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SEVERAL NEW PROBLEMS OF THE THEORY CF MARKOFF CHAINS

V. Remarovsky .
The object of my article is to indicate several new directions which have

been pursued in the theory of Markoff chains and to state several results which
I have obtained in my research in these directions. I am going to consider cor-
related chains, cyclic chains, and several statistical problems which are related

to probabilities in a chain,.

I. Correlated Chains

1. So far as I know, no one has yet considered sequences of random variables
which are correlated and subject, at the same time, to a law of probability in a
chain, But the problems which arise in the case of such sequences are not less
important than the other problems of probabilities in chains and they must be
dealt with in order to complete the theory of the former.

To specify and simplify my article, I shall consider only the following case.

Let

Uy Ups Uy esey
be an infinite sequence of random variables connected in a simple Markoff chain and
associated with experiments number O, 1, 2, ... respectively. We shall suppose that,
in the experiment number h, the corresponding variable n, can take only one of the
different values Xy X9 ;.., X, which remains the same for all the experiments and
have the probabilities Po1s Pops sees Pon? (éQPOx = 1) in the initial expcriment,

number O, and the transition probabilities[}uﬁ are defined by the equations
\‘/ = = =
S e TR

(4,8 = 1, 2y esey uj h =1, 2,...),

vhere the symbols on the right hand side designate the probability that the varisble

uk + 1 takes the value of xB when it is known that w, has taken the value g*.
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Thus the matrix @ = ||g«p ” represents the law of the chain being considered,
more briefly of the chain Cn which connects the variable Yy

Desiguate (1) further by pk/B the probability P(uk = xB) calculated under
the hypothesis that the values of all the other variables Uys Uys eoe 5 Uy gy
W10 Reyps oo s aTE indeterminate and consider a second infinite sequence of
chance variables Vor Vs Vos eee s associated to the same experiments and

connected to the variables U, by a correlation which is defined by the equations
e By ] P(uk = Xys V) =V, ) =(pklp)(4'ﬁr)

(1) :
(B = l, 2, soe 9 n; r= 1, 2, sse o m; k = O, l, 2, 0..),

where 4}92( are the conditional probabilities,the same for all the experimentc of
the equations Ve = Yy the condition being that Yy = xB, and where Yys Yoo
ces 5 Y, are the values which can be taken by each of the variables Vgs Yy
Vz, +es » in the experiments considered.

Let ¥ = “ yfﬁ a’” « The matrices Cﬁ and Wdefine the law of correlation
of the sequences (uh) and ( vﬁ) or of the chain Cuv. We shall study several of
the most important properties of this correlated chain,

2o First of all we can propose the following problem. what is the nature
of the chain CV which connects the variables vh?

For greater clarity we shall consider on the simplest and most important

case where Q’ is a primitive and indecomposable matrix. In this case its

characteristic equation

2) doy =|w-3]| =0,

(1) I will use the notation of my article in Acta Mathematica, Vol. 66,

which will be cited below as A«M.
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has a}fxo = 1 as a simple root, the absolute values of all the other roots of
(2) are < 1 and the probabilities pk/B have for k - 0o the determinate limits
pB which represent the limiting probabilities of the equation LW xB(l),
Let
Gpe = POV " V)

then obviously

) Wy " ?pklﬁhx'

Likewise, if we designate by ¢$) the probability of the equation

uh+k = xB when it is known only that uy = x_< we shall have

(L) Y.((é{) 5 P( vy = Yy | u, =x) = §¢‘(‘§)y3x .

Further, let né];) be the transition probability of the equation Vv to

k-1~ 98
the equation vy = y¢ + They satisfy the relation

- - plk)
and can be obtained by the following procedure.

We have equations

Pl « M %1l « Yo

P, = P(u =xlv =y )=

1 kel ~ %4 Vel T TS a,.
§Pk"l‘v( V,,qa kllB

P 2 Ply = x| ) = x)) f (o*

P3‘:'P(vk=y.‘,1 uksxc)ay‘or’

of which the first is obtained by Bayes Theorem.

