ABSTRACT

JADOO, NISHITA. Extended Body Motion in General Relativity. (Under the direction ofJ.
David Brown).

In this thesis, we present a numerical framework for modeling solid extended bodies
using elasticity theory in general relativity. We assume that the metric is not affected by the
stress-energy-momentum tensor of the extended body. The numerical method described
can be used to model solid bodies of any shape, for any hyperelastic potential energy
model and any spacetime metric. We also describe a method using Fermi frames to extract
information from the simulations. We use the framework developed to model the motion
of a 0.1 M radius hyperelastic sphere in close encounter orbits around a Schwarzschild
black hole. We compute the deviation of the center of mass from a geodesic that starts with
the same initial conditions as the center of mass and the increase in the spin of the body.
We analyse the conserved total energy and angular momentum by splitting them into parts.
We obtain detailed information on the normal modes excited in the sphere.
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CHAPTER

INTRODUCTION

The problem of motion in general relativity has a long history. Einstein was interested in
whether the laws of motion of material points can be derived from the vacuum Einstein
field equations. Einstein and Grommer (1927) showed that if a point particle is treated as a
singularity in spacetime, it follows a geodesic. This only gives the motion of point particles
and not extended bodies. The first paper to describe an extended body in general relativity
is Mathisson (1937). Mathisson defines a multipole expansion of the body using the body’s
stress-energy-momentum (SEM) tensor with the single pole defining the mass and the
dipole and quadrupole defining the “rotation moment”. Subsequently, many others have
worked on this problem following a similar method, including Papapetrou (1951) who gives
the equations of motion of spinning particles to dipole order, Pirani (1956), Tulczyjew (1959)
and Madore (1969). The works differ in the way they define the multipole moments. A series
of papers (Dixon and Bondi (1970), Dixon and Hewish (1970) and Dixon and Hewish (1974))
provide a more thorough definition of the multipole moments. The equations describing the
motion of pole-dipole particles are commonly known as the Mathisson-Papapetrou-Dixon
(MPD) equations. In general, the analysis leaves the equation of motion of the quadrupole
moment unspecified.

Even in the pole-dipole case, additional equations to define the center of mass are



needed called spin supplementary conditions to have a complete system of equations.
Several different spin supplementary conditions have been proposed which lead to different
worldlines for the representative point on the body, however for the pole-dipole they are
shown to lie within the minimal worldtube (Kyrian and Semerék (2007)). Kyrian and Semerdk
(2007) give a list of known spin supplementary conditions and what they imply for conserved
quantities for the pole-dipole particle. Costa and Natéario (2015) give an in-depth discussion
of different spin supplementary conditions.

In this thesis, we consider extended bodies in general relativity as elastic bodies. This
is closer to physical reality than, for example, rigid bodies. There is difficulty in defining a
rigid body in curved spacetime. If a rigid body is defined as one that has zero deformation,
it would be unphysical because it would imply the speed of sound to be greater than the
speed of light. Also, stresses generated in the body might be important and contribute to
the SEM tensor. In general, it is perhaps simpler to treat extended bodies as elastic. If one
wants to model stiff bodies, then the material properties of the body could be set so that
the speed of sound is close to the speed of light.

Furthermore, the deformation of extended bodies in general relativity is an important
aspect to be modeled. The quadrupole deformation of the neutron stars in binary inspirals
can be detected from the observed gravitational waves (Abbott et al. (2017), De et al. (2018))
and provides crucial insight into the nuclear equation of state of these objects. The defor-
mation and other internal structure of small bodies in extreme mass ratio inspirals will
have an effect on the gravitational waves emitted (Steinhoff and Puetzfeld (2012)) which
the planned space interferometer LISA will be able to detect. The spin of the small body is
expected to have a next-to-leading order effect in the phase of these gravitational waves
(Witzany et al. (2019)). Except for specific cases, the deformation cannot be modeled ac-
curately as proportional to the tidal field. For example, the small body could be spinning
faster than it takes to respond to tidal forces.

Astrophysical compact objects are usually modeled as fluids in general relativistic
settings. However, it is known that neutron star crusts are solid (Chamel and Haensel
(2008)). A class of astrophysical objects known as ultra-massive white dwarfs have up to
ninety-nine per cent crystallized mass (Camisassa, Maria E. et al. (2019)). As a natural
alternative to fluids, elasticity can be used in such cases which allows for shear stresses.
Alho et al. (2022) used general relativistic elasticity to study spherically symmetric elastic
stars and proposed that elasticity might be an important factor for modeling exotic compact
objects.

Numerical works on general relativistic elasticity are not as abundant as numerical



works on general relativistic hydrodynamics. One such work is by Gundlach et al. (2011)
who propose an Eulerian formulation of general relativistic elasticity that can be used
for numerical modeling and can capture shocks. They test their framework on Riemann
problems in Minkowski spacetime. Other works include a set of papers (Karlovini and
Samuelsson (2003), Karlovini et al. (2004), Karlovini and Samuelsson (2004), Karlovini and
Samuelsson (2007)) that propose a coherent framework for accurately modeling the solid
crust within neutron stars.

In this thesis, we are interested in accurately modeling an extended body in general
relativity. We want to obtain both its orbit and changes to internal structure including
deformation and spin. As a first step, for this work we assume that the extended body’s SEM
tensor does not affect the spacetime curvature. In other words, we ignore self-gravity.

We start by reviewing nonrelativistic elasticity in Chapter 2. We then describe general
relativistic elasticity as formulated by Brown (2021), which is the theory we use for modeling
an extended body, in Chapter 3. We explain the numerical method used in Chapter 4. We
detail how we construct Fermi frames and compute an approximate center of mass in
Chapter 5. We look at the conservation of rest energy and of total energy and angular
momentum for spacetimes with symmetries in Chapter 6. We present the results of the
simulation of a hyperelastic sphere in close encounter orbits around a Schwarzschild black
hole in Chapter 7. We summarize the work in this thesis and specify future work in Chapter
8.



CHAPTER

2

NONRELATIVISTIC ELASTICITY THEORY

In this chapter we give a brief review of elasticity theory in the nonrelativistic domain. In
this chapter, we assume that the physical space (defined shortly) is three-dimensional
flat space. Except when specified, we will assume general curvilinear coordinates and for

example lower the index on a vector using the metric.

2.1 Overview

Elasticity theory is the study of deformable bodies under stresses and has a long history
and many applications. Love (1892) gives a detailed account of the history of elasticity.
An important historical development in elasticity theory was the formulation of finite
element methods to specifically solve problems in elasticity. In this thesis we make use of
the exact solution for a sphere in static equilibrium under tidal forces found in Love (1892)
for obtaining initial data and Lamb’s early work on the vibrations of an elastic sphere (Lamb
(1881)) to decompose the deformation of a sphere into normal modes. We also make use of
the techniques from finite element methods for spatial discretization.

We will start by giving definitions and theorems in nonlinear elasticity, however we will



not go into the details of the proofs of these theorems which can be found in Marsden and
Hughes (1994). Proof of various theorems in elasticity have been worked out assuming the
physical space is three-dimensional flat space and using Cartesian coordinates. For general
Riemannian manifolds, it is assumed that the theorems are still valid since they refer to a
small portion of the space which locally looks flat (Frankel (2011)).

We will then describe linear elasticity. A large body of works make use of linear elasticity
for which exact solutions are known in some cases. We will look at exact solutions for solid

isotropic homogeneous elastic spheres.

2.2 Configuration and deformation gradient

The “matter space”, ., is defined as the three-dimensional space of material points with
coordinates ', for i =1,2,3. A configuration (also sometimes referred to as a deformation),
X*, where a =1,2,3, is a map from .# and for dynamical problems a parameter ¢ to three-
dimensional physical space, .# . The coordinates on .# are denoted by x“ fora =1,2,3
and the metric on ./ is g,,,. The “reference configuration” is the map X; from .7 to the
three-dimensional space ./ in which the body is in a relaxed state. Let overdot mean
0/0t and “;” mean 8 /9. The relaxed metric, €; i=Xg 8apX 1?,1" gives distances between

material points when the body is in relaxed state. The deformation gradient is defined as
Fyi :gaij-J (2.1)

The right Cauchy-Green deformation tensor represents the amount of strain in the de-
formed body and is defined by
fij :X,?gabX,? 2.2)

2.3 Mass conservation, Newton’s 2”9 law and stress tensors

For a continuous body, we look at mass conservation and Newton’s 2nd Jaw for a small piece
of the body which leads to the definition of the Cauchy stress tensor. Let .%; be an open set
of & and let X“(Z, t) be the map from .#; and a real parameter ¢ to ..



2.3.1 Mass conservation

Let py({) be the mass density per unit volume of . when the body is relaxed in physical
space and let p(x, t) be the mass density per unit volume of _# of the deformed body at

some time t. Since mass is conserved,

f d3gﬁp0(g):J d*x vV hp(x, 1) (2.3)
yE /ﬂE
= f d*Z |det(X )|V hp(x, t) 2.4)
S

where € =det(¢;;), h = det(g,;) and Idet(Xl?)l is the Jacobian of the transformation between
x“and {'. Since 7 is arbitrary, this leads to [det(X?)|(v'h/+/€)p = p,. The factor |det(X¢)|
can be analysed as in Brown (2021). Eq. (2.2) is

fii=X {8 X 2.5)
Taking determinant on both sides,

f=det(X{)hdet(X?)

v

det(X'?) = ﬁ (2.6)

Therefore, Jp = p, where
J=VfIVe 2.7)

is the ratio of the deformed volume element to the undeformed volume element. The mass
current is
pX*=(po/ )X (2.8)

2.3.2 Newton’s 2" law

We apply Newton’s 2" law to a small piece of the body in three-dimensional flat physical
space. The elastic body may be subject to applied body forces such as gravity which acts on
volume elements, applied surface forces on area elements on the boundary also referred to

as traction and it additionally has internal surface forces on area elements on any surface



due to internal stresses. Applying Newton’s 2" law for _/:

d .
— | d’x \/ﬁan:f

dt M oMy

d’x \/Et“(xb,t,nb)-i—f d*x vV hpb* (2.9)

M

where d?x /T is the surface element on 0 .4, t*(x”, t,n"?) is the force per unit deformed
area at position x? and time ¢ across a surface element with unit normal n” from the

material surrounding it and b* is a body force acting per unit mass.

2.3.3 Stress tensors

According to Cauchy’s theorem (Marsden and Hughes (1994)), if Eq. (2.9) holds, then ¢
depends linearly on n? and there is a tensor, %%, called the Cauchy stress tensor such that
t*=0g,.n. o is the force per unit of deformed area acting across a surface element in
the deformed body with unit normal 7,. The Cauchy stress tensor can be obtained from the
second Piola stress tensor, S*/ (defined later), which represents the force in the undeformed
body per unit undeformed area across surface elements using Brown (2021):

1 g
ab _ ~ yacgijyb
o' =S X{SUX] (2.10)

where J = \/? /+/€ and f =det(f; j)and € = det(e;;). The first Piola stress tensor is obtained
from the second Piola stress tensor by

P! =gabe]’.S"f. (2.11)

2.4 Hyperelastic energy models

Elastic materials are materials for which the stress can be written in terms of the strain at a
particular time. Hyperelastic materials are materials for which the work done by stresses
during the deformation process depends only on the initial and final configurations. Ho-
mogeneous materials are materials for which portions of the elastic material have the same
mechanical behaviour. Isotropic materials are materials for which the potential energy func-
tion, W, only depends on the deformation gradient only through f;; and €; ;. Lagrangian
strain E;; given by

E;j=(fij—€ij)/2. (2.12)



The second Piola stress tensor is given by '/ =0 W /3 E;;.

