
ABSTRACT

JADOO, NISHITA. Extended Body Motion in General Relativity. (Under the direction of J.
David Brown).

In this thesis, we present a numerical framework for modeling solid extended bodies

using elasticity theory in general relativity. We assume that the metric is not affected by the

stress-energy-momentum tensor of the extended body. The numerical method described

can be used to model solid bodies of any shape, for any hyperelastic potential energy

model and any spacetime metric. We also describe a method using Fermi frames to extract

information from the simulations. We use the framework developed to model the motion

of a 0.1M radius hyperelastic sphere in close encounter orbits around a Schwarzschild

black hole. We compute the deviation of the center of mass from a geodesic that starts with

the same initial conditions as the center of mass and the increase in the spin of the body.

We analyse the conserved total energy and angular momentum by splitting them into parts.

We obtain detailed information on the normal modes excited in the sphere.
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CHAPTER

1

INTRODUCTION

The problem of motion in general relativity has a long history. Einstein was interested in

whether the laws of motion of material points can be derived from the vacuum Einstein

field equations. Einstein and Grommer (1927) showed that if a point particle is treated as a

singularity in spacetime, it follows a geodesic. This only gives the motion of point particles

and not extended bodies. The first paper to describe an extended body in general relativity

is Mathisson (1937). Mathisson defines a multipole expansion of the body using the body’s

stress-energy-momentum (SEM) tensor with the single pole defining the mass and the

dipole and quadrupole defining the “rotation moment”. Subsequently, many others have

worked on this problem following a similar method, including Papapetrou (1951) who gives

the equations of motion of spinning particles to dipole order, Pirani (1956), Tulczyjew (1959)

and Madore (1969). The works differ in the way they define the multipole moments. A series

of papers (Dixon and Bondi (1970), Dixon and Hewish (1970) and Dixon and Hewish (1974))

provide a more thorough definition of the multipole moments. The equations describing the

motion of pole-dipole particles are commonly known as the Mathisson-Papapetrou-Dixon

(MPD) equations. In general, the analysis leaves the equation of motion of the quadrupole

moment unspecified.

Even in the pole-dipole case, additional equations to define the center of mass are
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needed called spin supplementary conditions to have a complete system of equations.

Several different spin supplementary conditions have been proposed which lead to different

worldlines for the representative point on the body, however for the pole-dipole they are

shown to lie within the minimal worldtube (Kyrian and Semerák (2007)). Kyrian and Semerák

(2007) give a list of known spin supplementary conditions and what they imply for conserved

quantities for the pole-dipole particle. Costa and Natário (2015) give an in-depth discussion

of different spin supplementary conditions.

In this thesis, we consider extended bodies in general relativity as elastic bodies. This

is closer to physical reality than, for example, rigid bodies. There is difficulty in defining a

rigid body in curved spacetime. If a rigid body is defined as one that has zero deformation,

it would be unphysical because it would imply the speed of sound to be greater than the

speed of light. Also, stresses generated in the body might be important and contribute to

the SEM tensor. In general, it is perhaps simpler to treat extended bodies as elastic. If one

wants to model stiff bodies, then the material properties of the body could be set so that

the speed of sound is close to the speed of light.

Furthermore, the deformation of extended bodies in general relativity is an important

aspect to be modeled. The quadrupole deformation of the neutron stars in binary inspirals

can be detected from the observed gravitational waves (Abbott et al. (2017), De et al. (2018))

and provides crucial insight into the nuclear equation of state of these objects. The defor-

mation and other internal structure of small bodies in extreme mass ratio inspirals will

have an effect on the gravitational waves emitted (Steinhoff and Puetzfeld (2012)) which

the planned space interferometer LISA will be able to detect. The spin of the small body is

expected to have a next-to-leading order effect in the phase of these gravitational waves

(Witzany et al. (2019)). Except for specific cases, the deformation cannot be modeled ac-

curately as proportional to the tidal field. For example, the small body could be spinning

faster than it takes to respond to tidal forces.

Astrophysical compact objects are usually modeled as fluids in general relativistic

settings. However, it is known that neutron star crusts are solid (Chamel and Haensel

(2008)). A class of astrophysical objects known as ultra-massive white dwarfs have up to

ninety-nine per cent crystallized mass (Camisassa, María E. et al. (2019)). As a natural

alternative to fluids, elasticity can be used in such cases which allows for shear stresses.

Alho et al. (2022) used general relativistic elasticity to study spherically symmetric elastic

stars and proposed that elasticity might be an important factor for modeling exotic compact

objects.

Numerical works on general relativistic elasticity are not as abundant as numerical
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works on general relativistic hydrodynamics. One such work is by Gundlach et al. (2011)

who propose an Eulerian formulation of general relativistic elasticity that can be used

for numerical modeling and can capture shocks. They test their framework on Riemann

problems in Minkowski spacetime. Other works include a set of papers (Karlovini and

Samuelsson (2003), Karlovini et al. (2004), Karlovini and Samuelsson (2004), Karlovini and

Samuelsson (2007)) that propose a coherent framework for accurately modeling the solid

crust within neutron stars.

In this thesis, we are interested in accurately modeling an extended body in general

relativity. We want to obtain both its orbit and changes to internal structure including

deformation and spin. As a first step, for this work we assume that the extended body’s SEM

tensor does not affect the spacetime curvature. In other words, we ignore self-gravity.

We start by reviewing nonrelativistic elasticity in Chapter 2. We then describe general

relativistic elasticity as formulated by Brown (2021), which is the theory we use for modeling

an extended body, in Chapter 3. We explain the numerical method used in Chapter 4. We

detail how we construct Fermi frames and compute an approximate center of mass in

Chapter 5. We look at the conservation of rest energy and of total energy and angular

momentum for spacetimes with symmetries in Chapter 6. We present the results of the

simulation of a hyperelastic sphere in close encounter orbits around a Schwarzschild black

hole in Chapter 7. We summarize the work in this thesis and specify future work in Chapter

8.
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CHAPTER

2

NONRELATIVISTIC ELASTICITY THEORY

In this chapter we give a brief review of elasticity theory in the nonrelativistic domain. In

this chapter, we assume that the physical space (defined shortly) is three-dimensional

flat space. Except when specified, we will assume general curvilinear coordinates and for

example lower the index on a vector using the metric.

2.1 Overview

Elasticity theory is the study of deformable bodies under stresses and has a long history

and many applications. Love (1892) gives a detailed account of the history of elasticity.

An important historical development in elasticity theory was the formulation of finite

element methods to specifically solve problems in elasticity. In this thesis we make use of

the exact solution for a sphere in static equilibrium under tidal forces found in Love (1892)

for obtaining initial data and Lamb’s early work on the vibrations of an elastic sphere (Lamb

(1881)) to decompose the deformation of a sphere into normal modes. We also make use of

the techniques from finite element methods for spatial discretization.

We will start by giving definitions and theorems in nonlinear elasticity, however we will
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not go into the details of the proofs of these theorems which can be found in Marsden and

Hughes (1994). Proof of various theorems in elasticity have been worked out assuming the

physical space is three-dimensional flat space and using Cartesian coordinates. For general

Riemannian manifolds, it is assumed that the theorems are still valid since they refer to a

small portion of the space which locally looks flat (Frankel (2011)).

We will then describe linear elasticity. A large body of works make use of linear elasticity

for which exact solutions are known in some cases. We will look at exact solutions for solid

isotropic homogeneous elastic spheres.

2.2 Configuration and deformation gradient

The “matter space”,S , is defined as the three-dimensional space of material points with

coordinates ζi , for i = 1, 2, 3. A configuration (also sometimes referred to as a deformation),

X a , where a = 1, 2, 3, is a map fromS and for dynamical problems a parameter t to three-

dimensional physical space,M . The coordinates onM are denoted by x a for a = 1,2,3

and the metric onM is ga b . The “reference configuration” is the map X a
R from S to the

three-dimensional spaceM in which the body is in a relaxed state. Let overdot mean

∂ /∂ t and “,i ” mean ∂ /∂ ζi . The relaxed metric, εi j = X a
R ,i ga b X b

R ,i , gives distances between

material points when the body is in relaxed state. The deformation gradient is defined as

Fa i = ga b X b
,i (2.1)

The right Cauchy-Green deformation tensor represents the amount of strain in the de-

formed body and is defined by

fi j = X a
,i ga b X b

, j (2.2)

2.3 Mass conservation, Newton’s 2nd law and stress tensors

For a continuous body, we look at mass conservation and Newton’s 2nd law for a small piece

of the body which leads to the definition of the Cauchy stress tensor. LetSE be an open set

ofS and let X a (ζ, t ) be the map fromSE and a real parameter t toME .
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2.3.1 Mass conservation

Let ρ0(ζ) be the mass density per unit volume ofS when the body is relaxed in physical

space and let ρ(x , t ) be the mass density per unit volume ofM of the deformed body at

some time t . Since mass is conserved,

∫

SE

d 3ζ
p
ερ0(ζ) =

∫

ME

d 3 x
p

hρ(x , t ) (2.3)

=

∫

SE

d 3ζ |det(X a
,i )|
p

hρ(x , t ) (2.4)

where ε= det(εi j ), h = det(ga b ) and |det(X a
,i )| is the Jacobian of the transformation between

x a and ζi . SinceSE is arbitrary, this leads to |det(X a
,i )| (
p

h/
p
ε)ρ =ρ0. The factor |det(X a

,i )|
can be analysed as in Brown (2021). Eq. (2.2) is

fi j = X a
,i ga b X b

, j . (2.5)

Taking determinant on both sides,

f = det(X a
,i )h det(X b

, j )

det(X a
,i ) =

p

f
p

h
(2.6)

Therefore, Jρ =ρ0 where

J =
Æ

f /
p
ε (2.7)

is the ratio of the deformed volume element to the undeformed volume element. The mass

current is

ρẊ a ≡ (ρ0/J )Ẋ a . (2.8)

2.3.2 Newton’s 2nd law

We apply Newton’s 2nd law to a small piece of the body in three-dimensional flat physical

space. The elastic body may be subject to applied body forces such as gravity which acts on

volume elements, applied surface forces on area elements on the boundary also referred to

as traction and it additionally has internal surface forces on area elements on any surface
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due to internal stresses. Applying Newton’s 2nd law forME :

d

d t

∫

ME

d 3 x
p

hρẊ a =

∫

∂ME

d 2 x
p
σt a (x b , t , n b ) +

∫

ME

d 3 x
p

hρb a (2.9)

where d 2 x
p
σ is the surface element on ∂ME , t a (x b , t , n b ) is the force per unit deformed

area at position x b and time t across a surface element with unit normal n b from the

material surrounding it and b a is a body force acting per unit mass.

2.3.3 Stress tensors

According to Cauchy’s theorem (Marsden and Hughes (1994)), if Eq. (2.9) holds, then t a

depends linearly on n b and there is a tensor,σa b , called the Cauchy stress tensor such that

t a =σa b gb c n c .σa b is the force per unit of deformed area acting across a surface element in

the deformed body with unit normal na . The Cauchy stress tensor can be obtained from the

second Piola stress tensor, S i j (defined later), which represents the force in the undeformed

body per unit undeformed area across surface elements using Brown (2021):

σa b =
1

J
X a

,i S i j X b
, j (2.10)

where J =
p

f /
p
ε and f = det( fi j ) and ε= det(εi j ). The first Piola stress tensor is obtained

from the second Piola stress tensor by

P i
a = ga b X b

, j S i j . (2.11)

2.4 Hyperelastic energy models

Elastic materials are materials for which the stress can be written in terms of the strain at a

particular time. Hyperelastic materials are materials for which the work done by stresses

during the deformation process depends only on the initial and final configurations. Ho-

mogeneous materials are materials for which portions of the elastic material have the same

mechanical behaviour. Isotropic materials are materials for which the potential energy func-

tion, W , only depends on the deformation gradient only through fi j and εi j . Lagrangian

strain Ei j given by

Ei j = ( fi j −εi j )/2. (2.12)
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The second Piola stress tensor is given by S i j = ∂W /∂ Ei j .

Examples of different energy models for isotropic hyperelastic materials include the

Saint Venant-Kirchhoff, the Mooney-Rivlin, the neo-Hookean and the Ogden models. In the

Saint Venant-Kirchhoff model, the potential energy function is obtained from Lagrangian

strain by

W (E ) =
λ

2
(εi j Ei j )

2+µ(εi kε j l Ei j Ek l ) (2.13)

where εi j is the inverse of εi j and λ and µ are the Lame constants. The bulk modulus,

K = λ+ 2µ/3, measures resistance to volume changes. For the Saint Venant-Kirchhoff

model, the second Piola stress tensor is

S i j =λ(εk l Ek l )ε
i j +2µεi kε j l Ek l . (2.14)

It is often mentioned in literature that the Saint Venant-Kirchhoff model is not valid for

large strains in which case the model softens under compression.

Invariants of a tensor are scalar functions of the tensor components which do not

change under a change of coordinates. In literature, hyperelastic isotropic models are often

described in terms of the invariants of εi k fk j called the stress invariants, I1, I2 and I3 or the

square root of the eigenvalues of εi k fk j called the principle stretches λ1, λ2 and λ3. The

stress invariants are

I1 ≡ εi j fi j (2.15)

I2 ≡
1

2
[(εi j fi j )

2−εi kε j l fi j fk l ] (2.16)

I3 ≡ det(εi k fk j ) = f /ε. (2.17)

It should be noted that I3 = J 2. The stress invariants are related to the principle stretches by

I1 =λ
2
1+λ

2
2+λ

2
3 (2.18)

I2 =λ
2
1λ

2
2+λ

2
2λ

2
3+λ

2
3λ

2
1 (2.19)

I3 =λ
2
1λ

2
2λ

2
3. (2.20)

In the Mooney-Rivlin model the, potential energy is given by:

W (E ) =
µ1

2
(Ī1−3) +

µ2

2
(Ī2−3) +

κ

2
(J −1)2. (2.21)
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where Ī1 = I1/J (2/3) and Ī2 = I2/J (4/3). In the limit of small deformations, κ is equal to the

bulk modulus and µ1+µ2 is equal to the shear modulus. For µ2 = 0, the model is known as

the neo-Hookean model. In the Ogden model, the potential energy is given by

W (E ) =
N
∑

p=1

µp

αp

�

λ
αp

1 +λ
αp

2 +λ
αp

3 −3
�

(2.22)

The Ogden model has been developed to model materials such as rubbers, polymers and

biological tissue. In all these constitutive models, the material parameters and the validity of

the model are determined by fitting to experimental data. A perfect fluid can be considered

a special case of an elastic material in which the potential energy is a function of J only

(Brown (2021)).