(1) AM., pp. 183-185,



It is clear that

“éla{') ERVE Ty V1= Y) " 2 PyFyPys
O(,O'
whence
(k) . SPk-1 Y.
(6) ny - S HEfg Yo

Ay qk"llB

The probabilities né%? define the law of chain Gs+ This chain is not homo-

(
B

value according to what is known about the values quk\_z,u.k-B, ss+ and, conse-

geneous and multiple, because n :2 depends on k and the probability P1 changes its

quently of the sequence, vk-2’ Vk_3, ess It becomes homogeneous and remains

multiple if the chain C, is stabilized because then (1)

qB ) ;p’( y:‘B:

pklx R

K
I
]

therefore Qe . 1]

for all k and the probabilities

k) - p
(7 “éx) = Moy T 2 i y;pg-w Yor

&y 0

e

do not depend on k, but the information on the values of the Vk-z’ ka3, ase
can be such that certain values of thexlk_l become impossible and the sum on the

right hand side changes.

3s For k—>oco the correlation of the sequences (uh) and (vh ) has for a
limit a well determined limiting correlation. In fact we have in our case of an

indecomposable and primitive matrix, é:
<
13 = 1i = =
mpklﬁ pa, im qk'r q( % b&YﬁY:

lim rk‘BT = rpr = Pﬁyﬁf)

(1) AuM., p. 221,
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and the various moments of chain Cuv have for their limits the corresponding moments

of this limiting correlation, which remains a correlated chain.

Le Let us pass to the important problem of the limiting law of the proba-
bility of the sums
sl s=1

:S and :2 Ve
h=OLlh h=0 h
We have for k-—poo:
<
Euk = ?pm Bxﬁﬁ%pﬁxﬁ = Xns
O L
' = e ] =
Ev, %qk‘? Yy %qzyv Yo

and we shall consider the sums
Sl - S Su-3
[} » : 1]
24, = 2 (u =-x,) and v, = (vy = ¥,)e
h H=0 h 0 h heo h 0

We can calculate the moments of the sums 2“;1 by the method which is explained

in detail in AeM., and having the moments of the sum 2 v' we notice that

]

k
(M Upr ?pkm%v - 3 0 2 W

<P
= (k)
gpﬂ’av * % oV Vou

. Y (k)
TQy * %pOA X n?

where nel
(k) o Sk - k (g
ot %gfo@ Your 31 e %7’&6%3

k (g) (&),

- ( ’
§ May 2 Xuy %}&5%5
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and g?ig)are the coefficients of the development of ¢ (k) according to powers of

B
kg =1, kg, ses hﬁ-l of the roots of the equatrm1§(k) = 0, supposed for the

greatest simplicity, to be all distinct. We see by these relations that the
moments of the quantities vg are obtainable by beginning with the moments

corresponding to the ué and replacing p‘3 !y(k) and )”(g) by qx,, X(k)and xiig

respectively.

We see further that

(klk2 oos kr)
N oom em E(v
12 **" "r

.S, R
*:Bls e B O« ‘Blypl a’ltx]_ 5152‘)’52 Kz 3'2 r 1[3 Yp

p My My m,
Kk vk + ese Vk +k + +k)
1 11K 1t eee Fk

I'I‘I‘

where t = y - Yo For the effective calculation of these moments we can apply the

procedures given in A.Me. Their general form shows us at once that the structure
(k1k2 soe kr) (klk2 ees k)

of the moments N and N "= :S N " is the
mlm2 see mr lm2 XX m l...kr mlm2 ses mr
(klk2"°kr)
same as the structure of the moments, M and M studied in A.M,
mlm2 ’e .mr mlm2 see I

In particular their asymptotic properties are identical,

We find, for example

nel

9) B( Sv))°Au s, + 25 21 f—g-— o (Ag)
gH

where

(20) >

2

g) = bt
o2 %) Bl,ﬁfh,lz pplyg§gr)ﬁ2yr‘31 ¥ VB, 0,
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This value is entirely equivalent to that of the dispersion of Eu‘;l:

<l=A
(11) B( Zup) AUty + 28 Z—gb byo(Ny)s
g g

H20 pr B’ Ho(hg) ZpB ai)za 5

(z -x-xo).

The calculation of the moments of the products of integral and positive powers
g ! g !
of the sums 2 LY and ZV h is naturally more complicated, but does not present any

=
difficulties in principal. We cite only the moment for the product Zu;1 EVIL:

~ IR o 1= }‘ s
(22) E( e, 2vy) = s * z m— by ()

¢ S0 Tupy Oh) + (4]
g
+ gEh vy (o) [y Ohgady) + iy (hgady)]

K t 1]
™ Sy Y o2 I‘-‘grg' [ () + b O]

where
: - ()
i1 () = 22 5% Vo %,
" - (g)
iy (hg) = 2y Voo, Vorr %,
(13)

F
i
&

(e)
EPO"(V[ 5152.1//?’28 Bltx !