Examples of different energy models for isotropic hyperelastic materials include the
Saint Venant-Kirchhoff, the Mooney-Rivlin, the neo-Hookean and the Ogden models. In the
Saint Venant-Kirchhoff model, the potential energy function is obtained from Lagrangian

strain by

A o
quy:E@”EUF+uwmeﬂafaﬂ (2.13)

where €'/ is the inverse of €;; and A and y are the Lame constants. The bulk modulus,
K = A +2u/3, measures resistance to volume changes. For the Saint Venant-Kirchhoff

model, the second Piola stress tensor is
S =Ae" Eel +2ue’ el Ey,. (2.14)

It is often mentioned in literature that the Saint Venant-Kirchhoff model is not valid for
large strains in which case the model softens under compression.

Invariants of a tensor are scalar functions of the tensor components which do not
change under a change of coordinates. In literature, hyperelastic isotropic models are often
described in terms of the invariants of ¢ f; j called the stress invariants, I, I, and I; or the
square root of the eigenvalues of € f; j called the principle stretches A,, A, and A3. The

stress invariants are

L=e'lf; (2.15)
1 .. L

IZE5[(€l]ﬁj)2_€lk€]lﬁjfkl] (2.16)

L=det(e’* f;;)=f/e. (2.17)

It should be noted that I, = J2. The stress invariants are related to the principle stretches by

L=+ +A; (2.18)
L=A22+ 2202+ A% (2.19)
L=AA325. (2.20)

In the Mooney-Rivlin model the, potential energy is given by:

Wunz%%ﬂ—a+%ﬁz—a+gu—n? 2.21)



where I, = I,/J#% and L, = I,/ J*/%. In the limit of small deformations, x is equal to the
bulk modulus and u; + u, is equal to the shear modulus. For u, =0, the model is known as

the neo-Hookean model. In the Ogden model, the potential energy is given by

N
W(E)=) %(Af” + 25"+ A5 —3) (2.22)
p=1 P

The Ogden model has been developed to model materials such as rubbers, polymers and
biological tissue. In all these constitutive models, the material parameters and the validity of
the model are determined by fitting to experimental data. A perfect fluid can be considered
a special case of an elastic material in which the potential energy is a function of J only
(Brown (2021)).

2.5 Linear elasticity

The material in this section is drawn from Brown (nd). Linear elasticity is used when the
deformation is the result of small displacements from the reference configuration. Linear
elasticity can be obtained from nonlinear elasticity by writing

XU )=X3(0)+E%(¢, 1) (2.23)

where £%(Z, t) is assumed to be small and there is no rotation.
X“ and X¢ are then:

X“¢)=£4,1) (2.24)
X4Z,0)=X2 ()+EUL 1) (2.25)

£4(Z, t) is also assumed to be small. Assuming flat space and Cartesian coordinates, the

right Cauchy-Green deformation and matter space metric are:

fii= X180, X" = (Xg, +ED8ap(Xy ; +E5), (2.26)
— b
€ij=Xp 8ap Xy - (2.27)
We have the map
x“=Xz(0) (2.28)



and we define the inverse map that takes the a point in physical space where the body is in

the relaxed state to the matter space label:
"= Zy(x). (2.29)

Taking derivatives with respect to £, the following useful relations are obtained:

Xi i Zia=01) 2.30)
Xp Zy, =07, (2.31)

The following formulas for the inverse metric and metric in the matter space and reference

configuration hold:
ij _ i sabo
€=z, 67}, (2.32)
8 =Xg € Xy (2.33)
Oab =2y 1€ii 5 - (2.34)

We verify that they are correct by computing €'/ € jkand & abg, .

eej=2,,06" 7}, Xp 8caXp, (2.35)
=74 6°76,6.4X5 (2.36)
=Zp Xp, (2.37)
=6, (2.38)
68y =Xy € Xg Zy €1 Zy (2.39)
=Xy €% e Zy (2.40)
=Xg . €lenzy, (2.41)
=Xg,6)Zy, (2.42)
=Xp  Zy. (2.43)
=6¢ (2.44)

The potential energy function in the Saint Venant-Kirchhoff, W(E) = 1/2(¢'/ E; j)z +
u(e*ell E; iEk1), is needed to second order in & % We first compute the Lagrangian strain

10



tensor E;; =(f;; —€;;)/2.

1 a b a b a b a b 2(ra

Eij = E[XR,i5(leR,j + g,i(sabXR'j +XR,i5ab§j _XR,i(sabXR’j]'i' o (g,i)
1
:E[giéabX}?y]‘+X}?,56ab€,bj]+02(€i)
We also need to compute €'/ E;; and €’*e/' E;; Ey,.
. 1 . .
€VE;; = Ez;,cacdzg,d[gﬁ(?abxgj +ngi5ab§f7j] +0*(&%)

1 . .
=512k aE5 + 7,81+ 0%(E9)
=Zy £+ 0%(E7)
_ 2
=% +0%&%)

In the last step, we use the shorthand notation Z }i La=ge.

L 1 .
e el E; By = Zz};ycﬁcdzgyd[gfﬁabxgj +Xg 8ap8"]
Z}]z,e5efz}l?,f[£flk5abxgyl +X}?,k5ab€3] + ﬁ4(gi)

1 ., o .
=201 2R Ei0urZr e Xn s+ Zp o X iOarZi o€ )]

01 Z 450 anZy 1 X+ Zps 4 Xi kOan Zyy 1851+ OU(EY)

R,f R, R,d“*R,k

1
= 0L 600! + 52045018 (E4 8.8 7 + 655,81+ 0(E%)

1
= E[iiifd+§i§d,e]+ﬁ4(€f§)

Hence to second order in &9,
A
W(E)= S5  + St gy + &880

2.5.1 Dynamical solution for normal modes of a sphere

The action for a free solid elastic body in nonlinear elasticity can be written as

Iy
S[X]:J dtf d%ﬁ[%po)'(“gab}'(b—W(E) :
t P

11

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)
(2.50)

(2.51)

(2.52)

(2.53)



Replacing the expressions for the kinetic energy and the potential energy for the Saint
Venant-Kirchhoff model in linear elasticity in the action (Eq. (2.53) and using Cartesian

coordinates with g,;, = 0,5,
! 3 [ cp A 2 M oa d
S[a:f dtf ReG [Epoiﬂﬁabé —2(E) —5(5,e§fd+5_ead,e)]. (2.54)
t; S

We can transform the integral over d>{ to an integral over d*x using the Jacobian of the

transformation |det(Xg )| =1/ V€. The action becomes

g 1. . A ]
S[€]=f dtf dox| ZpoE 8aps” — (8% =898 +85E4°) (2.55)
. % [2 0 b 24>, 2>, .d e>d ]

where Z is the spatial extent of the undeformed body. The variation of the action is

ty
5s=f dtf d3x[pog'“5m55'0—[/ng;5j+u(gi+§c,d)]5gfd]. (2.56)
t R

We integrate by parts to remove the derivatives on 6£“ and use the fact that variations

vanish at ¢; and ¢y,

5S= J dtf d3 —Po& 8. +AEY 60 +u(El g,d,d)]agc
f dtf d’x A§“5d+u(§d+§c )]5§Cnd (2.57)

where n, is the normal to the boundary. Setting 6 S =0, gives the equations on the bulk,

_Posc + Agz,c +.u(§_dcld + gc,d,d) =0 (2.58)

and on the boundary;,
AE%ne+u(EL+E, ng=0. (2.59)

Since the physical space is flat three-dimensional space, we generalize these results by

replacing partial derivatives with covariant derivatives. The bulk equation becomes

PoES =AV VL +p(VVE +V, V1) =0, (2.60)
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Simplifying,

. A+
ge =( “)chaguﬂvdv%c —0. 2.61)
Po Po

The boundary equation becomes
AV, En  +u(VeEL+VYE )N, =0. (2.62)

The nonrelativistic normal mode vibrations of solid elastic sphere are described in the
classic paper by Lamb (1881) and also later in Love (1892). These normal modes can be
separated into two classes, the spheroidal and torsional modes. In this thesis, we focus
on the spheroidal modes since we do not expect torsional modes to be excited due to
the symmetry of the problem we simulate. The subset of the spheroidal modes with ¢ =
0 are called the radial modes. Spherical coordinates, ' = {r, 0, ¢} are used to simplify
the problem. From Thorne and Blandford (2017), the general spheroidal mode solution
satisfying Egs. (2.61) and (2.62) is

gn(m(t’ r, 9» ¢) :Anéméném(n 9! ¢)Cos(wn€ I+ ¢n€m) (2-63)

where A,,,, is the amplitude, ¢ ,,,, is the phase and w,, is the angular frequency. The vector
field éngm is given by
1 2Y,, -

R 0 Yo
= = F .64
an(rrHr(p) fné(r)YEmr—i_gn[(r) 00 9+sin6 a¢ ¢ (26 )

where Y, are the real spherical harmonics defined by

( 20+1(0—m)! . :
=)™ \/E\ i Ee+::::;' Pe| (cos 8) sin(|m|¢) ifm <0
Yfrn:% Zi—;l P/"(cos ) ifm=0 (2.65)
o 2T =—my _
L(—1) «/E\ o Cm) P"(cos ) cos(m¢) ifm>0

where P are the associated Legendre polynomials. The functions, f,,,(r) and g,,(r) are

Ay ., B Jolkgper)
=—j(k n + I(l+1 _—, 2.66
Je(r) kLrM][( Lnel) s ( ) P (2.66)
a, (k el n ., k ne’ ./
g, (r)= 2nt Je(kp e )+ Bue [ Je(krne )+r]£(angr) 2.67)

kLnf kLn( r anl r anl

13



where ji(x) is the spherical Bessel function, jj(x)=2 j,(x)/J x and

Wy
ki = 2.68
Lnt CL ( )
Wy
kpn = —2. 2.69
e =0 (2.69)
C; and Cy are the longitudinal and transverse sound speeds:
A+2
C, = \ = (2.70)
Po
Cr= \ ﬁ. 2.71)
Po

a,, and ,,; determine the weights of the longitudinal and transverse parts. Inserting the
normal mode solution 5 wm €valuated at the surface r = a where a is the undeformed
radius of the sphere and the unit normal 72 = 7 in the boundary equation (2.62) results in

two equations,

e[ 2] (ke @) — (ke pne)* —2)) ik ne@)] + Bue[260€ + 1) fi(kppe@)| =0 (2.72)
e[ 2fi(kpne @)+ Bt ) (kppe@) + (L8 +1)=2) fo(krpa)] = 0 (2.73)

where fy(x) = j,(x)/x? and fi(x) = 2(j,(x)/x)/3 x. The simultaneous equations for «,, and
B, have a solution if the determinant is zero,

[ng//(kLn(fa) —((kpne/ k) _2))j({(kLnéa)][jg”(an€a) +(+1)—2)fylkrpea)]
—[2filkp e a@)][26(€ + 1) fi(k )] =0. (2.74)

Using kr,¢/ ke = Cr/Cr, Eq. (2.74) is expressed in terms of kr,,. The roots of Eq. (2.74)
can be obtained numerically. The first root corresponds to the first value of n and so on.

For C; /C; = +/3, { =2, the solutions for the first four n values are

anZa

={0.840296489389027,1.5486644471166677
/i

,2.651265258574347,3.113122717920612, ..}. (2.75)

The dependence of the functions, f,,(r)and g,,(r), on r for{ =2, and n =0, 1,2 is shown

in Figure 2.1.
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{(n=0,1=2} {(n=0,1=2}
F(r) g(r)
0.006
0.015
0.005
0.004
0.010
0.003
0.005 - 0.002
0.001
0.02 0.04 0.06 0.08 0.10 r 0.02 0.04 0.06 0.08 0.10 r
{(n=1,1=2} (h=1,1=2}
f g(n)
0.008 -
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0.02 0.04 0.0 0.08 0.10 r
0.004 - ~0.0021L
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002 004  0.06 wlo 002  0.04 06 068  0.10
-0.002
-0.001+
Figure 2.1: The radial dependence of f,,(r) and g,,(r) for £ =2 and different values of n.

