ABSTRACT

MEIKE, EVERETT AUGUST. From Knot to (Unk)not: Obstructions to Cosmetic Crossings and
Variants of Unknotting number. (Under the direction of Tye Lidman.)

This thesis explores the interplay between knot theory and 3-manifold topology. We focus
on how crossing changes in knots influence their invariants and associated 3-manifolds by
leveraging tools from Heegaard Floer homology, knot polynomials, and the Montesinos trick.
We investigate three main themes: (1) the necessary conditions on HOMFLYPT polynomials for
transforming one genus one knot into another by a crossing change, particularly in the context
of the cosmetic crossing conjecture; (2) knots with both positive and negative unknotting
number equal to one; and (3) the concept of 2-adjacency, which characterizes knots that can
be unknotted by changing any non-empty subset of two specified crossings in a diagram.

The first part of this work aims to obstruct Gordian distance one between twisted Whitehead
doubles of a knot, using the zeroth coefficient HOMFLYPT polynomial. The second part focuses
on signed unknotting numbers, providing necessary conditions for a knot to have both positive
and negative unknotting number one, particularly for knots whose double branched covers
are L-spaces. We show that the figure-eight knot is uniquely determined by these conditions
among knots with determinant five. The third part classifies all 2-adjacent knots with up to
twelve crossings, correcting and extending previous work in the literature. We introduce new
obstructions to 2-adjacency based on the determinant of the knot, and Alexander polynomial
of an associated knot, which helps resolve previously unclassified cases.

This work unifies these projects under the common theme of crossing changes, demonstrat-
ing how they serve as a bridge between the study of knots and 3-manifolds. , we contribute to

the understanding of knot complexity, equivalence, and their applications in low-dimensional

topology.
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CHAPTER

1

INTRODUCTION

The study of knots and links is a key area in low-dimensional topology. This work examines how
invariants of knots and 3-manifolds can tell us when an alteration of one knot will transform it

into another (or itself) by a crossing change. Lickorish  [19] and Wallace [38] proved that any
closed, connected, oriented 3-manifold can be constructed viaintegral  Dehn surgeryonalink L
in S2. This method involves removing a tubular neighborhood of the link and “gluing” it back in

with speci ed twists and orientations, effectively altering the surrounding space to create a new
manifold. By varying how this reattachment is performed, one can produce various distinct
3-manifolds. Since a corollary to the Lickorish-Wallace theorem is that every closed orientable
3-manifold is the boundary of some simply-connected, orientable 4-manifold, this technique
provides valuable insights into the properties and structures of both 3- and 4-dimensional
manifolds. Conversely, much of modern knot theory uses properties of 3- and 4-manifolds to
study the properties of knots. There is an equivalence of surgery descriptions, i.e. links with
surgery “instructions,” so that they yield homeomorphic 3-manifolds. Kirby [17] proved that
the converse is true: if two surgery descriptions yield homeomorphic 3-manifolds, then the
surgery descriptions must be equivalent. This result shows a bijection between the theory of



closed, orientable 3-manifolds to the theory of (framed) links modulo this equivalence. In
other words, studying the properties of homeomorphic 3-manifolds provides insight into the
properties of knots and vice versa.

Attempting to understand the equivalence of surgeries too soon may cause us to overlook a
more fundamental underlying concept. We should rst have some notion of when two knots
can be considered equivalent. In knot theory speci cally, we consider two (oriented) knots
K and K %in S®to be equivalent (or isotopic) if they are related by ambient isotopy , which is
an isotopy taking S®onto S® which also continuously transforms K into K °. Note that this is
much more strict than the above notion of surgery equivalence but is still relevant. In general,
proving that two arbitrary knots are isotopic is extremely dif cult. It is usually much easier to
tell two knots apart via knot invariants , such as polynomial invariants, or knot Floer homology.
These play a crucial role in understanding how surgery affects the topology of a manifold, as
they capture intrinsic properties of knots and links.

Although the main results of this work span three seemingly distinct projects, they are
uni ed by a common theme: how the properties of knots and their associated 3-manifolds
behave under crossing changes

1.1 Knotdiagrams and crossing changes

Any knot can be projected onto a plane such that the projection is injective except at a nite
number of points where the knot crosses itself transversely, which we call ~ crossings This type
of visual representation is called a knot diagram , which also inherits an orientation from a
knot. A natural question is whether or not two arbitrary knot diagrams represent equivalent
knots. There are in nitely many distinct knot diagrams representing the equivalence class

of some knot K, which makes distinguishing two knots simply by looking at their diagrams
impractical. Currently, there is no known polynomial time algorithm for recognizing a diagram

of the unknot—a knot equivalent to the conventional embedding of ~ S'. For our purposes, we
will use the notation K to refer to both a knot and its diagrams unless speci ed.

One way to (possibly) transform one knot into a different knotisvia  crossing changeswhere
we reverse which arc goes over and which goes under at any crossing as in Figure 1.1, which
also demonstrates a very complicated-looking diagram of the unknot. The  Gordian distance
dg (K, K9 between two knots K and K °is the minimal number of crossing changes needed
to transform one knot K into another knot K ° This is in fact a metric on the Gordian graph ,
where vertices are isotopy classes of knots, and two vertices [v,] and [v,] are connected by an



edge if some representative of [v4] is related to a representative of [v,] by a crossing change.
Note that crossing changes do not necessarily create a different knot—if we get the knot  K?°
after changing a crossing in knot K, itis possible that K and K °are equivalent. For an oriented
knot K, we can associate acrossing circleto each crossing. If this crossing circle also bounds a
disk in S®nK, then the associated crossing is called nugatory . These terms will be rigorously
de nd in Section 2.3 So far, changing a nugatory crossing is the only known type of crossing
change which preserves the isotopy class of a knot. Any other crossing change that preserves
knot isotopy class is referred to as a cosmetic crossing. The cosmetic crossing conjecturestates
that cosmetic crossings do not exist. Thus, a major direction of research is determining how
different invariants behave under crossing changes. Using a variety of invariants not discussed

in this work, the cosmetic crossing conjecture has been con rmed for certain families of knots

with certain properties over the years, including Whitehead doubles of non-cable knots  [5], and
more generally, satellites of non-trivial, prime, non-cable knots  [6]. Despite the progress made,
until a few years ago, it was unclear whether the relatively simple family of genus one pretzel
knots had cosmetic crossings. However, in 2021, Ito proved that genus one pretzel knots do
not have cosmetic crossings by identifying an obstruction related to Gordian distance one for
genus one knots [14]. This result utilized a speci c invariant known as the zeroth coef cient
HOMFLYPT polynomial, p}g(v). Using Ito's obstruction, we proved conditions on the zeroth
coef cient HOMFLYPT polynomial of knots called = Whitehead doubles (de ned in Chapter 3)
in order for them to be related by a crossing change.

Theorem 1.1.1. Forjnj 100, the only n twisted Whitehead doubles of the trefoil which are
Gordian distance one from the untwisted positively (negatively) clasped Whitehead double of
the trefoilare D . (3;, 1)(D (3;, 1)).

We can think of crossing changes diagrammatically, or 3-dimensionally by performing the
same operation on K in S%. Understanding the structure and relationships between different
knots obtained through crossing changes has numerous applications. This understanding is
particularly useful in elds such as molecular biology, speci cally in modeling DNA recombi-
nation [33].

1.2 Unknotting number

One invariant—perhaps the most elusive—is unknotting number, which is the minimum number
of crossing changes needed to transform a knot K into an unknot. While simple to de ne,



Figure 1.1 On the left, we see the knot 12a355. By changing the circled crossing, we get the diagram of
the unknot on the right.

very little is known about unknotting number. Currently it is not even known if unknotting
number is additive under connect sum. These simple yet compelling problems motivate a
central direction of research: understanding how various properties of a knot (or other 3-
manifolds associated with it) behave under crossing changes. Unknotting number can be
interpreted as a measure of the complexity of a knot, and is the Gordian distance  dg(K,U)
between K and the unknot U . Many classical knot invariants such as signature (K, smooth
4-genus gjmoc’th (K), and topological 4-genus gff’" (K), de ned in Chapter 2, provide bounds
on unknotting number. Murasugi showed that 2u(K) j (K)j[25], and it is also known that
g5 (K) 93" (K) u(K).

By de nition, the unknot is the only knot with unknotting number zero, so if we can unknot
a non-trivial knot K by changing one crossing, we know that u(K) = 1. Again, searching for an
unknotting crossing is a dif cult task. Instead, we can use powerful tools from Heegaard Floer
homology (which will be discussed in Chapter 2) to provide constraints on which knots have
unknotting number one. Though classi cation of unknotting number one knots is considerably
more restrictive than nding the unknotting number of an arbitrary knot, there are stillin nitely
many knots with unknotting number one, and the task is far from complete. While invariants
can rule out many cases, itis dif cult to prove directly which knots can be unknotted by a single



Figure 1.2 Positive crossing (left), and negative crossing (right)

crossing change as this often requires an explicit diagram. Certain in nite families such as
twist knots and Whitehead doubles have unknotting number one, and these will be discussed
further in Chapter 3.

1.3 Signed unknotting number

Given a diagram of an oriented knot K, each crossing is assigned either positive or negative,
according to the convention shown in Figure 1.2. Note that the sign of the crossing is inde-
pendent of the orientation we choose. Thus we can describe crossing changes by whether
we are changing a positive crossing to a negative one—a (+ ) crossing change) or a negative
crossing to a positive one—a ( +) crossing change). While unknotting number  u (K) minimizes
the number of crossing changes necessary to unknot K regardless of sign, signed unknotting
numberisare nementof u(K)de ned as follows: Positive unknotting number u,(K)isthe
minimal number (over all knot diagrams of K) of  (+ ) crossing changes needed to unknot a
knot K whenno ( +) changes are allowed. Similarly, negative unknotting number u (K)is the
minimal number (over all knot diagrams of K) of  ( +) crossing changes needed to unknot a
knot K when no (+ )changes are allowed.

An interesting question that arises is which knots have both a positive and a negative
unknotting crossing. For example, the gure-8knot 4, hasu,(4,)=u (4,) = 1, but this knot has
another property that makes this less interesting: amphichirality . A knot is amphichiral if it is
equivalent to its mirror image. Speci cally, given adiagram D of K, if we reverse the sign of
every crossing, we get the mirror of K, which we willdenote as K. If a knot is not amphichiral,
we say it is chiral . Thus, if an amphichiral knot K has unknotting number one, and diagram D
of K exhibits a positive (respectively, negative) unknotting crossing, then when we reverse the
signs of all crossings in D, the corresponding crossing will be a negative (respectively, positive)
unknotting crossing. Since K is equivalentto K, we can say that K has positive and negative



unknotting number one,i.e. u,(K)=u (K)= 1. For chiral knots with unknotting number one,
this question is more interesting.

Soteros, Ishihara, Shimokawa, Szafron, and Vazquez investigate this problemin [33], with
DNA topology applications. Studying knots with positive and negative unknotting crossings is
crucial to understanding DNA topology because biological processes like replication, recombi-
nation, and supercoiling often alter DNA's topological state by creating or resolving knots and
links. Type Il topoisomerases, which manage these topological changes, act by introducing
or removing speci ¢ crossings in DNA, with chirality playing a signi cant role in their ef -
ciency and selectivity. Analyzing the effects of positive and negative crossings helps model
how these enzymes facilitate vital processes like unknotting and unlinking, ensuring proper
DNA function and cellular survival [33]. This is achieved using Taniyama's classi cation [34] of
unknotting operations for rational knots to classify the signed unknotting operation for chiral
rational unknotting number one knots. Of the 31 chiral unknotting number one knots with

9 crossings in a minimal crossing diagram, they could con rm that 8,3 and 9,, each have
positive and negative unknotting crossings. They ruled out 27 of these knots, but their results
were inconclusive for 935 and 9;5. We prove a corollary to a theorem of McCoy's ( [23] Theorem
4) in Chapter 4 which obstructs these knots from having both positive and negative unknotting
crossings:

Corollary 1.3.1. If K is an alternating knot that has a positive unknotting crossing and a
negative unknotting crossing, both a positive and a negative unknotting crossing must exist in
every minimal diagram.

Theorem 1.3.2. The knots 95, and 955 do not have both positive and negative unknotting cross-
ings.

We study a crucial 3-manifold associated to a knot K : the double cover of S® branched over
K, which we will denote (K. In Chapter 2 we will give more detailed information about the
techniques used—namely the Montesinos trick in conjunction with d-invariants of (K). We
show that:

Theorem 1.3.3. If K is a knot with determinantequalto ve, u,(K)=u (K)=1,and (K)is
an L-space, then K is the gure-eight knot.

We also give necessary conditions for a knot K with (K) an L-space to satisfy u,(K) =
u (K)=1for several other determinants.