! = (g) (b)
by (hgody) Epo.f}” Blﬁgy‘ﬁm zpzto, ,



sxg
vy (%) = =%,

M, (2 =28) M 0 - 0°)
v2 () T IR T TR Oy SR

(13) continued

the sums on the right hand sides being taken over all the values of the greek

letters under the corresponding 2 signe

With the aid of the formulae written above we can easily calculate the corre-

lation coefficient of the sums 2\1;1 and EV}; according to the general relation

B( Su) Sv,)

r= .

E( Su,)? B(2v))°

Its final value, for k—» o0, is also obtained immediately.,

Se It is not difficult to write the generator of all the moments of the sums

Eu;l and Ev;l it is

= > i0 (= +22 Y+iv(t +2t}
(W) zpo“y/“b’ ¢“31]7t(p: LET ¢ﬁs-2?s-1%s-l LT PR ’ 6

and satisfies the recurrence relation

(25) b= V1% t Yo P * oo *Yerf 2 *Vs-l¢2' “*}*’; #,0

where
.S (1) e
% 2 qB s-hlyB s-hB s-—h+1% s=h+l Xs--h+1 P s--2‘3 s-l‘vrB s=-1 a’s--l

(16) 5 ¢
. 10 (z 4+ eee + 32 ) + it (% + ese + t )
‘et Ps-n Pl w ¥s-n ¥s-1
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1)

LN 1)
Yo m 2 Po Y« ¢ 1y(‘“ﬁl\’rﬁl.‘l N Wé s-ZBs-l% s-1%s-1

. . . Q
(16) cont'ed LN C 2zph) + % (by + Ztgh)

! e I'tt .
81 = Soop o I g a1 (e AT

The relation (15) gives us

S[¢S-1-1J =s(\F1-l) + 28—2 sw;_ + oeee

¢ s s=1

and we can show (1) that

lim s[ gs -l] = lim log ¢s='%‘(92+2r9'r+1:2),

s> LOsL S=>m

if we set in (1)

X - X A
= 0 = g
2 ) B = gy + 2 > T Hao(Ag)s
sB g g
0,5 2 S e wy(h)
t = = Uan Man LA_)e
Ajggi > 71 02 " - Xg 02'"g
Therefore, 1,2 2
-2-(9 + 20Tr + T )
(17) lim # L=

) 1 ko ?
and we see that the correlation of the sums 2 v, and th has for its limit
the normal correlation, r is the limiting value of the correlation coefficient

defined above,

(l) My proof is not yet rigorous and it is a little long, therefore, I have

omitted it here.
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6. We have considered only the simplest case of correlated chains which is
characterized, in particular, by the fact that chain Cu is independent of chain

Cv. But we can form chains where P(‘uk+l = x_) depends not only on the value taken

P
k..
A still more general case is obtained when we suppose that the probabilities

by Y but also on the value of v

of the simultaneous equationsu.k+l = depend on the values taken by

o Vg T 9B
ukand vksimultaneouslyx I have calculated the fundamental formulae equivalent
to formulae (1) - (17) which are shown above for the most general case of corre-

lated chains, but I omit them here because of their complexity. They do not

present any essentially new particulars.

II. Cyclic Chains

1. We call a cyclic chain of inde kachain in which the law by an identical

permutation of lines and columns can be put in the cyclic form

0 Ly, 0 cee 0

. 0 0 Los cer 0
(1) ‘9 = T
0 0 0 ces L1,k

Lia 0 o ves 0

vwhere le, L23, sen Lkl are the non zero sub=-matrices, all other sub-matrices
139 being zero CLll’ Logs see 5 Ly should be square matrices). The matrix is
said in this case to be a cyclic matrix of index k.

Let there be given a stochastic indecomposable matrix. Then in order to say

that it is cyclic. of index k, it is necessary and sufficient that we be able to put
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it in the form (1) (A«M., p.165). The simplest means of demonstrating this theorem
consists in considering the cycles of the indecomposable matrix in question, that

is, the sequence of non-sero elements,

¢ L) ¢ﬁlp2, soe ¢ps_1'<

“®1

It is evident that, for the matrix é'presented in the form (1), all the cycles
have their orders divisible by k. The order of a cycle is the number of elements
which form the cycles. Inversely, if all the cycles of an indecomposable matrix
have their orders divisible by k, we can state that it is cyclic of index k.

This last assertion is demonstrated in A.M. by the aid of the characteristic
equation of the matrix considered. But we can give a direct and simple procedure
for reducing a matrix to cyclic form., We shall describe this procedure because
it is new and useful.

