,cab)) = H(a,bc,cab) + H(a,bc,ab,c) + H(ac,b,cab) + H(ac,b,ab,c)‘

ale ale alc alc
b b b b
a a a a
clalb clalb clalb clalb

Next, we prove various properties of the M+ operator that will be key in constructing creation

operators for the colored immaculate basis.

Lemma 3.3.37. Let J, K be sentences, A € QSym 4 and G, H € NSym,. Then,
(G ® H,A(AD)(M; ® Mg)) = (M7(G) ® Mg (H), A(A7)).

Proof. Let a,b € NSym,4 and c,d € QSym 4. The inner product on NSym, x QSym4 extends to
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NSym, @ NSymy x QSyma ® QSym 4 as
(,) : NSymy @ NSymy x QSymag @ QSyma — Q where (a®b,c® d) — (a,c)(b,d)

In Sweedler notation, A(A7) = 3, AV @ Ay Thus, we write

(G H,A(A)(M; ® Mk)) = <G ®H,> AYM; @ A(z‘)MK> => (G®H,ADM; @ A; M)
= Z G, A M;)(H, Ay M)
= Z (MF( )\ (Mj:(H), Agy) by Definition 3.3.34

=Z_<Mf< ) @ M(H), AV © Ag)

=<MJ( ® Mi(H Z/ﬂ ® A >
= (M5 (G) ® Mg (H), A(Ar)).

Proposition 3.3.38. For a sentence Q = (q1,...,q) and G,H € NSym,,

+
MQ (GH) Z M‘]l» 45) M(qj+1:-~~7q7,')(H).
0<5<e

In particular, for a word w,

Mg(GH,) = Mg(G)H, + Mg,

q1y--59i—1

)(G)Mi(Hw)-

Proof. Let {Ar}r and {Br}; be dual bases of QSym4 and NSym, respectively, and let @ =
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(q1,--.,4¢i). Then,

ME(GH) =Y (GH,A;Mq)B; by Definition 3.3.34

I

= (G® H,A(AMq))B; = > (G® H,A(A;)A(Mg))B; by Definition 2.2.6
I I

=> Y (GoH,A(A[)(M;® Mg))Br by Equation (2.13)
I Q=J-K

=> Y (M5(G)® Mj(H),A(A))Br by Lemma 3.3.37
I Q=JK

=Y > (Mj(G)Mg(H),A;)B; by Definition 2.2.6
I Q=JK

=> (Y MF(G)ME(H),A)Br= > MF(G)Mg(H) by Definition 3.3.34
I Q=J-K Q=J-K

-----

_ + +
- Z M(Q17---7Qj)(G)M(q]'+1 qz')(H)'
=0

In the case of H = H,,, the term M(q - q_)(Hw) is 0 whenever ¢ — (j + 1) > 0 because boxes
corresponding to (gj,...,q;) must each be removed from separate rows but w has only one row.

Thus, the equation simplifies as

M(GHy) = Mg(G)Hy + My, (G) M (H.y). O

Definition 3.3.39. For a word v, the colored noncommutative Bernstein operator B, is defined as
B Y (0 | Y.
v w(Q)=u Q=S

where the sums run over all words u, all sentences @ = (qi, ..., ¢;) such that ¢; - ... g1 = u, and all

sentences S that are coarsenings of Q).

Notice that, by the definition of M*, the only values of u that could yield a nonzero summand
in B, (Hy) for a sentence I are those for which there is some permutation of the letters in u that

yields a subword of w([). Thus, this sum always has a finite number of terms.

Definition 3.3.40. For a sentence J = (v1,...,vy), define the colored immaculate function &y as
Sy =B, B, ...By, (1).

Example 3.3.41. The colored immaculate functions &4.p) and &gy qef) are obtained using

creation operators as follows:
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Ser) =Baer() =D > (=D Hgepy | Y Mz(1) | = (=1)°Higepy M (1) = Hgeyy.

u w(QT)=u Q=S
G(abc,def) = IBgabc(GB(defﬂ abc def) Z Z abcu Z MS def
Uu w QT' —u Q<S

= (=1)" Habey Mg (H(ageg)) + (1) Hiavery M5y (H(ges)) + (=1) H(apee ) Mg 5y (H de )
+(_1)2H(abcfe)M(if)(H(def)) ( ) H(abcdef)M( )(H(def)) ( 1)2H(abcefd)M(idef)(H(def))
+ (=1)*Havesae) Mige ) (Hiaes)) + (—=1)° Hiavefedy Mge py (H de))

= H(abc,def) - H(abcf,de) - H(abcef,d) + H(abcfe,d) - H(abcdef) + H(abcefd) + H(abcfde) - H(abcfed)-

To get the term H(,pcfe q), for example, we look at u = fe. The possible values of @) for this u are
Q@ = (fe) and @ = (e, f), meaning the possible S values are S = (fe), S = (e, f), and S = (ef).
Observe that M(ife)(H(def)) and M(i f)(H(def)) are both zero because S is not right-contained in
def. Thus, the only remaining term for these values is S = (ef) for which M(if)( Hgepy) = H gy
Thus the term of the sum given by u = fe, Q@ = (e, f), and S = ef is (—1 )QH(abcfe’d), which is also

the only term for u = fe. Many values of u will yield entirely zero terms.

Before proving that this basis is indeed analogous to the immaculate functions in NSym, we must
prove that it is dual to the colored dual immaculate basis. The following property of the colored
noncommutative Bernstein operators leads to a right Pieri rule, which illuminates the structure of

the colored immaculate functions to this end.

Proposition 3.3.42. Let w =a;...a; and f,H € NSym, then

Bv(f)H’w = Z B(v-(a]-_,_lmak))(fH(a1--~a]-))'

0<j<k

Proof. Given a sentence Q = (q1,...,q), we write Q% = (q1,...,¢i_1). Let f € NSym, and let v

and w = ay ...ax be words. Then,

=> Z 1)'Hyo | > ME(fHy) | by Definition 3.3.39
U w(Qm)= QR3S
=> > (—D'Hyu | > [M5(f)Huw + ME(f)M;(Hy)] | by Proposition 3.3.38
u w(QT)=u Q=S
Hy + Z Z Hy., Z Mg, (f)M;:(H,) | by factoring.
u w(Qr)=u Q=S
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We want to consider the cases in which M, sf(Hw) is non-zero. This only happens whenever s; Cp w
because in our combinatorial interpretation, we visualize M Sf as removing s; from the righthand
side of w = ay - - ay to get H,,. 4,) for some h < k. Note that because () < S and ¢; and s; are the
final words in @ and S respectively, ¢; Cg s;. It follows that ¢; Cr w and thus ¢; = aj41---a; for
a non-negative integer j < k. Recalling that u = ¢; - - - q1, let u! = ¢;_1 - - - q1 so that we can write

U= aji1- Q) - uf. Rewriting the last equation in terms of u? and Q" yields

Bv(wa> v Hy + Z ZZ v (@jt1--ag)-ul) Z M§b(f)Mi(H(a1aj))

0<j<k uh (Q%(aj41-ak))=S

Next, the sum can be split into two parts by separating out the cases where ¢; = s; and those where
¢ # s¢. If ¢; = s for ¢; = aj41-- - ay then Mi(Hw) = M(ijﬂmak)(Hw) = H4y..ay)- Otherwise, there
must exist a non-negative integer ¢ < ¢ — 1 such that sy = ¢,11--- ¢;—1¢;- We can rearrange the part

of the sum by substituting s; with ¢,4+1 - - - ¢; and summing over the possible ¢. Then,

By(fHy) = Z ZZ (U(ag+1 -ar) U“)[ Z a1---a]~)]

0<j<k uf Qu=st

+ i=
Z Z Msh (f)M(qL+1. 'qi—l'((lj+1"'(lk))(Hw)]

0<e<i=1 (Q177QL)jsh

Using the visualization of M+, observe that Mé e (aj+1..-ak))(Hw) = Méb+1~--qi_1)<H(a1“'aa')) SO

(fH ) Z ZZ H(v(aj+1...ak)uh)[ Z Mﬁh(f)H(al...aj)]

0<j<k uh Qi=St

+ *
NS M)
0=<t<i—1(q,...,q.) 25"
Next, rename every S% to R = (rq,...,7,) in the first section of the sum. In the second section,
rename S? to R = (riy...,r7—1) and let ¢, 41 - qi—1 = 7.

(fH ) Z ZZ H(v(aj+1...ak)uh)[ Z M}%(f)H(al...aj)]

0<j<k bt Q=R

4y 0% M§h<f>Mi<H<m...aj>>]

0<i<i—1 (q177qL)th
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In the second part of the sum, notice that considering R? - r, where R! = (q1,...,q,) and
Fr = Q1 qi—1 for 1 <1 <i—1 is equivalent to considering R - r, = R > (q1,...,qi—1) = Q"
Then,

Bo(fHuw) = -, ZZ ) Hiygay . ak>uh>[ > Mi(f)Hay..ap)

0<j<k ut Q<R

z]

Q"=<R

Now in both parts of the sum, we are looking at sentences R such that Q' < R, and combining

them we get

(fH ) Z ZZ Z 1HU aj+1...ak)uh)< Z [Mﬁ(f)H(aynaj)

0<j<k ub Q=R
+ M}izh (f)Mi (H(al---aj))] )

- ZZ ) Hipaser sy Y ME(H(a,..a;)) by Prop 3.3.38

0<j<k uh Q<R
=By(f)Ho— Y _ B(U.(aj+l...ak)( fH(q,..a;)) by Definition 3.3.39. O
0<j<k

Theorem 3.3.43 (Right Pieri Rule). For the sentence J = (v1,...,vy) and the word w = ay ... a;,

G Hy= Y Ok,
JCwK

where J Cyy K = (u1,...,uq) if uj =v;-q; for 1 < j < g such that q3-qg—1-...-q2-q1 =w and
g < h+1 where vy = 0.

For a sentence I and word w, the product &;H,, given by the Pieri rule can be visualized in
terms of the indices of colored immaculate functions in the resulting sum. The indices correspond to

all diagrams obtained by adding colored boxes below or to the right of the diagram of I, such that

when reading the colors of boxes left to right from bottom to top they correspond exactly to w.

Example 3.3.44. The product below can be visualized using the following tableaux:

al|b al|b albl|a al|b al|lb|a abc|a‘
b|c blec|a b|ec bcc|a‘ blcl|ec b|ec
c|a c @

G(Qb,bC)H(Ca) = G(ab,bc,ca) + 6(ab,bca,c) + G(aba,bc,c) + 6(ab,bcca) + 6(aba,bcc) + G(abca,bc)'
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Proof of Theorem 3.3.43. We proceed by induction on |w| + ¢(J). There are two base cases where
lw|+¢(J) = 1.

1. If lw| =1 and ¢(J) = 0, then SyH,, = lewK S =6, = Hy.
2. Iff(J) =1 and |w[ = 0 then GJH@ = ZJC@KGK =6jy.

Next, assume the statement is true when |w|+£(.J) < k and let J = (vo, ..., vp,). Let |w|+£4(J) = k+1.

SyHy =B, (67)Hy = Z Bv-a;41...a1) (GJHaL_,aj) by Def 3.3.40 and Prop 3.3.42,

0<j<i
= Z B)vlujﬂ).._ai Z Sa by induction,
Osj<i JCay...a;G
= Z Z 6(v1aj+1...a¢)-G = Z Sk. O
0=5<i \ JCay...o;G JCwK

The expansion of the colored complete homogeneous functions into the colored immaculate

functions follows from repeated application of the right Pieri rule.

Theorem 3.3.45. For a sentence C, the colored complete homogeneous function expands positively

into the colored immaculate basis as

Ho =Y 06,
J

where the sum runs over sentences J such that |J| = |C].

Proof. Let C = (t1,...,t) and C% = (t1,...,t;_1). First we claim that 8¢ = ZGCthRG,Ch where
the sum runs over sentences G such that G C;, J. For any colored immaculate tableau of shape
J and type C, we can remove the boxes of T filled with the number k, all of which will be on the
right-hand side of T, to obtain a colored immaculate tableau of shape G with type C%. Thus the
sum of Ra,cn for all the G Cy, J gives K. With this fact, we proceed by induction on the length
of C.

Ho = Heo Hy, = (Z ﬁGVC@G) H;, by induction
G

= ZﬁgychGGHtk = ZRG,C“ Z &, by Theorem 3.3.43
G G GCypJ

= Z Z Koo | 65 by rearranging the sums
J GCth

= ZﬁJ,CGJa
7
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where the final two sums run over all sentences J such that there exists a colored immaculate
tableau of shape J and type C' If there is no such CIT of shape J and type C then £;¢c = 0, and it

is equivalent to taking this sum over all sentences J such that |J| = |C]. O

Note that this unique expansion satisfies Proposition 2.2.7 and in fact verifies the duality of the

colored immaculate and colored dual immaculate bases.
Corollary 3.3.46. The colored immaculate basis is dual to the colored dual immaculate basis.

With this duality verified, we can prove that the colored immaculate functions are analogous to
the original noncommutative Bernstein operators because they are isomorphic under v in the case

of a unary alphabet A.
Proposition 3.3.47. Let G € NSym, and F € QSyma. If A = {a}, then (G,F) = (v(G),v(F)).

Proof. Let A= {a},andlet G =) ;cyjH; and F =), byM; where the sums run over all sentences
1, J, respectively. Then,

<G,F> = <ZC]HJ,ZZ)[M[> :Zcﬂ)] <HJ,M[> :Zcﬂ)[.
J I I

1,J

Next, for v(G) € NSym and v(F) € QSym, we have that

(0(G),v(F)) = <Z cqu(Hy), ) bzv(M1)>

7 i
= <Z ciHyo( s Z bIsz(1)> = Z crbr{(Huywe(gys Muwe(r))-
7 I 1,7

The inner product (H(.yy, My (1)) is zero unless wl(I) = wé(J) which happens exactly when
I = J because the alphabet A is made up of only one color. In other words, there is exactly one

sentence I such that wl(I) = « for each composition « in this case. Thus,
(0(G),v(F)) =Y erby = (G, F). O
I

Proposition 3.3.48. Let A = {a}, and let I be a sentence. Then, v(&1) = &y ). Moreover,
{&1}1 in NSymy is analogous to {S4}a in NSym.

Proof. Let A = {a} and let I and J be sentences. By Proposition 3.3.47,
(61,67) = (v(61),v(67))) = (V(61), Gy s))-
Because A is unary, I = J if and only if wl(I) = wf(J) and thus 07 ;j = ue(r),we(s)- As a result,

(61,67) = (Suwur), Suecsy) = (V(61), Sy s));
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for all sentences I and J. Therefore, v(&) = & (1) O

The expansion of the colored ribbon functions into the colored immaculate functions now follows

from the application of Proposition 2.2.7 to Theorem 3.3.27.

Corollary 3.3.49. For a sentence C, the colored ribbon noncommutative symmetric functions

expand positively into the colored immaculate functions as

Rc = Z L5067,
J

where the sum runs over all sentences J such that |J| = |C]|.

This corollary allows us to define the expansion of the colored immaculate function indexed by a

sentence of the form (ay,...,ax) in terms of the {H} basis.
Proposition 3.3.50. For a sentence (ay,...ax),

6(a1,..,,ak) = Z (_1)k7Z(J)HJ‘

(a1,-.,a1)=J

Proof. Let C' = (a,...,a), and notice that £, . 4,) = 0 unless J = (ay,...,a;) in which case
Lay,.an)(a,...ax) = 1. Then by Corollary 3.3.49, we have &4, . a,) = R(q,,....ar)- Then, expanding
Rq,,...ay) into the {H } basis yields the desired formula. O

Applying Proposition 2.2.7 to Theorem 3.3.31 also yields an expansion of the colored immaculate
functions into the colored ribbon basis using the colored immaculate descent graph of Definition
3.3.29.

Corollary 3.3.51. For a sentence J, the colored immaculate functions expand into colored ribbon
functions as
Sy= Z £ R, with coefficients el = Z(—l)ap)_lprod(?),
1 P

where the sums run over all sentences I in D"y and over directed paths P from I to J in .

Example 3.3.52. The colored immaculate function &, ) expands in to the colored ribbon

functions as

G(a,cb,b) = R(a,cb,b) - R(ab,cb) + R(abb,c) - R(ab,c,b)'

The term R(4,¢) has a coefficient of 1 because the only path from (abb, c) to (a, cb,b) is
(abb, c) EN (ab, cb) EN (a,cb,b).

Proposition 2.2.7 can be applied to Corollary 3.3.33 to get a result in NSym analogous to Corollary

3.3.51. It is actually an open question to find a cancellation-free combinatorial way of expanding
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immaculate functions into the ribbon basis. Campbell defines formulas for a few special cases in [19)].
In [5], Allen and Mason give a complete combinatorial description of the expansion of immaculate
functions into the complete homogeneous basis in terms of tunnel hooks, which generalize the special
rim hooks of Egecioglu and Remmel [29]. This becomes a somewhat complicated expansion of any
immaculate function into the ribbon basis, but for certain immaculate functions, the expression
simplifies to a Jacobi-Trudi-Like formula. While our formula is not cancellation-free, it does provide
a concise way to compute the coefficients in the expansion for every case. Additionally, it is relatively
easy to compute a single coefficient without calculating the entire expression or the entire transition

matrix.

Corollary 3.3.53. For a composition = n, the immaculate functions expand into the ribbon

functions as

Sp = Z 2;’}3}2& with coefficients 27}5 Z(—l)Z(P)_lprod(P),
afEn P

where the sums run over all a |=n and directed paths P from « to 8 in D", respectively.

Applying the forgetful map x to Corollary 3.3.53 produces a new expansion of the Schur functions
into ribbon Schur functions. The question of expressing Schur functions in terms of ribbon Schur
functions was notably studied by Lascoux and Pragacz in [50] as well as Hamel and Goulden in [40].
One advantage of this expression compared to the matrix determinant expressions of Lascoux and
Pragacz or Hamel and Goulden is that we can compute single coefficients without computing the

entire expansion.

Corollary 3.3.54. For a partition A+ n, a Schur function can be decomposed into ribbon Schur
functions as
Sy = Z L;}/\T‘a with L;}/\ = Z(—l)e(P)_lprod(P),
aEn P

where the sums run over compositions a and over directed paths P from « to X in D".

While the colored immaculate functions mirror many of the properties of the immaculate
functions, the Jacobi-Trudi formula does not generalize naturally. This is in part due to the
challenges of a deletion operation on words which would be needed to generalize integer subtraction.

Future work may investigate such a formula.

3.3.3 The colored immaculate poset and skew colored immaculate tableaux

Colored composition diagrams admit a natural partial ordering similar to that of Young’s lattice
and the immaculate poset. The elements of this poset can be thought of as sentences or colored
composition diagrams, which gives a more visual representation. This poset has a combinatorial
relationship with standard colored immaculate tableaux and leads to a natural definition of skew

colored immaculate tableaux which in turn leads to the skew colored dual immaculate functions.
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Additionally, the right Pieri rule on colored immaculate functions connects this poset and these
skew functions to the structure constants of the colored immaculate functions as it does in the

non-colored case.

Definition 3.3.55. The colored immaculate poset ‘Ii% is the set of all sentences on A with the
partial order defined by the cover relation that I covers J if J C, I for some a € A.

This cover relation means that I covers J if I differs from J by the addition of a box colored
with a placed on the right side of, or below, J. In this case, arrows from J to I in the Hasse diagram

of 8§ are labeled with (m,a) where m is the number of the row to which a is added in .J.

Figure 3.3: A portion of the colored immaculate poset PG on the alphabet A = {a,b}.

The maximal chains on ‘Bg from () to I are equivalent to the standard colored immaculate

tableaux of shape I. The maximal chain C = {) = Jy (ma,a1) Jy (ma02), .. (mion) Jy =1}

is associated with the standard colored immaculate tableau of shape I whose boxes are filled
with the integers 1 through n in the order they appear in the path. That is, the box added from

Jj (m+1,8541) Jj+1, which is added to row m;41 and colored with a1, is filled with j 4 1.

Example 3.3.56. The maximal chain

2,d)

0= (9 1, [g) | (1b)

la,d] 22 1a, de] X (ab, de] 2T [ab, def] = [abe, def])

is associated with the following tableaux:
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a,1|b,4|c,6

d,2|e,3|f,5

Maximal chains starting from a non-empty sentence J going to I lead to a natural definition of

skew standard colored immaculate tableaux.

Definition 3.3.57. For sentences I and J = (v1,...,vp) with J Cp, I, the colored skew shape I/J
is the colored composition diagram of I where, for 1 <4 < h, the first |v;| boxes of the i row are
inactive. The inactive boxes are shaded gray to indicate that they have in a sense been “removed”,

however the colors filling them are still relevant.

Definition 3.3.58. For sentences I and J with J Cp, I, a skew colored immaculate tableau of shape
I/J is a colored skew shape I/J filled with integers such that the sequence of integer entries in the
first column is strictly increasing from top to bottom and the sequence of integer entries in each row
is weakly increasing from left to right. Here the inactive boxes of I/J are not filled, and we consider

the first column of a colored skew shape I/.J to be the one corresponding to the first column of I.

(ma,a1) (m2,a2) — (my,ak)

The maximal chain C = {J = Jy J1 Jr = I} is associated with the

skew standard colored immaculate tableau of shape I/J whose boxes are filled with the integers

1,...,k in the order they appear in the path.

Example 3.3.59. The maximal chain C = {[a, de] =2 [ab, de] 22 [ab, def] LD [abe, def]} is

associated with the following skew colored immaculate tableau:

a |b1l]c3

d| e |f2

Definition 3.3.60. For sentences I,.J such that J Cy, I, define the skew colored dual immaculate

function as

= (6, Hk, &67) Mg,
K

where the sum runs over all sentences K such that |I| — |J| = |K]|.

Proposition 3.3.61. The coefficient (& jH, &) is equal to the number of skew colored immaculate
tableauzx of shape I/J with type K.

Proof. Let K = (u1,...,uy) be a sentence. Notice that & ;Hy = (((&7Hy, )Hy,) - - Hy,) and by
Theorem 3.3.43, we have
GJHK = Z 6L7

JCuy J1Cugdg—1Cug L
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for some sentences Ji, ... Jy—1. Thus,

(& Hk, &) = < > 6L,6§> = > (&1, 67)
L

JCuy J1Cug---Jg—1Cuyq JCuy J1Cug---Jg—1Cug L

for some sentences Ji,...,Jy_1. Therefore, for Jy,...,Jy_1, this inner product is equivalent to
the number of times that the sentence I appears when summing over all sentences L such that
J Cuy J1 Cuy .- Jg-1 Cu, L. Each occurrence of I can be associated with a unique sequence
of sentences (J, J1,...,Jy—1) that appear in the sum, and each sequence can be associated with
a unique skew colored immaculate tableau of shape I/J and type K. Starting with the colored
skew shape I/J, first fill the boxes corresponding to those in J;/J with 1’s. Then fill the boxes
corresponding to Jo/J; with 2’s and continue repeating this process until the remaining boxes
in I/Jy 1 are filled with (g — 1)’s. Note that because J Cy; J1 Cuy ... Jg—1 Cu, I, the colors
of the boxes filled with each number j, read from left to right and bottom to top, correspond
exactly to the word wu;. Through this construction, each sequence J, Ji, ..., Jy_1 corresponds to a
unique skew colored immaculate tableau of shape I/J and type K. Additionally, each skew CIT
T of shape I/J and type K can be associated with a unique sequence J, Ji,...,Jys_1 such that
J Cuy J1 Cuy -+ Jg—1 Cu, I by taking T" and removing all boxes filled with integers greater than j,
for each 1 < j < g, to get a colored tableau of shape J;. Therefore, (& ;Hf, &%) counts the number
of skew CIT with shape I/J and type K. O

The use of the perp operator allows for the expansions of the skew colored dual immaculate
functions into the colored fundamental basis and the colored dual immaculate basis with inner

product coefficients.
Proposition 3.3.62. For an interval [J, 1] in PG,

7= (8RK, 67)Fx =Y (6,6k,67)6%,
K K

where the sums run over all sentences K such that |I| —|J| = |K|. The coefficients (& ;6 k,&F) are

equal to the structure coefficients Ci x for colored immaculate multiplication,

6,6k =) Cix6i=>) (6,6k,67)6,
I 1

where the sums run over all sentences I.