The surface of the sphere is at r =0.1.
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2.5.2 Static solution for a sphere under tidal forces

Love (1892) has solved the problem of a solid homogeneous elastic sphere in static equilib-
rium under the action of a potential that can be expressed in terms of spherical harmonics.
The deformation of the sphere is assumed to be small. In the bulk, the static equilibrium
equation is:

(A+u)VIVLEL + uVPV L, EY — PV By =0 (2.76)

The boundary equation is still Eq. (2.62).

The Newtonian tidal potential of a black hole of mass M can be expanded in terms of
spherical harmonics (Press and Teukolsky (1977)). If we assume that the geometric center
of the sphere lies on the z-axis and the central mass is at the origin, the tidal potential

considering only the lowest ¢ term is
. =—+41/5(M /R*)r*Ys, 2.77)

where R is the areal radius of the geometric center of the elastic sphere and r is the radial
distance of an element of the elastic body from the geometric center of the elastic body. The
solution, 5 s, satisfying Eqgs. (2.76) and (2.62) for &, in Eq. (2.77) is obtained from Section
181 in Love (1892) by setting g =0 and w = 0 for zero self-gravity and for the sphere to be
nonrotating. We verified that the solution satisfies the bulk and boundary equations. The

static solution is

2= Fr Y+ r) 278
where
__kpo [ s, o (A+30)
fS(r)_70(A+2,u)[ 20r°+14a°r
) -
W19+ 140) 2r(a*—r*)A+p)+6r°CA+7u) ||, (2.79)
— kpo .3 2 ()L+3‘LL)
gS(r)_70()L+2‘U,)|: 5r°+7 p
/LT AR
U(192 + 14p) 21r(a”=r)A+p)—2r'2A+7u)| | (2.80)

and k = /47/5(M /R?) and a is the undeformed radius of the sphere.
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CHAPTER

3

GENERAL RELATIVISTIC ELASTICITY
THEORY

In this chapter, we give a brief review of elasticity theory in general relativity using a La-
grangian formulation as developed by Brown (2021). We focus on the action, gauge invari-
ance of the action and the stress-energy-momemtum tensor as derived in Brown (2021). In
this chapter and the rest of this thesis, except when describing nonrelativistic elasticity, we

use the sign conventions of Misner et al. (1973) and geometrical units in which ¢ =G =1.

3.1 Overview

The earliest work on generalizing elasticity theory to work with special relativity is by
Herglotz (1911). Subsequently, DeWitt (1962) extended Herglotz formulation of relativistic
elasticity theory to the general relativistic domain to describe a “stiff elastic medium” as an
additional structure to physical spacetime to aid the formulation of a theory of quantum
gravity. Later works on general relativistic elasticity theory include Carter and Quintana
(1972), Kijowski and Magli (1992), Beig and Schmidt (2017) and Gundlach et al. (2011).
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Some of these works favor an Eulerian formulation where the matter space is absent
while the others use a Lagrangian approach. From the Lagrangian approach one can obtain
the Eulerian picture. In the Lagrangian picture the focus is on the maps from matter space
and a time parameter to physical spacetime while in the Eulerian picture the focus is on
the inverse maps that take a spacetime event to the material point in matter space. The
advantage of the Lagrangian formulation for numerical modeling is that it is easier to
implement boundary conditions such as natural boundary conditions (Lanczos (1949))
where the surface is free to move whereas in the Eulerian formulation the surface is not
clearly defined. Also, in the Lagrangian approach, only the equations of motion of the
material points have to numerically solved whereas in the Eulerian approach usually the
numerical solution of fields over a large grid covering the relevant part of spacetime is
needed.

Relativistic hydrodynamics is a very successful theory and is widely used to model fluids
in strong gravity and at high Lorentz factors. A major difference between relativistic hydro-
dynamics and general relativistic elasticity is that shear stresses are absent in relativistic

hydrodynamics.

3.2 Worldtube, radar metric

Let four-dimensional spacetime manifold be denoted by ./ . Let the spacetime coordinates
on ./ be denoted by x* where u =0, 1,2,3 and let the metric on .# be denoted by g,,,. Let
A be a real parameter. The matter space, .7, is the space of material points with coordinates
¢ for i =1,2,3. It should be noted that there is no predefined notion of distance on .#.
The functions X*(A, {) are maps from R x . to .# . As A is continuously varied, X*#(4, {)
evaluated at a material point {’ traces the timelike worldline of the material point. The
collection of all wordlines corresponding to the material points of the body is called the
world tube. Let “ ,” denote d/J x*, “;” denote 8 /9 ¢  and overdot denote 8 /9 A. The four-
velocity of a material point is ‘
XH
Ut=— (3.1)
a

where

a=4/—XHX, (3.2)

is known as the material lapse function.
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XH(A,2) M

% x2

é’l xl

Figure 3.1:  X*(A,{) maps a material point with coordinates {? in .# and a real parameter
A to the spacetime event x* inside the world tube in four-dimensional spacetime, ./ .

The radar metric, f,,, defined inside the worldtube is
Jur=8ur+ U, U,. (3.3)

The name “radar” comes from Landau and Lifshitz (1951) who used light signals to find the
“spatial” distance between two infinitesimally separated events in general relativity. It is
easy to see that f,,U" =0 and that j; YV# is orthogonal to U* for any vector V. Hence, f,,
is a “projection tensor" that projects V* into the space orthogonal to U*. The radar metric

can be mapped back to the matter space,
fij =X funX ] (3.4)

The radar metric in the matter space gives distances between infintesimally separated
material points such that the distance is measured in the rest frame of the material points
in physical space, . . That s, ds* = f;;d{'d{/, is proper distance between material points.
The Lagrangian strain tensor can be obtained the same way as in nonrelativistic elasticity
using f;; and the relaxed metric, €,

Ejj=(fij—€ij)/2. (3.5)

3.3 Action

As mentioned in Chapter 2, for a hyperelastic body, a stored energy function can be defined.
For example, the stored energy can be specified in terms of the Lagrangian strain E;; as
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in the Saint Venant-Kirchhoff hyperelastic energy model. The energy density per unit of
undeformed volume is denoted by p(E) and is function of E;; and €;; and can also depend
on ¢ if the material is not uniform. The dependence on €;; and { has been omitted in the
notation to make it more compact. The relativistic action of a hyperelastic body is (DeWitt
(1962), Brown and Marolf (1996), Brown (2021)),

Ag
S[X,g]:—J d)LJ d*veap(E). (3.6)
Ai S

The relativistic action for a point particle of rest mass, m, is (Landau and Lifshitz (1951)),

Ar
Sparticle[X] :_mf dAa. 3.7)
Ai
The action for the hyperelastic body is an extension of the action of a continuum of dust
particles that do not interact. The interaction energy of the hyperelastic body is obtained
by using distances computed in the rest frames of elements of the hyperelastic body. The

energy density can be written as

P(E)=po+ W(E) (3.8)
where p, is the rest mass per unit undeformed volume and W is the potential energy per
unit undeformed volume.

3.4 Gauge invariance of the action

Similar to the action of the relativistic particle, the action of the hyperelastic body is invariant
under a change in the worldline parameter A. Consider a history described by two different
parametrizations. Let the worldlines of the material points be obtained by the new mapping
XH*(A,{). The new mapping is related to the old mapping by

XA, 0= XA ), Q). 3.9)
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It should be noted that the new parameter is allowed to be a function of {. The action with

the new mapping, X*(2,), is

§[%]=— f A f d?’gfa( 0,0, 2X%4 5)) ( n) aX(’I’g),aX(g’g)). 53.10)

oA 1%

The partial derivatives of X#(4, {) are related to the partial derivatives of X*(A, {) by

oxr = oX¥ E)’_A (3.11)
oA OA|,_, 0%

oXr _oXr| oA ax 512
oLi oA |, 00 9L |,y

where A = A(A, {). We can express @ and p in the action in terms of ¢ and p. If @ and p
only depended on X*, that would be easily written using Eq. (3.9). However, since they also

contain partial derivatives of X, we need Egs. (3.11) and (3.12),

g =\ oX X, 3.13
“ T \NTx o (3.13)

0N | oxe| 00X, (3.14)
) OA |2y A |2 '
oA
— ﬁath (3.15)
The dependence of p on X is through f; j»
oXH BXV
= ,+0,0, 3.16
fij= 7 — (8 377 20 (3.16)
We look at the parts ofﬁj.
ox* _9X¥ ., OA OA
oz 8 ey T NGz oy
QU ox” o)\ raqU” oxXH JA
LIRS 8uazi|,_ agi
N ox# X’ (3.17)
a{i g,U‘V agj n .
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7 10X,

==— 3.18
oa oa (5.18)
1 oX, (3.19)
T a x|, ‘
= Uyla=a (3.20)
aX”U =—q| oA +U, ox* (3.21)
I IO T ] PN '
where |,_, applies to all the functions before it. We find that
P =plr=n- (3.22)
Using the results above, the action (3.10) is
o A dAA
S[X]:—f d/lJ d3¢ ;A’g)ﬁamﬁ. (3.23)
Ai b

Let A(4;,{) = A; and A(Af,{) = A;. We can change integration variables to dAd3l =
dAd3Z(0A/22)and find that S[X]= S[X]. The action is gauge invariant.

Because of the gauge invariance of the action, we can freely choose the worldline
parameter A. For example, we can choose A to be equal to proper time. In that case, a = 1.
However, we can only set A to proper time after varying the action since if we set A equal to
proper time before varying the action, then the variations with endpoints, A; and A o all
have the same change in proper time.

Let x° = const correspond to spacelike hypersurfaces and let x* = {r, x*} where a =
1,2,3. Then, the coordinate basis vectors /0 x are spacelike. If t = const are spacelike,
we can choose the parameterization A = x° = ¢. Then, X° =1 and X{=0and the action in
the A =t gauge can be written as

t//
S[X] =f dr f A*{ (X, X,X;,t) (3.24)
t/ b

where the Lagrangian density is Z(X, X, X ;,t)=—+€ap(E). The action is a functional of
Xt Q).
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3.5 Stress—energy-momentum tensor

The stress—energy-momentum (SEM) tensor for matter fields is obtained from the func-

tional derivative of the matter action with respect to the metric,

2
T‘uv( ) 5Smatter (3.25)

V8 68u(x)

In the above definition, T#” is defined in terms of the functional derivative of the matter
action with respect to the metric at spacetime points, x. Therefore, we write the matter

action as an integral over spacetime,

A
S[X,g]:—f d4xf d?LJ A*Veap 6*(x—X(A,0)). (3.26)
As S

Then, the functional derivative is given by

f
dr | a3 Ggij 2Ji — X, 3.2
5gw(x J f af e P 9gw) x—X(W2)  (B.27)

where S"/ = 9 p /9 E; ;. We need the partial derivative of a and f;; with respect to the metric:

da 1

=——aU"U"’ 3.28
98 2 (3.28)
2 fi

Ju =F"F’ (3.29)
og,v J

where F" = f#X . The SEM tensor is
T (x J dxf dsg pU*y” +S”F“F”]54(x X(A,0). (3.30)

We evaluate T#” at the spacetime event, x = X B, 5 ), and convert the delta function from

a function of X to a function of A and ¢,

4 3 _ 1 3 3(%
o (X(l,ﬁ)—X(/LC))——ldet(X.,‘)|5(7t A)o° (=) (3.31)
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where det(X,.) is the determinant of the Jacobian of X (A, {) with respect to A and {. The
SEM tensor is then,

e
J/—gldet(x.)

