
ABSTRACT

YOUSEFIAN JAZI, OMID. Characterization of Cortical Bone Using Ultrasonic Waves. (Under the
direction of Marie Muller.)

The societal impact of age-related bone loss is constantly increasing. 4 to 6 million U.S. women

have osteoporosis, and 13 to 17 million have osteopenia. Osteoporosis modifies cortical bone mass

through a thinning of the cortex, as well as changes in porosity. In osteoporotic cortical bone, pore

diameter and pore density are larger on average.

Ultrasound is highly attractive because it is non-invasive, widely available and relatively in-

expensive. Therefore, this imaging modality holds more promise than any other for screening

osteoporosis. There are however major drawbacks to conventional ultrasound methods: they lack

specificity, remain qualitative, and are unsuitable for a complex heterogeneous organ such as bone.

It is however possible to leverage the complexity of ultrasound propagation in complex media to

find new sources of contrast. When ultrasound waves propagate in such complex media, diffusion

processes and multiple scattering occurs. By exploiting these phenomena and modeling scattering

and attenuation of ultrasound in bone tissue rather than simply relying on echolocation, one can

retrieve properties that allow the quantitative characterization of tissue microstructure.

Among all the ultrasonic parameters, attenuation is directly impacted by the change in cortical

porosity including pore size and concentration, because they change the scattering behavior of the

propagated wave. Hence if one can find a relationship between micro-structural parameters and

frequency dependent attenuation in cortical bone, by solving an inverse problem we will be able to

retrieve the micro-structural information using attenuation.

In this study, we first propose a phenomenological power law relationship to estimate the

frequency-dependent attenuation as a function of pore diameter and density and investigate the

sensitivity of the model parameters with respect to frequency, diameter and density of the pores.

Then we investigate the applicability of a physics-based model to cortical bone structures and

show this model can be improved to estimate the attenuation at different scattering regimes. We

then study the impact of scattering and absorption of bone tissue on total attenuation. We show

that the assumption of linear combination for scattering and absorption may not be valid for all

the scattering regimes. We define a parametric model to quantify the effective absorption due

to multiple scattering and show how the micro-structure of cortical bone affects this parameter.

We then try to implement these models in structures mimicking more realistic version of cortical

bone. We use 3D structures and study how we can apply the model for mono and poly-disperse

distribution of pores in bone tissue. Then we solve an inverse problem to estimate the distribution

of pores from attenuation data. Finally we study the singular value distribution of signals acquired

by multi-element array transducers in backscattering configuration and show how the change in

micro-structure of a random complex media can affect the distribution of singular values. Through

a phantom-based study we show that this has the potential to differentiate between low and high



porosities in random complex media.



© Copyright 2019 by Omid Yousefian Jazi

All Rights Reserved



Characterization of Cortical Bone Using Ultrasonic Waves

by
Omid Yousefian Jazi

A dissertation submitted to the Graduate Faculty of
North Carolina State University

in partial fulfillment of the
requirements for the Degree of

Doctor of Philosophy

Mechanical Engineering

Raleigh, North Carolina

2019

APPROVED BY:

Hien Tran Yun Jing

Katherine Saul Marie Muller
Chair of Advisory Committee



DEDICATION

To my mom for nursing me with love.

ii



BIOGRAPHY

Omid was born on June 26th, 1991 in Isfahan, Iran. He received his B.Sc. in Mechanical Engineering

from Isfahan University of Technology in Isfahan, Iran in 2013, his M.Sc. in Mechanical Engineering

from the University of South Carolina in Columbia, SC in 2015. He attended NC State University in

2016 to pursue his PhD. He earned his doctoral degree in Mechanical Engineering in 2019. During

his PhD studies he worked on elastic wave propagation in complex heterogeneous media, with

applications to tissue characterization.

iii



ACKNOWLEDGEMENTS

I would like to thank my advisor Dr. Marie Muller for her great wisdom and consistent support

through the course of this research. I also would like to acknowledge the help and support I received

from Dr. H. Thomas Banks.

I wish to thank my committee members Dr. Hien Tran, Dr. Yun Jing and Dr. Katherine Saul who

were more than generous with their expertise and precious time.

Finally I would like to thank my friends and colleagues Yasamin Karbalaeisadegh, Rebekah

White, Kaustav Mohanty and Kidist Zeleke who assisted me with this project. Their excitement and

willingness to provide feedback made the completion of this research an enjoyable experience.

iv



TABLE OF CONTENTS

LIST OF TABLES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii

Chapter 1 INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Osteoporosis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Micro-structural change . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 QUS in bone and U.S. parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.4 Attenuation in porous structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.5 Outline of the study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

Chapter 2 DATA ACQUISITION TOOLS: NUMERICAL SIMULATION AND EXPERIMEN-
TAL MEASUREMENT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.1 SimSonic Freeware . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2 Measuring frequency-dependent attenuation experimentally . . . . . . . . . . . . . . . . . 8

Chapter 3 PHENOMENOLOGICAL MODEL . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
3.1 Methodology for Data Collection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

3.1.1 Simulation Framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
3.1.2 Attenuation Measurement: Time-Distance Matrix Approach (TDMA) . . . . . . 13

3.2 Mathematical and Statistical Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3.3 Sensitivity and Standard Error Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
3.4 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
3.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

Chapter 4 PHYSICS-BASED MODEL: INDEPENDENT SCATTERING APPROXIMATION . . 48
4.1 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

4.1.1 Simulation Framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
4.1.2 Time-Distance Matrix Approach (TDMA) . . . . . . . . . . . . . . . . . . . . . . . . . . 50
4.1.3 Independent Scattering Approximation (ISA) . . . . . . . . . . . . . . . . . . . . . . . 51
4.1.4 Attenuation Spectroscopy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
4.1.5 Assessment of the presence of Multiple Scattering . . . . . . . . . . . . . . . . . . . . 53
4.1.6 Modified ISA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.2 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
4.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