Proof. Observe that by Definition 3.3.34,

&= (6,Hk, &) Mg = 65(67) =Y (6,Rk, &) Fx =Y (6,6k,67)6%. O
K K K

The skew colored dual immaculate functions can also be defined explicitly in terms of skew

colored immaculate tableaux following Definition 3.3.60.
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Proposition 3.3.63. Let I = (wi,...,wy) and J = (v1,...,vy) be sentences such that J Cp, I.
Then

&1y =T,
T
where the sum is taken over all skew colored immaculate tableaux of shape I/J.

Proof. By Definition 3.3.60, 67/J =Y x(6,Hk,87) Mg, where the sum runs over all sentences
K €8§. By Proposition 3.3.61, (& Hy, &%) is equal to the number of skew colored immaculate
tableaux of shape I/J and type K. Thus, following Proposition 3.3.20, (& ;Hk, &) My = > v 7
where the sum runs over all skew CIT 7" of shape I/J and flat type K. Therefore,

iy =2 2 ar =) a1
K T T

where the sums run over sentences K such that |I| —|J| = |K|, skew CIT T” of shape I/J and flat
type K, and all skew CIT T of shape I/J and type T. O

Additionally, comultiplication on the colored dual immaculate basis can be defined in terms of

skew functions following Propositions 2.2.8 and 3.3.62.

Proposition 3.3.64. For a sentence I,
AG]) =) &5 26],,
J

where the sum runs over all sentences J such that J Cyp, I.

Proof. Let J and K be sentences, and observe that 6,6 =) ,(6 6k, &7)S& . By Proposition
2.2.8, this implies

AG]) =) (6,6,67)65 @65 = <6?} ® Y (6,6, 67>6*K>
K

J K J
=Y 656}, by Proposition 3.3.62. O
J

As in the non-colored case, finding general combinatorial formulas for multiplication and the
antipode of the colored dual immaculate functions remains an open problem. As shown in the
example below, the product of two colored dual immaculate functions does not have exclusively

positive structure constants, and their combinatorial description is not yet evident.
6>(kab)€5>(kc) = 6?abc) + €5>(kc,ab) + 6?@0,1)) - >(ka,bc)'

3.3.4 Colored row-strict dual immaculate functions in Q)Sym 4

To generalize the row-strict definitions and results to the colored case, we first define a lift of the

involution ¢ to QSym 4 and NSym 4. Note that we technically define two separate dual involutions
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1, one on QQSym 4 and one on NSymy, but we treat them as a single map on both spaces.

Definition 3.3.65. For a sentence J, define the linear maps ¢ : QSyma — QSymy4 and ¥ :
NSym, — NSym 4 by

Y(Fy) = Fype and  P(Ry) = Rye.
Proposition 3.3.66. The maps ¢ are involutions, and the duality between QSym s and NSymy, is

tmvariant under i, meaning that

(G,F) = (V(G),¥(H)).
Furthermore, the map 1 : NSymy4 — NSymy is an isomorphism.

Proof. To see that 1 is invariant under duality, it suffices to observe that (Ry, Fy) = (Rjye, Fje) =
(¥(R1),%(Fy)). The map 1 is an involution because (¢ (Fr)) = F(re)e = Fr and ¢ (¥(Ryr)) =
R(jeye = Ry and the map extends linearly. Next, we show that ¢ is an isomorphism on NSym,.
For sentences I and J, we have RfR; = Rr.; + RioJ [28] and thus ¢(RrRy) = ¥(Rr.7) + Y (Ricg)-
Observe that (I - J)¢=1°® J¢ and (I ® J)¢ = I¢- J¢. Therefore, (RRy) = Ricpje + Ric.je =
RieRye = y(Rr)w(Ry). O

Note that 1) : QSym 4 — QSym 4 is not an isomorphism because it fails to preserve multiplication.
Now, we prove that ¢ maps the complete homogenous basis to the elementary basis in NSym and

vice versa, which will allow us to apply 1 to both these bases.
Proposition 3.3.67. For a sentence J, w(E;) = Hy.

Proof. First, for a sentence J, we expand E; in terms of the colored ribbon basis as

E; = Z(—l)”"f(K)HK — Z(_l)u\—e(m Z R;| = Z Z (_1)|J|—Z(K) R,

K=J K=J I=K 1 K=J,I

Next, we split the sum into two pieces according to I: one where I > J¢ and the other where I < J¢,

Ey=> | > () R4 S| ST (- Ry

I-Je | K=<J,I I1=Je | K=J,I

In the first case, observe that I = J¢ implies that J = I. Thus, K < J,I becomes K < J. Also
notice that because J is constant we can write (—1)I/l = (=1)/I1=4/)(=1)%/) and factor the first
term out of the sum. In the second case, I < J¢ means that K < I,J becomes K =< J, J¢. The
only way for K to be a refinement of a sentence and its complement is if K is a sentence made up
of only single letters. That is, |K| = ¢(K). Thus the inner sum has only one summand, which is
(—1)PI=UE) = (—1)I/I=IKl = 1. As a result, the equation simplifies as

E; = Z(_l)IJI*Z(J) Z (=)= Ry + Z R;.

I-Je Je<K=TI I=Jje
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By properties of the Mobius function [28], the sum in brackets above is 0 for all K and we have

E;= ) Ry

1=<Je

Therefore, applying v to E; and noticing that I < J¢ if and only if J <X I¢, yields

W(Ej)= Y W(R1)=>_ Rre=>»_ Rpe=H,. O

1=<Je 1=<Je J=XIe

We continue by defining colored row-strict immaculate tableaux. Their combinatorics in relation
to those of the colored immaculate tableaux will allow us to define the colored row-strict dual

immaculate basis and verify its relationship to the colored dual immaculate basis via .

Definition 3.3.68. A colored row-strict immaculate tableau (CRSIT) of shape I is a colored
composition diagram of shape I in which the sequence of integer entries is strictly increasing from
left to right in each row, and weakly increasing top to bottom in the leftmost column. The type of a
colored row-strict immaculate tableau 7" is the sentence C' = (uy,. .., uy) such that for each i € [g]
the word wu; lists the colors of all boxes in T filled with the integer ¢ in the order they appear when
entries in T are read from left to right and top to bottom. A standard colored row-strict immaculate
tableau is a colored row-strict immaculate tableau of size n with the integer entries 1,...,n each
appearing exactly once. To standardize a colored row-strict tableau, replace its integer entries with
the numbers 1,2, ... based on the order they appear in the type, first replacing all entries equal to

1, then 2, etc. just as in the standardization of non-colored row-strict immaculate tableaux.

We also use the same notion of row-strict descents and the row-strict descent set Desyg from
row-strict immaculate tableaux, but define an additional concept of colored row-strict descent

composition.

Definition 3.3.69. The colored row-strict descent composition of a standard colored row-strict
immaculate tableau U, denoted co® (U), is the sentence obtained by reading the colors in each box

in order of their number and splitting into a new word after each row-strict descent.

Example 3.3.70. Below are a few CRSIT of shape (ab, bca) along with their types and standard-

ization, as well as the row-strict descent sets and colored row-strict descent compositions of these

standardizations.
a, 10,2 a, 16,3 a,1|b,4
Tl = T2 = T3 =
b,1|¢c,3|a,4 b,1|¢c,2|a,4 b,2|¢c,3a,3
(ab, b, c,a) (ab, c,b,a) (a,b,be,a)
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a, 16,3 a,1|b,4 a,1(b,5

Us = Us = Us =
b,2|c,4)a,b b,21¢,3a,b b,2|¢,3a,4
Desn(Uz)={2,4} Desne (Us)={2,3} Desne (Us)={2,3,4}
co%® (Uz)=(ab,bc,a) co%i® (Us)=(ab,c,ba) coR® (Us)=(ab,c,a,b)

Definition 3.3.71. For a sentence J, the colored row-strict dual immaculate function is defined as
RSH =) =r,
T

where the sum is taken over all colored row-strict immaculate tableaux T' of shape J.

Example 3.3.72. For J = (ab, bca), the colored row-strict dual immaculate function is
*
R op bea = Tab,1T6,2%¢,3%a,4 + Tab,1Te,2Tb,3%a,4 + Ta,1Tb2Tbe,3Tad + - - - + 2La1Tp 2T 3TcATa5 + - - -

Proposition 3.3.73. For a sentence J,
RE) =D Fene(s)
S

where the sum runs over all standard colored row-strict immaculate tableaux S of shape J.

Proof. Let T be a colored row-strict immaculate tableau of shape J that standardizes to the standard
colored row-strict immaculate tableau S. The flattening of the type of T' must be a refinement of the
colored row-strict descent composition of S, which can be shown by applying the same reasoning
used in the proof of Proposition 3.3.16. In fact, each sentence B that flattens to a refinement of
cofG(S ) corresponds to a unique colored row-strict immaculate tableau of type B that standardizes

to S. Therefore,
Fome(s) = DT,
Ts

where the sum runs over all colored row-strict immaculate tableaux Ts of shape J that standardize

to S. It follows that
765 =Y ar = Y Yorn = Y P
T S Ts S

where the sums run over all CRSIT T of shape J, all standard CRSIT S of shape J, and all CRSIT
Ts of shape J that standardize to S. O

Theorem 3.3.74. Let J be a sentence. Then,

(&) = NG}
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Proof. For a sentence J,
P(&%) = (> Foswy) = ZF(cog(U))c-
U U

The complement of the colored descent composition of a standard colored immaculate tableau U
splits exactly where U does not have a descent. These are exactly the locations of the row-strict
descents in U, thus (co$(U))¢ = co%®(U), and

w(GTI) = ZF(COQXG(U)) = 9%63 [
U

Because {67} is a basis and 1) is an involution, Theorem 3.3.74 also implies the following.
Corollary 3.3.75. {RG&%}; is a basis for QSyma.

Using ¢, we extend each of our results on the colored dual immaculate functions to the colored

row-strict dual immaculate functions.

Definition 3.3.76. For sentences J, C, and weak sentence B, define ﬁ?ﬁ% as the number of colored
row-strict immaculate tableaux of shape J and type B, and 233% as the number of standard colored

row-strict immaculate tableaux of shape J with row-strict descent composition C.

Proposition 3.3.77. For a sentence J,

NST=> RgMp  and  RS; =) £Y0F,
B C

where the sums run over sentences B and C such that |B| = |J| and |C| = |J|.

The above proposition follows from Definition 3.3.71 in the manner of Theorem 3.3.22. The

results of Section 4.3 also extend nicely to the row-strict case under the involution .

Definition 3.3.78. The colored row-strict immaculate descent graph, denoted @26”, is the edge-
weighted directed graph with the set of sentences on A of size n as its vertex set and an edge from
each sentence I to J if there exists a standard CRSIT of shape I with colored row-strict descent

composition J. The edge from I to J is weighted with the coefficient 2??

Due to the differing definitions of descents and descent compositions in row-strict tableaux, the
neighbors of I in @?26” are exactly the (sentence) complements of I’s neighbors in ©'; along with
the complement of [ itself. Here, we say two vertices are neighbors if they are adjacent by an edge

in either direction.

Example 3.3.79. The standard colored row-strict immaculate tableaux of shape (ab, cbb) have
colored row-strict descent compositions (a, bc, b, b), (ac,bb,b), (ac,b,bb), and (ac,b, bb), so (ab, cbb)
has outgoing edges to these sentences in @?befc}. Notice that if we take the complement of each of
these sentences we get (ab, cbb), (a,cb,bb), (a,cbbb), and (a, cbb,b) which are exactly (ab, cbb) itself

and the sentences to which it has outgoing edges to in @?a b} A seen in Figure 1.
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Proposition 3.3.80. For a sentence I, the colored fundamental functions expand into the colored

row strict immaculate basis as

Fr = 22?5(_1)9%6§ with coefficients 25}?(_1) = Z(—l)e(p)_lprod(P),
J P

where the sums run over all sentences J and all directed paths P from I to J in 936".

The proof follows that of Theorem 3.3.31 using Proposition 3.3.77 in place of Theorem 3.3.27.

Similarly, this proposition specializes to the non-colored case in the same manner as Corollary 3.3.33.

3.3.5 Colored row-strict immaculate functions

We define the colored row-strict immaculate functions as the image of the colored immaculate
functions under v, and thus also as the basis dual to the colored row-strict dual immaculate

functions.

Definition 3.3.81. For a sentence J, the colored row-strict immaculate function is defined as
RE; = Y(6).

Equivalently, due to the invariance of ¢ under duality, we have (RS, REY) = o7.;.

)

Applying 9 to the colored immaculate functions yields row-strict versions of our earlier results
and colored generalizations of the results in Theorem 3.1.53. Note that certain results from Theorem
3.1.53 are not generalized here because we lack the corresponding result on the colored immaculate
functions or due to the fact that i is not an isomorphism on QSym 4. The non-colored analogues of

1) are automorphisms on both Q.Sym and NSym.

Theorem 3.3.82. For words w and v, sentences J and C, and f € NSym4

1. (Right Pieri rule)

SsH, = Y 6k < RSB, = Y Ry
JCwK JCwK

2. (Colored complete homogeneous and colored elementary expansions)

Ho=Y R;06; & Ec=Y R,cR6;, He=Y RI906, &= Ec = #5186,
J J J J

3. (Colored ribbon expansions)

Reo :Zﬁjpej <£>Rcc :ZSJ’CQ{GJ.
J J

The application of Proposition 2.2.7 to Proposition 3.3.80 also yields the following result. The

analogous result is also true in NSym, as in Corollary 3.3.53.

83



Corollary 3.3.83. For a sentence J, the colored row-strict immaculate functions expand into the

colored ribbon basis as

NG, = 23??(_1)}21 with coefficients 2?5(_1) = Z(—l)e(P)_lprod(P)
! P

where the sums run over sentences I and all paths P from I to J in @926".

3.3.6 Skew colored row-strict dual immaculate functions

Definition 3.3.84. For sentences I and J where J Cy, I, a skew colored row-strict immaculate
tableau of shape I/J is a colored skew shape I/.J filled with positive integers such that the sequences
of entries in the first column is weakly increasing top to bottom and the sequence of integers in

each row is strictly increasing left to right.

Definition 3.3.85. For sentences I and J where J Cy, I, define the skew colored row-strict dual

immaculate function as

RS}/, = > (RS, Hi, RS}) M,
K

where the sum runs over all sentences K € B such that |I| — |J| = |K]|.
Applying ¢ to the equations in Proposition 3.3.62 yields the following results.

Theorem 3.3.86. For sentences I and J with J Cyp, I,

NG}, = Y (NG Rk, RE}) Fc = > (RE ;N6 ¢, RS} RS,
K K

where the sums run over all sentences K € 8§ such that |I| — |J| = |K|.

Proposition 3.3.87. For sentences I and J such that J Cp, I,
V(&7,,) =RE] ).
Proof. Let I and J be sentences such that J Cy, I. Then,
D(RS]);) = Y (RS Ri, RS])Y(Fk) = Y (RS Rk, RS]) e
K

K
= 3" (W(& Rke), (7)) Fie by Theorem 3.3.74
K

= Z<6JRKC, 67 Fge = G?N. By Proposition 3.3.66 O
K

Comultiplication on the colored row-strict immaculate basis can be defined in terms of skew

colored row-strict immaculate functions. The proof follows Proposition 3.3.64 using Theorem 3.3.86.
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Proposition 3.3.88. Let I be a sentence. Then,
ARS]) =) RET @ REST,,
J

where the sum runs over all sentences J such that J Cyp, 1.

Multiplication and antipode of the colored row-strict dual immaculate functions are closely
related to the multiplication and antipode of colored dual immaculate functions, and thus also

remain open.
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CHAPTER

4

THE SHIN AND EXTENDED SCHUR
FUNCTIONS

We introduce two new bases of QQSym, the reverse extended Schur functions and the row-strict
reverse extended Schur functions, as well as their duals in NSym, the reverse shin functions and
row-strict reverse shin functions. These bases are the images of the extended Schur functions
and shin bases under the involutions p and w, which generalize the classical involution w on the
symmetric functions. In addition, we prove a Jacobi-Trudi rule for certain shin functions using
creation operators. We also define two different types of skew extended Schur functions based on
left and right actions of NSym and QSym. We then use the involutions p and w to translate these

and other known results to our reverse and row-strict reverse bases.

4.1 Background

The shin and extended Schur functions, which are dual bases, are unique among the Schur-like
bases for having arguably the most natural relationship with the Schur functions. In NSym, the
commutative image of a shin function indexed by a partition is the Schur function indexed by that
partition, while the commutative image of any other shin function is 0. In QSym, the extended

Schur function indexed by a partition is equal to the Schur function indexed by that partition [19].
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4.1.1 The extended Schur functions

The extended Schur functions of QSym were introduced by Assaf and Searles in [6] as the stable
limits of polynomials related to Kohnert diagrams, and defined independently by Campbell, Feldman,
Light, Shuldiner, and Xu in [19] as the duals to the shin functions. We use the name “extended
Schur functions” but otherwise retain the notation and terminology of the dual shin functions. We

denote these functions with @, the Hebrew character Shin.

Definition 4.1.1. Let a and S8 be a composition and a weak composition of n, respectively. A
shin-tableau of shape a and type 3 is a labeling of the boxes of the diagram of « by positive integers
such that the number of boxes labeled by i is 5;, the sequence of entries in each row is weakly
increasing from left to right, and the sequence of entries in each column is strictly increasing from

top to bottom.
Shin-tableaux are a direct generalization of semistandard Young tableaux to composition shapes.

Example 4.1.2. The shin-tableaux of shape (3,4) and type (1,2,1,1,2) are

22 1213 1]2]4
3455\ 2455\ 2355\

A shin-tableau of shape « |= n is standard if each number 1 through n appears exactly once. The
descent set is defined as Desy(U) = {i : i + 1 is strictly below ¢ in U} for a standard shin-tableau
U. Each entry i in Desy(U) is called a descent of U. The descent composition of U is defined as
cop(U) = (91,02 — @1,...,%q — ig—1,n — iq) for Desy(U) = {i1,...,iq}. Equivalently, the descent
composition is found by counting the number of entries in U (in numbered order) between each
descent and the next descent, including the latter. The shin reading word of a shin-tableau T,
denoted rwy(T) is the word obtained by reading the rows of T' from left to right starting with the
bottom row and moving up. To standardize a shin-tableau T', replace the 1’s in T' with 1,2,... in

the order they appear in rwy(7T), then the 2’s starting with the next consecutive number, etc.

Definition 4.1.3. For a composition «, the extended Schur function is defined as
v = Z 2T,
T
where the sum runs over shin-tableaux of shape «.

The extended Schur functions have positive expansions into the monomial and fundamental

bases in terms of shin-tableaux [6, 19]. For a composition «,
WZ = ZK:Q,BMB and WZ = Zﬁa,BFﬂv (4.1)
B B

where K g denotes the number of shin-tableaux of shape a and type 3, and L, 3 denotes the
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number of standard shin-tableaux of shape a with descent composition 5. Additionally, Assaf and

Searles showed in [6] that @’ = F,, if and only if « is a reverse hook shape (1¥,m) for k,m > 0.

Example 4.1.4. The F-expansion of w’(k and its relevant standard shin-tableaux are:

273)

o3 = Flog) + Fluz2)

From these definitions, it follows that @} = s, for a partition A\. One consequence of this fact is
that the product of any two elements of the extended Schur basis indexed by partitions expands
positively into the extended Schur basis with the Littlewood-Richardson coefficients. That is, for
partitions A and u,

* gk v *
vy, = E X
VRl

where ci . are the Littlewod-Richardson coefficients.

4.1.2 The shin functions

The shin basis of NSym was introduced in [19] by Campbell, Feldman, Light, Shuldiner, and Xu.
Let a and 8 be compositions. Then f is said to differ from « by a shin-horizontal strip of size r,
denoted o C¥ 3, provided for all i, we have 8; > «, | 8| = || + r, and for all indices i € N if 8; > «a;
then for all j > 4, we have 3; < ;. The shin functions are defined recursively with a right Pieri rule

using shin-horizontal strips.
Definition 4.1.5. The shin basis {¥, }, is defined as the unique set of functions such that
v, = Y g, (4.2)
acls
where the sum runs over all compositions § which differ from a by a shin-horizontal strip of size r.

Intuitively, the £ in the right-hand side are given by taking the diagram of a and adding r
blocks on the right such that if you add boxes to some row i then no row below ¢ is longer than the

original row ¢. This is referred to as the overhang rule.

Example 4.1.6. The following example can be pictured with the diagrams below.

W31 Hi2) = U(2,31,2) T ¥2321) T U233 T ¥241,1) + U242 +¥e2s1)

| [ | [ | [ 1]
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Remark 4.1.7. One computes @3 5) recursively in terms of the complete homogeneous basis starting
with W@H(n) = W(n) SO H(n) = W(n) for all n. Then, W(4)H(1) = W(5) —|—W(471) SO W(471) = H(4)H(1) — H(5)
Next, ¥(3)H(g) = U(5) +U(4,1) + ¥(3,2) S0 ¥(32) = Hz)Ho) — Hs) — HayHy + Hs) = Hzz) — Ha -

Repeated application of this right Pieri rule yields the expansion of a complete homogeneous
noncommutative symmetric function in terms of the shin functions. This expansion verifies that the
extended Schur functions and the shin functions are dual bases by Proposition 2.2.7, and allows for
the expansion of the ribbon functions into the shin basis dually to the expansion of the extended

Schur functions into the fundamental basis [19]. For any composition £,

Hg= > Kapta and  Rg= > Lgpala. (4.3)

B<pa B

Recall that the extended Schur functions have the special property that @} = s, for partitions A.

Since the forgetful map x is dual to the inclusion map from Sym to QSym, we have

' ] sy ifa=A
X(ty) = Z (coefficient of @7, in sy)s) = (4.4)
X 0  otherwise.

It follows that x(®) = sy when A is a partition and x(%,) = 0 otherwise. Another interesting
feature of the shin functions is their relationship with the other two primary Schur-like bases: the
immaculate functions and the Young noncommutative Schur functions. For any partition A, the
immaculate function &) always equals the Young noncommutative Schur function §y, however the
shin function @) often differs. The first examples of this appear for some partitions A with |\| = 7,
for example ¥(322 1)

The shin basis has a few other nice combinatorial properties that rely on shin-tableaux defined

on skew shapes. These include a rule for the multiplication of a shin function by a ribbon function.

Definition 4.1.8. For compositions a = (a1, ...,ax) and 8 = (S, ..., B¢) such that § C «, a filling

of the skew shape «/f with positive integers is a skew shin-tableau if:
1. each row is weakly increasing from left to right,
2. each column is strictly increasing from top to bottom, and
3. if oy > B; for any 1 <4 <k, then 3; < 3; for all j > i.

A skew shin-tableau is standard if it contains the numbers 1,..., |a| — |3| each exactly once. Note
that the boxes associated with § are not filled.