2.5 Linear elasticity

The material in this section is drawn from Brown (nd). Linear elasticity is used when the

deformation is the result of small displacements from the reference configuration. Linear

elasticity can be obtained from nonlinear elasticity by writing

X a (ζ, t ) = X a
R (ζ) +ξ

a (ζ, t ) (2.23)

where ξa (ζ, t ) is assumed to be small and there is no rotation.

Ẋ a and X a
,i are then:

Ẋ a (ζ, t ) = ξ̇a (ζ, t ) (2.24)

X a
,i (ζ, t ) = X a

R ,i (ζ) +ξ
a
,i (ζ, t ) (2.25)

ξa
,i (ζ, t ) is also assumed to be small. Assuming flat space and Cartesian coordinates, the

right Cauchy-Green deformation and matter space metric are:

fi j = X a
,i δa b X b

, j = (X
a
R ,i +ξ

a
,i )δa b (X

b
R , j +ξ

b
, j ), (2.26)

εi j = X a
R ,iδa b X b

R , j . (2.27)

We have the map

x a = X a
R (ζ) (2.28)

9



and we define the inverse map that takes the a point in physical space where the body is in

the relaxed state to the matter space label:

ζi = Z i
R (x ). (2.29)

Taking derivatives with respect to ζ, the following useful relations are obtained:

X a
R ,i Z j

R ,a =δ
j
i , (2.30)

X a
R ,i Z i

R ,b =δ
a
b . (2.31)

The following formulas for the inverse metric and metric in the matter space and reference

configuration hold:

εi j = Z i
R ,aδ

a b Z j
R ,b , (2.32)

δa b = X a
R ,iε

i j X b
R , j , (2.33)

δa b = Z i
R ,aεi j Z j

R ,b . (2.34)

We verify that they are correct by computing εi jε j k and δa bδb c :

εi jε j k = Z i
R ,aδ

a b Z i
,b X c

R , jδc d X d
R ,k (2.35)

= Z i
R ,aδ

a bδc
bδc d X d

R ,k (2.36)

= Z i
R ,a X a

R ,k (2.37)

=δi
k (2.38)

δa bδb c = X a
R ,iε

i j X b
R , j Z k

R ,bεk l Z l
R ,c (2.39)

= X a
R ,iε

i jδk
j εk l Z l

R ,c (2.40)

= X a
R ,iε

i jε j l Z l
R ,c (2.41)

= X a
R ,iδ

i
l Z l

R ,c (2.42)

= X a
R ,i Z i

R ,c (2.43)

=δa
c (2.44)

The potential energy function in the Saint Venant-Kirchhoff, W (E ) = λ/2(εi j Ei j )2 +

µ(εi kε j l Ei j Ek l ), is needed to second order in ξa
,i . We first compute the Lagrangian strain
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tensor Ei j = ( fi j −εi j )/2.

Ei j =
1

2
[X a

R ,iδa b X b
R , j +ξ

a
,iδa b X b

R , j +X a
R ,iδa bξ

b
, j −X a

R ,iδa b X b
R , j ] +O

2(ξa
,i ) (2.45)

=
1

2
[ξa

,iδa b X b
R , j +X a

R ,iδa bξ
b
, j ] +O

2(ξa
,i ) (2.46)

We also need to compute εi j Ei j and εi kε j l Ei j Ek l .

εi j Ei j =
1

2
Z i

R ,cδ
c d Z j

R ,d [ξ
a
,iδa b X b

R , j +X a
R ,iδa bξ

b
, j ] +O

2(ξa
,i ) (2.47)

=
1

2
[Z i

R ,aξ
a
,i +Z j

R ,bξ
b
, j ] +O

2(ξa
,i ) (2.48)

= Z i
R ,aξ

a
,i +O

2(ξa
,i ) (2.49)

= ξa
,a +O

2(ξa
,i ) (2.50)

In the last step, we use the shorthand notation Z i
R ,aξ

a
,i ≡ ξ

a
,a .

εi kε j l Ei j Ek l =
1

4
Z i

R ,cδ
c d Z k

R ,d [ξ
a
,iδa b X b

R , j +X a
R ,iδa bξ

b
, j ]

Z j
R ,eδ

e f Z l
R , f [ξ

a
,kδa b X b

R ,l +X a
R ,kδa bξ

b
,l ] +O

4(ξa
,i )

=
1

4
δc d [Z i

R ,cξ
a
,iδa b Z j

R ,e X b
R , j +Z i

R ,c X a
R ,iδa b Z j

R ,eξ
b
, j ]

δe f [Z k
R ,dξ

a
,kδa b Z l

R , f X b
R ,l +Z k

R ,d X a
R ,kδa b Z l

R , f ξ
b
,l ] +O

4(ξa
,i )

=
1

4
δc d [ξa

,cδa bδ
b
e +δ

a
c δa bξ

b
,e ]δ

e f [ξa
,dδa bδ

b
f +δ

a
dδa bξ

b
, f ] +O

4(ξa
,i )

=
1

2
[ξd

,eξ
e
,d +ξ

d
,eξd ,

e ] +O 4(ξa
,i ) (2.51)

Hence to second order in ξa
,i ,

W (E ) =
λ

2
(ξa

,a )
2+
µ

2
(ξd

,eξ
e
,d +ξ

d
,eξd ,

e ). (2.52)

2.5.1 Dynamical solution for normal modes of a sphere

The action for a free solid elastic body in nonlinear elasticity can be written as

S [X ] =

∫ t f

ti

d t

∫

S
d 3ζ
p
ε

�

1

2
ρ0Ẋ a ga b Ẋ b −W (E )

�

. (2.53)
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Replacing the expressions for the kinetic energy and the potential energy for the Saint

Venant-Kirchhoff model in linear elasticity in the action (Eq. (2.53) and using Cartesian

coordinates with ga b =δa b ,

S [ξ] =

∫ t f

ti

d t

∫

S
d 3ζ
p
ε

�

1

2
ρ0ξ̇

aδa b ξ̇
b −
λ

2
(ξa

,a )
2−
µ

2
(ξd

,eξ
e
,d +ξ

d
,eξd ,

e )
�

. (2.54)

We can transform the integral over d 3ζ to an integral over d 3 x using the Jacobian of the

transformation |det(X a
R ,i )|= 1/

p
ε. The action becomes

S [ξ] =

∫ t f

ti

d t

∫

R
d 3 x
�

1

2
ρ0ξ̇

aδa b ξ̇
b −
λ

2
(ξa

,a )
2−
µ

2
(ξd

,eξ
e
,d +ξ

d
,eξd ,

e )
�

(2.55)

whereR is the spatial extent of the undeformed body. The variation of the action is

δS =

∫ t f

ti

d t

∫

R
d 3 x
�

ρ0ξ̇
aδa cδξ̇

c − [λξa
,aδ

d
c +µ(ξ

d
,c +ξc ,

d )]δξc
,d

�

. (2.56)

We integrate by parts to remove the derivatives on δξa and use the fact that variations

vanish at ti and t f ,

δS =

∫ t f

ti

d t

∫

R
d 3 x
�

−ρ0ξ̈
aδa c +λξ

a
,a ,dδ

d
c +µ(ξ

d
,c ,d +ξc ,

d
,d )
�

δξc

−
∫ t f

ti

d t

∫

∂R
d 3 x
�

λξa
,aδ

d
c +µ(ξ

d
,c +ξc ,

d )
�

δξc nd (2.57)

where nc is the normal to the boundary. Setting δS = 0, gives the equations on the bulk,

−ρ0ξ̈c +λξ
a
,a ,c +µ(ξ

d
,c ,d +ξc ,

d
,d ) = 0 (2.58)

and on the boundary,

λξa
,a nc +µ(ξ

d
,c +ξc ,

d )nd = 0. (2.59)

Since the physical space is flat three-dimensional space, we generalize these results by

replacing partial derivatives with covariant derivatives. The bulk equation becomes

ρ0ξ̈
c =λ∇c∇aξ

a +µ(∇d∇cξd +∇d∇dξc ) = 0. (2.60)
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Simplifying,

ξ̈c =
�

λ+µ
ρ0

�

∇c∇aξ
a +
µ

ρ0
∇d∇dξc = 0. (2.61)

The boundary equation becomes

λ∇aξ
a n c +µ(∇cξd +∇dξc )nd = 0. (2.62)

The nonrelativistic normal mode vibrations of solid elastic sphere are described in the

classic paper by Lamb (1881) and also later in Love (1892). These normal modes can be

separated into two classes, the spheroidal and torsional modes. In this thesis, we focus

on the spheroidal modes since we do not expect torsional modes to be excited due to

the symmetry of the problem we simulate. The subset of the spheroidal modes with ℓ=

0 are called the radial modes. Spherical coordinates, ζi = {r,θ ,φ} are used to simplify

the problem. From Thorne and Blandford (2017), the general spheroidal mode solution

satisfying Eqs. (2.61) and (2.62) is

ξ⃗nℓm (t , r,θ ,φ) = Anℓm Ξ⃗nℓm (r,θ ,φ)cos(ωnℓt +φnℓm ) (2.63)

where Anℓm is the amplitude,φnℓm is the phase andωnℓ is the angular frequency. The vector

field Ξ⃗nℓm is given by

Ξ⃗nℓm (r,θ ,φ) = fnℓ(r )Yℓm r̂ + gnℓ(r )
�

∂ Yℓm
∂ θ

θ̂ +
1

sinθ

∂ Yℓm
∂ φ

φ̂

�

(2.64)

where Yℓm are the real spherical harmonics defined by

Yℓm =































(−1)m
p

2

√

√2ℓ+1

4π

(ℓ− |m |)!
(ℓ+ |m |)!

P |m |ℓ (cosθ ) sin(|m |φ) if m < 0
√

√2ℓ+1

4π
P m
ℓ (cosθ ) if m = 0

(−1)m
p

2

√

√2ℓ+1

4π

(ℓ−m )!
(ℓ+m )!

P m
ℓ (cosθ ) cos(mφ) if m > 0

(2.65)

where P m
ℓ are the associated Legendre polynomials. The functions, fnℓ(r ) and gnℓ(r ) are

fnℓ(r ) =
αnℓ

kLnℓ
j ′ℓ(kLnℓr ) +

βnℓ

kT nℓ
l (l +1)

jℓ(kT nℓr )
kT nℓr

, (2.66)

gnℓ(r ) =
αnℓ

kLnℓ

jℓ(kLnℓr )
kLnℓr

+
βnℓ

kT nℓr

�

jℓ(kT nℓr )
kT nℓ

+ r j ′ℓ(kT nℓr )
�

(2.67)
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where jℓ(x ) is the spherical Bessel function, j ′ℓ(x )≡ ∂ jℓ(x )/∂ x and

kLnℓ ≡
ωnℓ

CL
(2.68)

kT nℓ ≡
ωnℓ

CT
. (2.69)

CL and CT are the longitudinal and transverse sound speeds:

CL =

√

√λ+2µ

ρ0
, (2.70)

CT =
√

√ µ

ρ0
. (2.71)

αnℓ and βnl determine the weights of the longitudinal and transverse parts. Inserting the

normal mode solution ξ⃗nℓm evaluated at the surface r = a where a is the undeformed

radius of the sphere and the unit normal n̂ = r̂ in the boundary equation (2.62) results in

two equations,

αnℓ

�

2 j ′′ℓ (kLnℓa )− ((kT nℓ/kLnℓ)
2−2)) jℓ(kLnℓa )
�

+βnℓ

�

2ℓ(ℓ+1) f1(kT nℓa )
�

= 0 (2.72)

αnℓ

�

2 f1(kLnℓa )
�

+βnℓ

�

j ′′ℓ (kT nℓa ) + (ℓ(ℓ+1)−2) f0(kT nℓa )
�

= 0 (2.73)

where f0(x )≡ jℓ(x )/x 2 and f1(x )≡ ∂ ( jℓ(x )/x )/∂ x . The simultaneous equations for αnℓ and

βnℓ have a solution if the determinant is zero,

�

2 j ′′ℓ (kLnℓa )− ((kT nℓ/kLnℓ)
2−2)) jℓ(kLnℓa )
��

j ′′ℓ (kT nℓa ) + (ℓ(ℓ+1)−2) f0(kT nℓa )
�

−
�

2 f1(kLnℓa )
��

2ℓ(ℓ+1) f1(kT nℓa )
�

= 0. (2.74)

Using kT nℓ/kLnℓ = CL/CT , Eq. (2.74) is expressed in terms of kT nℓ. The roots of Eq. (2.74)

can be obtained numerically. The first root corresponds to the first value of n and so on.

For CL/CT =
p

3, ℓ= 2, the solutions for the first four n values are

kT n2a

π
= {0.840296489389027, 1.5486644471166677

, 2.651265258574347, 3.113122717920612, ..}. (2.75)

The dependence of the functions, fnℓ(r ) and gnℓ(r ), on r for ℓ= 2, and n = 0,1,2 is shown

in Figure 2.1.
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Figure 2.1: The radial dependence of fnℓ(r ) and gnℓ(r ) for ℓ= 2 and different values of n .
The surface of the sphere is at r = 0.1.
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2.5.2 Static solution for a sphere under tidal forces

Love (1892) has solved the problem of a solid homogeneous elastic sphere in static equilib-

rium under the action of a potential that can be expressed in terms of spherical harmonics.

The deformation of the sphere is assumed to be small. In the bulk, the static equilibrium

equation is:
�

λ+µ
�

∇a∇bξ
b +µ∇b∇bξ

a −ρ0∇aΦext = 0 (2.76)

The boundary equation is still Eq. (2.62).