Chapter 5 THE EFFECT OF ABSORPTION ON ATTENUATION . . . . . . . . . . . . . . . . . . . . . 60
5.1 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

5.1.1 Simulation Framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
5.1.2 Physics-based models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
5.1.3 Isolating the effect of scattering and absorption . . . . . . . . . . . . . . . . . . . . . 63
5.1.4 Frequency Response: Investigating the linear behavior of the system . . . . . . 65

5.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
5.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
5.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

v



Chapter 6 INVERSE PROBLEM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .74
6.1 Mathematical and Statistical Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
6.2 Mono-Disperse Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

6.2.1 Numerical Simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
6.2.2 Inverse Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
6.2.3 Mono-disperse Numerically Simulated 3-D Data Results . . . . . . . . . . . . . . . 78
6.2.4 Consistency Across multiple realizations . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

6.3 Poly-disperse Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116
6.3.1 Math Model for Distributional Parameters . . . . . . . . . . . . . . . . . . . . . . . . . . 116
6.3.2 Forward Model Propagation with Analytical Distributions . . . . . . . . . . . . . . 116

6.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

Chapter 7 CHARACTERIZING COMPLEX MEDIA USING SINGULAR VALUE DECOMPO-
SITION OF BACK-SCATTERED SIGNALS . . . . . . . . . . . . . . . . . . . . . . . . . . . . .119

7.1 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
7.1.1 Random Matrix Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
7.1.2 Numerical Simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
7.1.3 Experimental procedure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

7.2 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126
7.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

BIBLIOGRAPHY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .132

vi



LIST OF TABLES

Table 3.1 Material properties of the solid and �uid phases [Bos04] . . . . . . . . . . . . . . . . 13

Table 4.1 average of percentage nRMSE over different pore densities for attenuation
approximated by ISA and modi�ed ISA . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

Table 7.1 Material properties of the simulation phases. . . . . . . . . . . . . . . . . . . . . . . . . 123
Table 7.2 Simulation and probe parameters. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123
Table 7.3 Probe parameters used in experiments. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

vii



LIST OF FIGURES

Figure 2.1 Schematic of the experiment designed to measure the frequency-dependent
attenuation of a random medium. (a) Signal propagating through the sample
submerged in water. (b) Signal propagating through the water (reference
lossless medium). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

Figure 3.1 Schematic of the experiment designed to measure the frequency-dependent
attenuation of a random medium. (a) Signal propagating through the sample
submerged in water. (b) Signal propagating through the water (reference
lossless medium). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

Figure 3.2 Attenuation spectroscopy, Pore size: 100 � m , Pore density: 5 po r e =mm 2. . . 15
Figure 3.3 Parameter a estimates versus pore diameter ( [20 40 60 80 100] � m ) and pore

density ( [3 5 6 7 8 10 12 14 15 16] pore/ mm 2). . . . . . . . . . . . . . . . . . . . . . . . 18
Figure 3.4 Parameter a estimates versus pore diameter ( [20 40 60 80 100] � m ) and pore

density ( [3 5 6 7 8 10 12 14 15 16] pore/ mm 2). . . . . . . . . . . . . . . . . . . . . . . . 18
Figure 3.5 Parameter a estimates versus pore diameter ( [20 40 60 80 100] � m ) and pore

density ( [3 5 6 7 8 10 12 14 15 16] pore/ mm 2). . . . . . . . . . . . . . . . . . . . . . . . 18
Figure 3.6 Local model sensitivity to parameter estimates for pore diameter 20� m ,

densities of [3 5 6 7 8 10 12 14 15 16] pore/ mm 2, and frequency 1-8 MHz. . . 20
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and ĉ for pore diameter 80 � m and densities of [3 5 6 7 8 10 12 14 15 16]
pore/ mm 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

Figure 3.23 Local model sensitivity to parameter estimates for pore diameter 100� m ,
densities of [3 5 6 7 8 10 12 14 15 16] pore/ mm 2, and frequency 1-8 MHz. . . 41
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CHAPTER

1

INTRODUCTION

1.1 Osteoporosis

Macroscopically, the two most apparent structural features of bone are those of trabecular which is

composed of a series of inter-connected rods in a marrow matrix [Sin78] and cortical bone which

is much more compact, has the porosity range of 3 � 28%[Ene17; Bou01] and is made of multiple

osteonal marrow-�lled canals within the bone tissue [Bel00]. Cortical bone forms a solid osseous

shell around the bone and consists of dense and parallel, concentric, lamellar units - the osteons.

Each is surrounded by a layer of cement-like substance, forming the so called cement line. The

osteons are nurtured and interconnected by a system of Haversian and Volkmann's canals as well as

canaliculi [SD06a]. On its outer surface, cortical bone is covered by an envelope of connective tissue,

the periosteum; and on its inner surface it is covered by the endosteum. In contrast, trabecular

bone shows a characteristic network of lamellar bone plates and rods that presents with less density,

less homogeneity, and a lesser degree of parallel orientation. The trabecular bone is supplied by

diffusion from the surrounding bone marrow; there are no vessels within trabeculae. Trabecular

bone is always surrounded by a cortical bone but the thickness and strength of the cortical shell

depends on location. Long bones, for example, show a higher cortex-to-trabecular bone volume

ratio than vertebrae and the diaphyseal areas of long bones show a higher cortex-to-trabecular bone

ratio than the metaphyseal areas [NF01]. Cortical bone is stiffer and able to resist higher ultimate

stresses than trabecular bone, but it is also more brittle [NF01; CH77; KH93]. Trabecular bone in vitro

can withstand strains up to 30%, cortical bone fails with strains of only 2%. While the biomechanical

behaviour of cortical bone is rather uniform, trabecular bone shows a wide variability in strength

and stiffness. This variability to the largest part depends on the trabecular bone's apparent density.
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Due to its heterogeneity, the apparent density and thus the trabecular bone modulus can vary

100-fold from one location to another within the same metaphysis [KH93]. Besides apparent density,

stiffness and strength of cortical and trabecular bone depend on the loading direction, indicating its

anisotropic microstructure [NF01; Gal70; DL52]. In general, bone can resist to higher compression

loads than tension loads and to higher tension loads than shear loads [Gal70; DL52]. In line with

this, the trabecular connectivity inside a bone - as a measure of anisotropy - contributes more to the

bone's biomechanical strength than the trabecular thickness or the bone mineral density [Mit08 ].