Example 4.1.9. The three leftmost diagrams are skew shin-tableaux while the rightmost diagram
is not because there are boxes in the first row sitting directly above skewed-out boxes in the second

row, which violates condition 3 of Definition 4.1.8.
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Skew shin: 1 | 1 ‘ Not skew shin: 1

12 11\ 11 1]2

The notions of type, descents, and descent composition for skew shin-tableaux are the same as
those for shin-tableaux. There are combinatorial rules for the multiplication of the shin basis by

ribbon functions in terms of these skew shin-tableaux.

Theorem 4.1.10. [19] For all compositions « and f3,

CoRg= > > u,

YElal+18l T
where the inner sum is over all standard skew shin-tableaux T of skew shape y/a such that cop(T) = 5.

The shin functions also have a Murnagahn-Nakayama rule based on objects called shin-slinkies
that are defined in [19].

Theorem 4.1.11. [19] Let o be a composition and n € N, then

v, U, = Z(_l)height(ﬁ/a)—lwﬁ’
B

where the sum is over all compositions 5 = |a| + n such that B/« is a shin-slinky.

For more details on the shin and extended Schur functions, see [6, 19, 76].

4.1.3 Row-strict extended Schur and shin functions

The row-strict extended Schur and row-strict shin bases were introduced by Niese, Sundaram, van
Willigenburg, Vega, and Wang in [68], motivated by the representation theory of 0-Hecke modules.
Let v be a composition and let 8 be a weak composition. A row-strict shin-tableau (RSST) of shape
« and type (8 is a filling of the composition diagram of « with positive integers such that each
row strictly increases from left to right, each column weakly increases from top to bottom, and
each integer i appears (; times. A standard row-strict shin-tableau (SRSST) with n boxes is one

containing the entries 1 through n each exactly once.

Definition 4.1.12. For a composition «, define the row-strict extended Schur function as
R, = Z zT,
T

where the sum runs over all row-strict shin-tableaux T of shape a. The row-strict shin functions

RY,, are defined as the duals in NSym to the row-strict extended Schur functions in QSym.
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The descent set is defined to be Desgy(U) = {i : i + 1 is weakly above ¢ in U} for a standard
row-strict shin-tableau U. Each entry ¢ in Desgy (U) is called a descent of U. The descent composition
of U is defined to be comp(U) = (i1,i2—11, . . . ,ia—id—1,n—1q) for Desqy(U) = {i1,...,7q4}. Note that
the set of standard row-strict shin-tableaux is exactly the same as the set of standard shin-tableaux.

Using the framework of standard row-strict shin-tableaux, it is shown in [68] that for a composition

a, the row-strict extended Schur function expands into the fundamental basis as
mwz = Z FCOmw(U)? (45)
U

where the sum runs over all standard row-strict shin-tableaux.

Example 4.1.13. The F-expansion of the row-strict extended Schur function %w& 3) and the

standard row-strict shin-tableaux of shape (2,3) are:

Ry 3 = Flu2,1,1) + Fla2,1)

30415 245\

The extended Schur and row-strict extended Schur functions are related by 1, most easily seen
via their F-expansions. This relationship follows from the fact that the set of standard tableaux is
the same but the definitions of descent sets are in a sense complementary and the map 1 extends

the complement map on compositions.

Proposition 4.1.14. [68] For a composition c,

(W) = R

(e}

and  Y(t,) = RY,.

Moreover, {RW! }o is a basis of QSym and {RW}q is a basis of NSym.

Recall that 1) on QSym restricts to w on Sym, so it follows that AW} = sy for a partition A. This
is also easily seen from the (cancellation-free) expansions of the row-strict extended Schur functions
into the monomial and fundamental bases, which follow from Equation (4.5). For a composition «,

Wy, = KX%Mg and Rl =) LO%F,

«, «,

g B

where IC?% is the number of row-strict shin tableaux of shape « and type 3, and Eg‘% is the number

of standard row-strict shin tableaux of shape o with descent composition 3. Dually, for § |= n,

Hg =) KX%%Rw, and  Rg=> LI%%Rw,. (4.6)
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4.2 A Jacobi-Trudi rule for certain shin functions

The Schur functions and the immaculate functions can both be defined in terms of creation operators
[9]. It is using these operators that one can prove various properties of the immaculate basis including
the Jacobi-Trudi rule [9], a left Pieri rule [13], a combinatorial interpretation of the inverse Kostka
matrix [5], and a partial Littlewood Richardson rule [11]. Here we give similar creation operators
for certain shin functions which allow us to define a Jacobi-Trudi rule. This rule is especially useful
because there is currently no other combinatorial way to expand shin functions into the complete

homogeneous basis. We denote our operators with 3, the Hebrew character Bet.

Definition 4.2.1. For a composition o = (a1, ae,...,ax) with £ > 1 and a positive integer m,

define the linear operator 3,, on the complete homogeneous basis by

:m(Ha) = H(m,al,az,...) - H(og,m,ag,...)v :m(l) = Hm

Example 4.2.2. For example, Ja(H31)) = Ha,31) — H(z2,1)-
Using this definition, we describe how these operators act on certain shin functions.
Theorem 4.2.3. If a = (a1, 2,...,ax) with k > 1 and 0 < m < ay, then 2y (Wa) = Wi a)-

Proof. Define f, = J,, (¥s) for any nonempty o = (o, . .., ax) where ag < ag and @ = (ag, ..., ag).
We want to show that f, = @, for all such a. In the case that /(a) = 1, we simply have f, =
30, (1) = Hy, =W,,.

Now, consider only a where ¢(«) > 1. First, we show that the f,’s satisfy the right Pieri rule for

shin functions. Observe that, for a positive integer m and a nonempty composition v = (y1,72,...),

jm(Hv)HS = Hmm,w,---ﬁ - Hvumm,---,s = :lm(HV'S)'

Since 3,,, is a linear operator, 3,,(%) is equivalent to the sum of J,, applied to each term in the
H-expansion of . Thus, 3,,(2)Hs = 3,,(¥,H) for any composition v and positive integer s. For
a = (ai,...,ax) where oy < a and £(«) > 1, it follows that foHp = Joy (Wa)Hpm = Joy, WaHm).
We expand this expression further using the shin right Pieri rule (Definition 4.1.5). Notice that if

a1 < ag and a@ C¥ f for a composition 5 = (f1,...,0k—1), then oy < 1 which implies oy < f3y.
Thus,
faHm = Ja, Z vs | = 301(w6) = Z fay-8-
act,p ach,p acy.p

Observe that every v where a C% ~ has a; < 1, and we can only have a; < v if oj <75 < g
for all j > 1. For a;, we know ao > g, implying that 72 could never be less than a;. Thus, v1 > a3

is not an option because it would violate the overhang rule, meaning has v; = «y. It follows that

92



the set of v such that o C¥ v is the same as the set of a; - 3 such that @ C¥ S3. Therefore,

foHm=Y_ fy. (4.7)

achy
Next, we show by recursive calculation that f, = W,. Let @ = (au,...,a;) where ¢(a) > 2
and o1 < ag. Let of = (a1, ...,04_1) and &% = (s, ..., a;_1), and note that because we assumed

a1 < agz, we have Jo, (Ws:) = fon. Observe that fsHa, = > 5w 5 fp by Equation (4.7), and
A

rearranging this expression yields

fo=faHo, = Y fo (4.8)
afcg, B
Bra

Thus, we have a recursive formula for f, in terms of f.,; and fg where either ¢(5) < ¢(a) or
0(B) = £(a) and By < ag. That is to say, our recursive formula is defined in terms of f indexed
either by a composition shorter than « or the same length as o but with a shorter final row.

It simply remains to show that f, = ®, when ¢(a) = 2 as our base case and this recursive
definition implies f, = ¥, because it matches the recursive definition for @, given by manipulating
the right Pieri rule of Definition 4.1.5 in the same way (and has the same base case). Let o« = (a1, ag)

with a1 < ag. Then we have
fo = joq(wag) = :a1 (Haz) - HalHaz - Hoc2Ha1-
Next, observe by Definition 4.1.5 we have

Ho Hoy — HopHoy =Wo Hoy —Wa,Hoy = Z vs — Z Wy

alC}';Qﬂ szCﬁl’y

The set of § such that a; CZ, 8 is given by either 8 = (51, f2) where 81 > ag and f2 = a1 +az — (1
or f1 = a1 and B2 = ay, due to the overhang rule. The set of v such that ap C§, v is given by

v = (71,72) where 71 > a1 and 72 = a1 + a2 — 1. Then Zalch,B U3 — Zagcgﬂ Wy = W(a,a0)- Thus,
we have shown that f, =@, when ¢(a) = 2. O

Example 4.2.4. Applying Jy to the H-expansion of (3,1) yields the H-expansion of %33 1).
ey = Heny—Hay  and ez =TWen) = Hepy — Heon — Hea + Hap).

The creation operators also allow us to construct shin functions indexed by strictly increasing

compositions from the ground up.

Corollary 4.2.5. Let = (51,...,Bk) be a strictly increasing sequence where 3; < Bi+1 for all i.
Then,

g =g, -+ g, (1)
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Example 4.2.6. Creation operators are used to build up a shin function as follows.
U(1,3,4) = D1 3334(1) = D1 33(Hgy) = Ji(Hza) — Huz) = Hazay — Haaz) — Hepa) + Haz)

We also define a Jacobi-Trudi rule to express these same shin functions as matrix determinants.
This formula is computationally much simpler and combinatorially more straightforward to work
with. Let Skz(—l) be the set of permutations o € Sy, such that o(i) > — 1 for all i € [k].

Theorem 4.2.7. Let 8= (f1,...,8k) be a composition such that 3; < Bi11 for all i. Then,

vg = Z (_1)UH/30(1) e 'Hﬁa<k)'
o€S7(~1)

Equivalently, g can be expressed as the matriz determinant of

Hg, Hg, Hpy -+ Hg,, Hp, , Hp,

Hg, Hp, Hp, --- Hp,_, Hg_, Hpg,

0 Hpg, Hgy, --- Hg_, Hg , Hpg,

wg=det| 0 0 Hg --- Hg , Hg , Hp
0 0 0O .-~ Hg , Hg , Hg,

0 0 0o - 0 Hg, , Hpg,

using the noncommutative analogue to the determinant obtained by expanding along the first row.

Proof. We proceed by induction on the length of 8. If ¢(5) = 1 then g = Hg = det|Hp,|, and our
claim holds. Assume that our claim holds for all 5 with ¢(8) = k — 1. Now consider 8 = (f1, ..., Ok).
Since 81 < B2 we have Wg = Jg, (¥5) where B = (B, ., Pr-1) = (Ba-...,Pr). By our inductive
assumption,

W = Z (_1>7THBW(1) o 'HBW(JCA)’
reSg (—1)

where the sum runs over m such that 7 (¢) > ¢ — 1 for all ¢ € [k — 1]. Then, applying Jg, yields

Us = Z (—=1)"Hpg, HBWQ) h 'ng(kq) - Z (_l)ﬂHBwu)HBl HB«@) a 'HBw(kﬂ)
reSZ (—1) meSg (1)
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Now we rewrite our sums in terms of some subset of permutations ¢ of k and 8 with terms that
look like H 50<1)H Bozy " H Bty We need to find the appropriate subset of Si so that we correctly
rewrite our sum. For the first portion, we need Hg, ,) = Hpg, so we set o(1) = 1. Note that for all
i € [k — 1] we have §; = B;+1. We also need HBC;(Z-) = Hj
Then o(i) > i — 1 for any 1 < i < k because 7 € S,il(—l). Since we already set o(1) =1 > 0,

) which would mean o (i) = w(i — 1) + 1.
we have shown that the permutations o satisfy o(i) > ¢ — 1 for all i. For the right-hand term,
we need Hg_ ., = Hg, so we limit our sum to permutations where 0(2) = 1. Note that we need
,30(1) = Bﬂ(l) = /BW(1)+1 SO O’(l) > 2, and ,Bg(i) = Bﬂ(ifl) = ﬁﬂ(l;l 41 SO O'( ) > 17— 1 for all ¢ > 3.
These are exactly the permutations o such that o(i) > ¢ — 1 and ¢(2) = 1. Therefore,

Us = Z (_1)UHBJ(1)H50( Hﬁa + Z Hﬁ (1)Hﬁa(2) T Hﬁa(k)
oS (~1), oesy
o(1)=1 0(2)=
= Z (_1)UH,30<1)H/30(2) T Hﬁa(m'
o€SZ(~1)

This is equivalent to the matrix determinant described using the typical expansion of determinants

in terms of permutations, excluding those terms that would be multiplied by 0. O

Example 4.2.8. The function from Example 4.2.6 expands as a matrix determinant as

Hy H3 H,
W(1’374) =det|H, Hs H4 = H1HsHy— HHHs — HsH\H,+ H,H,H;.
0 Hs Hy

It remains open to find a combinatorial or algebraic way of understanding the expansion of the
shin basis into the complete homogeneous basis for the general case. We show by counterexample
that there is not a matrix rule of this form for every shin function, including those indexed by
partitions. The smallest counterexample for partitions is W(3 23 1). The argument for it is too long,

and so instead we present a smaller example using similar logic.

Example 4.2.9. We have W(27274) = H(2’274) — H(274?2) — H(3’1,4) + H(4’3’1) + H(5’1’2) — H(57271). For
the determinant of a 3 x 3 matrix of the form (Hb(i,j))lﬁi,jﬁii with b(; ;) € Z to yield this expression,
we would need Hy, H3, Hy, and Hs to be in the first row. This is impossible, so such a matrix does

not exist.

4.3 Skew extended Schur functions

We define skew extended Schur functions algebraically and then connect to tableaux combinatorics.

Definition 4.3.1. For compositions a and 8 with 8 C «, the skew extended Schur functions are
defined as

w5 = U5 (25).
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By Equation (3.4), & /8 expands into various bases as follows. For § C «,
w5 = Z(WBHvaZ>Mv = Z<WBR%WZ>FW = ZW%W?;W?- (4.9)
2l v v
The coefficients C§ = (v, ;) appear when multiplying shin functions,

Wat, = Y (U, U)W,

«

Many of the shin structure coefficients are either 0 or equal to the Littlewood Richardson coefficients

as a result of the shin basis’ relationship with the Schur functions.

Proposition 4.3.2. Let o, 8, and v be compositions that are not partitions and let A\, p, and v be
partitions. Then,
A _pXN X A A
Cﬁa’Y - Cﬂal’ - C#v’)’ =0 and Cu,u = Cuv

A

7.v are the usual Littlewood-Richardson coefficients.

where ¢

Proof. For any compositions « and S,
Wply = chﬁwa'
[0
Observe that if either 8 or v is a composition that is not a partition then

X(@s8,) = X(@s)x(,) =0=" > Ci.x(®a)= > Ci,n
o= IBl+1n] AHI81+

Thus, Cg‘ﬁ = ( for all partitions A when either 5 or v is not a partition. If 5 and + are both partitions,

which we instead call u and v, we have

X(wuwl/) = X(WM)X(wV) = SuSv = Z CQ,VX(WQ) = Z C;)),uskv
afE|ul+lv| ARy

SO Cf),v = cf‘W, the classic Littlewood-Richardson coefficients, for partitions A. O

Example 4.3.3. Below are different shin products that result by varying the left and right indicies

are partitions or compositions (computed in Sagemath [83]).

V1,3)¥22) =U1322) tU1412) tU1421) T 8152
WiyW(2,3.2) = ¥3,232) T ¥4132 —Wa24) —¥s1.4
V31,23 = ¥1,31,23) —¥14131) ~ Y1414 —¥15.13)

Y1), = Y1110 T 021,21 T ¥221,1) T 8222 +¥s1,1,1) T ¥31,2) T U321
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Note that in larger cases, w\¥, (for A, p partitions) can contain negative terms. For example,

W(3,1)¥2,2,1) has the term —®4 5) in its shin basis expansion.
The skew shin functions are defined combinatorially over skew shin-tableaux as follows.

Proposition 4.3.4. For compositions o and [ such that 8 C ., the coefficient (WgH.,,W7,) is equal

to the number of skew shin-tableaux of shape o/ and type . Moreover,
* T
Uays =D
T

where the sum runs over skew shin-tableaux T of shape a/f.

Proof. Observe that

wsH, = Z v,

6=6(0)C'§’1B(l)C‘i’,QB@)---CZ].BU):a

via repeated applications of the right Pieri rule. Then, (WgH,,®},) counts the number of unique
sequences (B, 81, - .,3;) such that B = B©) c?, 1S , g ... - BY) = a. Each of these
sequences is associated with a unique skew shin-tableau of shape o/ with type v by filling with s
the blocks in B(i)/ B~ The containment condition of the Pieri rule ensures that rows are weakly
increasing and the overhang axiom ensures that columns are strictly increasing. The overhang axiom
also ensures that if o; > 3; for any 1 < ¢ < k, then 8; < f3; for all j > i. Thus, our tableau 1" is
indeed a skew shin-tableaux. It is simple to see that any skew shin-tableau can be expressed by
such a sequence, showing that (WgH,,®},) is equal to the number of skew shin-tableaux of shape
a/B and type . It now follows from Equation (4.9) that v* 5= > xl where the sum runs over
all skew shin-tableaux of shape a//f. O

Note that in many cases these functions are equal to 0 because skew shin tableaux are not

defined on all skew shapes «/f3.

Example 4.3.5. The skew extended Schur function indexed by (3,4)/(2,1) is given by

* 2,2 2 3
W(3’4)/(271) = T1Ty + T1T2T3 + 2122734 + T1T2T3T4 + XToTg + ...

Skew shin-tableaux of shape A/u for partitions A, u are skew semistandard Young tableaux and
thus by Proposition 4.3.4, the skew extended Schur functions are equal to the skew Schur functions.
That is, for partitions A and p where p C A,

* —_—
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Remark 4.3.6. It also follows from Proposition 4.3.4 that Cg‘7 = 0 if there exists some ¢ and j
with ¢ < j where o; > 3; but 3; > 3;. This tells us that many terms that do not appear in wgt.,.

Standard skew shin-tableaux are also closely related to the poset structure on composition

diagrams whose cover relations are determined by the addition of a shin-horizontal-strip of size 1.

Definition 4.3.7. Define the shin poset, denoted PY, as the poset on compositions with the cover
relation CY. In the Hasse diagram, label an edge between two elements o and 8 with the integer m

if « differs from 5 by the addition of a box to row m.

Figure 4.1: A section of the shin poset PY.

That is to say, 8 covers « in the shin poset if § differs from « by the addition of a shin-horizontal
strip of size 1 (a single box). Note that the subposet of P? induced on partitions corresponds to
Young’s Lattice. Further, we generally visualize the elements of this poset as the diagrams associated
with each composition.

Maximal chains from 3 to « in P? are associated with a skew standard shin-tableau of shape
a/f. The chain C = {f = O 4 g 2, ... T, 3(F) — o} is associated with the skew standard
shin-tableau T" of shape a/5 where the boxes are filled with the integers 1 through k in the order
they are added on the chain. Thus, the box added from ) UICAEN Ut s filled with j + 1. If

B = 0 then the chain C is associated with a standard shin-tableau that is not skew.

Example 4.3.8. The maximal chain C' = {(2,1) EN (3,1) 3 (3,1,1) 2 (3,2,1) 2 (3,3,1) 2
(3,4,1)} is associated with the skew standard shin-tableau:

345\

These skew functions also have the usual relationship with comultiplication.

Proposition 4.3.9. For a composition «,

At = > U5 U5,
hca
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where the sum runs over compositions 3.

Proof. The product of the shin functions uniquely defines the coproduct of the extended Schur
functions due to Hopf algebra properties [37]. Specifically,

Alwy) =) (waws, ui)uy ouy = <W2 @) (wsw,, WZ)W?})
Y

By B
= Z w; @, 3 by Equation (4.9). O
B

We can also defined a skew-II variant using the right-perp operator.

Definition 4.3.10. For compositions « and 3, the skew-II extended Schur function is defined as
* b [ aayk
Wa//B = wﬁ(wa)'
By Definition 3.2.1, % /8 expands into various bases as follows. For compositions a and S,

W5 = > (HyUs,Ua) My =Y (RyUs,wh)Fy = (405,050, (4.10)
B! B! B!

In terms of the shin structure coefficients, we have &* 5= >, C3 g

Remark 4.3.11. According to calculations done in Sagemath [83], the skew-II extended Schur

function @ 18 does not expand positively into the monomial basis. For example, W’("2’L3) /(1,2,1) has

the term —M(; 1) in its expansion. Thus, these functions cannot be expressed as positive sums of a

skew-II shin-tableaux.

The comultiplication of the extended Schur basis can also be expressed in terms of the skew-I1
extended Schur functions. Note that a similar formula could be given for any basis using analogous

skew-11I functions defined via the perp operator.

Proposition 4.3.12. For a composition «,

Aw:) =, u,
B

where the sum runs over compositions 3 where 57 C a”.

Proof. For a composition «,

Alwy) = (0,050 ouy =) (mewg,w;m;) RUE =Y U, QU O

By B v B

where the sum runs over compositions f3.
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4.4 Involutions on the extended Schur and shin bases

We introduce two new pairs of dual bases (@, @ and Ra, RA*) in QSym and NSym by applying
p and w to the extended Schur and shin functions. Applying % to the extended Schur and shin
functions recovers the row-strict shin and row-strict extended Schur functions (Rw, J3w*) of Niese,

Sundaram, van Willigenburg, Vega, and Wang from [68]. Specifically, for a composition a, we have
vws) =Re, () =a,  wwg) = Rag,

(W) = R, p(Wy) = Ryr w(ty) = Ragr.

We give combinatorial interpretations of these 2 new pairs of bases in terms of variations on
shin-tableaux. While specific definitions are to follow, we describe intuitively how , p, and w act
on the tableaux defining each basis, which is the same as how they act on immaculate tableaux.
Recall that shin-tableaux have weakly increasing columns and strictly increasing rows. The ¢ map
switches whether the strictly changing condition is on rows or columns (the other is allowed to
change weakly). The p map switches the row condition from increasing to decreasing or vice versa.
The w map does both. Through this combinatorial interpretation, each of the four pairs of dual

bases is related to any other by one of the three involutions v, p, or w as shown in the figure below.

P

v < %
w
w
p p
a Ra
<
P

Figure 4.2: Mappings between shin variants in NSym.

Again our Schur-like bases are part of a system of 4 related bases that is closed with respect
to ¥, p and w. Table 4.1 summarizes the tableaux defined over the course of this section. It lists
each type of tableaux, the position of 7 + 1 relative to ¢ that makes i a descent, the order the boxes
appear in the reading word (Left, Right, Top, Bottom), the condition on entries of each row, and
the condition on entries in each column.

Before we move on to our new bases, we apply ¢ to various results on the shin and extended

Schur bases to find analogous results on the row-strict shin and row-strict extended Schur bases.
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Descent Reading Word Rows Columns

Shin strictly below | L to R, B toT | weakly increasing | strictly inc.
Row-strict weakly above | L to R, T to B | strictly increasing | weakly inc.
Reverse strictly below | R to L, B to T | weakly decreasing | strictly inc.

Row-strict reverse | weakly above | R to L, T to B | strictly decreasing | weakly inc.

Table 4.1: Variations on shin tableaux.

Theorem 4.4.1. Let o and 8 be compositions and let m be a positive integer.

1. (Right Pieri Rule)
R Ep = Y Rug.

achf
2. (Right Ribbon Multiplication)
%WaRg = Z Z %w'ya
VEla+B8l U

where the sum runs over all skew standard row-strict shin-tableaux U of shape /o with
copw(U) = B.