Figure 1.3 Knot diagrams . The image on the left is a diagram of the trefoil knot.
The trefoil has unknotting number one, since it can be unknotted by changing
one crossing. The two diagrams in the middle display the result after the circled
crossings have been changed, yielding non-standard diagrams of the unknot.

1.4 2-adjacency

We say that a knot K is n-adjacent if there is a diagram D of K containing n crossings such
that changing any non-empty subset of them results in the unknot. For example, the trefoil
knot is 2-adjacent as seen in Figure 1.3.

In [2], Askitas and Kalfagianni studied n-adjacency for n > 2. They found that when n > 2,
all n-adjacent knots have trivial Alexander-Conway polynomials and there are no non-trivial
alternating or bered n-adjacent knots. They produced a construction method that describes
all n-adjacent knots for n > 2, and showed that these knots have the property that all their
Vassiliev invariants of degree lessthan 2n  1vanish [2]. The sameis nottrue for 2-adjacentknots.
For example, the two smallest non-trivial knots, 3; and 44, are both 2-adjacent, alternating, and
bered. Askitas and Kalfagianni's construction method is too restrictive for 2-adjacent knots as
well. Much of the previously published research on  2-adjacent knots was completed by Tao
[35], who found restrictions on the Conway, Jones, and HOMFLY-PT polynomials of  2-adjacent
knots. In unpublished work, Ito provided alistof  2-adjacent knots with 12 or fewer crossings
[13], and Kato [16] tried to exclude all other knots from the list. We have independently veri ed
and corrected elements from their papers to completely determine all ~ 2-adjacent knots with

12 crossings, given in Theorem 1.4.1:



Theorem 1.4.1. The following knots are 2-adjacent: 3;, 44, 817, 851, 944, 10gg, 10;36, 1056, 11a,g0,
11ngy, 11N455, 1284008, 1281249, 12N 575, 12N 395, 12N 464, 12N 485, 12N 483, 12Ng50, 12ng3;. NO Other
knots with 12 crossings are2-adjacent.

There were only ve knots with 12 crossings which could not be ruled out as 2-adjacent
using known obstructions. For those ve, we developed a new obstruction to 2-adjacency:

Theorem 1.4.2. If K is a 2-adjacent knot, then det(K)=4! 2 1forsome! 2 Z.If the crossings
in the 2-adjacency set are of opposite sign, then det (K )= 4! 2+ 1, and if they are of the same sign,
then det(K)=4! 2 1. Furthermore, if ! 6 0, and J is the lift of a crossing from the 2-adjacency

@+1) i

set of K, then the Alexander polynomial of J satises ;(z)=1forallz =e T ,wherel 2 Z.

The classi cation of 2-adjacent knots is closely related to the classi cation of knots that have
both positive and negative unknotting crossings, as both of these families can be represented
by diagrams containing two unknotting crossings. As such, we can use similar techniques to
work towards classi cation in each setting. However, each problem presents its own unique
challenges, since neither family of knots is contained within the other. For example, the trefoil
knot 3, is 2-adjacent, as seen in Figure 1.3, and (up to mirroring) u,(3;)> 1[33]. However, the
knot 8,5 has positive and negative unknotting crossings [33], but is not 2-adjacent by Theorem
1.4.1. There is also non-empty intersection of these families, since if K is 2-adjacent, and its
2-adjacent set contains crossings of opposite sign, thenclearly u,(K)=u (K)=1 (for example,
the gure-8 knot4 ;).

1.5 Organization

In the next chapter, we will give some necessary background information. The present work
focuses on three projects:

« In Chapter 3 we will discuss obstructions to Gordian distance one between particular
families of knots.

» Chapter 4 will demonstrate obstructions to knots having both positive and negative
unknotting number one.

* In Chapter 5, we catalog all 2-adjacent knots with no more than twelve crossings, and
prove Theorem 1.4.1 and 5.0.1.



CHAPTER

2

BACKGROUND MATERIAL

Here we will give an introduction to some foundational topics that will be necessary in the
following chapters.

2.1 Afew knotinvariants

Given an oriented knot K in S*, a Seifert surfacefor K is a connected, compact, oriented surface
contained in S®such thatits boundaryis K [18]. The genus g of such a surfaceis g = %(1 (F)),
where (F)is the Euler characteristic of F.Every oriented knotin S® has a Seifert surface, and
there is a canonical method (due to Seifert) to construct such a surface from a diagram of K.
However, K can have many different Seifert surfaces, each with a different genus. Thus, we
de ne the genus g(K)ofaknot K by

g(K)=min fgenus(F):F is a Seifert surface for Kg

Knot genus is a knot invariant, and since the unknot bounds a disk, its genus is zero. There
is no other knot with genus zero, so if a Seifert surface F for a nontrivial knot K has genus



equal to one, then the genus of K must be 1.

Associated to a Seifert surface F of a knot K is a Seifert form. Suppose that F is a Seifert
surface for an oriented knot K. Consider the regular neighborhood F [ 1,1], and identify
F with F 0 such that the meridian K enters the neighborhood at F landleavesatF 1.
Now for a simple closed curvein F,wedene ¢ tobe the corresponding curvein F 1.Then
the Seifert form  associatedto F is

‘Hi(F;Z2) Hyu(F;2)! Z,

where ([a],[b])=Ik(a ,b)forsimple closed oriented curves a and b in F. The linking number
Ik(a,b) will be de ned in Section 2.6. A Seifert form can be represented by a  Seifert matrix V.
Given a basis f[f;]gfor H,(F;Z),

Vij = (6LI5D = k()= Ik, £7).

The signature  (K) is the signature of V + V7. The smooth (topological ) 4-genus or slice
genus gjmo"th (K) (gff’p (K))is equal to the minimal genus of a smooth (locally at) surface in

D 4 cobounding the knot K. The determinant det(K) of a knot K is given by det(V + V ).

2.1.1 The Alexander polynomial

The Alexander polynomial is a Laurent polynomial knot invariant with integer coef cients.
Itis the rst polynomial knot invariant ever discovered, due to Alexander [1]. The Alexander
polynomial (t)ofaknot K canbedened ((t)=det(tV VT)up tomultiplication by a
unit, where V is the Seifert matrix corresponding to a Seifert surface of K.

Basic properties of the Alexander polynomial:

The Alexander polynomial is symmetric: k 1= ()forallknots K.

K(l) = 1

Every integral Laurent polynomial which is both symmetric and evaluates to a unitat 1 is
the Alexander polynomial of a knot.

If Kisthemirrorof K,then ()= (t)

The determinantofa knot K isdet(K)= «( 1)

10



Figure 2.1 Positive crossing (left), smoothing (center), and negative crossing (right)

2.2 The HOMFLYPT polynomial

The HOMFLYPT polynomial is a generalization of both the Jones polynomial and the Alexander
polynomial. Proofs for its existence and uniqueness were independently announced by Freyd
and Yetter, Hoste, Lickorish and Millett, Ocneanu, [8] and Przytycki and Traczyk [31]. These
groups approached their proofs differently but all ended up describing the following, where
L.,Lo L denote links having plane projections which agree except on a crossing disk, and
inside are represented by the pictures in Figure 2.1

Proposition2.2.1 ([8]). Givenalink L in R3, thereis a unique function P from the set of isotopy
classes of oriented links to the set of homogeneous Laurent polynomials of degree 0 inx,y,z
such that

1. P (X,y,2)+yPL (X,y,2)+zP(X,y,2)=0
2. P (x,y,z)=1ifL consists of a single unknotted component.

The HOMFLYPT polynomial is a generalization of the Jones V, (t) and Alexander (t)
polynomials, as
L(t)=P_ 1, 1t t 2

and

Vit)=P_t, t Lt ¢ 17

Note that since P (x,Yy,z)is homogeneous, it can be viewed as a polynomial in two nonhomo-
geneous variables, i.e. P_(I,m)=P_ |,I 1, m .Inthis notation, the basic relation is

1P (,m)+1 *P. (I,m)+mP_(,m)=0

11



For our purposes, we will consider the following skein relation, used in ~ [22] and [14], which is
obtainedby (I,m)7! iv 1, iz .

v P, (v,z) VP (v,z)=2zP_(v,2)
and can be written as

" plw?

i=0

P.(v,z)= v 'z

where ry¢ denotes the number of components of K. We say that p}i<(v)2 Z v2,v 2 isthei-th
coef cient HOMFLYPT polynomial of K [14], and for i = 0, it satis es the skein relation:

8
3

- , < pgo(v) if re, re,+1=0
VP (V) Py (V)=
0 otherwise.

The zeroth coef cient HOMFLYPT polynomial p°(v)ofan n-componentlink L=K;[ [ K,is
determined by pé’i (v)[14],i.e.

1
plv)= v 2 1" v**Op? v)...p2 (v),

2.3 Nugatory and Cosmetic Crossings

Acrossing diskD S8 corresponding to a crossing C ofsign (where = 1)inan oriented
knot K S2?is de ned as an embedded disk such that the interior of D intersects K in exactly
two points with opposite orientation, once for each branch of the crossing C. The boundary
L = @D is called a crossing circle [5].

A crossing supported on a crossing circle L of an oriented knot K is called nugatory if
L = @ also bounds an embedded diskin S®*nK. This disc and D form an embedded 2-sphere
that decomposes K into a connected sum where some of the summands may be trivial. A
non-nugatory crossing C onaknot K is called cosmeticif the oriented knot K ®obtained from K
by changing C isisotopicto K;thatis, there exists an orientation-preserving diffeomorphism
f:S%1 S¥with f(K)=K?C

The cosmetic crossing conjecture states that cosmetic crossings never exist, and Balm,
Friedl, Kalfagianni, and Powell [5] proved that in order for an oriented genus one knot K to

12



admit a cosmetic crossing, it must be algebraically slice, in particular k()=T@)f(t 1), where
f (t)2 Z[t]is alinear polynomial. They also proved a necessary condition is that the homology
group Hi( »(K)):= Hy( »(K),Z), where ,(K)isthe double cover of S branched over K, is
nite cyclic.

More recently, Ito proved:

Proposition 2.3.1 ([15]). LetK be agenusoneknot. If (t)6 1,then K satis es the cosmetic
crossing conjecture.

Proposition 2.3.2 ([15]). LetK be agenus one knotwith ¢ (t)=1.Let be the Casson invariant
of integral homology spheres and let w3(K) = 3V,2%1) + 5V.%(1) be the primitive integer-valued
degree 3 nite type invariantof K. HereVy (t)isthe Jones polynomialof K. If ( ,(K)) 2w3(K)6

0 mod 16, then K satis es the cosmetic crossing conjecture.

2.4 Gordian distance

The Gordian distance dg (K , K 9 between two knots K and K °is a generalization of unknotting
number: the minimum number of crossing changes needed to change K into K% Ifaknot K is
related to a knot K °by a crossing change, then dg(K,K 9 = 1. We can construct the Gordian
graph via the crossing change operation, where vertices are isotopy classes of knots, and two
vertices [v4] and [v,] are connected by an edge if some representative of [v,] is related to a
representative of [v,] by a crossing change. Then the Gordian distance between knots J and J°
is the length of the shortest path between J and J%in this graph. It follows that the Gordian
distance between a knot K and the unknot is precisely u(K). Also, saying dg(K,K9% = 1is
equivalentto saying that K and K are not in the same isotopy class, and there is some diagram
D of K and some diagram D °of K °such that the only difference between D and D°is the
labeling of over- and undercrossing at exactly one point. This means that distinct knots K and
K Care related by a single crossing change. So, if we want to search for cosmetic crossings, we
must search for knots related by a non-nugatory crossing change with Gordian distance 0.

2.5 Dehn Surgery

One fundamental operationin  3-manifold topology is Dehn surgery. ltmodiesa  3-manifold
Y by removing a tubular neighborhood of a knot (or link) and replacing it with a solid torus (or
a disjoint union of tori) in a speci ed way. Unless otherwise stated, we assume that all closed
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3-manifolds are connected and oriented. Let K be a knot in a closed, oriented 3-manifold Y. A
tubular neighborhood N (K)ofaknot K Y isasolidtorus D2 S. If we cutopen Y along
the torus boundary @N (K) of this solid torus, we get two manifolds: Y nint N (K) (the knot
complement), and N (K). Note that Y nint N (K) is a manifold with torus boundary,and Y =
Y nint N (K)[ (D? S%).WecanglueD? S!backintothe knot exterior viaa homeomorphism h :
@? S'! @y nint N (K)toobtainaclosed orientable 3-manifold Y%= Y nint N (K)[ ,(D? S%).
This process is called Dehn surgery. We also say that the “gluing” part of this process is called a
Dehn lling .