Osteoporosis is a very common bone disease that is characterized by deterioration of bone tissue

due to aging, menopause, certain medications, etc with a consequent increase in bone susceptibility

to fracture. Osteoporosis is increasingly prevalent, and the societal impact of age-related bone loss is

becoming progressively greater. It is estimated that 4 to 6 million U.S. women have osteoporosis, and

that 13 to 17 million have osteopenia [Loo97]. Osteoporosis and osteopenia lead to fragility fractures

[SR05a; Sch04a] associated with a high morbidity and mortality, and a reduction of life expectancy by

1.8 years compared with an age- and sex-matched general population [Bra03]. Osteoporosis affects

bone density and overall bone mass via changes in the mineral content [Kan09], trabecular and

cortical thinning [See03], and changes in cortical porosity [Nis09]. Decrease in trabecular bone mass

and increased formation of pores in cortical bone are the major skeletal changes due to aging and

the latter is actually responsible for a large portion of non-vertebral fractures in the elderly patients

[Jil14]. Osteoporosis causes more than 8.9 million fractures worldwide annually [JK06]. On average,

33%of women and 20%of men over the age 50 will experience osteoporotic fractures [Mel92; Mel98 ].

Over 90%of appendicular bone loss happens during and after the menopause and 80%of these

changes are attributed to cortical bone [Bjø18]. Osteoporosis changes the micro-structure of both

cortical and trabecular bone [Che13; YA12] which leads to fragility fractures [SR05a; Sch04a], higher

morbidity and mortality, and reduction of life expectancy by 1.8 years [Bra03]. Because it constitutes

80 percent of the human skeleton [Cla08], cortical bone supports the main load of the body and

largely contributes to the skeletal mechanical competence. While trabecular bone is metabolically

more active and more sensitive to structural changes, it alone may not predict the fracture risks

adequately [Pre; Ves91; Mos93; Ric97; ZC98]. Moreover, the load-bearing capacities of cortical bone,

its involvement in many osteoporotic fractures and its link to bone strength make it an important

target of further research [Coo16; Zeb10; Sch07; MB93; PM14; Raj15].

Osteoporotic fractures occur spontaneously or as a result of minimal trauma from day-to-day

activities [Coo09]. In 90%of all hip fractures, the leading mechanism of trauma is a simple fall, [Sch99;

Tos15; Mak15; Gue16] indicating bone fragility in these patients. Early detection of an impaired

quality of bone is crucial in the prevention of osteoporotic fractures. Previous studies suggest broad

under-diagnosis of osteoporosis [Gre12], and the opportunity to start bone modulating therapies

before the occurrence of an osteoporotic fracture is missed in up to 84%of osteoporotic fracture

cases[Smi04].

Currently the most common method for osteoporotic fracture risk evaluation is bone mineral

density (BMD) measurement using dual X-ray absorptiometry (DXA) [Rip18]. The correlation be-
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tween the loss in bone mass and increased fracture risk makes BMD a useful diagnostic factor [KG00];

however, it cannot be used for screening programs due to the large overlap between bone density of

individuals who develop a future fracture and the ones who do not [Mar96]. In fact, over half of the

patients with insuf�ciency fractures exhibit normal BMD scores [Sch04b; SR05b]. In patients treated

with anti-resorptive treatments, the small improvement in BMD does not explain the signi�cant

reduction in fracture incidence [Cum02]. Women with osteopenia account for the highest numbers

of fragility fractures, although they remain untreated because of their relatively high areal BMD

[Bal14a].

Although BMD is a strong predictor of bone strength, other parameters, such as cortical porosity,

in�uence bone mechanical competence. For a given solid volume fraction or density, two structures

with different micro-architectures can have very different mechanical competences. This is even

more true in bone, in which selective improvements of the mechanical properties will occur in the

areas where mechanical strains are the greatest [Gri10]. A study showed that in predicting failure

in vertical loading at the peripheral skeleton, a combination of densitometric and geometrical

variables was superior to bone mineral content alone [Loc02]. The bulk of research in the last decade

has led to an updated de�nition of osteoporosis, now characterized by low bone mass AND micro-

architectural deterioration of bone tissue [NIH01 ]. The information provided by BMD is only part of

the picture, because it only re�ects changes in overall bone mass, and does not account for changes

in the micro-architecture.

The unique mechanical properties of bone re�ect the need to provide at the same time strength

and lightweight design, stiffness and elasticity, the ability to resist deformation and to absorb

energy [SD06a]. This is possible because of the complex arrangements in compositional and micro-

architectural characteristics of bone as well as continuous adjustments over time in response to

dynamic extrinsic and intrinsic factors. Ageing and other factors like estrogen de�ciency can affect

these components and eventually result in decreased bone strength and fracture toughness [Bur76].

Osteoporotic fractures, therefore, are the macroscopic result of a sequence of multiple nano- and

micro-structural events.