It is simplest to consider an example of the procedure in question, which will

not diminish the generality.

Let us take for example, the following matrix;

6 1 0 o0 0 o0 1
0 o0 1 0 1 o0 o0
i o o0 1 0o 1 o0
A= c 1 o o o0 0 1
1 6 o0 1 o0 1 ©
6 1 0 0 o0 o0 1

where the non-zero elements have, for simplicity, been replaced by unity. To

' simplify the writing we shall write the cycles and merely indicate the indices



of their clements. For example we shall write the cycle

2129 B3 8yy

iu the form 12, 23, 31.

We can see without difficulty that the cycles of A are the following.

12, 23, 31 17, 73, 31
12, 23, 3L, L7, 75, 51 17, 73, 3L, L2, 25, 51
12, 23, 36, 67, 75, 51 17, 73, 36, 62, 25, 51
12, 25, 51 17, 75, 51
12, 25, SL, u7, 73, 31 17, 75, Sk, L2, 23, 31
12, 25, 56, 67, 73, 31 17, 75, 56, 62, 23, 31

All these cycles have orders divisible by k = 3 and we shall separate their first

indices into three groups

I8 1, L, 6
IIs 2, 7
III: 3, 5.

In group I, one finds the indices 1, 4, 6 = the first indices of the first
and fourth pairs of indices in the table above; in group II one finds the first
indices of the second and fifth pairs, and so on in the sequence. It is now evi-
dent how to proceed in the general case.

Notice that to exhaust all the indices 1, 2, 7, in the groups I, II, III, it
is sufficient to apply the procedure described in the three first eycles. There~
fore, we can diminish very considerably the labor of searching for the cyclic form
of a matrix if we write at the same time as the eycle, the partition of the first

indices in groups, the number of groups being defined by any means whatever.
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Take now the permutation of lines and columns of the matrix defined by the

1 2 3 4 5 6 71
5= 1 4 6 2 7 3 &8

Then the matrix A will be put in the desired cyclic form,

substitution

o 0 0 1 1 0 o

>
i
H 2 O O O O
H H O O O O
H 2 O O O O
O O O O H
O O O O H
O O+ H O O
O O H O O

2. Let Al, A2, ses An be independent events which we can observe in an
infinite sequence of experiments connected in a simple cyclic chain of index: k
and let the matrix § of the equation (1) be their law. Let also 81, 62, bas &k
be the number of lines of the le, L23, ess LKl of g. These conditions being

fulfilled, one can divide the events A& into k groups,
Bl = (Al, A?’ soce 9 Aei),

= (& A s see 3 A )s
2 &J_+ 1, &l + 2 61 + 62

. - . . . . . . . » . . . . . . L] . . . . . » » -~ . a ¢ . 3 . A3

B=(x\ ,ooo,j“&)
k 51 + &2 + eee + 5k.1 + 17 n

(2)

of which the fundamental property is the following. The initial experiment can
lead us to any of these groups, say BA, but the succeeding experiments must

necessarily and consecutively lead us into the groups,

(3) B"“l’ B*+2, oo o Bk, Bl’ BZ’ eoe o Bk’ Bl, »oe o



-

the succession Bl’ B2, see Bk being repeated without end. One can say that the
succession (3) of groups (2) is entirely determined by the results of one initial
experiment,

Now we can construct the cyclic law such that the events AK can still be
divided into groups, the succession of these groups not being entirely determined

by the initial experiment. Such is for example, the law

o 1, 0 I, 0 o
0 0 Ly 0 O 0
- I, O 0 0 0 0
. 0 o o 0 g O
o 0 0 0 0 Iy
L, © O 0 0 0

Let &1, 32, 63, &h, 65, and &6’ be the numbers of lines of theL122L23?le,Lus,;
and L. We shall now divide events &4 into 6 groups Bys By ees 5 By including

&

10 4

2
Consider now the experiments subjected to the law ¢l' Suppose that the

3 see g &6, events kx taken in the order of their indices as above,

initial experiment leads us into group Bl' It is clear that the following experi;
ment can lead us either into group 32 or group Bh' In the first case the experi-
ments number 2 and 3 will necessarily lead us to groups B3 and Bl and in the second
case the three experiments numbered 2, 3, U, have us pass through the succession
Bé, Bé’ Bl‘ Thus we shall have either the cycle

Bys By, B3, By
or the cycle
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In an infinite number of experiments these cycles will be repeated without
end, but in an order regulated by chance.