The Newtonian tidal potential of a black hole of mass M can be expanded in terms of

spherical harmonics (Press and Teukolsky (1977)). If we assume that the geometric center

of the sphere lies on the z-axis and the central mass is at the origin, the tidal potential

considering only the lowest ℓ term is

Φext =−
p

4π/5(M /R 3)r 2Y20 (2.77)

where R is the areal radius of the geometric center of the elastic sphere and r is the radial

distance of an element of the elastic body from the geometric center of the elastic body. The

solution, ξ⃗s , satisfying Eqs. (2.76) and (2.62) for Φext in Eq. (2.77) is obtained from Section

181 in Love (1892) by setting g = 0 andω= 0 for zero self-gravity and for the sphere to be

nonrotating. We verified that the solution satisfies the bulk and boundary equations. The

static solution is

ξ⃗s = fs (r )Y20 r̂ + g s (r )
∂ Y20

∂ θ
θ̂ (2.78)

where

fs (r ) =
kρ0

70(λ+2µ)

�

−20r 3+14a 2r
(λ+3µ)
µ

+
(7λ+6µ)
µ(19λ+14µ)

�

42r (a 2− r 2)(λ+µ) +6r 3(2λ+7µ)
��

, (2.79)

g s (r ) =
kρ0

70(λ+2µ)

�

−5r 3+7a 2r
(λ+3µ)
µ

+
(7λ+6µ)
µ(19λ+14µ)

�

21r (a 2− r 2)(λ+µ)−2r 3(2λ+7µ)
��

(2.80)

and k =
p

4π/5(M /R 3) and a is the undeformed radius of the sphere.
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CHAPTER

3

GENERAL RELATIVISTIC ELASTICITY

THEORY

In this chapter, we give a brief review of elasticity theory in general relativity using a La-

grangian formulation as developed by Brown (2021). We focus on the action, gauge invari-

ance of the action and the stress-energy-momemtum tensor as derived in Brown (2021). In

this chapter and the rest of this thesis, except when describing nonrelativistic elasticity, we

use the sign conventions of Misner et al. (1973) and geometrical units in which c =G = 1.

3.1 Overview

The earliest work on generalizing elasticity theory to work with special relativity is by

Herglotz (1911). Subsequently, DeWitt (1962) extended Herglotz formulation of relativistic

elasticity theory to the general relativistic domain to describe a “stiff elastic medium” as an

additional structure to physical spacetime to aid the formulation of a theory of quantum

gravity. Later works on general relativistic elasticity theory include Carter and Quintana

(1972), Kijowski and Magli (1992), Beig and Schmidt (2017) and Gundlach et al. (2011).
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Some of these works favor an Eulerian formulation where the matter space is absent

while the others use a Lagrangian approach. From the Lagrangian approach one can obtain

the Eulerian picture. In the Lagrangian picture the focus is on the maps from matter space

and a time parameter to physical spacetime while in the Eulerian picture the focus is on

the inverse maps that take a spacetime event to the material point in matter space. The

advantage of the Lagrangian formulation for numerical modeling is that it is easier to

implement boundary conditions such as natural boundary conditions (Lanczos (1949))

where the surface is free to move whereas in the Eulerian formulation the surface is not

clearly defined. Also, in the Lagrangian approach, only the equations of motion of the

material points have to numerically solved whereas in the Eulerian approach usually the

numerical solution of fields over a large grid covering the relevant part of spacetime is

needed.

Relativistic hydrodynamics is a very successful theory and is widely used to model fluids

in strong gravity and at high Lorentz factors. A major difference between relativistic hydro-

dynamics and general relativistic elasticity is that shear stresses are absent in relativistic

hydrodynamics.

3.2 Worldtube, radar metric

Let four-dimensional spacetime manifold be denoted byM . Let the spacetime coordinates

onM be denoted by x µ where µ= 0, 1, 2, 3 and let the metric onM be denoted by gµν. Let

λ be a real parameter. The matter space,S , is the space of material points with coordinates

ζi for i = 1,2,3. It should be noted that there is no predefined notion of distance on S .

The functions X µ(λ,ζ) are maps from R×S toM . As λ is continuously varied, X µ(λ,ζ)

evaluated at a material point ζi traces the timelike worldline of the material point. The

collection of all wordlines corresponding to the material points of the body is called the

world tube. Let “,µ” denote ∂ /∂ x µ, “,i ” denote ∂ /∂ ζi and overdot denote ∂ /∂ λ. The four-

velocity of a material point is

U µ =
Ẋ µ

α
(3.1)

where

α=
q

−Ẋ µẊµ (3.2)

is known as the material lapse function.
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Figure 3.1: X µ(λ,ζ)maps a material point with coordinates ζi inS and a real parameter
λ to the spacetime event x µ inside the world tube in four-dimensional spacetime,M .

The radar metric, fµν, defined inside the worldtube is

fµν = gµν+UµUν. (3.3)

The name “radar” comes from Landau and Lifshitz (1951) who used light signals to find the

“spatial” distance between two infinitesimally separated events in general relativity. It is

easy to see that fµνU
µ = 0 and that f νµ V µ is orthogonal to U µ for any vector V ν. Hence, fµν

is a “projection tensor" that projects V µ into the space orthogonal to U µ. The radar metric

can be mapped back to the matter space,

fi j = X µ,i fµνX ν, j . (3.4)

The radar metric in the matter space gives distances between infintesimally separated

material points such that the distance is measured in the rest frame of the material points

in physical space,M . That is, d s 2 = fi j dζi dζ j , is proper distance between material points.

The Lagrangian strain tensor can be obtained the same way as in nonrelativistic elasticity

using fi j and the relaxed metric, εi j ,

Ei j = ( fi j −εi j )/2. (3.5)

3.3 Action

As mentioned in Chapter 2, for a hyperelastic body, a stored energy function can be defined.

For example, the stored energy can be specified in terms of the Lagrangian strain Ei j as
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in the Saint Venant-Kirchhoff hyperelastic energy model. The energy density per unit of

undeformed volume is denoted by ρ(E ) and is function of Ei j and εi j and can also depend

on ζ if the material is not uniform. The dependence on εi j and ζ has been omitted in the

notation to make it more compact. The relativistic action of a hyperelastic body is (DeWitt

(1962), Brown and Marolf (1996), Brown (2021)),

S [X , g ] =−
∫ λ f

λi

dλ

∫

S
d 3ζ
p
εαρ(E ). (3.6)

The relativistic action for a point particle of rest mass, m , is (Landau and Lifshitz (1951)),

Sparticle[X ] =−m

∫ λ f

λi

dλα. (3.7)

The action for the hyperelastic body is an extension of the action of a continuum of dust

particles that do not interact. The interaction energy of the hyperelastic body is obtained

by using distances computed in the rest frames of elements of the hyperelastic body. The

energy density can be written as

ρ(E ) =ρ0+W (E ) (3.8)

where ρ0 is the rest mass per unit undeformed volume and W is the potential energy per

unit undeformed volume.

3.4 Gauge invariance of the action

Similar to the action of the relativistic particle, the action of the hyperelastic body is invariant

under a change in the worldline parameter λ. Consider a history described by two different

parametrizations. Let the worldlines of the material points be obtained by the new mapping

X̃ µ(λ,ζ). The new mapping is related to the old mapping by

X̃ µ(λ,ζ) = X µ(Λ(λ,ζ),ζ). (3.9)
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It should be noted that the new parameter is allowed to be a function of ζ. The action with

the new mapping, X̃ µ(λ,ζ), is

S̄ [X̄ ] =−
∫ λ f

λi

dλ

∫

S
d 3ζ
p
εᾱ

�

X̄ (λ,ζ),
∂ X̄ (λ,ζ)
∂ λ

�

ρ̄

�

X̄ (λ,ζ),
∂ X̄ (λ,ζ)
∂ λ

,
∂ X̄ (λ,ζ)
∂ ζ

�

. (3.10)

The partial derivatives of X̃ µ(λ,ζ) are related to the partial derivatives of X µ(λ,ζ) by

∂ X̃ µ

∂ λ
=
∂ X µ

∂ λ

�

�

�

�

λ=Λ

∂ Λ

∂ λ
(3.11)

∂ X̃ µ

∂ ζi
=
∂ X µ

∂ λ

�

�

�

�

λ=Λ

∂ Λ

∂ ζi
+
∂ X µ

∂ ζi

�

�

�

�

λ=Λ

(3.12)

where Λ = Λ(λ,ζ). We can express α̃ and ρ̃ in the action in terms of α and ρ. If α̃ and ρ̃

only depended on X̃ µ, that would be easily written using Eq. (3.9). However, since they also

contain partial derivatives of X̃ , we need Eqs. (3.11) and (3.12),

α̃ =

√

√

−
∂ X̃ µ

∂ λ

∂ X̃µ
∂ λ

(3.13)

=
∂ Λ

∂ λ

√

√

√−
∂ X µ

∂ λ

�

�

�

�

λ=Λ

∂ Xµ
∂ λ

�

�

�

�

λ=Λ

(3.14)

=
∂ Λ

∂ λ
α|λ=Λ (3.15)

The dependence of ρ̃ on X̃ is through f̃i j ,

f̃i j =
∂ X̃ µ

∂ ζi
(g̃µν+ŨµŨν)

∂ X̃ ν

∂ ζ j
. (3.16)

We look at the parts of f̃i j .

∂ X̃ µ

∂ ζi
g̃µν
∂ X̃ ν

∂ ζ j
=−α2|Λ=λ

∂ Λ

∂ ζi

∂ Λ

∂ ζ j

+αU µgµν
∂ X ν

∂ ζ j

�

�

�

�

λ=Λ

∂ Λ

∂ ζi
+αU νgµν

∂ X µ

∂ ζi

�

�

�

�

λ=Λ

∂ Λ

∂ ζ j

+
∂ X µ

∂ ζi
gµν
∂ X ν

∂ ζ j

�

�

�

�

λ=Λ

(3.17)
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Ũµ =
1

α̃

∂ X̃µ
∂ λ

(3.18)

=
1

α

∂ Xµ
∂ λ

�

�

�

�

λ=Λ

(3.19)

=Uµ|λ=Λ (3.20)

∂ X̃ µ

∂ ζi
Ũµ =−α|λ=Λ

∂ Λ

∂ ζi
+Uµ

∂ X µ

∂ ζ j

�

�

�

�

λ=Λ

(3.21)

where |λ=Λ applies to all the functions before it. We find that

ρ̃ =ρ|λ=Λ. (3.22)

Using the results above, the action (3.10) is

S̃ [X̃ ] =−
∫ λ f

λi

dλ

∫

S
d 3ζ
∂ Λ(λ,ζ)
∂ λ

p
εαρ|λ=Λ. (3.23)

Let Λ(λi ,ζ) = λi and Λ(λ f ,ζ) = λ f . We can change integration variables to dΛd 3ζ =

dλd 3ζ(∂ Λ/∂ λ) and find that S̄ [X̄ ] = S [X ]. The action is gauge invariant.

Because of the gauge invariance of the action, we can freely choose the worldline

parameter λ. For example, we can choose λ to be equal to proper time. In that case, α= 1.

However, we can only set λ to proper time after varying the action since if we set λ equal to

proper time before varying the action, then the variations with endpoints, λi and λ f , all

have the same change in proper time.

Let x 0 = const correspond to spacelike hypersurfaces and let x µ ≡ {t , x a } where a =

1,2,3. Then, the coordinate basis vectors ∂ /∂ x a are spacelike. If t = const are spacelike,

we can choose the parameterization λ= x 0 ≡ t . Then, Ẋ 0 = 1 and X 0
,i = 0 and the action in

the λ= t gauge can be written as

S [X ] =

∫ t ′′

t ′

d t

∫

S
d 3ζL (X , Ẋ , X ,i , t ) (3.24)

where the Lagrangian density isL (X , Ẋ , X ,i , t ) =−
p
εαρ(E ). The action is a functional of

X a (t ,ζ).
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3.5 Stress–energy–momentum tensor

The stress–energy–momentum (SEM) tensor for matter fields is obtained from the func-

tional derivative of the matter action with respect to the metric,

T µν(x ) =
2
p

−g

δSmatter

δgµν(x )
. (3.25)

In the above definition, T µν is defined in terms of the functional derivative of the matter

action with respect to the metric at spacetime points, x . Therefore, we write the matter

action as an integral over spacetime,

S [X , g ] =−
∫

d 4 x

∫ λ f

λi

dλ

∫

S
d 3ζ
p
εαρδ4(x −X (λ,ζ)). (3.26)

Then, the functional derivative is given by

δS

δgµν(x )
=−
∫ λ f

λi

dλ

∫

S
d 3ζ
p
ε

�

∂ α

∂ gµν
ρ+
α

2
S i j
∂ fi j

∂ gµν

�

δ4(x −X (λ,ζ)) (3.27)

where S i j = ∂ ρ/∂ Ei j . We need the partial derivative of α and fi j with respect to the metric:

∂ α

∂ gµν
=−

1

2
αU µU ν (3.28)

∂ fi j

∂ gµν
= F µi F νj (3.29)

where F µi = f µν X ν,i . The SEM tensor is

T µν(x ) =

∫ λ f

λi

dλ

∫

S
d 3ζ

α
p
ε
p

−g
[ρU µU ν+S i j F µi F νj ]δ

4(x −X (λ,ζ)). (3.30)

We evaluate T µν at the spacetime event, x = X µ(λ̄, ζ̄), and convert the delta function from

a function of X to a function of λ and ζ,

δ4(X (λ̄, ζ̄)−X (λ,ζ)) =
1

|det(X ,̇ .)|
δ(λ̄−λ)δ3(ζ̄−ζ) (3.31)
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where det(X ,̇ .) is the determinant of the Jacobian of X (λ,ζ)with respect to λ and ζ. The

SEM tensor is then,

T µν(X (λ̄, ζ̄)) =
α
p
ε

p

−g |det(X ,̇ .)|
[ρU µU ν+S i j F µi F νj ]. (3.32)

The factor det(X ,̇ .) can be analyzed by viewing x µ
′ = (λ,ζi ) as new coordinates onM which

are related to the old coordinates by x µ = X µ(x µ′). The metric components in the primed

coordinate system is related to the unprimed coordinate system by

g ′µν =
∂ X α

∂ x µ′
∂ X β

∂ x ν′
gαβ . (3.33)

Taking determinant on both sides and solving for det(X ,̇ .),

|det(X ,̇ .)|=
p

−g ′/
p

−g . (3.34)

We find an expression for the metric in the primed coordinate system by looking at the line

element,

d s 2 = d x µgµνd x ν (3.35)

= (Ẋ µdλ+X µ,i dζi )gµν(Ẋ
νdλ+X ν, j dζ j ) (3.36)

= Ẋ µẊµdλ2+ ẊµX µ,i dλdζi + ẊµX µ, j dλdζ j +X µ,i X µ, j dζi dζ j . (3.37)

We use the definitions of α, fi j and vi ≡UµX µ,i to replace

Ẋ µẊµ =−α2 (3.38)

ẊµX µ,i =αUµX µ,i =αvi (3.39)

X µ,i X µ, j = fi j −X µ,i UµUνX ν, j = fi j − vi v j (3.40)

in the line element. From the line element, the metric in the primed coordinates can be

written in block matrix form,

g ′µν =

�

−α2 αvi

αv j fi j − vi v j

�

. (3.41)
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Using the formula for the determinant of a block matrix,

det

�

A B

C D

�

= det(A)det(D −C A−1B ), (3.42)

we obtain

det(g ′) =−α2 f (3.43)

where f = det( fi j ). The final form of the SEM tensor is

T µν(X (λ,ζ)) =
1

J
[ρU µU ν+S i j F µi F νj ] (3.44)

where J ≡
p

f /
p
ε. The metric εi j gives distances between material points ζi inS when

the elastic body is relaxed and fi j gives distances between material points ζi inS when the

elastic body is deformed. Therefore, the factor 1/J converts energy density per unit unde-

formed volume to per unit deformed volume. The SEM tensor satisfies local conservation,

∇µT µν = 0 (Brown (2021)).
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CHAPTER

4

NUMERICAL METHOD

In this chapter, we describe the numerical method used to model the motion of a hypere-

lastic body in curved spacetime.