We call acurve @2 fg ameridian , and it bounds a diskin N (K). If we look at the
image h( )on @Y nint N (K), this completely determines our new manifold Y °[32]. If Y = S8,
then up to isotopy, the curve h( ) (or any curve on @S2 nint N (K))) is given by integers p
and g, which are relatively prime. We can see this by taking note of two homology classes of
curvesin N (K)=D? S Oneisrepresented by a meridian , and the otheris the longitude
represented by a simple curve which is nullhomologous in the knot complement and intersects
the meridian transversely in exactly one point. (This also means that bounds a surface
homeomorphic to a Seifert surface for K'.) These curves provide a basis for the rst homology
group H;(@s3nint N (K)). Thus, we can describe any simple closed curve  in @®nint N (K) as
alinear combinationof ~ and . Thiscurve ,inturn, speci es ahomeomorphism h:T% T
by mapping the meridian of T °to (a curve isotopic to) . When performing this surgery where
h( )= ,wecall thesurgeryslopelf[ ]=p [ ]+q [ ], we say we have performed %-surgery
on K S®and % 2Q[1 iscalledthe surgery coef cient. We denote %-surgery on K in S® by
S3(K). This process naturally generalizes to surgery onan n-componentlink L=L,t t L,

q
where the boundary of a tubular neighborhood of L isT;t t T,,surgeryslopes 4,..., ,,and
surgery coef cients % ... 2—:

Example 2.5.1. Performing 1 -surgery on a knot yields S3, since the surgery slope is isotopic
to

Example 2.5.2. %-surgery on an unknot yields the lens space L (p,q).

Example 2.5.3. Gordon and Luecke showed that no non-trivial surgery on a non-trivial knot in
S®yields S [9].

2.6 The linking matrix and linking form

First we de ne linking number of a 2-component link.
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De nition 2.6.1  ([32]). LetL, and L, be two disjoint oriented knots in S3. Consider all crossings
in a regular projection of L[ L, suchthat L, crosses underL,. Their linking number Ik(L,L,)
= (# positive such crossings) - (# negative such crossings).

This allows us to de ne the linking matrix of an n-component link.

De nition2.6.2 ([32]). LetL =L,[ L, [ L, bean oriented framed linkin S3, thei-th compo-

nent having framingby e ; 2 Z. The matrix A = a;;, i,j = 1,...,n, with the entries
8
<e, ifi = j
- Ik (Li,L;), ifi 6],

is called the linking matrix of L .

Let M be an oriented 3-manifold, andlet K;, K, be disjoint, rationally nullhomologous knots
in M, i.e.[K;]=02H;(M;Q)). By the long exact homology sequence, the kernel ker(i :H;(M
Ki;Q)! Hi(M;Q))is generated by the meridian  of K, which is nontrivialin  H;(M  K;;Q)
since combining a nullhomology of withthe disk D M bounded by yieldsaclass 2
H,(M ;Q)suchthat K; = 1.Since[K,] 2 keri ,itis arational multiple r of .Thisr iscalled
the rational linking number k(K4 K;) of K; and K. A Seifert surface F foraknot K represents
atorsion class in H,(M ;Z), so a suitable multiple of this class represents the boundary of the
Seifert surface in the 4-manifold. The intersection of two such surfaces gives rise to a bilinear
form (the linking form) that measures how these surfaces intersect geometrically. Speci cally,
aframing on a knot K determines a parallel push-off K° De ne the framing coef cient for
[K]=02H;(M;Q)tobe Iko(K,K?. The coef cients of framings on K form a coset of Z in Q.
For torsion classes ;, ,2 H;(M ;Z) and disjoint oriented knots K; with [K;]= , the linking
form (1, )isdenedtobe Ikqg(K;,K;) mod 1.

2.7 The intersection form

Given an oriented, connected smooth 4-manifold, M, the intersection form is a bilinear form
de ned on the second (co)homology group. By Poincaré duality, H,M)=H°M)=Z.If M
is simply-connected, H;(M )= 0, and again by Poincaré duality, H;(M )= 0. Thus, the second
(co)homology contains all homological information about M, and the intersection form can
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be de ned in terms of homology or cohomology. In homology, it measures how two surfaces in
M intersect with each other.

If we consider two homology classes [A],[B] 2 H,(M ;Z), these can be represented by
smoothly embedded, closed, oriented surfaces A and B in M. The intersection form

Qu :H,(M;Z) H,M;Z)! Z

is de ned by counting the signed intersection points of the surfaces A and B, i.e.,Qy ([A],[B]) =
hA Bi. The intersection form is symmetric for oriented 4-manifolds. If M is an oriented 4-
manifold with boundary obtained by integral surgery on a framed link L S3, thentheinter-
section form Qy on M is isomorphic to the linking matrix of L [32].

2.8 Branched double-covers and the Montesinos trick

Besides the knot complement, another fundamental 3-manifold associated to a knot K is
the double cover of S® branched along K, denoted (K). We often refer to this manifold as
the branched double-cover of K. (K) is atwo-to-one map everywhere except K, where itis
one-to-one. Intuitively, we can think of this as taking the double cover of ~ S®nK and then gluing
K back in to this new 3-manifold. For example, the branched double-cover of the unknot is S8,
and the branched double-cover of a rational knot is a lens space.

A key ingredient in this work will be the application of the Montesinos trick [24], which
relates the branched double-cover  (K) of a knot K to surgery S3(J) on another knot J. If
u(K) =1, thenthereis adiagram D that contains a crossing c such 'Ehat performing a crossing
change at ¢ unknots K. In S3, we can nda crossing disk for c, i.e., a disk which intersects
K twice with zero algebraic intersection number. Let d be the crossing disk associated with
the unknotting crossing c¢. We can draw an unknotted arc  in d with boundary on K (asin
the middle diagram in the top row of Figure 5.2). We call the crossing arc for c. Note that
modifying K inatubular neighborhoodof  yields the unknot: a full twist of of the two strands of
K inside the neighborhood of  changes the over-crossing to an under-crossing, i.e. it produces
a crossing change. From a dual perspective, we can visualize K as an unknot together with a
framed arc  such that modifying the unknot in a neighborhood of gets us back to K. If we
thinkof S®as (U), liftstoaknot J. Thisis the idea behind the Montesinos trick. The speci ¢
version that we will rely on is stated here:
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Proposition 2.8.1 (Proposition 4.1in [10]). Suppose thatK is a knot with unknotting number
one, and re ect it if necessary so that it can be unknotted by changing a negative crossing to a
positive one. Then (K)=S3%,(J)forsomeknotJ S% where =( 1)$, and d = det(K).

2

One helpful observation about a knot K with unknotting number equal to one is that (K)
has cyclic rst homology, and in fact, det (K)is equalto jH,( (K);Z).

2.9 Informal properties of Heegaard Floer homology

Heegaard Floer homology, introduced by Peter Ozsvath and Zoltan Szab6é [28] in the early
2000s, gives us an incredibly useful, versatile, and rich set of invariants in low-dimensional
topology. These are topological invariants for closed, oriented 3-manifolds Y equipped with
a Spin® structure. They are variants of the Lagrangian Floer homology and are de ned using
Heegaard diagrams, which decompose a 3-manifold into two handlebodies glued along a
surface. Heegaard Floer homology assigns a sequence of bigraded abelian groups, for instance
Ar (Y)to a3-manifold Y, and can provide a combinatorial way to encode their topology via
chain complexes. This makes computations explicit and feasible in many cases, and helps
to shed light on invariants from gauge theory using symplectic geometry. Heegaard Floer
homology is computed in a way that depends on a choice of  Spin® structure. Speci cally,
AF (Y)istypically computed as a set of vector spaces AF (Y,t), where t runs over the set of Spin°®
structures on Y . Thus, the Heegaard Floer homology of a 3-manifold Y can be decomposed
into submodules, each corresponding to a distinct  Spin® structure. A version of Heegaard Floer
homology for knots and links  knot Floer homology can detect the genus, beredness (whether
a knot complement S®nn(K) bers over a circle), as well as the unknot. Knot Floer homology
also categori es the Alexander polynomial. We refer the readerto  [28] for a thorough discussion
of Heegaard Floer homology, but we will discuss some necessary terms here.

2.9.1 L-spaces

One type of 3-manifold integral to this work is called an  L-space L-spaces are closed, oriented
3-manifolds with the simplest possible Heegaard Floer homology.

De nition 2.9.1. LetM be a rational homology three-sphere. If tkBIF(M )= jH;(M ;Z)j, then M

isan L-space[28]. Ifaknot K  S® has the property that S3(K ) is an L-space for some% > 0, then
q

K is called an L-space knot.
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Examples include lens spaces and double branched covers of non-split alternating (or more
generally, quasialternating) knots [29]. Aknot K  S%is called an L-space knot if it admits a
positive L-space Dehn surgery.

In Chapter 4, we will explainthatwhen  (K)isan L-space, we can nd all possible Alexander
polynomials for a knot J with 83%(J) = (K)using Heegaard Floer d-invariants .

2.9.2 d-invariants

For a rational homology three-sphere Y equipped with a Spin® structure t, Ozsvath and Szab6
de ne “correction terms” ( d-invariants) 2 Q [27].

De nition 2.9.2. LetY be arational homology three-sphere. The correction term d(Y,t) is the
minimal grading (@r) of any non-torsion elementinthe image of HF 1 (Y,t)in HF *(Y,1).

These correction terms have the following properties:
d(Y,t)=d(Y,t)
and
d(y,t)= d( Y,t)

where t is conjugate to t.
The d-invariants of a lens space L(p,q) are calculated directly using a canonical ordering
of the Spin ¢ structures, indexed by i :

Proposition 2.9.1. [27] Fix positive, relatively prime integers p > q, and also choose an integer
with 0 i <p + q. Then we have the following recursive formula:

pg (@i+1 p Q)
4pq

d( L(p.q)i)= d( L@.r)j)

where r and j are the reductions modulo g of p and i respectively.
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CHAPTER

3

OBSTRUCTING CROSSING CHANGES VIA
THE HOMFLYPT POLYNOMIAL

r

This chapter examines the necessary conditions for transforming one knot into another through
crossing changes. Our focus is on a family of knots known as Whitehead doubles. We apply these
conditions to identify instances where certain Whitehead doubles are related by a crossing
change. We prove the following theorem about n-twisted Whitehead doubles D (3;,n) of the
trefoil knot 3 ;.

Theorem 1.1.1. Forjnj 100, the only n twisted Whitehead doubles of the trefoil which are
Gordian distance one from the untwisted positively (negatively) clasped Whitehead double of
the trefoilare D . (3;, 1) (D (3;, 1)).

Another interesting question regards conditions under which crossing changesdo  not affect
the isotopy class of a knot, thereby making progress toward proving the cosmetic crossing
conjecture, which is included in Kirby's list of problems in low-dimensional topology [21]:

Conjecture 3.0.1 (Cosmetic crossing conjecture) . If aknot K in S® admits a crossing change at
a crossing ¢ which preserves the oriented isotopy class of the knot, then c is nugatory.

19



We can describe crossing changes in terms of Gordian distance. If two knots K ,K °have
Gordian distance one, i.e. dg(K,K9 = 1, this means that there is a diagram D of K and a
crossing ¢ in D such that changing the sign of ¢ will yield a diagram of K ©. Ito proved a zeroth
coef cient HOMFLYPT polynomial (described in section 2.2) obstruction to Gordian distance
one for genus one knots (knots that bound a compact, orientable genus one surface) stated
below in Proposition 3.0.1.

Proposition 3.0.1 (lto, 2021 [14]). LetK and K °be genus one knots. Assume thatK °is obtained
from K by the crossing change at a non-nugatory crossing. Let = 1 if the crossing is positive,
and = 1ifthe crossing is negative. Letp. (v) be the zeroth coef cient HOMFLY polynomial of
K , and a,(K ) be the coef cient of z ? for the Conway polynomial of K . Then

v opdv) vplv)= v ovv? (22K) 22(K )£ (/)2

forsome f(v)2Z v2,v 2 suchthatf (1)=1,f%1)=0.

Using this, we were able to prove thatforaknot K, no n-twisted Whitehead doubles (de ned
next in Section 3.1) of any knots in the knot table [22] have cosmetic crossings for jnj 50.

First, we found a formula for the zeroth coef cient HOMFLYPT polynomial of a Whitehead
double of a knot K, given that the HOMFLYPT polynomial is known for K. Then we wrote
a program in Mathematica that takes in HOMFLYPT polynomials and computes a different
polynomial described in Section 3.1.2. By Ito's obstruction, it then only remains to determine if
this polynomial is a square or not.

While we have not yet been able to show this in general for n-twisted Whitehead doubles,
numerical evidence suggests thatif n and m differ by more than 1, the n-twisted Whitehead
double ofaknot K cannotbe relatedtoan m -twisted Whitehead double of K by anon-nugatory
crossing change, i.e. their Gordian distance is greater than one.