1.2 Micro-structural change

Osteoporosis and osteopenia affect the micro-structure of cortical bone [Che13; YA12]. Bio-mechanical

and morphometry testing have perceived strong correlations between cortical bone material prop-

erties and intracortical porosity [AS06]. Osteoporosis and osteopenia are associated with changes

in the microstructure of cortical porosity including pore diameter and pore density [Che13; YA12;

McC93; SB88]. The mechanical competence of cortical bone strongly depends on these two param-

eters [Ost16]. The size and number of the pores determine intracortical porosity, which accounts for

almost 55%of yield stress and 70%of elastic modulus [NDEG04]. Fracture toughness also decreases

signi�cantly with increasing porosity, possibly by diminishing the available area for micro-crack

propagation [Yen97]. All of these results lead to the conclusion that combining micro-structural with
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bone mass assessment in cortical bone improves the screening for osteoporosis and the prediction

of fracture risk [Aug09]. Knowledge of cortical bone microarchitecture is essential for understanding

the pathophysiology of osteoporosis to improve its diagnosis and treatment [Rüe96]. Because corti-

cal porosity is so relevant, and because the tibia is an ideal skeletal site for ultrasound propagation

due to the thin layer of soft tissue, we propose to target the microstructure of cortical porosity in

this study.

The micro-architecture of cortical porosity impacts the macroscopic mechanical properties

of cortical bone, and is affected by osteoporosis [McC93; SB88]. It is therefore highly relevant to

develop methods for the quantitative assessment of the micro-architecture of cortical porosity,

and we hypothesize that tracking the micro-structural changes in cortical bone could bene�t the

diagnosis of osteoporosis and may enable treatment monitoring [Ost16; Che13; Bal14b].

1.3 QUS in bone and U.S. parameters

High resolution peripheral quantitative CT (HR-pQCT) and MRI based techniques can be used for

the characterization of bone, but MRI lacks resolution for imaging micro-structure of cortical bone

(200� m according to [Kru10]), and CT based methods are ionizing [Bou; Weh06]. Both methods

have limitations associated with cost and availability of the scanners.

Ultrasound is non-invasive, non-ionizing, relatively inexpensive, and widely available. For all

those reasons, it is an ideal modality for screening and monitoring of common diseases such as

osteoporosis and osteopenia [Qua]. It not only has the capacity to give information on BMD but also

the micro-architechture and elasticity [KE93] which are recognized to be important regarding the

overall bone quality [SD06b]. Additionally, the mechanical nature of ultrasonic waves makes them

sensitive to micro- and macro- mechanical changes of cortical bone. The correlation between micro-

architectural and ultrasonic parameters could be a key factor for the ultrasonic characterization of

the micro-architecture of cortical bone.

Extensive research has been done on trabecular bone characterization through measurement of

broadband ultrasound attenuation (BUA), backscatter coef�cient and phase velocity especially on

sites such as calcaneous that are accessible from both sides, allowing the through-transmission of

ultrasound waves [Tas18; Alo18b; Alo18a; Cho18; Wea00a; Cha97; TE92; TE91; ET90; Wea00b; Wea08;

Bos05].

There is signi�cant research on ultrasound scattering in porous and complex media, linking

ultrasound parameters such as diffusivity, diffusion constant, scattering mean free path, velocity, or

attenuation to microstructural parameters of the porosity [Wea90; Anu01; Du13; Méz14b; Méz16;

Der05; BB17; Kar09; Méz14a; Méz12; Mul11; PL05; Wea12].

The focus of QUS studies on cortical bone has mainly been on the measurement of speed of

sound and investigation of wave propagation through wave velocity analysis [Ash84; Ben; Ben04;

Lee97]. In addition, there have been other studies focusing on attenuation measurements of cortical

bone in different frequency ranges [Vil78; SR96; Lan90; Lak; LK92; Sau96; Han96].This provides
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convincing evidence that studying and modeling ultrasound scattering in cortical bone should

provide access to parameters of the micro-structure. Various techniques have been developed to

quantify cortical thickness [Moi07; Foi14 ] and speed of sound in cortical bone [Bos04; MF12; Ros05],

which is related to the Young's modulus [Bos07]. Mandarano-Fiho et al., [MF12] carried out an

experimental study in vitro to evaluate the in�uence of cortical bone thickness on ultrasound wave

velocity. Sievanen et al., [Sie01] investigated the association between speed of sound and cortical

density, cortical wall thickness, and the total cortical area. The interaction between ultrasonic waves

and the micro-architecture of cortical bone has not been investigated as thoroughly as it has been

for trabecular bone. A recent study has demonstrated a correlation between ultrasound backscatter

and cortical porosity [Ene17].

1.4 Attenuation in porous structures

Attenuation in a porous medium like cortical bone is caused by scattering due to pore-bone

impedance difference and absorption due to dissipative mechanisms. Several studies suggest that

scattering phenomena may play an important role in ultrasound propagation in bone. Based on the

frequency range and pore size, the scattering regime is low / intermediate (wavelength > scatterer

size). In this regime, some of the energy lost during propagation can be attributed due to scattering.

The elastic mean free path is the characteristic length describing the exponential decay of the wave,

averaged over many realizations of scatterers distributions (coherent wave). The Coherent Potential

Approximation [She11] states the elastic mean free path is inversely proportional to the scatterer

density and to the scattering cross section l s = 1=�� , with � the pore density and � the scattering

cross section [Tou00]. The scattering cross section is a function of the pore diameter. Because pore

density and pore diameter contribute to bone mechanical competence, and in�uence the elastic

mean free path and therefore the scattering attenuation, they were chosen as parameters of interest

for this study.

The attenuation of elastic waves in porous media and its dependence on pore volume fraction

parameters have been studied in seismology [Bra05; DL16; Wan15], civil-structure engineering

[Pun06b] as well as biomedical ultrasound [TE92; Str97; ET90; Wea08]. These studies reveal that

changes in porosity in media such as dry porous rock, porous sandstone containing gas and water,

cement paste with entrained air voids and trabecular bone affect the scattering and attenuation of

the propagated wave. This can be used to characterize the porous medium.