4.1 Overview

Numerical methods for solving partial differential equations (PDEs) include finite difference

(FD), finite volume (FV) and finite element (FE) methods. FE methods are particularly used

in solving elasticity problems since they allow boundaries of elastic bodies to be represented

more closely using triangular or tetrahedral meshes than the rectangular grid used in FD and

FV methods. In FD methods, the PDEs are discretized directly whereas in FV methods, the

PDES are intergrated over a volume element and in FE methods, the PDEs are converted to

a weak form by multiplying with a basis function and integrating over the domain. Though

FD methods might seem simpler to implement, they are known to be less robust that FV

methods.

We discretize the action of the elastic body directly instead of using the partial differential

equations of motion since this leads to the free surface or natural boundary condition where
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variations at the boundary are nonzero, to be trivially implemented via the variational

process. We use the discretization of FE methods with basis functions and tetrahedral

elements to be able to model elastic bodies of any shape such as spheres or ellipsoids that

can describe solid astrophysical objects. We only discretize the action in space and not

in time and obtain ordinary differential equations (ODEs) in mass matrix form for which

there is a suite of well-tested methods that can be used. Though we use linear tetrahedral

elements, we still obtain second order convergence.

We used Matlab’s partial differential equation toolbox (The MathWorks Inc. (2021)) to

generate a linear tetrahedral mesh for three-dimensional bodies. To be able to utilize com-

puting clusters, we parallelized the algorithm by partitioning the mesh using the software

package Metis (Karypis and Kumar (1997)) and used the Message Passing Interface (MPI)

to communicate neighbor information.

4.2 Matter space discretization

The matter spaceS is divided into non-overlapping elements. LetSE for E = 1, 2, . . . denote

the elements, that is,S is the union of theSE ’s. Let n = 1, 2, . . . label the nodes throughout

the body. Each node in the body has a unique index number. LetN (E ) denote the set of

nodes in element E . An example ofN (E ) is shown in Figure 4.1. Then, for ζi ∈SE , we have

X a (t ,ζ) =
∑

n∈N (E )

X a
n (t )φ

E
n (ζ), ζi ∈SE (4.1)

where the sum is over the nodes contained in the elementSE . Note that the shape functions

φE
n (ζ) depend on the node as well as the element.

4.3 Semi-discretized action

The action in the λ= t gauge (Eq. (3.24)) is discretized using Eq. (4.1),

S [X ] =

∫ t ′′

t ′

d t
∑

E

∫

SE

d 3ζL
�

∑

n∈N (E )

X a
n (t )φ

E
n (ζ),
∑

n∈N (E )

Ẋ a
n (t )φ

E
n (ζ),
∑

n∈N (E )

X a
n (t )φ

E
n ,i

�

(4.2)

where the action is a functional of the coordinates of each node, X a
n (t ). We have dropped

the explicit time dependence of the Lagrangian density on t in Eq. (4.2) for simplicity.
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Figure 4.1: Here we are depicting a two-dimensional triangular mesh instead of a tetra-
hedral mesh for clarity. This figure shows node labels, n = {1,2..,10} and element labels
E = {1,2..,11} (boxed). The set of nodes in element, E = 4, isN (4) = {4,5,8}. The ring of
node, n = 5, isR(5) = {3, 4, 6, 7, 8, 9}.

We select the element type to be linear tetrahedral elements with nodes at the vertices

only. A general tetrahedral elementSE is transformed into a unit trirectangular tetrahedron

T with coordinates ηi . Let ζi
(α) denote the coordinates of the four nodes, for α= 0,1,2,3.

The transformation is linear, with ζi = Ai jη j +B i where Ai j and B i are constants in each

element. Then,

B i = ζi
(0) , (4.3)

Ai 1 = ζi
(1)−ζ

i
(0) , (4.4)

etc. In the new coordinates, the nodes have coordinates ηi
(0) = (0,0,0), ηi

(1) = (1,0,0), ηi
(2) =

(0, 1, 0), and ηi
(3) = (0, 0, 1). Figure 4.2 shows the transformation.

Let α(n ) map the four node numbers of E to the set {0,1,2,3}. The shape function

defined in terms of the new coordinates η are

φ̄α(n )(η)≡φE
n (ζ(η)). (4.5)
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Figure 4.2: A general tetrahedral element SE is transformed into a unit trirectangular
tetrahedron T .

Explicitly, the linear shape function are given in Hughes (2012) (Eqs. 3.1.19-3.1.22),

φ̄0(η) = 1−η1−η2−η3

φ̄1(η) =η
1

φ̄2(η) =η
2

φ̄3(η) =η
3 (4.6)

In the new coordinates, the action is

S [X ] =

∫ t ′′

t ′

d t
∑

E

∫

T
d 3η |JE |L
�

∑

n∈N (E )

X a
n (t ) φ̄α(n )(η),
∑

n∈N (E )

Ẋ a
n (t ) φ̄α(n )(η),

∑

n∈N (E )

X a
n (t )φ

E
n ,i

�

(4.7)

where |JE | is determinant of the Jacobian of the transformation from ζi to ηi for element E .

We can pull |JE | outside the integral since it is independent of ηi . It should be noted that

φE
n ,i are constants, independent of ηi .

We now replace the integral over ηi in each element with a quadrature rule:

S [X ] =

∫ t ′′

t ′

d t
∑

E

∑

σ

wσ |JE |L
�

∑

n∈N (E )

X a
n (t ) φ̄α(n )(η(σ)),

∑

n∈N (E )

Ẋ a
n (t ) φ̄α(n )(η(σ)),

∑

n∈N (E )

X a
n (t )φ

E
n ,i

�

(4.8)

for some set of points ηi
(σ) in T . We choose the points to coincide with the nodes (vertices)
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of the element, and choose weights wσ = 1/24 for each node. The weights wσ = 1/24

makes the integration of linear functions using the quadrature points at the vertices of the

tetrahedron exact. We find φ̄α(η(σ)) =δασ. Thus,

S [X ] =

∫ t ′′

t ′

d t
∑

E

∑

σ

wσ |JE |L
�

∑

n∈N (E )

X a
n (t )δα(n )σ,
∑

n∈N (E )

Ẋ a
n (t )δα(n )σ,
∑

n∈N (E )

X a
n (t )φ

E
n ,i

�

(4.9)

For each value of σ in the sum, the only term in the first argument ofL that is nonzero

is the one for which α(n ) =σ. Likewise for the second argument ofL . Thus, we can write

this as

S [X ] =
1

24

∫ t ′′

t ′

d t
∑

E

∑

n∈N (E )

|JE |L
�

X a
n (t ), Ẋ a

n (t ),
∑

m∈N (E )

X a
m (t )φ

E
m ,i

�

. (4.10)

LetR(n ) be the “ring" of n . This is the list of elements (E values) that have n as one of

their nodes. An example ofN (E ) is shown in Figure 4.1. We isolate the terms that involve

the variable X a
N for some fixed node number N . Let these terms be denoted by SN :

SN =
1

24

∫ t ′′

t ′

d t
∑

E ∈R(N )

∑

n∈N (E )

|JE |L
�

X a
n (t ), Ẋ a

n (t ),
∑

m∈N (E )

X a
m (t )φ

E
m ,i

�

(4.11)

Only elements in the ring of N depend on the node X a
N . In the sum over nodes for each

element, there are two cases. One case is when the node number n equals N , the other is

when it does not equal N . Therefore,

SN =
1

24

∫ t ′′

t ′

d t
∑

E ∈R(N )

|JE |
§

L
�

X a
N (t ), Ẋ a

N (t ),
∑

m∈N (E )

X a
m (t )φ

E
m ,i

�

+
∑

n∈N (E ),n ̸=N

L
�

X a
n (t ), Ẋ a

n (t ),
∑

m∈N (E )

X a
m (t )φ

E
m ,i

�ª

. (4.12)

It should be noted that X a
N occurs in the third argument ofL in both terms.
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We now vary S with respect to X a
N :

δS =
1

24

∫ t ′′

t ′

d t
∑

E ∈R(N )

|JE |
§

∂L
∂ X a

�

�

�

�

N ,E

δX a
N +

∂L
∂ Ẋ a

�

�

�

�

N ,E

δẊ a
N +

∂L
∂ X a

,i

�

�

�

�

N ,E

φE
N ,iδX a

N

+
∑

n∈N (E ),n ̸=N

∂L
∂ X a

,i

�

�

�

�

n ,E

φE
N ,iδX a

N

ª

(4.13)

where the symbol |n ,E indicates that the partial derivatives are evaluated at X a = X a
n , Ẋ a =

Ẋ a
n , and X a

,i =
∑

m∈N (E )X
a
m (t )φ

E
m ,i . The last two terms in δS can be combined into a single

sum over all n ∈N (E ). Then the functional derivative (Lagrange’s equation) is

0=
δS

δX a
N

=
1
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∑
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|JE |
§
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∂ X a

�

�

�

�

N ,E

−
d

d t

�

∂L
∂ Ẋ a

�

�

�

�

N ,E

�

+
∑

n∈N (E )

∂L
∂ X a

,i

�

�

�

�

n ,E

φE
N ,i

ª

(4.14)

Next, we expand the total time derivative.

d

d t

�

∂L
∂ Ẋ a

�

�

�

�

N ,E

�

=
∂ 2L

∂ Ẋ b∂ Ẋ a

�

�

�

�

N ,E

Ẍ b
N+

∂ 2L
∂ X b∂ Ẋ a

�

�

�

�

N ,E

Ẋ b
N+

∂ 2L
∂ X b

,i ∂ Ẋ a

�

�

�

�

N ,E

∑

m∈N (E )

Ẋ b
mφ

E
m ,i (4.15)

Then, the equations of motion are

∑

E ∈R(n )

|JE |
∂ 2L

∂ Ẋ b∂ Ẋ a

�

�

�

�

n ,E
︸ ︷︷ ︸

(Ma b )n

Ẍ b
n =

∑

E ∈R(n )

|JE |
§

∂L
∂ X a

�

�

�

�

n ,E

+
∑

m∈N (E )

∂L
∂ X a

,i

�

�

�

�

m ,E

φE
n ,i

−
∂ 2L

∂ X b∂ Ẋ a

�

�

�

�

n ,E

Ẋ b
n

−
∂ 2L

∂ X b
,i ∂ Ẋ a

�

�

�

�

n ,E

∑

m∈N (E )

Ẋ b
mφ

E
m ,i

ª

︸ ︷︷ ︸

(Fa )n

where N has been replaced by n and n by m . For each value of n , the coefficient of Ẍ b
n

is a 3×3 matrix in the indices a and b . Denoting the coefficient of Ẍ b
n as (Ma b )n and the

right hand side of the equation as (Fa )n , a matrix equation can be written for all variables to

be evolved, X a
n and Ẋ a

n , for a = 1,2,3 and n = 1 to Ntotal where Ntotal is the total number of
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nodes.
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vector,F

(4.16)

The mass matrix M is pentadiagonal. We use the subroutine DGBSV from the Fortran Linear

Algebra Package (LAPACK) which uses lower–upper (LU) decomposition to solve the linear

system of equations and obtain the derivatives of the variables to be evolved. We use the

fourth order Runge-Kutta scheme to evolve X a
n and Ẋ a

n at discrete values of t . We found

numerically that the Courant condition,

∆t ≤ hmin/cmax (4.17)

where∆t is the time step size, hmin is the minimum edge length of the tetrahedral elements

and cmax is the maximum speed of sound in the material, must be met for stability.

4.4 Code validation

Exact solutions are available for the small oscillations of a free solid elastic sphere treated

using nonrelativistic linear elasticity (Eq. (2.63)). Hence, we are able to validate the numer-

ical code against known solutions. We set the metric to be the Minkowski metric in the

code. The numerical code is fully relativistic and is based on nonlinear elasticity. To ensure

that the discrepancy between the numerical and exact solution is not due to relativistic

and nonlinear elasticity effects, we used small amplitudes for the normal modes and small

sound speeds. The relativistic terms in the elastic body action are first order and higher

in v 2/c 2 where v 2 = Ẋ a Ẋa and c is the speed of light. We obtained the maximum value of

v 2 from the numerical solution and verified that v 2/c 2 is smaller than machine epsilon

for double precision. The nonlinear elasticity terms are first order and higher in (ξa
,i )

3 in
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the action. We also obtained the maximum value of X a
,i from the numerical solution and

verified that (X a
,i )

3 is smaller than machine epsilon.