We notice immediately that group Bl has a particular property, from this
group, we can pass either to group B2 or to group Bh’ whereas all the other groups
B always lead us into a single determined groups Therefore, group Bl is a critical
group, a group of indetermination, a group of branching of cycles.

It is the existence of cyclic laws similar to‘§1) the polycyclic laws, which
I should like to draw to the attention of those who are concerned with the theory
of Markoff chains. These laws can be very complicated and show us how complex
the phenomena of the real world can be, a priori. We can expect that their study

will aid us in the understanding of these phenomena.

3. Of the numerous problems which are raised by the notion of a polycyclic
law of probabilities in a chain, we shall stop only for the following twos

(a) To recognize whether a given law is polycyclic;

(b) To study the behavior of the probabilities Pi/p and ¢ ig) for K+,

To simplify and shorten the article we shall consider only a few examples of
these problems which will nevertheless be sufficient to show the general methods
for their solution.

(a) Let us take an example of the first problem. Take as given the matrix

]
_ O H O O O O O O
©C O O O O + K+ O O
O O O O p O O O
O O O O + O O O ¥
H O = O O O O O O
0O 0O 0 O K O O O
O B O O O O O O
O O O O = O O O
Q O O O O O O K+ O
0O 0O O O O - K+ O O



‘ where to simplify the writing, the unit element is substituted for all nonezero
elements, To determine whether it is cyclic, we shall look for its cycles.

These cycles are

1,3 3,2 2,9 9,1 1,6 - 6,7 1,1
1,3 3,10 10,9 9,1 1,8 8,7 1,1
L,L 4,2 2,9 9,1 S,6 6,7 T,1
5,3 3,2 2,9 9,5 5,8 8,7 1,1

etc., as above we indicate only the indices of the elements of these cycles. We
see two groups of cycles: of three and of four elements. Therefore, we can

suppose that 4 is bicyclic and take as the first indices of the cycles the six

following groups:

I II III v v VI
1,5 3,4 2,10 9 6,8 7

Now, by making in A the simultaneous permutation of lines and columns defined

by the transformation
S = 1 5 3 4L 2 10 9 6 8 1
1 2 3 L 5 6 7 8 9 10

we obtain for A the form

H O O M O O O O O O
H O 0O K O O O 0O o O
O O O O O O O O
O O O O O © 0 O P H
O O O 0O O O  +H O O
O O 0O O 0 O +H K+ O O
O O O O i W O 0O O O
©C O 0O O O O O O H
O O O O O O O O H
O - H O O O O O 0O O

which places in evidence its bicylic nature.
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The events Al’ Az, cos Alo’ subject to a laW'é which has the form of A¥,

are divided into groups
Bl = (Ala AZ)’ Bg = (Aj’ Ah): B3 = (Asy Aé)’
Bh = (A']): B5 = (‘5'-89 At?); Bé = (AIO)
which will succeed each other in two cycles Bl’ B2, B3, Bh’ B1 and Bl’ B5’ Bé,
B, (1)
(b) Let us pass to the second problem and consider only bicyclic laws. For

such a law events Al’ A2, ves Ah are divided in general into groups

Bl, Bz, (XX I Bm

which, in the experiments succeed each other in two cycles

(L") Bl, B2, oo o Bk’ Bl

(1) We can still utilize the examination of the characteristic equation of the
chain considered for the solution of the first problem. If, for example, the chain
is bycyclic and its cycles in B have orders k and £ its characteristic equation is
necessarily of the form

hgk+h£ -

6(1) =\ 2 Cg:h 0,

where r = Constant and g, h are integral, positive numbers such that gk + he&n = r,
Therefore, if the exponents of the characteristic equation of the chain considered
have the form r + gk + hé¢, we can conclude that we have a chain which is bicyclic
and whose cycles in B have the orders k and £e. That does away with the necessity

of looking for all the cycles formed by the elements ¢ 5 for use.
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and
(5) Bl, Bk"'l, Bk+2’ eess » B , Bl,

for example, the orders k and £ = m - k + 1. If k and ¢, or, more generally, the
orders of the most numerous cycles (when a law is polycyclic) and similar to cycles
(4) and (5), do not have a common divisor and if the matrix corresponding to §

is not decomposable, we easily see that§" does not have roots with absolute value

1 other than xo = 1, Therefore, in this case, the final probabilities of @ s

pB = lim pk/‘3 , will exist and be determinate, their limits for the transition pro-
babilities ¢ (k) depending only on B+ We can prove this proposition by using the
well known formulae and representing the probabilities Py /p and ¢ ( k) as functions
of the roots of §.