The factor det(X",.) can be analyzed by viewing x* = (A, ") as new coordinates on ./ which

T™(X(A,0)=

[p U“UV+S"1E“F].V]. (3.32)

are related to the old coordinates by x* = X*(x*'). The metric components in the primed

coordinate system is related to the unprimed coordinate system by

,  0X“oX’ .
g'uv_ ax‘u/ axv/gaﬁ’ ( . )

Taking determinant on both sides and solving for det( X", .),

|det(X",.)|=+/—8'/\/—& (3.34)

We find an expression for the metric in the primed coordinate system by looking at the line

element,
ds*=dx"g,,dx” (3.35)
=(XMdA+ X} d{Ngu (X dA+X"d{) (3.36)
= XX, dA*+ X, X5 dAd{' + X, X  dAdl! + XE X5 d{Tdy. (3.37)

We use the definitions of a, f; j and v; = UMX,’; to replace

XX, =—a’ (3.38)
X, X5 =aU, X = ay (3.39)
XX = fi;— X{UUX ) = fij— vv; (3.40)

in the line element. From the line element, the metric in the primed coordinates can be

written in block matrix form,

—a av;
gllwz( ) (3.41)
av;  fij—viv;
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Using the formula for the determinant of a block matrix,

A B B
det =det(A)det(D — CA " B), (3.42)
C D

we obtain

det(g)=—a*f (3.43)

where f =det(f;;). The final form of the SEM tensor is
1 -
T (X(A,{)= 7[p U"U"+SYF'F] (3.44)

where J = 1/f/+€. The metric ¢; ; gives distances between material points ¢’ in . when
the elastic body is relaxed and f;; gives distances between material points ’ in % when the
elastic body is deformed. Therefore, the factor 1/J converts energy density per unit unde-
formed volume to per unit deformed volume. The SEM tensor satisfies local conservation,
Vi T#” =0 (Brown (2021)).
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CHAPTER

4

NUMERICAL METHOD

In this chapter, we describe the numerical method used to model the motion of a hypere-

lastic body in curved spacetime.

4.1 Overview

Numerical methods for solving partial differential equations (PDEs) include finite difference
(FD), finite volume (FV) and finite element (FE) methods. FE methods are particularly used
in solving elasticity problems since they allow boundaries of elastic bodies to be represented
more closely using triangular or tetrahedral meshes than the rectangular grid used in FD and
FV methods. In FD methods, the PDEs are discretized directly whereas in FV methods, the
PDES are intergrated over a volume element and in FE methods, the PDEs are converted to
a weak form by multiplying with a basis function and integrating over the domain. Though
FD methods might seem simpler to implement, they are known to be less robust that FV
methods.

We discretize the action of the elastic body directly instead of using the partial differential
equations of motion since this leads to the free surface or natural boundary condition where
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variations at the boundary are nonzero, to be trivially implemented via the variational
process. We use the discretization of FE methods with basis functions and tetrahedral
elements to be able to model elastic bodies of any shape such as spheres or ellipsoids that
can describe solid astrophysical objects. We only discretize the action in space and not
in time and obtain ordinary differential equations (ODEs) in mass matrix form for which
there is a suite of well-tested methods that can be used. Though we use linear tetrahedral
elements, we still obtain second order convergence.

We used Matlab’s partial differential equation toolbox (The MathWorks Inc. (2021)) to
generate a linear tetrahedral mesh for three-dimensional bodies. To be able to utilize com-
puting clusters, we parallelized the algorithm by partitioning the mesh using the software
package Metis (Karypis and Kumar (1997)) and used the Message Passing Interface (MPI)

to communicate neighbor information.

4.2 Matter space discretization

The matter space . is divided into non-overlapping elements. Let ./ for E =1,2,... denote
the elements, that is, . is the union of the .%#;’s. Let n =1, 2,... label the nodes throughout
the body. Each node in the body has a unique index number. Let .A(E) denote the set of

nodes in element E. An example of .4'(E) is shown in Figure 4.1. Then, for {’ € %, we have

XY= D XA PHQ), (e (4.1)

neN(E)

where the sum is over the nodes contained in the element .. Note that the shape functions
¢f () depend on the node as well as the element.

4.3 Semi-discretized action

The action in the A = ¢ gauge (Eq. (3.24)) is discretized using Eq. (4.1),

S1x1= f ars f ere( 3 XneHa Y Kok, Y Xinek,)
t’ E SE

neN(E) neAN(E) neN(E)
(4.2)

where the action is a functional of the coordinates of each node, X /(7). We have dropped
the explicit time dependence of the Lagrangian density on ¢ in Eq. (4.2) for simplicity.

27



Figure 4.1: Here we are depicting a two-dimensional triangular mesh instead of a tetra-
hedral mesh for clarity. This figure shows node labels, n = {1,2..,10} and element labels
E ={1,2..,11} (boxed). The set of nodes in element, E =4, is .4/(4) = {4,5, 8}. The ring of
node, n =5, is Z(5)=1{3,4,6,7,8,9}.

We select the element type to be linear tetrahedral elements with nodes at the vertices
only. A general tetrahedral element .}, is transformed into a unit trirectangular tetrahedron
7 with coordinates 1. Let { (ia) denote the coordinates of the four nodes, for ¢ =0, 1,2, 3.
The transformation is linear, with {* = A'/n’ + B* where A" and B' are constants in each

element. Then,

B ={! (4.3)
etc. In the new coordinates, the nodes have coordinates 1, = (0,0,0), n,=(1,0,0), nj, =
(0,1,0), and n("3) =(0,0,1). Figure 4.2 shows the transformation.

Let a(n) map the four node numbers of E to the set {0, 1,2,3}. The shape function
defined in terms of the new coordinates 1) are

¢a(n)(n) = ¢f(g(n)) (45)
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Zl

Figure 4.2: A general tetrahedral element .} is transformed into a unit trirectangular
tetrahedron 7.

Explicitly, the linear shape function are given in Hughes (2012) (Egs. 3.1.19-3.1.22),

Po(m=1-n'—n"—n’
$:(n)=n'
¢.(n)=n°
ps(n)=1n°

(4.6)

In the new coordinates, the action is

S[X]:f dth dSTIUEL’(f( Z X,?(t)qsa(n)(n)’ Z X:(t)(ﬁa(n)(n)»
t/ E JT

neN(E) neN(E)
> X qbf,l.) 4.7)

neN(E)

where | Jg| is determinant of the Jacobian of the transformation from ¢’ to n’ for element E.

We can pull | ;| outside the integral since it is independent of 1’. It should be noted that
gbf’l. are constants, independent of n’.

We now replace the integral over 1)’ in each element with a quadrature rule:

S[X]=f erZwauEw( D XN bune) D, X2 () a0

4 E neN(E) neN(E)

> XU ¢,’;’_i) (4.8)

neN(E)

for some set of points n{a) in 7. We choose the points to coincide with the nodes (vertices)
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of the element, and choose weights w, = 1/24 for each node. The weights w, = 1/24
makes the integration of linear functions using the quadrature points at the vertices of the
tetrahedron exact. We find @a(n(g)) =04, Thus,

S[X]=J dtZZwauEw( D Xi D Bamor D, XD Bamor X,?(twf_,-)

/ E neN(E) neN(E) neN(E)
4.9

For each value of ¢ in the sum, the only term in the first argument of . that is nonzero
is the one for which a(n) = o. Likewise for the second argument of .#. Thus, we can write
this as

S[X]=iJ ary > |]E|§€(XZ(I), x4, > Xr’fl(t)qbfm.). (4.10)

t’ E neN(E) meN(E)

Let #Z(n) be the “ring" of n. This is the list of elements (E values) that have n as one of
their nodes. An example of .A(E) is shown in Figure 4.1. We isolate the terms that involve

the variable X for some fixed node number N. Let these terms be denoted by Sy:

t//

SN:i at > > |]E|.,<£(X5(t), X1, > X:r’l(t)q)f”) (4.11)

! E€eZ(N)neN(E) meN(E)

Only elements in the ring of N depend on the node X§. In the sum over nodes for each
element, there are two cases. One case is when the node number n equals N, the other is

when it does not equal N. Therefore,
t”

Sv=gp | dr > He(xun x50, Y xamel,)

E€Z(N) me.N(E)

+ > x(x;(r),xg(t), > Xr”:l(t)gbi'i)}. (4.12)

neN(E),n#N meN(E)

It should be noted that X occurs in the third argument of . in both terms.
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We now vary S with respect to Xy:

t”

1 0¥ 0¥ . 0¥
0S=—| dt IIEl{— OXI+—| 6Xi+ oN 56X
24 t! E@;N) dXa N,E N a N,E N aX,? N,E Nt N
0«
+ y ¢)f,’i5X]f,} (4.13)
neN(E),n#N i ln,E

where the symbol |, ; indicates that the partial derivatives are evaluated at X* = X ¢, X*=

X%, and X4=2 e Xm()@r . The last two terms in 6S can be combined into a single
sum over all n € A(E). Then the functional derivative (Lagrange’s equation) is

0 98 _ 1 Zlﬂ{az d(az )+ 0% (/)E} (4.14)
= = — E —— - . i M
OXy 24 4 0Xalyg dr\0Xe|yp) S, 0Xi], e "
Next, we expand the total time derivative.
d (0% 0r¥ s 0:Y¥ . 0% .
dt\oXa|yp) 0XboXea|y, oXbvoXa|y g X/ 0X |\ p & ’
Then, the equations of motion are
0¥ 0¥
Z |]E|{3Xa aXa ¢rEl,i
Ee®(n) nE  meN(E) i lm,E
0*Y b 0¥ " b
2 Velagiaza) Ki= T 9XvoXal, "
EeR(n) n,E n,E
0:¥ .
(Map)n ——— Z X’Z(/)i’i}
0X/0Xa|, v . Sip)
(Fa)n

where N has been replaced by n and n by m. For each value of 7, the coefficient of X b
is a 3 x 3 matrix in the indices a and b. Denoting the coefficient of X bas (M,), and the
right hand side of the equation as (E,),,, a matrix equation can be written for all variables to

be evolved, X/ and X 4, fora=1,2,3 and n =1 t0 Ny, Where Ny, is the total number of
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nodes.

0 0 X} X;
0 0 X? X?
0 : :
(M), (M), (My3), 0 i( Xll ): (B) (4.16)
(My1); (M), (Mas) 0|dt X12 (B
(M31); (Msp); (Mss), 0 Xlg (E)
0
| i | - | i
mass matrix, M vector,F

The mass matrix M is pentadiagonal. We use the subroutine DGBSV from the Fortran Linear
Algebra Package (LAPACK) which uses lower—upper (LU) decomposition to solve the linear
system of equations and obtain the derivatives of the variables to be evolved. We use the
fourth order Runge-Kutta scheme to evolve X“ and X at discrete values of 7. We found
numerically that the Courant condition,

At < Byin/ Con 4.17)

where At is the time step size, h,,;, is the minimum edge length of the tetrahedral elements

and ¢, is the maximum speed of sound in the material, must be met for stability.

4.4 Code validation

Exact solutions are available for the small oscillations of a free solid elastic sphere treated
using nonrelativistic linear elasticity (Eq. (2.63)). Hence, we are able to validate the numer-
ical code against known solutions. We set the metric to be the Minkowski metric in the
code. The numerical code is fully relativistic and is based on nonlinear elasticity. To ensure
that the discrepancy between the numerical and exact solution is not due to relativistic
and nonlinear elasticity effects, we used small amplitudes for the normal modes and small
sound speeds. The relativistic terms in the elastic body action are first order and higher
in v?/c? where v?> = X“X, and c is the speed of light. We obtained the maximum value of
v? from the numerical solution and verified that v?/c? is smaller than machine epsilon

for double precision. The nonlinear elasticity terms are first order and higher in (& Z')B in
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the action. We also obtained the maximum value of X ¢ from the numerical solution and
verified that (X ?)3 is smaller than machine epsilon.