3.1 Whitehead doubles

The Whitehead double of a knot K in S®is a particular type of satellite knot , where the pattern

is the Whitehead link Pt A seenin Figure 3.1. Note that the crossings in the red component P
are positive, so we call this a positively clasped Whitehead link ( L5a10). We could just as easily
change the signs of these crossings to get a negatively clasped Whitehead link ( L5a11). The
construction of a satellite knot is as follows: Let Pt A be a 2-component linkin S3 such that A
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Figure 3.1 The Whitehead link L5al.

Figure 3.2 Construction of a Whitehead double of a trefoil. The image on the right shows D, (31,n).
Due to the writhe of the trefoil, we subtract three twists in this diagram.

is an unknot, and P is contained in the complement of A, which is an unknotted solid torus
we will denote as V. Now take K to be an arbitrary knot, which is called the companion , and
embed V into a neighborhood N (K)of K sothat a longitude of V isidenti ed with a longitude
of K with framing n. The image of P under this embedding is called the n-twisted satellite
knot with pattern Pt A and companion K. Taking the pattern to be the positively clasped
Whitehead link, we get an n-twisted, positively clasped Whitehead double of K, which we will
denote D, (K,n). See Figure 3.2 forD, (3;,n), where 3; is the left-handed trefoil. Similarly, if
the pattern is a negatively clasped Whitehead link, we get the negatively clasped Whitehead
double of K, which we willdenote D (K,n).
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Figure 3.3 The positive crossing (left), negative crossing (center) and smoothing (right) of a positively

clasped Whitehead double used to nd the zeroth coef cient HOMFLYPT polynomial.

3.1.1 Zeroth coef cient HOMFLYPT polynomial of Whitehead doubles

All Whitehead doubles have genus one, so we may apply Ito's obstruction to them, but rst we

need to nd their zeroth coef cient HOMFLYPT polynomials.
Recall from Section 2.2 that the zeroth coef cient HOMFLYPT polynomial of a link
be written as

PWv,2)= vz " plw)e?

i=0

where r_ denotes the number of components of L, and it satis es the skein relation

8
2 00 | _
- . pKO(v) ifre, re,+1=0
VP (V) Py (V)=B
-0 otherwise
Thus, for a 1-component link (knot) K,
X

Pc(v,2)=  pg(v)z?
i=0

and for a 2-component link L, we have

X .
toplv)z”
i=0

P.(v,z)= vz

L can

According to the skein relation, if ry, = 1,re, = 2, then v *p? (v) p? (v) = plfo(v), and if

rk, = 2,fg, = 1, thenv ?p? (v) p. (v)=0.

Figure 3.3 shows a diagram of an arbitrary positively clasped n -twisted Whitehead double

D.(K,n)of aknot K. We apply the skein relation to the clasp. Changing a positive crossing
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in the clasp to a negative one yields the unknot U (which has p(v) = 1), and the smoothing
yields a (2n, 2)-cable of the companion knot K, which we will refertoas C(K). Notice that C(K)
is a 2-component link. Since pf(v) ofan n-componentlink L=K;[ [ K, isdetermined by

pl?i (v), i.e.

1
plv)= v 2 1" v**Op? v)...p2 (v),

we have that pg(K)(v) = v 2 1 vaKCK) pO(y) ? Thus, the skein relation gives us

0 ) 2 .,2Ik(C 0 2
pD,,(K,n)(V)_V + 1 v? e P (V)

Notice that the linking number of C(K)is n—since K is n-framed, the difference between
the number of positive and negative crossings between the two components of C(K)is 2n.
Therefore the zeroth coef cient HOMFLYPT polynomial of a positively clasped n -twisted
Whitehead double is entirely determined by p}g(v):

2
Po.wmM)=Vi+ 1 v v p2(v)

As for the negatively clasped Whitehead double D (K,n)of K, K, inthe skein relation is
now the unknot,and K isD (K,n), butthe smoothing K, remains the same. Therefore,

2
V 2po(v) Pp )= V2 1V pR(v)
2
2P wmW)= v 2 LV pev)
and so the zeroth coef cient HOMFLYPT polynomial of a negatively clasped  n-twisted White-
head double is:

) v

2
Po V)=V 2 v 2 1T piv)”.

As an application, we can consider twist knots which are Whitehead doubles of the un-
knot, i.e. D (U ,n). Since the unknot has trivial HOMFLYPT polynomial, the zeroth coef cient
HOMFLYPT polynomial for twist knots with  n full twists is either

0 — 2 2 2
Po.umV)=Vi+ 1 vov :
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or
0 - 2 2 2
Po umV)=V Y 1ve"

depending on the sign of the clasp.

3.1.2 Obstructing Gordian distance one for Whitehead doubles

There are many ways we can apply Ito's obstruction (Proposition 3.0.1), but here we consider
for which m and n, if any, are Whitehead doubles D (K,n)and D (K,m) related by a crossing
change. Note that if a knot K °is obtained by changing a positive crossing of a knot K, then we
can also obtain K by changing a negative crossing of K °, so without loss of generality, we can
choose =+ 1. We will now prove Theorem 1.1.1

Proof. We wish to nd pairs (n,m) suchthat dg (D (K,n),D (K,m))= 1. We can do this by
showing thatthereisno f 2Z v2,v 2 suchthat f (1) =1, f q1) = 0that satis es the equation in
Ito's obstruction (here we have set = 1):

v 1p§(v) VDSO(V)= vy V2(a2(D) azDO)f (V)z

We can calculate a,(D, (K,n)) via the Alexander polynomial  p  n)(t). The Alexander
polynomial of a positively clasped n-twisted Whitehead doubleis  p  ny(t)=nt +(1 2n)+
nt 1[11]. Since mirroring a knot does not change its Alexander polynomial, we also have
ay(D (K, n))=n,soa,D (K,n))= n.Foraknot K, ,({t?)=r(t t 1), s0rp gnt)=
1+ nz?2, and therefore a,(D,(K,n))=n.Now we can use lto's obstruction:

viovva mey@P=y YvZ+ 1 vZ v p}?(v)z) v(vi+ 1 v?yem p,?(v)z)

) f(v)2: V2(m n) V2+ pIS(V)Z V2n VZ(m+1)

We similarly apply Ito's obstruction to Whitehead doubles with clasps of opposite sign, and
with both negatively clasped. The results are as follows:

1. (D.+(K,n),D,(K,m)): f(v)2=vam M y24+pO(y)2 y2n y2m+d)
2. (D (K,n),D,(K,m)): f(v)2=v20+m D 14y24y4 pg(v)z v2" 4 y2m+2)

3. (D+(K,n),D (K,m)) f(V)Z:V 2(n+m) 14 p|2(v)2 V2N 4y 2m
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4. (D (K,n),D (K,m)): f(v)?=v &M "D 14+ p(y)? vaAm+D y2n

Note that if we instead use Ito's obstruction with = 1, we get the same results, except m
and n switch places. For example, changing a positive crossingin D, (K,n)togetD (K,m)gives
the same equation as switching a negative crossingin D (K,n)toget D, (K,m). Therefore these
encompass all possible cases. The condition f (1) = 1is satis ed in all four cases, regardless of
p2(v),n,and m since p? (1) =1 forany K [14].

We can realize the case where n  m = 1 by changing a positive crossing in one of the n
twists of D, (K ,n), whichyields D,(K,n 1).Ito's obstruction does not rule out this case as we
getf (v)>=v2™ ™ D We believe this to be the only case in which dg (D (K,n),D (K,m))=1,
however factoring 1+v2® Y p2(v) 2 yem p2(v) ? (and other cases) in general is very dif cult.
Instead, we can simplify to speci c cases, such as setting n or m equal to zero, and letting K
be the trefoil knot 3;, which has zeroth coef cient HOMFLYPT polynomial p?f’l(v) =2v? v4,
The following list gives the equation that must be satis ed in each case:

1. (D.(K,0),D (K,m)): f(v)2=v2 v2 pO(v)® 1+y22m

2. (D (K,0),D,(K,m)): f(v)2=v 22" 14+y2+y4 pO(y)? 1+ y42m

3. (D.(K,0),D (K,m)): f(v2=v 2" 1+po(v)? 1+v2"

4. (D (K,0),D (K,m)): f(v)P=v 2™ 1+pl(v)? L+v22"

5. (D+(K,n),D,(K,Q): f(v)2=vZ2+pO(v)> 1 v2 2

6. (O (K,n),D,(K,0): f(v)P=v 22 1+v2  1+po(v)2 v® po(v)2v2"
7. (D+(K,n),D (K,0): f(v)?=v 20 1+p2(v)? 1+ v

8. (D (K,n),D (K,0): f(v)2=v 2 1+pdw)’ vZ v

When K is the trefoil:

[

. (D+(31,n),D+(31,m)): f(V)ZZ V2(1+m n) 1 4v4+2m +4V6+2m V8+2m +4V2+2n 4V4+2n +V6+2n

N

. (D (B,Nn),D,(B,m)): f(v)Z= v M) ] 4 y24 4y gy2Gtm)  y26rm) gy 8ram gy 420 4o 4y 6t20 8420

3. (D+(31,n),D (31.m))1 f (V)ZZ v 2(m+n) 1+ 4V4+2m 4V6+2m + V8+2m + 4V4+2n 4V6+2n + V8+2n

N

. (D (31,n),D (31,m)): f(V)ZZV 2(1+m n) q 4 \25+m) 4 gy 6+2m gy, 8+2m gy, 4420 4 gy, 6420, 8+2n
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()]

. (D+(31,0),D.(3;,m)): f(v)2=v22M 1+4y2 4v4+vyE 4y4+2m 4 gy6ram  8+2m

D

. (D (31,0),D,(3;,m)): f(v)?=v 22M 1+y2 3y*+4y8 yB84+4y25tm) y26+m) gy 8+2m

~

. (D+(31,0),D (B;,m)): f(v)2=v 2" 1+4v* 4vO+v8+qudram  4y6r2m 4\ 8+2m

[e¢]

. (D (3,0),D (B,m)): f(v)2=v M) 1 4y*+ 4y yB 4 y2A5rm) 4 4y6r2m 4y 8+2m

©

. (Di(31,n),D,(3,0): fF(V)2=v2 2" 1 4v4+4v8 vB+4y2ran  gy4ran 4620
10. (D (31,n),D.(31,0)): f(vV)?=v 22" 1+v2+v? 4vB+4y10 y12 4y42n 4 qyb+an 820
11. (D,(31,n),D (3,,0)): f(v)?=v 2 1+4v* 4vb+y8+4y42n  gyb+an 4 820

12. (D (31,n),D (31,0)): f(v)?=v 22 1+4v® 4yB+yv10 4y42n 4 gybran  y8ran

For equations 5 through 12 in this list, we factored the polynomials on the right hand side
for jnj 100 (equations 5-8) and jmj 100 (equations 9-12). None of these polynomials were
squares except in the cases:

1. (D,(31,0),D,(3;, 1)),
2. (D (3,,0),D (3;, 1)),
3. (D+ (31,1),D+ (3110))1

4. (D (31!1)1D (3110))

This agrees with our conjecture that
Conjecture 3.1.1. For any knot K,dg (D (K,n),D (K,m))=1lifandonlyif jm nj= 1. Fur-

thermore,d¢ (D (K,n),D (K, m))is always greater than one.

3.2 Cosmetic crossings

Ito's application of Proposition 3.0.1 proved the cosmetic crossing conjecture for genus one
pretzel knots by setting K = K°© In this case, nding an appropriate f (v) according to the
obstruction meansthat K would be obtained from itself by a crossing change at a non-nugatory
crossing, i.e. K has a cosmetic crossing. Setting D = D we have
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1/ 0 0
gy = pDV(vz zpD(V)ng(v)

Therefore, this problem reduces to determining whether or not the zeroth coef cient
HOMFLYPT polynomial of D is a square.

Theorem 3.2.1. For any knot K inthe knot table [22] with p,? 6 1and pg K.n) 6 1,D,(K,n)and
D (K,n)do notadmit cosmetic crossings for jnj 50.

Proof. By our calculations in Section 3.1.1, we have:

2
Po. @) =Vi+ 1 v v plv)

2
N wm(M) =V 2ovE v plv) .

If p(v)= 1, then we have p&(K'n)(v): vi+ 1 vZy
Forevery K inthe knottable [22], we computed p2(v),andthenfound D, (K,n)andD (K,n)
for jnj 50. Upon factoring, we found that none of these polynomials were squares.
]

This partially reproves the results of [5] and [6], and this strategy could prove the cosmetic
crossing conjecture for Whitehead doubles of cable knots as well.
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CHAPTER

4

KNOTS WITH POSITIVE AND NEGATIVE
UNKNOTTING NUMBER ONE

4.1 Motivation

This chapter investigates the question of which knots have both a positive and a negative
unknotting crossing; that is, foraknot K, doesu,(K)=u (K)=1? We have explained why the
answer is af rmative for amphichiral knots with unknotting number one. Soteros, Ishihara,
Shimokawa, Szafron, and Vazquez used Taniyama’s classi cation [34] of unknotting operations
for rational knots to classify the signed unknotting operation for chiral rational unknotting
number one knots with 9 crossings in [33].