3. Bg =Y KapRs and  Rg=)Y LogpRe,.
o o

4. xX(Rwy) = sy for a partition X and  x(RW,) = 0 when « is not a partition.

5. Let v be a composition such that v; < vi+1 for all 1 <i < (). Then,

J— g
R, = Z (=1) E%(UE%@) "'E%u(w)’
€S (y)

where the sum runs over o € Sy such that o(i) > 1 —1 for all i € [((7)].

6. Eg=> Ki%wa and  Rg=> LX%u,.
[e% «
Proof. For a composition «, note that ¢(H,) = FEq.
1. Apply ¥ to Definition 4.1.5.

2. Applying 1 to the LHS of Theorem 4.1.10 yields 93, Rg- while the RHS yields Z Z R,

YElal+(8] U
where the sum runs over all skew standard shin-tableaux U of shape v/a and descent

composition 3. By switching 8 with 3¢ everywhere, we rewrite this equality as R, Rz =
Z Z 9w, where the sum runs over all skew standard shin-tableaux U of shape v/«

YEl+8] U
with descent composition 5¢. Recall that these are equivalent to the skew standard row-strict

shin-tableaux of shape v/« with descent composition §. Our claim follows.
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3. Apply ¥ to Equation (4.3).

4. Based on the restriction of w to Sym, we have (¥3) = w(s)) = sy. Because x is dual to the
inclusion map from Sym to QSym [19], we have x (/W) = >, (coeflicient of WY, in s)sy.

Our claim follows.
5. Apply ¢ to Theorem 4.2.7.
6. Apply ¥ to Equation (4.6). O
We also develop row-strict versions of our results from Section 4.3.

Definition 4.4.2. For compositions a and § with 8 C «, the skew row strict extended Schur
functions are defined by
* 1 *
R, 5 = Rog (RYy,).

By Equation (3.4), e’ /8 expands into various bases as follows. For compositions § C «,

N, 5= > (RUgH,, RUL)M, =) (RugR,, R )F, = > (Rughv,, Ru')Re. (4.11)
Y v Y

Like before, the coefficients (RwzRw,,Rw},) are the coefficients that appear when multiplying
row-strict shin functions,

Ruphw, = Y (RwsRe,, Rl )R,

«
Because 1 is an automorphism in both QSym and NSym, it maps the skew row-strict extended

Schur to the extended Schur functions.
Proposition 4.4.3. For compositions o and 8 with § C «,
V(ayp) = R 5.
Proof. First, observe that
(05, 0%) = (p(s0,), ¥(2})) = (w9, Na,),

because 9 is invariant under duality and an automorphism in NSym. Then,

Y 5) = Y (s, i) v(h) = (RusRw., Ru,) R
v v

By Equation (4.11), this implies w(w(‘;/ﬁ) =N, 5. -

The first line of the proof above yields the following.
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Corollary 4.4.4. For compositions o, 8 and -,

Ruphw, = Y C§, R,

By Proposition 4.3.2, many of the coefficients of the skew row-strict extended Schur functions
expanded into the row-strict extended Schur basis are zero while others equal certain Littlewood-
Richardson coefficients. Thus, the same is true for the structure coefficients of the row-strict shin
functions.

Like the skew extended Schur functions, the skew row-strict extended Schur functions are defined

combinatorially via a class of skew tableaux.

Definition 4.4.5. For compositions o = (aq,...,ax) and 5 = (51,...,be) such that § C «, a
row-strict skew shin-tableau of skew shape o/ is a diagram «//f filled with integers such that each
row is strictly increasing left to right, each column is weakly increasing top to bottom, and if o; > g;
for any 1 <14 < k, then 8; < 8; for all j > i. A skew row-strict shin-tableau is standard if it contains

the numbers 1 through |«| — |3| each exactly once.

Example 4.4.6. The three leftmost diagrams are skew row-strict shin-tableaux while the rightmost

diagram is not.

Skew row-strict shin: | 1 ‘ Not: 12

1]2 12\ 12 12

Proposition 4.4.7. For compositions o and 8 where 8 C «,
Ruy, 5= ol
T

where the sum runs over all skew row-strict shin-tableaux T of shape a/[3.

Proof. By Theorem 4.4.1 (2), the coefficient (RwsR,,RW},) is the number of skew row-strict shin-
tableaux of shape a/f with descent composition ~y, which we denote L'?/"’ﬁ > Then by Equation
(4.11), we have

* _ SRw
N5 =D Lasn o
v

From here it is simple to expand F} into a over tableaux and obtain our claim. O

Example 4.4.8. The skew row-strict extended Schur function ERWZ‘L&Q) /(1,2) expands in terms of

the fundamental basis as

mw?17372)/(172) - F271 + F172 + Flvlyl'
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This further expands in terms of skew row-strict shin tableaux as

* 2 2
%w(l’m)/(m) = x7T2 + X1X2x3 + T1T5 + T1T2T3 + T1X2X3 - - -

Now, we introduce the reverse extended Schur basis and row-strict reverse extended Schur basis
in QSym, as well as their dual bases in NSym. Using the three involutions, we translate many
results from the shin and extended Schur functions to our new bases, including the Jacobi-Trudi
rule and two different types of skew functions. We also note connections between the row-strict
reverse extended Schur basis and the antipode of QSym on the extended Schur functions, as well as

the dual connection in NSym.

4.4.1 Reverse extended Schur and shin functions

Let a be a composition and § a weak composition. A reverse shin-tableau (RST) of shape a and
type 5 is a diagram « filled with positive integers that weakly decrease along the rows from left
to right and strictly increase along the columns from top to bottom, where each positive integer ¢
appears 3; times. A standard reverse shin-tableau (SRST) of shape « |= n is one containing the

entries 1 through n each exactly once.

Example 4.4.9. A few reverse shin-tableaux of shape (2, 3) are

301 3
2122 4]3]2 421\ 433\ 322\ 4131

Definition 4.4.10. For a composition «, the reverse extended Schur function is defined as
o, = Z zT,
T
where the sum runs over all reverse shin-tableaux 7' of shape a.

The descent set is defined as Desa(S) = {i : i + 1 is strictly below ¢ in S} for a standard reverse
shin-tableau S. Each entry ¢ in Desg(S) is called a descent of S. The descent composition of S is
defined cop(S) = (41,42 — 91, . . ., g —i4—1,n—iq) for Desa(S) = {i1,...,i4}. The reverse shin-reading
word of a reverse shin-tableau T', denoted rwg(T') is obtained by reading the rows of T' from right to
left starting with the bottom row and moving up. To standardize a reverse shin-tableau T', replace
the 1’s in T with 1,2, ... in the order they appear in rwga(T'), then the 2’s starting with the next

consecutive number, etc.
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Proposition 4.4.11. For a composition «,
m; = Z Fcom(S)u
S

where the sum runs over standard reverse shin-tableaux U of shape .

Proof. We can write &, => ¢ d(T)=S 27 where the sums run over standard reverse shin-tableaux
S of shape a and reverse shin-tableaux 7' that standardize to S. Now we want to show that, given a
SRST S, we can write F,,

S. First, observe that given 1" such that std(T") = S, if i € Desa(S) then the box in T' corresponding
to i+ 1 is strictly below the box corresponding to i. Therefore, by the order of standardization (right

() = > std(T)=5 2T where the sum runs over RST T that standardize to

to left, bottom to top), the box corresponding to i + 1 must be filled with a strictly higher number
than the box corresponding to 4. It follows that ty;;(/T ) is a refinement of the descent composition
of S. In fact, any refinement B of the descent composition of S is a possible type of a tableau T
such that std(T') = S because it is associated with a valid filling. Each box of S corresponds to a
letter in B. If a box of S corresponds to a letter in word v; of B, then fill that same box in T with
an 4. This is equivalent to reading through the boxes T in the order they appear in .S, and filling
them based on the location of the corresponding letter in B. Note that this method creates the
unique tableau T with a specific type that standardizes to S because we have used the only possible

order of filling to maintain our desired type and standardization. Thus,

Fcom(S) = Z M,B = Z Z .TJT = Z S{L‘T.

B=coa(S) B=coa(S) ty/p;(/T):B std(T)=
Therefore, we have @&, = )¢ Fio,(5) where the sum runs over SRSTs of shape a. 0

Example 4.4.12. The expansion of the reverse extended Schur function m’(*3 2 into the fundamental

basis and the standard reverse shin-tableaux of shape (3,2) are:

1\ 4]2]1

m?g,g) = Fz2) + Fo21)

Let Kgyﬁ be the number of RST of shape o and type 3, and let Egﬁ be the number of SRST
with shape « and descent composition 8. Using Proposition 4.4.11, it is straightforward to show
that the reverse extended Schur functions have the following positive (cancellation-free) expansions

into the monomial and fundamental bases. For a composition «,
&, =) KisMg and @, => L& Fs (4.12)
B B

Standard shin-tableaux and standard reverse shin-tableaux are again related by the flip map,
which is a bijection flip : {standard shin-tableaux} — {standard reverse shin-tableaux}. By con-

struction, the descent composition of a standard shin-tableau U is the reverse of the descent
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composition of the standard reverse shin-tableau given by flip(U). Using this fact, we show that

the reverse extended Schur functions are the image of the extended Schur functions under p.

Theorem 4.4.13. For a composition «,
p(ty) =@ and w(RY,)=a,,

Moreover, {@}}q is a basis of QSym.

Proof. Let a = n. First, observe that given a standard shin-tableau U of shape « and a standard
reverse shin-tableau S of shape o with flip(U) = S, we have (coy(U))" = coa(S). Therefore,

p(wZ) - IO(Z Fcow(U)) = Z p(Fcow(U))
U U
= Z Feopy = Z Feou(tlipvy) = ZFCOQ(S),
U S

Flip(U)

where the sums run over SST U of shape a and standard reverse shin-tableaux S of shape a”. Now,

reverse extended Schur functions are a basis because p is an automorphism in QSym. O

Remark 4.4.14. The reverse extended Schur basis is not equivalent to the extended Schur basis or
the row-strict extended Schur basis. From Example 4.4.12 above, we see that there is no § such
that v = ng,) 9 The only standard shin-tableaux with descent composition (3,2) are tableaux of
shape (3,2) or shape (4,1) meaning wz&z) and w?471) are the only extended Schur functions in which
F(3,2) appears but neither of them equal m?&?). Now consider mszZ,l) = F(12,1) + F2,1,1)- The only S
for which there exists a standard row-strict shin-tableaux of shape § with descent compositions
(1,2,1) and (2,1,1) is 8 = (3,1). However, %Wzk&l) = F(3,1) + Flu2,1) + F1,1,2)- Thus, there is no 3

such that M)(k17272) = %w;.

Next, we introduce the basis of NSym that is dual to the reverse extended Schur functions and

its relationship with the shin functions.

Definition 4.4.15. Define the reverse shin basis {@y}q as the unique basis of NSym that is dual

to the reverse extended Schur basis. Equivalently, (@, mg) = 0q,4 for all compositions o and 3.

The expansions of the complete homogeneous functions and the monomial functions of NSym

into the reverse shin basis follow via duality from Equation (4.12). For a composition /3,
Hg =) K28, and Rg=) L} 0, (4.13)
(e (03
As in the dual case, the reverse shin functions relate to the shin functions via the involution p.
Proposition 4.4.16. For a composition o, we have
By = p(Wsr) Ry = w(RWU,r).
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Proof. The map p is invariant under duality. By definition, (R, F3) = 605 = (Rar, Fgr) =
(p(Ra), p(Fg)), thus for G € QSym and H € NSym, (H,G) = (p(H), p(G)) due to the bilinearity
of the inner product. Then the first part of our claim follows from Theorem 4.4.13. The relationship

with the row-strict shin functions follows from w = p o ¥ and Proposition 4.1.14. O
By applying p, we translate many of the results on the shin functions to the reverse shin functions.
Theorem 4.4.17. Let o, 5 be compositions, A a partition, and m a positive.

1. (Left Pieri Rule)

H,,@, = Z as.

arcy,pr
2. Hy=) Karplla and  Rg=) Lo g
« «

3. @y, = sy Also, x(@\r) = sy and x(@,) = 0 when o is not weakly increasing.

4. Let ~y be a composition such that v; > viy1 for all 1 <i < {(v). Then,

J— g
@y = Z (=1) HVa(l)"'H%(em»’
€Sy (y)

where the sum runs over o € Sy such that o(i) > i —1 for all i € [((v)].

5. Hy=> K& gWa and Rg=> LA 5.
« «
Proof. For a composition «, note that p(Hy) = Hyr.
1. Apply p to Definition 4.1.5.
2. Apply p to Equation (4.3).

3. Since p restricts to the identity map on the Schur functions, we have &3, = p(¥3) = p(sx) = 5.
Because  is dual to the inclusion map from Sym to QSym [19], we have

X(@q) = >, ( coefficient of @, in sy)sy. Our claim follows.
4. Apply p to Theorem 4.2.7.
5. Apply p to Equation (4.13). O

Next, we define skew reverse extended Schur functions algebraically, and then we define skew-I1

reverse extended Schur functions algebraically and in terms of tableaux.

Definition 4.4.18. For compositions 5 C «, skew reverse extended Schur functions are defined by

* 1/
a3 = @5 (@c).
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As before, @, /8 expands into various bases according to Equation (3.4). For compositions 5 C «,
a5 = Z(mBHvaZ>Mv = Z<MBRW7MZ>F7 = ZW”’%MZW- (4.14)
gl v gl

The coefficients (¥st,,®,) also appear when multiplying row-strict shin functions,

Ry = Z<m5mwmz>ma'

«

Because p is an anti-automorphism in NSym, it does not map the skew extended Schur functions

to the skew reverse extended Schur functions. Instead, the images of these functions are the skew-I1

reverse extended Schur functions.

Definition 4.4.19. For compositions o« and 8 where 8" C a”, the skew-II reverse extended Schur

functions are defined by

&, = a5(as).

Using Definition 3.2.1, @} /8 expands into various bases as follows. For compositions «, 8 with

p" <o,

a5 = Z<HWMB>MZ>MW = Z<R7m5>mZ>F'y = mem&m@”@- (4.15)
R v v

Theorem 4.4.20. For compositions « and 8 where 8 C «,

P(Wasp) = Ao ypr-

Proof. First, observe that

(p(Wsty), p()) = (p(ty)p(Us), p(8)) = (@yrBsr, Bar),

because p is invariant under duality and an anti-automorphism in NSym. Then,

p(y)5) = Z(wﬂw%w:;)/)(‘”fy) = Z(%%,W’&)ﬂﬂ;r = me’“mﬁr’marmzr = @ s
B! 2 B!

by Equation (4.15). O

The first line of the proof above yields the following.

Corollary 4.4.21. For compositions 5 and -,

_ a”
@R = Zcﬁ”"ﬁ’”ma'
(0%

The skew-II reverse extended Schur functions are defined combinatorially via a special class of

tableaux with skew-II shapes.
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Definition 4.4.22. For compositions f = (f1,...,b¢) and a = (aq,...,ax) such that g7 C o,
a skew-II reverse shin-tableau of shape «//f is a skew-II diagram «/// filled with integers such
that each row is weakly decreasing left to right, each column is strictly increasing top to bottom,
and if a_; > By—; for some 7 > 0 then there is no j > ¢ such that 8,_; > 8,_;. A skew-II reverse

shin-tableau is standard if it contains the numbers 1 through |a| — |3] each exactly once.

Intuitively, the third condition states that there should never be any boxes directly below a box

that has been skewed-out.

Example 4.4.23. The three leftmost diagrams below are examples of skew-II reverse shin-tableaux

while the rightmost diagram is not.

1]1 1 1\ 1]1 Not: | 1]1
312 1\ 1
|1\ 312

skew-I1I reverse shin:

The right-most diagram is not a skew-II reverse shin tableau because ag > 82 but 51 > [o. In other
words, there is a skewed-out box directly above the normal box containing the 3, which violates our

conditions.

We can extend the bijection flip to be
flip : {skew standard shin-tableaux of shape «/3} — {skew-II SRST of shape o /5" }

where, given a skew standard shin-tableau T, the skew-II standard reverse shin-tableau flip(T') is
obtained by flipping 7" horizontally (reversing the order of the rows) and replacing each entry i
with |T| + 1 — ¢. Again, by definition of the map, the descent composition of 7" is the reverse of the
descent composition of flip(T'). This is because there is a descent at [T'| 4+ 1 — i in flip(T) whenever
there is a descent ¢ in T'. This allows us to connect the skew extended Schur functions with the

skew-II reverse extended Schur functions.

Proposition 4.4.24. For compositions o and 8 where 7 C o”,
* _ T
= 7"
T

where the sum runs over skew-II reverse shin-tableauz T of shape o /5.

Proof. The skew shin functions can be expressed as

WZ/B = Z Fcow(S))
S
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using the same logic as the usual shin functions (also similar to Proposition 4.4.11). Thus,
mZ/ﬁ = a?"/ﬁT Z cop(S)" — Z con(flip(S Z coa(U)»

where the sums run over skew standard shin-tableaux S of shape o” /3" and skew-II standard reverse

shin-tableaux U of shape «///3. From here it is simple to expand the summation into our claim. [

With the notion of skew-II reverse shin-tableaux we now define a reverse analogue to Theorem
4.1.10.

Proposition 4.4.25. Left Ribbon Multiplication.

Rgto = > Y a,

YElal+8l S
where the sum runs over all skew-II standard reverse shin-tableauz S of shape v/« with coa(U) = f.

Proof. For compositions o and 3, Theorem 4.1.10 yields

Wer R,gr = Z Z Wyr,

TEll+8] U

where the sum runs over skew standard shin-tableaux U of shape 7" /a" with cop(U) = 5". Then

applying p gives
Rgto = > > a,
YElal+8l U
where the sum runs over skew standard shin-tableaux U of shape 7" /a" with cop(U) = . Using
the flip bijection, we associate each tableau U with flip(U) which is a skew-II standard reverse
shin-tableau of shape « /3 and descent composition §. This allows us to rewrite our sum as it is
stated in the claim. O

4.4.2 Row-strict reverse extended Schur and shin functions

Let a be a composition and 5 be a weak composition. A row-strict reverse shin-tableau (RSRST) of
shape « and type [ is a filling of the diagram of o with positive integers such that the entries in each
row are strictly decreasing from left to right and the entries in each column are weakly increasing
from top to bottom where each integer ¢ appears (3; times. These are essentially a row-strict version
of the reverse shin-tableaux. A row-strict reverse shin-tableau of shape a |= n is standard (SRSRST)

if it includes the entries 1 through n each exactly once.

Definition 4.4.26. For a |= n, the row-strict reverse extended Schur function is defined as
e
T
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where the sum runs over all row-strict reverse shin-tableaux T of shape .

Example 4.4.27. A few row-strict reverse shin-tableaux of shape (2,3) and 9%’("2 3) are

211 3l2]1 3121 321\ 421\ 431\

* 2,2 2,2 2 2 2.2 2
E)fim(273) = T]25x3 + T12505 + T1T503%4 + T{T2X3L4 + T1X5Xy + T1T2x3Ly + - - -

For a SRSRST S, the descent set is defined as Desgpga(S) = {i : i+ 1 is weakly above i in S}.
Each entry i in Desga(S) is called a descent of S. The descent composition of S is defined to be
coma(S) = (1,90 —i1,...,ig—ig—1,n —iq) for Desma(S) = {i1,...,1q4}. Note that the set of standard
row-strict reverse shin-tableaux is exactly the same as the set of standard reverse shin-tableaux.

The row-strict reverse shin reading word of a shin-tableau T', denoted rwna(T"), is the word
obtained by reading the rows of T from right to left starting with the top row and moving
down. We standardize a standard row-strict reverse shin-tableau as follows. Given a RSRST T, its
standardization is the SRSRST obtained by replacing the 1’s in T" with 1,2, ... in the order they
appear in rwgpe(7"), then the 2’s continuing with our consecutive integers from before, then 3’s, etc.

As in Proposition 4.4.11, one can show that the flat type of any row-strict reverse shin-tableau
T that standardizes to a SRSRST S is a refinement of cona(S). From there, we group tableaux
together based on their types and standardizations to expand a row-strict reverse extended Schur

function into the fundamental basis as follows.

Proposition 4.4.28. For a composition «,
%MZ = Z Fcomm(S)a
S

where the sum runs over standard row-strict reverse shin-tableaux S.

Example 4.4.29. The F-expansion of the row-strict reverse extended Schur function %m& %) and

standard row-strict reverse shin-tableaux of shape (3,2) are:

¥ 211 41211
RA5 9 = Fl11,20) + F12,2) ‘ ‘

Let ICZ?’% be the number of row-strict reverse shin-tableaux of shape o and type 3, and let E?fﬂ be
the number of standard row-strict reverse shin-tableaux with shape o and descent composition 3. The
expansions of the row-strict reverse extended Schur functions into the monomial and fundamental

bases follow from Proposition 4.4.28. For a composition «,

Ray, = > KI4Mg and  Ra, =LY%, (4.16)
B B
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Studying the descent compositions of standard row-strict reverse tableaux allows us to relate

the row-strict reverse extended Schur functions to our other bases of QSym.

Theorem 4.4.30. For a composition «,

w)) =Ra.,. and p(RY,) =RA.,, and P(@,) = R,

v
Moreover, {R@} } is a basis of QSym.

Proof. Recall that )", Feopy = s Feoi(s), and that the set of standard reverse shin-tableaux is
equivalent to the set of standard row-strict reverse shin-tableaux (of shape «). By the complementary
definitions of reverse descents and row-strict reverse descents, Desg(S) is the set complement of

Despa(S) meaning that cog(S)¢ = coma(S). Combining these two statements, we have shown that

w]) =Y w(Frpw)) = Y Fupyuy = ZF«ww(U))r)c = Frony(s)>
U U S

U

where the sums run over SST U of shape a and standard row-strict reverse shin-tableaux .S of shape
«". The rest follows from Proposition 4.1.14 and Theorem 4.4.13, and the fact that o p =w. O

Remark 4.4.31. The row-strict reverse extended Schur basis is not equivalent to the extended Schur
basis, the row-strict extended Schur basis, or the reverse extended Schur basis. R, = Fi2 and it
follows from properties of extended Schur functions that Rw; = Fj if and only if 5 = (m, 1%) for
integers m > 1 and k > 0. Thus, there is no § such that R = Ra; ;. Next, 9%?1,271) = Fla )+ F1 3
and the only 8 such that there exist standard shin-tableaux with descent composition (2,2) and (1, 3)
is 8 = (3,1). However, wz*&l) = F(g9) + F(1,3) + F{3,1) and so there is no 3 such that ¥ = %m?lm).
Further, the only 8 such that there exist standard reverse shin-tableaux with descent composition
(2,2) and (1, 3) is also g = (3, 1). However, m?&l) = Fog) + Fag) + Fay # mm?m,l)' There is no
such that mg = f)‘im?‘l 21"

Next, we define the basis of NSym that is dual to the row-strict reverse extended Schur functions

and its relationship with the shin functions.

Definition 4.4.32. Define the row-strict reverse shin basis {R@,}o as the unique basis of NSym
that is dual to the row-strict reverse extended Schur basis. Equivalently, (R, %ng) = 0q,p for all

compositions a and f.

The expansions of the complete homogeneous functions and the ribbon functions of NSym into

the row-strict reverse shin basis are dual to those in Equation (4.16). For a composition 3,

Hg =Y KJ%%a, and Ry=) LI%RA,. (4.17)

« «

Like in the dual case, the row-strict reverse shin functions are related to the shin functions via

the involution w.
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Proposition 4.4.33. For a composition «, we have
RA, =wWor) and R, = p(RUr) and R, = Y(Ry).