We choose the analytical solution to be a combination of two normal modes,

ganalyﬁcal(t’ r,9, ¢) = gozo(t» r, 0, ¢)+5031(t» r, 0, ¢)
:Aozoéozo(r» 0, ) cos(we t + Poao)

+A031§031(r>9»¢)C03(w03t+¢031) (4.18)

We set X for all nodes in the code at the first time step such that their displacement from
their relaxed coordinate is equal to Eq. (4.18) evaluated at t = 0 and X is equal to the
time derivative of Eq. (4.18) evaluated at £ =0. We numerically evolve the coordinates and
velocities in time.

We use four mesh refinements with h,,, = [a/4,a/8,a/16,a/32] where h,,,, is the
maximum edge length of the tetrahedral elements and a is the undeformed radius of the
sphere. Figures 4.3 and 4.4 show the analytical and numerical displacement and velocity of
a node for the mesh size, h,,, = @/8 and h,,, = a/16 as a function of time. Figure 4.5 is the
log-log plot of the L2-norm error in the coordinates and velocities at the last time step as
function of h,,,, indicating 2"¢ order convergence of the integration scheme.
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Figure 4.3: Analytical and numerical displacements and velocities for a node as a function
of time for h,,,, = a/8.
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Figure 4.4: Analytical and numerical displacements and velocities for a node as a function
of time for h,,,, =a/16.
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Figure 4.5: Convergence of the algorithm measured in terms of the L2-norm of the error
in the coordinates and velocities.
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CHAPTER

5

FERMI FRAMES

In this chapter, we describe how we construct Fermi frames about different worldlines
after the numerical time evolution of the elastic body is over and how we compute an

approximate center of mass of the elastic body.

5.1 Overview

In curved spacetime, for a sufficiently small region around a spacetime event, &2, coordi-
nates can be constructed such that the metric in these coordinates at & is equal to the
Minkowski metric MNaps and all the Christoffel symbols in these coordinates at &2 are zero.
The coordinates are known as “normal” coordinates. Since the Christoffel symbols vanish
at 2, free particles locally move on straight lines and hence the coordinates are said to be
locally inertial (Misner et al. (1973)). However, such coordinate systems are only defined at
a single spacetime event.

Given a timelike geodesic that may correspond to the worldline of a physical iner-
tial observer, normal coordinates can be constructed valid along the worldline of the ob-

server. One specific way of constructing normal coordinates along a timelike geodesic leads
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to coordinates called Fermi-normal coordinates (Manasse and Misner (1963), Ishii et al.
(2005)). Fermi-normal coordinates are constructed by defining a tetrad, e = {eél , ejj}, where
a =1,2,3, at the spacetime location of the observer. The timelike leg, e}, is set equal to the
four velocity of the observer and the spacelike legs, e, are set initially so that et'e, g =145.
The spacelike legs are orthonormal to the four-velocity and they “infinitesimally” span
the rest space of the observer at a point on the worldline. The spacelike legs are evolved
using parallel transport along the observer’s worldline. The Fermi-normal coordinates are
denoted x* ={f, x%} for a = 1,2, 3. The Fermi-normal coordinate f is set equal to the proper
time of the observer. Spatial geodesics are emitted from the observer’s worldline orthogonal
to it and they reach spacetime events in the region around the worldline uniquely (provided
a small enough region around the worldine is chosen so that geodesics do not cross). The
spatial Fermi-normal coordinates of these events, ¢, are such that X8 ,, X" is the squared
of the distance along the spatial geodesic to the spacetime event.

If the worldline of the observer is not a geodesic and therefore has nonzero four-
acceleration, the procedure for constructing Fermi-normal coordinates is modified so
that the spacelike tetrad legs are Fermi-Walker transported instead of parallel transported
so that they keep being nonrotating (Synge (1960)). The metric in these coordinates eval-
uated on the worldline is equal to the Minkowski metric, however, not all the Christoffel
symbols are zero on the worldline. Hence, these coordinates are not normal coordinates,
they are called Fermi coordinates. We will refer to Fermi-normal coordinates as Fermi, as
they are a subset of the latter, unless we want to refer only to the “Fermi-normal” property.

We want to define a Fermi frame travelling with the elastic body in which to compute
physical quantities of the elastic body and extract useful information from simulations. The
Fermi metric closely approximates the flat metric and physical quantities computed in a

Fermi frame can be better understood since they correspond to locally observed quantities.

5.2 Numerical evaluation of Fermi coordinates and veloci-
ties

We would like to have the Fermi frame attached to an approximate center of mass of the
elastic body. We refer to the center of mass as being approximate since center of mass
of an extended body is not well-defined in curved spacetime, but we can compute an
approximate center of mass when the dimension of the body is small compared to the

radius of curvature of the spacetime. However, we first need a Fermi frame travelling with
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the body to compute the center of mass.

We will obtain the spacetime coordinates and velocities of all nodes of the elastic body
at discrete time steps after the numerical evolution is over. We can pick a node (fiducial
node), define the Fermi frame about the node and use this frame to compute the center
of mass. We want to compute the deviation of the center of mass from a geodesic and
therefore need a Fermi frame about a geodesic. We convert the initial Fermi coordinate and
velocity of the center of mass to spacetime coordinate and velocity. We numerically evolve
a geodesic with the same initial spacetime coordinate and velocity of the center of mass.
We obtain the Fermi frame about the geodesic and compute the center of mass again. We
also construct a Fermi frame about the center of mass to compute conserved quantities
descibed in Chapter 6.

We construct three different Fermi frames which we refer to as the “fiducial Fermi frame”,
the “geodesic Fermi frame” and the “center of mass Fermi frame”. We will refer to the fiducial
node, the geodesic and the center of mass as “observers”. The following subsections (except

Subsection 5.2.1) applies to all three Fermi frames.

5.2.1 Choosing the fiducial node

We compute the center of mass of the elastic body when it is relaxed in flat spacetime.
We assume that the center of mass lies inside the body or close. After dividing the relaxed
elastic body into elements and nodes, we pick the node closest to the center of mass and
call it the “fiducial” node.

5.2.2 Choosing the initial spacelike legs of the tetrads

Given the initial spacetime location and velocity of the observer carrying the tetrad, the

initial spacelike legs of the tetrad are set, assuming the spacetime metric is diagonal, with

1 . i i
el'(t=0)=/gn(AX", o +B(X'"?, BX' X% BX'X?) (5.1)
11
. S | . e
ey (r=0)=,/gn(AX?* BX*X", ™ + B(X?)? BX*X?®) (5.2)
22
. e U | .
ey (r=0)=,/gs(AX®, BX° X', BX?X?, = + B(X?)?) (5.3)
33

where A=1/(a/—gy) and B = ((1/—gu/a)—1)/(X?X,). All the variables are evaluated at

the initial spacetime location of the observer and using the initial velocity of the observer.
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The spacelike legs of the tetrad satisfy e!'Vj, = 0 where V* is the four-velocity of the observer

and e’e,, =0,.

5.2.3 Fermi-Walker transport of the spatial legs of the tetrads

Fermi-Walker transport of a vector, W#, along a worldline with four velocity, U*, and four-
acceleration, A =U*V,U*, where V, denotes covariant derivative, V,WH* =0 W*# /0 x* +
I, WP, is given by

UV, WH=UMA, W) — AU, W). (5.4)

The spacelike legs of the tetrad are orthogonal to the four velocity of the observer hence
the Fermi-Walker transport of e/ along the observer’s worldline is given by

UV e’ = U (A.ef). (5.5)
If A¥ =0, then Fermi-Walker transport (Eq. (5.4)) is equivalent to parallel transport,
Uv,wt=0. (5.6)

After computing the initial spacelike legs of the tetrads, we numerically evolve them using
the Fermi-Walker equations. We obtain them at the same discrete times as the spacetime

coordinates and velocities of the nodes of the elastic body.

5.2.4 Computing Fermi coordinates from spacetime coordinates on dis-

crete ¢ = const time slices

Let t_, t, and £, denote successive ¢ = const time slices (shown in Figure 5.1). We know
the coordinates of each node at times 7_, ¢, and ¢,. The observer carrying the tetrad has
coordinates X% (z,) at time %,. A generic node has coordinates Xg(t), Xg(to), Xg(t,) at the
three successive times. Let 7 be the proper time along the observer’s worldline at the event
X5 (). The f = const hypersurface is spanned by spatial geodesics that start out orthogonal
to the observer’s worldline at #,. Let f be the coordinate time along the generic node’s

worldline that is simultaneous (as seen by the observer) with the event X/ (,). Assuming
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t:[()
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Figure 5.1: t =const slices. Geodesic at & orthogonal to the observer’s worldline crosses
the generic nodes’s worldline at .

thatr_ <7 <t,,

. i 1., _
Xg()=X5(t0)+ XG(T— 1)+ EX;(L‘O)(t — )P +...

X([;(t+)_X(L;(t—) ~ 1 X;(t+)_2X((';(t0)+X((;(t—)
=X2(ty)+— = I—1ty)+= = =
5(1o) N (F=t)+3 (At)2

2

(f—t) " +... (5.7

The Fermi coordinates of point £ (shown in Figure 5.1) are X and proper time at 2. From

the definition of Fermi coordinates (Brown (2019)):
1
Uy JZ L B zazb
Xio)= Xzt €y X — El“aﬁ(@)e"f((@)eb(g,)x“x +0(3) (5.8)

where eé‘((g}.) is the spacelike leg of the Fermi-Walker transported tetrad along the observer’s
worldline and the symbol 0(3) represents terms of third order in x“. The y =0 components

are
7 _ 0 =a 1r0 a ﬂ —az=b @1 3 5 9
t=1ty+e,(t)x 5 aﬁ(to)ea(to)eb(to)x x"+0(3) (5.9)
The u = ¢ components are

1
X(F) = X5 (1) + e (£o) X° —El";ﬁ(to)e;(to)ef(to)fc“fcb +0(3) (5.10)
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Combining Egs (5.7), (5.9) and (5.10):

Xo(t,)—Xg(1)
2At

1
(8w =518, toelttef (rx 5" |

I—ty

1 Xg(t,)—2Xg(6)+ Xg(1) 1 RS
2 - (At)20 (es(to)x _Ergﬁ(to)e;(l‘o)ef(to)x“xb)

—tg

o 1 a-
= e (1o)X — Erofﬁ(to)e;(to)ef(to)x“xb (5.11)

The above equations are solved with a nonlinear solver for x“. If ¢, corresponds to the first
time step, we then use the values at the ,, ¢, and at the 3™ time step ¢, and a forward

finite difference scheme instead of the central finite difference scheme.