On the other hand, if tixe orders of the cycles (4) and (5) have a common
divisor, say v, the matrix :6 will necessarily have among its roots the roots of
the equation A -1 =0 and the probabilities Py /5 and ¢ 2;) will not have, for
k- 0, a unique limit, but will have different limits depending on the initial

probabilities Poy and the values taken by k.

For éxample, for the bicyclic law

0O a 0 0 b O
o 0 1 0o 0 ©
§= o 0 0 1 0 O , a+b=1,
1 0 0 0 0 O 0<ac<i,
o 0 o 0o 0 1
1 o o O O O
we have Qf()\) = XZ(X - 1) (XB 2o+ a) and
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. ;.
500 B@ §'(1) .5 kaB(x) v S §5E(xi) ,
P la-ne@eaeara Lo, RTOY

where A 19 xz N )\3, are the roots of the equations
XB + x2 +A+a=0
By calculating the minor Lp(k), we shall verify at once that the limiting

values of @ i;{) are

¢(°°) 1 .
T+3a+2p°
¢(°°) ¢.(<g°) ¢(°°) m;
¢(0°)=¢(0°)= b .
%5 <6 T+ 3a + 2b °

(« =1y 2, ase , 6)
The lim Py /‘3 has the same values.

Again let

a+b=1,
O0< a<1,

s

it
= O O K O
o © 0o o0
o o o oo
O O+ O O
O r O O O

-

We now have

T =208 - -b) =08 - 1) (F + 1)

and K
¢(k) - @zﬁ‘(l) . '-(',-l). 6_@ (:'l) )
€ Fo g (-1
k 2 23
. M M) +2xi@(x)

()?-1) (x2+b) N =0 =1 3§ ()



where kl and x2 are the roots of the equation 12 +b =0,

Therefore,

s 0. Ba® | VFD
“ v § b ¢

and the nig) have the values given in the table below where

R C VL N &y
k T +a+3B k T +a~+3b
Table of Values of n(k)
8
B
\ 1 2 3 L 5
&
1 9 o 6. v e,
k a0 3" K "
1 1
2 8, 20, be, be, b8,
1 ]
3 o, a0, b8, be, be,
]
L o, a8, be, be, e,
5 6 b be, b8
K a8y K k k

It is evident that, in the present case, the values of the limits of the

g ik)for k -» oo are different according to whether k passes through even or odd

B

or indeterminate values when k takes all the integral values. Besides, the two

(k)
8

therefore the asymptotic values of the pk/p which are equal to

systems of limits of @' /for k increasing by even or odd values depends on «,

] (k
E?p04n4ﬁ)

are oscillating and depend on the initial probabilities.



III. Statistical Problems

ls The statistical problems connected with the Markoff chain have not been
considered up to the present though they appear quite naturally when dependent
experiments are studied. 1In fact, the simplest hypothesis about the nature of the
dependence which regulates the experiments considered, consists of supposing that
it represents a simple Markoff chain.

The first of these problems is to establish the law of the assumed chain,
that is, finding the unknown probabilities ¢v‘ﬁ of the chain i by observing the
frequencies of the events Al, Az, veo o Ah in the experiments examined., This can
be done in two ways,

a) We can observe N series of which each one consists of s experiments. &ny

one series, number h, will be divided into partial series
h) (h) (h)
S( i} s ) o090 S

of observations "after Al", "after 92" vee 4 Mafter bh""

Let 3(2) be the number of observations which constitute the ser%gf
8

Séé)and s(h), the repetition of the event AB in this series. Then Efgy
& B
)

is an empirical value of the probability ¢ 5" The most probable value

qf¢d$ is defined by the approximate equality

S )
h ¢ ¢'

A ————— =

“® (h)

We well know how the precision in this equality is estimated and we

«8°

shall not insist on this point. We only note that we can judge the quality

of the adjustment obtained by comparing the numbers sig), B =1, 2,eeey n,
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with the numbers S, da(ﬁ’ B =1y 2y e0e yny, 5 = 2 sd((h) , with the aid

A
h
of the test of K. Pearson
'—1(5()-5 ¢' )2
T R
b) The first procedure gives m series Sﬁé) with different lengths, which is
&

inconvepient in practice. To avoid this inconvenience, we can observe N
series such that in each of them, every partial series S(h)is of the same