4.2 Strategy

Here, our approach involves applying the Montesinos trick (Proposition 2.8.1) to describe (K)
as surgery on some knot , together with the following theorem of Ozsvath and Szab6é [30]
when (K)is an L-space:
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Proposition4.2.1 ([30] Theorem 1.2). Let S® be a knot that admits an L -space surgery, for
somer=p=q2Qwithr 0.Then,forallintegersi with jij p=2we have that
e 5 e 8
d Sp:q( ),I d Sp:q(U )!I = 2tjb':ch( )

while forall jjj>p=2q), we have thatt;( )=0.

Here, Sp3:q ) refers t% %-sur%ery on the unknot, i.e. the lens space L(p,q), and the iso-
morphism Z=pZ = Spin°® Sp3:q( ) induces the index i on Spin®(L(p,q)). The t;'s are de ned in
terms of the Alexander polynomial (t):

ti= Jaig,
i1
where a; is the coef cient of (t)when it is expressed in its symmetrized form
x .
t)=ao+ at'+t ),
i=1
where g is the genus of
We will use this strategy to nd possible Alexander polynomials for ,assuming det(K)=d.
In Section 4.3, we will use the linking form to narrow down possible determinants for K.We
nd that the determinant of a knot K with u,(K)=u (K) = 1 must have determinant of a
certain form. Thus, we only need to apply our Montesinos trick strategy in the case where
(K)=S2(J), where d is of the form described in Section 4.3.
2

4.3 Linking form obstruction

We prove a proposition that will help us rule out possible determinants of knots with positive
and negative unknotting number one, using the linking form, as described in Section 2.6

Proposition 4.3.1. LetK S® be a knot with determinant det(K)=d. If K has positive and
negative unknotting number one, and the prime factorizationof disd = plnl pk”k, then each
p; is an odd prime congruentto 1 mod 4.

Proof. By [7], if K is an unknotting number one knot with double branched cover (K) which
can be unknotted by switching a positive crossing to a negative one,and det(K)=d, then there

29



is a generator g of H, ( (K))with (g,9) = d3 2Q=Zand (g,9)= dg if K can be unknotted
by switching a negative crossing to a positive one. Since K can be unknotted by changing a
positive crossing or a hegative crossing, then there must be two equivalent linking forms 1k
and Ik, on H;( (K)), where for some generator a of H;( (K)),lk,(a,a)= #(K) and for some
generator c of H; ( (K)), lk,(c,c)= #(K) Sincelk, = Ik, they are the same up to a change of
basis, so there is anisomorphism  :H;( (K))! Hj( (K))suchthat Ik;(a,a)=1k,( (@), (@)).
SinceH,( (K))iscyclic, we cansaythat (a)= a forsome constant ,anda="! c forsome
constant ! . Letd = det(K). Then Ik, =lk, implies

E:Ikl(a,a)
d
=lky( (@), (@)
=lk,( a, a)
’lk,(a,a)
2lk,(! ¢,! c)

2l 2|k,(c,c)

2
— 2
_(!)d'

If K has positive and negative unknotting number one, and letting I =k, we must have

2 2k? mod d. Since the determinant d of aknotis odd, wehave 1 k? modd,i.e.-lisa
quadratic residue mod d,i.e.d is a product of odd primes congruentto 1 mod 4.

O

4.4 Obstruction for alternating knots

We will now prove Corollary 1.3.1. We then apply this obstruction to the knots 955 and 9,3 in
order to complete the table in  [33].

Corollary 1.3.1. If K is an alternating knot with positive and negative unknotting number 1,
then any minimal diagram of K contains both a positive and negative unknotting crossing.

Proof. Assume that K is an alternating knot with positive and negative unknotting number 1.
Then, K will have signature 0 by Proposition 5.1.1 (2). Let D be an arbitrary reduced diagram
for K. For this proof, we will use Theorem 4 from [23], speci cally items i) and iv). Since
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(K) = 0 and K has negative unknotting number 1, Theorem 4 tells us that D displays a
negative unknotting crossing.

Now, mirror D to get D. We now know that D has a positive unknotting crossing, since D is
known to have a negative one. Additionally, mirroring a knot negates its signature, so (D)=0.
Recall that D is a projection of K, the mirror of K. By assumption, K was a 2-adjacent knot, so
its mirror must be as well. Since K has positive unknotting number and negative unknotting
number 1, K does as well.

Knowing this, we may repeat the above logic on D, a diagram of K. Since (K)= 0and
K has negative unknotting number 1, any minimal diagram of K must display a negative
unknotting crossing, including D . We have now shown that D has both a positive and negative
unknotting crossing. Mirror back to obtain D and we see that it also has an unknotting crossing
of both signs. O

The knots 955 and 955 are alternating, so using Knotfolio [3], we changed every crossing in
a minimal diagram of each of these knots, but only found positive unknotting crossings, so
U (93)>landu (933)> 1.

45 Results

Theorem 4.5.1. If K S®isaknotwith det(K)=d 2f5,13,17,29,37,41,53,61,73g, u,(K) =
u (K)=1, and double branched cover (K)is an L-space, then (K)= Sg( 1) = Sg( ») Where
the possible Alexander polynomials (t), ,(t)of ;and ,aregiveninTable6.1.

Proof. Let K  S2 be a knot with determinant det(K ) equal to d with both a positive and a
negative unknotting crossing such that  (K)is an L-space. Since K has a positive unknotting
crossing, by the Montesinos trick (Proposition 2.8.1), there exists a knot ;1 such that the double
cover of S® branched over K is dE-surgery onsomeknot ,i.e. (K)=SJ( ,).IfK alsohasa
negative unknotting crossing, then there exists aknot  , suchthat (K) - S3, ( 2). Now, since
S%,(2)= S{( ) wealsohavethat (K)=SI( ) i

We can equip (K)witha Spin® structure t;, where the isomorphism Z=dZ = Spin® S3( ;)
induces the index i on Spin€(L(d,2)). Then by Proposition 4.2.1, we have

d( (K)t)=d Sg( Dt =d(L(d,2),0) 2t 4).

Now de ne a permutation suchthatif i = (j), then t; = u;, where the isomorphism Z=dZ =
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Spin®  S3( ,) inducestheindex j on Spin(L(d,2)). Then by Proposition 4.2.1, we also have

d (K)y =d S;( WUy =d Ld,2),] 2t 2)-
Recall from Section 2.9 that d -invariants have the following property:
d(y,t)y= d( Y,t).

Thus,
d(Sg( D)) =d( K)t)=d( (K),uj)=d( Sg( 2),Uj) = d(Sg( 2),Uj),

Combining the two applications of Proposition 4.2.1, we get:
d ( (K)!ti): d S;( 1)1ti =d (L(d,Z),l) 2tjb=20j( 1)'

and
d (K),UJ =d S:;;( 2),Uj =d L(d,Z),J 2tJt]:20J( 2).

which implies
d (K)uy = d Ld,2),] + 2t 2)

Together we have:
d L(d,2),] +2tyo( 2)=d  (K)u =d( (K)t)=d(L(d,2),i) 2t 1)

We can calculate d(L(d,2),i) using Proposition 2.9.1, and then nd pairs (i,j) and m| =
th=ac( 1) tin=c( 2) SO that

d Ld,2),j =d(L(d,2),i) 2mJ!.

Then we can solve the equations m} =t 1) tjs=e 2)t0 Nd tysfor ;and ,.Usingthe
fact that X
t = Jai+j,
i1
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where a; is the coef cient of (t)when itis expressed in its symmetrized form

X _
(t)=ap+ at'+t ",
i=1
where g is the genus of , we can then calculate all possible Alexander polynomials for  ; and
». These results are given in Table 6.1.

]

In the case where det(K) = 5, it turns out that there is only one knot K which satis es
u,(K)=u (K)=1,and (K)an L-space.

Theorem 4.5.2. There are no chiral knots K  S? with determinant equal to ve, u,(K) =
u (K)=1,and (K)an L-space. Furthermore, if K satis es the above conditions, then K is the
gure-eight knot.

Proof. LetK S®beaknotsuchthat u,(K)=u (K)=1,det(K)=5,and (K)isan L-space. By

Theorem 4.5.1 and Table 6.1, we can see thatif (K)=S3( ;)=S°%( ,),then (t)= (t)=1.
2 2

Since (K)isan L-space, ;and ,arelL-space knots. Since ;and , have trivial Alexander

polynomials, and
X _
()=a+  at'+t ),
i=1
where g isthe genus g( j)of ;,wehaveg( ;)=g( ») =0, ie.they are both the unknot. Thus,
S 1)=L(5,2),andso (K)=L(5,2). Since each lens spacelL (p,q) is the double cover of S?
branched over a unique 2-bridge knot or link K (p,q)[12], K must be the two-bridge link with

continued fraction g i.e. the gure-eight knot. O
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CHAPTER

3}

CONSTRUCTING AND CATALOGING
2-ADJACENT KNOTS

In this chapter, we determine the 2-adjacent knots through 12-crossings. Using Heegaard
Floer d -invariants and the Alexander polynomial, we develop a new technique to obstruct
2-adjacency, and we prove conjectures of Ito [13] and Kato [16] regarding 2-adjacent knots. We
rst give a formal de nition of  n-adjacency.

De nition 5.0.1. A knot K that is n-adjacent to another knot K ®has a diagram with n crossings
such that changing any non-empty subset of them results in a diagram of K °. For simplicity, we
say that K is n-adjacent if K is the unknot, as in [35].

We used existing obstructions to rule out most of the non-  2-adjacent knots. However, these
were not suf cient for ve knots:  11a,s5, 128355, 12N 650, 12N 656, and 12nsg6. Building on results
of Baker and Motegi [4], we developed a new method combining the Montesinos trick with
the Alexander polynomial and Heegaard Floer d-invariants to exclude 11a,ss, 12a355, 12N650,
12n¢s6, and 12nsg6 from being 2-adjacent. We prove the following obstruction in Section 5.2

34



Theorem 5.0.1. If K is a 2-adjacent knot, then det(K)=4! 2 1forsome! 2 Z.Ifthe crossings
in the 2-adjacency set are of opposite sign, then det(K ) = 4! 2+ 1, and if they are of the same sign,
then det(K)=4! 2 1. Furthermore,if ! 6 0, and J is the lift of a crossing from the 2-adjacency

@+1) i

set of K, then the Alexander polynomialof J, ,(z)=1forallz =e T ,wherel 2 Z.

We use Theorem 1.3.1 in Section 5.5 to obstruct several alternating knots, since it can rule
out 2-adjacency in the case that the 2-adajcent set must contain a positive crossing and a
negative crossing.

In Section 5.1 of this chapter, we present some known obstructions to 2-adjacency which
are used in Section 5.5 to prove Theorem 1.4.1. We prove Theorem 5.0.1, a new obstruction to 2-
adjacency, using Ozsvath and Szabd's correction terms (d -invariants ) [27] and the double cover
of S® branched over a knot in Section 5.2. We then apply Theorem 5.0.1t0  11a,g5, 128355, 12N 50,
and 12ngs6in Section 5.4.1, and to 12n554in Section 5.4.2. In Section 5.6 we describe a construc-
tion of 2-adjacent knots adapted from the construction used by Askitas and Kalfagianniin  [2].
An appendix is included with an explicit construction of all known 2-adjacent knots up to 12
crossings.

5.1 Known invariants of 2-adjacent knots

We know the following about various invariants of 2-adjacent knots:
Proposition 5.1.1. Ifaknot K is 2-adjacent, then
1. The unknotting number of K is 1.

2. The signature of K , (K), iseither Oor 2. If K has positive unknotting number 1 and
negative unknotting number 1,then (K)=0.

3. IfK isrational, then K is either 3, or 4.

4. Inthe Conway polynomial of K, eithera,= 1ora,= 0. Inthe case wherea,=0,a,isa
perfect square.

Proof.

1. By de nition.
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2. The unknot has signature zero. Since changing a crossingin adiagramofaknot K changes
the signature by at most 2, (K)= 2or (K)= 0. Furthermore, changing a positive
(negative) crossing will decrease (increase) the signature by zero or two. Suppose a knot
J has both a positive and a negative unknotting crossing, and (J) = 2. Then changing

a negative crossing could not yield a knot with signature zero. Similarly, if (= 2,
then changing a positive crossing could not yield a knot with signature zero. Therefore
(J)=0.
3. By[36].
4. By[35].

5.2 Torres/Baker-Motegi obstruction

In this section, we prove Theorem 5.0.1, which is a novel method for obstructing 2-adjacency.
Proposition 5.0.1 together with the discussion in Section 5.3 will be used to obstruct  11a,gs,
12a3s55, 12n5g6, 12n4,0, and 12ngs from being 2-adjacent. To begin, we will outline several
necessary prerequisite results.