5.2.5 Fermi four-velocity of the nodes

Along with the Fermi coordinates of generic nodes, (¢, x*), we also need their Fermi four-
velocity, U, to compute the SEM tensor in the Fermi frame. We compute X4()and X;(f)

using the value of 7 solved in Subsection 5.2.4,

Xg(t,)—Xg(t) 1 Xg(1,)—2Xg(1)+ Xg(1)

ars\ av a _ - z_ 2
X)X (1) + ——— = ([ = o)+ (AL (I—t)f  (5.12)
e oa Xo(t,)—Xa(t) 1 X4(t,)—2X4(t)+Xa(r) _

XD Xglto)+ ——————([—to) + 3 (AL (f—t).  (5.13)

and use these values to compute U*(7). Let the four-velocity and the four acceleration of
the observer be denoted by V# and A*. The Fermi components of the four-acceleration of

the observer are:

el (5.14)
VH=0. (5.15)
The Fermi components of the Riemann tensor on the observer’s worldline are, for example,
Vielviel (5.16)

Rtatb 0 = Raﬁcrp 0
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Xt (7)

cm

/ f = const

X.l

Figure 5.2: The worldline of the center of mass. The event %/, does not lie on the = const
slice.

where |0 means evaluation on the observer’s worldline. From the definition of the Fermi
coordinates (Eq. (5.8)), the tensor components transformation from spacetime to Fermi co-
ordinates can be obtained. The Fermi components of a vector, £#, at event X(f,j( f), computed

using the tensor components transformation, are given by (Brown (2019)):

EN(E, X) ==V, E"(x)(1 = A, ) — E(x)T Y| Vel %7

I 1 o
_gﬁ(x)[VuAaAb-i—ngbceHC+Vv(§8u1";ﬁ—l";ﬁAa) e;eﬁ] $axb
0
+0(3) (5.17)
E(F, x)=EM(x)e! + EH(x)T% | e“eﬁxb+1§”(x)}?“ ez x¢
St u pBlo~a “b 3 chd|o%y
1
+ Egﬂ(x)aur;ﬁ etefel X" x°+0(3) (5.18)

5.3 Center of mass and spin

5.3.1 Flat spacetime

In flat spacetime, due to Killing vector fields corresponding to space translations and
rotations, total momentum and total angular momentum about a spacetime event are
conserved and are independent of the hypersurface used to calculate them (Misner et al.
(1973)). Let these quantities be computed by integrating the SEM tensor over the ¢ = const
slice in the Fermi frame defined about a non-accelerating observer in flat spacetime. The

Fermi metric is equal to the Minkowski metric everywhere. Let the Fermi coordinates of the
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event about which the total angular momentum is computed be x.. The event, X/, may
not necessarily lie on the 7 = const slice as shown in Figure 5.2. The total momentum and

total angular momentum about X/, are computed with

Pﬂ:J d3x T™ (5.19)
f=const

]'W:2J d*x (W -z (5.20)

t=const

It can be shown that the center of mass and the spin vector can be computed directly from
J# and P* (Misner et al. (1973)) with

_ _ 1 -
o= X, — 2P (5.21)
_ 1 -
_ = B
h = oxg e TP (5.22)
where M = /—P#P, and €., is the Levi-Civita symbol.

5.3.2 Curved spacetime

In curved spacetime, such as in Schwarzschild spacetime, there is no Killing vector field
corresponding to spatial translations, therefore total momentum is not conserved. The
computation of the total momentum depends on the choice of hypersurface and also a
way to transport the components of T#” in curved spacetime needs to be chosen.

We assume that the spacetime in the Fermi frame carried by the body is approximately
flat and use the equations in Subsection 5.3.1 to compute an approximate center of mass

in the Fermi frame. We need to numerically evaluate

Pt = f d3x T (5.23)

t=const

and
juvzzf A3z (xW -z (5.24)

t=const

where we choose J‘cg to be the Fermi coordinates of the observer, J‘cg =(1,0,0,0). We first
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convert to an integral over the matter space,

Pt = f a*¢ det(X) T (5.25)
, ,

jur =2 J d%det(Xj)(x[ﬂ—xg‘)TV“. (5.26)
o

We then use the Fermi coordinates and four-velocities of nodes as computed using the
procedure in 5.2 and apply the discretization in Chapter 4 to numerically compute P* and
.

5.3.3 Road map for finding the deviation of the center of mass in the

geodesic Fermi frame

Further away from the black hole, in the geodesic Fermi frame, the computation of the
center of mass becomes more accurate. We can choose starting and ending points of the
simulation far from the black such as in a scattering orbit and obtain accurate values for
the deviation of the center of mass from a geodesic due to the encounter. We choose the
geodesic that starts out at the same initial spacetime coordinates and initial velocity as the
center of mass. The following describes the road map followed to obtain the deviation of

the center of mass as measured in the geodesic Fermi frame.

¢ Define a Fermi frame about the fiducial node and obtain the Fermi coordinates and
velocities of all nodes

* Compute the Fermi coordinates of the center of mass, x“_ in the fiducial Fermi frame
using Eq. (5.21).

* Interpolate the value of X% at X? using sixth order Lagrange interpolation to obtain
its value at the discrete values of .

* Convert the interpolated Fermi coordinates of the center of mass to spacetime coor-
dinates using Eq. (5.8).

* Evolve a geodesic with initial spacetime coordinates and velocity equal to that of the
center of mass at ¢ =0.

* Also, evolve a tetrad about the geodesic using parallel transport.
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¢ Define a Fermi frame about the geodesic and compute the Fermi coordinates of all

nodes in the geodesic Fermi frame.

e Compute the Fermi coordinates of the center of mass in the geodesic Fermi frame

using Eq. (5.21).
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CHAPTER

6

CONSERVATION LAWS

In this chapter we consider the conservation laws for an elastic body moving in a spacetime
with symmetry. We describe how we compute the conserved quantities in the center of

mass Fermi frame.

6.1 Overview

We can use conservation laws to verify the correctness of the simulation as well as to gain
insight into the dynamics of an extended body in curved spacetime. Although, the center of
mass worldline describes an approximate center of mass, the use of the center of mass Fermi
frame does not cause the conserved quantities to be approximate since the computation of
the conserved quantity does not depend on the slice of spacetime being used. We use the
center of mass Fermi frame to easily identify parts of the conserved angular momentum
with orbital angular momemtum and with intrinsic angular momentum. We carry the

computations to zeroth order in the acceleration of the observer and second order in x“.

47



6.2 Restenergy

The rest energy of an elastic body is conserved in curved spacetime independent of any
symmetry of the spacetime. Extending the mass current for an elastic body in nonrelativistic
elasticity (Eq. (2.8)), we can write the rest energy current for an elastic body in relativistic

elasticity as
1
f“(X(l,C))=7poU“ (6.1)

where J = /f/+€. The factor p,/J is the rest energy per unit physical volume of the
distorted body. Since, the rest energy is conserved, we can use any slice of spacetime to
compute it. We use a slice of constant center of mass Fermi time f. The conserved rest
energy is
Eret = —J d*xV'h(po/ T )U* 1, (6.2)
t=const
where h = det(g,,,) and i1, is the unit normal to the 7 = const surface. The Fermi metric

components are (Brown (2019)),

8uilf, X)=—(1+ A, XV = Ryarp| X " + 0(3) 6.3)
2,

&rall, X)= T Rape| X" %+ 0(3) (6.4)
o 1. | ..
gab(tyx):5ab_§Racbd|0xcxd+ﬁ(3)- (6.5)

The components of the unit normal are,

n(f,x)=—1—A,x“— =R, 01| X°X°+0(3) (6.6)

i, (f,%)=0. (6.7)

We replace the unit normal components and move the quantities evaluated on the worldline

of the observer outside of the integral,

Erest:f: n dsfc(\/ﬁ(po/]_)l_ft)‘i‘fiaf_: ntdSJ’c(\/ﬁ(po/I_)Utxa)

f I3

totanl, |  @F(Ve/ N0 )10E. 68

f=const

1
2
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Though the center of mass has nonzero four-acceleration, we found that the acceleration
of the center of mass was small enough so that terms with acceleration in the conserved
quantity can be ignored. To numerically compute the rest ernergy in the Fermi frame, we
convert to an integral over matter space,

E=f @*¢(deu XV Epo/ 110 )+ 5 Reaus, J @*¢( deu X \/ﬁ(po/i)t‘ffx“xb)
S

2
(6.9)

where 0(A!, %) denotes terms first order and higher in the acceleration of the center of
mass and third order and higher in X“. We then use the Fermi coordinates and velocities
computed as described in Chapter 5, the spatial Fermi metric components (Eqg. (6.5)) and
the discretization in Chapter 4.

6.3 Spacetime with symmetry

A spacetime with symmetry has a Killing vector field £#. Using the Killing equation V&, +
V,E,=0,V,T¥=0and T#” = T"*, it can be shown that V,(T#”£,) = 0. It follows that

Q:J d*ocvVhn,T"¢E, (6.10)
X

is conserved, where X is a spacelike surface with future pointing unit normal, n*, and
d*c VI is the volume element on X. Therefore, Q is independent of the the spacelike
surface X. Since we can evaluate this conserved quantity using any slice, we use a slice of
constant center of mass Fermi coordinate time £,

Q= d*xvVhn,T"¢E, (6.11)

f=const

6.3.1 Conservation of energy

The timelike Killing vector field in Schwarzschild coodinates is £# =(1,0,0,0). The total

conserved energy computed in the Fermi frame is

Emt=j Sxn, THE, (6.12)
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We subtract the rest energy (Equation 6.2) from the total conserved energy,

Emt—Erestd%‘c A [T, +(po/ )T (6.13)

We replace the expression for the SEM tensor of the elastic body T#” =1/ J[(p,+ W)U*U " +

St E! FjV] in the conserved energy, E,,; — E.s, and separate it into three parts,

Eiot— Erest :f dgxﬁ(po/j)ﬁugﬂ[[jvév"‘ 1]

Z( Y;er+ 7}nt"‘Uorb)

+ rd%-c\/E(W/jmﬂmz‘ﬂgv

2 (Uino)

— rdg‘fm/ﬁ(g”/]_)ﬁuﬁﬂﬁjvgv. (6.14)

Z(Erel)

The first part denoted by > (T, + T + Uyp) is the sum of the orbital and internal kinetic
energies and the orbital potential energy of the pieces of the elastic body. The second part,
> (Ui, is the sum of the internal potential energy of the pieces of the elastic body. The third
part, > (E,), is the contribution of spatial stress to the energy.

We can further separate, » (T, + Tin + Uyyp) into the orbital energies and the internal
kinetic energy. We considered three ways of defining the orbital energies. The first way is
to consider the deformed elements of the elastic body as point particles with rest energy
equal to the rest energy of the deformed elements moving along different wordlines. For a
point particle of rest energy, m,, and four-velocity, U#, the “energy-at-infinity” is —m,U*& ,
(Misner et al. (1973)). For a particle following a geodesic, this is a constant and for a particle
following a parabolic geodesic —U*&,, = 1. On a Fermi f = const slice, we can compute
—UHrg u for the deformed elements and sum them, we can also do the computation in the

Fermi frame. For the first way, we define the orbital energies of the elastic body as

D (T + Upnp) =— J d?’a‘c(ﬁ(po/f)l?“éu)—Erest. (6.15)

The second way is to consider a point particle of rest energy equal to the elastic body’s

rest energy and moving along the worldline of the center of mass of the elastic body. We
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compute orbital energies of the center of mass point particle on the Fermi 7 = const slice
with
T(':m + l]cm = rest(_Vug‘u - 1)- (6.16)

This way of computing the orbital energies is to assume that the orbital energy of an
extended body is due to a representative point on the extended body and to consider the
remaining energy as internal.

The third way is to consider each deformed piece of the elastic body as point particles
and compute their total momentum by approximating the center of mass Fermi metric as
flat. Then, we compute the scalar product of the timelike Killing vector evaluated at the

center of mass worldline with the total momentum and subtract the rest energy,

R+UP_ §H| Jd3 pO/])U ) rest (6.17)

To numerically evaluate Eq. (6.14), we need the Fermi components of the Killing covector
3 - The Fermi components of a vector on the Fermi ¢ = const slice given the spacetime

components are

EN(E, %)==V, 8" (x) = EH(x)T L | Voo

1. 1
—Eﬂ(x)[ngbce +oVial el ﬁ]

x4xb

0

+0(A, 3°) (6.18)
gt, x)=¢EMx Je +EH(x)L] |0 ffc

+§“(x)[§f{”cbd| ey + aﬂr;ﬁev ef] b x°+0(3) (6.19)

0

We use the Fermi metric Egs. (6.3)-(6.5) at the location of the vector to lower the index,

ET, %)=&, (F,%)E(F, %)+ §:aE"(F, %) (6.20)
EJF,X)=8alT, X)E(E, %)+ 8apE"(F, %), 6.21)
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and obtain

E(F, %)=V, E"(x)+EX( x)ra |, Voel x°

+§“(x)[fi’mbce + = Vﬁ T;ﬁea +‘/,URtatb:| xﬂxb
0
+0(A', %°) (6.22)
gt %)= g (x)eyq + 5“(x)1"lfﬁ|oeaaeffcb
H 2R d lar” 0P zvﬁ xlxe
+§ (X) § abcde'u +§ u aﬁemebec _§ utlabct . X
+0(AY, ). (6.23)

After replacing £, and &, using Egs. (6.22) and (6.23) in the integral (Eq. (6.14)), since the

timelike Killing vector field is £# = (1, 0, 0, 0), we move terms such as Vug H(x), & “(x)l"lf‘ﬁ | 0 Vaef,

etc, out of the integral.