&

length, s, which we can obtain, for example, by keeping e:ch series Séé)
with only s observations. The series having been obtained, we proceed*as
aboves

Let us say several words on the determination of the limiting pro=-
babilities pB = lim pk/ﬂ' Suppose N = KL series, consisting of K partial
series with L sequences of observations each have been observed. Designate

'

these partial series by Sk’ k=1, 2, seey; Ko In SL, we find L sequences

each consisting of s observations} let n(k) be the number of cells of those

P
sequences which terminate by the observation of the event AB; we have
2 n(k)= L.
B
P )
. is evidently an empirical value approaching the probability pk/3;
L
the most probable value of this latter is
S ()
% P
KL

2. An important problem which can be set for a series of experiments which
are supposed to be in a chain is to recognize whether the chain is simple or not.

We can solve it as followse.
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let us designate by pl(( /‘g the probability of events Aa‘, AU s “ﬁ in the experi-

ments number k, k + 1, k + 2 respectively; evidently

(¥) . p
(1) Pk/aﬁ pk/v( ¢¢(T ¢TB‘

Let us now consider tavle I in which

Table I
% .
f&“ El tee Ah pK'o)(o
. ¥ L .4
by AP T
¥ g .4
by pl(clx)11 "'p}(clr)m pl(clr)1.
(%) (%) (%)
pk’oB pk‘ ol oes pl(cfzn pk'.-
8 = (6 =
Px(q,)(, ? Pk|3¢s Pk|.<¢e<u’
.1 ¥
(2) pf{lzp = ; pf{,ip " Pal |y g £’
1 _ L]
Pfc,f. ',‘% pl(cp)qa Prs1)® *

We know that, in a simple chain, events AA and A.B should be independent when

!&U is given. Therefore, the coefficient of contingency of table I,

1 g (F
(3) K=r—x 2 51(”33,
A5B
where ) (K) - 2
(7) e 5
(h) 5(8) = pk". pk‘ (X pk‘.. )
k| (v) (5)
Pie) 2Pk | 4B
(s) (%)
P} sl | oo
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should reduce to zero for a simple chain, which we verify without difficulty for

(%)
O/

= 0 in consequence of (1) and (2).
We now see how we would proceed to verify the simplicity of a chain from the
observations. We must construct s series each one consisting of three observations
in the experiments number k, k + 1 and k + 2; let us call such a series a ke~triad.
Of these sk-triads, there are S( g) which may have AK in the (k + l)m’ experiment
and among these there may be s'(q;f)

for s large, we can write the approximate equalities

—— p +17)%° = ’*P’iﬂé )

which give the sequence A.’(, Ab,, Aﬁ' Therefore,

SRR

B
(8) (%) __ (7
S'B § sJ\B ""st}.ﬁ) R
from which we deduce 1 (%) s‘((zr‘)sfz) 2
gy T T
(5) Sk'.qg = :
LD
(3

Therefore, in the case of a simple chain, we should have approximately

—(8)
61({"(B)MO

from which also

¥ = 1 RN, "( U) -~
K=gTT & 80 0
s
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where K is the empirical coefficient of contingency constructed for our observations.
By the well known formulae of the theory of contingency we can estimate the pre-
cision of equations (6) and, in this manner, render our conclusions on the nature
of the chain considered more exact and more solid.

We can proceed further, The observations which we have described just now can
be summarized by table II which correspond to table I. Now if the chain considered

is simple, the

Table II
%
(8)
A o o o A

A, 1 n P
Al S](.lu) o o @ S](_nK) Sg-v‘)
) 5 g .X
Ah S£1 ) P sﬁn ) sﬁ .)
(3| D@ ()

rows and columns in table I are proportional as we can verify immediately. There=
fore, if our observations relate to such a chain the rows and columns of the table
II should be approximately proportionale This proportionality can be estimated

as follows,

We construct the sequence

cpy o 2s(D
o] .
S ﬂ-—-ET-)— B"l 2 oo n
"(ﬁ S 6 ] 3 3 ] 3
-
- of which the sum is s(bf). In this case the criterion

5(%) o) 2

S

2=2('@ - B
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and the table of Elderton of the corresponding probability P (we take n' =nto
enter this table in our case) willallow us to estimate the degree of accordance
of the sequences s(x) and s(a’), B =1, 2, ese , n, for any «.

B P

If we calculate

2 w2
X~ = 22X
’(d(

and enter this table of Elderton with
n' =n(n-1) +1
we whall find the probability P which estimates the simultaneous discrepancy for
all the sequences
sig),p=l, 2, vee s D) A =1, 2, ces , 0

and

sf%),p =1, 2y eee y N
(See R.A. Fisher, Statistical Methods for Research Workers, 193k, P.th).