Let K be a knotin S® with unknotting number equal to one. Then there is a diagram D that
contains a crossing ¢ such that performing a crossing change at ¢ unknots K. In S3, we can
nd a crossing diskfor c, i.e., a disk which intersects K twice with zero algebraic intersection
number. Let d be the crossing disk associated with the unknotting crossing c¢. We can draw an

unknotted arc  in d with boundary on K (as in the middle diagram in the top row of Figure
5.2). We call the crossing arcfor c. Note that modifying K in a tubular neighborhood of
yields the unknot. From a dual perspective, we can visualize K as an unknot together with a
framed arc  such that modifying the unknot in a neighborhood of gets us back to K. If we
think of S®as (U), eacharc liftstoaknot J. Thisis the idea behind a key ingredient of our
proof: the Montesinos trick (Proposition 2.8.1).
We will also use the following relation between the two-variable Alexander polynomial

L, y)2Z[x by 'lofanoriented link L;[ L, (with "k (L;,L,)=" )and the Alexander

polynomial (t)2 Z[t 1] of a component due to Torres [37]:

FIRGEIEEESNG 61

1
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Figure 5.1 Twistingaknot along anunknot c. Thisis a simpli ed diagram. We assume nontrivial
linking between c and , sothe n twists are applied to all strands passing through ¢, producing .

Here, = signi es equivalence up to multiplication by a unit in the corresponding Laurent
polynomial ring.

Baker and Motegi [4] apply (5.1) to a special family of links |, [ ¢, asin Figure 5.1). They
dene [ c, tobe the family of links obtained by nl -surgery on a disjoint unknot ¢, where
¢ does not bound a disk disjoint from ,and itis not a meridian of . In this case, they call the
sequence of knots that are the images of  after ni -surgery on ¢ atwist family of knots f g
obtained by twisting the knot  along c.

Proposition 5.2.1 ([4]). Letf ,gbe the twist family of knots in a homology sphere obtained by
twisting the knot  along an unknot c. Then

t!
t 1

)= e ().

We now have the necessary results to begin our proof of Theorem 5.0.1, restated here:

Theorem 5.0.1. If K is a 2-adjacent knot, then det(K)=4! 2 1forsome! 2 Z.Ifthe crossings
in the 2-adjacency set are of opposite sign, then det(K ) = 4! 2+ 1, and if they are of the same sign,
then det(K)=4! 2 1. Furthermore, if ! 6 0, and J is the lift of a crossing from the 2-adjacency

set of K, then the Alexander polynomialof J  ;(z)=1forallz = e ,Where| 2 Z.

Proof. Suppose anorientedknot K S®is 2-adjacentto the unknot U . Then, thereis a diagram
D of K containing two crossings c¢; and ¢, such that changing the sign of any non-empty subset
of them yields a diagram of the unknot U . In S3, we can nd a crossing disk for each crossing,
as noted above. Since these crossings are disjoint, in S° we adjust the radius of each crossing
disk until the two disks are disjoint. In each disk, one intersection point marks the over strand

in the diagram D, and the other represents the under strand. We can draw a crossing arc  ; for
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crossing ¢; in d; with boundary on K. Dually, as noted above, K can be visualized as an unknot
together with a framed arc  ; such thateacharc ; liftstoaknot J.
For a knot L and 3-manifold Y, we will use the notation L to denote the mirror of L and
Y to denote Y with reverse orientation. Note that SS(L): 839( L). Let (K) be the double
cover of S® branched along K. In our case, since K iszz-adjacenzt to U, it has two unknotting
crossings—either both crossings have the same sign, or one is positive and the other is negative:

1. If changing a negative crossing to a positive one unknots K, and (K) = 0, then by
Proposition 2.8.1, (K)= S3Q(J)for some knot Jin S (which is the lift of the unknotting
crossingarc). If (K)= 2, tFlen (K)= SS(J), andreecting K,weget ( K)= (K)=

Sg(J) = 83%( J). Since J is unknown, withzout loss of generality, we can say that ( K)=
S, (J).

2. If changing a positive crossing to a negative one unknots K, thenwe re ect K so that
this unknotting crossing will be negative. If (K) =0, then by Proposition 2.8.1, ( K)=
839(\]) for some knot J in S (which is the lift of the unknotting crossing arc). If K)= 2,
thén ( K)= Sg(J), andso (K)= ( K)= Si(J): 83%( J).

Therefore, if both unknotting crossings in the 2-adjacent set are negative, we have
S (W)= (K)=S%(%)
if (K)=0,and
$% (W)= ((K)=S%(%)

if (K)= 2.If both unknotting crossings are positive, we have

S’y (W)= ( K)=S ()
if (K)=0,and
S’ (W)= (K)=S° (%)
if (K)= 2.
On the other hand, suppose c; is positive and ¢, is negative. In this case, (K) = 0 by
Proposition 5.1.1, so we have

$% (W)= (K)=S5;(%)
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Lifting ;and , simultaneously, we get yet another description of (K)as surgery on a
two-component link,

(K)=8, a1l L2)

where L; isthe liftof ;. To get more information about a,,a,,L;, and L,, we can think about
changing one crossing at a time. If we change one crossing, the Montesinos trick tells us that
Sjl(Ll) = S3, and that a, = d—zl where d; is the determinant of L,. We then change the other
unknotting crossing, and the result will still be the unknot. Again utilizing the Montesinos trick,
this means that in the double branched cover (U) = S3, we have performed %O surgery on
aknot, and the resultis still S*. By a classical result of Gordon and Luecke [9], no non-trivial
surgery about a non-trivial knotin ~ S® yields S2, and thus we must have performed surgery on
an unknot (which has determinant d°= 1). Since this holds regardless of which crossing was
changed rst, we know that  (K) must also be surgery on a two-component link, where each
component is unknotted and has framing %

Up to mirroring K, we can assume that L, has framing % Altogether we have (up to
mirroring K):

K)= 33%(‘]1)= 53%(,_]2)= S y %)(Ll[ L)

if both unknotting crossings are of the same sign, and

(K)=S%(2)=5,(2) =8, y(Lil L2)

if one unknotting crossing is positive and the other is negative.
where L4, L, are unknotted.
The determinant of K, det(K), is also the determinant of the linking matrix for  L;[ L,:

2 3
8 1 2 ;
4 5-
2! 1
Therefore det(K)=4! 2 1,where! ="k (Ly,L,). Note that if both unknotting crossings in the

2-adjacent set were of the same sign, then up to mirroring, the framings of L, and L, are both
%, sodet(K)=4! 2 1.If one crossing is positive and the other is negative, then the framings
arezand %,sodet(K)=4! 2+1.
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Since the Alexander polynomial of each component L; is trivial, 5.1 gives us:

.t
Ll[ Lz(t11)= t

Now we can apply Proposition5.2.1toour L;[ L,,where =L;andc=L,. Wesetn = 2,
and thus , is the image of L, after ( %)—surgery on L, (and likewise, ,[ ¢, isthe image of
L,[ L, after ( %)-surgery on L,). Then Proposition 5.2.1 together with 5.2 tell us that

t 1 . . 21
T AOF Lt ettt

Our obstruction relies on the following:
When t isa (2! )throot of unity z=e? '? where! 6 0and k isodd, then z' 16 0and
z 160, andwe have

z' a1
Z 1 2(2): Ll[ LZ(Z,Z )
= Ll[Lz(Z’l)
= U(le)
Z!
= 1 u(2)
oz 1
Sz 17

@+1) i
]

Therefore, forany z =e and1 2z, (z)=1.

]

As noted above, we will use Theorem 5.0.1 in order to obstruct 11a,ss, 12a355, 12N450, and
12n456 from being 2-adjacent. These knots are all known to have unknotting number equal to
one, so for each knot, we can nd a diagram with at least one unknotting crossing. This allows
us to explicitly nda J (andthus ;(t))such that SS(J) = (K). For an example, see Figure
5.2. Applying Theorem 5.0.1to  4(t) does not immezdiately obstruct 2-adjacency, since the
corresponding unknotting crossing is not necessarily a member of a 2-adjacency set. However,
we do know that a lift  J°of an unknotting crossing in a 2-adjacency set must have the property
that S3(J9 = (K). In Section 5.3, we will show how to leverage this explicit Jto nd all possible
AIexaﬁder polynomials  j(t)suchthat S}(J9= (K). Then, applying Theorem 5.0.1 to all such

5(t) can rule out 2-adjacency for a specf c knot.
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The unknotting number of 12n544 is unknown, however we found a rational tangle replace-
ment to the unknot. In Section 5.4.2, we use a more general version of the Montesinos trick
to ndthe d-invariants for (12nsg6), and then work backwards to nd possible Alexander
polynomials for a lift  J°if (12nsg) is half-integral surgery on J°% Once we have found these
Alexander polynomials, we can apply Theorem 5.0.1.

5.3 Rulingout ;via d-invariantswhen (K)isan L-space

Inthis section, foraknot K with certain properties, we discuss howto nd all possible Alexander
polynomials  j(t) such that Sg(JO) = (K). In particular, we use this in conjunction with
Theorem 5.0.1 to obstruct 2-adjaéency for the knots  1la,g5, 128355, 12Nn4,0, and 12ngse in order
to prove Theorem 1.4.1. First, we ndthelift Jofanunknottingarcin K, and use the Alexander
polynomial  ;(t) together with d-invariants from Heegaard Floer homology to nd other
possible  j(t) such that Sg (J9= (K). Once we achieve this, we can apply Theorem 5.0.1 to all
such  jt)in orderto obstFuct 2-adjacency. In Chapter 2 we de ned Heegaard Floer  L-spaces.
In order to obstruct 11a,s5, 128355, 12N 420, 12Ng56, and 12nsg5 from being 2-adjacent, we rely on
the fact that their double-branched covers are L-spaces.

Lemmab5.3.1. For K 2f1la,ss 128355, 12n450, 12Ng56, 12n5560, (K ) is an L-space.

Proof. Since these knots all have thin Khovanov homology (computed using the KnotTheory
package in Mathematica), their double branched covers are L-spaces[39] [29]. O

As noted in Chapter 2,if (K)isan L-space, we can nd all possible Alexander polynomials
foraknot Jwith S3,(J)= (K) using Heegaard Floer d-invariants .
2

5.3.1 The Ni-Wu formula

Ni and Wu proved a very useful formula for bounding the  d-invariants of a manifold obtained
by rational surgery on aknot Jin S2 by relating themto d -invariants of lens spaces, with Spin®
structures indexed by i as in Proposition 2.9.1.

Proposition 5.3.1 (The Ni-Wu formula [26]). Supposep,g >0,and x O i p 1.Then

€ S n ) o]
d §,0).t =d(L(p,q)i) 2max Vi o Vet 11”
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The reader may refer to [26] for an in-depth explanation of V,, but for our purposes, we
only need to know their relation to the Alexander polynomial of an L-space knot, and the fact
that Vi Vi,; Vi 1. We will use the Ni-Wu formulato ndthe  d-invariantsof  (K)=S?(J).
We can assume a positive % surgery (as required) up to mirroring. First, we can simplify th(za
formula in Proposition 2.9.1 to the relevant case, where p = det(K)=d and q = 2. We have:

2d (2i+1 d 2)2+( 1)
8d 4
Recall that for conjugate Spin® structures t,t,d (Y,t) = d (Y,1). Also note that the determinant
d of a knot is odd. We can see thatthe Spin® structure correspondingto i is conjugate to the

d(Ld,2),i)=

Spin® structure correspondingto d+1 iforl i d (andtherefore, calculating d -invariants
fori=1,...,%% is suf cient) because
d(L(d 2)i)—( o1 OI+i+ | i’
T 4 8d 8 2 2d d
1 wa i 1 od o [ i 2
=—( D" = —+-+— —
4 8d 8 2 2d 2d

=d(L(d,2),d+1 i)

Next, we needto calculatethe V,'susing ;(t).Since (K)isan L-spaceandcanbe described
as surgery on a knot J, we call J an L-space knot. When J is an L-space knot, by [30],
X
\/i = J a'I +j 1
i1

where a; is the coef cientof  ;(t)whenitis expressed in its symmetrized form

X _
)=a+ '+t ),

i=1

where g is the genus of J.
For our purposes, we take a knot K with unknotting number u(K)=1and (K)an L-space.

Once we found the lift J of an unknotting arc, we uploaded the image to KnotFolio, found the
DT code, and con rmed that SS(J) = (K)in SnapPy. We then calculated ,(t)in Sage. Table
5.1 shows these results for 11a252, 12a355, 12n4,0, and 12n 454 Using their respective determinants
and speci ¢ unknotting arc used in our calculations. Using the Alexander polynomial of the lift
J of an unknotting crossing arc, we can compute the V,'s and then use the Ni-Wu formula to
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obtain the d-invariants of S2(J):
Z

Note thatif any d-invariants of S3(J)= (K)are congruent mod 2, then itis possible these
2
values could correspond to different Spin® structures, thus altering some V, and producing a

d sg(J),ti =d(L(d,2),i) 2Vy4¢

different Alexander polynomial. (This will be shown explicitly in Section 5.4.1.)