6.3.2 Conservation of angular momentum

The Killing vector field corresponding to spatial rotations in Schwarzschild isotropic coor-
dinates is £# =(0,—y, x, 0). Since the spacetime components of the rotational Killing vector
field are not constant, we cannot use the procedure described for the timelike Killing vector
field. We use the Fermi components of a covector (Brown (2019)),

—azb

EE,X)=VHE,| +VHV.E,| el % “+3 Lyny VpEu|elel 22 + = g | R abe|, %

+0(AY, %*) (6.24)
. o 1 o
E.(t, x)—e“§H| +el'ViE,|,e bﬂ e e Y% Vﬁ€u| e’ x xb+g§v|onabc|ox“xb

+0(A', 3%). (6.25)
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We replace the Fermi components of the unit normal and the Killing vector field in the

conserved charge and separate it into 6 parts,

—Q= Ji= v“§H|OJd35m/ﬁT”

h
£l f BRI
I

V“VQ§M|Oe;J d*xVhzeT"

J3

Va§H|0e;‘elf‘J AV hzt T

Ja

1 u B a v D u i 3-\/T-a—b‘tt
3 VEV, VeEe, el + R p &+ Rig, VIE, a’xvhx®x’T

0

J5

1 1 1.
(Evavﬁguegefef + Evaca§v+ ERtbtcguef;)

Jdgxﬁxbcht“

0

Js
+0(AY, %°). (6.26)

Since we are computing the quantities in Fermi frame about the approximate center of
mass, J, and J; should be close to zero. We identify J; as the orbital angular momentum
and J, as the spin (intrinsic angular momentum),

Jowic = N (6.27)
]spin = ]4- (628)

In Minkowski spacetime, J; and J; are zero and the change in the orbital angular momentum
is equal to the change in the spin angular momentum. In curved spacetime, with a rotational
Killing vector field, the change in the orbital angular momentum is accompanied by a
change in the spin angular momentum as well a change in the angular momentum due to

second order moments of the SEM tensor, J; and J;.
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CHAPTER

7

MOTION OF A HYPERELASTIC SPHERE IN
SCHWARZSCHILD SPACETIME

In this Chapter, we describe the numerical modeling of a hyperelastic sphere in close
encounter orbits around a Schwarzschild black hole. We express dimensional quantities in
terms of the black hole mass, M.

7.1 Overview

The equations of motion for a hyperelastic sphere in Schwarzschild spacetime depend on
four dimensionless parameters: the longitudinal and transverse sound speeds in the elastic
body, C; and Cy,

A+2

Po

u
Cr=\|—, (7.2)
' \po
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Figure 7.1: Schwarzschild coordinates of the center of mass of the hyperelastic sphere for
f?p =[9.5,10,10.5]. The orbits are anticlockwise in the equatorial plane.

the radius of the sphere, @ = a/M, and the periastron distance for a chosen parabolic
geodesic that we use to obtain initial data, f?p = R, /M. We fix the values of the sound speeds
and radius of the sphere to C;, =0.01, C; = C; /+/3 and d = 0.09976 and we investigate the
effect of closer encounters. For stars, the strength of a tidal encounter is characterized by a
dimensionless parameter, 1), defined as the ratio of the duration of periastron passage to
the hydrodynamic time of the star (Press and Teukolsky (1977), Cheng and Evans (2013)).
For an elastic sphere, we define 1) to be the ratio of the duration of periastron passage to

the period of the spheroidal n =0,¢ = 2 oscillation,

n=(/R3/M)(wy/27). (7.3)

Smaller values of 1) correspond to stronger encounters. Three orbits with f?p =[9.5,10,10.5]
(shown in Figure 7.1) corresponding to 11 =[0.71,0.77,0.83] are simulated. The initial areal
radius of the geometric center of the sphere is 100 M. We use four mesh refinements with

hna=la/4,a/8,a/16,a/32] to make sure the results have converged.
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7.2 Initial data

We consider flat spacetime and a frame in which the elastic body is at rest and relaxed. The
elastic body is a sphere is this frame and we find the point which is equidistant from all
points on the surface, the geometric center point, C. We assume that point C corresponds
to the material point with matter space coordinates ¢’ = (0,0, 0). We discretize the matter
space assuming that the sphere is relaxed in physical flat spacetime, with the matter space
metric equal to the relaxed metric €;;.

At initial time the sphere is at a large areal distance (100 M) from the black hole and is
moving towards it. We assume that the spacetime coordinates and velocity of point C at
t =0 correspond to those of a parabolic geodesic. Given a periastron distance R, and an
initial areal radius r, the initial velocity of the parabolic geodesic, dr/dt and d¢ /dt, are

computed using (Cheng and Evans (2013)):

| 2R, .
P—W (7.4)
2 2
p_PM s (7.5)
p—4
2M I?
f(r)=1—T, V(r):f(r)(1+§) (7.6)
dt _ B d¢_L dr_ =—r—
it fr)  dr = ar VE vir) (7.7)

We evolve the spacetime coordinates and velocity of point C for a number of time
steps with a very small time step size using the geodesic equations and obtain a Fermi-
normal frame carried by point C. A plausible initial condition is that the elastic sphere is
in quasistatic equilibrium under elastic and tidal forces in the Fermi-normal frame. The
nonrelativistic solution for an elastic sphere in static equilibrium under tidal forces and
when the deformation is small is given in Subsection 2.5.2. We compute the displacements
for the static solution (Eq. (2.78)), S s(£,{), for the radius and parameters of the sphere and
for each value of the numerically evolved areal radius and angle ¢ of point C. We rotate the
displacements so that they correspond to the geometric center of the sphere being located
on the x-y plane and at angle ¢ instead of on the z-axis.

We set the spatial Fermi-normal coordinate of each node equal to their relaxed spatial

Fermi coordinate plus the displacement,

XZ 0)=X3( O+, (7.8)
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Figure 7.2: Worldline of point C which is a geodesic and of two generic nodes, Fermi
f = const slices and a ¢ = const slice that crosses the worldline of the generic nodes.

We convert the Fermi-normal coordinates on the ¢ = const slices (shown in Figure 7.2)
to spacetime coordinates using Eq. (5.8). We then find a ¢ = const slice that crosses the
worldlines of all nodes and find the spacetime coordinates and velocities on this slice by
interpolation and finite difference of the closest known spacetime coordinate values and

use the values on the t = const slice as initial coordinate and velocities for the evolution.

7.3 Deformation of sphere as seen in the Fermi frame

As the sphere approaches the black hole, it is stretched in the direction of the black hole and
compressed in the transverse direction. As it moves away from the black hole, it oscillates
and also has some spin. Figure 7.4 shows snapshots of the spatial Fermi coordinates of
the sphere in the fiducial Fermi frame at different points along the orbit for the f{p =9.5
orbit. (Note: the Fermi frame is initially aligned with the black hole frame but slowly rotates
with respect to the latter as it is Fermi-Walker transported along the orbit.) We also made
these snapshots in the center of mass Fermi frame but there is no visible difference with
the snapshots in the fiducial Fermi frame. There is a lag between the direction of the tidal
field and direction of the bulge on the sphere (see snapshot (3) in Figure 7.4). We colored
cells on surface of the sphere in red and observed that the colored cells do not return to

their original ¢ angle after oscillations. Figure 7.5 shows the angle in the fiducial Fermi
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frame for two different nodes for the f?p =9.5 orbit.

7.4 Deviation of the center of mass

As the extended body approaches the black hole it is deformed and its second mass moment
couples with the octupole tide causing the center of mass to deviate from a geodesic (Cheng
and Evans (2013)). We observe that the center of mass (computed using the procedure in
5.3.3) deviates in the X! and x? directions in the geodesic Fermi frame (shown for the three
orbits on Figure 7.6). As f?p decreases, the deviation increases in an almost quadratic way.
For the Rp =9.5 orbit, the deviation in the x! at the end is about one tenth of the radius of

the sphere.

7.5 Energy

We first compute the rest energy in the center of mass Fermi frame using the procedure
described in Section 6.2. We found that the rest energy (Figure 7.7) is conserved to 9 orders
of magnitude close to periastron (=50 M < t <50 M) and to 13 orders of magnitude further
from the black hole. We obtain less orders of magnitude of conservation close to periastron
due to ignoring higher order terms in Xx“ and in the acceleration of the center of mass in
computing the Fermi quantities.

As described in Subsection 6.3.1, total energy is conserved due to the timelike Killing
vector field in Schwarzschild spacetime. The total energy in the simulation is conserved
to 9 orders of magnitude at the of the simulation as shown in Figure 7.8. We subtract the
rest energy from the total energy and separate it into three parts as explained in Subsection
6.3.1. Figure 7.10 shows fractional change in total energy minus the rest energy from initial
time showing to its numerical conservation. Figure 7.11 shows the three parts of E,,; — E¢
computed in the center of mass Fermi frame for the f?p =9.5 orbit. The contribution of the
spatial stress to the energy, > (E,), is observed to be very small. The decrease in the orbital
energies plus internal kinetic energies, » (T, + T + Uyrp), is accompanied by an increase
in the internal potential energy of the elastic sphere. The internal potential energy, > (U,
is initially close to zero, as the elastic sphere is tidally deformed it increases to maximum
value and then decreases and has an average positive shift from zero as the sphere moves
away from the black hole. The elastic sphere has a ellipsoidal shape, with the bulge rotating

counter-clockwise in the x y plane. Since it is always deformed after moving away from the

58



20

—20

_60 -

—100

Figure 7.3: Points along the orbit at which the spatial Fermi coordinates of the sphere are
plotted. The Fermi frame directions are also shown.
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Figure 7.4: Top view in the Fermi frame. (1) to (6) correspond to successive points marked
along the orbit. (2) to (5) are at constant intervals of ¢. The period of n =0, ¢ =2 analytical
normal modes is 41.2M . Between (5) and (6), the sphere undergoes about 12 oscillations.
The arrow shows the direction to the black hole.
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Figure 7.5: Angle of two nodes in the fiducial Fermi frame for the Rp =9.5 orbit.

black hole, this explains the average positive shift from zero of > (U,,).

We further separate » (T, + Tine + Uyp,) as described in Subsection 6.3.1 into orbital
energies and internal kinetic energy of the elastic sphere. Figures 7.12, 7.13 and 7.14 show
the results of the three ways of carrying out the separation by identifying orbital energies,
as Y (T + Uy using Equation 6.15, T, + Uy, using Equation 6.16 and T + Up using Eq.
(6.17). All three ways agree further way from periastron.

Further away they show that the resulting internal kinetic energy of the sphere has an
average positive shift equal to that of the internal potential energy. The almost constant
kinetic energy that does not go to zero is understood better after decomposing the defor-
mation of the sphere into normal modes (in Section 7.7) and finding that the oscillation
of the sphere is the result of the n =0,/ =2, m = —2 and the n = 0,/ = 2, m = 2 modes
with almost the same amplitude at 90° phase difference. The virial theorem applied to a
harmonic oscillator with potential (1/2)k x?, implies that the average kinetic energy is equal
to the average potential energy. We observe that the internal potential energy of the sphere
has about the same positive shift as the internal kinetic energy and therefore the internal
potential energy function of the sphere has the same form as the harmonic oscillator. The
small and opposite wiggles in the internal kinetic and potential energies visible on the plots
are perhaps due to the amplitude of these modes being slightly different.