Among all ultrasonic parameters, ultrasonic attenuation, and its frequency dependence have

been investigated the least. In a study by Zheng [Zhe07], the spectral ratio method was extended to

estimate the broadband ultrasound attenuation (BUA) in cortical bone in axial transmission using

the primary and multiple re�ections between the material interfaces. Sasso et al. observed that

Broadband Ultrasound Attenuation (BUA) values are higher in the distal and proximal parts of the

cortical bone than in the midshaft, and in the posterior and lateral parts than in the medial and

anterior parts [Sas07a], which is likely related to changes in porosity with anatomical location. Other
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research [Hak04; Bos05] has shown that, in trabecular bone, losses from scattering increase faster

with frequency than absorption losses, which could explain the particular frequency dependence

observed for attenuation in bone. Another study determined the relative contribution of scattering

and absorption to the energy losses, and demonstrated that multiple scattering must be taken into

account at 3 MHz, for propagation distances greater than 8 mm [Hak05].

1.5 Outline of the study

In this study we will start in chapter 2 by looking into the tools for acquiring attenuation data

numerically and experimentally. We will look into the simulation framework for the ultrasound wave

propagation using Finite-Difference Time Domain numerical package and measuring attenuation

experimentally by through transmission technique.

In chapter 3 we use phenomenological approach to model the frequency-dependent attenuation

in 2D structures mimicking simpli�ed cortical bone. We show how the parameters of this model are

sensitive to pore size and density. This section has been published in "The Journal of Acoustical

Society of America" [You18a] as the result of collaboration with H. Thomas Banks, Rebekah White

and Yasamin Karbalaeisadegh.

In chapter 4 we will propose a physics-based model to estimate the frequency-dependent attenu-

ation in 2D structures of cortical bone as a function of pore size and density. We modify this model to

improve its applicability for different scattering regimes. This section has been published in "Physics

in Medicine and Biology" [You19] as the result of collaboration with Yasamin Karbalaeisadegh.

In chapter 5 we study how the absorption and scattering affect the total attenuation in different

scattering regimes. We de�ne a parameter quantifying the effective absorption in random complex

media and investigate how the micro-structural parameters change that. This section is the result of

collaboration with Yasamin Karbalaeisadegh.

In chapter 6 we study a 3D physics-based model to estimate the frequency-dependent attenua-

tion in mono and poly-disperse structures. Then we use this model to solve an inverse problem and

estimate the pore size and density of structures. This section is the result of collaboration with H.

Thomas Banks, Rebekah White and Yasamin Karbalaeisadegh.

Finally in chapter 7 we use singular value distribution of backscattered signals for character-

ization of random complex media. This section is the result of collaboration with Yasamin Kar-

balaeisadegh, Kaustav Mohanty, Shanshan You and Yong Zhu.
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CHAPTER

2

DATA ACQUISITION TOOLS: NUMERICAL

SIMULATION AND EXPERIMENTAL

MEASUREMENT

In this chapter �rst we will brie�y look into the numerical simulation package used in our studies,

since it has been extensively used in the results provided in later chapters. In the second part of

this chapter, the experimental procedure for measuring the frequency-dependent attenuation by

through transmission technique is explained.

2.1 SimSonic Freeware

SimSonic (www.simsonic.fr) is an open source software developed by Emmanuel Bossy [Bos04]

for the simulation of ultrasound propagation based on Finite-Difference Time-Domain (FDTD)

computations of elasto-dynamic wave equation as follows ( d = 2 for 2D Cartesian coordinates and

d = 3 for 3D Cartesian coordinates):

� (x)
@vi

@t
(x, t ) =

dX

j =1

@Ti j

@x j
(x, t ) + f i (x, t ), (2.1a)

@Ti j

@t
(x, t ) =

dX

j =1

dX

i =1

ci j k l (x)
@vk

@xl
(x, t ) + � i j (x, t ). (2.1b)
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where x and t are space and time variables. In these equations � : mass density, f ci j k l g: forth order

rigidity tensor, f f i g: vector component of force sources, f � i j g: tensor component of strain rate

sources are the known quantities and f vi g: vector component of particle velocity �eld and f Ti j g:

components of stress tensor are the unknown quantities which are computed by SimSonic. Eq. 2.1

de�nes the propagation of mechanical waves in continuous media following Hooke's law with no

absorption.

SimSonic is capable of modeling the linear regime of wave propagation in anistropic and het-

erogeneous media. The software can also include the visco-elasticity of the material or absorption.

However, it assigns the same absorption coef�cient for both longitudinal and shear waves.

SimSonic uses the numerical scheme applied in elasto-dynamics by Virieux [Vir84; Vir86] which

follows central-difference approximation to the spatial and temporal partial derivatives as follows:

@f

@a
(a ) �

f (a + � a
2 ) � f (a � � a

2 )

� a
(2.2)

Both temporal and spatial grid steps � x and � t should be chosen in such a way to represent an

accurate and stable computed �eld. The approximation introduced by numerical methods show

that temporal and spatial grid steps cannot be chosen independently and must follow the stability

condition commonly referred to as CFL condition:

� t �
1

p
d

.
� x

cma x
(2.3)

where cma x is the maximum speed of sound among all materials used in the simulation, and d

represents the space dimension.

According to the tutorial of SimSonic [Sim], for second-order FDTD schemes minimum spatial

grid step size should be �= 10 (i.e. 10 points per wavelength). However, due to cumulative errors for

propagation distances over several tens of wavelengths, 20 points per wavelength criterion needs to

be met.

Depending on the physics of problem, SimSonic offers 5 different boundary conditions:

• Stress-free boundary,

• Rigid boundary,

• Mirror-symmetry boundary,

• Mirror-antisymmetry boundary,

• Perfectly Matched Layers (PML).

2.2 Measuring frequency-dependent attenuation experimentally

For measuring the ultrasonic attenuation of a sample, we use the substitution method introduced

in [Sas07b]. In this approach, one can measure the frequency-dependent attenuation of a random
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medium by comparing the signal propagated through the medium and the signal propagated

through a reference medium in which the absorption is assumed to be negligible. The experiment

schematic has been shown in Fig. 2.1.

(a)

(b)

Figure 2.1: Schematic of the experiment designed to measure the frequency-dependent attenuation
of a random medium. (a) Signal propagating through the sample submerged in water. (b) Signal
propagating through the water (reference lossless medium).