We choose the analytical solution to be a combination of two normal modes,

ξ⃗analytical(t , r,θ ,φ) = ξ⃗020(t , r,θ ,φ) + ξ⃗031(t , r,θ ,φ)

= A020Ξ⃗020(r,θ ,φ)cos(ω02t +φ020)

+A031Ξ⃗031(r,θ ,φ)cos(ω03t +φ031) (4.18)

We set X a for all nodes in the code at the first time step such that their displacement from

their relaxed coordinate is equal to Eq. (4.18) evaluated at t = 0 and Ẋ a is equal to the

time derivative of Eq. (4.18) evaluated at t = 0. We numerically evolve the coordinates and

velocities in time.

We use four mesh refinements with hmax = [a/4, a/8, a/16, a/32] where hmax is the

maximum edge length of the tetrahedral elements and a is the undeformed radius of the

sphere. Figures 4.3 and 4.4 show the analytical and numerical displacement and velocity of

a node for the mesh size, hmax = a/8 and hmax = a/16 as a function of time. Figure 4.5 is the

log-log plot of the L2-norm error in the coordinates and velocities at the last time step as

function of hmax indicating 2nd order convergence of the integration scheme.
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Figure 4.3: Analytical and numerical displacements and velocities for a node as a function
of time for hmax = a/8.
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Figure 4.4: Analytical and numerical displacements and velocities for a node as a function
of time for hmax = a/16.

35



−2.0 −1.5 −1.0 −0.5 0.0
log10(hmax)

−11.0

−10.5

−10.0

−9.5

−9.0

−8.5

lo
g

1
0
(e

(h
m

a
x
,∆
t)

)
in
X
a

slope = 2

−2.0 −1.5 −1.0 −0.5
log10(hmax)

−6.5

−6.0

−5.5

−5.0

−4.5

lo
g

1
0
(e

(h
m

a
x
,∆
t)

)
in
Ẋ
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Figure 4.5: Convergence of the algorithm measured in terms of the L2-norm of the error
in the coordinates and velocities.
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CHAPTER

5

FERMI FRAMES

In this chapter, we describe how we construct Fermi frames about different worldlines

after the numerical time evolution of the elastic body is over and how we compute an

approximate center of mass of the elastic body.

5.1 Overview

In curved spacetime, for a sufficiently small region around a spacetime event,P , coordi-

nates can be constructed such that the metric in these coordinates at P is equal to the

Minkowski metric ,ηαβ , and all the Christoffel symbols in these coordinates atP are zero.

The coordinates are known as “normal” coordinates. Since the Christoffel symbols vanish

atP , free particles locally move on straight lines and hence the coordinates are said to be

locally inertial (Misner et al. (1973)). However, such coordinate systems are only defined at

a single spacetime event.

Given a timelike geodesic that may correspond to the worldline of a physical iner-

tial observer, normal coordinates can be constructed valid along the worldline of the ob-

server. One specific way of constructing normal coordinates along a timelike geodesic leads
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to coordinates called Fermi-normal coordinates (Manasse and Misner (1963), Ishii et al.

(2005)). Fermi-normal coordinates are constructed by defining a tetrad, e µα ≡ {e
µ
0 , e µa }, where

a = 1, 2, 3, at the spacetime location of the observer. The timelike leg, e µ0 , is set equal to the

four velocity of the observer and the spacelike legs, e µa , are set initially so that e µα eµβ =ηαβ .

The spacelike legs are orthonormal to the four-velocity and they “infinitesimally” span

the rest space of the observer at a point on the worldline. The spacelike legs are evolved

using parallel transport along the observer’s worldline. The Fermi-normal coordinates are

denoted x̄ µ ≡ {t̄ , x̄ a } for a = 1, 2, 3. The Fermi-normal coordinate t̄ is set equal to the proper

time of the observer. Spatial geodesics are emitted from the observer’s worldline orthogonal

to it and they reach spacetime events in the region around the worldline uniquely (provided

a small enough region around the worldine is chosen so that geodesics do not cross). The

spatial Fermi-normal coordinates of these events, x̄ a , are such that x̄ aδa b x̄ b is the squared

of the distance along the spatial geodesic to the spacetime event.

If the worldline of the observer is not a geodesic and therefore has nonzero four-

acceleration, the procedure for constructing Fermi-normal coordinates is modified so

that the spacelike tetrad legs are Fermi-Walker transported instead of parallel transported

so that they keep being nonrotating (Synge (1960)). The metric in these coordinates eval-

uated on the worldline is equal to the Minkowski metric, however, not all the Christoffel

symbols are zero on the worldline. Hence, these coordinates are not normal coordinates,

they are called Fermi coordinates. We will refer to Fermi-normal coordinates as Fermi, as

they are a subset of the latter, unless we want to refer only to the “Fermi-normal” property.

We want to define a Fermi frame travelling with the elastic body in which to compute

physical quantities of the elastic body and extract useful information from simulations. The

Fermi metric closely approximates the flat metric and physical quantities computed in a

Fermi frame can be better understood since they correspond to locally observed quantities.

5.2 Numerical evaluation of Fermi coordinates and veloci-

ties

We would like to have the Fermi frame attached to an approximate center of mass of the

elastic body. We refer to the center of mass as being approximate since center of mass

of an extended body is not well-defined in curved spacetime, but we can compute an

approximate center of mass when the dimension of the body is small compared to the

radius of curvature of the spacetime. However, we first need a Fermi frame travelling with
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the body to compute the center of mass.

We will obtain the spacetime coordinates and velocities of all nodes of the elastic body

at discrete time steps after the numerical evolution is over. We can pick a node (fiducial

node), define the Fermi frame about the node and use this frame to compute the center

of mass. We want to compute the deviation of the center of mass from a geodesic and

therefore need a Fermi frame about a geodesic. We convert the initial Fermi coordinate and

velocity of the center of mass to spacetime coordinate and velocity. We numerically evolve

a geodesic with the same initial spacetime coordinate and velocity of the center of mass.

We obtain the Fermi frame about the geodesic and compute the center of mass again. We

also construct a Fermi frame about the center of mass to compute conserved quantities

descibed in Chapter 6.

We construct three different Fermi frames which we refer to as the “fiducial Fermi frame”,

the “geodesic Fermi frame” and the “center of mass Fermi frame”. We will refer to the fiducial

node, the geodesic and the center of mass as “observers”. The following subsections (except

Subsection 5.2.1) applies to all three Fermi frames.

5.2.1 Choosing the fiducial node

We compute the center of mass of the elastic body when it is relaxed in flat spacetime.

We assume that the center of mass lies inside the body or close. After dividing the relaxed

elastic body into elements and nodes, we pick the node closest to the center of mass and

call it the “fiducial” node.

5.2.2 Choosing the initial spacelike legs of the tetrads

Given the initial spacetime location and velocity of the observer carrying the tetrad, the

initial spacelike legs of the tetrad are set, assuming the spacetime metric is diagonal, with

e µ1 (t = 0) =
p

g11(AẊ 1,
1

g11
+B (Ẋ 1)2, B Ẋ 1Ẋ 2, B Ẋ 1Ẋ 3) (5.1)

e µ2 (t = 0) =
p

g22(AẊ 2, B Ẋ 2Ẋ 1,
1

g22
+B (Ẋ 2)2, B Ẋ 2Ẋ 3) (5.2)

e µ3 (t = 0) =
p

g33(AẊ 3, B Ẋ 3Ẋ 1, B Ẋ 3Ẋ 2,
1

g33
+B (Ẋ 3)2) (5.3)

where A ≡ 1/(α
p

−g00) and B ≡ ((
p

−g00/α)−1)/(Ẋ a Ẋa ). All the variables are evaluated at

the initial spacetime location of the observer and using the initial velocity of the observer.
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The spacelike legs of the tetrad satisfy e µa Vµ = 0 where V µ is the four-velocity of the observer

and e µa eµb =δa b .

5.2.3 Fermi-Walker transport of the spatial legs of the tetrads

Fermi-Walker transport of a vector, W µ, along a worldline with four velocity, U µ, and four-

acceleration, Aµ =U α∇αU µ, where∇α denotes covariant derivative,∇αW µ ≡ ∂W µ/∂ x α+

Γ
µ
αβW β , is given by

U α∇αW µ =U µ(AαW α)−Aµ(UαW α). (5.4)

The spacelike legs of the tetrad are orthogonal to the four velocity of the observer hence

the Fermi-Walker transport of e µa along the observer’s worldline is given by

U α∇αe µa =U µ(Aαe αa ). (5.5)

If Aµ = 0, then Fermi-Walker transport (Eq. (5.4)) is equivalent to parallel transport,

U α∇αW µ = 0. (5.6)

After computing the initial spacelike legs of the tetrads, we numerically evolve them using

the Fermi-Walker equations. We obtain them at the same discrete times as the spacetime

coordinates and velocities of the nodes of the elastic body.

5.2.4 Computing Fermi coordinates from spacetime coordinates on dis-

crete t = const time slices

Let t−, t0 and t+ denote successive t = const time slices (shown in Figure 5.1). We know

the coordinates of each node at times t−, t0 and t+. The observer carrying the tetrad has

coordinates X µO (t0) at time t0. A generic node has coordinates X a
G (t−), X a

G (t0), X a
G (t+) at the

three successive times. Let t̄ be the proper time along the observer’s worldline at the event

X a
O (t0). The t̄ = const hypersurface is spanned by spatial geodesics that start out orthogonal

to the observer’s worldline at t0. Let t̃ be the coordinate time along the generic node’s

worldline that is simultaneous (as seen by the observer) with the event X a
O (t0). Assuming
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t = t−

t = t0

t = t̃

t = t+

Observer O ’s
worldline

Generic node G ’s
worldline

X a
O (t0)

P
X a
G (t0)

X a
G (t+)

X a
G (t−)

Q

Figure 5.1: t = const slices. Geodesic atP orthogonal to the observer’s worldline crosses
the generic nodes’s worldline atQ.

that t− < t̃ < t+,

X a
G (t̃ ) = X a

G (t0) + Ẋ a
G (t̃ − t0) +

1

2
Ẍ a
G (t0)(t̃ − t0)

2+ . . .

= X a
G (t0) +

X a
G (t+)−X a

G (t−)
2∆t

(t̃ − t0) +
1

2

X a
G (t+)−2X a

G (t0) +X a
G (t−)

(∆t )2
(t̃ − t0)

2+ . . . (5.7)

The Fermi coordinates of pointQ (shown in Figure 5.1) are x̄ a and proper time atP . From

the definition of Fermi coordinates (Brown (2019)):

X µ(Q) = X µ(P )+ e µa (P ) x̄
a −

1

2
Γ
µ
αβ (P )e

α
a (P )e

β
b (P ) x̄

a x̄ b +O (3) (5.8)

where e µa (P ) is the spacelike leg of the Fermi-Walker transported tetrad along the observer’s

worldline and the symbol O (3) represents terms of third order in x̄ a . The µ= 0 components

are

t̃ = t0+ e 0
a (t0)x̄

a −
1

2
Γ 0
αβ (t0)e

α
a (t0)e

β
b (t0)x̄

a x̄ b +O (3) (5.9)

The µ= c components are

X c
G (t̃ ) = X c

G (t0) + e c
a (t0)x̄

a −
1

2
Γ c
αβ (t0)e

α
a (t0)e

β
b (t0)x̄

a x̄ b +O (3) (5.10)
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Combining Eqs (5.7), (5.9) and (5.10):

X c
G (t+)−X c

G (t−)
2∆t

�

e 0
a (t0)x̄

a −
1

2
Γ 0
αβ (t0)e

α
a (t0)e

β
b (t0)x̄

a x̄ b

︸ ︷︷ ︸

t̃−t0

�

+
1

2

X c
G (t+)−2X c

G (t0) +X c
G (t−)

(∆t )2

�

e 0
a (t0)x̄

a −
1

2
Γ 0
αβ (t0)e

α
a (t0)e

β
b (t0)x̄

a x̄ b

︸ ︷︷ ︸

t̃−t0

�2

= e c
a (t0)x̄

a −
1

2
Γ c
αβ (t0)e

α
a (t0)e

β
b (t0)x̄

a x̄ b (5.11)

The above equations are solved with a nonlinear solver for x̄ a . If t0 corresponds to the first

time step, we then use the values at the t0, t+ and at the 3rd time step t++ and a forward

finite difference scheme instead of the central finite difference scheme.