Proof. Observe that
<Ra7F5> = <Rat> F5t> = <W(Ra)’w(F5))'

This property expands to other bases by linearity. For instance,
(@ar, W) = (W(War),w(Ws)) = (w(War), RAg),

for any compositions a and . It follows by definition then that SR@z = w(Wg-). The rest follows

similarly from the invariance of p and 1 under duality. O

Now, we apply w to the various results on the shin and extended Schur bases to find analogous

results on the row-strict reverse shin and row-strict reverse extended Schur bases.
Theorem 4.4.34. Let o, B be compositions, A a partition, and m a positive integer.

1. (Left Pieri Rule)
EnRl, = Y Rag.
arc gr

2. EB = Zlcar"grmma and Rﬁ = Zﬁar’ﬁtmma.

3. R@5 = sy. Also, xX(R@\) = sy and x(RA,) = 0 when o is not a partition.

4. Let v be a composition such that ~; > ;1. Then,

Ra, = Z(_l)UE%(l)E%@) By )

where the sum runs over o € Sy such that o(i) > 1 —1 for all i € [((7)].

5. Eg=> Kifsts and Rg=Y LN 0,
(0% [e%

Proof. For a composition «, note that w(H,) = E4r.
1. Apply w = p o9 to Definition 4.1.5.
2. Apply w = po 1) to Equation (4.3).

3. Since w restricts to classic w map on the Schur functions, we have R}, = w@y) = w(sy) = sy
Because y is dual to the inclusion map from Sym to QSym [19], we have
X(Ra,) = >, ( coefficient of RaY, in sy)sy. Our claim follows.
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4. Apply w = p o1 to Theorem 4.2.7.
5. Apply w = p o1 to Equation (4.17). O

Combining Theorem 4.4.30 and Proposition 4.4.33 allows us to express the antipode on these

bases in terms of the row-strict reverse extended Schur basis and the row-strict reverse shin basis.

Corollary 4.4.35. For a composition «,
SWy) = (-DRa,  and  S*(wY) = (—-1)1*Raz,.

This result reduces the problem to studying the expansion of the row-strict reverse extended
Schur functions into the extended Schur functions and vice versa, which may be interesting to
approach using tableaux combinatorics.

Finally, we introduce and study skew and skew-II row-strict reverse extended Schur functions.

Definition 4.4.36. For compositions 8 C «, the skew row-strict reverse extended Schur functions
are defined by
* 1 *

Ra’ /5 expands into various bases according to Equation (3.4). For compositions § C «,
N, 5= > (RagH,, Ras) M, =Y (RagR,, Ra)F, =Y (RazRa,, Ray,)Ra’. (4.18)
¥ ¥ ¥

The coefficients (¥st,, ) also appear when multiplying row-strict reverse shin functions,

RazRa, = Y _(RazRa,, Ray)Ra,.

67

Because w is an anti-automorphism in NSym, it does not map the skew extended Schur functions
to the skew row-strict reverse extended Schur functions. Again, we use the right-perp operator to

define functions that we show are the image of the skew extended Schur functions under w.

Definition 4.4.37. For compositions « and 8 where 8" C o”, the skew-II row-strict reverse extended
Schur functions are defined by
Nay, 5 = Rag(Ray,).

Using Definition 3.2.1, Ra’, /8 expands into various bases as follows. For compositions «, 8 with
p"Cal,

Ra, 5 = > (H Rag, Ras) M, = > (R, R, Ra;)Fy = > (Ra,Rag, Ray,)Ra’. (4.19)
Y ol Y

Theorem 4.4.38. For compositions o« and 5 where § C «,
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Proof. First, observe that
(w(wge,), w(wy)) = (w(Ey)ws), w®y)) = (Ra,-Rag:, Ragr),
because w is invariant under duality and an anti-isomorphism in NSym. Then, by Equation (4.19)

Wl 5) = Y (a0, Uh)w(@l) = > (Wat,, U )RA, = > (Ra,-Rag:, RAor )RAL, = RaL, 5. O
Y Y Y

The first line of the proof above shows the following equality.

Corollary 4.4.39. For compositions «, 8 and =,

Ra,Ras =Y CH R

The skew-II row-strict reverse extended Schur functions are again defined combinatorially via

tableaux using skew-II shapes.

Definition 4.4.40. For compositions 5 = (f1,...,b¢) C a = (aq,...,ax) such that 5" C o', a
row-strict reverse skew-II shin-tableau of skew shape «//f is a skew-1I diagram «//f filled with
integers such that each row is strictly decreasing left to right, each column is weakly increasing top
to bottom, and if ay_; > B,_; for some ¢ then there is no j > i such that 3y_; > By_;. A skew-1I
RSRST is standard if it contains the numbers 1 through |a| — |3| each exactly once.

Example 4.4.41. The three leftmost diagrams below are examples of skew-II row-strict reverse

shin-tableaux while the rightmost diagram is not.

skew-II row-strict reverse shin: 312 2 1‘ 2|1 Not: 2|1

1 |1\ 3

The expansion of skew-II row-strict reverse shin functions in terms of tableaux closely follows

that of Proposition 4.4.7, but by instead applying ¢ to the skew-II reverse extended Schur functions.

Proposition 4.4.42. For compositions « and 8 where 7 C o”,
* T
R, 5=
T

where the sum runs over skew-II reverse shin-tableaux T of shape o/ S.

We also use skew-1I row-strict reverse tableaux to give a combinatorial formula for the product of
a ribbon function and a row-strict reverse shin function. The proof exactly follows that of Proposition
4.4.25 but by applying p to Theorem 4.4.1 (2).
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Proposition 4.4.43. Left Ribbon Multiplication.
RsgRa, = > Y 9%a,
YElal+8l S

where the sum runs over skew-II standard row-strict reverse shin-tableaux S of shape v/a with
coma(U) = .

Note that the content of this chapter, up to this point, also appears in our paper [26].

4.5 Colored generalizations of the shin and extended Schur func-
tions

To generalize the shin and extended Schur functions to QSyma and NSym,, we again use combina-

torial objects defined on colored composition diagrams. We proceed by first defining the colored

extended Schur functions in terms of tableaux and then defining the colored shin functions via a

Pieri rule. We show that these two bases are dual based on their expansions to and from other bases.

4.5.1 Colored extended Schur functions in Q)Sym 4

Definition 4.5.1. For a sentence I, a colored shin-tableau T of shape [ is a filling of the colored
composition diagram I with positive integers such that each row is weakly increasing from left to

right and each column is strictly increasing from top to bottom.

Colored shin-tableaux are a subset of colored immaculate tableaux, so we can use the same defi-
nitions for type, standard, standardization, descents, and colored descent compositions. Specifically,
recall that the type of T is the weak sentence B = (v1,...,vp) where v; is the word given by reading
the colors of all the boxes filled with ¢ in the order they appear in rwy(7T) (left to right, starting
from the bottom row and moving up). We can also restrict or apply many of our results on colored

immaculate tableaux to colored shin-tableaux.

Definition 4.5.2. For a sentence I, define the colored exteneded Schur function as
wj =)
T

where the sum runs over all colored shin-tableaux T' of shape I.

Example 4.5.3. The colored extended Schur function for (ac,ba) is given by

*
Y ac,pa) = Tac,1Tba,2 + Tac1Tb2%a,3 + La,1Tbe,2Ta,3 + La,1Tc20b3%a4 + La,1Tb2Tc,3Tad + -

a,1l|c,1 a,1|¢c,1 a,1|c,2 a,1llc2 a,1llc3

b,21a,2 b,2)a,3 b,21a,3 b,3a,4 b,2a,4
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Let K ; denote the number of colored shin-tableau of shape I with type J, and let £; ; denote

the number of standard colored shin-tableau of shape I and colored descent composition J.

Proposition 4.5.4. For a sentence I,

W?ZZKLJMJ and W?:ZLLJFJ,
J J

where the sums run over all sentences J such that |I| = |J|.

Proof. First, we prove the monomial expansion using tools from the colored dual immaculate
functions, because colored shin-tableaux are in fact colored immaculate tableaux. By Proposition
3.3.17, we have W} = > 7 Myy,e(ry where the sum runs over colored shin-tableaux T of shape 1
such that T"= T or in other words, flat shin-tableaux of shape I. Each of these colored tableau has
a type B where B is a flat sentence, thus each Mp appears as many times are there are colored
shin-tableaux of shape I and type B, giving us the stated colored monomial expansion.

Next, we show the fundamental expansion by first showing that IC; ; = > -~ ; L1 K for sentences
I and J. Let K be the set of colored shin-tableaux of shape I with type J and let L be the set of
standard shin-tableaux of shape I with descent composition K where K < J. We prove that the
standardization function std : K — L is a bijection to prove that || = |L].

Let std™!' : £ — K be defined as follows. Given a standard colored shin-tableau S € £ with
colored descent composition K = (uy,...,uy), we construct a colored shin-tableau 7" € K where
J = (v1,...,vp) for std=1(S) = T as follows. Starting with an empty diagram of I, fill the boxes of
T corresponding to the first v; boxes of S with 1’s. Then, fill the boxes of T" corresponding to the
next ve boxes of S with 2’s and so on until T is full. By construction, we have created a tableau
T of type J that standardizes to S, and we need to check that 7T is indeed a colored shin-tableau.
Because the colored descent composition of S is K such that K < J, we know that when following
the boxes of S in the order they are numbered, we only move to a lower row after passing a box
numbered v; for some j. Therefore, when filling our boxes to create T, every time we move to a
lower row we also move to a higher number. This, combined with the fact that we fill left to right,

maintains both the column strict increasing and row weak increasing conditions. Then,

W?ZZKI’JMJ:ZZEI’KMJ:Z’CLKZMJ:Z[’I»KFK' n
J J K=XJ K K=J K

Proposition 4.5.5. Let A = {a}, and let I be a sentence. Then, v(¥}) = Wy Moreover, {wr}r

in QSyma is analogous to {¥%} in QSym.

Proof. Observe that v acts on a monomial xr, where T is a colored shin-tableau of shape I, by
mapping it to the monomial 27" where T’ is the shin-tableau of shape wl(I) with the same integer
entries as T'. Thus, v(w7) = @7 o1 for all alphabets A and more specifically for alphabets A containing

only one color. 0
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4.5.2 Colored shin functions in NSym,

Now we define a basis of NSym, analogous to the shin functions in NSym. Let I = (w1, ..., wy) and
J = (v1,...,vp) be sentences. We say I differs from J by the addition of a colored shin-horizontal
strip with word u, denoted J C¥ I, if for all i € [k]:

1. v; Cr w; (containment axiom)
2. w((I/rJ)") = u, and
3. for all indices ¢ € [k], if w; > v; then for all j > i, we have w; < v; (overhang axiom).

Example 4.5.6. The sentence (abac, cabeb, b, bea) differs from (abac, cab, b, be) by a colored shin-

horizontal strip with word acb

abac‘ alblalc

c‘ bclE‘

Definition 4.5.7. The shin functions {@;}; € NSym, are the unique set of functions satisfying
v H, = Z vy,
J

where the sum runs over all sentences J which differ from I by a colored shin-horizontal strip with

word w.

Theorem 4.5.8. The colored complete homogeneous function has a positive expansion in terms of

the shin functions. Specifically,
Hjy= Z K,
I

where the sum runs over all sentences I such that |I| = |J|.

Proof. We proceed by induction on the length of J. First, observe that if J = (v;) we have H,, = ®,,
by our Pieri rule. Next, assume that our rule holds for ¢(J) = h — 1. Now, let J = (vy,...,vp) and
J* = (v1,...,v5_1). By our assumption, H; = > Wop(ry and thus Hy = H jpHy, = Y 0 U1y Hy,

where the sum runs over colored shin-tableaux T with content J%. By Definition 4.5.7, this yields
Hy=> > vk,
T K

where the sums run over all colored shin-tableaux T of type J% and all sentences K that differ from
sh(T) by the addition of a shin-horizontal strip of word vy,
Consider a colored shin-tableau T' of type J? with shape sh(T), and the diagrams obtained by

adding a colored shin-horizontal strip of word vj,. From each of these diagrams we create a new
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colored shin-tableau T” where the boxes added by the shin-horizontal strip are filled with h’s and
the other boxes are filled as they are in 7. It is clear that the increasing rows condition is satisfied.
The overhang axiom guarantees that there are no boxes in the same column below any of the newly
added h boxes, thus the strictly increasing column condition is met. As a result, 7" is a colored

shin-tableau of type J. Our sum is rewritten as
Hy = W= Krw,,
T I

where the sums runs over all colored shin-tableau of type J and all sentences I such that |I| = [J|. O

The duality of the colored shin and colored extended Schur now follows from Proposition 2.2.7.
Corollary 4.5.9. {;}; is the unique basis of NSym, that is dual to {¥}}s.

Now the expansion of the ribbon basis into the shin functions also follows from duality by

applying Proposition 2.2.7 to Proposition 4.5.4.

Corollary 4.5.10. For a sentence 1,

Ry=)Y Ly,
I

where the sum runs over all sentences I such that |I| = |J|.
Finally, we verify that the colored shin basis in N.Sym 4 is analogous to the shin basis in NSym.

Proposition 4.5.11. Let A = {a} be an alphabet and I be a sentence. Then v(Wr) = Wyy(r)-
Moreover, {&}1 in NSymy is analogous to {@s} in NSym.

Proof. By Proposition 3.3.47, for all sentences I and J we have

(@, w) = (v(@r), v(@})) = (V) Uyys)-

Because A is an alphabet of size one, w/ is a bijection from sentences in A to compositions meaning
that if wl(I) = wl(J) then I = J. Thus, we need v(¥;) = @,y ) whenever I = J for any J. It

follows that for any sentence I, we have v(¥r) = W,(r).- O

4.5.3 Skew and skew-II colored extended Schur functions
We define colored skew and skew-II extended Schur functions in QQ.Sym 4 using colored versions of
the perp and right-perp operators.

Definition 4.5.12. For H € NSym,,, define the action of the linear operator H+ on M € QSym
as (G, H-M) = (HG, M) and the action of the linear operator H* on M € QSym as (G, HEM) =
(GH, M) for all G € NSym,. Thus, for dual bases {A;}r of QSyma and {Br}; of NSym,, we have

H-(M)=> (HB;, M)Ay, H(M) =) (BiH,M)A,.
I 1
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Definition 4.5.13. For sentences I and J with J Cy, I, the colored skew extended Schur functions

are defined as
1
wy(w7) =y,

The colored skew extended Schur function @} /J expands into various bases as follows:

vy, =Y (@ HK, W) Mk =Y (0 Ri,05)Fx = Y (00,070 (4.20)
K K K

The coefficients Ci i = (WK, ¥}) are also the coefficients that appear when multiplying colored

shin functions

Uk = > (00k, U7
1

Like the non-colored case, these functions can be expressed in terms of a skew version of our

earlier colored tableaux.

Definition 4.5.14. For sentences J = (v1,...,v,) Cp I = (wy,...,wg), a colored shin tableaux of
shape I/J is a colored skew shape I/J filled with integers such that the rows are weakly increasing
from left to right and the columns are strictly increasing from top to bottom. Additionally, I and J

must be such that for any w; > v;, there exists no j such that j > i and v; > v;.

Proposition 4.5.15. For sentences I and J such that J Cp, I, the coefficient (@ Hg,¥}) is equal
to the number of colored skew shin-tableaux of shape I/J and type K. Moreover,

*
Ui = E :$T7
T

where the sum runs over colored skew shin-tableauz T of shape I1/J.

Proof. Let I = (wi,...,wg), J = (vi,...,v), and K = (u1,...,u;). Observe that

WiHig = Z W?

J=J0Ch, SNy, IR =1

via repeated applications of the right Pieri rule. Then (@ ;Hg,®}) counts the number of unique
sequences (J,J',J%, ..., J7) such that J = J° c¥ J' ¥ J?... CZJ_ J7 = I. These sequences are
in bijection with colored skew shin-tableaux of shape I/J and type K as follows. Associate the
sequence (J,J', J%,...,J7 = I) with the colored skew shin-tableau of shape I/.J obtained by filling
the boxes in J?/J*~! with i’s for each i € [j]. Thus when reading the type of this tableau, the entries
filled with ’s are given by the word wu;, and in fact the type is K. The containment condition of the
Pieri rule ensures that rows are weakly increasing and the overhang axiom ensures that columns are
strictly increasing. The overhang axiom also ensures the extra condition on the relative lengths of
rows in J. Thus, each sequence is associated to a colored skew shin-tableau in this way, and it is

simple to see that the reverse is true as well. It follows that (@;Hg,®7) is equal to the number of
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colored skew shin-tableaux of shape I/J and type K. Now it is simple to expand Equation (4.20)

into a sum over colored skew shin-tableaux. O

Example 4.5.16. The colored skew extended Schur function for (aba, cceb)/(ab, c) is given by

a | b lal a | b lal a | b a1 a | b a2 a | b |a?2

¢ |c,1|¢2]b,2 ¢ |c,1|c¢2(b,3 ¢ [¢,2]c¢3]b4 ¢ |c,1]¢3]b,4

¢ [¢,3|¢3]b,3

*
w(aba,cccb)/(ab,c) = Tca,1Tch,2 T Tea,1¢,2Th,3 1 La,1Tc,2%¢,3Tb 4 + Te,1Ta,2%c,3Tb4 T La,2Tceb,3 + -7

The rule for multiplication of a shin function by a ribbon function also generalizes to the colored

case using colored skew shin-tableaux.

Theorem 4.5.17. For sentences I and J,
viRy =) ) Uk,
K S

where the sums run over sentences K and skew standard colored shin-tableau S of shape K/I with
coa(S) =J.

Proof. We proceed by induction on the length of J. If /(J) = 0 then @y Ry =Wy and >, > oWk = U7
because the only possible skew colored standard shin tableau S with descent composition () is the
one of shape I/I. Next, assume that our statement holds for all J such that |J| < h — 1. Now,
consider the sentences I = (w1, ...,wy) and J = (v1,...,v,). By the definition of multiplication on
{R;}1 (Equation 2.9), observe that

iRy =vRnR,, —UR,

7"'7vh727’uh71’vh)7

where J! = (v1,...,vp—1). Then, by induction, and substituting R,, = H,,, we have

YRy = ZZWKl th—ZZWKQ,

K, S1 Ko So

where the sums run over sentences K; and skew standard colored shin-tableaux S; of shape K; /I
with coa(S1) = J¥, sentences Ko and skew standard colored shin-tableaux Sy of shape Ko /I with
coa(S1) = (Jv1], - -+, |vn—2l|, |[vn—1] + |vn|). Notice in the first portion of the sum, we can apply the
right Pieri rule. When the colored shin-horizontal strip of word vy, is added to K7, fill in each of the
new boxes from left to right, bottom to top starting with the number |K;|+ 1 and increasing by 1
each time. For each tableau S; we create a set of new skew standard colored shin-tableaux U; of
shape Ly where cos(Uy) = J or coa(Ur) = (Jvi,- .-, [vn—2|, |[vh—1| + |vn|). This is because there are

no new descents created within our added strip, so we only need to consider whether the first block
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is placed below the highest numbered block in Sj, creating a descent, or not. Splitting into these

two cases, we write
2.2 i | oy =D 3 Wit D) v,
K1 S Ly Uy Ly Uz

where the sums run over all sentences L1, skew SCST U; of shape Ly /I where co‘i(Ul) = J, sentences
Ly, and skew SCST Uy, of shape La/I where co%(Uz) = (v1,...,Vp—2,0p—1 - Vp).

Thus our overall sum becomes

vRy = Z Z U, + Z ZWLQ - WIR(’UL---Wh—la'Uh—l'Uh)'

Ly U Ly Uz

Notice that the second and third portions of our sums are equal up to a sign. Therefore, the overall

W[RJ = ZZWLU

L1 Uy

sum simplifies to

where the sum runs over sentences L; and skew SCST U, of shape Ly /I with co%(Uy) = J. O

Additionally, the comultiplication of the colored extended Schur functions can be expressed in

terms of skew extended Schur functions.

Proposition 4.5.18. For a sentence I,

* * *
Avp =Y wyu;,,
JCrI

Proof. The product of the colored shin functions uniquely defines the coproduct of the colored

extended Schur functions due to Hopf algebra properties [37]. Specifically,

Awr) = Z<WJWK7WI> (@) ® k) = Z vy ® (Z (@ K, w7) WK) Z vy Uy, O

JK JCil JCLI
Now, we define a colored skew-II extended Schur function using the colored right-perp operator.

Definition 4.5.19. For sentences I and J, the skew-II colored extended Schur function is defined as

w?//J = W§(W?),
where @) ; = 0if J" Zp I".

By Definition 4.5.12, w} /) expands into various bases as follows. For sentences I and J,

vy, = > (Hx;, w5 Mk =Y (Rx®;,05)Fx =Y (0,075 (4.21)
K K K
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As in Remark 4.3.11, these functions do not always expand positively into the monomial basis
and thus cannot be expressed as positive sums over skew-II colored shin-tableaux. We can still
express the comultiplication of the colored extended Schur basis in terms of the skew-II colored

extended Schur functions like in Proposition 4.3.12

Proposition 4.5.20. For a composition I,
Awp) = vy, ®u),
J

where the sum runs over compositions J where J" Cp, I".

Proof. For a sentence I,

Alwy) =) (ks wiwi @us=> (Z<wKwJ,w;>w;<> QU =) Ui, QU] O
J

JK J K

where the sum runs over sentences J.
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CHAPTER

5

THE YOUNG QUASISYMMETRIC AND
YOUNG NONCOMMUTATIVE SCHUR
FUNCTIONS

We define the colored Young quasisymmetric basis of QSym 4 and the colored Young noncommutative
Schur basis of NSym,. These generalize the Young quasisymmetric Schur functions and Young
noncommutative Schur functions respectively. We also introduce skew colored Young quasisymmetric

Schur functions in QSym 4.

5.1 Background

The quasisymmetric Schur functions were introduced by Haglund, Luoto, Mason, and van Willi-
genburg. These specialize the later developed quasisymmetric Macdonald polynomials of Corteel,
Haglund, Mandelshtam, Mason, and Williams [24]. Tewari and van Willigenburg defined a class of
0-Hecke modules whose characteristics are the quasisymmetric Schur functions in [81], and Konig
proved the indecomposability of certain submodules in [46]. Many other authors have studied the
quasisymmetric Schur functions and their duals in the context of 0-Hecke algebras, the quasisym-
metric Hall-Littlewood polynomials, dual equivalence, and more, for example in [15, 44, 45, 54, 73,
75, 84, 85]. We begin, however, with the related Young quasisymmetric Schur functions because
they are more compatible with Schur functions. The Young quasisymmetric Schur functions were

introduced by Luoto, Mykytiuk, and van Willigenburg in [56] as the image of the quasisymmetric
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Schur functions under p.

5.1.1 Young quasisymmetric Schur functions

Given a tableau T, let (4, j) denote the box in row i and column j, and let T'(7, j) denote the value
in the box (3, j).

Definition 5.1.1. For a composition «, a semistandard Young composition tableau (SSYCT) T of

shape « is defined to be a filling of the diagram of o with positive integers such that
1. the entries in each row are weakly increasing from left to right,
2. the entries in the first column are strictly increasing from top to bottom, and

3. (triple rule) let T'(4,5) = 0if (i,5) € a for i,j € Zso. If i > j and T(i,k) < T(j,k + 1), then
T(,k+1)<T(,k+1).

The type of T is the weak composition (81, B2, ...) where f5; is the number of times ¢ appears in 7.

A SSYCT T of type B = (B, ...,B) is associated with the monomial 7" = :):f1 . acgh which

may also be written as 2.