The steps for measuring the frequency-dependent attenuation by using substitution method

are as follows:

• A pair of plain-wave transducers for emitting and receiving the signal is needed.

• The transducer acting as emitter is connected to an ampli�er and function generator in series.

The function generator is used to emit a sinusoidal pulse with the same central frequency as

the transducer's.

• The transducer acting as receiver is connected to a data acquisition board and computer for

recording and off-line processing of the received signal.
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• Both emitter and receiver are attached to a holder and submerged in a reference medium. The

absorption coef�cient of this reference medium should be negligible compared to sample's.

Hence, it is common to use water or saline solution as the reference medium.

• The sample is located between the transducers with distance x from emitter and receiver.

This x distance is the near-�eld plane wave limit and is calculated as follows:

x =
D 2

4�
, (2.4)

where D is the transducer diameter and � is the wavelength.

• The emitter sends a pulse and the receiver records the wave propagated through water-sample-

water.

• The sample is removed and the receiver records the signal propagated only in water.

• Both received signals are converted into frequency domain by using Fast-Fourier Transform

(FFT) and a Guassian window is applied over the signals in frequency domain to �lter the

experimental noise.

• Taking the effect of re�ection into account, frequency-dependent attenuation � s ub can be

calculated off-line from the recorded signals propagated in water and sample as follows:

� s ub (f ) = 20 log(e)
¦ 1

L

€
ln

� Ar (f )

As(f )

�
� ln (T )

Š©
, (2.5a)

where T is the Transmission Coef�cient de�ned as:

T =
2Zs

Zs + Z r
, (2.5b)

Zs = � scs, (2.5c)

Z r = � r cr . (2.5d)

In Eq. 2.5, L is the sample thickness in the propagation direction, A represents the amplitude

of propagated signal in frequency domain. � is the mass density and c accounts for speed

of sound and Z is the acoustical impedance. Sub-indices r and s refer to reference medium

and sample, respectively. 20log(e) multiplication is for conversion to d B. Assuming that cr is

already known one can show that cs is calculated from the Time of Flight (TOF) of the signal

propagated through the sample and reference medium as follows:

cs =
L

T O Fs � T O Fr + L
cr

. (2.6)

• The frequency-dependent attenuation measured by substitution method should be lim-

10



ited to frequency bandwidth of the transducer. In other words, Eq. 2.5 is only valid for f 2

[Transducer Bandwidth ].
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CHAPTER

3

PHENOMENOLOGICAL MODEL

In this chapter we propose a power law model to describe the attenuation of ultrasonic waves in

cortical bone. We use data generated using a �nite-difference, time domain (FDTD) numerical

simulation. We �t this phenomenological model to the simulated data by optimizing parameters

under an ordinary least squares (OLS) framework. Local sensitivity analysis is then performed on

the resulting parameter estimates in order to determine to which estimates the model is most

sensitive. We �nd that the sensitivity of the model to various parameter estimates depends on the

micro-architectural parameters, pore diameter ( � ) and pore density ( � ). In order to get a sense for

how con�dently we are able to estimate model parameters, we calculate 95%con�dence intervals

for these estimates. In doing so, we establish the ability to estimate model-sensitive parameters

with a high degree of con�dence. Being able to accurately estimate model parameters from which

we hope to infer micro-architectural ones, will allow us to determine pore density and diameter via

an inverse problem given real or simulated ultrasonic data.

3.1 Methodology for Data Collection

3.1.1 Simulation Framework

The �nite-difference, time domain (FDTD) SimSonic research freeware (www.simsonic.fr) [Bos04],

which can simulate elastic waves propagating in heterogeneous media with �nely controlled me-

chanical and architectural properties, is used to simulate wave propagation in media resembling

cortical bone. The media are constituted of solid slabs containing a distribution of �uid-�lled pores.

The solid phase is given the material properties of pure bone and the �uid those of water. The
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Table 3.1: Material properties of the solid and �uid phases [Bos04]

Solid Properties Value Fluid Properties Value

Wave speed:Cb 4 mm =� s Wave speed:Cw 1.54mm =� s
Density: � b 1.85g=ml Density: � w 1.00g=ml

C11 29.60G Pa C11 2.37G Pa
C22 29.60G Pa C22 2.37G Pa
C12 17.60G Pa C12 2.37G Pa
C66 6.00G Pa C66 0.00G Pa

independently tuneable material properties can be de�ned at all points in space, which enables

a deep understanding of their speci�c individual effect. The bone geometry is generated using a

Monte Carlo method for a given pore density and pore size. Pores are randomly distributed in the

solid bone matrix until the required pore density is reached. The pore density and diameter ranges

are respectively chosen as [3,16] po r e =mm 2 and [20,100] � m [Tho06a].

The spectroscopy is performed in 1-8 MHz range with 0.5 MHz frequency interval. A plane wave

constituted by a Gaussian ultrasonic pulse with a central frequency within the spectroscopy range

and -6dB bandwidth of 20 percent is transmitted through the medium. 4.1 illustrates an example

of a medium geometry and the emitted pulse. The slab dimensions are 10mm by 10mm. Table 3.1

summarizes the material properties used in the simulations.

In all simulations, Perfectly Matched Layer (PML) boundary conditions are applied at both

ends of the geometry in the direction of wave propagation with the thickness of 15 times that of

wavelength so that the effect of re�ections at the ends of the slab can be ignored. Symmetry boundary

conditions are chosen in the direction perpendicular to the direction of wave propagation so that

the effect of diffraction can be avoided, and plane wave conditions are assumed. Simulations are

run in 2D and the grid step is selected as 10� m in both directions, enabling a spatial sampling of

over 50 points per wavelength.

3.1.2 Attenuation Measurement: Time-Distance Matrix Approach (TDMA)

SimSonic is used to transmit plane waves through the porous cortical bone medium described above.

The propagated signals are recorded at 30 consecutive longitudinal positions along the sample in

the direction of wave propagation.

