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Abstract — The nonlinear four node shell element, based on degenerated continuum con-
cept is used in finite rotation shell analysis. Shell director rotation is described by ele-
mentary rotations dependant on two angles. Explicit integration through the thickness is
performed, leading to the strain tensor, which includes coupling of curvature with displace-
ments. Shell kinematics is consistently linearized. Typical benchmark tests are provided
to illustrate the approach.

1. INTRODUCTION

The four node isoparametric shell finite element with bi-linear interpolation functions has
been extensively studied. Our approach is related to the work of Stander et al. [1],
Simo et al. [2-4] and Parish [5]. In these papers both a degenerated continuum approach
and an implementation of Cosserat shell theory were considered in the regime of finite
displacements and finite rotations. A close analogy of both formulations can be noticed, if
the ezplicit integration through the shell thickness is performed in the former. Biichter and
Ramm showed in [6] that explicit integration leads to the strain tensor, consistent with the
first approximation of a geometrically non-linear shell theory for small strains including
transverse shear deformation. The mid-surface curvature tensor is correctly represented
and therefore does not produce the violation of the rigid body motion. Similar expressions
for strains presented in [7] are obtained by the linear variation of Jacobian matrix across
the shell thickness.

Large rotation formulation can be based either on elementary rotations, which are rota-
tions around one axis (see for example [6]) or on rotational vector. The latter approach in
shell analysis is described in detail in references [2-4] and [5]. We used elementary rotations,
based on two angles presented by Ramm ([1], [6] and [8]). This kind of parametrization
enables five nodal degrees of freedom. No need for the elimination of the drill rotation on
the local level, which is frequently done in rotational vector formulation, therefore exist.

An important computational aspect of displacement type isoparametric elements is treat-
ment of membrane and shear locking effects (see for example [3-4] for details). Numerical
tests show ([3-4] ,[5]), that membrane locking of the 4-node element is not crucial due to
lower order of interpolation and vanishes with finer meshes. The membrane and bending
strain fields are therefore often (including the present work) approximated by standard
bi-linear interpolation functions. However, better results are obtained with special treat-
ment of membrane and bending strain fields, as shown in [3-4]. To avoid shear locking
phenomenon, we used the assumed covariant transverse shear strain interpolation which
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was originally proposed by Bathe and Dvorkin [9]. We analyse stresses and strains in a
local Cartesian coordinate system, while in [1], [2-4] and [5], the curvilinear coordinate
systems are used. This simplifies the constitutive equations.

From the computational point of view, an efficent algorithm with high rate of conver-
gence is preffered. Systematic linearization of the shell kinematics leading to the Newton
numerical procedure is therefore performed.

2. KINEMATICS OF THE SHELL

In the following we restrict attention to material description in terms of the total Lagrange
formulation. ' (i=1,2,3) are curvilinear coordinates of the shell body and E; (I=1,2,3)
are unit base vectors of the fized Cartesian coordinate system. Two basic assumptions;
linear variation of the displacements across the thickness and inectensional shell director
are introduced. The shell configuration can then be completely described by the position of
the mid-surface and the shell director. The deformed and initial (reference) configuration
of the shell are given by:

r(6') = X(6%) + u(6*) + 6°t(6*),  R(6) = X(6%) + 6> T(6%). (1)

—% << —2’5, lit]l = I'T|| = 1, Greek indices are either 1 or 2, & is the shell thickness, X
denotes the mid-surface position at the reference configuration, u the displacement of the
mid-surface, while T and t denote the shell director initial and deformed configuration,
respectively. The covariant base vectors and Green Lagrange strains are given by:

or R 1
g: = %{, G; = 507, Yi; = E(gigj - GiGJ')' (2)

Using equation (1) in (2), one can obtain +;; as the quadratic function of #*. The standard
assumptions which substantially simplify expression for 7;; are often introduced at this
stage. We reffer to [6] for details. Assuming small gradients of transverse shear strains,
the quadratic terms of v;; can be neglected. Due to the assumption of the inextensional
shell director, 433 becomes zero and the transverse shear strains become independent on
6*. The simplified expressions for the strain tensor can then be given:

YaB = Eap + 03’501,37 Ya3 = Ya, 733 = 0. (3)

The strains now take the form:

1
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€af = 5 (X,a“,ﬂ +X,pu,0 + U,au,ﬂ)’ Ta =3 (X"’(t -+ u"’t>’

1
Kap = g(x,a(t,ﬂ—T,ﬂ)JrX,ﬂ(t,a —T,a)+U,aT,ﬂ+u,ﬂT,a+u,a(t,ﬂ—T,ﬂ)+u,ﬂ(t,a—T,a))-
| (4)

The shell director at the current (t) and reference (T) configuration is completely de-
scibed by two angles 1 and w (see Fig. 1a), which are denoted as ¥ and  at the reference

configuration:

t=Rx($)Rz(w—5)E2,  T=Rx(¥)Rz(2~ )z (5)
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Rx and Rz are standard (3 x 3) rotational matrices which rotate Cartesian base around
the axes defined by base vectors E; and E3. Any position of the shell director is then
determined by the rotation of E; around E;, which is followed by the rotation around
the new position of E3. This description helps to understand that angles at the deformed
configuration can be evaluated by a simple summation of initial angles and the magnitude
of the shell director rotations around axes f, and fg.

b=U+ta, w=Q+p, f.,=E, f=F xt. (6)

Fig. 1: a) Shell director at initial and deformed configuration. b) 4-node finite element.