Example 5.1.2. The semistandard Young composition tableaux of shape (2,2) are

Definition 5.1.3. For a composition «, the Young quasisymmetric Schur function is given by
G-yt
T
where the sum runs over all SSYCTs T of shape «.

Example 5.1.4. According to the tableaux in Example 5.1.2, the Young quasisymmetric Schur

*

function §(272) is given by

A% 2,2 2 2 2
s(272) = x1T5 + x7x2x3 + T1T523 + T1T2T3 + 2x1x903%4 + - -

A standard Young composition tableau (SYCT) of shape « is a Young composition tableau in
which the integers 1 through || each appear exactly once. A SYCT U has a descent in position ¢ if
(i 4+ 1) is in a column weakly left of 7 in U. We denote the set of descents in U as Dés(U), called
the descent set of U. The descent composition of U is defined as co(U) = comp(Des(U)). Each
semistandard Young composition tableau T of size n can be associated with a standard Young
composition tableau called the standardization of T. Given a semistandard Young composition

tableau T', form a standard Young composition tableau std(T') = U by relabeling the boxes of T'
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with integers 1 through n in the following way. Starting with the leftmost lowest box filled with a
1, relabel all the boxes filled with 1’s moving from left to right, bottom to top, filling them with
consecutive integers 1,2, 3, .... Continue relabeling all the boxes originally filled with 2’s with the
next consecutive integer, again going from left to right, bottom to top. Continue this process for

boxes originally filled with 3’s, 4’s, and so on until the entire tableau has been relabelled.

Example 5.1.5. The two semistandard Young composition tableaux below both have shape (3,3)
and type (2,2,1,1) but have different standardizations.

o[ 1]1]4 T
21213 213
std(T) =0y = L] 2|6 std(Ty) = Uy =
31415 3
Dés(Uy) = 12,5}, co(Ur) =(2,3,1) Dés(Uz) ={2,4}, co(Ua) = (2,2,2)

Let K, 4 be the number of SSYCT of shape a and type 3, and let Ly 5 be the number of SYCT

of shape « and descent composition (.

Proposition 5.1.6. [56] The Young quasisymmetric Schur functions expand positively into the

monomial and fundamental bases as

$,=> KosMg  and 8= LagFs.
5 B

Schur functions have a positive expansion in terms of Young quasisymmetric Schur functions.
Proposition 5.1.7. [56] For a partition \,
n= ), &
sort(a)=A
where the sum runs over compositions c such that sort(a) = A.

Example 5.1.8. The Schur function s 9 1) expands into Young quasisymmetric Schur functions as

S(421) = S(1.2.4) T 8(1,42) T 8(2,1.4) T 82,41) T 8(u,12) T 8(u.2,1)-

There exist two left Pieri rules for the Young quasisymmetric Schur functions. These rules make
use of the following operators on skew diagrams. Let o = (ay,...,ax) be a composition with the

maximum entry m and let 1 < s < m. If there is an ¢ such that s = a; and s # «; for j < ¢, then

~

Os(a) = (al, ceey OG-, (8 — 1)7041'—&—17 . ,Oék),
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otherwise 05(a) = (. Then for S = {s; < - < s;} and M = {my < --- <m;},

~ ~ ~

bs(a) =05, (... (0s;,_, (05, (@) ...) and  Bar(a) = 0y, (- - . (Vg (O, (@))) - .-).
If there are any zeros in 6 s(a) or vpr(a), remove them to create a composition.

Example 5.1.9. Let a = (1,2,3,2). Then,

b2,3(a) = 62(63((17273> 2))) = 62((1>2>272)) = (15 17272)a

D2,2(05) = 62(62((1’ 2,3, 2))) = 62((17 1,3, 2)) = (1> 1,3, 1)'

Additionally, let a horizontal strip be a skew shape that has no more than one box in each
column and a vertical strip be a skew shape with no more than one box in each row. For a horizontal
strip 4, let S(0) denote the set of columns occupied by its skew diagram, and for a vertical strip ¢,
let M (e) denote the multiset of columns occupied by its skew diagram. In both, multiplicities are
given by the number of boxes in each column and elements of the set should be listed in weakly

increasing order.

Theorem 5.1.10. [56] Let « be a composition and r a positive integer. Then,
ot =
B

where the sum runs over all compositions B such that

1. 6 = sort(B)/sort(a) is a horizontal strip,

2. BE|a|l+r, and

3. bs)(B) = a.
Additionally, we have that

S(unSa = 2_ 85
B

where the sum runs over all compositions B such that

1. € = sort(pB)/sort(a) is a vertical strip,

2. BEla|l+r, and

3. tA’M(a)(ﬁ) = .
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Example 5.1.11. For the first rule, we have

$(2)8(1,21) = S(1,131) T 8(1.2.2.1) T 8(141) T 8(2,121) +8(2.31) T8(3.2,1)-

[ [ ]
[ | L] L |

For the second rule, we have

Ak Ak oAk ~% Ak ~k Ak ~k Ak
Sa,nSa21 = Sa1,121) TS1,31) S22 TS132) TS21,21) T S@e21,1) TS231):-

I |

[ | |

Another especially interesting property of these functions is that dual immaculate functions
expand positively into the Young quasisymmetric Schur basis. This was proved by Allen, Hallam,
and Mason in [4] using an analogue of Schensted Insertion. The combinatorial formula for the
coefficients in this expansion counts objects they define called dual immaculate recording tableaux
(DIRTS), which we do not define here.

Theorem 5.1.12. [/] The dual immaculate quasisymmetric functions decompose into Young

quasisymmetric Schur functions in the following way:
&, =) dassh,
B

where dy g is the number of DIRT's of shape B with row strip shape .

In [58], Marcum and Niese also give positive expansions of certain extended Schur functions into
the Young quasisymmetric Schur basis using DI RT's. In this case, however, not all extended Schur

functions expand positively into the Young quasisymmetric Schur basis.

Theorem 5.1.13. [58] Let o be a shuffle of (1%) and a partition \. Then
oo =Y dis85
B

where dzﬁ counts the number of a special class of DIRT s with row strip shape o, shape 3, and

one additional condition.

Corollary 5.1.14. [58] Let a be a shuffle of (1¥) and a partition X\ where k > 0 and all parts of A

are greater than 2, and let a;, = --- = «,, = 1. Let A(a) denote the set of compositions 3 such that
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sort(a) = sort(8) and B; > 1 if j > iy. Then,
Oo= D dossh
peA(a)
where dy, 5 € {0,1}.

Like the other Schur-like bases of QSym, there are skew Young quasisymmetric functions that
can be defined in terms of a skew version of the SSYCT. These were also introduced in [56]. The
notions of type, standard, standardization, descents, descent compositions, and associated monomials
all exactly follow those of the usual SSYCT.

Definition 5.1.15. Let a and 5 be compositions such that § C «a and if (i,7) € a but (¢,5) € B
then there is no row oy of length j — 1 such that ¢t > i. A skew semistandard Young composition

tableau T of shape o/ is defined as a filling of the skew shape a/f with positive integers such that
1. the entries in each row are weakly increasing from left to right,
2. the entries in the first column are strictly increasing from top to bottom,

3. (triple rule) let T'(i,5) = oo when (i,7) € o and let T'(i,j) = 0 when (i,5) € 5. If i > j and
(j,k+1)ea/fand T(i,k) <T(j,k+1), then T(i,k+1) <T(j,k+1).

Skew semistandard Young composition tableaux are not defined for skew shapes that do not
meet the conditions described on « and (8 in the definition above. Intuitively, this means that there
will never be a box B in a/f such that there exists a row below B whose length is exactly the
number of boxes to the left of B. Note that in [56], an alternate notation is used to denote only the

shapes a/f that meet the criteria described.

Definition 5.1.16. For compositions 8 C «, the skew Young quasisymmetric function is defined as
Shyp =D
T

where the sum runs over skew SSYCT of shape «/f. If there exists a box (i,7) € a but (4,5) € 8
such that there is a row «; of length j — 1 where t > ¢, then éZ/,B =0.

Example 5.1.17. The skew Young quasisymmetric Schur function §?27372) J(21) is given by

a* 2,2 2 2 2
S(273’2)/(271) =TTy + T1T2T3 + T1XoT3 + T1T2T3 + 2x1$2$3x4 + -
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We conclude this subsection by noting that there exists a bijection p, between skew SSYCT of
inner shape a and skew SSYT of inner shape sort(«). This bijection is first defined in [56], but is
based on an analogous bijection developed by Mason in [59]. Many of the properties of these bases
and tableaux stem from this bijection.

5.1.2 Young noncommutative Schur functions

The Young noncommutative Schur functions were also introduced in [56].

Definition 5.1.18. For a composition «, the Young noncommutative Schur function S, is defined

by (Sa, ég) = 04,3 for every composition .

By definition, {84}« is the basis of NSym that is dual to {8} }, in @Sym. Therefore, complete

homogeneous functions and ribbon functions expand into the Young noncommutative Schur basis as
Hp =Y Kqpa R = Lapba- (5.1)
(63 e

Perhaps the most exciting property of the Young noncommutative Schur functions is that they
have a Littlewood-Richardson type rule. We state that result here without defining all the necessary
background. Most important is that the Young noncommutative Schur structure coefficients are

positive and they count certain skew standard Young composition tableaux.

Theorem 5.1.19. [56] Let o and B be compositions. Then,

= Y CLs
vElal+8|

where C‘gﬂ counts the number of skew SYCTs T of shape v/a such that using using Schensted
insertion p~— 1 (P(we(T))) = Us.

These coefficients are also those that appear in the skew Young quasisymmetric Schur functions,
Ak _ Y A%
Sy/a = Z Ca,ﬁsﬁ’
B

Example 5.1.20. [56] The noncommutative Littlewood-Richardson coefficients of the product

below count the following tableaux:

$(2,3)8(2,1) = 8(3,5) T 8(14) T 8(2,4,2) +8(332) T 8(25,1) +28(3,4,1) +8(2,321) T 833,1,1) +8(2,4,1,1)

3 1]3 2
1]2] 2 2] [1]2]
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2 2 |2\
1 3 1]2 1 1
3 3| 3|

These noncommutative Littlewood-Richardson coefficients have the following relationship to the

classical Littlewood-Richardson coeflicients.

Corollary 5.1.21. [56] Let \ and p be partitions and let o and 3 be compositions such that
sort(a)) = X and sort(f) = p. Then,

v Ay
Up = Z Cap:
sort(y)=v

The Young noncommutative Schur functions also have Pieri rules that follow from their

Littlewood-Richardson rules.

Corollary 5.1.22. [1}] Let « be a composition and r a positive integer. Then,
8a8() = )8,
v

where the sum runs over all compositions v O « obtained by adding r boxes to o such that
1. () <l(a) + 1,
2. no two bozes are in the same column, and

3. a box can only be added to that row if there is no row below it with the same length.

Additionally,
Sal(1r) = Y 8y,
v
where the sum runs over all compositions v C « obtained by adding r boxes to a such that
1. () <l(a) + 1,
2. no two boxes are added in the same row, and

3. a boxr can only be added to that row if there is no row below it with the same length.

Example 5.1.23. The first rule yields

S1,2,1)8@2) = 8(1,21,2) 8123 +813,1,1) + 81,41

| [ | [ [ ]
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The second rule yields

S21)81,1) =8a,21,1,1) T 81221) +8131,1) 850132 +5222)-

[ |

Interestingly, Allen, Hallam, and Mason showed that Young noncommutative Schur functions
and immaculate functions are equal when indexed by the same partition. Notably, this is not true

for the shin functions.
Theorem 5.1.24. [/] Let o be a composition. Then §, = S, if and only is « is a partition.
For compositions in general, the expansions are as follows.

Proposition 5.1.25. [// The Young noncommutative Schur functions decompose into the dual

immaculate functions in the following way:

8, = Z ds oG,
3

where dg o s the number of DIRT's of shape a and row strip shape 5". Moreover, for the hook shape

(1%, n — k) we have
1k n—k) Z 65
=k+1

Allen, Hallam, and Mason also provide a Remmel-Whitney-Style algorithm for decomposing G,
in terms of DIRT's. In [67], Niese gives a Remmel-Whitney rule for the decomposition of a product
of a Young quasisymmetric Schur function and a Schur function into the Young quasisymmetric

Schur basis.

5.1.3 Quasisymmetric Schur functions and other bases related by involutions

The images of the Young quasisymmetric Schur functions under 1, p, and w are row-strict Young
quasisymmetric Schur functions, quasisymmetric Schur functions, and row-strict quasisymmetric
functions, respectively. The quasisymmetric Schur functions were introduced first by Haglund, Luoto,
Mason, and van Willigenburg in [39]. In this section, we define skew tableaux and skew functions
only because the definitions for non-skew cases follow by letting the inner shape be (). The skew
quasisymmetric Schur functions were introduced by Bessenrodt, Luoto, and van Willigenburg in
[14]. Note that for consistency we refer to certain functions as ‘skew-II’ that appear in the literature

as ‘skew’.
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Definition 5.1.26. Let o and /3 be compositions such that 8" C o and if (i,5) € a but (i,5) €
then there is no row a; of length j — 1 such that t < i. A skew semistandard reverse composition
tableau (skew SSRCT) T of shape o/ is defined to be a filling of the skew-II shape a3 with

positive integers such that
1. the entries in each row are weakly decreasing from left to right,
2. the entries in the first column are strictly increasing from top to bottom,

3. (triple rule) let T'(i,5) = o0 if (4,4) € f and T'(4,j) = 0if (4,7) € a for i, j € Z~o. If i < j and
(j,k+1)€ea)pand T(i,k) > T(j,k+ 1), then T(i,k+1) > T(j5,k+1).

Definition 5.1.27. Let « and 8 be compositions such that 57 C a”. Then the skew quasisymmetric

Shys = 2
T

where the sum runs over skew semistandard reverse composition tableaux T' of shape a/S. If 5 = ()

Schur function is defined as

then we write 8}, and call it the quasisymmetric Schur function.
The quasisymmetric Schur functions {8} }, form a basis of QSym, [39].

Example 5.1.28. The following are semistandard reverse composition tableaux of shape (3, 2):

1l1]1 321\ 222\ 321\ 431\ 432\

Definition 5.1.29. For a composition «, the noncommutative Schur function §, is defined by
<é047 §E> = 6(1,57

for all compositions .

The noncommutative Schur functions {$, }, are thus the basis of NSym that is dual to the qua-
sisymmetric Schur functions. These bases relate to the Young quasisymmetric and noncommutative

Schur functions by the involution p.
Proposition 5.1.30. [56] For a composition «,

p(8,) =85 and p(8q4) = Sar.

Mason and Searles describe when Young quasisymmetric Schur and quasisymmetric Schur
polynomials are equal, which also gives insight into the behavior of Young quasisymmetric Schur

and quasisymmetric Schur functions.
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Theorem 5.1.31. [64] The equality
Sa (1, .. xn) = 85(21,. ., 7)),

holds if and only if « = B and either a has all parts the same, or all parts of a are 1 or 2, or

n = l(a) and consecutive parts of a differ by at most 1.

The quasisymmetric Schur and noncommutative Schur functions also have properties analogous
to those in Section 5.1.1. We will not state these analogues, but they can be obtained by applying p to
the original results. One additional result is given in [80], where Tewari proves a Murnaghan-Nakayam

rule for the noncommutative Schur functions.

Theorem 5.1.32. [80] Given a composition « and a positive integer n,

d}néa = Z(*l)ht(ﬁ//a)éaa
B

where the sum runs over compositions 3 such that 3 )/« is a border-strip that meets certain conditions.

The row-strict quasisymmetric Schur functions were introduced by Mason and Remmel in [62].

These are defined on a variant of reverse composition tableaux with strictly decreasing rows.

Definition 5.1.33. Let o and /3 be compositions such that " C o and if (¢,5) € a but (i,7) € B
then there is no row oy of length j — 1 such that t < i. A skew row-strict semistandard reverse
composition tableau T of shape o/ is defined to be a filling of the skew-II shape o/ with positive

integers such that
1. the entries in each row are weakly decreasing from left to right,
2. the entries in the first column are strictly increasing from top to bottom,

3. (triple rule) let T'(i,5) =0 if (4,j) € o and T'(4,j) = o0 if (¢,7) € B for i,j € Z~¢. If i < j and
T(j,k+1) < T(i, k), then T(j,k +1) < T(i,k +1).

Definition 5.1.34. Let o and 8 be compositions such that 8" C «”. Then the skew row-strict

quasisymmetric Schur function is defined as
o _ T
TR
T

where the sum runs over skew semistandard row-strict reverse composition tableaux 71" of shape

a//B. If f =0 then we write rs¥, for the row-strict quasisymmetric Schur function.

The row-strict quasisymmetric Schur functions {rs},}, form a basis of QSym, [62].
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Example 5.1.35. The following are semistandard row-strict reverse composition tableaux of shape
(3,2):

1 3l2]1 3/2]1 3l2]1 431\432\

Definition 5.1.36. For a composition «, the row-strict noncommutative Schur function rs, is
defined by

(rsq, rsp) = da.p,
for all compositions 5.

The row-strict noncommutative Schur functions {rs, }, are thus the basis of NSym that is dual
to the row-strict quasisymmetric Schur functions. These bases relate to the Young quasisymmetric

and noncommutative Schur functions by the involution w.
Proposition 5.1.37. [62] For a composition c,

ok

w(sa) = I“VSZM llf(gl) = rVSZ, w(éa) =TSy, and w(éa) = I'Sq.

Lastly, the row-strict Young quasisymmetric functions were introduced by Mason and Niese in

[61]. They are defined on a variant of Young composition tableaux with strictly increasing rows.

Definition 5.1.38. Let a and 8 be compositions such that 5 C « and if (4,5) € a but (i,5) € 8
then there is no row a; of length j — 1 such that t > i. A skew semistandard row-strict Young
composition tableau T of shape «/f is defined to be a filling of the skew shape «/f with positive

integers such that
1. the entries in each row are strictly decreasing from left to right,
2. the entries in the first column are weakly increasing from top to bottom,

3. (triple rule) let T'(¢,5) = 0 if (4,5) € S and T'(4,j) = o0 if (4,7) € a for 4, j € Z~¢. If i > 5 and
T(j, k) <T(i,k+1), then T(j,k+1) <T(i,k+1).

Definition 5.1.39. Let « and 8 be compositions such that 8 C «. Then the skew row-strict Young

quasisymmetric Schur function is defined as
S =20
T

where the sum runs over skew semistandard row-strict Young composition tableaux T of shape «//f.

If 8 = 0 then this becomes the row-strict Young quasisymmetric Schur function rs},.

The row-strict Young quasisymmetric Schur functions {rs,}, form a basis of QSym, [61].
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Example 5.1.40. The following are semistandard row-strict Young composition tableaux of shape
(2,3):

2134 123\ 123\ 3/4]5 235\ 234\

Definition 5.1.41. For a composition «, the row-strict Young noncommutative Schur function rs,,
is defined by

(rsq, rAsE) = 0.3,
for all compositions .

The row-strict Young noncommutative Schur functions {rs,}, are the basis of NSym that is
dual to the row-strict quasisymmetric functions by definition. These bases relate to the Young

quasisymmetric and noncommutative Schur functions by the involution ).
Proposition 5.1.42. [61] For a composition c,

$(8a) =184, p(rsy) =185, w(S,) =18,

¥(8q) =TSq, p(rsy) =71Ser, w(8y) = rSyr.

Most results for the quasisymmetric and Young quasisymmetric bases (or their duals) have
analogs for the row-strict quasisymmetric and row-strict Young quasisymmetric bases (or their

duals) that can be found by simply applying the appropriate involution.

5.2 Colored Generalizations of the Young quasisymmetric Schur
functions and their duals

We generalize the last of our primary Schur-like bases, the Young quasisymmetric Schur functions

and the Young noncommutative Schur functions, to QSym 4 and N.Sym 4. We also prove expansions

to and from other bases, a right Pieri rule, and properties of skew colored Young quasisymmetric

Schur functions.

5.2.1 The colored Young quasisymmetric Schur functions in QSym 4

We define the Young quasisymmetric and noncommutative Schur functions in QSym 4 and NSym 4
with yet another type of colored tableaux. For a colored tableau T, let (7, j) denote the box in row i

and column j and let T'(7, j) denote the integer filling box (i, ).

Definition 5.2.1. For a sentence I, a semistandard colored Young composition tableau (SSCYCT)

T of shape « is defined to be a filling of the diagram of I with positive integers such that:

1. the entries in each row are weakly increasing from left to right,
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2. the entries in the first column are strictly increasing from top to bottom, and

3. (triple rule) let T'(i,j) = oo when (i,j) ¢ I. If i > j and T'(i,k) < T(j,k + 1), then
T(ik+1) < T3,k +1).

The type of T is a weak sentence J = (v1,vg,...) where v; is the word obtained by reading the
colors of each box in T filled with an ¢, starting at the lowest leftmost box and moving left to right,

bottom to top.

A SSCYCT T of type J = (v1,...,vp) is associated with the monomial zp = x4, 1 - - - &y, » which

may also be written as x ;.

Example 5.2.2. Some of the semistandard colored Young composition tableaux of shape (ab, cb)

and their types are

a,1|b,1 a,1|b,1 a, 16,3 a,1]b,2 a,1|b,2 a,1|b,4

c,2(b,2 c,2(b,3 c,2(b,2 c,31b,3 c,3|b,4 c,2(b,3

(ab, cb) (ab, ¢, b) (a,cb,b) (a,b,ch) (a,b,c,b) (a,c,b,b)

Definition 5.2.3. For a sentence I, the colored Young quasisymmetric Schur function is given by

where the sum runs over all SSCYCTs T of shape I.

Example 5.2.4. The colored Young quasisymmetric Schur function é?ab,cb) is given by
é*ab7cb) = Zab,1Tch2 T Tab,1L¢,2Lb,3 T+ La,12cb,2Tb,3 +La,1T5,2Tch,3 T La,1Tb2%¢,3Tb 4+ La,1Tc22b 3Tpa+ -

Proposition 5.2.5. Let A = {a}, and let I be a sentence. Then, v(8}) = Spe(r)- Moreover, {87}
in QSymy is analogous to {8} in QSym.

Proof. Observe that v acts on a monomial x7 where T is a colored SSYCT of shape I by mapping
it to the monomial 27" where T" is the SSYCT of shape wf(I) with the same integer entries as 7.

Thus, v(8]) = é:iw( n for all alphabets A and including those containing only one color. O

A standard colored Young composition tableau (SCYCT) of shape I is a colored Young composition
tableau in which the integers 1 through |I| each appear exactly once. A SCYCT U has a descent
in position 7 if (: + 1) is in a row weakly left of ¢ in U. We denote the set of descents in U as
Désy(U), called the descent set of U. The colored descent composition of U is defined as the sentence
J = (v1,...,vy) obtained by reading the colors filling each box of U in the order they are numbered

and splitting into a new word after every descent.
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Each semistandard colored Young composition tableau T of size n can be associated with a
standard colored Young composition tableau called the standardization of T. Given a semistandard
colored Young composition tableau 7', form a standard colored Young composition tableau std(T) =
U by relabeling the boxes of T' with integers 1 through n in the following way. Starting with the
leftmost lowest box filled with a 1, relabel all the boxes filled with 1’s moving from left to right,
bottom to top, filling them with consecutive integers 1,2, 3,.... Continue relabeling all the boxes
originally filled with 2’s with the next consecutive integers, again going from left to right, bottom
to top, and increasing by 1 with each move. Continue this process for boxes originally filled with
3’s, 4’s, and so on until the entire tableau has been relabelled. Additionally, recall from Section 3.2
that the flattening of a tableau T with entries {i; < i2 < ---, < iy} is the tableau T obtained by
replacing each i; with j so that the tableau has entries {1,2,...,k}.