5.2.5 Fermi four-velocity of the nodes

Along with the Fermi coordinates of generic nodes, (t̄ , x̄ a ), we also need their Fermi four-

velocity, Ū µ, to compute the SEM tensor in the Fermi frame. We compute X a
G (t̃ ) and Ẋ a

G (t̃ )

using the value of t̃ solved in Subsection 5.2.4,

X a
G (t̃ )≈ X a

G (t0) +
X a
G (t+)−X a

G (t−)
2∆t

(t̃ − t0) +
1

2

X a
G (t+)−2X a

G (t0) +X a
G (t−)

(∆t )2
(t̃ − t0)

2 (5.12)

Ẋ a
G (t̃ )≈ Ẋ a

G (t0) +
Ẋ a
G (t+)− Ẋ a

G (t−)
2∆t

(t̃ − t0) +
1

2

Ẋ a
G (t+)−2Ẋ a

G (t0) + Ẋ a
G (t−)

(∆t )2
(t̃ − t0)

2. (5.13)

and use these values to compute U µ(t̃ ). Let the four-velocity and the four acceleration of

the observer be denoted by V µ and Aµ. The Fermi components of the four-acceleration of

the observer are:

Āa = Aµe µa (5.14)

Āt = AµV µ = 0. (5.15)

The Fermi components of the Riemann tensor on the observer’s worldline are, for example,

R̄t a t b

�

�

0
≡Rαβσρ
�

�

0
V αe βa V σe ρb (5.16)
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Figure 5.2: The worldline of the center of mass. The event x̄ µO does not lie on the t̄ = const
slice.

where
�

�

0
means evaluation on the observer’s worldline. From the definition of the Fermi

coordinates (Eq. (5.8)), the tensor components transformation from spacetime to Fermi co-

ordinates can be obtained. The Fermi components of a vector, ξµ, at event X µG (t̃ ), computed

using the tensor components transformation, are given by (Brown (2019)):

ξ̄t (t̄ , x̄ ) =−Vµξ
µ(x )(1− Āa x̄ a )−ξµ(x )Γ αµβ

�

�

0
Vαe βa x̄ a

−ξµ(x )
�

VµĀa Āb +
1

3
R̄t a b c e c

µ +Vν

�

1

2
∂µΓ

ν
αβ − Γ

ν
µβAα

�

e αa e βb

�

�

�

�

�

0

x̄ a x̄ b

+O (3) (5.17)

ξ̄a (t̄ , x̄ ) = ξµ(x )e a
µ +ξ

µ(x )Γ αµβ
�

�

0
e a
α e βb x̄ b +

1

3
ξµ(x )R̄ a

c b d

�

�

0
e d
µ x̄ b x̄ c

+
1

2
ξµ(x )∂µΓ

ν
αβ

�

�

0
e a
ν e αb e βc x̄ b x̄ c +O (3) (5.18)

5.3 Center of mass and spin

5.3.1 Flat spacetime

In flat spacetime, due to Killing vector fields corresponding to space translations and

rotations, total momentum and total angular momentum about a spacetime event are

conserved and are independent of the hypersurface used to calculate them (Misner et al.

(1973)). Let these quantities be computed by integrating the SEM tensor over the t̄ = const

slice in the Fermi frame defined about a non-accelerating observer in flat spacetime. The

Fermi metric is equal to the Minkowski metric everywhere. Let the Fermi coordinates of the
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event about which the total angular momentum is computed be x̄ µO . The event, x̄ µO , may

not necessarily lie on the t̄ = const slice as shown in Figure 5.2. The total momentum and

total angular momentum about x̄ µO are computed with

P̄ µ =

∫

t̄=const

d 3 x̄ T̄ tµ (5.19)

J̄ µν = 2

∫

t̄=const

d 3 x̄ (x̄ [µ− x̄ [µO )T̄
ν]t . (5.20)

It can be shown that the center of mass and the spin vector can be computed directly from

J̄ µν and P̄ µ (Misner et al. (1973)) with

x̄ µcm = x̄ µO −
1

M̄ 2
J̄ µνP̄ν (5.21)

S̄µ = −
1

2M̄
ε̄µαβν J̄ αβ P̄ ν (5.22)

where M̄ =
q

−P̄ µP̄µ and ε̄µαβν is the Levi-Civita symbol.

5.3.2 Curved spacetime

In curved spacetime, such as in Schwarzschild spacetime, there is no Killing vector field

corresponding to spatial translations, therefore total momentum is not conserved. The

computation of the total momentum depends on the choice of hypersurface and also a

way to transport the components of T µν in curved spacetime needs to be chosen.

We assume that the spacetime in the Fermi frame carried by the body is approximately

flat and use the equations in Subsection 5.3.1 to compute an approximate center of mass

in the Fermi frame. We need to numerically evaluate

P̄ µ =

∫

t̄=const

d 3 x̄ T̄ tµ (5.23)

and

J̄ µν = 2

∫

t̄=const

d 3 x̄ (x̄ [µ− x̄ [µO )T̄
ν]t (5.24)

where we choose x̄ µO to be the Fermi coordinates of the observer, x̄ µO = (t̄ ,0,0,0). We first
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convert to an integral over the matter space,

P̄ µ =

∫

S
d 3ζdet(X̄ a

,i ) T̄
tµ (5.25)

J̄ µν = 2

∫

S
d 3ζdet(X̄ a

,i ) (x̄
[µ− x̄ [µO )T̄

ν]t . (5.26)

We then use the Fermi coordinates and four-velocities of nodes as computed using the

procedure in 5.2 and apply the discretization in Chapter 4 to numerically compute P̄ µ and

J̄ µν.

5.3.3 Road map for finding the deviation of the center of mass in the

geodesic Fermi frame

Further away from the black hole, in the geodesic Fermi frame, the computation of the

center of mass becomes more accurate. We can choose starting and ending points of the

simulation far from the black such as in a scattering orbit and obtain accurate values for

the deviation of the center of mass from a geodesic due to the encounter. We choose the

geodesic that starts out at the same initial spacetime coordinates and initial velocity as the

center of mass. The following describes the road map followed to obtain the deviation of

the center of mass as measured in the geodesic Fermi frame.

• Define a Fermi frame about the fiducial node and obtain the Fermi coordinates and

velocities of all nodes

• Compute the Fermi coordinates of the center of mass, x̄ µcm in the fiducial Fermi frame

using Eq. (5.21).

• Interpolate the value of x̄ a
cm at x̄ 0

c m using sixth order Lagrange interpolation to obtain

its value at the discrete values of t̄ .

• Convert the interpolated Fermi coordinates of the center of mass to spacetime coor-

dinates using Eq. (5.8).

• Evolve a geodesic with initial spacetime coordinates and velocity equal to that of the

center of mass at t = 0.

• Also, evolve a tetrad about the geodesic using parallel transport.
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• Define a Fermi frame about the geodesic and compute the Fermi coordinates of all

nodes in the geodesic Fermi frame.

• Compute the Fermi coordinates of the center of mass in the geodesic Fermi frame

using Eq. (5.21).
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CHAPTER

6

CONSERVATION LAWS

In this chapter we consider the conservation laws for an elastic body moving in a spacetime

with symmetry. We describe how we compute the conserved quantities in the center of

mass Fermi frame.

6.1 Overview

We can use conservation laws to verify the correctness of the simulation as well as to gain

insight into the dynamics of an extended body in curved spacetime. Although, the center of

mass worldline describes an approximate center of mass, the use of the center of mass Fermi

frame does not cause the conserved quantities to be approximate since the computation of

the conserved quantity does not depend on the slice of spacetime being used. We use the

center of mass Fermi frame to easily identify parts of the conserved angular momentum

with orbital angular momemtum and with intrinsic angular momentum. We carry the

computations to zeroth order in the acceleration of the observer and second order in x̄ a .
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6.2 Rest energy

The rest energy of an elastic body is conserved in curved spacetime independent of any

symmetry of the spacetime. Extending the mass current for an elastic body in nonrelativistic

elasticity (Eq. (2.8)), we can write the rest energy current for an elastic body in relativistic

elasticity as

J µ(X (λ,ζ)) =
1

J
ρ0U µ (6.1)

where J ≡
p

f /
p
ε. The factor ρ0/J is the rest energy per unit physical volume of the

distorted body. Since, the rest energy is conserved, we can use any slice of spacetime to

compute it. We use a slice of constant center of mass Fermi time t̄ . The conserved rest

energy is

Erest =−
∫

t̄=const

d 3 x̄
p

h̄ (ρ0/ J̄ )Ū µn̄µ (6.2)

where h̄ ≡ det(ḡa b ) and n̄µ is the unit normal to the t̄ = const surface. The Fermi metric

components are (Brown (2019)),

ḡ t t (t̄ , x̄ ) =−(1+ Āa x̄ a )2− R̄t a t b

�

�

0
x̄ a x̄ b +O (3) (6.3)

ḡ t a (t̄ , x̄ ) =
2

3
R̄a b c t

�

�

0
x̄ b x̄ c +O (3) (6.4)

ḡa b (t̄ , x̄ ) =δa b −
1

3
R̄a c b d

�

�

0
x̄ c x̄ d +O (3). (6.5)

The components of the unit normal are,

n̄t (t̄ , x̄ ) =−1− Āa x̄ a −
1

2
R̄t a t b

�

�

0
x̄ a x̄ b +O (3) (6.6)

n̄a (t̄ , x̄ ) = 0. (6.7)

We replace the unit normal components and move the quantities evaluated on the worldline

of the observer outside of the integral,

Erest =

∫

t̄=const

d 3 x̄
�

p

h̄ (ρ0/ J̄ )Ū t
�

+ Āa

∫

t̄=const

d 3 x̄
�

p

h̄ (ρ0/ J̄ )Ū t x̄ a
�

+
1

2
R̄t a t b

�

�

0

∫

t̄=const

d 3 x̄
�

p

h̄ (ρ0/ J̄ )Ū t x̄ a x̄ b
�

+O (3). (6.8)
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Though the center of mass has nonzero four-acceleration, we found that the acceleration

of the center of mass was small enough so that terms with acceleration in the conserved

quantity can be ignored. To numerically compute the rest ernergy in the Fermi frame, we

convert to an integral over matter space,

Erest =

∫

S
d 3ζ

�

det(X̄ a
,i )
p

h̄ (ρ0/ J̄ )Ū t
�

+
1

2
R̄t a t b

�

�

0

∫

S
d 3ζ

�

det(X̄ a
,i )
p

h̄ (ρ0/ J̄ )Ū t x̄ a x̄ b
�

+O (A1, x̄ 3) (6.9)

where O (A1, x̄ 3) denotes terms first order and higher in the acceleration of the center of

mass and third order and higher in x̄ a . We then use the Fermi coordinates and velocities

computed as described in Chapter 5, the spatial Fermi metric components (Eq. (6.5)) and

the discretization in Chapter 4.

6.3 Spacetime with symmetry

A spacetime with symmetry has a Killing vector field ξµ. Using the Killing equation∇µξν+
∇νξµ = 0,∇µT µν = 0 and T µν = T νµ, it can be shown that∇µ(T µνξν) = 0. It follows that

Q =

∫

Σ

d 3σ
p

h nµT µνξν (6.10)

is conserved, where Σ is a spacelike surface with future pointing unit normal, nµ, and

d 3σ
p

h is the volume element on Σ. Therefore, Q is independent of the the spacelike

surface Σ. Since we can evaluate this conserved quantity using any slice, we use a slice of

constant center of mass Fermi coordinate time t̄ ,

Q =

∫

t̄=const

d 3 x̄
p

h̄ n̄µT̄ µνξ̄ν (6.11)

6.3.1 Conservation of energy

The timelike Killing vector field in Schwarzschild coodinates is ξµ = (1,0,0,0). The total

conserved energy computed in the Fermi frame is

Etot =

∫

d 3 x̄ n̄µT̄ µνξ̄ν (6.12)
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We subtract the rest energy (Equation 6.2) from the total conserved energy,

Etot−Erest =

∫

d 3 x̄ n̄µ
�

T̄ µνξ̄ν+ (ρ0/ J̄ )Ū µ
�

(6.13)

We replace the expression for the SEM tensor of the elastic body T µν = 1/J [(ρ0+W )U µU ν+

S i j F µi F νj ] in the conserved energy, Etot−Erest, and separate it into three parts,

Etot−Erest =

∫

d 3 x̄
p

h̄ (ρ0/ J̄ )n̄µŪ µ
�

Ū νξ̄ν+1
�

︸ ︷︷ ︸

∑

(Torb+Tint+Uorb)

+

∫

d 3 x̄
p

h̄ (W̄ / J̄ )n̄µŪ µŪ νξ̄ν
︸ ︷︷ ︸

∑

(Uint)

−
∫

d 3 x̄
p

h̄ (S̄ i j/ J̄ )n̄µF̄ µi F̄ νj ξ̄ν
︸ ︷︷ ︸

∑

(Erel)

. (6.14)

The first part denoted by
∑

(Torb+Tint+Uorb) is the sum of the orbital and internal kinetic

energies and the orbital potential energy of the pieces of the elastic body. The second part,
∑

(Uint) is the sum of the internal potential energy of the pieces of the elastic body. The third

part,
∑

(Erel), is the contribution of spatial stress to the energy.

We can further separate,
∑

(Torb+Tint+Uorb) into the orbital energies and the internal

kinetic energy. We considered three ways of defining the orbital energies. The first way is

to consider the deformed elements of the elastic body as point particles with rest energy

equal to the rest energy of the deformed elements moving along different wordlines. For a

point particle of rest energy, m0, and four-velocity, U µ, the “energy-at-infinity” is−m0U µξµ

(Misner et al. (1973)). For a particle following a geodesic, this is a constant and for a particle

following a parabolic geodesic −U µξµ = 1. On a Fermi t̄ = const slice, we can compute

−U µξµ for the deformed elements and sum them, we can also do the computation in the

Fermi frame. For the first way, we define the orbital energies of the elastic body as

∑

(Torb+Uorb) =−
∫

d 3 x̄
�

p

h̄ (ρo/ J̄ )Ū µξ̄µ

�

−Erest. (6.15)

The second way is to consider a point particle of rest energy equal to the elastic body’s

rest energy and moving along the worldline of the center of mass of the elastic body. We
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compute orbital energies of the center of mass point particle on the Fermi t̄ = const slice

with

Tcm+Ucm = Erest(−V µξµ−1). (6.16)

This way of computing the orbital energies is to assume that the orbital energy of an

extended body is due to a representative point on the extended body and to consider the

remaining energy as internal.