The time-domain recorded signals are stored in a time-distance matrix, s(t̃ , x ). The matrix can

be converted into the frequency domain, S(! , x ) through Fast Fourier Transform (FFT). Hence, each

element in the frequency-distance matrix, S(! , x ) represents the spectrum at a given position.

By assuming an exponential decay for the propagated signal through a bone sample [Méz14a],

the amplitude of the signals contained in the frequency-distance matrix can be approximated as:

jS(! , x )j = e � � (! )x . (3.1)
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(a) Schematic bone geometry

(b) Emitted signal in time and frequency domain

Figure 3.1: Schematic of the experiment designed to measure the frequency-dependent attenuation
of a random medium. (a) Signal propagating through the sample submerged in water. (b) Signal
propagating through the water (reference lossless medium).
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Hence, for each frequency if l n jS(! , x )j versus xi is plotted, the absolute value for the slope of

the linear �t to the data represents the attenuation coef�cient, � (! ). As an example, Figure 3.2

depicts the attenuation spectroscopy in 1-8 MHz frequency range for pore diameter: 100� m and

pore density: 5 po r e =mm 2.

Figure 3.2: Attenuation spectroscopy, Pore size: 100 � m , Pore density: 5 po r e =mm 2.

3.2 Mathematical and Statistical Model

Mathematical models are used to represent physical and biological systems in order to investigate

hypothesis regarding the underlying physical process. A mechanistic model hypothesizes the rela-

tionships between physically interpretable parameters and variables, while a phenomenological

model captures the qualitative trends of the desired dynamics. Here, the physical process of interest

is wave propagation in bone. We begin by developing a phenomenological model that describes the

trends seen in numerical simulation for the attenuation in cortical bone as a function of ultrasonic

wave frequency. This mathematical model is given by

� (f ) = a f b + c, (3.2)

where � represents the attenuation coef�cient, which is dependent on frequency, f . The model

parameters are given by � = [a b c ].

In order to make meaningful inferences regarding parameter estimates, one must also take into

account error incurred in the data collection process. One does so by specifying a statistical model,

which represents the observation process regarding data collection. In order to account for the

uncertainty we would expect in observational data, we consider the following statistical error model

Y (f ) = � (f , � 0) + E(f ), (3.3)
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where Y (f ) is a random variable, � 0 is the nominal parameter vector, and the E are assumed to be

independent and identically distributed with mean 0 and variance � 2
0. A realization of this statistical

error model is given by

y (f ) = � (f , � 0) + � (f ), f 2 [ f0, fF ], (3.4)

where � is a speci�c realization of the random variable E. This is a reasonable speci�cation of

the statistical error model since the numerical simulation that generates the data likely allots the

same error to each data point. It is important to note that both the mathematical and statistical

model need to be correctly speci�ed in order to make meaningful inferences regarding parameter

estimates.

3.3 Sensitivity and Standard Error Methodology

Since we assume an absolute error statistical model, given in (6.12), we estimate the model param-

eters by solving an inverse problem with an ordinary least squares (OLS) formulation, following

[Ban14; BT09]. Solving this inverse problem corresponds to minimizing the sum of squared errors

between the data and the model output when we treat all observations as equally important.

The OLS estimator is given by

� O LS = � N
O LS = argmin �

NX

j =1

[Yj � � (f j , � )]2, (3.5)

where Yj is a random variable corresponding to the observation process and N represents the

number of frequency points. A realization of the random variable, � O LS, is given by

�̂ O LS = �̂ N
O LS = argmin �

NX

j =1

[yj � � (f j , � )]2, (3.6)

where yj is realization of Yj . With the parameter estimate, �̂ (where we now suppress the dependence

of the estimate on the OLS formulation), we can compute the sensitivity matrix as

� j ,k =
@ �(f j , �̂ )

@ˆ� k

, j = 1, . . . ,N , k = 1, . . . ,p , (3.7)

where p represents the number of model parameters. Speci�cally, since the model given in (3.2)

can be explicitly differentiated with respect to the parameters, we have that

@ �(f j , �̂ )

@a
= f b

j , (3.8)

@ �(f j , �̂ )

@b
= a log(f j )f

b
j , (3.9)

@ �(f j , �̂ )

@c
= 1, j = 1, . . . ,N . (3.10)
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Notice that � = � N 2 RN � p is dependent on the number of frequency points as well as the parameter

estimate, �̂ = [ â b̂ ĉ ]. The true, constant variance is a random variable given by

� 2
0 =

1

N
E

� NX

j =1

[Yj � f (t j , � 0)]2
�

, (3.11)

which is estimated, adjusting for the bias, by

�̂ 2 =
1

N � p

� NX

j =1

[yj � f (t j , �̂ )]2
�

. (3.12)

We can then estimate the covariance matrix as

�̂ N = �̂ 2
�
� T (�̂ )� (�̂ )

� � 1
. (3.13)

Then, the asymptotic standard errors are given as

SEk (� 0) =
q

(� N
0 )kk , k = 1, . . . ,p , (3.14)

which are estimated by

SEk (�̂ ) =
q

(�̂ N (�̂ ))kk , k = 1, . . . ,p . (3.15)

The con�dence interval for parameter estimate ˆ� k with a con�dence level of 100(1� � )%, is given by

[ ˆ� k � t1� �= 2SEk (�̂ ), ˆ� k + t1� �= 2SEk (�̂ )], (3.16)

where � 2 [0,1] and t1� �= 2 is computed from the Student's t distribution with N � p degrees of

freedom.

3.4 Results and Discussion

The model parameter estimates ( ˆ� = [ â b̂ ĉ ]) versus pore diameter ( � ) and pore density ( � )

are given in Figures 3.3 - 3.5. From these �gures we see that there is a consistent trend relating

the parameter estimates to pore diameter and density. For instance, Figures 3.3 and 3.5 show that

for all densities and diameters � 60� m the estimates for a and c are constant. Then, as diameter

increases, the estimates for a increase while the estimates for c decrease. Similarly, in Figure 3.4 we

see a somewhat linear relationship between the estimates for b and the pore diameter, where the

estimates increase as diameter decreases. From this we gather how it may be possible to infer pore

diameter and density from the estimates of the model parameters.