Notice that for a chain which we can suppose stable, the triads can be formed
by the results of the experiments numbers 1, 2, 3; 2, 3, L; and so on. In the
case of a non=-stable sequence, the number k for the k triads can be any whatsoever,
but is fixed by the entirety of the triads considered,

Finally we can apply a third method. Among the consecutive triade, for ex=
ample formed from results of the experiments 1, 2, 3; 2, 3, L; etc, we will choose
those which contain Ay , ¥ being fixed, and will determine the empirical proba=-
bility ¢£ﬁ”) of the A, 8 =1, 2, ves 5 n, in the last element of our triad. and
for A“, & =1, 2, eee , N, in the first element. Then, if the observed chain is
simple, the quantities
ﬁa)’ és'éb[;)’ oo s ;ZI(IZ‘;)

should be approximately equal, The probabilities ¢£§f) will be more precise if
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we determine them by the means

-4 1 -
¢’(<B ) =‘6' ; ¢(61),

the é§;§> being calculated to divide the partial sequences of triads. In this
case we must have 6n2 in such partial sequences. The agreement of results obtained
with the hypothesis that the chain in question is simple is verified as follows,
The numbers

m’(‘g)u ?_, m¢iﬁ?§_),-&=l, 2y, eee 4 Ny
where m is the length of the partial sequences supposed equal, should be approxi-

mately equal;, by estimating their agreement by one of the well known methods, we

will judge if our hypothesis is admissable or not.

3s Let us consider, in conclusion, a new notion which can be useful in the
theoretical or empirical examination of Markoff chains, the notion of the rigidity
of a given chain.

We call rigidity or the coefficient of rigidity of the chain:§:=|]¢ A@" the

number

N 1 (Pujp = Prej Pic + 10p)°
k n=1 <8 Py« Pk + 1|

which can also be written in the form

- 2
- 1 pkla.¢ - .

This number depends, in general, on the number k, that is, on the place in
the infinite chain considered,; they are not equally rigid throughout, but they
become more and more uniformly rigid for k= oo, if the chain considered possesses
determined limiting probabilities. If the chain is stabilized, its rigidity is

constant and equal to

2
(9) K= =2 Ef:‘-?-‘-‘ﬁ-l .

AyP pﬁ
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The name given to the number Kk is justified by its following properties,
(a) For the independent events As Byy eee A, subject to the law_ﬁ; we
have

K, = 0.

k
We can verify in this case this equality, either directly or a consequence
of the general theory of contingence, because we perceive that Kk is nothing else
than the coefficient of contingence of events A L in the experiments number k and
k + 1.
(v) We always have Ky < 1, and K, = 1 is possible only for the A ” connected
by an absolutely rigid chain, that is, one such when the initial experiment, which

is regulated only by chance, is made and given us for example, A “; we have neces=

sarily in the following experiments

ABlJ Apz, eos » ABn_l, A*’ ABl, eee

the events Ays Bys eee An succeeding themselves in an entirely defined order.
In fact, Ky € 1, because in general

2
S, SPuLe g Peeap L,

«BPe+1p " «pPe+1p B Pr+p
therefore, Kk< 1. But if the chain is cyclic of index n (in this case it is
evidently absolutely rigid) we can put the law § in the form where

¢12"¢23='o00"¢ =¢nl=l

n=l, n

and all the other¢ are zero. Then

-3
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2 ;
B N S TP T
kTmlls 3 |
Bas k+ 1[p 4
_ 1 [Pe+1je . Pk+ 1}1'} 1
T mel |[PK[T ***Fkjn | = n=l

_n _ 1l _ 1
“nwl T nel

because Pk + l(x + - 1, if in the experiment number k we have Ax, and Pk . 1{l= 1,
if we have A, in the experiment number k, therefore

Foe1)e T Pifre o0 Peaafn T o

(¢) Conversely, if K = O, the events A are independent and if K = 1, the
chaiﬁ'§ is necessarily cyclic of indice n, therefore absolutely rigid, as we can
easily verify.,

In this way the value of the number Kk shows us, the more or less strong
dependence of events Al, Az, sevy A.n in the experiments connected in a chain., At
the same time Kk shows also a more or less apparent, mor¢c or less temporary succes=

sion of these events and represents in this way an essenticzl characteristic of the

processes described by the chain considered.