The third way is to consider each deformed piece of the elastic body as point particles

and compute their total momentum by approximating the center of mass Fermi metric as

flat. Then, we compute the scalar product of the timelike Killing vector evaluated at the

center of mass worldline with the total momentum and subtract the rest energy,

TP +UP =−ξ̄µ
�

�

0

∫

d 3 x̄
�

p

h̄ (ρo/J )Ū µ

�

−Erest. (6.17)

To numerically evaluate Eq. (6.14), we need the Fermi components of the Killing covector

ξ̄µ. The Fermi components of a vector on the Fermi t̄ = const slice given the spacetime

components are

ξ̄t (t̄ , x̄ ) =−Vµξ
µ(x )−ξµ(x )Γ αµβ

�

�

0
Vαe βa x̄ a

−ξµ(x )
�

1

3
R̄t a b c e c

µ +
1

2
Vν∂µΓ

ν
αβe αa e βb

�

�

�

�

�

0

x̄ a x̄ b

+O (A1, x̄ 3) (6.18)

ξ̄a (t̄ , x̄ ) = ξµ(x )e a
µ +ξ

µ(x )Γ αµβ
�

�

0
e a
α e βb x̄ b

+ξµ(x )
�

1

3
R̄ a

c b d

�

�

0
e d
µ +

1

2
∂µΓ

ν
αβe a

ν e αb e βc

�

�

�

�

�

0

x̄ b x̄ c +O (3) (6.19)

We use the Fermi metric Eqs. (6.3)-(6.5) at the location of the vector to lower the index,

ξ̄t (t̄ , x̄ ) = ḡ t t (t̄ , x̄ )ξ̄t (t̄ , x̄ ) + ḡ t a ξ̄
a (t̄ , x̄ ) (6.20)

ξ̄a (t̄ , x̄ ) = ḡ t a (t̄ , x̄ )ξ̄t (t̄ , x̄ ) + ḡa b ξ̄
b (t̄ , x̄ ), (6.21)
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and obtain

ξ̄t (t̄ , x̄ ) =Vµξ
µ(x ) +ξµ(x )Γ αµβ

�

�

0
Vαe βa x̄ a

+ξµ(x )
�

R̄t a b c e c
µ +

1

2
Vν∂µΓ

ν
αβe αa e βb +VµR̄t a t b

�

�

�

�

�

0

x̄ a x̄ b

+O (A1, x̄ 3) (6.22)

ξ̄a (t̄ , x̄ ) = ξµ(x )eµa +ξ
µ(x )Γ αµβ
�

�

0
eαa e βb x̄ b

+ξµ(x )
�

2

3
R̄a b c d e d

µ +
1

2
∂µΓ

ν
αβeνa e αb e βc −

2

3
VµR̄a b c t

�

�

�

�

�

0

x̄ b x̄ c

+O (A1, x̄ 3). (6.23)

After replacing ξ̄t and ξ̄a using Eqs. (6.22) and (6.23) in the integral (Eq. (6.14)), since the

timelike Killing vector field isξµ = (1, 0, 0, 0), we move terms such as Vµξ
µ(x ),ξµ(x )Γ αµβ
�

�

0
Vαe βa ,

etc, out of the integral.

6.3.2 Conservation of angular momentum

The Killing vector field corresponding to spatial rotations in Schwarzschild isotropic coor-

dinates is ξµ = (0,−y , x , 0). Since the spacetime components of the rotational Killing vector

field are not constant, we cannot use the procedure described for the timelike Killing vector

field. We use the Fermi components of a covector (Brown (2019)),

ξ̄t (t̄ , x̄ ) =V µξµ
�

�

0
+V µ∇αξµ
�

�

0
e αa x̄ a +

1

2
V µ∇α∇βξµ
�

�

0
e αa e βb x̄ a x̄ b +

1

2
ξν
�

�

0
R νa b t

�

�

0
x̄ a x̄ b

+O (A1, x̄ 3) (6.24)

ξ̄c (t̄ , x̄ ) = e µc ξµ
�

�

0
+ e µc ∇αξµ
�

�

0
e αa e βb x̄ a x̄ b +

1

2
e µc ∇α∇βξµ
�

�

0
e αa e βb x̄ a x̄ b +

1

6
ξν
�

�

0
R νa b c

�

�

0
x̄ a x̄ b

+O (A1, x̄ 3). (6.25)
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We replace the Fermi components of the unit normal and the Killing vector field in the

conserved charge and separate it into 6 parts,

−Q ≡ Jtot =V µξµ
�

�

0

∫

d 3 x̄
p

h̄ T̄ t t

︸ ︷︷ ︸

J1

ξµ
�

�

0
e µa

∫

d 3 x̄
p

h̄ T̄ t a

︸ ︷︷ ︸

J2

V µ∇αξµ
�

�

0
e αa

∫

d 3 x̄
p

h̄ x̄ a T̄ t t

︸ ︷︷ ︸

J3

∇αξµ
�

�

0
e µa e αb

∫

d 3 x̄
p

h̄ x̄ b T̄ t a

︸ ︷︷ ︸

J4

1

2

�

V µ∇α∇βξµe βb e αa +R νa b tξν+ R̄t a t b V µξµ

�

�

�

�

�

0

∫

d 3 x̄
p

h̄ x̄ a x̄ b T̄ t t

︸ ︷︷ ︸

J5
�

1

2
∇α∇βξµe µa e αc e βb +

1

6
R νb c aξν+

1

2
R̄t b t cξµe µa

�

�

�

�

�

0

∫

d 3 x̄
p

h̄ x̄ b x̄ c T̄ t a

︸ ︷︷ ︸

J6

+O (A1, x̄ 3). (6.26)

Since we are computing the quantities in Fermi frame about the approximate center of

mass, J2 and J3 should be close to zero. We identify J1 as the orbital angular momentum

and J4 as the spin (intrinsic angular momentum),

Jorbit = J1 (6.27)

Jspin = J4. (6.28)

In Minkowski spacetime, J5 and J6 are zero and the change in the orbital angular momentum

is equal to the change in the spin angular momentum. In curved spacetime, with a rotational

Killing vector field, the change in the orbital angular momentum is accompanied by a

change in the spin angular momentum as well a change in the angular momentum due to

second order moments of the SEM tensor, J5 and J6.
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CHAPTER

7

MOTION OF A HYPERELASTIC SPHERE IN

SCHWARZSCHILD SPACETIME

In this Chapter, we describe the numerical modeling of a hyperelastic sphere in close

encounter orbits around a Schwarzschild black hole. We express dimensional quantities in

terms of the black hole mass, M .

7.1 Overview

The equations of motion for a hyperelastic sphere in Schwarzschild spacetime depend on

four dimensionless parameters: the longitudinal and transverse sound speeds in the elastic

body, CL and CT ,

CL =

√

√λ+2µ

ρ0
(7.1)

CT =
√

√ µ

ρ0
, (7.2)
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Figure 7.1: Schwarzschild coordinates of the center of mass of the hyperelastic sphere for
R̃p = [9.5, 10, 10.5]. The orbits are anticlockwise in the equatorial plane.

the radius of the sphere, ã = a/M , and the periastron distance for a chosen parabolic

geodesic that we use to obtain initial data, R̃p =Rp/M . We fix the values of the sound speeds

and radius of the sphere to CL = 0.01, CT =CL/
p

3 and ã = 0.09976 and we investigate the

effect of closer encounters. For stars, the strength of a tidal encounter is characterized by a

dimensionless parameter, η, defined as the ratio of the duration of periastron passage to

the hydrodynamic time of the star (Press and Teukolsky (1977), Cheng and Evans (2013)).

For an elastic sphere, we define η to be the ratio of the duration of periastron passage to

the period of the spheroidal n = 0,ℓ= 2 oscillation,

η=
�
q

R 3
p/M
�

(ω02/2π) . (7.3)

Smaller values of η correspond to stronger encounters. Three orbits with R̃p = [9.5, 10, 10.5]

(shown in Figure 7.1) corresponding to η= [0.71, 0.77, 0.83] are simulated. The initial areal

radius of the geometric center of the sphere is 100 M . We use four mesh refinements with

hmax = [a/4, a/8, a/16, a/32] to make sure the results have converged.
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7.2 Initial data

We consider flat spacetime and a frame in which the elastic body is at rest and relaxed. The

elastic body is a sphere is this frame and we find the point which is equidistant from all

points on the surface, the geometric center point, C . We assume that point C corresponds

to the material point with matter space coordinates ζi = (0,0,0). We discretize the matter

space assuming that the sphere is relaxed in physical flat spacetime, with the matter space

metric equal to the relaxed metric εi j .

At initial time the sphere is at a large areal distance (100 M ) from the black hole and is

moving towards it. We assume that the spacetime coordinates and velocity of point C at

t = 0 correspond to those of a parabolic geodesic. Given a periastron distance Rp and an

initial areal radius r , the initial velocity of the parabolic geodesic, d r /d t and dφ/d t , are

computed using (Cheng and Evans (2013)):

p =
2Rp

M
(7.4)

L̃ 2 =
p 2M 2

p −4
, Ẽ = 1 (7.5)

f (r ) = 1−
2M

r
, V (r ) = f (r )(1+

L̃ 2

r 2
) (7.6)

d t

dτ
=

Ẽ

f (r )
,

dφ

dτ
=

L̃

r 2
,

d r

dτ
=
Æ

Ẽ 2−V (r ) (7.7)

We evolve the spacetime coordinates and velocity of point C for a number of time

steps with a very small time step size using the geodesic equations and obtain a Fermi-

normal frame carried by point C . A plausible initial condition is that the elastic sphere is

in quasistatic equilibrium under elastic and tidal forces in the Fermi-normal frame. The

nonrelativistic solution for an elastic sphere in static equilibrium under tidal forces and

when the deformation is small is given in Subsection 2.5.2. We compute the displacements

for the static solution (Eq. (2.78)), ξ⃗s (t̄ ,ζ), for the radius and parameters of the sphere and

for each value of the numerically evolved areal radius and angleφ of point C . We rotate the

displacements so that they correspond to the geometric center of the sphere being located

on the x-y plane and at angleφ instead of on the z-axis.

We set the spatial Fermi-normal coordinate of each node equal to their relaxed spatial

Fermi coordinate plus the displacement,

X̄ a (ζ, t̄ ) = X̄ a
R (ζ) +ξ

a
s (t̄ ,ζ). (7.8)
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Generic node’s
worldline
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Generic node’s
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Figure 7.2: Worldline of point C which is a geodesic and of two generic nodes, Fermi
t̄ = const slices and a t = const slice that crosses the worldline of the generic nodes.

We convert the Fermi-normal coordinates on the t̄ = const slices (shown in Figure 7.2)

to spacetime coordinates using Eq. (5.8). We then find a t = const slice that crosses the

worldlines of all nodes and find the spacetime coordinates and velocities on this slice by

interpolation and finite difference of the closest known spacetime coordinate values and

use the values on the t = const slice as initial coordinate and velocities for the evolution.

7.3 Deformation of sphere as seen in the Fermi frame

As the sphere approaches the black hole, it is stretched in the direction of the black hole and

compressed in the transverse direction. As it moves away from the black hole, it oscillates

and also has some spin. Figure 7.4 shows snapshots of the spatial Fermi coordinates of

the sphere in the fiducial Fermi frame at different points along the orbit for the R̃p = 9.5

orbit. (Note: the Fermi frame is initially aligned with the black hole frame but slowly rotates

with respect to the latter as it is Fermi-Walker transported along the orbit.) We also made

these snapshots in the center of mass Fermi frame but there is no visible difference with

the snapshots in the fiducial Fermi frame. There is a lag between the direction of the tidal

field and direction of the bulge on the sphere (see snapshot (3) in Figure 7.4). We colored

cells on surface of the sphere in red and observed that the colored cells do not return to

their original φ̄ angle after oscillations. Figure 7.5 shows the angle in the fiducial Fermi
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frame for two different nodes for the R̃p = 9.5 orbit.

7.4 Deviation of the center of mass

As the extended body approaches the black hole it is deformed and its second mass moment

couples with the octupole tide causing the center of mass to deviate from a geodesic (Cheng

and Evans (2013)). We observe that the center of mass (computed using the procedure in

5.3.3) deviates in the x̄ 1 and x̄ 2 directions in the geodesic Fermi frame (shown for the three

orbits on Figure 7.6). As R̃p decreases, the deviation increases in an almost quadratic way.

For the R̃p = 9.5 orbit, the deviation in the x̄ 1 at the end is about one tenth of the radius of

the sphere.

7.5 Energy

We first compute the rest energy in the center of mass Fermi frame using the procedure

described in Section 6.2. We found that the rest energy (Figure 7.7) is conserved to 9 orders

of magnitude close to periastron (−50 M < t̄ < 50 M ) and to 13 orders of magnitude further

from the black hole. We obtain less orders of magnitude of conservation close to periastron

due to ignoring higher order terms in x̄ a and in the acceleration of the center of mass in

computing the Fermi quantities.

As described in Subsection 6.3.1, total energy is conserved due to the timelike Killing

vector field in Schwarzschild spacetime. The total energy in the simulation is conserved

to 9 orders of magnitude at the of the simulation as shown in Figure 7.8. We subtract the

rest energy from the total energy and separate it into three parts as explained in Subsection

6.3.1. Figure 7.10 shows fractional change in total energy minus the rest energy from initial

time showing to its numerical conservation. Figure 7.11 shows the three parts of Etot−Erest

computed in the center of mass Fermi frame for the R̃p = 9.5 orbit. The contribution of the

spatial stress to the energy,
∑

(Erel), is observed to be very small. The decrease in the orbital

energies plus internal kinetic energies,
∑

(Torb+Tint+Uorb), is accompanied by an increase

in the internal potential energy of the elastic sphere. The internal potential energy,
∑

(Uint)

is initially close to zero, as the elastic sphere is tidally deformed it increases to maximum

value and then decreases and has an average positive shift from zero as the sphere moves

away from the black hole. The elastic sphere has a ellipsoidal shape, with the bulge rotating

counter-clockwise in the x y plane. Since it is always deformed after moving away from the
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Figure 7.3: Points along the orbit at which the spatial Fermi coordinates of the sphere are
plotted. The Fermi frame directions are also shown.

Figure 7.4: Top view in the Fermi frame. (1) to (6) correspond to successive points marked
along the orbit. (2) to (5) are at constant intervals of t . The period of n = 0,ℓ= 2 analytical
normal modes is 41.2M . Between (5) and (6), the sphere undergoes about 12 oscillations.
The arrow shows the direction to the black hole.
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Figure 7.5: Angle of two nodes in the fiducial Fermi frame for the R̃p = 9.5 orbit.

black hole, this explains the average positive shift from zero of
∑

(Uint).

We further separate
∑

(Torb +Tint +Uorb) as described in Subsection 6.3.1 into orbital

energies and internal kinetic energy of the elastic sphere. Figures 7.12, 7.13 and 7.14 show

the results of the three ways of carrying out the separation by identifying orbital energies,

as
∑

(Torb+Uorb) using Equation 6.15, Tcm+Ucm using Equation 6.16 and TP +UP using Eq.