Example 5.2.6. The two semistandard colored Young composition tableaux below both have shape

(abc,acc) and type (ab,ac,c,c) but have different standardizations.

a,1|b,1|c,4 a,1|b,1]¢c,2
T = T =
a,2c2|c3 a,2(c3|c4
a,1(b,2|c,6 a,11b,2|c,4
Std(Tl) =U; = Std(Tg) =Uy =
a,3|c,4|¢,b a,3|¢c,5|c,6
Dés(Uy) = 12,5}, coa(Ur) = (ab, acc, c) Dés(Uy) = 12,4}, coa(Ur) = (ab, ac, cc)

Let KLJ be the number of SSCYCT of shape I and type J, and let .Z/LJ be the number of
SCYCT of shape I and colored descent composition J.

Proposition 5.2.7. The colored Young quasisymmetric Schur functions expand positively into the

colored monomial and colored fundamental bases as

é?: E K[’JMJ and é?: E LLJFJ,
J J

where the sum runs over sentences J such that |I| = |J|.

Proof. Every semistandard colored Young composition tableau is also a colored immaculate tableau,

so by Proposition 3.3.17 we can write
é? = Z Mtype(T)’
T=T

where the sum runs over flat semistandard colored Young composition tableaux 7" of shape I. From

here, it is simple to obtain the first statement in the result. To obtain the second, we first show that
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given a standard colored Young composition tableau .S,

= > Mp= > Myem (5.2)

B=co(S) T—T

std(T)=5

The method for standardization here is the same as the one for colored immaculate tableaux so by
Proposition 3.3.15 we know that there is a unique tableaux 7" with a given type and standardization.
Thus, each My,p(7) only appears once in our sum. It remains to show that for any B < co(S), there
is a flat SSCYCT T of type B such that std(T) = S. Let B = (b1,...,b;) for words by, by, ... bs.
We construct our tableau 7' (which has the same shape as S) by considering the boxes in the order
they are numbered in S. We fill the first |b;| boxes with 1’s, the next |ba| boxes with 2’s, and so on.
It follows easily that the rows of T are weakly increasing and the first column is strictly increasing,
so we just need to verify that the triple rule holds.

Let ¢ > j and we will consider the triple (i, k), (j,k + 1) and (i, k + 1). Because S is a SCYCT,
we know that if S(i,k) < S(j,k + 1) then S(i,k +1) < S(j,k + 1) by the triple rule. Now,
assume that T'(i, k) < T'(j,k + 1). This implies that S(i,k) < S(j,k + 1) by construction, and
thus S(i,k + 1) < S(j,k + 1). This means that when we labelled T, we must have filled the box
(i,k + 1) before (j,k+1) so T'(i,k+1) < T(j,k+ 1). Further, since (j, k + 1) is weakly to the left of
(7, k + 1) there must be a descent between the two in S. Since the type B we used to create T' was a
refinement of co(.S), the boxes (j,k + 1) and (¢, k + 1) were associated with different words b, in B.
Thus, T'(i,k+ 1) < T(j,k + 1) so the triple rule holds for 7" and T is a SSCYCT.

Thus,
§? = Z Mtype(T) = Z Z Mtype T) — Z
T=T s T

=T
std(T)=S

where the sums run over standard colored Young composition tableaux of shape I and flat SSCYCT

T that standardize to S. The expression above simplifies to our second statement. O

5.2.2 The colored Young noncommutative Schur functions in NSym,,

Definition 5.2.8. For a sentence I, define the colored Young noncommutative Schur function §; by

(81,8%) = 61,7 for every composition J.
By definition, {7} is the basis of NSym, that is dual to {8} in QSyma.

Proposition 5.2.9. Let A = {a} be an alphabet and I be a sentence. Then v(81) = Sy¢(1). Moreover,
{81}1 in NSym, is analogous to {S4}a in NSym.

Proof. Let A be an alphabet of size one. By Proposition 3.3.47, for all sentences I and J we have
(81,87) = (v(81),v(87)) = (V(81),81pq())-
Because A is an alphabet of size one, w/ is a bijection from sentences in A to compositions meaning
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that if wl(I) = wl(J) then I = J. Thus, we have

(81,87) = Swenywe(ry 50 (V(81),80p(s)) = Owe(n)we(r) = (Swe(r) Swe())>
for all sentences I, J. It follows that for any sentence I, we have v(87) = Swi()- O

The colored complete homogeneous functions and colored ribbon functions expand positively

into the Young noncommutative Schur basis following Propositions 2.2.7 and 5.2.7.

Corollary 5.2.10. For a sentence J,

Hy =Y K8 Ry=Y_Liséi,
1 1
where the sum runs over sentences I such that |I| = |J|.

Like in the non-colored case, the colored noncommutative Schur functions have a right Pieri rule.
Here, however, it must be proved directly since we do not have a colored Littlewood-Richardson

rule from which it may follow.

Theorem 5.2.11. Let I be a sentence and v a word. Then,
stH, = Z SJ,
J
where the sum runs over all sentences I Cp, J obtained by adding |v| boxes to I such that
1. 0(J) <)+ 1,
2. no two boxes are added in the same column,
3. (J/I)" =wv, and
4. a box can only be added to a row if there is no lower row of the same length.

Proof. Let {Gr}1 be a set of noncommutative symmetric functions defined recursively by the Pieri
rule above with G in place of §;. We show first that Hg =) ; K 7K Gx for all sentences K, using
induction on the length of K. When ¢(K) = 1, it follows from the Pieri rule that Hx = Gk, which

agrees with our statement. Now assume the statement is true for /(K) = k—1. Let K = (wy, ..., wg)
and let K% = (w1, ..., w_1). By our inductive assumption,
Hyy = ZKJ,KhGJa (5.3)
J

where the sum runs over sentences .J. Note that because K .kt counts SSCYCT tableaux of shape J

and type K, we can rewrite > J K Jk:G as Yy Gepape(y) Where the sum runs over semistandard
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colored Young composition tableaux of type K% We multiply Equation (5.3) on the right by Hy,

to obtain

HKhHwk =Hg = ZKJ,KhGJHwk = ZGshape(Y)Hwka
J Y
where the last sum runs over semistandard colored Young composition tableaux of type K%. Given

a semistandard colored Young composition tableau Y of type K, we claim that
Gshape Z Gshape

where the sum runs over semistandard colored Young composition tableaux T of type K such that
shape(Y') Cr, shape(T) and each box in T' that corresponds to a box in Y is filled with the same
number as the box in Y, in which case we say Y is a subtableau of T'. Observe that the multiset
of sentences obtained through the Pieri rule for {Gy} is equivalent to the multiset of shapes of
the tableaux obtained by adding boxes in the same way to Y and filling those new boxes with k.
Adding boxes in this way creates a new colored tableau T of type K that is in fact a colored Young
composition tableau. Note that while the shapes of these tableaux are not unique, the tableaux
themselves are by construction. Since boxes are added on the right or bottom, the condition that
rows are weakly increasing and the first column is strictly increasing is maintained, so we only
need to verify that the triple rule is satisfied. Let ¢ > j and consider any pair of blocks (i, ¢) and
(j,c+ 1) such that T'(i,¢) < T(j,c+1). If T(i,c¢) and T'(j,c + 1) are both less than k, then their
triple including (i, c + 1) satisfies the triple rule since it was present in the original tableau Y. If
T(j,c+ 1) =k, then T'(i,c + 1) < k because two boxes cannot be added in the same column using
the Pieri rule, so both cannot be new boxes. Thus, this triple satisfies the triple rule. The triple rule
does not apply to any other triples, meaning we have shown it is satisfied in all cases. Therefore,
our new tableaux T is a SSCYCT of type K. As stated earlier, each tableau created this way is
unique so it remains to show that the set of tableaux that is produced does include every SSCYCT
of type K.

Given a SSCYCT T of type K, it is easy to see that removing every box filled with a k produces
a SSCYCT of type K. This is because the remaining tableau must meet the requirements of
SSCYCT since it was a subtableau of one already. Due to the triple rule and the other conditions,
the boxes must each come from a different column, and they must come from the right or bottom of
the tableau. Additionally, the triple rule asserts that we cannot have T'(j,c+ 1) = k and T'(i,c) # k
with (i,¢) € T and (i,c+ 1) € T, because then T'(i,c+ 1) = co which violates the triple rule. Thus,
any boxes filled with £ must not leave a row that would become the same length as a lower row.
Therefore, the configuration of boxes removed is also one that would be added by the Pieri rule
meaning there is indeed a SSCYCT with our given parameters that corresponds to each diagram

generated by applying the Pieri rule. We have shown that

Hi = Z Gshape(Y Wi, Z Z Gshape Z Gshape (z) = Z KI KGD
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where the sums run over colored Young composition tableaux Y of type K%, colored Young
composition tableaux T of type K such that Y is a subtableau of T', semistandard colored Young
composition tableaux of type K, and sentences I such that |I| = |K]|, respectively.

Since the transition matrix of K coefficients between {H;}r and {G} is the same as the
transition matrix between {H;}; and {8;};, we must have §; = G for every sentence I. Thus,
the colored Young noncommutative functions are the unique set of functions that satisfy our Pieri
rule. O

Example 5.2.12. Multiplying S, pq,c) by H(p) yields the following:

é(a,ba,c)I{(bC) = é(a,ba,c,bc) + é(a,ba,cbc) + é(a,bac,c,b) + é(a,babc,b)'

a a a a
ba‘ b|a ba ba|b|c‘

C‘ C
o] D

With this Pieri rule in hand, we return to Q.Sym 4 to define skew versions of our functions.

o
o
S
o

Definition 5.2.13. For sentences I, J, the skew colored Young quasisymmetric function is defined

By Definition 4.5.12, the skew colored Young quasisymmetric Schur function s} /7 expands into

various bases as follows:

85/, =Y (8sHk,87)Mg = (8;Rk,87)Fx =Y (88k,87)8%- (5.4)
K K K

Definition 5.2.14. Let I and J be compositions such that J Cy I and if (i,5) € I but (i,5) & J
then there is no row I; of length j—1 such that ¢t > i. A skew semistandard colored Young composition
tableau T of shape I/J is defined to be a filling of the skew colored shape I/J with positive integers
such that:

1. the entries in each row are weakly increasing from left to right,
2. the entries in the first column are strictly increasing from top to bottom,

3. (triple rule) let T'(i,j) = oo when (i,5) ¢ I and T'(i,j) = 0 when (i,j) € J. If i > j and
(j,k+1)€el/Jand T(i,k) <T(j,k+1),then T(i,k+1) <T(j,k+1).

Skew semistandard colored Young composition tableaux are not defined for colored skew shapes

that do not meet the conditions described on I and J in the definition above. The notions of type,

standard, standardization, descents, colored descent compositions, and associated monomials all
exactly follow those of the usual SSCYCT.
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Example 5.2.15. The following are skew semistandard colored Young composition tableaux:

a a a a

b | a b | a a3 b | a|c?2 b |a|b2|c3
@ c |b1l|c?2 c |a,l c |a,3
b,1|c,1a,1 b,2

Proposition 5.2.16. Let I and J be sentences. Then,
Sr/g = Z T,
T

where the sum runs over all skew semistandard colored Young composition tableaux of shape I/J.

Proof. Using the same logic in the proof of Theorem 5.2.11 with repeated application of the Pieri

éJHK:Z g xr,
7T

where the sums run over sentences I and skew colored Young composition tableaux of shape I/J

rule, we have

and type K. We only need a few additional observations since we are now dealing with skew colored
tableaux. The fourth condition for the colored Pieri rule (Theorem 5.2.11) ensures that in every
shape I/J we obtain, if (7,5) € I but (i,j) ¢ J then there is no row I; of length j — 1 such that
t > 4. Additionally, because we have set the boxes inside the inner shape J to be 0, the existence of
that inner shape does not introduce any conflicts with triples. Therefore, given specific sentences I
and J, the coefficient (§;H,§7) counts the number of skew colored Young composition tableaux of

shape I/J and type K. By expanding the sum in Equation (5.4) using Proposition 3.3.17, we have

8i/5 = (8sHK,8)Mg = ar,
K T

where the sum runs over skew colored Young composition tableaux 7" of shape I/J. 0
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CHAPTER

§

COLORED GENERALIZATIONS OF THE
SYMMETRIC FUNCTIONS

In the classical case, the algebra Sym is a subalgebra of QSym and the commutative image of
NSym. It is natural to ask if there is a similar subalgebra of QSym 4 and to look at the commutative
image of NSym . We define a pair of dual Hopf algebras, PSym 4 and Sym 4, where PSym 4 is
the commutative image of NSym4 and Sym 4 is a subalgebra of QSym 4.

6.1 The algebra of p-sentences PSym

Let A be an alphabet with a total order. Define the graded lexicographic order on words by v =g w

if £(v) < ¢(w) or if both ¢(v) = ¢(w) and v <y w. A p-sentence is a sentence P = (wy, ..., wy) such
that wy =g¢ - - =g¢ wi. Given a sentence I = (v1,...,v;), let sort(I) be the p-sentence obtained by
sorting the words in I by graded lexicographic order. Given a weak sentence K = (uy,...,Un), let

sort(K) = sort(K) and let o(K) be (ug(1),- -, Us(m)) for o € Sy, Let PSents denote the set of
p-sentences for the alphabet A. Let W Sent s denote the set of weak sentences and Sent4 denote

the set of sentences. See Appendix B to review earlier notation.

Example 6.1.1. The sentence P = (abb, cab,ba,cc,a,b) is a p-sentence. Given the sentence
I = (¢, aba, bc), the associated p-sentence is sort(I) = (aba, be, ¢). Given the permutation o = 231,

we have o(I) = (be, ¢, aba).

Definition 6.1.2. Define the algebra PSym 4 as the algebra generated by {h }., for all words w
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in the alphabet A, where generators commute, that is hyh, = hyhy,. We write
PSym4 = Q[hy, : words w).

Definition 6.1.3. For a p-sentence P = (wy,...,wy), we define the colored complete homogeneous

p-symmetric function as

hp = Ty Py - - - .

We have constructed this algebra so that the set {hp : P € PSents} of colored complete
homogeneous p-symmetric functions is a basis of PSym 4, which we also call the h-basis. Using this

basis, we see that PSyma admits a Hopf algebra structure.

Proposition 6.1.4. PSym4 is a graded Hopf algebra with multiplication given by

hPhQ = hsort(P~Q)a

the natural unity map u(k) =k - 1, the comultiplication given by

A(hQ) = Z hsort(Q/RJ) ® hsort(J)a
JCRQ

and the counit

1 ifP=0,
e(hp) = ! .
0 otherwise.

Proof. We have already defined PSym 4 as an algebra, so it remains to show that (PSyma, A, €) is

a coalgebra. Observe that

(id® A) o A(hg) = (id® A) Z Psort(@/ ) @ Nsort(1)
JCRQ

= Z hsort(Q/RJ) ® Z hsort(sort(J)/RK) ® hsort(K)

JCRQ KCprsort(J)
= Z Z hsort(Q/RJ) ® hsort(J/RK) ® hsort(K) (61)
JCRQ, KCRrJ

To prove co-associativity, we show that (A ® id) o A(hp) is equal to (6.1).

(A@id) o A(hg) = (A®id) [ Y heort(@/ny) @ hsort(y)
YCRrQ

= Z Z hsort(sort(Q/RY)/RZ) ® hsort(Z) ® hsort(Y) (62)
YCRQ, ZCpsort(Q/RY)

We now reorganize this double sum so that the sum over Y is on the inside and we have a new
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sum on the outside. Each term in Equation (6.2) sum is associated with a unique pair of weak
sentences Y and Z such that Y Cr Q and Z Cp sort(Q/rY). Each pair Y and Z can be associated
with a unique pair of weak sentences X and Y as follows. For each Y Cg @), pick a permutation
oy such that oy (Q/rY) = sort(Q/rY ), and note that oy (Q/rY) = oy (Q)/roy (Y). Then for a
pair (Y, Z) we can define a weak sentence X such that sort(Q/rY)/rZ = (oy(Q)/roy(Y))/rZ =
oy (Q)/roy (X). In other words, oy (X)/roy(Y) = Z. By this definition the pair (X,Y") is uniquely
defined by (Y, Z). Observe that every weak sentence X Cpr () appears because, in the cases that
Y = (), we have oy (X) = Z and oy = id, so there is an X = Z for all Z Cg oy(Q) = Q.
Further, for each X, there is a pair (X,Y) for each Y Cr X. By the way we have defined X,
we now have sort(Q/rY)/rZ = oy(Q)/roy(X) which implies that sort(sort(Q/rY)/rZ) =
sort(oy (Q)/roy (X)) = sort(Q/rX). Further, sort(Z) = sort(oy(X)/roy(Y)) = sort(X/grY).
Thus, when we uniquely associate a pair (Y, Z) with a pair (X,Y) we also uniquely associate

equivalent summands hsort(sort(Q/RY)/RZ) ® hsort(Z) ® hsort(Y) and hsort(Q/RX) ® hsort(X/RY) ® hsort(Y) :
Using this equality, we rewrite (6.2) as

(A & Zd) o A(hQ) = Z Z hsort(Q/RX) X hsort(X/RY) ® hsort(Y)'
XCRrRQYCRX

This is equivalent to the sum in Equation (6.1), so we have shown that (PSyma, A, €) is coassociative.
To verify the axioms for the counit, we check that the two expressions below are equivalent to
id(hg) = hg and to each other. Note that Q @ PSymy = PSyma = PSyma ® Q so the elements
1® hg and hg ® 1 are equivalent to hg.

(Zd ® 6) © A(hQ) = (Zd ® 6) Z hsort(Q/RJ) ® hsort(]) - hQ ®1,
JCRQ

(e®id) o A(hg) = (id@e) [ D hsori@rnn ® hsort(sy | = 1@ hg.
JCRQ

Thus, (PSyma, A, ¢€) is a coalgebra.

To show that PSym4 is a bialgebra, we must show that the equations in Definition 2.2.2 are
satisfied. Here we use the explicit notation for multiplication, u : PSym Q@ PSym 4 — PSym 4 where
p(hp @ hs) = hgory(p.s)- Also, let 1p denote the multiplicative identity in PSym4 and T denote the
map T'(x ®y) = y@z. First, we check that A(m(hp®hg)) = (m@m)(idRT @id)(ARQA)(hp@hg).
For the left-hand side, we have

A(m(hP ® hS)) = A(hsort(P-S)) = Z hsort(sort(P~S)/RJ) ® hsm’t(J)'
JCgrsort(P-S)

For the righthand side, we have
(m®@m)(id® T ®id)(A @ A)(hp @ hg) = ---
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= (m ® m) (Zd RT® Zd) Z hsort(P/RY) ® hsort(Y) ® hSOTt(S/RZ) ® hsort(Z)
YCnP
ZCRS

= (m ® m) Z hfsort(P/RY) ® hsort(S/RZ) ® hsort(Y) ® hsort(Z)
YCRP
ZC RS

= Z Psort(P/rY-S)r2) @ Nsort(v.z) = Z Psort((P-8)/r(Y-2)) @ Nsort(v-7)

YCrP YCRrP
ZCgS ZCrS

where Y - Z = (y1,.. ., Yup), 21, - - 2(s5)) for Y = (y1,y2, .., Yg(v)) and z = (21, 22, ..., z4(z)) and
empty words are added to the ends of Y and Z so that they are of length ¢(P) and ¢(S) respectively.
Let o be a permutation such that sort(P - S) = o(P - S) and note that sort(c(P-S)/ro(Y - Z)) =
sort((P-S)/r(Y - Z). Rename o(Y - Z) as J and note that sort(J) = sort(Y - Z). Then we can

rewrite our sum as

(’I’)’L ® m)(ld RT® Zd)(A ® A)(hP & hS) = Z hsort(sart(P-S)/RJ) ® hsort(J)a
JCpgsort(P-S)

so the equation holds. Next observe that m o (e ® €)(hp ® hg) = € o m(hp ® hg) because both
sides of the equation equal 1 if hp = hg = 1p, and 0 otherwise. Third, we have for £ € Q
that (u ® u)A(k) = A(u(k)) because both sides of the equation equal 1p ® 1p. Finally, we have
k=cou(k) =€e(k-1p) = ke(1p) = k. The four properties above confirm that PSym 4 is a bialgebra.
It is also easily seen to be graded by the size of p-sentences and connected, so PSym,4 is a Hopf

algebra by Proposition 2.2.4. O

Example 6.1.5. Multiplication and comultiplication on the h-basis works as follows,

h(aba,c) h(bb,a) = h(aba,bb,a,c) )

A(habpe)) = Pabbe) @ 1+ Rpe,ay @ by + Piapp) @ hiey+
+ Nap) @ hve) T hiab) @ Ripey + o) @ Pipep) + 1@ hiappe)-

Proposition 6.1.6. The antipode of PSym, is given by

S(hp) = Z (_1>£(J) hsort(J)a

J=P
where the sum runs over sentences J that refine the p-sentence P, extended linearly.

Proof. Using the recursive definition of antipode and the comultiplication A of Equation 2.3 where

w=aj---a; is a word of length i,
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In the case that ¢ = 1, we have S(a;) = —a; which agrees with our formula. Assume that the

formula holds for words w = a; - - - a; where ¢ = k. Now let w = ajasg - - - agap+1 be a word. We have

k k
S(haaz-aarsr) = ZSh(al “a;) h(ag+1 “Gh41) :—hw—z Z (_l)e(J)hSO”t(J)h(aHl"'ak)

j=0 j=1J=(a1-a;)

= Z <_1)£(K) hsort(K) :

K=<w

Then, because the antipode is an anti-endomorphism,

S(hp) = S(hwk) U S(hwl) = Z (_1)£(Ik)hsort(lk) T Z (_1)£(Il)hsort(h)

I, <wy I =wy

= Z e Z (_1)£(Ik)+m+z(h)hsort(]k) e hsort(h) = Z (_1)€(J)hso7‘t(J)' O

Iy=we Ii=zwy J=P

Example 6.1.7. For the p-sentence (aba, c), we have

S(h(aba,c)) = _h(aba,c) + h(ba,a,c) + h(ab,a,c) - h(a,a,b,c)'

Now we can show that PSym_4 is in fact the commutative image of NSym4. We do so by
defining a morphism y called the colored forgetful map that sends the (noncommutative) generators

of NSym4 to the (commutative) generators of PSym 4.

Theorem 6.1.8. The algebra homomorphism x : NSyma — PSym 4 defined by Hy — hy s a

surjective Hopf algebra morphism.

Proof. 1t is simple to see that y is a surjective algebra homomorphism by definition. For the purposes
of this proof, let Ay denote the comultiplication on NSym4 and Ap denote the comultiplicaiton

on PSymy. We see that x is a coalgebra homomorphism (Equation 2.2) since

(x®X)AN(H1) = (x®x)( Y Hyypy @ Hy)
JCRrI

= Z hsort(I/RJ) ® hsort(J) = AP(hsort(I)) = AP(X(H]))
JCRrI

Additionally, en(x(Hp)) = ep(Hp) because both are 1 if P = () and 0 otherwise. Thus, by
Proposition 2.2.4, the map x is a Hopf algebra morphism. O

We have established that PSym 4 is a Hopf algebra and the commutative image of N.Sym 4, which
is analogous to the relationship of Sym and N Sym. To show that PSym 4 is a colored generalization
of Sym, we define a map from PSym 4 to Sym and show that it is a Hopf isomorphism if A is a

unary alphabet.
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Definition 6.1.9. Define the uncoloring map
v: PSyma — Sym by  v(hp) = hyep).-

Proposition 6.1.10. When A is an alphabet of size one, the map v : PSyma — Sym is a Hopf

isomorphism.