3. THE WEAK FORM

The weak form can be expressed in the terms of Green-Lagrange strains and second Piola-
Kirchoff stresses. Stresses are reffered to the shell mid-surface and therefore an assumption
of constant thickness Jacobian is used. Stress integration across the thickness leads to the
following expression:

G(r,ér) = n®P8eag + M*PEkap + ¢*67a)dS° — Gezi(6T). 7
B
s°

n, m and q are effective (symmetric) parts of the stress resultants. We reffer to [2] for
details. In the present formulation the stresses are evaluated using equations (3) and con-
stitutive relations which imply the condensation of the material law due to the assumption
of zero normal stresses. Therefore the stress integration causes the integration of constitu-
tive equations which for an isotropic elastic material leads to the well known factors Eh,
-ElhTa and kGh. Equation (7) is non-linear due to the kinematic variables, therefore it is
linearized in view of iterative solution methods. In this formulation the linearization is

performed after the finite element discretization.

4. FINITE ELEMENT DISCRETIZATION
The geometry of the shell and kinematic variables are interpolated by bi-linear functions
N;(€,n) (i=1,2,3,4). Mid-surface quantities are then approximated:

il
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4 4
X:ZN,-X,-, u=ZN;u,~, T t:ZNgti. (8)
i=1 =1

At each node the reference director T'; is obtained by averaging the nodal normals of ad-
joining elements. Element nodal normal is given by the vector product of the corresponding
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element edge vectors. Another alternatives of specifying nodal directors are much more
impractical (by two points on top and bottom surface for example). The derivatives of
mid-surface quantities are interpolated by the the shape functions derivatives. Note, that
the components of the shell director are interpolated rather than rotational variables o
and S. In [6] better results are reported, if the rotational variables are interpolated ex-
plicitly. The another interpolation of shell director field, which enforces it to unit lenght
throughout the element, is described in [3], but it is not used in non-linear analysis [4].
In addition, the transverse shear strain field is given by constant-linear interpolation as
originally proposed in [9]. Strains from eq. (4) are evaluated only at the points A, B, C
and D. (See Fig. 1b.)

1 1 1 L
n=s0+mn +50-r,  m=;0+010+ -’ )

Using upper interpolation in equations (4) the discrete formulation of the weak form (7)
can be evaluated. Assuming the conservative loading, the tangent stiffness operator can
be obtained by the directional derivative of the internal virtual work. On the element level
the tangent operator may be conventionally split into material and geometric part:

DG®(x,ér) - Ar = Dy G®(r, ér) - Ar + DgG*(r,ér) - Ar. (10)
The directional derivative of the shell director is given by:
Dt(yp,w) - At =t a + t5f5, (11)

where t, and tg can be evaluated from equations (5) and (6) by considering the properties
of the directional derivative.

5. NUMERICAL EXAMPLES
Two standard benchmark tests are presented. In all examples a tangent stiffness matrix
is calculated for each iteration.

EXAMPLE 1: Pinched hemispherical shell with 18° hole. The loading and boundary
conditions are shown in Fig. 2a. The material properties are £ = 6.8257 x 107, v = 0.3,
radius R = 10 and thickness is ¢ = 0.04. The analysis was performed for one quarter of the
shell. Two different meshes A (8 x 8) and B (16 x 16) were considered. The check of the
residual forces was performed with convergence tolerance 1.0 x 10~7. Pinched forces were
applied in 40 equal load steps up to F3,; = 400. Upper two curves at the Fig. 2c correspond
to the displacements in X, direction, while lower two curves represent the displacements
in X3 direction. Displacements at F' = Fy,, are 3.925 and 7.684 for mesh B. The quadratic
rate of asymptotic convergence with 4 to 7 iterations at each load step was reached, leading
to the total number of 193 iterations. Coarser mesh A behaves considerably stiffer.

EXAMPLE 2: Pinching of a clamped cylinder. The problem details are shown at Fig.
3a. The material properties are E = 2.0685 x 107 and v = 0.3. One quarter of the shell was
analysed, considering the symmetry restrictions. The pinched loads were applied at the
free end and 20 equal load steps were used to arrive at the configuration at Fy,; = 1600.
Convergence tolerance for residual forces was set to 1.0 x 1077. A mesh of (16 x 16) was
considered and 4 to 12 iterations were required at each load step, leading to the total
number of 150 iterations. Displacement at point A is equal to 1.608 at F = Fy,;. Note,
that the largest phisically possible displacement is equal to radius.
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Fig. 2: a) Initial mesh B and the problem data. b) Deformed mesh at F' = F,;. c) Load
versus displacements curves for points under the forces.

Fig. 3: a) Initial mesh and the problem data. b) One half of the cylinder at the F' = Fy,;.
6. CONCLUSION

The four node resultant stress shell finite element is used in finite rotation shell analy-
sis. Large rotation formulation is based on two angles presented by Ramm ([1],[6],[8]).
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Systematic linearization of the adopted model has been performed, leading to an effective
numerical algorithm, which exibits a quadratic rate of asymptotic convergence. Using
the formulation presented some typical benchmark tests have been succesfully completed.
However, better results are expected with more precise interpolation of rotational variables.
We can conclude that the 4-node shell element with explicit integration and elementary
rotations in general exibits similar behaviour to the displacement based 4-node elements
described in [2-4,5].
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Fig 4: Clamped cylinder: load versus displacement curve for point A.
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