(6.17). All three ways agree further way from periastron.

Further away they show that the resulting internal kinetic energy of the sphere has an

average positive shift equal to that of the internal potential energy. The almost constant

kinetic energy that does not go to zero is understood better after decomposing the defor-

mation of the sphere into normal modes (in Section 7.7) and finding that the oscillation

of the sphere is the result of the n = 0,ℓ = 2, m = −2 and the n = 0,ℓ = 2, m = 2 modes

with almost the same amplitude at 90◦ phase difference. The virial theorem applied to a

harmonic oscillator with potential (1/2)k x 2, implies that the average kinetic energy is equal

to the average potential energy. We observe that the internal potential energy of the sphere

has about the same positive shift as the internal kinetic energy and therefore the internal

potential energy function of the sphere has the same form as the harmonic oscillator. The

small and opposite wiggles in the internal kinetic and potential energies visible on the plots

are perhaps due to the amplitude of these modes being slightly different.

Using the average change in angle φ̄ of the nodes as a function t̄ in the fiducial Fermi

60



−500 −250 0 250 500

t̄ [M ]

0.000

0.002

0.004

0.006

0.008

0.010
x̄

1 cm
[M

]
R̃p = 9.5

R̃p = 10

R̃p = 10.5

−500 −250 0 250 500

t̄ [M ]

−0.004

−0.002

0.000

x̄
2 cm

[M
]

R̃p = 9.5

R̃p = 10

R̃p = 10.5

Figure 7.6: Deflection of the center of mass in the x̄ 1 and x̄ 2 directions in the geodesic
Fermi frame for R̃p = [9.5, 10, 10.5].

61



−500 0 500

t̄ [M ]

1.54683791295

1.54683791300

1.54683791305

1.54683791310

E
re

st
[M

]

×10−18

Figure 7.7: The rest energy, Erest, is conserved to 9 orders of magnitude close to periastron
and 13 orders of magnitude far from the black hole for R̃p = 9.5 and for the mesh refinement
hmax = a/16.
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Figure 7.8: The total energy, Etot, (using Equation 6.12), is conserved to 9 orders of mag-
nitude at the end of the simulation. This shows the result for R̃p = 9.5 and for the mesh
refinement hmax = a/16.
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Figure 7.9: The fractional change in the theoretically conserved total energy, Etot, from ini-
tial time for three different mesh refinements. This is a plot zoom to focus on the behaviour
away from periastron.
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Figure 7.10: The fractional change in the theoretically conserved energy, Etot−Erest, from
initial time for hmax = a/16.
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Figure 7.11: Separation of the conserved energy, Etot−Erest, into three parts for the R̃p = 9.5
orbit.

frame after the encounter, we compute the average angular frequency and estimate the

Newtonian rotational kinetic energy for the R̃p = 9.5 orbit to be around 6×10−27 M 2 and

therefore rotational kinetic energy contributes a very small amount to the observed internal

kinetic energy.

The increase in the internal kinetic and potential energy is at the expense of the orbital

energy which becomes negative. The orbit changes from a unbound parabolic orbit to a

closed orbit.

The three ways of computing the orbital energies lead to different values of the internal

kinetic energy close to periastron. The method that leads to an internal energy of the elastic

sphere that is always positive is using
∑

(Torb+Uorb). Using Tcm+Ucm, the orbital energies

display less oscillations around t̄ = 70 M .

7.6 Angular momentum

The deviation of the center of mass in the geodesic Fermi-normal frame implies a change in

the orbital angular momentum of the elastic sphere. As described in Subsection 6.3.2, total
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Figure 7.12: First way of computing the orbital energies of the elastic sphere as
∑

(Torb+Uorb)
and subtracting

∑

(Torb+Uorb) from
∑

(Torb+Tint+Uorb) to obtain the internal kinetic energy.
The plot shows the results for R̃p = 9.5.
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Figure 7.13: Second way of computing the orbital energies of the elastic sphere as
∑
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Ucm) and subtracting

∑

(Tcm+Ucm) from
∑

(Torb+Tint+Uorb) to obtain the internal kinetic
energy. The plot shows the results for R̃p = 9.5.
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The plot shows the results for R̃p = 9.5.

angular momentum is conserved in Schwarzschild spacetime because of the Killing vector

field corresponding to rotations. The total angular momenum is conserved numerically to

7 orders of magnitude as shown in Figure 7.15. We compute the parts of conserved angular

momentum in Eq. (6.26) in the center of mass Fermi frame using the procedure described

in Subsection 6.3.2. The different parts of Jtot are shown in Figure 7.17. As expected, since

the computation is in the center of mass Fermi frame, J2 and J3 both remained close to zero.

We observed that J6 was also very small. We observed J5 to acquire a small negative value

close to periastron, which goes to zero as the elastic sphere moves away from the black hole.

The spin of the elastic sphere, Jspin is initially close to zero, increases rapidly as it moves to

the periastron, then decreases rapidly and settles on a constant value as the sphere moves

away from the black hole. The change in spin is due to the misalignment of the direction of

the deformation of the sphere and the direction to the black hole (Cheng and Evans (2013))

(as seen on snapshot (3) in Figure 7.4), which results in a torque on the sphere.
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Figure 7.15: The total angular momentum Jtot (using Equation 6.26) computed in the
center of mass Fermi frame is conserved to 7 orders of magnitude. This shows the result for
the R̃p = 9.5 orbit and for the mesh refinement hmax = a/16.
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Figure 7.17: Parts of the conserved angular momentum computed in the center of mass
Fermi frame for the R̃p = 9.5 orbit. For Jorbit, we plot the change from the initial value.

7.7 Decomposition into normal modes

The deformation of the sphere can be observed in Figure 7.4. For snapshot (5), the length

of the longest principle axis of the ellipsoid is around 0.215 M which gives a deformation

of about 7.8 per cent. With this value of the deformation we expect to see some nonlinear

effects when analysing the oscillations of the sphere using the small deformation normal

mode oscillations.

The average frequency of rotation of the sphere in the Fermi frame is around 0.009

times the nonrelativistic n = 0,ℓ= 2 analytical spheroidal mode oscillation frequency. Since

the sphere is spinning very slowly, we estimate that Coriolis and centrifugal forces will be

very small. However, if we obtain the displacement of a node from its relaxed position in

the fiducial Fermi frame, we find that the displacement keeps increasing with time due to

the rotation. Therefore, we compute the displacements in a Fermi frame rotating with the

elastic sphere. We compute the average change in φ̄ angle in the fiducial Fermi frame at

each time step and rotate the fiducial Fermi frame by this angle to obtain a rotating Fermi

frame.
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The spatial part of the nonrelativistic normal modes of a free solid elastic sphere (which

can be divided into spheroidal and torsional modes), described in Subsection 2.5.1, can be

used as a basis to express a generic spatial displacement field. We focus on the spheroidal

modes. The observed displacements of the nodes in the rotating fiducial frame at time t̄

can be expanded as

ξ⃗(t̄ ,ζ) =
∑

nℓm

Cnℓm (t̄ ) Ξ⃗nℓm (ζ) + ... (7.9)

where Ξ⃗nℓm (ζ) are spatial part of the spheroidal normal and have been normalized such

that
∫

S

d 3ζ
p
ε Ξ⃗nℓm · Ξ⃗n ′l ′m ′ =δnn ′δl l ′δmm ′ . (7.10)

At each Fermi time step, we numerically evaluate the following integral to obtain the time

dependent decomposition coefficients, Cnℓm (t̄ ), for each spheroidal mode,

Cnℓm (t̄ ) =

∫

S

d 3ζ
p
ε ξ⃗(t̄ ,ζ) · Ξ⃗nℓm (ζ). (7.11)

Away from the black hole, Cnℓm (t̄ ) for most modes have a sinusoidal variation in time with

frequencies close to the analytical frequencies.

7.7.1 n = 0,ℓ= 0 and n = 0,ℓ= 2, m = [0,±2]

The four modes having the highest amplitude for the decomposition coefficient are the

n = 0,ℓ = 2, m = [0,±2] and the n = 0,ℓ = 0 modes (Figure 7.18). The n = 0,ℓ = 0 and

n = 0,ℓ= 2, m = 0 oscillations are observed to occur about an equilibrium which is positively

shifted from zero. C00 > 0 corresponds to the sphere being radially compressed and C020 > 0

corresponds to the sphere having a prolate shape. Expansion of the Newtonian potential in

terms of spherical harmonics starts at ℓ= 2 and if the amplitude of the oscillations were

small, then the ℓ= 0 mode would not be excited. Since the sphere has a large deformation

in the n = 0,ℓ= 2, m =±2 modes, the nonlinear elasticity terms induce a constant radial

compression and prolate shape of the sphere which explains the positive shift. C022 and

C02−2 have a 90◦ phase difference corresponding to circular polarization which rotates

counterclockwise.
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Figure 7.18: Decomposition coefficient as a function of proper time of the fiducial node,
R̃p = 9.5, n = 0,ℓ= 0 and n = 0,ℓ= 2, m = [0,±2].
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Figure 7.19: Decomposition coefficient as a function of proper time of the fiducial node,
R̃p = 9.5, n = 1,ℓ= 0 and n = 1,ℓ= 2, m = [0,±2].

7.7.2 n = 1,ℓ= 0 and n = 1,ℓ= 2, m = [0,±2]

The decomposition coefficients for the n = 1,ℓ= 0 and the n = 1,ℓ= 2, m = [0,±2]modes

are about 10 times smaller than the n = 0 modes (Figure 7.19). The n = 1,ℓ = 2, m = ±2

oscillations also display an envelope. We performed a test in flat spacetime, with the nodes

of the sphere having initial displacements and velocities corresponding to the normal

modes in Figures 7.18 and 7.19 and also observed an envelope for n = 1,ℓ = 2, m = ±2

mode decomposition coefficients. However, we noticed that there is no envelope if we do

not include the n = 0,ℓ = 2, m = 0 mode initially. Hence we conclude that the envelope

is caused by nonlinear coupling between the n = 0,ℓ = 2, m = 0 and n = 1,ℓ = 2, m = ±2

modes.
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Figure 7.20: Decomposition coefficient for n = 0,ℓ = 2, m = −2 as a function of proper
time of the fiducial node for the three orbits, R̃p = [9.5, 10, 10.5].

7.7.3 R̃p = [9.5, 10, 10.5]

Figures 7.20, 7.21 and 7.22 show C02−2, C12−2 and C03−3 respectively for linear decreases in

R̃p . The increase in the maximum value of C02−2 going from R̃p = 10 to R̃p = 9.5 is 1.3 times

the increase going, from R̃p = 10.5 to R̃p = 10. However, for C12−2, the increase it 2.1 times.

C03±3 (shown for m =−3 in Figure 7.22) are 2 orders of magnitude smaller than C12±2 and 3

orders of magnitude times smaller than C02±2.
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Figure 7.21: Decomposition coefficient for n = 1,ℓ = 2, m = −2 as a function of proper
time of the fiducial node for the three orbits, R̃p = [9.5, 10, 10.5].
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Figure 7.22: Decomposition coefficient for n = 0,ℓ = 3, m = −3 as a function of proper
time of the fiducial node for R̃p = [9.5, 10, 10.5].
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CHAPTER

8

CONCLUSIONS

In this chapter, we summarize the work in this thesis and describe future work.

8.1 Summary

In this thesis, we have presented a numerical framework for modeling solid extended bodies

using elasticity theory in general relativity. We make the simplifying assumption that the

metric is not affected by the SEM tensor of the extended body. The numerical method

described can be used to model solid bodies of any shape, for any hyperelastic potential

energy models and any spacetime metric. We have focused mainly on the free bound-

ary condition and have not investigated further on the difficulty of implementing other

boundary conditions within the numerical framework described. We have also described

a method using Fermi frames to extract information from the simulations. Moreover, we

outlined a procedure to decompose the deformation of a spherical elastic body into the

normal modes.

We used the framework developed to model the motion of a 0.1 M radius solid sphere

in close encounter orbits around a Schwarzschild black hole. We constructed initial data
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so that the sphere is initially in quasistatic equilibrium with the local ℓ= 2 tidal field. This

ensured that the sphere does not immediately oscillate at the start of the simulation. We

were also careful to ensure that the sphere is initially non-spinning.

We used several Fermi frames to compute an approximate center of mass and the

conserved quantities of the body and to visualize its deformation. The total energy and

angular momentum computed in the Fermi frame, which are theoretically conserved for

Schwarzschild spacetime, displayed numerical conservation of 9 orders of magnitude

for the total energy at the end of the simulation and 7 orders of magnitude for the total

angular momentum for the next to highest mesh refinement. This validates the numerical

simulation in curved spacetime. We obtained the amount the center of mass of the body

deviates from a geodesic that starts with the same initial conditions as the center of mass. We

also evaluated the increase in spin of the sphere at the end of the simulation. We were able

to find some terms which had a contribution to the angular momentum due to the second

order moments of the SEM tensor. We obtained detailed information on the modes excited

in the elastic sphere. We found that there was coupling between the n = 0,ℓ= 2, m = 0 and

n = 1,ℓ= 2, m =±2 spheroidal modes due to the nonlinear deformation of the sphere.

8.2 Future work

In the future, we plan to use the numerical framework developed to simulate a spheroidal

body that is initially spinning. We identified two cases of particular interest. The first case

is when the body is slowly spinning but is significantly deformed. This cannot be modeled

accurately within the framework of the MPD equations that also include quadrupole terms.

The second case is when the body is spinning very fast but has a negligible deformation. In

the second case, we are interested in comparing with the MPD equations to pole-dipole

order that prescribe the motion of spinning particles in general relativity. Our numerical

framework does not need a spin supplementary condition as in the MPD equations and

we are interested in figuring out the limitations and validity of the spin supplementary

conditions and the MPD equations.

Furthermore, we are interested in modeling the motion of a solid sphere in Kerr space-

time to study the effects of the black hole’s spin on the body. We are also interested in

analysing carefully the effects of nonlinear deformation and of Coriolis and centrifugal

forces on the normal modes excited. Finally, we are interested in cases that can cause

torsional modes to be excited.
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