Proof. Let A = a and note that wf is now a bijection between partitions and p-sentences, because
there is only one p-sentence for each shape A. Let A\, denote the unique p-sentence of shape A and
n, the unique word of length n in the alphabet A = {a}. Then the formulas for multiplication and

comultiplication of the colored complete homogeneous basis simplify to

h)\a h,ua = h‘SOTt(Aa',u,a)’

by, = Z hi, ®@ h(n—i)a'

0<i<n
These are exactly the formulas for the complete homogeneous basis of the symmetric functions from
Equations (2.7) and (2.8) when )\, is replaced with A and so on. From here it is simple to see that v
is a bialgebra isomorphism and thus, by Corollary 2.2.5, a Hopf isomorphism. O

6.2 The colored symmetric functions Sym 4

We now introduce another colored generalization of Sym that is a subalgebra of QSym4 and is
dual to PSym. As before, we say a monomial z;, ,, - "Xy, v;, Where i3 < -+ < ij, is associated

with the sentence I = (v1,--- ,v;), and now also the p-sentence sort(I).

Definition 6.2.1. Let Symy4 denote the set of colored symmetric functions f € Q[x 4] such that

fxag,rag,...) = f[(Ta01) Tae@),---)-

In other words, if two monomials are associated with the same p-sentence, then they have the same

coefficients.

Example 6.2.2. The function
f = Zq,1%bc,2 + Tc,1Ta,2 + Ta,1Tbe,3 + The,1Za,3 T+ + Ta 5Tbe,7 + Toe,5Ta,7 + -

is in Syma because each term x, ;Tpc; has the same coefficient as the term z, 4 (;)Tpe,0(;) for any

permutation ¢ of N. The following function is not in Sym 4:
g = Tq1Tpe,2 + 3Tpe1Ta,2 + -
By definition, Syma C QSym4. It is simple to see that Sym 4 is in fact a subspace of QSym4.

149



Definition 6.2.3. For a p-sentence P, the colored monomial symmetric function is defined

mp = Z My,

sort(I)=P
where the sum runs over sentences I such that sort(l) = P. Equivalently, if ¢/(P) = k and
I=(vy,...,u8),
sort(I)=P i1<-<ig KeWSent s

sort(K)=P

Example 6.2.4. Consider the p-sentence (ab, ¢, c). Then,

M(ab,c,c) = M(ab,c,c) + M(c,ab,c) + M(c,c,ab)

= g (Tab,ir Te,inTeyis + Tejiy Tab,iaTeyis T Loy TeyisLab,is)-
11 <i9<i3

Proposition 6.2.5. The set {mp}p is a basis of Syma,.

Proof. Consider a colored symmetric function f =) KeWSent s brx i where bg are rational coefli-
cients. Since f € QSyma, we rewrite f = ZJGSentA by M, because bx = bj; for any weak sentence
K. By definition of Sym 4, if P = sort(J) for a sentence J and p-sentence P, then b; = bp. Thus,
f=2>pc PSent, bPMp, S0 the colored monomial symmetric functions span Syma. Additionally,
for any sentence .J, the monomial x; only appears in the colored monomial symmetric function

MoK It follows that the colored monomial symmetric functions are linearly independent. [

To show that Sym, is a Hopf subalgebra of QSym,, we must show that multiplication,
comultiplication, and the antipode of QSym 4 restrict to Sym 4.

Lemma 6.2.6. Let P = (wy,...,wy) and S = (v1,...,v;) be p-sentences. Then,

mpmg = Z rg’SmQ,
QePSent 4
where, for £(Q) = m, the coefficient 7”1@5 is the number of pairs of weak sentences Y = (y1,...,Ym)

and Z = (21, ..., 2m) such that sort(Y') = P and sort(Z) = S and Q = (y121, Y222, - - -, YmZm), and

multiplication is inherited from QSyma4.

Proof. Let P = (wi,...,w;) and S = (v1,...,v;) be p-sentences. Let K be a weak sentence
with sort(K) = @ and ¢(K) = (. Using the definition of multiplication on QSym4, each time
the term xx appears in the product mpmg, it is as the product of two monomials x;x; where
I=(vi1,...,v) and J = (uy,...,us) are weak sentences such that sort(I) = P and sort(J) = S
and (viuy,vousg, ..., vup) = K. Let o € Sy be a permutation such that ox(K) = @, in other
WOrds (Vg e (1) Uog (1)s - - - » Vo (0 o (1)) = SOTE(K) - (05°™) = Q - (0"™). For any given (I,.J) as

described above, let Y = (y1,...,9) = ox(I) and Z = (21,...,2¢) = ox(J), and observe that
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we now have Y, Z such that sort(Y) = P and sort(Z) = S and Q = (y121, Y222, - - -, Ym2m) With
(Yms1Zmats - - - yeze) = (0°"™). In this way, each pair (I,.J) can be associated with a unique pair
(Y, Z) because the pair (Y, Z) is defined by (I, J) by the application of a fixed permutation. We also
obtain every pair (Y, Z) such that sort(Y) = P and sort(Z) = S and Q = (y121, Y222, - - - s YmZm)
because we can do the exact same logic in reverse. Thus, we have shown that for any weak sentence
K such that sort(K) = @, the monomial x appears exactly rg, g times in the product of mpmsg.

Now, our claim follows from the definition of mg. O

Example 6.2.7. Using this formula the product mycq)m ) expands as

M (be,a) M (b) = M(be,a,b) T M(beb,a) T ™M(abbe)-

For p-sentences P = (wi,...,w;) and Q = (vi,...,v;), write @ T P if {vi,...,v;} is a
submultiset of {w1, ..., wx}. Now, assuming @ C P, define

P\Q = (u1,...,ur—j) € PSenty

such that {wq,...,wg} = {v1,...,v;}U{u1, ..., up_;} where U is the union of multisets. For example,

{aaa,ab,ab} C {aaa, ab, ab, ab, ca, ca}, and {aaa, ad, ab, ab, ca, ca} \ {aaa,ab,ab} = {ab, ca,ca}.

Lemma 6.2.8. Let P = (wy,...,wy) be a p-sentence . Then the coproduct of mp is given by

A(mp) = Z mgQ Q mp\Q,
QCP

where A is inherited from QSyma4.

Proof. Observe that

Almp)= > AM)= > Y M;® M.

sort(I)=P sort(I)=P J-K=I

As written, the latter equation sums over all unique rearrangements of P and then splits those
rearrangements into two parts. Instead, rewrite the sum to first isolate a part of P and then sum

over all unique rearrangements of that part and what remains.

Amp)=>_ o o MyeMc=)Y | Y M|® > Mg

QLEP sort(J)=Q sort(K)=P\Q QLCP \sort(J)=Q sort(K)=P\Q

= Z mg @ mp\qQ. ]
QCP

151



Example 6.2.9. Consider the p-sentence (aba, bb, ca). Then,

A("71'(a,ba,bb,ca,)) =1® M (aba,bb,ca) + M(aba) ® M(bb,ca) + M (bb) ® M (aba,ca) + M(ca) ® m(aba,bb)+

+ M(aba,bb) @ M(ca) T M(aba,ca) @ Mbb) + M(bb,ca) @ M(aba) T M(ababb,ca) @ 1
Lemma 6.2.10. Let P = (wy,...,wy) and recall S* is the antipode of QSym . Then,
S*(mp) € Symay.
Proof. Observe that

S*mp)= > SMp)= Y D (-1 DMy

sort(I)=P sort(I)=P J"=1

Let K and L be two sentences such that sort(K) = sort(L). It suffices to show that Mg and
M appear the same number of times in the sum above because this implies the sum is a colored
symmetric function. The function My will appear once for each unique sentence I = (wy, ..., wy)
such that sort(I) = P and K" > I. In this case, K" = (wy -+ wj;, Wi;+1 - Wiy, -+ ) for some
1 <4y <idg < - <iyg) < k. For this appearance of K, we can see that L appears once as the
coarsening of the sentence I obtained by rearranging (wj - - - wj,, Wi, +1 -+ - Wj,, - -+ )" to equal L, then
splitting the sentence in between each adjacent w; and w;;1. This way, we can match each My
with a unique My. We can do the reverse to match each My, with a unique Mg, so there must be

the same number of both. This proves our claim. O

Lemma 6.2.6 and 6.2.8 show that Sym 4 is a subalgebra and a subcoalgebra of QQSym 4, respec-
tively. Lemma 6.2.10 verifies that the antipode of QSym 4 restricts to Sym 4, therefore Sym4 is a
Hopf subalgebra of QSym 4.

Theorem 6.2.11. Symy is a Hopf algebra. Specifically, it is a Hopf subalgebra of QSym 4.
Next, we verify that Sym,4 is an appropriate analogue to the symmetric functions.

Definition 6.2.12. Define the uncoloring map
v:Syma — Sym by v(mp) = myyp)-

Proposition 6.2.13. When A is an alphabet of size one, the map v : Syma — Sym is a Hopf

isomorphism.

Proof. Let A = a and note that w/ is now a bijection between partitions and p-sentences , because
there is only one p-sentence for each shape \. Let A, denote the unique p-sentence of shape A and

n, the unique word of length n in the alphabet A = {a}. Then our formulas for multiplication and
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comultiplication of the colored monomial basis of Sym 4 simplify to

_ Va _
M, My, = T e Mg = E my,
v Q
¢ Vg: VEALLL

m>\a = Z mﬂa ® m)\a\ﬂa'
MCLEAIZ

These are exactly the formulas for the monomial basis of the symmetric functions from Equations
(2.5) and (2.6) when A, is replaced with A and so on, thus from here it is simple to see that v is a

bialgebra isomorphism and thus a Hopf isomorphism. O

We have now defined two colored generalizations of Sym, one relating to NSym4 and one to

QSym 4. These two generalizations are in fact dual Hopf algebras.

Theorem 6.2.14. The Hopf algebras PSym 4 and Syma are dually paired by the inner product
PSyma x Symay : (-,-) = Q defined by (hp,mg) =dps.

Proof. Let PSym* be the graded dual algebra to PSymy4 paired by the inner product (:,-) :
PSyma x PSym* — Q defined by (hp,h§) = dps where {h§}g is the basis dual to {hp}p. Then
by Proposition 2.2.8, the multiplication for this basis is defined as

hhts = 3_rgshi.
P

where 7“575 is the number of pairs of weak sentences Y = (y1,...,ym) and Z = (z1,...,2y) such

that sort(Y) = Q, sort(Z) = S and P = (y121,Y222, - . - , Ym2m ). Comultiplication is expressed as

A(hs) = hp® hig\p.
PLCS

Notice that these formulas match those in Lemmas 6.2.6 and 6.2.8 for multiplication and
comultiplicaiton of the colored monomial basis of Sym 4. It is clear from this definition that there is
a bijective bialgebra morphism, and thus a Hopf isomorphism by [37, Corollary 1.4.27], between
PSym* and Symy defined by hp <— my,. O

Proposition 6.2.15. The map x : NSyma — PSyma is adjoint to the inclusion ¢ : Symg4 —
QSym 4 with respect to the duality pairing.

Proof. For a p-sentence P and a sentence I,

OCHD), mp) = (aorigrys mp) = {1 tf sort(l) = P } - <H1, 3 MJ> = (Hy,u(mp)).

0 otherwise sort()y=P

Thus by Equation (2.4) we have shown the maps are adjoint. O
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Figure 6.1 depicts the relationships between Sym, N Sym, QSym, PSyma, Syma, NSym 4, and
QSym 4. Dual algebras are connected by dashed lines.

PSymg - - - - - - - - - - Sym
NN
NSyma Sym QSyma
:N % \ / |
| |
: NSym — - — - — - — - - — QSym :
| |

Figure 6.1: Relationships between algebras.

6.3 The colored Schur and colored dual Schur functions

One generalization of the Schur basis to PSym 4 and Sym 4 is clear fairly immediately. A colored
shin-tableau of shape P is a colored semistandard Young tableau (CSSYT) if P is a p-sentence. That
is, a colored semistandard Young tableau is a colored diagram of shape P filled with positive integers
such that each row is weakly increasing from left to right and each column is strictly increasing from
top to bottom. These tableaux inherit the definitions of type, standard, standardization, descent,
and other statistics from colored shin-tableaux. Additionally, Kp ; denotes the number of colored

semistandard Young tableaux of shape P and type J.

Definition 6.3.1. For a p-sentence P, the colored dual Schur function is defined as

sp= Z Kpomg.
QePSent 5

Example 6.3.2. The only CSSYT of shape (abb, ca) whose types are p-sentences are given below,

so we have the following colored dual Schur function.

*
S(abb,ca) = M(abb,ca) + M(ab,cb,a) T M (ab,ca,b)

a,1]b,1|b,1 a,1|b,1]b,2 a,1]b,1]b,3

c,2|a,?2 c2|a,3 c,2|a,2

In most cases, s can not be expanded into a sum of monomials z7 associated with all of the
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colored semistandard Young tableaux of shape P. For example, in the function
S?a,ba) = m(a,ba) + m(a,b,a) = Ta,1Tba,2 + Tha,1a,2 + La,12p,2%a,3 + ey

there is a term associated with the sentence (ba,a) which cannot possibly be the type of a colored

Young tableau of shape (a, ba).
Proposition 6.3.3. The colored dual Schur functions {sp}p form a basis of Syma.

Proof. Consider the transition matrix between the colored dual Schur basis and the colored monomial
symmetric basis where the indices are ordered first by reverse lexicographic order on partitions
applied to the wf of the sentences and second by the lexicographic order on words. For example,
the sentence (ab,c) comes after (abcb,c) but before (cc,b). We show that this matrix is upper
unitriangular. The entries on the diagonal, Kp p, are always greater than 0 because there always
exists a CSSY'T of shape P and type P given by filling each box in row ¢ with ¢’s. It remains to show
that each entry below the diagonal is 0. Observe that because every CSSYT is a colored immaculate
tableau, the number of CSSYT of a certain shape and type is always less than the number of colored
immaculate tableau of that shape and type. We have chosen our order so that any entry below the
diagonal in this matrix corresponds to an entry below the diagonal in the matrix used in the proof
of Theorem 3.3.23 for colored immaculate tableaux. We showed in the proof of Theorem 3.3.23
that the entries below the diagonal in the immaculate matrix are zero, and so the entries below the
diagonal in the colored Schur transition matrix are zero as well. Therefore, the transition matrix is

upper unitriangular and the colored dual Schur functions form a basis. 0

Definition 6.3.4. For a p-sentence P, the colored Schur function sp is defined by

<3P7 S*Q> = 5P,Q7

for all p-sentences Q. In other words, {sp}p is defined as basis of PSym 4 that is dual to the colored

dual Schur basis of Sym 4.

Proposition 6.3.5. Let A be a unary alphabet. Then, for p-sentences P and @,

v(sp) = swep)  and  V(sQ) = Swi(Q)-

Proof. First, we show that v(s}h) = s,¢p). Observe that when |A| = 1, colored semistandard Young
tableaux are in clear bijection with semistandard Young tableaux and so Kpg = Ky(p)we(Q)-
Additionally, there is only one sentence P such that wl(P) = A for any partition A. Then, if
wl(P) = X\, we have

v(sh) =D Kpgu(mg) =Y Kuup)we@Muwe@) = > Kaumyu = sa.
Q Q H
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Since the matrices for Kpg and K , are equal, so are their inverse matrices meaning IC;lQ =
Therefore, if wl(Q) = pu,

Z wf(Q) Z w@ (P),we(Q (P) = ZK):L}L)\ = Spu- ]
A

K;E(P) wl(Q)*

Example 6.3.6. The colored Schur function for (aaa, aa) is given by

Szkaaa,aa) = m(aaaaaa) + 2m(aa7aaua) + 3m(aa,a,a,a) + 5m(a7a)a7a7a)'

Applying the uncoloring map, we get

U(S(aaa,00)) = M(3:2) + 2M2,2,1) +3M@211,1) + 5M11,1,11) = 5(3.2)-
A variety of interesting questions about Sym4 and PSym 4 remain, including the following:

1. Which properties of the Schur functions do the colored Schur and colored dual Schur functions

generalize?

2. How do the colored Schur and colored dual Schur bases relate to the various colored Schur-like

bases of NSym and QSyma?

3. What are the commutative images of the colored immaculate, colored Young noncommutative

Schur, and colored shin bases?

4. Do any subsets of these images form bases of PSym that generalize the Schur functions?

Where is there overlap between these images, if any?

5. Are there generalizations of the Schur functions in Sym 4 that we can express as sums of the
colored dual immaculate, colored Young quasisymmetric Schur, and colored extended Schur

functions in meaningful combinatorial ways?
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APPENDIX

A
BASIC NOTATION

Let o = (ou,...,o) and B8 = (B1,...,5;) be a compositions, v be a weak composition, and

A= (A1,...,Ax) be a partition. We generally use «, 3, for compositions and A, u, v for partitions.
k] ={1,2,...,k—1,k}
al =Y (size)
l(a) =k (length)

af if a is represented as blocks of stars separated by bars, then to find o put bars in exactly

the opposite places from o (complement,)
"= (ag,...,a1) (reverse)

al = (a®)" = (")  (transpose)

A the partition obtained by flipping A over the main diagonal (conjugate)
sort(a)  the partition obtained be reordering the parts of « into a partition

a/f o with the first 5; boxes of row ¢ removed or shaded out for all i < j (skew shape)

af/f o with the first ; boxes of row k + 1 — i removed or shaded for i < j (skew-II shape)

a-B=(ar,...,aP1,...,5;) (concatenation)
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a®pf=(at,...,0p_1,0r+ b1,P2,...,0;) (near-concatenation)

al f the sum of all compositions obtained by interweaving « and S (shuffle)

B2a {a,a1+ao,...,00+ --ap} C{B1,B1+ Pa,...,01 + -+ B} (refinement order)
B <¢ga [ < a; where i is the first positive integer such that a; # 3; (lexicographic order)
BCpB  Bi <aforie[j]and j <k (dominance order)

4 the composition obtained by removing the parts of v equal to zero (flattening)

Sym  the algebra of symmetric functions

{my}» the monomial symmetric functions

{hx}» the complete homogeneous symmetric functions
{ex}r the elementary symmetric functions

{sx}» the Schur symmetric functions

SSYT  semistandard young tableaux

K,p the number of SSYTs of shape o and thpe § (Kostka number)

QSym  the algebra of quasisymmetric functions

{My}o the monomial quasisymmetric functions

{Fy}o the fundamental quasisymmetric functions

NSym  the algebra of noncommutative symmetric functions

{Huy}o  the complete homogeneous noncommutative symmetric functions
{Ra}a  the ribbon noncommutative symmetric functions

(,-) : NSym x QSym — Q  the bilinear inner product defined (H,, Mg) = 4
{Es}a  the elementary noncommutative symmetric functions

{Us}a the noncommutative power sums of the first kind

X : NSym — Sym  the linear morphism defined x(Ha) = hgory(a) (forgetful map)

165



FH(H) =Y (H,FB,)A, for (As, Bg) = dap and H € NSym, F € QSym (perp operator)
HY(F) =Y (HAq, F)B, for (A, Bg) = 645 and H € NSym, F € QSym (perp operator)
HE(F) =3 (AoH, F)B, for (A, Bg) = 045, H € NSym, F € QSym (right-perp operator)
1) involutions that map F, — Fac or Ry, — Rac
p involutions that map F, — Fyr or Ry — Ryr

w  involutions that map F, — F,: or Ry, — Rt

Des_()  the descent set of a standard tableaux
co_()  the descent composition of a standard tableaux
std() maps semistandard tableaux to standard tableaux (standardization)

flip() maps a standard tableaux of shape « to a standard tableaux of shape " where each

entry i is replaced by |a| —i + 1

immaculate tableaux  weakly increasing rows, strictly increasing first column
RSIT, RIT, RSRIT  reverse, row-strict reverse immaculate tableaux

Ra,3 the number of immaculate tableaux of shape a and type 3

ac®pB when B |a|+sand a C B and £(B) < £(a) + 1.

{64}a the immaculate noncommutative symmetric functions

{RG,}a the row-strict immaculate noncommutative symmetric functions
{9a}a the reverse immaculate noncommutative symmetric functions

{MR9s}a the row-strict reverse immaculate noncommutative symmetric functions

shin-tableaux  weakly increasing rows, strictly increasing columns
RSST, RST, RSRST  row-strict, reverse, row-strict reverse shin-tableaux
Ka,p  the number of shin tableaux of shape a and type 3

ac?B  when St |a+r|and o C § and if 5; > «; and j > i, we have §; < oy
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{¥a}a the shin noncommutative symmetric functions
{RW,}o the row-strict shin noncommutative symmetric functions
{@,}o  the reverse shin noncommutative symmetric functions

{Ra,}, the row-strict reverse shin noncommutative symmetric functions

SSYCT  weakly increasing rows, strictly increasing first column, triple rule
SSRCT  weakly decreasing rows, strictly increasing first column, triple rule

K,p the number of semistandard Young composition tableaux of shape a and type 3
Iv(awg the number of semistandard reverse composition tableaux of shape « and type
{8} }a the Young quasisymmetric Schur functions

{rs}}a the row-strict Young quasisymmetric Schur functions

{8} }a the quasisymmetric Schur functions

rs)}a the row-strict quasisymmetric Schur functions
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APPENDIX

B
COLORED NOTATION

Let A be a finite alphabet with a total order <. Let I = (wy,...,wy) and J = (v1,...,vp) be
sentences and K = (uy,...,uy) a weak sentence. Let w = a;...a, and v = by ...by,. Let U be
a standard colored immaculate tableau and thus also a standard colored row-strict immaculate

tableau.
|lw|=n (size)
w-v=aj...apby...b, (concatenation of words)
w =2gv if a; < b; for the first positive integer i such that a; # b;  (lexicographic order)

w =g¢ v if |w| < |v] or both |w| = |v] and w <, v (graded lexicographic order)

1= il (size)
UI)=k (length)
w(l) =wy -wy---wr  (maximal word)

wl(I) = (lwi], [wal, ..., |wg])  (word lengths)

J <I forw(l)=w(J),if J splits at each location that I splits (refinement order)

w(J, I) = (=1)*D=4D) for J < T  (M&bius function on the poset of sentences ordered by <)
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I-J=(wi,...,Wn,0v1,...,0y) (concatenation of sentences)

IoJ=(wi,...,Wyp—1,Wy-V1,V2,...,0y) (near-concatenation)

I" = (wg,...,w2,w1) (reversal)
I¢  unique sentence with w(/¢) = w(I) that splits exactly where I does not (complement)

K the sentence obtained by removing all empty words from K (flattening)

K Cj I there exists a weak sentence I/ K as defined below  (left-containment)
I/LK = (q1,...,q:) such that w; = u;q; for all i € [k]
K Cr I there exists a weak sentence I/rK as defined below  (right-containment)

I/rRK = (qi,...,q:) such that w; = gyu; for all i € [k]

(-,) : NSym ® QSym — Q  (Hy, M) = 61,y (inner product)
coq(U)  colored descent composition of a standard ___ tableau

std(T)  the standardization of a tableau T

CIT colored immaculate tableaux

JCSI if w; = v;q; for 1 <i < k such that ¢ ---¢1 = v and k < h+ 1 where v =0
CST  colored shin-tableaux

J %1  whenv; Cp w; and w((I/rJ)") = u and if |w;| > |v;| and j > 4 then |w;| < |v;

SSCYCT  semistandard colored Young composition tableaux
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