Since our goal is to infer micro-architectural information from these parameter estimates, we

wish to determine which parameters have the most signi�cant in�uence on the model solution. To

do so, we use local sensitivity analysis to examine how the model output changes with respect to per-
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Figure 3.3: Parameter a estimates versus pore diameter ( [20 40 60 80 100] � m ) and pore density ( [3
5 6 7 8 10 12 14 15 16] pore/ mm 2).

Figure 3.4: Parameter a estimates versus pore diameter ( [20 40 60 80 100] � m ) and pore density ( [3
5 6 7 8 10 12 14 15 16] pore/ mm 2).

Figure 3.5: Parameter a estimates versus pore diameter ( [20 40 60 80 100] � m ) and pore density ( [3
5 6 7 8 10 12 14 15 16] pore/ mm 2).
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turbations in the nominal parameter estimates for a given data set. That is, we use the methodology

laid out in Section 3.3 to estimate model parameters for data sets corresponding to pore diameters

[20 40 60 80 100] � m , and pore densities [3 5 6 7 8 10 12 14 15 16] pore/ mm 2. We then calculate the

sensitivity of the model with respect to these estimates using Equations (3.8)-(3.10). These sensitivi-

ties are plotted versus frequency (MHz) and given in Figures 3.6, 3.10, 3.14, 3.19, and 3.23. Note that

the parameter estimates themselves are given in the legend. For a more convenient comparison, the

sensitivities of the estimates for a have been plotted versus all densities and frequencies in Figures

3.7, 3.11, 3.15, 3.20, and 3.24. Similarly, the estimates for b versus density and frequency are given in

Figures 3.8, 3.12, 3.16, 3.21, and 3.25.

The parameter estimates and corresponding 95% con�dence intervals are given in Figures 3.9,

3.13, 3.17, 3.22, and 3.26. For comparison, 80% con�dence intervals are given for pore diameter

60� m in Figure 3.18.
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Figure 3.6: Local model sensitivity to parameter estimates for pore diameter 20� m , densities of [3 5
6 7 8 10 12 14 15 16] pore/ mm 2, and frequency 1-8 MHz.
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Figure 3.7: Local sensitivity to â for pore diameter 20 � m , densities of [3 5 6 7 8 10 12 14 15 16]
pore/ mm 2, and frequency 1-8 MHz.

Figure 3.8: Local sensitivity to b̂ for pore diameter 20 � m , densities of [3 5 6 7 8 10 12 14 15 16]
pore/ mm 2, and frequency 1-8 MHz.
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Figure 3.9: Parameter estimates and corresponding 95% con�dence intervals for â , b̂ , and ĉ for
pore diameter 20 � m and densities of [3 5 6 7 8 10 12 14 15 16] pore/ mm 2.
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Figure 3.10: Local model sensitivity to parameter estimates for pore diameter 40� m , densities of [3
5 6 7 8 10 12 14 15 16] pore/ mm 2, and frequency 1-8 MHz.
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Figure 3.11: Local sensitivity to â for pore diameter 40 � m , densities of [3 5 6 7 8 10 12 14 15 16]
pore/ mm 2, and frequency 1-8 MHz.

Figure 3.12: Local sensitivity to b̂ for pore diameter 40 � m , densities of [3 5 6 7 8 10 12 14 15 16]
pore/ mm 2, and frequency 1-8 MHz.

28



Figure 3.13: Parameter estimates and corresponding 95% con�dence intervals for â , b̂ , and ĉ for
pore diameter 40 � m and densities of [3 5 6 7 8 10 12 14 15 16] pore/ mm 2.
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Figure 3.14: Local model sensitivity to parameter estimates for pore diameter 60� m , densities of [3
5 6 7 8 10 12 14 15 16] pore/ mm 2, and frequency 1-8 MHz.
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Figure 3.15: Local sensitivity to â for pore diameter 60 � m , densities of [3 5 6 7 8 10 12 14 15 16]
pore/ mm 2, and frequency 1-8 MHz.

Figure 3.16: Local sensitivity to b̂ for pore diameter 60 � m , densities of [3 5 6 7 8 10 12 14 15 16]
pore/ mm 2, and frequency 1-8 MHz.
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Figure 3.17: Parameter estimates and corresponding 95% con�dence intervals for â , b̂ , and ĉ for
pore diameter 60 � m and densities of [3 5 6 7 8 10 12 14 15 16] pore/ mm 2.
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Figure 3.18: Parameter estimates and corresponding 80% con�dence intervals for â , b̂ , and ĉ for
pore diameter 60 � m and densities of [3 5 6 7 8 10 12 14 15 16] pore/ mm 2.
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Figure 3.19: Local model sensitivity to parameter estimates for pore diameter 80� m , densities of [3
5 6 7 8 10 12 14 15 16] pore/ mm 2, and frequency 1-8 MHz.
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Figure 3.20: Local sensitivity to â for pore diameter 80 � m , densities of [3 5 6 7 8 10 12 14 15 16]
pore/ mm 2, and frequency 1-8 MHz.

Figure 3.21: Local sensitivity to b̂ for pore diameter 80 � m , densities of [3 5 6 7 8 10 12 14 15 16]
pore/ mm 2, and frequency 1-8 MHz.
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Figure 3.22: Parameter estimates and corresponding 95% con�dence intervals for â , b̂ , and ĉ for
pore diameter 80 � m and densities of [3 5 6 7 8 10 12 14 15 16] pore/ mm 2.
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Figure 3.23: Local model sensitivity to parameter estimates for pore diameter 100� m , densities of [3
5 6 7 8 10 12 14 15 16] pore/ mm 2, and frequency 1-8 MHz.
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