Table 5.1 The rst column shows our potential 2-adjacent knot
code of the lifted arc J, the third column gives the Alexander polynomial of
evaluates the Alexander polynomialata 2 ! th root of unity, con rming that

K, the second column gives the DT
J, and the last column
K is not 2-adjacent.

DT Code for J

J(t)

£ S
bzio

j ez

11&255

102, -84, -108, -40, 44, -116, 94, -24, 30, -6, 32, -58, 10, -42

-66, 46, 114, 70, 22, 74, 52, -8, -82, -14, 38, -64, 88, -48, 9P

[20, -98, -76, 54, -60, -104, 36, 62, 86, -50, -72, 96, 2, -100

-4,78,56, 12, 106, 110, 16, -18,-112, 90, 68, -26, 28,-80,34, t 13

£ 27 ¢ 264t 22 ¢ 21y 17 ¢ 164

t 12+t 1 t 10+t 8 t 74

t 8 ot S+t 3t 2+t 14t 12+

t3 15416 74¢8 (104411 4124

t18 {164 {17 21422 26427

0.1+ 0.5i

12a3sg

[22,-144,-122, -60, -170, 64, 126, 200, -210, 180, -162,

74,-242,-140,-112, 26, 168, -120, -192, -172, 204, -206,
236, 216, 44, 48, 136, 52, 220, 222, 54, 24, 166, 118, 6, -22,
-12,-66, 154, 184, -158, -46, 138, 80, 86, -28, 90, -58, 92,
-194, -174, 202, -208, 234, 214, -244, -50, 110, 78, 164, -194
-176, -16, -130, -68, 186, 218, 72, 134, -2, -30, -116, -190,
-224,96, 34,198, -212,-132, -70, -238, 82, 84, 8, 94, 32,
-230, -148, -36, -98, 100, 38, 150, 232, -20, -42, -104, -240

-188, 10, 62, 124, 146, -178, -18, -40, -102, -156, 108, 7p

t 53 ¢t 524 44 ¢ 4344 39 ¢ 3/,

-142,-114, 56, 88, 4, -228, -14, -128, 152, 182, -160, -106, t 35 t 34+t 30 t 294¢ 26 2544 24

t 284t 21 ¢ 204¢ 17 ¢ 1644 15 ¢ 14y

Bt 12 t 114t 10  94¢ 8 744 6

t S+t 3t 2+t 1 14t t2+4t3 5446
t7418 94110 114412 14,415 16,
t17 1204421 23,124

t254 126 (294

£30 34,435 138,430 ;43,444 (52,53

0.1+ 0.4

12n 620

[18, 52, 76, -102, 80, 108, 58, -34, -110, 46, 72, -98, -2, 8,
104,106, -12, -84, -112, 64, -90, 68, -94, 24, 74, -100, -26
10, 32, 14, 86, 114, 40, 92, 44, 96, 22, 50, 6, -28, -54, 16, 6
-36, 116, 66, -42, 70, -20, -48, -4, 78, 30, -56, -82, 88, 62,

-38]

t 26 ¢ 2541 21 ¢ 2044 17 1644 13
t 1244 10 94t 8 t Tyt 5 ¢ 44t 3
2+t b odet t24t3 t44t® t7+t® %+

10 124413 (164417 204421 254426

0.1+ 0.5i

12n 656

[8,-58, 40, 24,72, -32, 34,50, -52, 54, -56, 2, -62, -76, 64,

-48, -68, 18, -20, 4, 60, 26, -28, 66, 10, -70, -36, 38, -22, -6

t 17 { 1644 13 { 12, 9 { 84¢ 6

tS5+r % £ 3+t 2 t 1+l t+t? 3+

t4 15416 8419 (12413

42,-78,74,12,-14, 16, -30, -46, 44

1164 17

0.2+ 0.6
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5.4 Results

Here we will obstruct the knots  11a,55, 128355, 12N 459, and 12n45 from being 2-adjacent. We will
rigorously go through the obstruction for ~ 11a,s5, but the same process applies to the other three
knots. In Figure 5.2, we show the steps for lifting the labeled unknotting crossing arc for ~ 1la,ss.
For the remaining knots, we will exclude the intermediate steps. After nding the d -invariants
for (K), we check for any permutations of Spin® structures that could yield different Alexander
polynomials for aknot J°suchthat (K)= SS(JO). For each K 2f11a,s5, 128355, 12N 420, 12N 6560,
we found that the corresponding ;(t)was tzhe only viable Alexander polynomial. Therefore
we were able to obstruct these knots from being 2-adjacent by applying Theorem 5.0.1.

5.4.1 1l

Note that the determinant of 11a,s5is 143, so we calculated the d -invariants d (L(143,2),i) of
the lens space L (143, 2).

5041 4757 4761 4481 4489 383 325 3953 3969 3701 3721 3457 3481 3221 3249 2993 275 2773 2809 197 2601 2357 2401 2161 2209 1973 2025 163 1849 1621 1681
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In Figure 5.2, we show the steps for lifting the labeled unknotting crossing arcfor ~ 11a,ss. The

i
©

139 1
286 286"

lastimage inthe gure showsthe lift Jofthearcin (11a,s5). Once we found J, we uploaded

the image to KnotFolio, found the DT code, and con rmed that S3.(J)= (1la,ss) in SnapPy.
v

We then calculated ;(t)in Sage. When ;(t) is expressed in its symmetrized form

X .
)=ag+  at'+t ),

i=1
the symmetrized Alexander coef cients (ag,a;,as,,...) for the lifted arc J are:
(1,2, 1,1,0, 1,1, 1,1,0, 1,1, 1,1,0,0, 1,1,0,0,0, 1,1,0,0,0, 1,1,0,0,..)
Using 5.4.2, we calculate the V;'s:
9,8,8,7,7,7,6,6,5,5,5,4,4,3,3,3,3,2,2,2,2,2,1,1,1,1,1,0,0,)..
Putting these together, we calculate the d -invariants of  (11a,ss) = S;.; (J) using the Ni-Wu

2
formula for the relevant case (5.3.1):

N&
NN
N
No
ol
N
o
ol
N
o
ol

1

w

5

@
@

0: 283 25 49 211 183

211 15 87 51 23 259 69 113 127 79 257 309
286 286° 286° 286° 28 2 5

183 133 87 5L 23 259 69 113 127 79 257 309 7 9
286" ' 286’ 286° 286' 286' 286’ 286'26'286' 286’ 286' 286’

ol

15 157 225 9 81 131 5 263 183 387 303 69 157 3 53 139 43 21 131 315 211 181 289 113 225 53 13 1 1l 43 8L = 79 49
2' 286" 286° 286" 286' 286’ 26' 286’ 286’ 286' 286’286’ 286' 22'1286' 286’ 286' 26' 286’ 286’ 286' 286’ 286’ 286’ 286’ 286’ 22' 286’ 26° 286’ 286’ 286’ 286
o7 25 127 9 139 1 1
286' 286' 286’ 286' 286’ 286° 2

44



Figure 5.2 Finding the lift of an unknotting arcin  1la,s5. The top left gure is the original knot. To the
right of that, we circle an unknotting crossing in purple, and in the next one, the marked crossing has
been changed, recorded by a purple crossing arc. The following gures show the process of isotoping
the black unknot until it looks like the standard unknot, while keeping track of the purple crossing

arc until we reach the bottom left gure. The last image shows the lift Jofthearcin  (K).
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Now we can see explicitly that the lens space d-invariantvaluesfor i =1,...,71comein
pairs that agree mod 2. The index of the self-conjugate Spin® structure is i = 72, so it is unique
mod 2. For example,

d(L(143,2),9) d(L(143,2),31) % (mod 2)

Thus 3069
d (S%(J),tg) = 286 2V,
and
1681

d (S;(J)im) =—= 2V
2 2

86
;(t) tellsusthat V, = 7 and V;5 = 3, but there is the possibility of the existence of some knot
J°where (K)=S2,(3%and V, and Vys are switched in  j(t ), resulting in a different Alexander
polynomial, i.e. Jz(t )6 5o(t). Inourcase, thisisruled out by the factthat VvV, Vi,; V, 1, but
more than two of the lens space d-invariants could agree (mod 2), and the torsion invariants
could be permuted, yielding a different Alexander polynomial. Therefore we had to calculate
all of the possible sequences of the V; with these matchings, and for all four knots in question,
we found the V, had to be unique.
Since det(1la,) = 143= 4(6%) 1, we evaluate ;(t)atthe odd 12th roots of unity, shown

in Table 5.1. Since ,(t) did not evaluate to 1, by Theorem 5.0.1, 11 a,ss is not 2-adjacent.

5.4.2 12Nsg

For this particular knot, the unknotting number is unknown. According to knot info, it is either
1 or 2. However, since its determinant is 101, and therefore of the form  4n2+ 1, we know that
if the knot is 2-adjacent, the 2-adjacent set of unknotting crossing must include crossings of
opposite sign. Since we cannot nd a diagram with a single unknotting crossing, the previous
strategy falls short. Instead, we used a more generalized version of the Montesinos trick, by
nding a rational tangle replacement to the unknot. An unknotting crossing can be thought of
as arational tangle replacement of a full twist, which is why we know that the surgery on J must
be half-integral. We found an unknotting rational tangle replacement that is three half-twists,
shown in Figure 5.3. This means that there isa knot Jsuchthat (12ngg)= SS(J). We found
this knot J by lifting the arc in Figure 5.3 (in the same way as in Figure 5.2) andgthe resultis
shown in Figure 5.3.

We uploaded the diagram on the right in Figure 5.3 to KnotFolio and found that the Alexan-
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Figure 5.3 On the left, we see the knot 12n5gg with a three half-twist tangle circled. In the middle
diagram, we replace the circled tangle with an unknotted arc. On the right, we see the lift J of the
green arc from the middle diagram.

derpolynomialof Jis (t)=t 1 t O+t 7 t €+t 4 t 3+t 2 t 1+1 t+t? t3+t?
t8+t7 t1%9+t1% Werecoveredthe V,'sinthe same manner asin Section 5.3.1, using 5.4.2. Then
we calculated the d-invariants of L(101,3). These were unique up to conjugation, so using the
Ni-Wu formula 5.3.1,

d( (12nsg), 1) =d(L(101,3),i) 2V,

we were able to determine the d-invariants of  (12n5g5). Now, if 12n544 is 2-adjacent, it has
unknotting number equal to one, and so it must be half-integral surgery on some other knot
J%i.e. (12nsg) =S5, (39, and another application of the Ni-Wu formula gives us

2

d( (12nse0), 1) = d (S99, 1) = A (L(201,2), ) 2V,

Rearranging, we can calculate the V;'s for this new surgery description of ~ (12n5ge)

1
Vo™ 5(@(L([A01,2),) d( (12nsg).1;)).

The d -invariants of L(101,2) are:

250 1250 1150 1152 1054 1058 962 968 874 882 790 800 710 722 634 648 562 578 494 512 430 450 370 392 314 338 262 288 214 242 170 200 130 162 94 128

-

1250 1150 1152 1054

» 7101 * 101 * 101 ' 101 °
98 34

01’ 101"

=
2

e
I
g
EiX
v
o“‘
an

10 50 10 32 26 18 38 8 46 2 50
»T01+ 101+ 7Toiv101* 7T01vTI01: I01+T01: I01+I01* I01'° -

ik

Therefore the V;'s for S, (39 are:

f4,4,4,3,3,2,2,2,2,2,1,1,1,1,1,1,0, ¢
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Using

X
Vj: kaj+k,
k 1

where a; isthe coef cientof  ;(t)whenitis expressed in its symmetrized form
X . .
Jo(t):ao+ aj(tJ+t J),
=1
and g is the genus of J° we found that

ot)=t Bt Mt 0 0t S p e 3t 241 t244% t44tS t%+t10 (M4q®

Neither of these evaluated at the 2! th roots of unity were equal to one. Thus by Theorem
5.0.1, 12n545 cannot be 2-adjacent.

5.5 Cataloguing the 2-adjacent knots

We have con rmed or obstructed 2-adjacency in all knots with 12 or fewer crossings. In this
section, we will provide the key ingredients to prove Theorem 1.4.1, restated here:

Theorem 1.4.1. The following knots are 2-adjacent: 3;, 44, 817, 851, 944, 10gg, 10;36, 1056, 11a,g0,
11ngy, 11N455, 1284008, 1281049, 12N 575, 12N 395, 12N 464, 12N 485, 12N 453, 12Ng50, 12ng3;. NO Other
knots with 12 crossings are2-adjacent.

For each knot in Theorem 1.4.1, a diagram displaying the 2-adjacency crossings is shown in
Figure 6.1 in the appendix.