Using the average change in angle ¢ of the nodes as a function 7 in the fiducial Fermi
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Figure 7.7: The rest energy, E,., is conserved to 9 orders of magnitude close to periastron
and 13 orders of magnitude far from the black hole for Rp =9.5 and for the mesh refinement
hyax=a/16.
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Figure 7.8: The total energy, E,, (using Equation 6.12), is conserved to 9 orders of mag-
nitude at the end of the simulation. This shows the result for fi’p = 9.5 and for the mesh
refinement h,,,, = a/16.
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Figure 7.9: The fractional change in the theoretically conserved total energy, E,,, from ini-
tial time for three different mesh refinements. This is a plot zoom to focus on the behaviour
away from periastron.
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Figure 7.11: Separation of the conserved energy, E,,;— E,.:, into three parts for the f{p =9.5
orbit.

frame after the encounter, we compute the average angular frequency and estimate the
Newtonian rotational kinetic energy for the f?p = 9.5 orbit to be around 6 x 107% M? and
therefore rotational kinetic energy contributes a very small amount to the observed internal
kinetic energy.

The increase in the internal kinetic and potential energy is at the expense of the orbital
energy which becomes negative. The orbit changes from a unbound parabolic orbit to a
closed orbit.

The three ways of computing the orbital energies lead to different values of the internal
kinetic energy close to periastron. The method that leads to an internal energy of the elastic
sphere that is always positive is using > (T, + Uyyp). Using Top, + Uy, the orbital energies
display less oscillations around =70 M.

7.6 Angular momentum

The deviation of the center of mass in the geodesic Fermi-normal frame implies a change in

the orbital angular momentum of the elastic sphere. As described in Subsection 6.3.2, total
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Figure7.12: First way of computing the orbital energies of the elastic sphere as > (T, +Upyp,)
and subtracting > (T, + Uyy,) from D (T, + T + Uyyp) to obtain the internal kinetic energy.
The plot shows the results for Rp =9.5.
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Figure 7.13: Second way of computing the orbital energies of the elastic sphere as > (T, +
U.m) and subtracting > (To, + Uyy) from D (Toy, + Ty + Uyy) to obtain the internal kinetic
energy. The plot shows the results for R, =9.5.
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Figure 7.14: Third way of computing the orbital energies of the elastic sphere as > (75 + Up)
and subtracting > (T + Up) from > (T, + T + U,p,) to obtain the internal kinetic energy.
The plot shows the results for R, =9.5.

angular momentum is conserved in Schwarzschild spacetime because of the Killing vector
field corresponding to rotations. The total angular momenum is conserved numerically to
7 orders of magnitude as shown in Figure 7.15. We compute the parts of conserved angular
momentum in Eq. (6.26) in the center of mass Fermi frame using the procedure described
in Subsection 6.3.2. The different parts of J,,, are shown in Figure 7.17. As expected, since
the computation is in the center of mass Fermi frame, J, and J; both remained close to zero.
We observed that J; was also very small. We observed J; to acquire a small negative value
close to periastron, which goes to zero as the elastic sphere moves away from the black hole.
The spin of the elastic sphere, Jp, is initially close to zero, increases rapidly as it moves to
the periastron, then decreases rapidly and settles on a constant value as the sphere moves
away from the black hole. The change in spin is due to the misalignment of the direction of
the deformation of the sphere and the direction to the black hole (Cheng and Evans (2013))
(as seen on snapshot (3) in Figure 7.4), which results in a torque on the sphere.
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Figure 7.15: The total angular momentum J,; (using Equation 6.26) computed in the
center of mass Fermi frame is conserved to 7 orders of magnitude. This shows the result for
the Rp =9.5 orbit and for the mesh refinement h,,,, = a/16.

67



x 1077

600

400

200

Figure 7.16: The fractional change in the total angular momentum, J, from initial time

for three different mesh refinements. This is a plot zoom to focus on the behaviour away

from periastron.
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Figure 7.17: Parts of the conserved angular momentum computed in the center of mass
Fermi frame for the f?p =9.5 orbit. For J,,;;, we plot the change from the initial value.

7.7 Decomposition into normal modes

The deformation of the sphere can be observed in Figure 7.4. For snapshot (5), the length
of the longest principle axis of the ellipsoid is around 0.215 M which gives a deformation
of about 7.8 per cent. With this value of the deformation we expect to see some nonlinear
effects when analysing the oscillations of the sphere using the small deformation normal
mode oscillations.

The average frequency of rotation of the sphere in the Fermi frame is around 0.009
times the nonrelativistic n = 0,¢ = 2 analytical spheroidal mode oscillation frequency. Since
the sphere is spinning very slowly, we estimate that Coriolis and centrifugal forces will be
very small. However, if we obtain the displacement of a node from its relaxed position in
the fiducial Fermi frame, we find that the displacement keeps increasing with time due to
the rotation. Therefore, we compute the displacements in a Fermi frame rotating with the
elastic sphere. We compute the average change in ¢ angle in the fiducial Fermi frame at
each time step and rotate the fiducial Fermi frame by this angle to obtain a rotating Fermi

frame.
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The spatial part of the nonrelativistic normal modes of a free solid elastic sphere (which
can be divided into spheroidal and torsional modes), described in Subsection 2.5.1, can be
used as a basis to express a generic spatial displacement field. We focus on the spheroidal
modes. The observed displacements of the nodes in the rotating fiducial frame at time ¢

can be expanded as

EE0= CatmlD) Zp(Q)+ .. (7.9)

ntm

where Z,,,,(Z) are spatial part of the spheroidal normal and have been normalized such
that

f dsg'\/EEn[m'En/l/m/:5nn/5”/5mm/. (7.10)
S

At each Fermi time step, we numerically evaluate the following integral to obtain the time

dependent decomposition coefficients, C,,,,(f), for each spheroidal mode,

S

Away from the black hole, C,,,,(f) for most modes have a sinusoidal variation in time with

frequencies close to the analytical frequencies.

771 n=0/=0andn=0,l=2,m=[0,%£2]

The four modes having the highest amplitude for the decomposition coefficient are the
n=0,{=2m=[0,£2] and the n = 0,/ = 0 modes (Figure 7.18). The n = 0,/ = 0 and
n=0,{ =2, m =0 oscillations are observed to occur about an equilibrium which is positively
shifted from zero. Cy, > 0 corresponds to the sphere being radially compressed and Cy,, > 0
corresponds to the sphere having a prolate shape. Expansion of the Newtonian potential in
terms of spherical harmonics starts at { =2 and if the amplitude of the oscillations were
small, then the { =0 mode would not be excited. Since the sphere has a large deformation
in the n =0,¢ =2, m = £2 modes, the nonlinear elasticity terms induce a constant radial
compression and prolate shape of the sphere which explains the positive shift. Cy,, and
Co2—» have a 90° phase difference corresponding to circular polarization which rotates

counterclockwise.
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Figure 7.18: Decomposition coefficient as a function of proper time of the fiducial node,

R,=9.5,n=0,{=0and n=0,{=2,m =[0,£2].
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Figure 7.19: Decomposition coefficient as a function of proper time of the fiducial node,
R,=95n=1¢=0and n=1,{=2,m=[0,+2].

772 n=1/{=0andn=1,0=2,m=[0,%£2]

The decomposition coefficients for the n =1,/ =0 and the n =1,¢ =2, m =[0,£2] modes
are about 10 times smaller than the n = 0 modes (Figure 7.19). Then =1,{ =2,m = £2
oscillations also display an envelope. We performed a test in flat spacetime, with the nodes
of the sphere having initial displacements and velocities corresponding to the normal
modes in Figures 7.18 and 7.19 and also observed an envelope for n = 1,{ =2, m = +2
mode decomposition coefficients. However, we noticed that there is no envelope if we do
not include the n =0, = 2, m = 0 mode initially. Hence we conclude that the envelope
is caused by nonlinear coupling betweenthe n =0,/ =2,m=0and n=1,{ =2, m =+2

modes.

72



x 1074

4_
2_
Log O
4
S
—2 4
4l — R,=95
— R,=10
—— R,=105
200 —100 0 100 200 300 400 500

t[M]

Figure 7.20: Decomposition coefficient for n = 0,¢{ =2, m = —2 as a function of proper
time of the fiducial node for the three orbits, R,, =[9.5,10,10.5].

7.7.3 R,=[9.5,10,10.5]

Figures 7.20, 7.21 and 7.22 show Cy,_,, C;,_, and Cy;_; respectively for linear decreases in
R,. The increase in the maximum value of Cy,_, going from R, =10 to R, =9.5 is 1.3 times
the increase going, from Rp =10.5to f{p = 10. However, for C;,_,, the increase it 2.1 times.
Cos+3 (shown for m =—3 in Figure 7.22) are 2 orders of magnitude smaller than C,,., and 3

orders of magnitude times smaller than Cg,..,.
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Figure 7.21: Decomposition coefficient for n = 1,/ = 2, m = —2 as a function of proper
time of the fiducial node for the three orbits, f?,, =[9.5,10,10.5].
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Figure 7.22: Decomposition coefficient for n = 0,/ = 3, m = —3 as a function of proper
time of the fiducial node for R, =[9.5,10,10.5].
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CHAPTER

8

CONCLUSIONS

In this chapter, we summarize the work in this thesis and describe future work.

8.1 Summary

In this thesis, we have presented a numerical framework for modeling solid extended bodies
using elasticity theory in general relativity. We make the simplifying assumption that the
metric is not affected by the SEM tensor of the extended body. The numerical method
described can be used to model solid bodies of any shape, for any hyperelastic potential
energy models and any spacetime metric. We have focused mainly on the free bound-
ary condition and have not investigated further on the difficulty of implementing other
boundary conditions within the numerical framework described. We have also described
a method using Fermi frames to extract information from the simulations. Moreover, we
outlined a procedure to decompose the deformation of a spherical elastic body into the
normal modes.

We used the framework developed to model the motion of a 0.1 M radius solid sphere
in close encounter orbits around a Schwarzschild black hole. We constructed initial data
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so that the sphere is initially in quasistatic equilibrium with the local £ = 2 tidal field. This
ensured that the sphere does not immediately oscillate at the start of the simulation. We
were also careful to ensure that the sphere is initially non-spinning.

We used several Fermi frames to compute an approximate center of mass and the
conserved quantities of the body and to visualize its deformation. The total energy and
angular momentum computed in the Fermi frame, which are theoretically conserved for
Schwarzschild spacetime, displayed numerical conservation of 9 orders of magnitude
for the total energy at the end of the simulation and 7 orders of magnitude for the total
angular momentum for the next to highest mesh refinement. This validates the numerical
simulation in curved spacetime. We obtained the amount the center of mass of the body
deviates from a geodesic that starts with the same initial conditions as the center of mass. We
also evaluated the increase in spin of the sphere at the end of the simulation. We were able
to find some terms which had a contribution to the angular momentum due to the second
order moments of the SEM tensor. We obtained detailed information on the modes excited
in the elastic sphere. We found that there was coupling between the n =0, =2, m =0 and

n=1,{ =2, m =+£2 spheroidal modes due to the nonlinear deformation of the sphere.

8.2 Future work

In the future, we plan to use the numerical framework developed to simulate a spheroidal
body that is initially spinning. We identified two cases of particular interest. The first case
is when the body is slowly spinning but is significantly deformed. This cannot be modeled
accurately within the framework of the MPD equations that also include quadrupole terms.
The second case is when the body is spinning very fast but has a negligible deformation. In
the second case, we are interested in comparing with the MPD equations to pole-dipole
order that prescribe the motion of spinning particles in general relativity. Our numerical
framework does not need a spin supplementary condition as in the MPD equations and
we are interested in figuring out the limitations and validity of the spin supplementary
conditions and the MPD equations.

Furthermore, we are interested in modeling the motion of a solid sphere in Kerr space-
time to study the effects of the black hole’s spin on the body. We are also interested in
analysing carefully the effects of nonlinear deformation and of Coriolis and centrifugal
forces on the normal modes excited. Finally, we are interested in cases that can cause

torsional modes to be excited.
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