In order to obstruct 2-adjacency for the remaining knots, we will use Corollary 1.3.1 and
state some additional propositions due to Tao  [35].

Tao describes some restrictions on the HOMFLYPT polynomial of 2-adjacent knotsin ~ [35].

Proposition 5.5.1 ([35]). If K is 2-adjacent and the second coef cient of the Conway polynomial
of K,ayis 1,theneitherpy ()=" *+2" 2,po ()="*+2"2,0rpy ()=" 2+1+"2

Proposition 5.5.2 ([35]). IfK is 2-adjacentand a , = O, then p2°K )= 2 P a,.

Proposition 5.5.3 ([35]). SupposeK is 2-adjacent, a, = 0, and a, > 0. Then K must have
unknotting crossings of both signsand (K)=0.
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We now have the tools necessary to prove our main result (Theorem 1.4.1):

Proof. Figures showing the 2-adjacency set for all knots listed in Theorem 1.4.1 are included in
the Appendix. Proposition 5.1.1 and the determinant condition from Theorem 5.0.1 obstruct
2-adjacency forall 12 crossing knots except for the 2-adjacent knots in Theorem 1.4.1 and
the following:

f10gy,10;19, 11agg, 11439, 11a160, 118555, 11N 3,4, 110,45, 11Ng3, 11Ngg, 110467, 110476,
128,14, 128517, 1280, 128355, 1281585, 1281208, 12N 45, 12N 176, 12N 558, 12N 55, 12N 3,
12n343,12n 370, 12N 430, 12N 431, 12N 434, 12N 449, 12N 566, 12N 556 12N 610, 12N 616, 12N 30,
12n456,12n577.9

For the invariants of knots, we use the KnotInfo database. [22]

Fromthe listabove, Corollary 1.3.1 eliminates 10,19, 11agg, 118140, 128514, 128517, and 12a;,5.

Proposition 5.5.1 eliminates 11a43q, 11Nng3, 11n56, 128550, 12N 45, 12N 306, 12N 370, 12N43,, and
12N yy.

Proposition 5.5.2 eliminates 10g,, 11n3,4, 11N 45, 11N 46, 128555, 12N 176, 12N 558, 12N 313, 12N 43,
12n 434, 12N5g6, 12n410, 12n416, @and 12N 447.

Proposition 5.5.3 eliminates 11 ny5; and 12N 5.

Finally, by 5.4 above, we know that 11a,s5, 128355, 12Ng0, 12Ngs6, and 12nsg5 are not 2-
adjacent. O

5.6 Seifert Surface / Conway Polynomials

In this section, we discuss in more detail how we constructed the  2-adjacent knots in The-
orem 1.4.1. This was adapted from the construction used by Askitas and Kalfagianniin  [2].
An appendix is included with an explicit construction of all known 2-adjacent knots up to 12
crossings.

Theorem 5.6.1. Any Brunnian-Suzuki 2-graph may be used to construct a 2-adjacent knot. If the
graph is contained, then the Conway polynomial of this knot willbe 1 12z for non-interleaved
Kand1l z? (12 |)z*forinterleaved K .

We will prove this in two parts throughout this section.
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5.6.1 Background

In [2], a construction for n-adjacent knots is described in terms of n-graphs. They were able to
construct all n-adjacent knots in this manner. The same does not work for  2-adjacent knots,
but here we will explore the family of 2-adjacent knots that do come from this construction.
We will also see how we might adjust the construction they created to include a much wider
family of 2-adjacent knots, possibly even all 2-adjacent knots.

De nition 5.6.1. A 2-graphis a 2-tangle and a planar circle such that the 4 endpoints of the
tangle are attached on the circle.

Each 2-graph then has two edges in it from the arcs of the tangle. The linking number of
these arcs is de ned similarly to the linking number of two knots. In Theorem 5.6.1, this linking
number appears as | .

De nition 5.6.2. A weighted 2-graph is an 2-graph with a pair (z, 1),z 2 Z associated with
each edge.

The purpose for these weights becomes clear once we constructa 2-adjacent knot from the
2-graph. Know that the value for z may be any integer and will represent the amount of writhe
for each edge in the 2-graph.

De nition 5.6.3. A Suzuki 2-graph, or just Suzuki-graph, is a weighted 2-graph modulo those
relations given in Figure 3 of [2].

These relations are just the Reidemeister moves with an additional two moves, as described
in [2].

Each Suzuki n-graph induces a knot by the following process. Along each edge (with weight
fw,zg), we perform a “ nger move" that doubles the edge. We add  w half twists to the band
that we now have and the end of the nger receives a hook, the sign of which is the signof  z.
See Figure 5.4. We call this knot k (G).

A few relevant properties of Suzuki graphs are as follows. A Suzuki graph is called contained
if all its edges may be isotoped to simultaneously exist solely within the boundaries of the
planar circle.

We will call a Suzuki graph non-interleaved if, given any edge, its endpoints appear in a
non-alternating pattern along the planar circle. Otherwise, the Suzuki graphis interleaved.

For the construction of Askitas and Kalfagianni of n > 2 n-adjacent knots, only non-
interleaved Suzuki-graphs are relevant. [2] For 2-adjacent knots, that is not the case. Both
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Figure 5.4 An example of a nger-move operation, from  [2]

non-interleaved and interleaved Suzuki 2-graphs G resultin 2-adjacent k (G). A Suzuki graph
is called standard if all its edges have weight (0, 1)and itis contained.

A Suzuki graph is Brunnian if every proper subset of edges is itself a standard Suzuki graph.
For a Suzuki 2-graph, this will mean that removing either edge results in a remaining edge with
no writhe after applying the Suzuki graph relations.

Proposition 5.6.1. Given a Brunnian-Suzuki 2-graph G, the knotk (G) is 2-adjacent.

Proof. Notice that k(G) has two hooks. Choose either crossing from each hook. These two
crossings will form a 2-adjacency. Change one of them and we may isotope the nger back
through the knot. Since G is Brunnian, the remaining nger can be isotoped to a contained
nger with no writhe. This is obviously the unknot. Change both crossings and both ngers

may be isotoped backwards to obtain just the planar circle. This is the unknot. O

Given a Suzuki graph G and a knot k (G), we can nd a Seifert surface, an orientable surface
whose boundary is the knot k (G). If the nger-move diagram is contained, the Seifert surface
is much easier to nd and signi cantly more restrictive. For this reason, we will look only at

nger-move diagrams that are contained.

Following the lead of Askitas and Kalfagianni, a Seifert surface of the knot looks like a circle
with four bands attached, one for each nger and one created by the hooks at the end.

5.6.2 Alexander /Conway polynomials

The Conway polynomials of 2-adjacent knots that come from contained Suzuki graphs can be
derived by examining their Seifert surfaces. We obtaina Seifert matrix from the Seifert surface
of a knot, which is a linking matrix between homotopically different curves on the surface.
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For contained 2-adjacent knots, each arc from the Suzuki diagram induces a homotopically
different curve. Additionally, by an argument given by Askitas and Kalfagianni, the hooks
created from performing nger moves also have homotopically distinct curves. (create gure
to show this) Call those created from the hooks  ; and ,, and those created from the ngers
,and », respectively.

The linking number of a curve with itself is de ned using the pushoff of that curve. The
pushoff is another curve created by moving that curve in the direction of the normal vector of
the surface by a small distance. The pushoff of a curve is denoted witha .

Proposition 5.6.2. Given a contained Brunnian-Suzuki 2-graph G, the Conway polynomial of
k(G)is1 |2z*fornon-interleaved kG and 1 z? (12 1)z*forinterleaved G.

Proof. First we construct a Seifert matrix for k(G) where G is non-interleaved. A Seifert matrix

is as follows:
1 2 1 2
2h1 0O O O3 f
#
M :g 0O h, O Og 5
1 0 0 | f
0o 1 | 0 f

Where | is the linking number of the chords and h; and h, are 1, the signs of the crossings.
They need not be the same sign. Many of the curves and pushoffs simply do not interact and
do not require an explanation. Those that do are as follows:

» The band created by the each hook consists of a full twist, either positive or negative. (cre-
ate gure for this) The linking number between  a, and its pushoffis then 1, regardless
of the direction chosen for the curve.

« The direction of the curves does not matter, so we choose directions for and ,to
make the linking number between |, and fpositive 1.

e The Suzuki graph G is Brunnian, so any band by itself has writhe 0 and, as a result, the
linking number between , and *isO.

 Letthe linking number between the two ngersbe |. Then, the linking humber between
,and ;‘ is the same as between , and f, whichis |.
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Now we will do the same for an interleaved G. This results in a nearly identical Seifert

matrix:
1 2 1 2
2h1 0 0 03 f
#
M :g 0 h, 0 Og 5
1 0 0 | f
O 1 I 1 o0 ;‘

When G is interleaved, there results in a difference between Ik( 4, j) and Ik ( f, ,). The ngers
that create ; and , cross an odd number of times on the front of the surface and once on the
back. Two closed curves must cross an even number of times. For one of the pushoff curves,
the crossing on the back will add to the ones on the front. For the other one, the crossing on the
back will cancel out a crossing from the front, resulting in a difference of 1 between the linking
numbers. Without loss of generality, we canlabel  ;and ,sothatlk( 5, J)=1k( f, ;) 1.
The Alexander polynomial (in  t) of a knot is usually de ned in terms of skein relations, but,
given M , a Seifert matrix of a knot, the Alexander polynomial is also equalto det(M tM 7).
We may then normalize thisby z =(t 2t %) to get the Conway polynomial. Calculating this for
the Seifert matrices of contained 2-adjacent knots gives a Conway polynomial of 1 h;h,l?z*
for non-interleaved K and 1+ h;h,z?2 hjh,(12 1)z*forinterleaved K. O

5.7 Future work and conjectures

The next logical step would be to try and categorize the knots with 13 crossings, but it would
require new methods to do so. Among the 13crossing knots, there are 13knownto be 2-adjacent
and 74 whose 2-adjacency status is unknown (see the appendix for the full list). Due to the
complexity of performing the method outlined in Section 5.3, it has not been applied here to
any 13 crossing knots.

As can be seen from this paper, 2-adjacent knots are very different from other n-adjacent
knots. When Lidman and Moore [20] expanded the results on n-adjacency of knots by Askitas
and Kalfagiannito n-adjacency of three-manifolds, many of their results applied only for  n > 2.
The case of 2-adjacent three-manifolds is currently not studied.

The evidence suggests that alternating 2-adjacent knots should be easy to identify. All
known alternating 2-adjacent knots have their 2-adjacency visible in those minimal diagrams
checked. Proposition 1.3.1 gives us that alternating 2-adjacent knots with positive and negative
unknotting number 1 display a positive and negative unknotting crossing in any minimal
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diagram. There is no guarantee that these crossings are still a 2-adjacency, but they are in
every minimal diagram inspected. We conjecture that those crossings are stilla  2-adjacency.
Additionally, we conjecture that the only alternating knot with a 2-adjacency of the same
crossing sign is the trefoil. This is supported by Askitas and Kalfagianni, who found that there

are no non-trivial alternating n-adjacent knots ( n > 2). If any did exist, it would have a 2-
adjacency set of the same crossing sign as a subset of the n-adjacency. Together, these two
conjectures would imply a version of Kohn's conjecture for 2-adjacent alternating knots.

Conjecture 5.7.1. All alternating non-trivial  2-adjacent knots have a 2-adjacency set in every
minimal diagram.

Askitas and Kalfagianni made a construction that includes all  n-adjacent knots when n > 2.
The construction in this paper is a more general version of theirs and may include all 2-adjacent
knots, allowing for non-contained diagrams, but that is unproven.

It seems like further research into 2-adjacent knots will require new techniques. New ways
to nd 2-adjacent knots and exclude other knots would provide a stronger list of examples
to spark observations. The novel method of obstructing 2-adjacency using Heegard Floer
d -invariants has the potential to be expanded upon for this topic and others.

54



CHAPTER

6

APPENDIX

det(K)| 0@ HOIO)] 0E)

5 1

13 % 1+t

17 {1t t+t?

29 L E+i 1+t t2+1d = 1+t t3+t4

37 1+h H+let 3+t4 1+ 4 t+t2 t4+tS 1+h E+d L 2413 15410
41 1+ l%+i%+t2 t5+16

53 1+% E+& A+3 P ot+t2 3+t t0+t7 1+ F+d S+3 P ot+t? th+td t841®

61 1+ G+a oo t9+t° t9+10

73 1+ d Htds E4E AL P ot+t? ttetd t7+t® 0+t 1 h S d L+ i L+ d L t24td thetd t7+t® (1248

Table 6.1 Alexander polynomials for lift ~ ; from Chapter 4
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Figure 6.1 2-adjacent knots with 12 crossings. For each diagram, one crossing from each hook
makes up the 2-adjacency set.
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